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Introduction
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Poset

Definition (Poset)

A poset (partially ordered set) is a pair (P, <) of a (finite) set P
and a binary relation < satisfying the axioms below:

Let |P| denote the number of elements of P.
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Poset

Definition (Poset)

A poset (partially ordered set) is a pair (P, <) of a (finite) set P
and a binary relation < satisfying the axioms below:
Q@ a < a (reflexivity).

Let |P| denote the number of elements of P.
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Poset

Definition (Poset)

A poset (partially ordered set) is a pair (P, <) of a (finite) set P
and a binary relation < satisfying the axioms below:

Q@ a < a (reflexivity).

Q@ if a < band b < a, then a = b (antisymmetry).

Let |P| denote the number of elements of P.
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Poset

Definition (Poset)

A poset (partially ordered set) is a pair (P, <) of a (finite) set P
and a binary relation < satisfying the axioms below:

Q@ a < a (reflexivity).

Q ifa < band b < a, then a = b (antisymmetry).

Q ifa < band b < c, then a < c (transitivity).
Let |P| denote the number of elements of P.
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Poset
Definition (Poset)

A poset (partially ordered set) is a pair (P, <) of a (finite) set P
and a binary relation < satisfying the axioms below:

Q@ a < a (reflexivity).

Q ifa < band b < a, then a = b (antisymmetry).

Q ifa < band b < c, then a < c (transitivity).
Let |P| denote the number of elements of P.

Definition (Cover)

An element a is said to be covered by another element b,

written a < b, if a < b and there is no element ¢ such that
a<c<b.
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Definition (Hasse diagram)

A poset can be visualized through its Hasse diagram, which depicts
the ordering relation.
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Definition (Hasse diagram)

A poset can be visualized through its Hasse diagram, which depicts
the ordering relation.

Example

Let S = {a, b, c} be 3 element set, P = 25 the set of all subsets of
S. of a (finite) set P and the order < is defined by inclusion C.

{a,b,c}

N

{a, b} {a,c} {b, c}

NP

(a} c}

0
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(P, w)-partition

Let P be a finite poset of cardinality p. Let
w: P - [p] ={1,...,p} be abijection, called a labeling of P.

Definition ((P, w)-partition)
Let N denote the set of nonnegative integers.

If w is natural, i.e., s < t = w(S) < w(t), then a (P, w)-partition
is just an order-reversing map o : P — N. We then call o
simply a P-partition. Write </ (P, ) for the set of all

(P, w)-partitions o : P — N. If w is a natural labeling, we
simply write <7 (P). Let |o] = Y scp 0(S) denote the sum of the
entries of 0.
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(P, w)-partition

Let P be a finite poset of cardinality p. Let
w: P - [p] ={1,...,p} be abijection, called a labeling of P.

Definition ((P, w)-partition)
Let N denote the set of nonnegative integers.
Q if a < b, o(a) > o(b) (order reversing).

If w is natural, i.e., s < t = w(S) < w(t), then a (P, w)-partition
is just an order-reversing map o : P — N. We then call o
simply a P-partition. Write </ (P, ) for the set of all

(P, w)-partitions o : P — N. If w is a natural labeling, we
simply write <7 (P). Let |o] = Y scp 0(S) denote the sum of the
entries of 0.
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(P, w)-partition

Let P be a finite poset of cardinality p. Let
w: P - [p] ={1,...,p} be abijection, called a labeling of P.

Definition ((P, w)-partition)
Let N denote the set of nonnegative integers.

Q ifa < b, o(a) = o(b) (order reversing).

Q if a < b and w(a) > w(b), then o (a) > o(b).
If w is natural, i.e., s < t = w(S) < w(t), then a (P, w)-partition
is just an order-reversing map o : P — N. We then call o
simply a P-partition. Write </ (P, ) for the set of all
(P, w)-partitions o : P — N. If w is a natural labeling, we
simply write <7 (P). Let |o] = Y scp 0(S) denote the sum of the
entries of 0.

Masao Ishikawa Leaf poset and hook length property



(P, w)-partition

If P = 2{3:b:¢} js the Boolean poset.

N /N
XX XX
NN
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Hook Length Property

For a labeled poset (P, w), we write

which we call the one variable generating function of (P, w)-partitions.
When w is natural, we write F(P; q) for F(P, w; q).

Definition
We say that P has hook-length property if there exists a map h from P
to N satisfying

1

F(P; q) = I_I —1 — qh(x)'

xeP
If P has hook-length property, then h(x) is called the hook length of
X, and h is called the hook-length function. A hook-length posetis a
poset which has hook length property. The hook-length property
was first defined by B. Sagan.
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Colored Hook Length Property

Let (P, w) be a labeled poset, and z = (z,..., zx) be variables.
Assume there exists a sujective map c: P — {1,2,..., k}, which we
call the color function. We write

FaPwiz)= Y 2,
oed (P,w)

where 27 = [,cp z‘c’((;). We call F,(P, w; z) the colored generating

function or multi-variable generating function.

Definition
We say that P has k-colored hook-length property if there exists a map
h from P to N¥ satisfying
1
1-zh(x)’

F(P;q) = l_[

XxeP

where z"®) = [],p z:((:)) A colored hook-length poset is a poset
which has colored hook length property.

v
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(Shifted) diagrams

A partiton is a nonincreasing sequence A = (44, A2, ... ) of nonnegative
integers with finitely many A; unequal to zero.
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(Shifted) diagrams

A partiton is a nonincreasing sequence A = (44, A2, ... ) of nonnegative
integers with finitely many A4; unequal to zero. The /ength and weight of

A, denoted by ¢(1) and |1, are the number and sum of the non-zero 2;
respectively.
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(Shifted) diagrams

A partiton is a nonincreasing sequence A = (44, A2, ... ) of nonnegative
integers with finitely many A4; unequal to zero. The /ength and weight of
A, denoted by ¢(1) and |1, are the number and sum of the non-zero 2;

respectively. A strict partition is a partition in which its parts are strictly
decreasing.
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(Shifted) diagrams

A partiton is a nonincreasing sequence A = (44, A2, ... ) of nonnegative
integers with finitely many A4; unequal to zero. The /ength and weight of
A, denoted by ¢(1) and |1, are the number and sum of the non-zero 2;
respectively. A strict partition is a partition in which its parts are strictly
decreasing. If Ais a partition (resp. strict partition), then its diagram
D(2) (resp. shifted diagram S(2)) is defined by

D) ={(hj)eZ? : 1<j<A)
SA) ={(ihj)eZ? :i<j<li+i-1).
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(Shifted) diagrams

A partiton is a nonincreasing sequence A = (44, A2, ... ) of nonnegative
integers with finitely many A4; unequal to zero. The /ength and weight of
A, denoted by ¢(1) and |1, are the number and sum of the non-zero 2;
respectively. A strict partition is a partition in which its parts are strictly
decreasing. If Ais a partition (resp. strict partition), then its diagram
D( 1) (resp. shifted diagram S(1)) is defined by

D) ={(hj)eZ? : 1<j<A)
SA) ={(ihj)eZ? :i<j<li+i-1).

Example (The diagram and shifted diagram for 2 = (4,3, 1))

D= oo  SD= eee
® ([ ]
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(Shifted) diagrams

Definition
We define the order on D(2) (or S(1)) by

(i1, 1) 2 (2, j2) © iy S b and jy < jo
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(Shifted) diagrams

Definition
We define the order on D(2) (or S(1)) by

(i1, 1) 2 (2, j2) © iy S b and jy < jo

We rotate the Hasse diagram of the poset by 45° counterclockwise.
Hence a vertex in the north-east is bigger than a vertex in south-west.
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Examples

shape

- L

shifted shape —
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d-complete poset
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d-complete poset

Contents of this section

v
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d-complete poset

Contents of this section

@ The d-complete posets arise from the dominant
minuscule heaps of the Weyl groups of simply-laced
Kac-Moody Lie algebras.

v
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d-complete poset

Contents of this section

@ The d-complete posets arise from the dominant
minuscule heaps of the Weyl groups of simply-laced
Kac-Moody Lie algebras.

© Proctor gave completely combinatorial description of
d-complete poset, which is a graded poset with
d-complete coloring.

v
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d-complete poset

Contents of this section

@ The d-complete posets arise from the dominant
minuscule heaps of the Weyl groups of simply-laced
Kac-Moody Lie algebras.

©Q Proctor gave completely combinatorial description of
d-complete poset, which is a graded poset with
d-complete coloring.

© Proctor showed that any d-complete poset can be
obtained from the 15 irreducible classes by slant-sum.
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d-complete poset

Contents of this section

@ The d-complete posets arise from the dominant
minuscule heaps of the Weyl groups of simply-laced
Kac-Moody Lie algebras.

©Q Proctor gave completely combinatorial description of
d-complete poset, which is a graded poset with
d-complete coloring.

© Proctor showed that any d-complete poset can be
obtained from the 15 irreducible classes by slant-sum.

©Q The d-complete coloring is important for the multivariate
generating function. The content should be replaced by
color for d-complete posets.
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d-complete poset

Contents of this section

@ The d-complete posets arise from the dominant
minuscule heaps of the Weyl groups of simply-laced
Kac-Moody Lie algebras.

© Proctor gave completely combinatorial description of
d-complete poset, which is a graded poset with
d-complete coloring.

© Proctor showed that any d-complete poset can be
obtained from the 15 irreducible classes by slant-sum.

Q The d-complete coloring is important for the multivariate
generating function. The content should be replaced by
color for d-complete posets.

© Okada defined (q, t)-weight Wp(x; g, t) for d-compete
posets.
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Double-tailed diamond poset
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Double-tailed diamond poset

@ The double-tailed diamond poset di (1) is the poset depicted

below:
Itop
side<>side
k-2 f
bottom
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Double-tailed diamond poset

@ The double-tailed diamond poset di (1) is the poset depicted

below:
Itop
k-2
side<>-side
k-2 i
bottom

@ A d-interval is an interval isomorphic to di(1).
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Double-tailed diamond poset

@ The double-tailed diamond poset di (1) is the poset depicted

below:
Itop
k-2
side<>-side
k-2 i
bottom

@ A di-interval is an interval isomorphic to di(1).

oA d;-interval (k > 4) is an interval isomorphic to
di (1) — ftop}.
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Double-tailed diamond poset

@ The double-tailed diamond poset di (1) is the poset depicted

below:
Itop
k-2
side<>-side
k-2 i
bottom

@ A di-interval is an interval isomorphic to di(1).
e A d;-interval (k > 4) is an interval isomorphic to
dy (1) — {top}.

oA d;—interval consists of three elements x, y and w such that
w is covered by x and y.
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Definition of d-complete poset

A poset P is d-complete if it satisfies the following three
conditions for every k > 3:
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Definition of d-complete poset

A poset P is d-complete if it satisfies the following three
conditions for every k > 3:

Q Iflisa d;-interval, then there exists an element v such
that v covers the maximal elements of /and / U {v} is a
di-interval.
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Definition of d-complete poset

A poset P is d-complete if it satisfies the following three
conditions for every k > 3:

QIflisa d;-interval, then there exists an element v such

that v covers the maximal elements of /and /U {v} is a
di-interval.

Q If I = [w, v] is a dk-interval and the top v covers uin P,
then u € I.
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Definition of d-complete poset

A poset P is d-complete if it satisfies the following three
conditions for every k > 3:

QIflisa d;-interval, then there exists an element v such

that v covers the maximal elements of /and /U {v} is a
di-interval.

Q If I = [w, v] is a dk-interval and the top v covers uin P,
then u € I.

© There are no d;-intervals which differ only in the minimal
elements.

’
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Examples

rooted tree /@\ swivel
" /<2>\

shifted shape E
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Properties of d-complete posets

If P is a connected d-complete poset, then
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Properties of d-complete posets

If P is a connected d-complete poset, then

(a) P has a unique maximal element.
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Properties of d-complete posets

If P is a connected d-complete poset, then

(a) P has a unique maximal element.

(b) P is ranked, i.e., there exists a rank functionr: P - N
such that r(x) = r(y) + 1 if x covers y.
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Properties of d-complete posets

If P is a connected d-complete poset, then

(a) P has a unique maximal element.

(b) Pis ranked, i.e., there exists a rank functionr: P -» N
such that r(x) = r(y) + 1 if x covers y.

v
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Properties of d-complete posets

If P is a connected d-complete poset, then

(a) P has a unique maximal element.

(b) Pis ranked, i.e., there exists a rank functionr: P -» N
such that r(x) = r(y) + 1 if x covers y.

(a) Any connected d-complete poset is uniquely
decomposed into a slant sum of one-element posets and
slant-irreducible d-complete posets.

v
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Properties of d-complete posets

If P is a connected d-complete poset, then
(a) P has a unique maximal element.

(b) Pis ranked, i.e., there exists a rank functionr: P -» N
such that r(x) = r(y) + 1 if x covers y.

(a) Any connected d-complete poset is uniquely
decomposed into a slant sum of one-element posets and
slant-irreducible d-complete posets.

(b) Slant-irreducible d-complete posets are classified into 15
families : shapes, shifted shapes, birds, insets, tailed
insets, banners, nooks, swivels, tailed swivels, tagged
swivels, swivel shifts, pumps, tailed pumps, near bats,
bat.

v
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Irreducible d-complete poset

Definition (Filter)

Let S be a subset of a poset P. If S satisfies the condition
xeSandy>x =>yeS

then S is said to be a filter.
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Irreducible d-complete poset

Definition (Filter)

Let S be a subset of a poset P. If S satisfies the condition
xeSandy>x =>yeS

then S is said to be a filter.

Irreducible d-complete posets
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Irreducible d-complete poset

Definition (Filter)

Let S be a subset of a poset P. If S satisfies the condition
xeSandy>x =>yeS

then S is said to be a filter.

Irreducible d-complete posets

@ Proctor defined the notion of irreducible d-complete
posets and classified them into 15 families.

v
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Irreducible d-complete poset

Definition (Filter)

Let S be a subset of a poset P. If S satisfies the condition
xeSandy>x =>yeS

then S is said to be a filter.

Irreducible d-complete posets

@ Proctor defined the notion of irreducible d-complete
posets and classified them into 15 families.

©Q A filter of a d-complete poset is a d-complete poset .
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Irreducible d-complete poset

Definition (Filter)

Let S be a subset of a poset P. If S satisfies the condition
xeSandy>x =>yeS

then S is said to be a filter.

Irreducible d-complete posets

@ Proctor defined the notion of irreducible d-complete
posets and classified them into 15 families.

Q A filter of a d-complete poset is a d-complete poset .

© 1) Shapes, 2) Shifted shapes, 3) Birds, 4) Insets, 5) Tailed
insets, 6) Banners, 7) Nooks, 8) Swivels, 9) Tailed swivels,
10) Tagged swivels, 11) Swivel shifteds, 12) Pumps, 13)
Tailed pumps, 14) Near bats, 15) Bat

v
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Shapes

Definition (Shapes)

1) Shapes
* 0
* - L] L] -* L
{ ] L [ ] [ ] * L ]
[ ] * * [ ] * L ]
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Shifted shapes

Definition (Shifted shapes)

2) Shifted shapes

L]
*

Masao Ishikawa
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Birds

Definition (Birds)

3) Birds
H-oo.—%oaog

RN
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Insets

Definition (Insets)
4) Insets

H-on PO

* a

¢ s »
L] [ ] L] L L]
. L] * * L
[ 4 L] L * L]
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Tailed insets

Definition (Tailed insets)
5) Tailed insets

Y

0
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Banners

Definition (Banners)
6) Banners
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Nooks

Definition (Nooks)
7) Nooks
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Swivels

Definition (Swivels)
8) Swivels

Masao Ishikawa
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Tailed swivels

Definition (Tailed swivels)

9) Tailed swivels

.—'oon
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Tagged swivels

Definition (Tagged swivels)
10) Tagged swivels

.—..ou
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Swivel shifteds

Definition (Swivel shifteds)
11) Swivel shifteds

.—.c-l
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Pumps

Definition (Pumps)
12) Pumps
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Tailed pumps

Definition (Tailed pumps)
13) Tailed pumps

oo
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Near bats

Definition (Near bats)
14) Near bats
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15) Bat
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Colored hook length property of d-complete posets

Theorem (Peterson-Proctor)
d-complete poset has the colored hook-length property.
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Colored hook length property of d-complete posets

Theorem (Peterson-Proctor)
d-complete poset has the colored hook-length property.

Recently, Jan Soo Kim and Meesue Yoo gave a proof of the
hook-length property by g-integral.
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Leaf Posets
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Leaf Posets

Contents of this section
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Leaf Posets

Contents of this section

@ We define 6 family of posets, which we call the basic leaf
posets. (It is not possible to define “irreducibility”.)
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Leaf Posets

Contents of this section
@ We define 6 family of posets, which we call the basic leaf
posets. (It is not possible to define “irreducibility”.)
©Q Leaf poset is defined as joint-sum of the basic leaf

posets. (“joint-sum” is a more genral notion than the
slant-sum.)
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Leaf Posets

Contents of this section

@ We define 6 family of posets, which we call the basic leaf
posets. (It is not possible to define “irreducibility”.)

©Q Leaf poset is defined as joint-sum of the basic leaf
posets. (“joint-sum” is a more genral notion than the
slant-sum.)

© Any d-complete poset is a leaf poset.
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Leaf Posets

Contents of this section

@ We define 6 family of posets, which we call the basic leaf
posets. (It is not possible to define “irreducibility”.)

©Q Leaf poset is defined as joint-sum of the basic leaf
posets. (“joint-sum” is a more genral notion than the
slant-sum.)

© Any d-complete poset is a leaf poset.

Q If two posets has colored hook-length property then their
joint-sum has colored hook-length property.
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Leaf Posets

Contents of this section

@ We define 6 family of posets, which we call the basic leaf
posets. (It is not possible to define “irreducibility”.)

©Q Leaf poset is defined as joint-sum of the basic leaf
posets. (“joint-sum” is a more genral notion than the
slant-sum.)

© Any d-complete poset is a leaf poset.

Q If two posets has colored hook-length property then their
joint-sum has colored hook-length property.

@ The colored hook-length property of the basic leaf posets
reduces to the Schur function identities.
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Basic Leaf Posets
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Basic Leaf Posets

ginkgo(iR#) ,
Iwo
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Basic Leaf Posets

ginkgo($Z) "-’9-?““"@ e
1 V I"“

Masao Ishikawa Leaf poset and hook length property



Basic Leaf Posets

ginkgo(iBE) @?bm(ﬁ TITT 1

el o0 08 INRY pegy

BE S8

H1 H
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Basic Leaf Posets

—o

ginkgo($8%) pgri\jboo('rﬂ : I
I° ' 1"“
wisteria(B%) ,
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Basic Leaf Posets

ginkgo($8%) pgri\jboo('rﬂ ; I

el o0 08 INRY pegy

H1 H

- 1 T
Sir(Ht) N
wisteria(fk) IT’.‘,‘I:I_.
) S
0o or S
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Basic Leaf Posets

bamboo(#

ginkgo($R 7S

)

Sir(Ht)
wisteria(#) ,

—o
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(i) m22,a = (a1,02,...,am), B= (B1,B25-..,Bm): strict

partitions
r%y r L 1
i . 2 .
i y i a3 :
e I
G(a,ﬂ,y) — B BZ,BSB{. Cy =I Y
ginkgo ((8Z%) s
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Definition

(”) m 2 250' = ((I1,C¥2,...,(¥m),ﬂ = (ﬂ1’ﬂ2""’ﬂm—1)s
¥ = (y1,72): strict partition, v = 1,2

T B ] T @ ]
*—o .- 0—0 Py
T @2 )
a3
C [q J |
Y| 2 e, ! 7 :
B(“’sﬂ? Y V) = v VIS‘(Ym.
.y v
B1|: B2 i B3 ifm
s
bamboo (i#) }
[ J
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Definition

(i) @ = (a1, a2,a3), B = (,31,132,[33,134,55) Y = (v1,72):
strict partitign-{gt y=;

=1 e °
@
! ceo )
38y
[ [ @ ;-
rios|| | , 728 @ ‘
2
e 4 esa p
%39
~] v
I(a9ﬂ97s V) = o "
B1: Bd: B3 B4 Ps:

ivy (&)
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Definition

(iv) m=2,a=(a1,a2,...,am)
strict partition
71

B = (B1,82), vy = (v1,72):

r J r

[04]

—o -0—o

@

a3

g

W(a,B,y,v) = BriBa:

wisteria (B%). !

as

: Polami
¢ [€ oo @

Ch,

(91 » 92, hV)

__ J(B1,B2,7v) if m: even
(y1,72,Bv) if m: odd
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e O
(v) m2>3, b
@ = (1, @z, a3), = 7 '

B= (ﬁ1’ﬁ2,---,ﬂm—1)s
Y = (y1,72)

: strict partitions,
s,t>21(1<s<t<3),

Y192

v — sort if m: even,
" Hor2 ifm:odd #
F(a"ﬂ’ )4 S, ta V) =

fir (#E).

i B2\ B3|t Bal* Bs| " Pe| B

if m: even
if m: odd

(B1,B2,v)

(as,@t,7v)

(91,92, hv) := {
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(Vl) a = (0’1,0’2, (Z3),ﬂ = (ﬂ1,ﬁ2’ﬁ39ﬂ4) and Y = (71972):
strict partitions, § > 0forv =1,2,3,4

r ﬂ1 1 r @ J
*—=o - & P ®
r @2 d
7| s ] ! B . ‘
] T Jeo| T
) 3]
C(xB,7,v) = B B2 B 44; By
0 | €
Viy2
i !
chrysanthemum (%g). |
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Goal of This Talk

Property of leaf posets

@ Any d-complete poset is a leaf poset.
@ 1) Shapes, 3) Birds € Ginkgo
@ 2) Shifted shapes, 6) Banners C Wisteria
© 5) Tailed insets, 4) Insets € Bamboo
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Goal of This Talk

Property of leaf posets

@ Any d-complete poset is a leaf poset.

1) Shapes, 3) Birds € Ginkgo

2) Shifted shapes, 6) Banners C Wisteria

5) Tailed insets, 4) Insets € Bamboo

7) Nooks, 9) Tailed swivels, 10) Tagged swivels, 11) Swivel
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8) Swivels C Ivy
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Property of leaf posets

@ Any d-complete poset is a leaf poset.

1) Shapes, 3) Birds € Ginkgo

2) Shifted shapes, 6) Banners C Wisteria

5) Tailed insets, 4) Insets € Bamboo

7) Nooks, 9) Tailed swivels, 10) Tagged swivels, 11) Swivel
shifteds C Fir

8) Swivels C Ivy
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Goal of This Talk

Property of leaf posets

@ Any d-complete poset is a leaf poset.

1) Shapes, 3) Birds € Ginkgo

2) Shifted shapes, 6) Banners C Wisteria

5) Tailed insets, 4) Insets € Bamboo

7) Nooks, 9) Tailed swivels, 10) Tagged swivels, 11) Swivel
shifteds C Fir

8) Swivels C Ivy

12) Pumps, 13) Tailed pumps, 14) Near bats, 15) Bat C
Chrysanthemum

A leaf poset has multi-colored hook length property.
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Schur Function

Definition (Schur Function)

Iif 2 = (4,...,4n) is a partition of length< n, then

1+n-1 An
oo 2
X1/l 1

+n-1

S/l(X1,...,Xn) =

x1"‘1 1
n-1
X, 1

The Schur functions are the irreducible characters of the
polynomial representations of the General Linear Group.
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Symmetric Functions

Theorem (Cauchy’s formula)

If n is a positive integer, then

n n

gS/I(X1,...,Xn)s/l(y1,"-9yn) = l_l I—l 1 _1Xiyj.

i=1 j=1
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Symmetric Functions
Theorem (Cauchy’s formula)

If n is a positive integer, then

n n 1

gS)(X1,...,Xn)s/l(.V1a"-’yn) = ]_I I—l 1 _xiyj.

i=1 j=1

V.

If nis a positive integer, then

n
1
]_[ o = Zh,(x1,...,x,,)t",

j=1 r>0

n n

l_[(1 + tx;) = Z er(Xyy. .., Xp)t"
j=1 r=0

where h, is the complete symmetric function and e; is the
elementary symmetric function.
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Symmetric Functions

Theorem (Pieri’s rule)

If nis a positive integer and u is a partition, then

Su(X1y.. ey Xn)he(X1,y..0, Xp) = Z Sa(X15. -5 Xn),
A

where the sum runs over all partitions A such that A/u is horizontal
r-strip.
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Symmetric Functions

If nis a positive integer and g is a partition, then

Su(X1y.. ey Xn)he(X1,y..0, Xp) = Z Sa(X15. -5 Xn),
A

where the sum runs over all partitions A such that A/u is horizontal
r-strip.

Theorem (Littlewood’s formula)

If n is a positive integer, then

Zs,,(x1,...,x,,)= l_l 1

v 1<i<j<n 1= XX

where the sum runs over all partitions v such that v’ are even
partitions.
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Pre-Leaf Poset

Definition

If A is a strict partition with length p = £(2), let
P(A) ={(ij)I1<i<pandi<j<i+ A}

Wesay x = (i,j) > y = (7,j/) in P(1) ifi < ¥ and j < J.
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Pre-Leaf Poset

Definition

If Ais a strict partition with length p = £(2), let
P(A) ={(ij)I1<i<pandi<j<i+ A}

Wesay x = (i,j) =y = (i",j/)inP(A)ifi<iandj <.

Example P(2)
If 2 = (5,3,2) then P(1) is as follows:

Masao Ishikawa Leaf poset and hook length property



Pre-Leaf Poset

Definition (Pre-Leaf Poset)

Let A%) (k = 1,..., m) be strict partitions with ¢ (/l(“)) = pM), and let
s() pe positive integers. Let

n = max{s®®¥ + p) — 11k =1,...,m},
C={(ihi)n<is<n}

Let P [(/1("), S(k))15k5m] denote the set obtained by identifying
(s +i-1,s® +j—1)in Cand (i,i) in P(AV).
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Pre-Leaf Poset

Let A%) (k = 1,..., m) be strict partitions with ¢ (/l(“)) = pM), and let
s() pe positive integers. Let

n = max{s®¥) + p*) _ 1|k =1,...,m),
C= (bl <isn).

Let P [(/1('0, S(k))15k5m] denote the set obtained by identifying
(s +i-1,s® +j—1)in Cand (i,i) in P(AV).

Definition (Order)

We say x = (i,j) > y = (,j)in P [(/l("), s("))15k5m] if x and y are
both in some A) and x > y,or,xe Candy e A¥) and i = j < i'. We
call P [(/l("), s(k))15k5m] the pre-leaf poset associated with

(2%, %)y, <m. We call C the central chain of length n.
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Example (Pre-Leaf Poset)

Example (Pre-Leaf Poset)

It (A1, s(M) = (421,3), (1®, s®)) = (10,3),
(A®), s®)) = (31,4), and (14, s¥)) = (2, 5), then we have

Pre-Leaf Poset P [(A(9), s(0); k<]

A0 = 421

A2 =10

14) — o
A0) = 31
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Definition
If 1is a strict partition, then we define the weight wp(,) of P(1)
by
.. pi ifi=j
w, L) = .
Py (7 §) {qi—i iti<j
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Definition
If 1is a strict partition, then we define the weight wp(,) of P(1)
by
.. pi ifi=j
w, L) = .
Py (7 §) {qi—i iti<j

Examle wp(y)

If A = (5,3,2) then wp(, is as follows:

Pl d14 4 q qa, g5,

iy Go, Q.

Jdi, 9
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Notation

 Definiton ...
fqg=(..,9-1,90,G1,q>...) be variables, then we use the
notation:

I
dik,n = I_ICIi =gk q
i=k

n k
@a=]]{1-[]a
k=1 i=1
=(1-g)(1-q1q2)---(1 -1+ qu),
@n=[]{1-]]a
k=1 i=k

=(1-qn)(1 = qn-1Gn)--- (1 — 1+ q).
Especially we write qx) for qpq 4]-
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Generating Function

Definition
Let P be a poset. If w is a weight of P and o € .&/(P), we write

w = [wx)™, FRw)= > w.

XeP o€ (P)
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Generating Function

Let P be a poset. If w is a weight of P and o € .&/(P), we write

w = [wx)™, FRw)= > w.

XeP o€ (P)

Let 2 = (14,...,4m) be a strict partition, and xq,..., X, € Z be
integers such that 0 < x; < X < --- < xp- Then we have

m Xi
Z wo I]i=1 p,- l_[1Si<i5m(1 - q[/l,-+1,/l,-])
P(2 = m
wesd (P(D) L [T, <@
o(ii)=x;(1i<m)

X S (st Xm-1yesxt) (A[4]5 + + = 5 A[ 4] ) -
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Weight of Pre-Leaf Poset

Definition (Weight)

Let 2(K) pe strict partitions with ¢ (/l(")) = pk), and let s(¥) be
positive integers for k = 1,..., m. Let
P=P [(/l("), s("))15k5m] be the pre-leaf poset associated with

(A8, s(¥)) 1<k <m, and let q(¥) = (qfk))mism be variables

associated with each diagonal of (%), and p = (p;)1<i<n be
variables associated with the central chain C. We write

w[(a%)1<k<m, ]

for this weight.
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Weight of Pre-Leaf Poset

Example (Weight of Pre-Leaf Poset)

If (A, sM) = (421, 3), (1?, s?) = (10, 3), (1®),s®)) = (31,4),
and (1), s®) = (2, 5), then we have

Pre-Leaf Poset P [(/1("), S(k))1sks4]

B q:n qf) q:(:) qiﬂ

(4)

14) — 2
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Generating Function

Theorem
LetP =P [(/l("), s("))1sk5m] be the pre-leaf poset associated with
(A%, %))y k<, and let q) = (qf"))15,-g1 be variables associated

with each diagonal of 4, and p = (p;j)1<i<n be variables associated
with the central chain C.

Z WZ(A) =

(k)
e (P) "'_ M7 @),

/I+1

A=(A1,0p4p) i=1 p(k)

m
k=t Misicizpeo (1= q[alf")+1,1§")])

where A[i, j] stands for (2,..., ;).
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Schur Function Identities
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Lemma

[ginkgo]

WSy (X1« s Xm)SA(Vts -+ - > Yim)
/l=(/l1 ,/12,...,/1,7,)69

=112, xiyi
(- wIIm, xiy) ny_,(- xiyj)
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Lemma

[ginkgo]

Z WS (X1s - e e s Xm)SA(Vas e+ Ym)
/l=(/l1 ,/lg,...,/lm)e,@

1-T17, xiyi
(- w™, xiy) ny_,(1-xy)

[bamboo]

Z WS(otmt) X5+ o5 Xm=1) St 2m) (15 22) SA(V15 + -« » Yim)
17

n;7;-11(1 — ZoXj HT;: Xx ]]T=1 Yk)
(1 = wze T 2 T, i) T T (1= xiy;)
1
% -1 m-1 m :
l_[;';1(1 -y, 2 l_[k=1 Xk l_[k=1 Yk)
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Lemma
[ivy]

W S(1,,15,15) (X15 X2 X3) S(a5,0) (15 22) (44 15,26) (X15 X2, X3)
XS(A1,15) (V15 + « 5 ¥5) S(a5,26) (15 22)

1
(- w2 R i) T, T2, (1 - xiy))
M,_,(1 = vz} T, %; TT,_, i)
l—[:i;=1 (- Xi_1z§ 1—1221 Xi l_[’15(=1 Vi)

1
[T1<icjes(1 - yi_1yj_122 I_, x T _, yi)

A=(A1,42,...,46) €L

X
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Lemma

[wisteria]

m
w2msy(y1,..., yam) [ | S(agi_q.10) (1 %2) [ | Stagptgiq) (5 22)
i=1 i=1

A=(A1,02 Ao m)€ P
(=2 2_, xM 1127, yi) (1 = 2" TI2_, X 1127 i)

2 k=1 "k " "k=1 2 k=1 "k " "k=1

27" yi) M2, Hf;';(‘ - xiyy) Misi<j<em(1 = yiyze T2 _ xk)

= — wzm-1112 m
(1 W22 1 k=1 xk

m m
w'2mi s (v1, .., Vome1) [ | S(aigtan) (1 %2) [ | S(agputgig ) (15 22)
=1 i=1

A=(1,255A2m41)€ P
2 — .M 2 m rp2m+1

M, (0 =%z T, X7 LT Vi)

2m+1

(1 - X)) Thzicjcem+1(1 = Viyjz2 l'l,z(=1 Xk)

= — wom 2 m p2m+1 2
(W =wzl T _, 7 TLTT ve) T, I,

ok length property
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Lemma

[fir]

A
W2mS(  dom 1) (Visees Yom—1 )5(242,,,_2,42,.,,_1 Jom) (21:22,23)
x 1™ . (%1, x2) [1™ i 1,2
A=(11 A2 2 m)€ P TTEL Sttgiq.a00) (1 %2) TUE S(251,0511.1) (15 22)
1

- -1 2 2m-1 2 2m-1 v i Vi 2
(- wz "z [T, _, " TRTY vi) T, TS (1 = xiyp) Thsicjsem—1 (1 = yiyyz2 I, _, Xk)

2m-1¢4 _ \,.,m—1 2 m py2m-1
ZT 0 - vz s I, %" TR vi)

2 — x:.zm—1 2 m-1 2m-1 2m-1¢4 _ ,—1,m-2 2 m-1 2m-1 .
M, (= xizy " 2 T X I i) IEDT O -y 2 2 Ty ) T ve)

Wm0 o) (Vseees Yom)S(igm 1 AomAomy1) (¥15 X2, X3)
m m—1
A=(Mlrlomit)eP X T2 S(gi.az14.4) (1 22) TETY Sagy_g.059) (415 %2)
_ 1
(- wizl T X TR, yi) T, TET (1 = xiy)) Masicjsem (1 = yivjZ2 Ty %c)
2m - .M 12 m rj2m
I, (1 = xayizg" T, _, %7 TIET Vi)

x .
2 m 2 m-1 2m 2m ~1_,m-1 2 m-1 2m
1- i 11—
I, (= xaxiz) T x7 7 ILT, yi) TED, (= sy 2 I 6 LT, Vi)
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Lemma

[chrysanthemum]

Z WS4, 1) (X1, X2)S(a,,....15) (15 225 23, Z4) S(45,16) (X1, X2)

eyt 5 22.00) (V10 Y22 ¥3) S(3a.00) (X1 X2) S(0,15.06) (V15 V22 ¥3)

(-T2_, X I3_, v21T5_, ) n;.‘:za -z I2_ I _ v2IT;_, 2)

k=1"k

=2 3 24 2 13 (12 T8 (1-vi2 X203 2
A-wi_ CI_ v21_, z) 2, T, (1= xiy) T, (1 = yi T3y xe T vk TG, 2)

1
X .
T 12 (1-xa102 3 2 T 1 (1-vz12 3
I, I, (1 %Gz T i Iy e Il Zk) I, I, (1 -y I _, % IT, _, V&)
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A Proof of
the Schur Function Identities
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Schur Function Indentity

Lemma

If m is a nonnegative integer, then

Z Sa(V15 - - - 5 Yom+1) S(agmyr) (X1, X2)
A=(A150eesd2m 1)

m m
X l_[ s(’lz"-"’l?")(x1 » X2) l_[ s(/lzi,/lzi+1)(1 »22)
i=1 i=1
— 1
l—IIZ ; 2m+1 (1 - X,y,) I—[1<'<l<2m+1 (1 - yly/ZZ l_[k ; )
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By the Littlewood formula, we have
[1 =7 =2t
1 5i<j52m+1 ty iYj v

where the sum rons over all v with v’ even. Hence we can write
v = (V1,V1,V2,V2y+ s Vm, Vm), Where

Vi2ZVa2o2vp 20
By the Pieri rule, we obtain
1 ey (=Vic) Fm 1 Vi
*Bi = Z s,,(y)x l—[()ﬁxz) l—[ z)*

2m+1 (1 X1 _Vj) MV

where the sum on the right-hand side x runs over all partitions such
that H = (ﬂh Vis H2s V25 e e ey Umy meﬂm+1) with

H12ZVH 2 2V 22 Uy 2=V 2 0.
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Here we write

m
el =l = Z(I-lk—Vk)+ﬂm+1 =1 =V1+-+ Um—Vm + Umi1
k=1

in short. We use the Pieri rule again and obtain

1 B ~ m m
‘R = Z S/l(y)x‘:ﬂl |V|x|2/l| lul l_l(x1x2)vk l—[ z;’k’
k=1 k=1

n:2 1 n2m+1(1 - x,y,) Ap,v

where A in the sum in the right-hand side is of the form
A= (/11, A2y« ooy Aomy Ad2mi1 ) with

A 2 22 2v1 2022 Adom 2 Um 2 A2m 2 Vin 2 domy1 2 fmyq 2 0.

Here we write

m+-1

[ = |pl = Z (A2k-1 — px) + Z(/lzk - Vk).
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Note that

Z x:lk o xgqu T e (X“ XZ)Vk = S(au-1,A2¢) (X1 ’ X2)
Hk

A2k—12HK 22k
holds for k = 1,2,..., m. Similarly,
+1 yAemi1—Hm+1 __
Z xf"' X2 " " - S(/lzm+1)(x1’x2)
Mk
A2m+121m+120
holds. Meanwhile, it is also easy to see that
Vk
Z 22 - s(/lzk,/lzk+1)(1’zz)
Yk

k222K 41

holds for k = 1,2,..., m. From these identities we coclude thar

m m
RHS = ; S,l(y) ,I{—! s(/lzk—h/lzk)(x“’ X2) ,I{—! s(/12k7/12k+1)(1’ 22)
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Wisteria Identity

If m is nonnegative integer, then we have

m m-1
Z whr S,{(_V1 9oy _VZm) l_[ S(Ai-1,42i) (X1 ’ X2) l_[ S(A2i,22i41) (1 ’ 22)
i=1 i=1

A=(A1,A2eensdam)
(1 —Zm-12  ym l—[2m y )
2 k=1"k Ug=17Yk
_ m-1 72 m 2m )
(1 wz," " [T, = [T, 24 Yk
_ »m ]2 m y2m )
(1 2, 1} X My Y

X .
Iz, l_[lz:1 (1 = xiyj) Mi<icj<om (1 - yiyiz I _, Xk)
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First we assume w = 0. If we put x = (X1,X2), ¥ = (V15---5 Yom);
z=(1,2),X= ]‘[i:1 Xc, Y = ]‘[iz1 Yk, then the above identity
reads

1
(1= xmy) (1= z7xm) v:(mg:%_o )t ()

m-1

= m-1
X l_[ S{(pzi-1,p121) (X) l_l s(ﬂzi,ﬂ2i+1)(z)
i=1 i=1

1
M2, 27 (1 = xi¥)) Magicjcom (1 = Yi¥;z2X)
The left-hand side of this identity equals

=
= —— Sy +2m (y) S(uom-1+1,t) (X)
1- zz',"X'"Y 0 %
m-1 m-1

X l—[ S(/lzi—1+t,ﬂ2i+t)(x) l_[ S(uzi+tpir1+t) (Z)

i=1 i=1
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— u
L= Z Z 2, Syt (t+upem (V) S(uam+t+ut+u) (X)
u>0 >0 p
m-1 m-1

X ]_[ s(ﬂzi—1+t+u,p2,-+t+u) (X) l_l s(}12i+f+U,ﬂ2i+1+t+u) (Z)
i=1 i=1

lfwesetd; =pui+t+u(i=1,...,2m—1), 5, = t + u, then we
obtain Zﬁi"o z; = S(1,,)(1, 22), which implies

m m-1
L= Z S,{(_V) l_l s(/lzi—n/lzi)(x) l_[ s(/izi,/lzi+1)(z) * S(2m) (Z)
A i=1 i=1

This is true if we set y»,1 = 0 in the identity of the above formula.
The general case follows immediately from the w = 0 case. This
compete the proof. O
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Thank you!
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