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Tableau formula of type A (Review)
Notations

@ A = (A1, Ao, -+ ) partition of n
@ 7: semi-standard tableau of shape A with entries 1,2,--- ., n
@ 6; ;. number of 7 in Z-th row

00 =6,,4+---4+6;; (1 <i<n) numberofiinT

1]1]2]

Ex. n=7 A= (421 T=

l-br\)»—\
w

91,1 = 3, 91,2 =1, ---

o) =3, @D =2 B =1, 6 =1, 6B =96 =9 =0
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Tableau formula of type A (Review)

@z = (x1, - ,Tn): variables
o P (z|q,t): Macdonald polynomial of type An_1
0 (a;9)k = (1 —a)(l—aq)--- (1 —agk1): g-Pochhammer
Theorem (Macdonald)
PA(AnA)(mIq, t) = Z"l’T(q' t)xz” (T : SST of shape ),
T

where
’l//T(q t) = © e ® o
AR LAED 1 AP
1_[ e T g)s (@M R @),
k) | ~(k—1) _ (k) 4 (k) !
1<i<5<k—1 (q A +>\ t_j+7‘ 0)9 (q & +>\J+1+1t_J+Z_1;q)91,lc
H)T — fE?(l)ng(z) . m%(n)

(A =516k )
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Deformed W algebra of type A (Review)

Rank 2 case
e Heisenberg algebra § over F := Q(q, t)

1 — q|'n|

1 — t|7’7«| 6n+m,0

generators: an (n € Z), relations: [an,am] =N

e Fock space F, F*
(0], ]0): vacuum vector, an|0) =0, (Ola—n =0 (n € Z-o)
e Normal order D AnQ_p = G—nan (N > 0)

e Operators on Fock space

A1(2) = exp <Z:1 - :__(;/_:)n A-n z“) exp <— io: (1-— t‘”)%z_”>
No(z) = exp< io: : :__(;/_:)n a-n n> exp (;1(1 — t‘”)an _n>
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Deformed W algebra of type A (Review)

Definition ([FF], [AKOS])

Define the first generating field T(4»-1)(z, 2) of the deformed W
algebra of type An_1 with the indeterminate £ = (1, - - , ZTn):

T (g, 2) = T1A1(2) + T2A2(2) + - + TaAn(2)

Operator product expansion

@ Ni(2) (=1, ---,n): operator on Fock space
° Ni(2)Nj(w) = ve5(w, 2) : Ne(2)N\j(w) =,
(z —tw)(z — w/t)

R (1= 7).

s (2, W) = (z — quw)(z _:Uz/ijt)3(z —tw/q) G < 7).
(z—w/q)(z —tw)(z — qw/t) ) .

(2 — w3 (i>7)
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Deformed W algebra of type A (Review)

Specialization map

A= (A1, X2, - -, N\): partition of n
© .
o)’ F(z1,...,2n) — F(v)
f(z1,...,2n) — f( v, gly, ... gDy
¢y, q %y, ..., g-Peb¢y,
¢y, g1y, . ', ,q_O‘L_l)CL_ly)

Y |g7'y|g%y|q 3y

Ex. A=(4,2,1) ¢y g7y

¢y
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Deformed W algebra of type A (Review)
o (0| : Ni(z1)N;(22) : |0) = 1 normalization

Theorem ([FSSY-H])
Um0 T(21)T(22) - T(zm) | 0)) = en - P (zla, £)

Ex. A; case X = (2)

T(21)T (22)
= (Z1/1(21) + T2A2(21)) (Z1A1(22) + Z2N\2(22))
= I A1 (21)A1(22) + 122 A1 (21)N2(22) + T1Z2 A2 (21)A1(22)
+ 23 Na(21)N\2(22)
= z3711(22, 21) 1 A1(21)A1(22) @ + T1Z271,2(22, 21) 1 A(21)A2(22) ¢

+Z1T2Y2,1(22, 21) : N2(21)A1(22) @ +T3722(22, 21) : Na(21)N2(22)
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Deformed W algebra of type A, (Review)

Note that @' (v21(22, 21)) = 0,

Em <p;°(<o | T(21)T(22)]0))

_(q—t)(q—l/t) 2 2 (1—-1t)(1—4qg?)
R (“" TRt aToa- qt)‘”l‘”2>
(a—t)(@—1/t) j(a

In general, for 7 > 7, E@t wﬁo(%,j(zz, 2z1)) = 0. The coefficient of
. /\z-(zl)/\j(zg) cis 0 for i > 7.
When we identify : A;(21)A;(22) : with [i]7], the coefficient of [Z]7]

which does not satisfy the condition of semi-standard tableau is O
by the specialization map <p§f).
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Macdonald polynomial of type C

Definition of Koornwinder polynomial

o K = Q(aZ, b3, c3,d3, g3, t3): basic field
ez = (1, - ,Zn) (x-r = (z;' - -, z,")): variables

@ T4+ z,: difference operator

Tqi'mif(a;l’... , Tq, - - ,mn):f(xl,... ,qia‘;i,... ,mn)
n n
0Dy =) Af (@) (Tom —1)+ ) A7 @) (T —1),
1=1 i=1
where

(1 —az)(1 —bzs)(1 — cz)(1 — azsy)
(abcdg—1)7tn—1(1 — z2)(1 — qz2)
% 1—[ 1 —tzyz; 1 — t:z:z-/:z:j,
l—zizy 1— CErL'/fIIj

Af(z) =

1<j<n,
J#L

A7 (x) =Af (™) G=1,...,n) 10 /24



Macdonald polynomial of type C
@ my(x): monomial (Laurent) polynomial
Ex. (n=3) m(z) =z]+ 25+ 235+ 1/23 + 1/25 + 1/23
(invariant under the actions z; <> z; and z; <> 1/x;)

Theorem (Koornwinder)

Koornwinder polynomial Pi(z) = Px(z|a, b, c, d|g, t) with partition
A = (A1, -+, An) is uniquely characterized by the two conditions:

1. A(z) = mxr(xz) + Z caumy(xz) for some ¢y € K,

<A
2. sz)\(m) =
n n
Y (atrigh 4+ ait g ) — Y (atni 4 a‘lt_”“)) PA(z),
i=1 =1

where o = (abcdg—1)1/2.
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Macdonald polynomial of type C

Proposition (Koornwinder)
P (@|b; 0,t) = Pa(z| — 61/2,61/2, —(qb)*/?, (ab)*/?|q, t)

PP (z]g, t) = P (z]1; g, t)
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Tableau formula of type C
o I={{1,2,---,n,n,n—1,---,1}: index set with ordering
1<2<-<n<nm<n—1<-<1
Definition (Deformed WV algebra of type C, [FR])
° Ni(2)Nj(w) = Ya5(2, w) : Au(2)N;(w) :

1 (z=17),
y(w/2) (1<3,5#7%)
° v j(z, w) = {v(z/w) (1>3,5#1)

y(w/z)y(qt* " tw/z) (1 <3,5=1)
Y(z/w)y(at™ " rz/w) (1> 35,7 =1),

(1—2/9)(1 —aq/tz)
(1—-2)1 —2/t)

1 1
0 T(z,2) =i (2)+ -+ xpAn(2) + m—/\ﬁ(Z) +--- 4+ m—/\;(z)
n 1

where v(z) =
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Tableau formula of type C

Tableau of type C, for one-row type [KN]

e I={1,2,--- ,mn,n—1,---,1}: index set with ordering
1<2<--<n<n<n—-1<---<1

e rule: the entries © € I into a one-row Young diagram are
arranged in the weakly increasing manner

Ex. T:‘1‘2‘3‘3‘§‘I‘ (sizer =6, n=3)

® Or: number of kK into T
(T <> (61,62, ---,67): l:1-correspondence )

0, +6>+---+6;=1 7r:size of tableau
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Tableau formula of type C
® T(r(z) ;=0 : T(2)T(g72)--- T(q=""Vz) : |0)
Theorem ([FNSS-H])

Cn i
T(T)(a;) 'D((T) )($|t2/q,q,t)

Theorem ([FNSS-H])

Cn )
P (It /a; a.t)

D) £ Qe
CIL:) y 7 i Der

& Dr oy p.oton i sormr ket (@ Do

(tn—k+1gft O gy, (gnkt2gf T O

] 0)9,;

n Okt +6——1, _ Ok+1++0—.
1<k<n (EMTFT2g B Qe (TV TR IgT 15 q)er
X $§1 01 | mfzn_en
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Tableau formula of type C
Tableau of type Dy for one-row type [KN]

e I={1,2,--- ,mn,n—1,---,1}: index set with ordering
AN v _
1<2<--<n—-1_ _ ' nm—=1<---<T1
Yy n A

® rule: the entries © € I into a one-row Young diagram are
arranged in the weakly increasing manner and n and n are not
arranged simultaneously

EX. T=‘1‘2‘3‘3‘§‘T‘ (sizer =6, n=3)

® 0O¢: number of K into T

©60; +6>+---+6;=1 and 6,07 =0 7r: size of tableau
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Tableau formula of type C

Theorem ([FNSS-H])

P (g, t)
_ (@9 7] &i%e (T, @),
(t; Q)'r 91+92+...+9T—T kel (q q)elc
97;9—*0

(q91+1+9L+2+ +95+1tn l. q) (q9L+9L+1+ -i-GlJr—l-i-l.l:n—L—l;q)eI

x I

PR e —) R pr———

1<i<n—1(@FT*2 #1Togn==1 g) (ql - Sl q)e-
61—6; 62—063 On—6—

X T, Ty 2---Tp
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Tableau formula of type C

b: generic

Theorem ([FNSS-H])

Set 6 := min(6y, 6;;). We have
Py (@161, 1)
_(@ ) Z 1 (t; @)o, (t: @)jon—6-]
& Dr g0, vomr kengnimy (T Dox (@ Dion—sz)

e

L

(tn — lqu_ +60n—1+[0n—05|+6—+ +9L+1

X 1_'[ ( (tn—'q 01+ +6n—1-+|0n—65|+0—+ - +6—~

1Sign1 BT, q)s.

(tn l 9L+1+ On—14|0n =05 +0—+ - +6~

ST d)e-
(tn—t— 109t+1+ +6n—1+|0n—O7|+6—+ - +67+1. )

+1 ; q)e;
(6: )6 (t™q7—2: q)0 91 o 02t oo
(CI Q)e(btn lgr—o: q)e(tn 1qr—20+1: Q)e z, S
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Proof for Tableau formula of type C

e/={1,2,--- ,n,m,n—1,---,1}: index set

Definition ([L])

t; el—e— 6,—6=
Gr(z;q,t) = > ﬂ( 2o Ty, e

or+0:4to—r 1 (@ Do,

where 7 € N and 6;, 9{2220 (i=1,2,---,n)
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Proof for Tableau formula of type C
Theorem ([NS-H], (Conjecture 1, Conjecture 2 [L]))

Cn
(('r) )(z|b; q, t)
[r/2]

> (Gr—%(fb; q,t)

=0
t (6/t; q):(t"q" "% q); 1 — tnq'r—2z’>
(q;q):(btr—1g7—%; q); 1 — tnqr—1

_ (@ 9)r
©(ta)r

P (zla, t)
[r/2]
(9; 9)r (
= Gr_2i(; q,t
(t; 9)r ;O r—2i( )
(1/t9):(t"a" "% q): 1 — tnqr—27;>
(@;@):(t""1q7%; q); 1 — tngr—?

Xt
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Proof for Tableau formula of type C

Transformation formula for P((TC)”)(a:ItQ/Q; q,t)

Theorem ([FNSS-H])

Let n € Z>>. Fix K, m1, M2, -, Mn € Z>o arbitrarily. Set
Myn = Xp_, Mk, Gin = 2, k. We have

Z I (t; D)o (T, @) p+m

orooimize 1<k<n (@ Den (T Dpetmy
S1+d2+ Fonti=K T T

X (t2/ )'L (t_lq; q)’i(tnq2K+m1,n_2’L; Qs
I (q; @) (tntig2K+min=21: q),
(t'fb—H-l q¢t+¢t+1,n+m[‘n; q)@ (tn_‘+2q2¢’t+1,n+mt+1,n—1; q)dh

(tn—t+2qdtdintmn=1: q), (tN—t+1q20mntmrin: q),,

1<i<n

= Z H (t' q)d?j(t; Q)d)j-{-mj

oromomze 1<j<n (35 D)e; (T D)gs4m,
G1+P2+ - +dn=K
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Proof for Tableau formula of type C

Transformation formula for P((g")(:nlq, t) and P((TC)")(a;lb; q,t)

Theorem ([FNSS-H])

Let n € Z>>. Fix K, m1, M2, -, Mn € Z>q arbitrarily. Set
Myn = Xp_, Mk, Gin = 2, k. We have

Z < H (tr q)(DL (tv Q)¢L+ml

ortm iz \1<i<n_1 (@ Da (T Dortm
G1+Po++dp_1+i=K

y (t‘n—l—lq¢t+2d’L+1,n—1+mL,n+1; q)(m (tn_lq2¢l+1v"—1+ml+1v"; q)d’t
(tn-[q¢L+2¢l+l,n—1+mtv"; q)¢t (tn—l—lq2¢L+1,n—1+mL+1,n+l; q)¢t
w  Gi@Dm, (¢ @)u(rg ™7 ),

(@ Dm, (@; @)s(En—1g2KFtMan=21411q),
— Z H (t; q)lbj(t; Q)d>g+mj

01,02 dp—1.6n>0 1<5<n (a; q)"’ﬂ(q; q)¢7+mﬂ
br1+oo+ ton=K
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