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De Bruijn’s formula

Let n be a positive integer, and let ¢;(a) and 1;(x) be functions on [0, a] for 1 < ¢ < 2n. Then

e / det (¢i(x;)|vi(x;)) dep(x1) - - . dgp(n) = PE (Qi,j)1gi,j§2n ’
<z < <xpn<a

where

Bg= | " {bi(@)i(x) — di@)pi(@)} dos(e)

and (@i(x;)|vi(x;)) denotes the 2n X 2m matrix whose 2th row is
(@i(x1), Pi(@1),
for 1 <1 < 2n.

Notation
Throughout this paper we use the standard notation for g-series

(a5 9)
(aq™; q)o

(a50)0 = [[Q —ad®), (a;q)n =
k=0

for any integer n. Usually (a; q), is called the g-shifted factorial, and we frequently use the compact notation:

(afla A2y ¢y Qp; q)n = (al; Q)n(a2; Q)’n *ee (ar; q)’n‘

The ,.¢5 basic hypergeometric series is defined by

A1,A24...40p > (al,aQ,...,ar;q)n n (n) 1+s—r n
r¢s( ;qZ>=E ((—1 q2) z
bl’”"bs ’ (Cbbla"'abs;q)n )

n=0
Here we also use the g-Gamma function
. (g59)
Le(z) = (1 — Q)l z—z’ - )
(9% @)oo
. 1—ag™ .
the g-integer [n], = 1_qq and the g-factorial [n],! = [[o_;[k]q.

Definition (hyperpfaffian)
A hyperpfaffian is is a generalization of a Pfaffian, and first defined by [Barvinok(1995)]. Here we adopt the
dedinition by [Matsumoto(2008)], which is a special case of the definition by Barvinok. Let

eZn:{(l 2 e 2n>€62n
01 02 *** O2p

Let m and m be postive integers, and let B = (B(21, .- ,%2m))1<;,.... 4, <2n P€ an array which satisfies

O2i_1 <0'2ifor'i:1,...,n}.

B (ir,(1)s Try(2)5 « + + 9 brpn(2m—1)1 b (2m)) = SBN(T1) = - - 8gN(Tp ) B (21, - - + 5 T2m)
for all (T1,+++,Tm) € (S3)™. The hyperpfaffian P2 (B) of B is defined by

Pfi2m™(B) = % > sgn(oy-c-om) [ [ B(ou(2i — 1),01(20), -+, o0m(2i — 1), o (24)).

0'1,...,0'm€€2n 1=1

If m = 1, then Pf2l(B) is the ordinary Pfaffian of B, which is denoted by Pf(B).

Let {&;}:i> be anti-commutative symbols, i.e. £;& = —&;&;. If we put

C - Z v Z B(kh s k2m) £k1€k2 X €k2m—1£k2m
1Sk1<k2g2n ]-Sk2m—1<k2mgzn
then we have ¢ = n!Pf2™(B) (& - - - £2,)%™.

When I = {21,...,%,} is a row index set, J = {J1,...,Jr} is a column idenx set, let Al — A;ll’,’,;’;

denote the X rminor of A obtained by choosing the rows in I and the columnsin J. If I = {1,...,m}
where A has m rows, we write A for Ag.

Minor Summation Formula ([Ishikawa and Wakayama(1995)])

Let n, IN be positive integers such that 2n < IN. Let H = (h; j)i<i<2n,1<j<N~ be an 2n X N rectangular
matrix, and let A = (o j)1<i,j<n be a skew symmetric matrix of size IN. Then we have

> Pf(A])det(H;) = Pf(Q),
IC[N]
gI=2n

where the skew symmetric matrix @ is defined by Q = (Q;,;) = HAH?T whose entries may be written in the

form
Qi; = Z

1<k<I<N

apidet(HY),  (1<i,5 < 2n).

Minor Summation Formula (Hyperpfaffain version [Matsumoto(2008)])
Let m, n and N be positive integers such that 2n < IN. Let H(s) = (hi;($)),<;<con1<j<n bE2n X N

rectangular matrices for 1 < s < m, and let A = (@, j)1<i,j<N be a skew symmetric matrix of size IV.
Then we have

S remg PE(AD) [T, det (H(s)?"]) if m is odd,

#I1=2n

(@) > rer HE(AD) T2, det (H(s)[12"]) if m is even.

where the array Q = (Qi,,... iz, ) 1<is,....in<2n IS defined by

m
Qi = D, @y [ det(H (s)57™).

1<k<I<N s=1

Proposition

Let {ox }r>1 be any sequence, and let 2 be a positive integer. Let B = (b; ;)i j>1 be the skew-symmetric
matrix defined by
(e % fg =14+ 1forz > 1,
fe=9+1fory > 1,
0 otherwise.

If I = (21,...,%2y,) is an index set such that 1 < 47 < -+ < 22,, then

ifi2k=i2k_1—|—1fork=1,...,n,

0 otherwise.

Pf (Bl{) _ {HZ:l AXigp_q

De Bruijn’s formula (hyperpfaffian version)

Let m and n be positive integers. Let ¢ ;(x) and 15 ;(x) be functions on [0, a] for 1 < 2 < 2n,
1 < s < m. Then we have

m

/ . / H det (hs,i(x5)[s,i(25)) w(dy)

=1
— Pf2™ (0. .
- Pf (Q’Ll,-" 77’2m)1§’1:1,'" 9i2mS2n 9

where
Qila"'7i2m — A H {¢s’i2s—1(w)’lﬁbs,i2s(w) _ ¢S,i2s(w)¢37i2s—1 (w)} W(dqw)
s=1

for 1 S’l:l,...,’l:2m§2’n.

Corollary

Let w(dqx) = w(x)dqx be a measure on [0, a], and let p; = [’ @' w(dqx) be the ith moment of w. Then
we have

Pt ((qi_l — qj_l)lii+j+r—2)

1<1<3<2n
¢ (1—g)" ,
= T [ T T = ) T — ) e — a2 (dy)
' i i<j i<j

Corollary

Let ¢ (daz) = ¢’ (x)dx be a measure on an interval [0, a], and let p; = [’ 2" 9 (dx) denote the ith
moment. Then we have

1
Pf(— z"'r—) - r+1 . \4 .
G = Dbivjer—2) - = /[O,a]nlg% [ [(@i — z))* v (de)

1<J

Corollary

Let ¢ (daz) = ¢’ (x)dx be a measure on an interval [0, a], and let p; = [’ 2" 9 (dx) denote the ith
moment. Then we have

Pf[zm] (H(i2s - ":23—1) * Hi1+---+izm+'r)

0<i<y<2n—1

s=1
1
_ ﬁ/[ b] T [ (2 — =)™ 4 (de).

i i<j

.
H A\

Theorem
For integers m > 1 and » > 0, we have

Pf ((qi—1 —

i1y (agq; @)itjtr—2 >
(abq?; q)ititr_ o
Q-5 4)i+j+r—2 1<4,5<2n

n—1 n
— n(n—-1) _n(n—1)(4n+1)/34+n(n—1)r . (q; Q)Zkz—l(aq; q)2kz—|—r—1
= @ q (bg; q)ax .
H ’ H (abq2; Q)2(k+n)—|—'r—3

Let w be the measure on [0, 1] defined by

o0

(ag; q)oo (bg; @) Qe (o
(abq2;q)oo,;) (a; q)k( RACE

[ r@ o) =

which implies

1 (a4,0439) (42300 oy
1—gq (abg? g;q) (bgx;q)e
where a = g“. The nth moment is given by

w(x) = )

' (ag; @)n
n = " w(d,x) = n=20,1,2,...
pn = [ ot wldm) = SLIE (= 0,120,
which is the moment of the Little g-Jacobi polynomials [Gasper and Rahman(2004)]
(ag; @)n ", abg" !

—1ya(3) .k |4
(abq”“;q)n( L)"a 2 aq

The g-gamma function is defined on C \ Z¢ by

pn(xz;a,b; q) = ; g, xq|

(g59) L
Iy(a) = a. (1—q)'
(4% 9) o
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