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Tableau formula of type A (Review)

Notations

– = (–1; –2; ´ ´ ´ ): partition of n

T : semi-standard tableau of shape – with entries 1; 2; ´ ´ ´ ; n

„i;j: number of j in i-th row

„(i) = „1;i + ´ ´ ´+ „i;i (1 » i » n): number of i in T

Ex. n = 7 – = (4; 2; 1) T =
1 1 1 2

2 3

4

„1;1 = 3, „1;2 = 1, ´ ´ ´

„(1) = 3, „(2) = 2, „(3) = 1, „(4) = 1, „(5) = „(6) = „(7) = 0
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Tableau formula of type A (Review)
x = (x1; ´ ´ ´ ; xn): variables

P
(An`1)
– (xjq; t): Macdonald polynomial of type An`1
(a; q)k = (1` a)(1` aq) ´ ´ ´ (1` aqk`1): q-Pochhammer

Theorem (Macdonald)

P
(An`1)
– (xjq; t) =

X

T

 T (q; t)x
T (T : SST of shape –);

where

 T (q; t) =
n
Y

k=1

Y

1»i»j»k`1

(q`–
(k)

i
+–

(k`1)
j

+1t`j+i`1; q)„i;k

(q`–
(k)

i
+–

(k`1)
j t`j+i; q)„i;k

(q`–
(k)

i
+–

(k)

j+1t`j+i; q)„i;k

(q`–
(k)

i
+–

(k)

j+1
+1t`j+i`1; q)„i;k

;

xT = x„
(1)

1 x„
(2)

2 ´ ´ ´x„(n)n

( –(j)i :=
Pj
k=i „i;k )
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Deformed W algebra of type A (Review)
Rank 2 case

› Heisenberg algebra h over F := Q(q; t)

generators: an (n 2 Z), relations: [an; am] = n
1` qjnj

1` tjnj
‹n+m;0

› Fock space F, F˜

h0j, j0i: vacuum vector, an j0i = 0, h0j a`n = 0 (n 2 Z>0)

› Normal order : ana`n := a`nan (n > 0)

› Operators on Fock space

˜1(z) = exp
 1
X

n=1

1` t`n

1 + (q=t)n
a`n

n
zn
!

exp
 

`
1
X

n=1

(1` t`n)an
n
z`n

!

˜2(z) = exp
 

`
1
X

n=1

1` t`n

1 + (q=t)n
a`n

n
zn
!

exp
 1
X

n=1

(1` t`n)an
n
z`n

!
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Deformed W algebra of type A (Review)
Definition ([FF], [AKOS])
Define the first generating field T (An`1)(x; z) of the deformed W
algebra of type An`1 with the indeterminate x = (x1; ´ ´ ´ ; xn):

T (An`1)(x; z) = x1˜1(z) + x2˜2(z) + ´ ´ ´+ xn˜n(z)

Operator product expansion

˜i(z) (i = 1; ´ ´ ´ ; n): operator on Fock space

˜i(z)˜j(w) = ‚i;j(w; z) : ˜i(z)˜j(w) :;

‚i;j(z;w) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

(z ` tw)(z ` w=t)
(z ` w)2

(i = j);

(z ` qw)(z ` w=t)(z ` tw=q)
(z ` w)3

(i < j);

(z ` w=q)(z ` tw)(z ` qw=t)
(z ` w)3

(i > j)
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Deformed W algebra of type A (Review)
Specialization map

– = (–1; –2; ´ ´ ´ ; –l): partition of n

’
(“)
– : F(z1; : : : ; zn) !̀ F(y)

f(z1; : : : ; zn) 7! f( y; q`1y; : : : ; q`(–1`1)y;

“y; q`1“y; : : : ; q`(–2`1)“y;
: : : ;

“l`1y; q`1“l`1y; : : : ; q`(–l`1)“l`1y )

Ex. – = (4; 2; 1)

y q`1y q`2y q`3y

“y q`1“y

“2y
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Deformed W algebra of type A (Review)
› h0 j : ˜i(z1)˜j(z2) : j 0i = 1 normalization

Theorem ([FSSY-H])

lim
“!t

’
(“)
– (h0 jT (z1)T (z2) ´ ´ ´T (zm) j 0i) = c– ´ P

(An`1)
– (xjq; t)

Ex. A1 case – = (2)

T (z1)T (z2)

= (x1˜1(z1) + x2˜2(z1)) (x1˜1(z2) + x2˜2(z2))

= x21 ˜1(z1)˜1(z2) + x1x2 ˜1(z1)˜2(z2) + x1x2 ˜2(z1)˜1(z2)

+x22 ˜2(z1)˜2(z2)

= x21‚1;1(z2; z1) : ˜1(z1)˜1(z2) : +x1x2‚1;2(z2; z1) : ˜1(z1)˜2(z2) :

+x1x2‚2;1(z2; z1) : ˜2(z1)˜1(z2) : +x
2
2‚2;2(z2; z1) : ˜2(z1)˜2(z2) :
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Deformed W algebra of type An (Review)

Note that ’(“)– (‚2;1(z2; z1)) = 0,

lim
“!t

’
(“)
– (h0 jT (z1)T (z2) j 0i)

=
(q ` t)(q ` 1=t)

(1` q)2

 

x21 + x
2
2 +

(1` t)(1` q2)
(1` q)(1` qt)

x1x2

!

=
(q ` t)(q ` 1=t)

(1` q)2
P
(A1)

(2) (xjq; t)

In general, for i > j, lim
“!t

’
(“)
– (‚i;j(z2; z1)) = 0. The coefficient of

: ˜i(z1)˜j(z2) : is 0 for i > j.

When we identify : ˜i(z1)˜j(z2) : with i j , the coefficient of i j

which does not satisfy the condition of semi-standard tableau is 0
by the specialization map ’(“)– .
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Macdonald polynomial of type C
Definition of Koornwinder polynomial

K = Q(a
1
2 ; b

1
2 ; c

1
2 ; d

1
2 ; q

1
2 ; t

1
2 ): basic field

x = (x1; ´ ´ ´ ; xn) (x`1 = (x`11 ; ´ ´ ´ ; x
`1
n )): variables

Tq˚;xi: difference operator

Tq˚;xif(x1; ´ ´ ´ ; xi; ´ ´ ´ ; xn) = f(x1; ´ ´ ´ ; q˚xi; ´ ´ ´ ; xn)

Dx =
n
X

i=1

A+i (x)(Tq;xi ` 1) +
n
X

i=1

A`i (x)
“

Tq`1;xi ` 1
”

,

where

A+i (x) =
(1` axi)(1` bxi)(1` cxi)(1` dxi)
(abcdq`1)

1
2 tn`1(1` x2i )(1` qx

2
i )

ˆ
Y

1»j»n;
j 6=i

1` txixj
1` xixj

1` txi=xj
1` xi=xj

;

A`i (x) =A
+
i (x

`1) (i = 1; : : : ; n)
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Macdonald polynomial of type C
m—(x): monomial (Laurent) polynomial

Ex. (n=3) m(2)(x) = x21 + x
2
2 + x

2
3 + 1=x

2
1 + 1=x

2
2 + 1=x

2
3

(invariant under the actions xi $ xj and xi $ 1=xi)

Theorem (Koornwinder)
Koornwinder polynomial P–(x) = P–(xja; b; c; djq; t) with partition
– = (–1; ´ ´ ´ ; –n) is uniquely characterized by the two conditions:

1: P–(x) = m–(x) +
X

—<–

c–—m—(x) for some c–— 2 K,

2:DxP–(x) =
0

@

n
X

i=1

“

¸tn`iq–i + ¸`1t`n+iq`–i
”

`
n
X

i=1

“

¸tn`i + ¸`1t`n+i
”

1

AP–(x),

where ¸ = (abcdq`1)1=2.
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Macdonald polynomial of type C

Proposition (Koornwinder)

P
(Cn)
– (xjb; q; t) = P–(xj ` b1=2; b1=2;`(qb)1=2; (qb)1=2jq; t)

P
(Dn)
– (xjq; t) = P

(Cn)
– (xj1; q; t)
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Tableau formula of type C
› I = f1; 2; ´ ´ ´ ; n; n; n` 1; ´ ´ ´ ; 1g： index set with ordering

1 ffi 2 ffi ´ ´ ´ ffi n ffi n ffi n` 1 ffi ´ ´ ´ ffi 1

Definition (Deformed W algebra of type Cn [FR])
˜i(z)˜j(w) = ‚i;j(z;w) : ˜i(z)˜j(w) :

‚i;j(z;w) =

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

1 (i = j);

‚(w=z) (i < j; j 6= —i)
‚(z=w) (i > j;—j 6= i)

‚(w=z)‚(qti`n`1w=z) (i < j; j = —i)

‚(z=w)‚(qti`n`1z=w) (i > j;—j = i);

where ‚(z) =
(1` z=q)(1` q=tz)
(1` z)(1` z=t)

T (x; z) = x1˜1(z)+ ´ ´ ´+xn˜n(z)+
1

xn
˜n(z)+ ´ ´ ´+

1

x1
˜1(z)
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Tableau formula of type C

Tableau of type Cn for one-row type [KN]

› I = f1; 2; ´ ´ ´ ; n; n; n` 1; ´ ´ ´ ; 1g： index set with ordering

1 ffi 2 ffi ´ ´ ´ ffi n ffi n ffi n` 1 ffi ´ ´ ´ ffi 1

› rule: the entries i 2 I into a one-row Young diagram are
arranged in the weakly increasing manner

Ex. T = 1 2 3 3 3 1 (size r = 6，n = 3)

› „k: number of k into T

( T $ („1; „2; ´ ´ ´ ; „1): 1:1-correspondence )

› „1 + „2 + ´ ´ ´+ „1 = r r: size of tableau
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Tableau formula of type C
› T(r)(x) := h0j : T (z)T (q`1z) ´ ´ ´T (q`(r`1)z) : j0i

Theorem ([FNSS-H])

T(r)(x) = P
(Cn)

(r) (xjt
2=q; q; t)

Theorem ([FNSS-H])

P
(Cn)

(r) (xjt
2=q; q; t)

=
(q; q)r

(t; q)r

X

„1+´´´+„n+„—n+´´´+„—1=r

Y

k2I

(t; q)„k
(q; q)„k

ˆ
Y

1»k»n

(tn`k+1q
„k+´´´+„

k+1; q)„—k(t
n`k+2q

„k+1+´´´+„
k+1
`1
; q)„—k

(tn`k+2q
„k+´´´+„

k+1
`1
; q)„—k(t

n`k+1q
„k+1+´´´+„

k+1; q)„—k

ˆ x„1`„—11 ´ ´ ´x„n`„—nn
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Tableau formula of type C
Tableau of type Dn for one-row type [KN]

› I = f1; 2; ´ ´ ´ ; n; n; n` 1; ´ ´ ´ ; 1g： index set with ordering

1 ffi 2 ffi ´ ´ ´ ffi n` 1 ffiffi
n

n

ffi

ffi
n` 1 ffi ´ ´ ´ ffi 1

› rule: the entries i 2 I into a one-row Young diagram are
arranged in the weakly increasing manner and n and n are not
arranged simultaneously

Ex. T = 1 2 3 3 2 1 (size r = 6，n = 3)

› „k: number of k into T

› „1 + „2 + ´ ´ ´+ „1 = r and „n„n = 0 r: size of tableau
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Tableau formula of type C

Theorem ([FNSS-H])

P
(D)

(r) (xjq; t)

=
(q; q)r

(t; q)r

X

„1+„2+´´´+„
1
=r

„n„
n
=0

Y

k2I

(t; q)„k
(q; q)„k

ˆ
Y

1»l»n`1

(q
„l+1+„l+2+´´´+„

l+1tn`l; q)„
l
(q
„l+„l+1+´´´+„

l+1
+1
tn`l`1; q)„

l

(q
„l+1+„l+2+´´´+„

l+1
+1
tn`l`1; q)„

l
(q
„l+„l+1+´´´+„

l+1tn`l; q)„
l

ˆ x
„1`„1
1 x

„2`„2
2 ´ ´ ´x„n`„nn
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Tableau formula of type C
b: generic

Theorem ([FNSS-H])
Set „ := min(„n; „n). We have

P
(Cn)

(r) (xjb; q; t)

=
(q; q)r

(t; q)r

X

„1+„2+´´´+„1=r

Y

k2Infn;ng

(t; q)„k
(q; q)„k

(t; q)j„n`„nj

(q; q)j„n`„nj

ˆ
Y

1»l»n`1

 (tn`l`1q
„l+´´´+„n`1+j„n`„nj+„n`1+´´´+„l+1+1; q)„

l

(tn`lq
„l+´´´+„n`1+j„n`„nj+„n`1+´´´+„l+1; q)„

l

ˆ
(tn`lq

„l+1+´´´„n`1+j„n`„nj+„n`1+´´´+„l+1; q)„
l

(tn`l`1q
„l+1+´´´+„n`1+j„n`„nj+„n`1+´´´+„l+1+1; q)„

l

!

ˆ (b; q)„(tnqr`2„; q)2„

(q; q)„(btn`1qr`„; q)„(tn`1qr`2„+1; q)„
x
„1`„1
1 x

„2`„2
2 ´ ´ ´x„n`„nn
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Proof for Tableau formula of type C

› I = f1; 2; ´ ´ ´ ; n; n; n` 1; ´ ´ ´ ; 1g: index set

Definition ([L])

Gr(x; q; t) =
X

„1+„2+´´´+„1=r

Y

i2I

(t; q)„i
(q; q)„i

x
„1`„1
1 x

„2`„2
2 ´ ´ ´x„n`„nn ;

where r 2 N and „i, „i – Z–0 (i = 1; 2; ´ ´ ´ ; n)
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Proof for Tableau formula of type C

Theorem ([NS-H], (Conjecture 1, Conjecture 2 [L]))

P
(Cn)

(r) (xjb; q; t)

=
(q; q)r

(t; q)r

[r=2]
X

i=0

 

Gr`2i(x; q; t)

ˆ ti (b=t; q)i(t
nqr`i; q)i

(q; q)i(btn`1qr`i; q)i

1` tnqr`2i

1` tnqr`1

!

P
(Dn)

(r) (xjq; t)

=
(q; q)r

(t; q)r

[r=2]
X

i=0

 

Gr`2i(x; q; t)

ˆ ti (1=t; q)i(t
nqr`i; q)i

(q; q)i(tn`1qr`i; q)i

1` tnqr`2i

1` tnqr`1

!
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Proof for Tableau formula of type C
Transformation formula for P (Cn)(r) (xjt

2=q; q; t)

Theorem ([FNSS-H])
Let n 2 Z–2. Fix K;m1;m2; ´ ´ ´ ;mn 2 Z–0 arbitrarily. Set
ml;n :=

Pn
k=lmk, ffil;n :=

Pn
k=l ffik. We have

X

ffi1;ffi2;´´´ ;ffin;i–0
ffi1+ffi2+´´´+ffin+i=K

Y

1»k»n

(t; q)ffik(t; q)ffik+mk

(q; q)ffik(q; q)ffik+mk

ˆ (t2=q)i
(t`1q; q)i(tnq2K+m1;n`2i; q)i

(q; q)i(tn+1q2K+m1;n`2i; q)i

ˆ
Y

1»l»n

(tn`l+1qffil+ffil+1;n+ml;n; q)ffil(t
n`l+2q2ffil+1;n+ml+1;n`1; q)ffil

(tn`l+2qffil+ffil+1;n+ml;n`1; q)ffil(tn`l+1q2ffil+1;n+ml+1;n; q)ffil

=
X

ffi1;ffi2;´´´ ;ffin–0
ffi1+ffi2+´´´+ffin=K

Y

1»j»n

(t; q)ffij(t; q)ffij+mj

(q; q)ffij(q; q)ffij+mj

:
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Proof for Tableau formula of type C
Transformation formula for P (Dn)(r) (xjq; t) and P

(Cn)

(r) (xjb; q; t)

Theorem ([FNSS-H])
Let n 2 Z–2. Fix K;m1;m2; ´ ´ ´ ;mn 2 Z–0 arbitrarily. Set
ml;n :=

Pn
k=lmk, ffil;n :=

Pn
k=l ffik. We have

X

ffi1;ffi2;´´´ ;ffin`1;i–0
ffi1+ffi2+´´´+ffin`1+i=K

 

Y

1»l»n`1

(t; q)ffil(t; q)ffil+ml

(q; q)ffil(q; q)ffil+ml

ˆ
(tn`l`1qffil+2ffil+1;n`1+ml;n+1; q)ffil(t

n`lq2ffil+1;n`1+ml+1;n; q)ffil
(tn`lqffil+2ffil+1;n`1+ml;n; q)ffil(tn`l`1q2ffil+1;n`1+ml+1;n+1; q)ffil

!

ˆ (t; q)mn

(q; q)mn

(t; q)i(tnq2K+m1;n`2i; q)i

(q; q)i(tn`1q2K+m1;n`2i+1; q)i

=
X

ffi1;ffi2;´´´ ;ffin`1;ffin–0
ffi1+ffi2+´´´+ffin=K

Y

1»j»n

(t; q)ffij(t; q)ffij+mj

(q; q)ffij(q; q)ffij+mj
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