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01111 00001 00000 01101 11111 00000 1100

introduction 71578 52010 72216 15692 99689 80452 46312
20946 60874 82351 32516 23823 30046 06870

02525 12885 54567 48209 20513 10498 53182

0 and 1 seem to appear at equal rate.
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01111 00001 00000 01101 11111 00000 1100
introduction 71578 52010 72216 15692 99689 80452 46312

20946 60874 82351 32516 23823 30046 06870

02525 12885 54567 48209 20513 10498 53182

0 and 1 seem to appear at equal rate.
Adding 3 numbers,

10111 10210 11102 11122 01011 11210 2112

43443 07082 04401 15299 64642 73497 38426
00171 55077 11440 95932 91116 17255 19649
49339 70267 68885 98147 70311 43856 37376
02054 32426 84728 09380 26070 34608 95451

then 1 seems to appear frequently. (#0:#1:42=7:20:7),
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0 0 0

1
= (Poo,Pop) = 7] (3,1)

oo OO
= O = O
== OO
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0 0 0

1
=  (Poo, Poy) = % (3,1)

OO O|Oo
= O RO
H|l— oo
ol =l O

Forb=2,n=2

L3 1 : . 11
P_22<1 3> == Statlonarydlst.w_<272)
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= O O RO
OO = =lO
e L =)

1
= (P, Po1,Pop2) = 3 (4,4,0)
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Transition Probability 2

Example 2 (b =2,n = 3)

0 0 0 0 0 1 0

0 1 1 1

0 0 1 1

0 0 0 1

0 1 0 1

= (P, o1, Po2) = 53 (4,4,0)
Forb=2,n=3

1 4 4 0
0 4 4
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Carries Process

Add n base- b numbers (b,n € N,b,n > 2)
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Cy : the carry coming out in the k-th digit.

Carry Ck+1 Ck st Cl Co =0
Addends Xip - Xiai Xip
Xn,k co Xn,l Xn,O
Sum Sy - S So
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Add n base- b numbers (b,n € N,b,n > 2)

~
Cy : the carry coming out in the k-th digit.
Carry Ck—i—l Ck st Cl Co =0
Addends Xl,k: . X171 Xl,O
Xn,k Xn,l Xn,O
Sum S - S So
N )
Choose X ;, uniformly at random from Dy := {0,1,--- ,b—1}.

Given C}, Ci41 is determined by
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Introduction

Carries Process

Add n base- b numbers (b,n € N,b,n > 2)

~
Cy : the carry coming out in the k-th digit.
Carry Ck+1 Ck Cl Co =0
Addends Xl,k: X171 Xl,O
Xn,k Xn,l Xn,O
Sum Sk S So
N )
Choose X ;, uniformly at random from Dy := {0,1,--- ,b—1}.

Given C}, Ci41 is determined by

Ce + X1+ + X = Crpib+ Sk,

Sk € Dy
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Introduction

Carries Process

Add n base- b numbers (b,n € N,b,n > 2)

~
Cy : the carry coming out in the k-th digit.
Carry Ck—i—l Ck st Cl Co =0
Addends Xl,k: . X171 Xl,O
Xn,k Xn,l Xn,O
Sum S - S So
N )
Choose X ;, uniformly at random from Dy := {0,1,--- ,b—1}.

Given C}, Ci41 is determined by
Cp+Xip++ Xop = Cry1b+ Sk, Sk €Dy

{Ce}2y (Cr €{0,--- ,n —1}) is called the carries process.
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Amazing Matrix : Holte(1997)

Pi‘:=P(Ck+1=j|Ck:i)7
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Amazing Matrix : Holte(1997)

,PU:P(C]Q+1:]‘C]€:Z), i7j29717'”7n_1
~ E-values and left E-vectors of Amazing Matrix —
E-values/ E-vectors depends only on b / n.

11 1
P=L"'DL, D= diag (Lb’ . )

p2 o pn—1
Lij = vij(n) = [27] (Am(2)) -

NS J
Ap(x) == (1 — z)"H >s0ld + 1)™z7 : Eulerian polynomial.
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Amazing Matrix : Holte(1997)

‘PZJ:P(C]?+1:]‘C’€:Z)7 i7j29717'”7n_1

~ E-values and left E-vectors of Amazing Matrix —

P=L"'DL, D= diag (1

Lij = vij(n) =[] (Am(x)) .
N

1
7b7

E-values/ E-vectors depends only on b / n.

1

P

1

’ bn—l

)

J

Ap(x) == (1 — z)"H >s0ld + 1)™z7 : Eulerian polynomial.

Remark. P(bl)P(bz) = P(bl . b2)
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(n-th Eulerian num.)

[1] L= :
(=1)((n — 1)-th Pascal num.)
1 11 11 1
< L1 > i é _11 1 3 -3 -1
1 -1 1 9 1 1 -1 -1 1

1 -3 3 -1

E(n,k) :=t{ 0 € S, with k-descents } : n-th Eulerian num.
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Property of Left Eigenvectors

(n-th Eulerian num.)

[1] L= :
(=1)((n — 1)-th Pascal num.)
1 11 11 1
< L1 ) i é _11 1 3 -3 -1
1 -1 1 9 1 1 -1 -1 1

1 -3 3 -1

E(n,k) :=t{ 0 € S, with k-descents } : n-th Eulerian num.
E(3,0) =#{(123)} = 1,

E(3,1) = #{(132), (312), (231), (213)} =

E(3,2) = {(321)} = 1.
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Property of Left Eigenvectors

(n-th Eulerian num.)

(1] L= :
(=1)((n — 1)-th Pascal num.)
1 11 11 1
1 1 i 3 11 1 3 -3 -1
<1—1>’ ) 2_1 11 -1 -1 1
- 1 -3 3 -1
E(n,k) :=t{ 0 € S, with k-descents } : n-th Eulerian num.
E(3,0) =#{(123)} = 1,
E(3,1) = #{(132), (312), (231), (213)} =
E(3,2) =#{(321)} = 1.

[2] L is equal to the Foulkes character table of S,
(Diaconis-Fulman, 2012).
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Foulkes character

Example

t{o € Sylo(l) <o(2)>0(3) <o(4)}
— {(1324), (1423), (2314), (2413), (3412)} = 5
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t{o € Sylo(l) <o(2)>0(3) <o(4)}
Amacing — {(1324), (1423), (2314), (2413), (3412)} = 5

+[x]
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t{o € Sylo(l) <o(2)>0(3) <o(4)}

Mot = {(1324), (1423), (2314), (2413), (3412)} =5
+-4+ = +J: X — TJF J_r <

dim =3 dim = 2
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Property of Right Eigenvectors

P =RDR™!
Rij = Z (=)™ [
r=n—j

n
r

I

r
n—j

>(n—1—w“Wﬁ>

J
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Property of Right Eigenvectors
~ Right Eigenvector of P

P=RDR™!

Ryj= Y (-1 [ Z

r=n—j

I

n—j

—_ = =
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;:Em& ~ Right Eigenvector of P ~
SAI-DI—ZIE(I)RO
P=RDR!
Amazin n .
Matri><g RZ] — Z (_1)71—7" |: : :| ( n i] > (n — 1 — ’L')r_(n_])
r=n—j
\ J
. 1 6 11 6
1 1 1 3 _21 1 2 -1 =2
1 -1 | _3 9 1 -2 -1 2
1 -6 11 -6

S(n,j):=#{o € S, with j-cycles } Stirling num. of 1st kind
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Let {01,09,---} (00 = id), be the Markov chain on S,
induced by the repeated b-riffle shuffles on n-cards.
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Riffle Shuffle

Let {01,09,---} (00 = id), be the Markov chain on S,
induced by the repeated b-riffle shuffles on n-cards.

Relation to Riffle Shuffles (Diaconis-Fulman, 2009)

(G2 £ {d(on)}i,

d(o) :

the descent of 0 € S,.
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Riffle Shuffle

Let {01,09,---} (00 = id), be the Markov chain on S,
induced by the repeated b-riffle shuffles on n-cards.

Relation to Riffle Shuffles (Diaconis-Fulman, 2009)

{Cr}y 4 {d(ok)}721, d(o): the descent of o € S,,.

Since the stationary dist. of {0} is uniform on S,
Loy = lim P(Cy = j) = lim P(d(o}) = J)
k—o00 k—o00

explaining why Eulerian num. appears.
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(0) E-values depend only on b, and E-vectors depend only on n
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Summary on Known Results

Amazing Matrix (the transition probability matrix P of the
carries process) has the following properties.

(0) E-values depend only on b, and E-vectors depend only on n

(1) Eulerian num. appears in the stationary distribution.
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Summary on Known Results

Amazing Matrix (the transition probability matrix P of the
carries process) has the following properties.

(0) E-values depend only on b, and E-vectors depend only on n
(1) Eulerian num. appears in the stationary distribution.

(2) Left eigenvector matrix L equals to the Foulkes character
table of S,,.
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Summary on Known Results

Amazing Matrix (the transition probability matrix P of the
carries process) has the following properties.

(0) E-values depend only on b, and E-vectors depend only on n
(1) Eulerian num. appears in the stationary distribution.

(2) Left eigenvector matrix L equals to the Foulkes character
table of S,,.

(3) Stirling num. of 1st kind appears in the right eigenvector
matrix R.
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Matrix

Summary on Known Results

Amazing Matrix (the transition probability matrix P of the
carries process) has the following properties.

(0) E-values depend only on b, and E-vectors depend only on n
(1) Eulerian num. appears in the stationary distribution.

(2) Left eigenvector matrix L equals to the Foulkes character
table of S,,.

(3) Stirling num. of 1st kind appears in the right eigenvector
matrix R.

(4) carries process has the same distribution to the descent
process of the riffle shuffle.
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(b, n, p)-Carries Process

-

Add n base- b numbers. Let b;—ll € N, I%—i— p% =1.
Carry Ck—i—l Ck s Cl Co =0
Addends Xl,kz st X1’1 Xl,O
Xn,k Xn,l Xn,O
b—1 b—1 b—1
p* p* p*
Sum Sk S So
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(b, n, p)-Carries Process

(
Add n base- b numbers. Let b;—ll € N, I%—i— p% =1.
Carry Ck—i—l Ck s Cl Co =0

Addends Xl,kz . X1’1 Xl,O
Xn,k Xn,l Xn,O

b—1 b—1 b—1

p* p* p*

Sum S - S So

-

Choose X j, uniformly at random from Dy := {0,1,--- ,b—1}.

Given Cy, Ci41 is determined by
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(b, n, p)-Carries Process

4 N
Add n base- b numbers. Let b;—ll € N, I%—i— p% =1.
Carry Ck—i—l Ck s Cl Co =0
Addends Xl,kz e X1’1 Xl,O
Xn,k Xn,l Xn,O
b—1 b—1 b—1
p* p* p*
Sum Sk S So
N J
Choose X j, uniformly at random from Dy := {0,1,--- ,b—1}.

Given Cy, Ci41 is determined by

b—1
Ck+X1,k+"-+Xn,k+pT:Ck+lb+5k7 Sk € Dy,.
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NAKANG, Add n base- b numbers. Let b;—)l eN, L4 p% =1.
SADAHIRO p
Carry Ck—i-l Ck s Cl Co =0
Addends Xip - Xii Xip
(b, n, p)-
’ Xn,k to Xn,l Xn,O
L A B
p* p* p*
Sum S, - 5 So
\_ J

Choose X j, uniformly at random from Dy := {0,1,--- ,b—1}.
Given Cy, Ci41 is determined by

b—1
Ck+X1,k+"'+Xn,k+pT:Ck+lb+5k7 Sk € Dy,.

{Cr}2, is called the (b, n, p)-carries process.
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(b, n, p)-Carries Process
4 ™

Add n base- b numbers. Let b;—)l € N, I%—i— p% =1.
Carry Ck—i-l Ck s Cl Co =0
Addends Xl,kz e X1’1 Xl,O
Xn,k Xn,l Xn,O
=1 b=1 b—1
p* p* p*
Sum Sk S So
N J

Choose X j, uniformly at random from Dy, := {0, 1, --
Given Cy, Ci41 is determined by

b—1}.

b—1
Ck+X1,k+"'+Xn,k+pT:Ck+lb+5k7 Sk € Dy,.

{Cr}2, is called the (b, n, p)-carries process.
(p =1 : usual carries process)
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(1) If we generalize the usual carries process by changing the
digit set such as
(b, n, p)- Db:{0717ab_1} - Db:{d7d+177d+b_1}7

process

we get (b, n, p)-carries process, after some change of variables.
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Remarks

(1) If we generalize the usual carries process by changing the
digit set such as

Dy={0,1,---,b—1} = Dy={d,d+1,---,d+b—1},
we get (b, n, p)-carries process, after some change of variables.
(2) Ck € Cp(n) where Cp(n) is the carries set given by

n) = {0,1,---,n—-1} (p=1)
Coln): { {0,1,---,nt  (p#1)
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P =P(Cri1=4|Cr=1).

(b, m, p)-
process
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Left Eigenvectors

P = {]E’U} : Transition probability of (b, n, p)- process :

P =P(Cri1=4|Cr=1).

s Theorem 1

E-values/ E-vectors depend only on b / n.

~ 1 1
— 71 P 1 —_— ... —
P=1,'DL,, D = diag (1, b bncp(n)_1>
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Left Eigenvectors

P = {]E’U} : Transition probability of (b, n, p)- process :

Py =P (Cry1=7|Cr=1).

~~ Theorem 1
E-values/ E-vectors depend only on b / n.
P=1;'DL, D=dag(1,1, - !
=1Ly pr D=didg\ Loy ve oy

L (n) = [27] (Amp(@)) -

]
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Left Eigenvectors

P = {]E’U} : Transition probability of (b, n, p)- process :

P =P(Cri1=4|Cr=1).

~~ Theorem 1
E-values/ E-vectors depend only on b / n.
P=1;'DL, D=dag(1,1, - !
=1Ly pr D=didg\ Loy ve oy

L (n) = [27] (Amp(@)) -

]

-

A p(x) = (1 — )"+ > jsopi+ 1)mgd
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Combinatorial meaning of L
[1] The stationary distribution L) (n) gives

(1) p=1: Eulerian number
(descent statistics of the permutation group)
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(b, m, p)-
process

Combinatorial meaning of L

1] The stationary distribution L) (n) gives
0j

(1) p=1: Eulerian number

(descent statistics of the permutation group)

(2) p =2 : Macmahon number
(descent statistics of the signed permutation group :
I-<2- < <n—< 1+ <2+ < - < n+t)
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(b, m, p)-
process

Combinatorial meaning of L

1] The stationary distribution L) (n) gives
0j

(1) p=1: Eulerian number
(descent statistics of the permutation group)

(2) p =2 : Macmahon number
(descent statistics of the signed permutation group :
1—<2—<---<n—<1+<2+<--~<n+)

M(270) = ﬁ{(1_72 )}
M(2,1) =t{(1+, 2+ ),(1 ,2—), (1—,24), (24,1-),
(2—,14),(2—,1-)} =6, M(2,2) = {(2+,1+)} = 1.
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Combinatorial meaning of L
[1] The stationary distribution L (n) gives

(1) p=1: Eulerian number
(descent statistics of the permutation group)

(2) p =2 : Macmahon number
(descent statistics of the signed permutation group :
I-<2- < <n—< 1+ <2+ <~ <nt)

M(270) = ﬁ{(1_72_)} = 1'

M(27 1) = ﬁ{(l"i_v 2+)7 (1+7 2_)7 (1_7 2+)7 (2+7 1_),
(2_7 1+)¢ (2_¢ 1_)} = 61 M(2? 2) = ﬁ{(2+a 1+)} =1
(3) general p € N : descent statistics of the colored
permutation group Gy, ,(~ Z,.Sy,)
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(b, m, p)-
process

Combinatorial meaning of L
[1] The stationary distribution L (n) gives

(1) p=1: Eulerian number
(descent statistics of the permutation group)

(2) p =2 : Macmahon number
(descent statistics of the signed permutation group :
I-<2- < <n—< 1+ <2+ <~ <nt)

M(270) = ﬁ{(1_72_)} = 1'

M(27 1) = ﬁ{(l"i_v 2+)7 (1+7 2_)7 (1_7 2+)7 (2+7 1_),
(2_7 1+)¢ (2_¢ 1_)} = 61 M(2? 2) = ﬁ{(2+a 1+)} =1
(3) general p € N : descent statistics of the colored
permutation group Gy, ,(~ Z,.Sy,)

[2] The left eigenvector matrix L equals to the Foulkes
character table of G .
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(b, m, p)-
process

Combinatorial meaning of L
[1] The stationary distribution L (n) gives

(1) p=1: Eulerian number
(descent statistics of the permutation group)

(2) p =2 : Macmahon number
(descent statistics of the signed permutation group :
I-<2- < <n—< 1+ <2+ <~ <nt)

M(270) = ﬁ{(1_72_)} = 1'

M(27 1) = ﬁ{(l"i_v 2+)7 (1+7 2_)7 (1_7 2+)7 (2+7 1_),
(2_7 1+)¢ (2_¢ 1_)} = 61 M(2? 2) = ﬁ{(2+a 1+)} =1
(3) general p € N : descent statistics of the colored
permutation group Gy, ,(~ Z,.Sy,)

[2] The left eigenvector matrix L equals to the Foulkes
character table of G .

[3] For p ¢ N, we do not know...
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U G W W WG WY
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5 =95
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(b, m, p)-
process

—_ =

Examples of L(n = 3)

==
|
[\DOH;
T
—_

60 93 8

23 -9 4

p=>5/2:

—_ = = =

No hits on OEIS...

LS

(SNSRI

[\
3

o

NIV

|

—_

U G W W WG WY

—_ = = =
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Lt = {RD ()} jo, ()1
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Right Eigenvector

s Theorem 2 ~

Ry = Ly = {R () }ijo- seym-1

z—1 -
® _ g Mt 0
W - (F )

- J
If pe N,
(1) n!p”R(p) ; is equal to the Stirling-Frobenius cycle number.

0,n—
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(b, n, p)-
process

Right Eigenvector

~ Theorem 2 R

Ry = Ly = {R () }ijo- seym-1

z—1 ;
(0 _ ppng (T T
Ry =l J]( . )

n
L J
If pe N,
(1) nipnRY) n—j is equal to the Stirling-Frobenius cycle number.
(2) B (n) =
271t {0 € Gy | o (@, p)-shuffle with (o) = i}
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Summary

Y=
T

- (4

[n] x Zyp ([n] :== {1,2,---

r) =

Colored Permutation Group

,n}), peN
(i,7+q), (i,r) € X : g-shift on colors
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Riffle Shuffle

Colored Permutation Group

Yi=[n]xZ,(n] :={1,2,--- ,n}),peN
Ty (i,7) = (i,7+q), (i,r) € ¥ : g-shift on colors
Gpn = {0 : bijectionon ¥ |coT, =T, 00}.
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Riffle Shuffle

Colored Permutation Group

Yi=[n]xZ,(n] :={1,2,--- ,n}),peN
Ty (i,7) = (i,7+q), (i,r) € ¥ : g-shift on colors
Gpn = {0 : bijectionon ¥ |coT, =T, 00}.

Example (n =4, p=3) :
(1,0) (2,0) (3,0) (4,0)

[

(4,1) (1,0) (2,2) (3,2)
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Riffle Shuffle

Colored Permutation Group

Yi=[n]xZ,(n] :={1,2,--- ,n}),peN
Ty (i,7) = (i,7+q), (i,r) € ¥ : g-shift on colors
Gpn = {0 : bijectionon ¥ |coT, =T, 00}.

Example (n =4, p=3):
(1,0) (2,0) (3,0) (4,0) (1,1) (3,1)

b= 1"1

(4,1) (1,0) (2,2) (3,2) (4,2) (2,0)
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Ty (i,7) = (i,7+q), (i,r) € ¥ : g-shift on colors
Gpn = {0 : bijectionon ¥ |coT, =T, 00}.

Example (n =4, p=3) :

(1,0) (2,0) (3,0) (4,0) (1,1) (3,1)

Riffle Shuffle I I I I . I I
(4,1) (1,0) (2,2) (3,2) (4,2) (2,0)
This o is determined by (4,1) (1,0) (2,2) (3,2)

/—\\Hk

so we abuse to write o =
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Riffle Shuffle

Colored Permutation Group

Yi=[n]xZ,(n] :={1,2,--- ,n}),peN
Ty (i,7) = (i,7+q), (i,r) € ¥ : g-shift on colors
Gpn = {0 : bijectionon ¥ |coT, =T, 00}.

Example (n =4, p=3) :

(1,0) (2,0) (3,0) (4,0)  (1,1) (3,1)
L =1"1
(41) (1,0) (2.2) (3.2)  (4.2) (2,0)

1,0) (2,2) (3,2)

This o is determined by (4,1) (1,0
so we abuse to write 0 = (

In general, setting (o (i), 0(7)) :
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Riffle Shuffle

Colored Permutation Group

Yi=[n]xZ,(n] :={1,2,--- ,n}),peN
Ty (i,7) = (i,7+q), (i,r) € ¥ : g-shift on colors
Gpn = {0 : bijectionon ¥ |coT, =T, 00}.

Example (n =4, p=3):
(1,0) (2,0) (3,0) (4,0) (1,1) (3,1)

b= 1"1

(4,1) (1,0) (2,2) (3,2)

This o is determined by (4,
so we abuse to write 0 = (

In general, setting (o (i), 0(7)
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Riffle Shuffle

<(1,1) <--- < (n,1).

(2) “ o € Gp, has a descent at ¢ ”

SN (i) (o(3),0%()) > (o(i+1),0(i+1)) (for 1 <i<n-—1)

(ii) o¢(n) # 0 (for i = n).
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Riffle Shuffle

Descent on G,

(1) Define a ordering on X

(1,0) < (2,0) < --- < (n,0)
<(]->p_ 1) < (2,}7_
<(L,p—=2)<(2,p—2

<(L,1) <--- < (n,1).

(2) “ o € Gp, has a descent at ¢ ”

SN (i) (o(3),0%()) > (o(i+1),0(i+1)) (for 1 <i<n-—1)

(ii) o¢(n) # 0 (for i = n).
(3) d(o) : the number of descents of o.

Ex. (p = 3) : d((570)\1(3a0) e (27 1)\4(47 2) s (17 1)\4) =3
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Riffle Shuffle

Generalized Riffle Shuffle

n cards
% with p colors

& v DN

R e
+0 +1 r

b-piles
by multinomial

-1 shift

+0 colors
mix
randomly

This process defines a Markov chain {0, }22, on Gp ..

(called the (b, n, p)-shuffle )
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{Cr}22, : (b,n,p) - process
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(1) Theorem 3 explains why the descent statistics of G},
appears in the stationary distribution of (b, n,p) - process.
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SADAHIRO D c NY b = 1 (mod p)
{Cr}2, 2 (b,n,p) - process

{ov}32, : (b,n,p) - shuffle

Theorem 3
Riffle Shuffle

(G} £ {d(0,)}

Remarks
(1) Theorem 3 explains why the descent statistics of G},
appears in the stationary distribution of (b, n,p) - process.

(2) By Theorem 3, {d(o,)}, turns out to be a Markov chain.
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(=b,n,p) -
process

What about (—b)-case ?

Any x € Z can be expanded uniquely as

&= an(=b)" 4 an_1(=b)"t + - +ay,
ap € {d,d+1,-- ,d+b—1}.

= a notion of carries process using (—b)-expansion
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(=b,n,p) -
process

What about (—b)-case ?

Any x € Z can be expanded uniquely as

&= an(=b)" 4 an_1(=b)"t + - +ay,
ap € {d,d+1,-- ,d+b—1}.

= a notion of carries process using (—b)-expansion

—> (—b,n,p) - process (by a change of variable)
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(=b,n,p) -
process

What about (—b)-case ?

Any x € Z can be expanded uniquely as

&= an(=b)" 4 an_1(=b)"t + - +ay,
ap € {d,d+1,-- ,d+b—1}.

= a notion of carries process using (—b)-expansion

—> (—b,n,p) - process (by a change of variable)

— E-values of P_, = {1, (-3). (_%)2 e }

— E-vectorsof P, : L_=1L,, R_=R,.
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(1,0) <’ (2,0) <" -+ <" (n,0)
<)< en< < (n,1)

/\\

</ (]-ap_ 1) </ (27]7_ 1) </ </ (n’p_ 1)

o (@) "o e Gpn has a dash-descent at i "

EL (i) (0(0),0°()) >/ (0(i +1),0°( +1)) (1 < i <n—1)
(i) o¢(n) =p—1 (i =n).
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(1,0) <’ (2,0) <" -+ <" (n,0)
<)< en< < (n,1)

/\\

</ (]-ap_ 1) </ (2ap_ 1) </ </ (n’p_ 1)

o (@) "o e Gpn has a dash-descent at i "

EL (i) (0(0),0°()) >/ (0(i +1),0°( +1)) (1 < i <n—1)
(i) o¢(n) =p—1 (i =n).

(3) d'(o) : the number of dash-descents of o € Gy, .
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(=b,n,p) -
process

Dash - Descent on G,

(1) “ Dash - order " <’ on X:

/

(1,0) <’ (2,0) <" -+ <" (n,0)
< (L)< (2,1 < - < (ny1)

/\\

</ (]-ap_ 1) </ (2ap_ 1) </ </ (n’p_ 1)

(2) “ o € Gp,, has a dash-descent at ¢ ”

SN () (o(),0°(i)) > (c(i+1),0%(i+1)) (1 <i<n-—1)
(i) o¢(n) =p—1 (i =n).

(3) d'(o) : the number of dash-descents of o € Gy, .

dio) =d'(o) forp=1, E,(n k)= Ep(n,n—k).
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(=b,n,p) -
process

Dash - Descent on G,
(1) “ Dash - order " <’ on X:

(1,0) <’ (2,0) <" -+ <" (n,0)
< (L)< (2,1 < - < (ny1)

/\\

</ (]-ap_ 1) </ (2ap_ 1) </ </ (n’p_ 1)

(2) “ o € Gp,, has a dash-descent at ¢ ”

£ (1) (0(1),0°(0) > (i +1),0%( + 1) (1 < i <n—1)

(i) o¢(n) =p—1 (i =n).
(3) d'(o) : the number of dash-descents of o € Gy, .
dio) =d'(o) forp=1, E,(n k)= Ep(n,n—k).
Ex. (p=3) d((5,0)\(3,0) 7 (2,1)\(4,2) /(L 1)N\) =3,
d ((570)\&(37 0) a (2’ 1)/l(47 2)\1(1’ 1)) =2
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Theorem 4

(O} £ {drh




Generalized
carry process

CEhE Shuffles for (—b,n, p) - process
Fumihiko

NAKANO,
Taizo

SADAHIRO p €N, (=b) =1 (mod p)
{C 1721+ (=b,n,p) - process

{o,}22, : (+b,n,p)-shuffle

~ [ n—=d(or) (r: odd)
dr = { d(oy) (r: even)

(=b,n,p) -

PO Theorem 4

() £ {d )

Remark.
{d;"}» turns out to be a Markov chain.
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Pghugfie © the trans. prob. matrix of the (b, n,p) - shuffle.
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O; = Z o € C[Gp]
d(c=1)=i

Pghugfie © the trans. prob. matrix of the (b, n,p) - shuffle.
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(1) E-values of Popyrpie = {1, %, }-
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s Theorem 4
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~
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Description by the group algebra

0;:= Y o €C[Gyl
d(c=1)=i

Pghugfie © the trans. prob. matrix of the (b, n,p) - shuffle.

s Theorem 4
(1) E-values of Popyrpie = {1, %, }-
(2) E-space corr. to b7 = RanL(E;), E; =Y, R;;0;

with multiplicitiy = trL(E;) = R ;p"n!
(=Stirling Frobenius cycle number)

L : the left regular representation of G, on C[G),].
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Define eg, - - -

, €, such that

z=1 _
Z n -+ » (3
n

7
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Cut off

Let @ : distribution of (b, n, p)-shuffle on Gy, ,,, and

3
m = —log, n + log c,

P (a

2
1 a 2
= — e 2dx.
) \Y 2T /—oo
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Taizo

SADAHIRO - g logy n + logy ¢,
1 a z2
d(a) = / e 2dx.
(a) 5 )
Theorem 6

Miscellaneous m . p _1

”Q — Unlf.HTV =1-29 <—4\/§C> + O(n 2)

Remark
L (c = o0)

1 2<1>< p> e 2
43¢ lﬁf/\g—iexp{%<4c_f/’§>} (c—0)
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Summary

Limit Theorem

Foranyp>1,and forn>2, k=0,1,--- ,n, let

n
k

p

= [2"] (Apn(2))
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Limit Theorem
Foranyp>1,and forn>2, k=0,1,--- ,n, let
n
() =)
p

Let Y7,--- .Y, be the independent, uniformly distributed r.v.'s
on [0,1], and let S, :==Y1 +--- + Y.
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NAK/_\NO,

SAI-DI—ZI;(I)RO Forany p>1,and forn >2, k=0,1,--- ,n, let

n k
() =)
p
Let Y7,--- .Y, be the independent, uniformly distributed r.v.'s

on [0,1], and let S, :==Y1 +--- + Y.

Theorem 5

P <sn S ]19 + [k — 1,k]> = < Z >p (p"n!) !

‘Fork‘:o,l’...’n_

Application
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Example
(1) n =3, p=1: (Eulerian number)
- 1 é o 3 1
1 4 1 X 37

(2) n =3, p=2: (Macmahon number)
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(1) n =3, p=1: (Eulerian number)

(2) n =3, p=2: (Macmahon number)

—

Example

X
L[

1/2
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1 23 23 X 53.3]

Application
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Idea of Proof

Let X1,---, X, be independent, uniformly distributed r.v.'s on
[l,l+1], and let S], := X{+---+ X],.
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Idea of Proof

Let X1,---, X, be independent, uniformly distributed r.v.'s on
[l,l+1], and let S], := X{+---+ X],.
; ™
Carry Ck Ck—l Cl C'0
Addends Xl,k XLQ X1 1 X£k)
Xm,k: Xm 2 Xm,l = ngf)
Sum Sy, S S1
\_ J
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Idea of Proof

Let X1,---, X, be independent, uniformly distributed r.v.'s on
[[,l+1],and let S}, :== X{ +---+ X/,.
; ™
Carry Ck Ck—l Cl C'0
Addends Xl,k XLQ X171 = X£k)
Xm,k: Xm,2 Xm,l = ngf)
Sum Sy, S S1
\_ J
Since XF) F2p0 x7 x4 xR g
m m-
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Idea of Proof

Let X1,---, X, be independent, uniformly distributed r.v.'s on
[l,l+1], and let S], := X{+---+ X],.
; ™
Carry Ck Ck—l Cl Co
Addends Xl,k XLQ X171 X£k)
Xm,k: Xm,2 Xm,l = ngf)
Sum Sy, S S1
\_ J
Since XM "2 x7 x4 x () F2p0 g
m m-
— (k) (k) -
P(Cr=j)=PX;" +---+ el,l+1]+y)
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SADAHIRO
4 N
Carry Ck Ck—l s Cl Co
Addends Xl,k s XLQ X171 = X£k)
Xm,k: co Xm,2 Xm,l = ngf)
Sum Sk s Sg 51
Application k /
Since XF) F2p0 x7 x4 xR g
-

P(Cr=5) =P 4.+ x® 141 +;)

() P(S, €[, l+1]+7)
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[1] We study the generalization of the carries process {x, },,
called (£b,n,p) - process, and derived the left/right
eigenvectors of its transition probability matrix.
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For p € N,
(1) Stationary distribution gives the descent statistics of Gy, ,,
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(1) Stationary distribution gives the descent statistics of Gy, ,,

(2) Left eigenvector matrix is equal to the Foulkes character
table of G,
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[1] We study the generalization of the carries process {x, },,
called (£b,n,p) - process, and derived the left/right
eigenvectors of its transition probability matrix.

For p € N,
(1) Stationary distribution gives the descent statistics of Gy, ,,

(2) Left eigenvector matrix is equal to the Foulkes character
table of G,

(3) Stirling - Frobenius cycle number and the number of
(b, n, p)-shuffles appear in the right eigenvector matrix
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Summary

[1] We study the generalization of the carries process {x, },,
called (£b,n,p) - process, and derived the left/right
eigenvectors of its transition probability matrix.

For p € N,
(1) Stationary distribution gives the descent statistics of Gy, ,,

(2) Left eigenvector matrix is equal to the Foulkes character
table of G,

(3) Stirling - Frobenius cycle number and the number of

(b, n, p)-shuffles appear in the right eigenvector matrix

[2] We consider a generalization of riffle shuffle {o}.} on G,
called (b,n,p) - shuffle, for p € N.
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[1] We study the generalization of the carries process {x, },,
called (£b,n,p) - process, and derived the left/right
eigenvectors of its transition probability matrix.

For p € N,
(1) Stationary distribution gives the descent statistics of Gy, ,,

(2) Left eigenvector matrix is equal to the Foulkes character
table of G,

(3) Stirling - Frobenius cycle number and the number of
(b, n, p)-shuffles appear in the right eigenvector matrix

[2] We consider a generalization of riffle shuffle {o}.} on G,
called (b,n,p) - shuffle, for p € N.

(4) {kr}r £ {d(oy)}r or 4 {d;}», which explains (1).
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Summary

Summary

[1] We study the generalization of the carries process {x, },,
called (£b,n,p) - process, and derived the left/right
eigenvectors of its transition probability matrix.

For p € N,
(1) Stationary distribution gives the descent statistics of Gy, ,,

(2) Left eigenvector matrix is equal to the Foulkes character
table of G,

(3) Stirling - Frobenius cycle number and the number of
(b, n, p)-shuffles appear in the right eigenvector matrix

[2] We consider a generalization of riffle shuffle {o}.} on G,
called (b,n,p) - shuffle, for p € N.

(4) {kr}r £ {d(oy)}r or 4 {d;}», which explains (1).

[3] for p ¢ N, no combinatorial meaning is known so far...
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