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Abstract

For a balanced bistable reaction-diffusion equation, an axisymmetric traveling
front has been well known. This paper proves that an axially asymmetric traveling
front with any positive speed does exist in a balanced bistable reaction-diffusion equa-
tion. Our method is as follows. We use a pyramidal traveling front for an unbalanced
reaction-diffusion equation whose cross section has a major axis and a minor axis.
Preserving the ratio of the major axis and a minor axis to be a constant and taking
the balanced limit, we obtain a traveling front in a balanced bistable reaction-diffusion
equation. This traveling front is monotone decreasing with respect to the traveling
axis, and its cross section is a compact set with a major axis and a minor axis when
the constant ratio is not 1.
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1 Introduction

In this paper we study a reaction-diffusion equation

ou

Z —Au—-G R™

T u—G'(u), =xeR"t>0, (1.1)
u(zx,0) = up(x), xR,

where n > 3 is a given integer, and given uy € X. Here X is the set of bounded and
uniformly continuous functions from R" to R with the norm

[uoll = sup |uo(z)].
xreR™

Now G € C?[—1,1] satisfies

G(1)=0,G(-1)=0,G'(1) =0, G'(-1) =0, G"(1) >0, G"(—1) > 0,
G(s) >0 if —1<s<l.
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For G(s) = (1 — s?)?/4 and —G'(s) = s — 53, (1.1) is called the Allen-Cahn equation, the
scalar Ginzburg-Landau equation or the Nagumo equation.

The reaction term is called balanced when G(1) = G(—1) and is called unbalanced
when G(1) # G(—1). When the reaction term is unbalanced with G(1) < G(—1), multi-
dimensional traveling fronts including axially asymmetric ones have been studied by [16,
17, 11, 12, 13, 18, 19, 20, 14, 24, 26, 15, 21, 22, 23] and so on. In this case, the propagation
is mainly driven by the imbalance of the reaction kinetics and the curvature effect of an
interface. Here a level set of a solution is often called an interface.

When the reaction term is balanced, one has no driven force caused by the reaction
kinetics and the propagation is mainly driven by the curvature effect of an interfaces and is
also driven by interaction between portions of an interface. For Equation (1.1), axisymmet-
ric traveling fronts have been studied by Chen, Guo, Hamel, Ninomiya and Roquejoffre [4].
See del Pino, Kowalczyk and Wei [7] for a stationary solution, that is a traveling front with
speed zero, related with De Giorgi’s conjecture. See [8] for a traveling wave solution with
two non-planar fronts and for a traveling wave solution with non-convex fronts. For a mean
curvature flow, Wang [25] studied an axially asymmetric traveling front that lies between
two parallel planes in R™. See [6] for other traveling waves in a mean curvature flow.

In this paper we prove the existence of an axially asymmetric traveling front solution
to a balanced reaction-diffusion equation (1.1). This axially asymmetric traveling front
solution is monotone decreasing in the traveling axis z,, and travels with any given positive
speed.

X,

Figure 1: The cross section of {U(x’, x,) = 6y} at z,, = C.

Let s, be the largest zero point of G’ in (—1, 1), that is, s, € (—1,1) is defined by
s, =min{sg € (—1,1)] —G'(s) >0 if 5o <s < 1}.

We fix 6y with s, < 6y < 1 and have —G'(6,) > 0.
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Let

1< < <a,q (1.2)
and ¢ > 0 be arbitrarily given. We put
o/ = (1,0[2,...,0[n_1). (13)
speed C
A
Xn
X
X1

Figure 2: A level set {U(a',2z,) = 6o} of U.

The following is the main assertion in this paper.

Theorem 1 (Axially asymmetric traveling fronts) Let ¢ > 0 be an arbitrarily given
number. Let ¢ > 0 be arbitrarily given and let o' be given by (1.3) with (1.2). Then there
exists U(x) = U(x; o) such that one has the following. Let R; be given by

J

U,...,0,R;,0,...,0,¢; ) = 6 (1.4)
for1<j<mn-—1. One has U(0) =6y € (—1,1) and
ou
AU—l—c8 - G'(U)=0, (@', x,) € R, (1.5)
Tn
U(ZEh...,Ij_l,—Ij7$j+1,...,J]n>:U(l’l,...7[17j_1,$j,$j+1,...7ZEn>7 1§j§n—1,
ou
aan(a:)<0 if € R",
ou
—(x) >0 if xeR"2z;>0,1<j<n-1,
8:1:]-
R
Ei:ozj, 1<7<n—-1.



For every 0 € (—1,1), one has

inf {IVU()|| U(z) =0} >0, (1.6)
and can define qo(x') € R by U(a',q9(x’)) = 0 for all &’ € R"'. Here gy belongs to
CHR™1).

Remark 1 For every 0 € (—1,1), a level set {x € R"|U(x) = 0} is given by a graph of a
function that is defined on the entire space R" 1.

When (ay,...,cn1) # (1,...,1), {' e R" | U(x',(; ) = 6y} is a compact set with
a major axis and a minor axis and is not a disk. Thus U(x) is an axially asymmetric
traveling front solution with the 6, level set whose cross section at =, = ¢ > 0 is a compact
set that is different from a disk. When e = (awa, ..., 1) = (1,...,1) in (1.2), the author
conjectures that U in Theorem 1 is axisymmetric with respect to the x,-axis, and equals
the traveling front studied by [4]. This is an interesting problem that should be studied in
future.

Equation (1.1) and a mean curvature flow are closely related in the limit where ¢ > 0

goes to zero if

—G'(u) = i(u —u?).

o2
See [3] for instance. The motion of an interface is driven by the curvature effect and
attracting interaction between other portions of an interface. In the limit of £ — 0, this
interaction of interfaces disappears on given compact sets in R”. Thus, in the limit of
e — 0, a solution in Equation (1.1) is approximated by that of a mean curvature flow on
compact sets.

The cross section of {U(x,x,) = 6y} at x, = ¢ in Figure 1 will be related to the
Angenent Oval (Paper Clip) in a mean curvature flow. See [1, 5] for this oval. The relation
between an axially asymmetric traveling front in Theorem 1 and that in [25] will be an
interesting problem. We conjecture that an axially asymmetric traveling front in Theorem 1
converges to that in [25] in any compact set in R™ as ¢ goes to zero. This convergence
cannot be uniform in R™. The reason is as follows. An axially asymmetric traveling front in
a mean curvature flow in [25] lies between two parallel planes, while a level set of an axially
asymmetric traveling front in Theorem 1 is defined on the whole R"~!, and has a shape
as is seen in Figure 2. Thus the convergence cannot be uniform in R™. The reason of the
difference of shapes is as follows. In a mean curvature flow, a solution propagates only by the
curvature effect. While, a solution propagates by the curvature effect and by the interaction
between portions of an interface in a balanced reaction-diffusion equation. For any fixed
x, > 0, U can be very close to G(1) = 0 in {(z',x,) |U(2, z,,) > 6y}, while U cannot be
so close to G(—1) = 0 in {(«/,x,) | U(a’, z,) < 0p}. Then, portions of an interface attract
each other with time goes on. Because the shape of a traveling front remains unchanged
up to phase shift, the portions of an interface have to be apart from each other as x,, goes
to +00. Otherwise the portions of an interface attract each other and will collapse. Thus
the interface of a traveling front cannot lie between two planes and has to be a graph of a
function defined on the entire space R"~! in a balanced reaction-diffusion equation. This

4



shows a sharp contrast between traveling fronts in a balanced reaction-diffusion equation
and those in a mean curvature flow.

This paper is organized as follows. In Section 2, we briefly explain the idea to ap-
proximate an axially asymmetric traveling front for a balanced reaction-diffusion by pyra-
midal traveling fronts for unbalanced reaction-diffusion equations. In Section 3, we make
preparations. In Section 4, we show properties of pyramidal traveling fronts to unbalanced
reaction-diffusion equations. In Section 5, we take the balanced limit of pyramidal traveling
fronts, and prove Theorem 1.
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2 Approximation by pyramidal traveling fronts of un-
balanced reaction-diffusion equations

In this section we briefly explain how to show the existence of axially asymmetric travel-
ing fronts for balanced reaction-diffusion equations by approximating them by pyramidal
traveling fronts for unbalanced reaction-diffusion equations.

\ } Speed C /

\ /

Figure 3: A level set {Vi (', x,) = 6} of a pyramidal traveling front Vj.



Let ' = (1,9, ...,a,_1) be given by (1.3) with (1.2) and let ¢ > 0 be arbitrarily given.
In Section 4, we introduce an unbalanced reaction-diffusion equation

AVj, + Cg;/k — G' (Vi) + kv/2G(Vy) = 0, (@', x,) € R"

for sufficiently small £ > 0, and define a pyramidal traveling front solution Vj to this
equation with

V(0 z1) = By,

(k)
A'())
(

Vk(0770 TZ(A(k)>707 0 <+Zk)_807 2§Z§TL—1,
(( = q;, 2<i:<n-—1,

0,...,0) € R*"!. Here A’(k;) is given by (4.7) and a

where z;, is a real number and 0’ =

symbol ri(A’ (k)) implies that r;(A’(k)) is the i-th component. See Figure 3 for a level set
of Vk

In Section 5, we define
Ulx' z,;a') = Zlgn Vi, (@, 2 + 2,5 A'(Ki))
for all (&', x,,) in any compact set in R". Here
By >-->k>---—=0

is a subsequence. We often write U(x; ') simply as U(x). Then U(x) satisfies Theorem 1.
To take this limit, a uniform estimate on a pyramidal traveling front V. for every small
positive £ is indispensable. We will introduce Proposition 1 that gives this uniform estimate,
and carry on detailed discussions in Section 4 and Section 5.

3 Preliminaries
We extend G € C?[—1,1] as a function of C?*(R) with
G(s)>0 if |s|#1.

Let 1
p= 5 min {G"(1),G"(-1)} > 0,
and let 0, € (0,1/4) satisfy

min = G"(u) > 3, min = G"(u) > 3.

Ju+1]<26 Ju—1]<26
We put

M=14 max |G"(u)|.
Ju| <1426,
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Following to [17, 4, 18, 19, 20|, we introduce a one-dimensional traveling front

k with
0<k<+/G'(-1),
let
fr(s) = —G'(s)+ky2G(s), seR,
Fk(s) = /;1 fk(O'/) dUl.

Then we have

fill) = =G"(1) = k/@D) <0,
=1 = =@ () (V&1 - k) <.

—Fy(—1) =0, —F,(1) = —k/ll V2G (o) do’ < 0.

Let ko € <O, \/G”(—l)) be small enough such that one has
min {—Fy(s)|s € (=1,1), fu(s) =0} >0

for every k € [0, ky). We define ® by

PD(z) ds

0 \/QG(S)’

—r =

Then we have ®(0) = 0 and

Thus & satisfies

Q" (z) + kd'(z) + fr(®(x)) =0, z € R,
O(—o00) =1, P(0) = —1,

. For any

and is a one-dimensional traveling front with speed k € (0, ko). Now @ also satisfies

?"(z) — G'(®(x)) =0, r € R,
d'(z) <0, r €R,
P(—0) =1, P(0)=0, P(+o00)=—1.

Thus @ is a planar stationary front to (1.1).



4 Properties of pyramidal traveling fronts to unbal-
anced reaction-diffusion equations

In this section we study properties of pyramidal traveling fronts for unbalanced reaction-
diffusion equations. Two-dimensional V-form fronts and pyramidal traveling fronts in R”
have been studied by [16, 17, 11, 12, 13, 18, 19, 20, 14, 24, 26, 15] and so on.

Let ¢ > 0 be arbitrarily given. For a given bounded and uniformly continuous function
ug let w(x,t;up) be the solution of

ow ow , n
Frll Aw+08xn+fk(w)’ (', z,) € R",t >0,
w(xz,0) = up(x), x € R".

For any k € (0, min{ko, c}), let

For every a; > 0 (2 < j <n—1), we define

haj1(x') = m. (x5 —ay),
haj(®') = m.(z;+ aj)

for 1 <j<n-—1. Weput
a =(0,as,...,a,1) € R" .

Let

p(x') = | Jmax hi(x") = m. max{|x1], |xe| — ag, ..., |Tn-1] — Gn-1} (4.1)

for ' € R"!, and let

N — | — aq.
pi’) = mymax{lz,|, | max  (j;| - a;)} (42)

forx’ e R*"and2<i<n-—1.
Hereafter let h be either p or p; for 2 < i < n —1. We call {(«',z,) |z, > h(z')} a
pyramid in R™. For 1 < j <n — 1, we define

Q; = {2 e R" | n(a') = hy(x)},

and have
2n—2

U 00 = {hy (') = hy (") = h(x') for some iy # iz} .
j=1
The set of edges of a pyramid is given by

E={(z h(x)) |z € U200} .

=1



For v > 0, let
D(v) = {x € R"| dist(x, E) > ~}. (4.3)

Hereafter let h be either p or p; for 2 < i < n — 1. Following to [14, 24], let vy be the
pyramidal traveling front associated with

Tn =M MaX 2]

if h = p, and the pyramidal traveling front associated with

T, =m, max |z
1<j<n—1,j#i

if h =p; for 2 <i <n—1. Then v, is a unique solution to

0
Avy, + Ca;k + fr(vp) =0, (', z,) € R",
k
W) (E(:z:n — h(w'))) < vp(x', zy), (@', x,) € R,
) / k /
lim  sup |vp(2/,z,) — P (—(:L‘n — h(x ))) ‘ =0,
Y70 (x! ,zn)ED(7) ¢

where D() is given by (4.3) with respect to h. Here vy satisfies

0

a_Z <0 for all (z',2,) € R,
Gvk . .

— >0 itr; >0,1<j<n-1
al'j

For a; >0 (2 <j <n—1) we define

v@ x,) = @ (E(xn - h(az’))) : (', z,) € R,

c
5(1}’7 Jjn) = 13?1;,?_1 |SI]I‘1;I;] Uk(l‘l, ey i1, L5 — S5, Ljqdy e ,I‘n).
Then we have
v(@) <B(@), @CR,
lim sup (v(x) —v(x)) = 0.

R—o0 \a}\zR

Now v and U are a weak subsolution and a supersolution to

0
Av+ et 4 fiv) =0,  (2,3,) €R",
oz,
respectively. We define
Vi(x; h) = tlim w(x, t;v) (4.4)
—00



for all © in any compact subset in R™. Then V;, = Vi (x; h) satisfies

A

AV].;; + Ca.l' + fk(Vk) =0, (a:’, ZBn) € Rn, (45)
k
o it (S o)
Yoo (x',xn)€D(Y) ¢
Vk(xl, ey Lj—1, =TG5, Tjgly - e - ,Q?n) = Vk(xl, e s L1, L5y L1y v - - ,.I‘n), 1< j <n-— 1,
oV
k<0 for all (2, x,) € R",
ox,,
)%
L0 ifa; >0
8xj

Since v(x', x,; a’) depends continuously on @’ in X, Vi(x;a’) depends continuously on a’
in Z for each k by using (4.4). Using

lim p(z’) = p;(x’)  in any compact set in R"!
a; —00

uniformly in a; > 0,7 # 7, we have

k
lim @ (E(xn — p(w’))) = (—(asn - pz(a:’))) in any compact set in R”
c

a;—r00 C
uniformly in a; > 0, j # i. Combining this fact and (4.4), we have

lim Vi(x;p) = Vi(z; pi) in any compact set in R” (4.6)

a;—00

uniformly in a; > 0,5 # 7.
Let ¢ > 0 be arbitrarily given and let &' = (a,...,q,_1) satisfy (1.2). For every
k € (0,min{kg, c}) and every a; > 0 (2 < j <n — 1), we choose z; = z;(a’) € R by

Vi(0', 215 p) = 0o,
where p is given by (4.1). For 2 <i <n — 1 we define r;(a’) > 0 by

k3
~—

Vi(0,...,0,7:(a’),0,...,0,( + 21; p) = bo.

From (4.6), we have

uniformly in a; > 0, j # <.
for 2 <i <n—1. Now r;(a’) depends continuously on a’. From symmetry we have

=1 for every a; > 0,7 # 1.
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Lemma 1 There ezists A;(k) € [0,00) such that one has

ri(Au(k), ., An1(F))
’I"l(Al(k’), Ce ,An_l(kﬁ))

= «aj, 2<:<n-—1.

Proof. In this proof we omit k for simplicity. First we consider the case n = 3. Using

we find As € (0, 00) with
TQ(AQ) — o
7’1(142) 2

Secondly we consider the case n = 4. Using

7“2(@2, ag)
1 (a27 a3)

as=0 7”1(Cl2, as)
we can choose a continuous function @, : [0, 0c0) — [0, 00) with

T9 (62(a3), (13)

r1(az(as), az) —

Using
7’2(62(@3)7 a3) . 7”2(62(@3), CL3)
ri(@z(as), as) |,

we can choose Aj € (0,00) with

T3 (GQ(A:;), Ag)

— = = Q3.
ri(@(As), As)
Putting
we obtain
ro( Ay, A3) _ r3( Ay, A3)

= (3.

_— . — , _— = =7
7“1(1427143) 2 7“1(1427143)
Finally we consider the case n > 5. For every a; > 0 (3 < j < n — 1), there exists a

continuous function @s(as, . ..,a, 1) € [0,00) with
ro(@2(as, ..., an-1),a3,...,0n-1) o
— = Q.
ri(a@s(as, ..., an1),0a3,...,an 1)
For every a; > 0 (4 < j < n—1), there exists a continuous function as(ay, . .., a,—1) € [0,00)
with o _
r3(@(as(as, ..., ap-1), ..., 0p-1),03(Q4,...,an_1),...,0n_1) o
— — = (3.
7“1(&2(@3((14, s )a’n—l)) s 7an—1)7 a3(a47 tey an—1)7 s 7an—1)
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Continuing this argument, we finally find a continuous function @,,_s(a,_1) and A,_; € R.
It suffices to put A, 2 = @, 2(A,_1), An_3 = @y_3(An_2, A1) and so on. This completes
the proof. d

Let
A'(k) = (0, Ay(k), ..., An_1(k)) (4.7)
for k € (0, min{ko, c}). Let p be as in (4.1) for A’(k). Define 2z, = zx(A'(k)) € R by

‘/k(ola Zk>p) = 90'
Hereafter we write Vi (x; p) simply as Vi(x). We have

Vie(0'; z1.) = 6y,

i
—

Vk(O, e ,O, T'Z(Al(k)), O,

ri(A'(k) .
m—ai, 2<:1<n-1.

5 0,¢ 4 zx) = by, 2<i<n-1,

We will study the limit of Vi (2, x, + 2zx; A’(k)) as k — 0 in Section 5. By the Schauder
estimate [10, Theorem 9.11], there exists a positive constant B such that

||VkHL°°(]Rn) < B

holds true for all 0 < k < kg.
Let s; and 6 be arbitrarily given with

—l<s1 <0<,
0 < —Fi(s1) < —F(0) for all k& € (0, min{k, c}).

We choose and fix R € (0, 00) with

(n—1)B(1+46) < (G(@) — ko /11 \/mda’) R. (4.8)

For arbitrarily given (£y,...,&,-1) € R"™!, we define
D=(&—R&E+R) X (&—R&E+R) X% (61— R & 1+ R) CR™L (4.9)

The volume of D is given by (2R)"!, and the surface area of the boundary of D is given
by 2(n — 1)(2R)" 2. Now we have

B(1+6)|0D| < (G(e) — & / 11 V2G() da’) D) (4.10)

for every (&1,...,&,-1) € R" 1. Then we have

B(1+6)|0D| < (G(@) - k/l V2G(0") da’) ID|  forall k € (0, ko).
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We define
Qk) ={(z',x,) |2 € D,s; < Vip(a,x,) < 0}.

Let v = (v4,...,1v,) be the outward normal vector on 9€2. We have
00 = Ty(k)U I (k) U I¥(k),
where

Iy(k) = {(&',2,) |2 € D,Vi(z',z,) = 0},
k) = {(,x,) |2 € D,Vi(x', z,) = 51},
Iy(k) = {(«',2,) |2 € 0D, s, < Vi(x',x,) < 0}.

Lemma 2 For every (&1,...,&,-1) € R™! let D be given by (4.9). Then one has

EK;MWWM(_a%)dsz(Gw)—k/ivﬁaGﬁm{WDy—Bﬂ+9Wﬂﬂ>0

2 oz,

for all k € (0, min{ko, c}).

Proof. We write Vi, Q(k), T'y(k), I1(k), I[1(k) simply as V', Q, Iy, I, I}, respectively.

Then we have oV av 5
div (&Unvv) - ox,, AV + 581:”

Multiplying (4.5) by 0V/0x,,, we have

(IVV]?).

. [(oV 19 ) v\’ o
—div (axHVV) + 56% (|VV| ) —C (axn) — fk(v)@xn = 0.

Integrating the both hand sides over €2 and using the Gauss divergence theorem, we get

oV L v \* 5, 3
| (—a—%wv,u)dwéww ) dS‘C/Q(axn) do— [ S (R(V) dw =0

\YA%4
= — I
v |VV| on g,
we get
ov 1 1 ov
——(VV, ~|VV Py, = —=|VV Iy.
(%n(v ,1/)+2]V |“v Q\V |8xn on Iy
Similarly, using
V= —ﬂ on [}
- ‘VV| 1
we get
oV 1 9 1 ov
— = == I.
oz, (VV,v) + 2|VV| Un 2|VV|8$H on I

13



Using v, = 0 on [}, we have

oV e v

/ &Bn

on [%.

(VV,v)

We have

Now we calculate

Using

1 oV
§/FG‘VV|( axn)
1 oV v \?
> Z 7 _
> g L) asee [(55) de (i - Ropio
1 oV v \?
> il
> 2/F1|vvy( (%n) dsve [ (ax) da

- k/ NoEta da’> D] — B(1 +6)[0D|.

Sending s; — —1, we complete the proof.

+
/7~
Q
=
|

We define go(x'; k) € R by

Vi(@', go(a'; k) = 0.

— B(0 — 51)|0D|

Then gg(x'; k) is of class C*(R™™1) for each k € (0, min{c, ko}), and satisfies

gg(ﬁl,...,flfj_l,—.’L'j,l'j+1,...,$n_1;k) :gg(l‘l,...,Ij_l,xj,$j+1,...,
0gp
99 (% k) >0, ' eR"Lz;>0
Oz,

forevery 1 < j <n—1.

Proposition 1 For each k € (0, min{ko,c}) one has

oVy,
oz, ) ds

(G(Q) —k /11 de) D

1 1
5 [ asirae = 5 [ |vvk<w>|(—
2Jp 2 /o)

v

14

Tn—1, k))

— B(1+6)|0D| > 0.



Proof. We write Vj, and gg(a’; k) simply as V' and gg(2'), respectively. Since v is the
outward normal vector at 02, we have

- VV(ngg(q;’)) - 1 —Vgg(a:’) .
Vi@ g@)l \/1+|V96(93')|2( ) ) o

Von@) = (S22 P @)

8_x1 " Oz,

where

Then we have

v, = vv<m 799(33/)) - _ 1 on FO-
IVV (2!, go('))] V 1+ [Vge(a')?
Thus we obtain
ov. ’ 1|2 / /
~ o (&  90(®)V/ 1+ [Vgo(@)|? = [VV (', go(2))|  on Iy,
and
av
V(e (e (e an(a) ) s
Iy Tn
/ / ov / / N2 /
= [V, an@)] (@ g0(@) ) VIF Nao@) P da
D n
= /|VV(m',gg(m’))|2da:’.
D
Combining Lemma 2, we complete the proof. d

5 Balanced limits of pyramidal traveling fronts

In this section we study the limits of pyramidal traveling fronts for unbalanced reaction-
diffusion equations as the reaction term approaches to a balanced one.
Taking a sequence
ky > >k > =0,

we define
U@z, &) = im Vi, (2, 2, + 21,5 A (K3)) (5.1)
71— 00
for all («',z,) in any compact set in R”. Here A’(k;) is given by (4.7). We often write
U(x; o) simply as U(x).
Then U(x) = U(x; ') satisfies the profile equation (1.5), U(0; &) = 6, and

ou
<0, x € R",
oz,
U(l’l,...,$j,1,—l'j,l’j+1,...,$n) = U((El,...,xj,1,$j,$j+1,...,l'n>, 1 S] <n-— 1,
ou
= >0 ifz; >0
a.]fj
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For each 1 < j <n —1, we define R; > 0 by (1.4). Then we have

R.
Ei:%, 1<j<n-—-1
By (1.4), we have
ou
3xj
Now we have
0*U , ,
j
We will show U7
o (x) <0, x € R".
If OU/0x,, = 0 at some point in R", we have
ou

from the maximum principle. Then U(a’, z,,) is independent of z,, and is a function of x’.
By (1.5) and (5.2), we have

n—1

U o U U
E el (0", z,) —G'(U(0,z,)) = ~ 9. (0", x,) — o (0',x,) =0, r, € R.
j=1 J n n

Combining this equality and (5.2), we find —G'(U(0',z,)) < 0 for all z, € R. This
contradicts U(0) = 6§y and —G’(6y) > 0. Thus we have

oU
a—mn(w) <0 for all z € R™.
Lemma 3 One has
oU
o (x) <0, e R",
Uy, ..o @1, =%, Tjs1, o, Tn) = U(T1, 00, Tjo1, T4, Tjg, - -5 ), 1< j<n—1,
oU .
a—xj >0 Zfl’j >0,
lim U(0',x,) € [—1,s.],
Ty —00
lim U(0,z,)=1.
Ty —>—00

Proof. 1t suffices to prove the last two equalities. Using

ou

a—(:c) <0  forall x e R",
xn
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we have

lim U(0,z,) = wée[-1,6),

Ty, —00

lim U(0,z,) = «é€ (bo,1].

Ty —>00

Using (1.5) and (5.2), we have

QJ

U(O’,xn) <0, T, € R.

P e ) G0 - - 5

02 0y, ‘=

x?

Sending x,, — oo or z,, — —00, we have —G'(«) < 0 and —G'(w) < 0. From the definition
of Oy and s,, we obtain @« = 1 and w € [—1,6p). This completes the proof. O

Since U satisfies (1.5), we have the following lemma.
Lemma 4 Let U be given by (5.1). One has
Ul c2.00 rmy < 00
for some ag € (0,1).

Proof. This lemma follows from general regularity theory for elliptic equations. See [10]
for instance. O

Let 1 <7 <n—1 and we define

efMt Zl<i<n71fi (@ — y;)?

y (eXp (_W) — exp (_(%Z—{%)z)) exp (_(xn ot yn>2)

forx € R", z; >0, y; >0 and ¢t > 0.

Lemma 5 (the Harnack inequality) Let U be given by (5.1). For every r > 0, there
exists Cy = C1(r1) such that one has

sup (— 8U) < (y inf (_8_U>
B(zo;r1) axn B(zo;r1) 8xn

for all xy € R™. Here C is independent of xy. For 1 < j <mn —1 one has

ou ou
0</ K(z,y,1 dy < —(=), if x; > 0.
{weRn|x]>0} ( )ax ( ) a ( ) J

J

17



Proof. For the proof the former half, one can see [10]. Here we prove the latter half.
We see that 0U/Ox;(x) is a stationary solution to

ow ow

oU
W(x,0) = 7.
J

W(x,t) = 0 if x; =0,t>0.

+ f1(U(x))W, x; > 0,t >0,

() >0 if z; >0,

Let W(w, t) be given by

oW A~
E = AW—FC(?—(E”—MW, x; > 0,1 >0,
Wi(z,0) = S—Z(mpo if z; >0,

—~

W(x,t) = 0 if x;=0,t>0.

Then we have

oU
W(w7t) - / K(w7y7t>a_<y) dy7 T > 07
{@eR" | z;>0} T

J

0< Wz t) <W(m,t) if z;>0,t>0.
Setting t = 1, we have

0< Wiz, 1) <W(z,1)= %U(m), z; > 0.
J

This completes the proof. d
For every s € (—1,1) we define ¢5(«’) € R by
U@, qs(2)) = s, (5.3)

if it exists. If g;(x') exists, it is of class C'!' in some open set in R"™! and satisfies

qs(.CEl, e 73:]'71; —.’,Uj,mj+1, e ,l'nfl) = q5<.7]1, Ce ,.CEj,l,l'j,ZL'jJrl, . 73:1171)7 (54)
Iqs

b @)>0, @Rz >0 (5.5)
8xj

for every 1 < j < n — 1. In view of Lemma 3, g, is defined for x € R""! if and only if

lim U(xg, z,) < s.

Ly — 00
qs cannot be defined for x; € R"! if and only if

lim U(xy, z,) > s.
Tp—>00
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Similarly, for every s € (—=1,1) and 1 < j < n — 1, we define ¢/(z”, x,) by
U(iB”, qz(wﬂa l'n), xn) =S,

if it exists, where
"
r = ($1, ey L1, Ljg1y - - - ,$n,1>.

Let 6y € (s., 1) be arbitrarily given. Then ¢y, exists from Lemma 3.

Lemma 6 Let 0; € (s.,1) be arbitrarily given. Let v(x') satisfy
n—1 821)

o3
—-1<v(x) <1, x' e R
v(@) =60, df (@' u)] = A,

(') — G'(v(x')) =0, x € R"

i=1

where A is a positive number and u' is a unit vector in R*~*. Then one has

v(x')=1  forallx' e R" %

Proof. First we prove
lim sup {|v(z’) — 1| |2’ e R"", |(z/, )] > m} = 0.
m—r0o0

Let W (', t; Wy) be the solution of
n—1 oo
88—‘;[/(3:’,16) -3 %;V (@ 1)~ GW( 1) =0, @ cR"Lt>0,
J

W(z', 0) = Wy(x'), x e R

Jj=1

where W, is any bounded and uniformly continuous function from R"~! to R. Then we
have

W(x', t;v) = v(a'), ' e R t>0.
W (2’ t;6,) is independent of ' € R"~! and satisfies

lim sup |W(a',t;6,)— 1] =0. (5.6)

t—00 :l:'E]Rn71
Putting w(x',t) = W(x',t;0,) — W(x',t;v), we have

oW < W

1
o Lo / G"(rW (&' t:60:) + (L =)W (&' t;0)) drw =0, &' €R"'t>0,
j=1 "I 0

w(z',0) =6, —v(x'), ' e R
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Especially we have

Then we have

~ _ Mt 1 ‘w/_y,‘Q A~ / / n—1
w(x' t)=e el G P w(y',0)dy’, ' e R" 7t >0,
Rn—1 (47Tt) 4t

and

Wi(x' t;0,) —w(x' t) < W(z' t;v) = v(z), ' c Rt >0.
Combining this inequality and (5.6), we obtain

lim sup {|v(z') — 1| |2’ e R"', |(&,w)] > m} = 0.

m—r00

Putting
v(x') =1+ v(a), x e R

and using G'(—1) = 0, we have
n—1 02’0
—28721 /0 G"(tv(x') — 1+ 7)drv (') =0, x e R
Ul(a?/) Z 1+ 61 if |(az',u’)\ Z A.

Let wq (', t) be the solution of

n—1
awl 8211)1

1
— — | G"(tv(x')—1+7)dTw; =0, ' cR"t>0.
ot = 5’%2. /0

wy(x',0) = vy (), x' € R

Then we have
inf {w(2',1) | (2',u) =0} > ¢

for some ¢, € (0,6,). Since vi(a’) is a stationary solution of this parabolic equation, we
have vi(a’) = wy(a’, 1) and

inf {v; () | (x',u") = 0} > &;.
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Now we choose fsuch that we have
—G) < flu), —1<u<l,
flu) = —-G(u) if we[-14e¢e,1],
f(u) du > 0,
-1

f(=1)=0, f(-1)=-G'(-1) <0,

mﬂgM.

max
|u| <1426

Then there exists a one-dimensional traveling front solution ¢ to

o' (z) + ' (x) + flo(2)) = TR
p(—00) =1, (+OO) = (5.7)
¢'(z) <0, eR.
Here ¢ € (0, 00) is the speed. We choose o > 0 with
ofmin{—¢' (z)| —14+0<px)<1-4§6>p+ M.
Now we consider the following parabolic equation for w(a’, t) given by
62 w ry / n—1
}: ' e R"'t>0. (5.8)

Now v(a') is a stationary solution of this parabolic equation. Let § € (0,d,). Following to
[9, 2],
o(x — 4 od(1 — e™P1)) — s,

becomes a subsolution to (5.8). Taking & > 0 large enough, we have

p((a,u') — &) — 0 < (@), ' e R
o(—(x' u') — &) — 6 <wv(x'), x e R" 1
Then we find
o((x/,u) — ¢t — &+ od(1 — e 1) — se P! < w(a), ' € RNt >0,
o(—(',u) — ¢t — &+ ad(1 — e 1) — s Pt < w(a), x e R" 1 t>0.

Sending t — oo, we obtain
16 <wv@) <1, x e R"

Since we can choose § € (0,d,) arbitrarily small, we find v = 1. This completes the proof.
U

Lemma 7 Let U be define by (5.1). Then one has either (a) or (b). Here (a) and (b) are
as follows.
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(a) One has
{2 e R U(x',2,) = 01} N {x' ||(z/, )] > A} #0)

if x, > 0 is large enough. Here A > 0 be an arbitrarily given number and u' is any
unit vector in R*1.

(b) there exists ¢y > 0 such that one has

(@ e RN U@ 2) =0} =0 if 2,20

Proof. We will get a contradiction by assuming that both (a) and (b) are false. Using
Lemma 3, we set

v(z') = lim U(z',z,) for o € R"'
Ty —+00

Since (b) does not hold true,
{' e R"|U(x,x,) =01} # 0
if z, > 0 is large enough. Thus we have
{' e R"|v(x') =6} #0.
Now v satisfies
—(2') — G'(v(z')) =0, x' ¢ R
j=1

v

a—%(fv’)zo if 2;>0,1<j<n—1.

Then v satisfies the assumptions of Lemma 6 and we have v = 1. Then we have (b) and
we get a contradiction. This completes the proof. O

Lemma 8 Let 0, € (s,,1) be arbitrarily given. For any ' € R"™! one has

lim U(m',a:n) < 61.

Ty —00

A function qg, () is defined for all ' € R" 1.

Proof. If (b) in Lemma 7 holds true, gy, is defined in R"! by an implicit function
theorem. Thus it suffices to prove this lemma by assuming (a) in Lemma 7 holds true.
We will show
lim U(uo, ..., po, Tn) < 64 (5.9)

ITp—>00
for every g € (0,00) . Then, using
U@, x,) > Ul(|xgl, - -, |z, 20n),
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we have

lim U(xp,x,) < lim U(|zgl,. .., |z, 20) < b1
Ty —>00 Ty —+00

for every x, € R"~!. Then gy, (x') is defined for all ' € R"~1.
Hereafter we assume the contrary of (5.9) and get a contradiction. Then there exists
w1 € (0,00) such that we have

lm U(py, ..., (11, x,) > 6.

Ty —> 00
From (a) in Lemma 7 and Lemma 3, there exists Xj(z,) € (0, 00) such that

J

N

U,...,0,X;(x,),0,...,0,z,) = 6,

lim X;(z,) =00

Ly —>00

for every 1 < j <n — 1. Now we define

U(CB’) = gchinoo U(ZL‘l, e, Tio1, %5+ §Xj(xn)axj+1a - ,ZL‘n_l,ZEn), x e R L

Then v satisfies
U(Ol) < 04,
U(gjl) sy Li1y T Xgy L1y - - 73:71—1) = U(':Ela sy Li1y Ly Lig1s - - - 7xn—1)7 if 7£ ]

Since v satisfies the assumption of Lemma 6 with

1 Z
u = 1,...,1,0,1,...,1),
—! )
Lemma 6 gives v = 1. This contradicts v(0") < #;. Now we complete the proof. 0

Lemma 9 Assume that 6, € (ss, 1) is arbitrarily given. Let R € (0,00) satisfy (4.8) and
let D= (—R,R)" . One has

1
§/ VU (2, go, ()2 dz’ > G(6,)|D| — B(1 + 6,)|9D| > 0.
D

One can choose R > 0 that satisfies (4.8) for all 0y in any given compact interval in (s, 1).

Proof. Following to Proposition 1, we have
3 | IV g0 @' ) da > <G(01) - k/_ll V2G() da’) D] - B(1+6,)0D| > 0.
Using (5.1) and passing to the limit k& — 0, we obtain
%/D VU, gs, (') da’ > G(62)[D] — B(1+6,)|oD] > 0.
This completes the proof. d
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Proposition 2 Let 0, € (s,,1) be arbitrarily given. Then, for any ' € R"™! one has

lim U(x',z,) < 6.

Ty —00

A function qg, (2') is defined for all ' € R""'. One has

1
§/ VU (', go, (2'))|? d’ > G(6,)|D| — B(1 + 6,)|0D| > 0.
D

Proof. This proposition follows from Lemma 8 and Lemma 9.

Lemma 10 Let 15 € (0,00) satisfy

DO | —

\/TLT(]HU”CQ(Rn) <

Then one has

|IVU(x — 71oVU(x)) — VU ()| < %|VU(CC)‘, x € R"

Proof. Let y = VU(x). For 1 < j < n, we have

d /oU " QWU
T (a—m](w — Ty)) = — lz (x — TY)y;.

- 39518:6]
Using
ou ou I~ 9*U
a—xj(l' —T0Y) — a—xj(i’/') = —/0 ; D0z, (z — Ty)y:dr,
we find
oU oU 02U 2 S
a—%(w—Toy)—a—%(m) J (Z/ 201, (x —71y) dT)J;%
< V1ollUllc2@n)yl-
Thus we get

IVU(z — 10y) = VU ()| < v/n7o||Ul|c2@m |yl

24
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Proposition 3 Let J be any given compact connected set in (—1,1) including 61 in Propo-
sition 2. Let R > 0 satisfy (4.8) for all @' € J. For every given (&1,...,& 1) € R™L let
D=(& —R&E+R) XX (&1 — R,&1+ R). Then there exists a positive number kg
that depends only on f, c and J, and is independent of the choice of 6 € J, such that one
has the following. Let 0 € J satisfy 0 + ko € J and 0 — kg € J. Assume that qgyn,(x') is
defined for all *' € R*! and one has

1
5/ VU2, Gy ()2 A’ > G(0 + 10)|D| — B(1 + 0 + r)|0D] > 0.
D

Then Go—v, (@) is defined for all *' € R"™! and one has

1
5/ |VU($,, QQ_HO($/))|2 dac' Z G(9 — KQ)|D| — B(l + 0 — KZQ)|8D| > 0.
D

Proof. Let 19 > 0 satisfy (5.10). Let py be small enough to satisfy

7 . G(w)|D| - B(1+u)|dD|
2 —
0<2p0 <5 D ’

(5.11)

and we choose kg € (0, pp/2] small enough to satisfy
0 < ko < min{l — maxJ, 1 + min J}.

By the assumptions there exists ] € D with

/ / . G)|D| - B(1+w)|0D
|VU(w1,q9+HO(:v1))|222r§€l? (w)|D] ’D(‘ )|oD|

For any 0 < ¢ < 7y we have

d
&’ (@, Qoo (1)) = EVU(LY, Goano (7))

= = VU (2, Go10 (®1)) = EVU(Y, Qoo (%)) - VU, G010 (X))
1 / /
< _5 ‘VU(wlaQOJrNo(wl))’Q

in view of Lemma 10. Then we have

U (4, s (@) — VU (4, s (@) — UL g (21)
1
< =370 VU@, oy (@)

< i CID] = B(L 4 w)]9D)
ueJ ‘D|

and

U (%1 @o1ro (®1)) — T0VU (21, Go 4o (21)))
G(u)|D| — B(1 + u)|0D|
D

<60+ Ky — Tomin
ueJ

< 0 — 3ko. (5.12)
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By using

(@1, @o1ro (1)) = TOVU(Z, Qoo (®1)) € B((&1 -5 €n1); R+ 7ol Uller ),

@9—ro(2') is defined for some point in a closed ball B((&1,...,&—1); R+ 7o[|U||c1(mny) for
every (&1,...,&,-1) € R" 1. Combining this fact and Lemma 3, we see that gy, (') is
defined for all ' € R*~!. Sending & — 0 in Proposition 1, we obtain

1
5/ VU (2, g, ()2 d’ > G0 — k0)|D| — B(1 + 6 — 0)|0D] > 0.
D

This completes the proof. O

In the following proposition we assert the contents of Theorem 1 except (1.6). We will
prove (1.6) at the end of this section.

Proposition 4 Let R be given by (4.8). For every given (&1,...,&,-1) € R let D =
(&—R,&E+R)x - X (&1 — R, &1+ R). Forevery 6 € (—1,1), one can define gp(x’) € R
by U(x', qo(x')) = 0 for all 2’ € R"'. Moreover, one has

1
5/ VU@, o)) da’ > G(6)|D| = B(1 + 8)|D]| > 0.
D

Proof. Let ko andJ be as in Proposition 3. Repeating the argument in Proposition 3
finite times, we see that gp(bma’) is defined for all ' € R"™! and we obtain

1
5/ \VU(2', go(x'))|> dz’ > G(0)|D| — B(1 4+ 6)|0D| > 0
D
for every § € J. Since J can be any compact connected set in (—1,1), this proposition
holds true for every § € (—1,1). This completes the proof. 0
Let s; and 6 be arbitrarily given with
—1l<s <0<, 0 < G(s1) < G(0). (5.13)

For every @’ = (ay,...,a,_1) € R" we have gp(a’) using Proposition 4. Let 1 < j <n—1
be arbitrarily given. We define " = (x1,...,2j_1,2j41,...,2,-1). For (&,...,& 1) =
(@1,...,aj-1,0j41,...,an-1,q9(a’)), let D be given by (4.9). We define

O ={(z" zj,7,) | 2; >0, (2", 1,) €D, sy <U(2',2,) < 0}.

For given s; and 6 with (5.13), we can find M (s, 0) > 0 such that, for every @’ € R""! we

have ' ' . '
oY =ryurjury if gp(a’) > M(s1,0),

where
Fg = {(&", z;,2,) |x; >0, (", 2,) € D,U(x", 2, 2,) = 0},
i = {(@" z;,x,)|z; >0, (", z,) € D,U(x", x;,2,) = s1},
Ii’k) = {(@" zj,z,)|2; >0, (2" x,) € 0D, 81 <U(x", xj,2,) <6}

26



by using Proposition 4. Let v = (v, ...,v,) be the outward normal vector on 9.
The following lemma combined with Proposition 4 asserts that the width of the interface
of U is bounded.

Lemma 11 Let s; and 6 satisfy (5.13). Let 1 < j < n —1 be arbitrarily fized. For every
a € R let (&,...,8-1) = (a1,...,0j-1,a41,-..,an_1,q9(a’)), and let D be given by
(4.9). Assume q9(a’) > M (s1,6). Then one has

1 ou
—/ |VU|——ds > (G(0) — G(s1))|D| — B(1+6)|0D| > 0
2 Fg 83:]-
for every a’ € R 1.
Proof. We have
ou ou 10
div | — =—A —— 2.
iv (aijU) o, U+ 20, (IVUP?)

Multiplying (1.5) by oU/0x;, we have

. (oU 10 » ouou o, O0U
div (a—ijU) + 501, (IVUP) “or, O, + G (U)@—xj = 0.

Integrating the both hand sides over {0/, we get

ou 1 oU oU )
——— (VU v)ds + 5|VUPy; | ds —¢ [ Z—7—d — (G(U)) d& = 0.
/5993-( (%cj( V) 3—1—2! |Vg> s—c o O, On, x + . 8mj( (U)) dx
Using
VU .
V= W on I},
we get
ou 1 ) 1 oU .
T 9. 5 =5 . rj.
oz, (VU,v) + 2|VU| v 2|VU|8xj on I}
Similarly, using
VU ,
v = —W on I7Y,
we get
ou 1 ) 1 oU .
T 5 =5 — ry.
6mj(vU’ v) + 2|VU| vj 2|VU|8% on I
Using v; = 0 on I}, we have
oUu 1 oU ,

We have ,
/Qj (G(U)) dz = (G(0) — G(s1)) |D|.

dz;
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Now we calculate

8U

S (maX\VU| /F 87(18
J O

Using
a—Uds = / (0 —s1)ds < (0 — $1)|0D].
oD

I"] a$j

Then we obtain

1 ou
E / v 28 g
2 Jrg Oz,

1 ]VU|8—U ds — ¢ v ou
i Oz, qi 0z; 0xy,

v

] dw + (G(0) — G(s1)) D] — B(O — s,)[0D
> (G(0) = G(s1)|D| = B(1+6)[0D|.
This completes the proof. O

Let 0 and s; satisfy (5.13). Let 1 < j < n— 1 be arbitrarily fixed. For every a’ € R"!,
let (§1,...,&n-1) = (a1,...,aj-1,a541,...,an-1,q9(a’)), and let D be given by (4.9). If
qo(a’) > M(s1,0), we can define g)(2”, x,,) by

U(m”, qg(m”7 xn)7 xn) =0 (514)
for every (2", z,) € D.

Proposition 5 Let 0 and s; satisfy (5.13). Let1 < j < n—1 be fized. For everya' € R"™!,
let (&1,...,6-1) = (a1, .., Gj-1, G541, ..., Qn_1,qo(@’)), and let D be given by (4.9). Assume
qo(a’) > M(s1,0). Then one has

1
5 \U\a—Uds

1 ; 2
é/p|VU(a:”,q§(a:”,wn),wn)| de"dx, = = o,

> (G(6) — G(s1)) [D] - B(L+)|0D] > 0.

Proof. This proposition can be proved by a parallel argument as in the proof of Propo-
sition 1 due to Lemma 11. O

Now we prove (1.6) as follows.

Proposition 6 For every 6 € (—1,1), one has

inf {|VU(z)|| U(z) =0} > 0.

TER™
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Proof. Assume the contrary. Then there exists (x});eny with

lim [VU (2, qo(]))] = 0.

1—00

Let @, = (xgi), . ZL‘S) ) for i € N. First we consider the case limsup,_, . |V (x;)| < oo.
Let D; be given by (4.9) with (&1,...,&,—1) = «,. Using Lemma 4, we have

Sup max |Vq9( Nl < .
ieN «'€D

By Proposition 4 we have

inf/ VU (', qo('))|* dz’ > 0.

ieN D

This contradicts the assumption in view of Lemma 5. Next we consider the case where
we have limsup, , . |Vgs(x})] = oo. Then we have lim; .. qo(x}) = oco. By taking a
subsequence if necessary, we choose 1 < jo < n — 1 such that

{@" @@ 20). ) | (@, 20) € Di}

is a part of the graph of gy, where &” = (21,..., 2,1, Zjo41, .., Tn—1) and D; is given by
(4.9) with (&1,..., &) = (21, ... ,a:%)_l, x§?+1, 2 ge(x))), and we have
Sgg Vqéo(xgl), . ,x%)fl, x%)ﬂ, . ,xﬁf)_l, qg(m;))‘ < o0.

Then Lemma 4 gives

Sup maX ‘Vq //7qgo (w”?xn)7xn>‘ < Q.

ieN (@”,an)
Proposition 4 gives
12£q ( ), . ;x§z)_17x§‘;)+17 v 7'%.511)—17 QQ(CC;)) > 0.

Using Proposition 5, we have
/ VU (' x" g ( w’,xn),xn)‘2 de"dx, > (G(0) — G(s1)) |Di| — B(1+ 6)|0D;|.

Using lim; , go(x}) = 0o, we can choose s; to be arbitrarily close to —1 in (5.13). Taking
the limit of s; — —1, we have

1 .
5/ VU, (@ @), )| da’dw, > G(0)(2R)"" = B(L+0)2(n — 1)(2R)"* > 0.
D,

This contradicts the assumption in view of Lemma 5. Now we complete the proof. d

Now our main assertion Theorem 1 follows from Proposition 4 and Proposition 6.
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