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Nice formulas for plane partitions

Example 1: Yet another proof of MacMahon’s formula
Example 2: A boxed version of hook-length formula
Nice formulas from the discrete 2D Toda lattice

S. Kamioka, Multiplicative partition functions for reverse plane partitions derived from an
integrable dynamical system, FPSAC (London, 2017), Article #29, 12 pp.
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Plane partitions

A plane partition of a x b rectangular shape is a 2D array 71 = (77;;)1<i<, such that
1<j<b

m entries 77;; are nonnegative integers;

m each of rows and columns are weakly decreasing.

Tj 2 Tit1,j TUij 2 TTij1-

Example: A plane partition of 4 X 5 rectangular shape:
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Reverse plane partitions

Let A be a Young diagram.

A reverse plane partition of shape A is a 2D array 7 = (”i,j)(i,j)e/\ such that

m entries T ; are nonnegative integers;

m each of rows and columns are weakly increasing:

i < Tt Tij < 7T

Example: A reverse plane partition of shape A = (5,4,4,2):

1]2]4]

01]0
01
202
3|4
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MacMahon's formula

Let PP(a,b) denote the set of plane partitions of a x b rectangular shape.

Theorem (MacMahon)

Il a_ b c q qi+j+k—1
T
Z 7= HH H 1 — gititk—2
7EPP(a,b) i=1j=1k=1 i

7'(,'/7‘§C

where [7t| 1=} i 71 ).

P. A. MacMahon, Combinatory Analysis, Volumes 1-2, Cambridge, 1915-1916.
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Trace generating function

Theorem (Stanley)

= =TT e

1 _ ygiti—1
€PP(a,b) i=1j= 1 —Yq =
where tr(7) 1= ¥; 7; ;, trace, and |7t| := ¥, i 71; ).

R. P. Stanley, Theory and application of plane partitions, I-Il, Studies in Appl. Math. 50 (1971),
167-188, 259-279.
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Trace generating function

Theorem (Stanley)

= =TT e

1 _ ygiti—1
€PP(a,b) i=1j= 1 —Yq =
where tr(7) 1= ¥; 7; ;, trace, and |7t| := ¥, i 71; ).

R. P. Stanley, Theory and application of plane partitions, I-Il, Studies in Appl. Math. 50 (1971),
167-188, 259-279.
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.

oof1[2]4]

0|112|3 0 3 6 .2 564242 6 3
=TT vl = vy oy o vayayay v 2y s

20244 (i,j)er

314
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.

0j0|1]2]4
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.

oof1[2]4]
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Gansner's formula

Let RPP(A) denote the set of reverse plane partitions of shape A.

Theorem (Gansner)

1

Z Hyn”=1_[1_

TERPP(A) (i,) €A (ijyer L~ Tlko e, ) Ye—k
where H) (7, j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.
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How to prove/derive?

A method to prove/derive nice formulas for (reverse) plane partitions based on:
Non-intersecting lattice paths (< determinants of Lindstrom—Gessel-Viennot type);
The discrete 2D Toda lattice:

qgls,t) +e£lsﬁ _ qu’tH) el 1(1:? 1(1:? _ q1(15_,:1+1)e$ls+1,t).

Remark: Viennot takes a similar approach to count non-intersecting Dyck paths by the
quotient-difference (QD) formula (aka. discrete (1D) Toda lattice):

W+l =g e, gl =

X. G. Viennot, A combinatorial interpretation of the quotient-difference algorithm, FPSAC
(Moscow, 2000), pp. 379-390.
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Example 1: Yet another proof of MacMahon's formula
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Non-intersecting lattice paths

A one-to-one correspondence between:
m Plane partitions 7 € PP(a,b) with mij < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy=(a+c—k0) to Tp = (0,b+c—k).

QW | W | |u
NN W|W
SIN[IN|W
oO|l=|r=|N

O |||
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Non-intersecting lattice paths

A one-to-one correspondence between:
m Plane partitions 7 € PP(a,b) with mij < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy=(a+c—k0) to Tp = (0,b+c—k).

i

[ ]

]NNUJ

H|
3
3
3

N w | w

|1_

1 1:1
JELN

0

0

(=]
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Non-intersecting lattice paths

A one-to-one correspondence between:
m Plane partitions 7 € PP(a,b) with mij < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy=(a+c—k0) to Tp = (0,b+c—k).
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Non-intersecting lattice paths

A one-to-one correspondence between:
m Plane partitions 7 € PP(a,b) with mij < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy=(a+c—k0) to Tp = (0,b+c—k).

]NNUJ

H|
3
3
3

N w | w

|1_

1 1:1
JELN

0

0

(=]

S. Kamioka (Kyoto University) Nice formulas for plane partitions AECO 2018 11 / 53



Non-intersecting lattice paths

A one-to-one correspondence between:
m Plane partitions 7 € PP(a,b) with mij < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy=(a+c—k0) to Tp = (0,b+c—k).

Ts T, T T Ty

[sl[a]3]2]1] .
SEI B N B
3l2]2]1][0] o
3]2]]0]o .. -
S4¢
Ss P,
Sy £
S
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Non-intersecting lattice paths

A one-to-one correspondence between:
m Plane partitions 7 € PP(a,b) with mij < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy=(a+c—k0) to Tp = (0,b+c—k).

¢ = (# of paths)

b T5 Ty T3 T Ty
[s[[3]3]2]t1
_3|3 21_|1_<g> P°D
3(2]2|1][[0] ! -
3]2]]0]o .. )
3

S4¢

Ss P,

Sy £

S1

S. Kamioka (Kyoto University) Nice formulas for plane partitions AECO 2018 11 / 53



Sketch of yet another proof

MacMahon's formula:

Il a b c q _qi+j+k71
Tl _
Y q —HHHl_ ijtk—2"
nEPP(a,b) i=1j=1k=1 q

T <C

In view of the one-to-one correspondence with non-intersecting lattice paths:

Yet another proof of MacMahon's formula (sketch)

Construct a determinant of Lindstrom—Gessel-Viennot type which is equal to
Y4/ (up to constant factor);
Evaluate the determinant to obtain the nice formula by:
m Krattenthaler's determinants;

m Jacobi's determinant identity (< Dodgson condensation);
m The method of corner deletion (< the discrete 2D Toda lattice).
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Weight for lattice paths

Edge-labels of the lattice:

For a lattice path P,

w(P) := ] J(labels of the edges passed by P)

where area(P) denotes the area bordered by P and the lattice boundary.

S. Kamioka (Kyoto University) Nice formulas for plane partitions AECO 2018 13 / 53



Weight for lattice paths

Edge-labels of the lattice:

1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
g o 9 9 9 q
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
9 9 ¢ T 9 q q
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
9 o 9 9 9 q
1 1 1 1 1 1 1
I I I I I I I
2 3 4 5 6 7
9 9 ¢ T 9 q q
1 1 1 1 1 1 1
T T T T T T T
2 3 a4 5 6 7
9 9o 9 ¢ 9 q
1 1 1 1 1 1 1
T I T I 1 I T
2 3 4 5 6 7
R Y Y
1 1 1 1 1 1 1
T T T T s T T

For a lattice path P,

w(P) := ] J(labels of the edges passed by P)

where area(P) denotes the area bordered by P and the lattice boundary.
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Weight for lattice paths

Edge-labels of the lattice:

1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 9 7
g 9o 9 9T 4 9
1 1 1 1 ] ] 1
T T T T T T T
2 3 1 5 6 7
9 9 ¢ q4 T 4 9q
1 1 £l £l 1 1 1
T T T T T T T
D 3 4 5 6 7
T o 9 T 94 q
1 £l 1 1 1 1 1
I T I I I I I
2 3 4 5 6 7
q 1 @r @ g
1 1 1 + w(P) = g™ |—1—
2 3 7
. A T T
4 1 1 1 1 1 1
T I T I 1 I T
2 3 4 5 6 7
9 9o 9 9 94 49
1 1 1 1 1 1 1
T T T T s T T

For a lattice path P,

w(P) := ] J(labels of the edges passed by P)

where area(P) denotes the area bordered by P and the lattice boundary.
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Weight for lattice paths

Edge-labels of the lattice:

A S R N
44— 3
i 2 ¢ ¢ ¢ ¢ 7
T ¢ ad ¢ ¢ 9
T I qz I q3 I {14 I HS I H6 I q7
11 1 w(P) = grea(P) F
2 3 7
R S A
S O N S

For a lattice path P,

w(P) := ] J(labels of the edges passed by P)

where area(P) denotes the area bordered by P and the lattice boundary.
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Let (Pl@, ..., P?) denote the non-intersecting configuration of lattice paths that
corresponds to the empty plane partition.

Ts Ty T3 T Th

P
2
1:1 Dy
Py
P@
S5 2 -
P,
S4< 1
S3
Sy
S
IfF o &4 (Py,...,P) in the one-to-one correspondence then
g = T 28
k=1 w(Pk )
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1:1 .
Proof: Suppose that 7t <— (Py,...,P;) in the one-to-one correspondence. Then, the
following are equivalent to each other:

Increase some entry 71; ; of 7T by one;

Increase the area of some lattice path Py in (Py,..., ) by one.

Hence
|| = Zﬂi,]‘
ij
C C
=) area(P) — ) area(P,?)
k=1 k=1
and

q\ﬂ\: c qarea(Pk) _ c w(Pk)

i1 B w(PP)
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Let NILP(a,b,c) denote the set of non-interseting configurations (P, ..., P;) of lattice
paths such that Py goes from S = (a+c—k,0) to T = (0,b+ ¢ — k).

From the one-to-one correspondence between {7t € PP(a,b); i < c} and NILP(a, b, c):

Proposition

c c

Y q7= ¥ JTw@)/[TwEp)

7EPP(a,b) (P,P) k=1 k=1
T j<c €NILP(a,b,c)

where w(P) = garea(P).
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Lindstrom—Gessel-Viennot's lemma

Assumption:
m G: finite directed acyclic graph with edges labelled;
mSy,...,5 € V(G);
mTy,..., T, € V(G);
m Every path P: 5;~T; intersects with every path P Sy=Ty ifi < i’ and j > j’;

Lemma (Lindstrom—Gessel-Viennot)

n
Y, Jlw(B)= det (gi;) with g;= ) w(P)
(P, P,) k=1 I<ij<n P:S;
where the first sum is over all the configurations (Py,..., P,) of paths on G such that
m Py goes from Sy to Ty;

m Py,..., P, are non-intersecting.

S. Kamioka (Kyoto University) Nice formulas for plane partitions AECO 2018 17/



Determinant of LGV type

c
[Tw(P)= det (s) with g;= ) w(P)
(P, Pe) k=1 Shise P:ST,
ENILP(a,b,c)
-t ) 1 ) 1 T 1 : 1 5 1 7 1 3 1 )
i 5 1 ) 1 I 1 : 1 5 1 7 1 3 1 b
1 q 1 T 1 T 1 q 1 T 1 q° 1 T 1 7 1 q
i 5 1 5 1 I 1 : 1 5 1 7 1 5 1 b
R y T 5 AN b
1 q 1 T 1 T 1 q 1 7 1 q° 1 q 1 7 1 q
-t 5 1 5 1 I 1 : 1 5 1 7 1 5 1 b
R y DR
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Determinant of LGV type

C
[Tw(P) = det (gi;) with gij= ) w(P)
(Pr,...,Pe) k=1 Shise P:S-T;
eNILP(ab,c)
s h T3 Th» Ty
111 1 lotltolololo
T e ¢ ¢ ¢ 9 ¢ 7
S S S e S B
7 2 3 4 5 6 7 8 9
1 1q1q1q1q1q1q1q1q
q qz qs q4 q5 q6 q7 qs q9
T S S S T
7 2 3 4 5 6 7 8 9
Ss0—1 1q1q1q1q1q1q1q1q
7 2 3 4 5 6 7 8 9
Sy0—1 1q1q1q1q1q1q1q1q
‘7 2 3 4 5 6 7 8 9
S30— 1q1q1q1q1q1q1q1q
7 2 3 4 5 6 7 8 9
Sy0—1 1q1q1q1q1q1q1q1q
T ¢ ¢ ¢ ¢ 97 ¢ 7
Sio+—4+——4+"1—"—+ 1+ 1
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Determinant of LGV type

C
[Tw(P) = 1<dif;t<c(8i,j) with  gii= Y w(P)
(Plrm/Pc) k=1 —= P:Si—T/
eNILP(ab,c)

s T, T, T, T

4 —+——t——t——+—0 100101
qZ q3 q4 q5 q6 q7 q8 q9

b
S ¢ o9 ¢ ¢ 4 F 7

1 ———t——— %
q2P4 qs q4 qs q6 q7 qs q9

1

q2 q3 q4 qS qé 7 qS

S50—1 1 1 4 1 1 4 1 1
’ ) b Ly s - 7 & ¢

Syo—t 1q1q1q1q1q1 11
q q2 q3 q4 qS q6 q7 qS q9

S3 0————+—4 |+ 14—+ 1%
‘ P 7 3 9
A

S2 o
A S S Y Y R

Sjo———g—3— 14 14 14 1 4 14
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Remark: In the present case the determinant of LGV type is a g-binomial determinant:

b+i+j—2
det (g;j) = det {Q—F titg } .
1<i,j<c 1<i,j<c a+i—1 q

The g-binomial determinant can be directly evaluated by Krattenthaler's formula

] n
det ([[(xi+bo) [] (xi+ae) | = [I xi—x) [I (bi—g)).
Isijsn \ j=2 k=j+1 1<i<j<n 2<i<j<n

C. Krattenthaler, Advanced determinant calculus, Sém. Lothar. Combin. 42 (1999), Art. B42q.
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Corner deletion

Corner deletion

Reduce the lattice graph by:
Delete an (upper left) corner;
Modify the edge-labels as:

corner deleted
it X
/
qo el o
1 1 1 1
T e e 0
1 1 = 1 1
/1) e e A
1 1 1 1
T T T T
7/ ey e 4
1 1
where the edge-labels g, e, and ¢, ¢, satisfy
/ / ! ! H /
Gn +ent1 = qn + €y, Int1€n+1 = Gn€yi1 forn >0 with g = 0.
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In the present case:

1 | 1 I 1 I 1 1 1 I 1 ) 1 )
1 I 1 I 1 1 1 1 1 I 1 I 1 )
1 I 1 I 1 1 1 1 1 I 1 ) 1 )
1 ] 1 1 1 1 1 ) 1 L 1 ) 1 )
1 7 1 1 1 1 1 1 1 I 1 1 1 )
1 7 1 ) 1 I 1 1 1 I 1 ) 1 }

N
Wb
b
b
L
L
Wb

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

corner
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
/ q q q q q q
1 1 1 1 1 1 1
T T I s s T T
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
7 q q q q q q
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
7 q q q q q q
1 1 1 1 1 1 1
T T T T T T T
2 3 4 5 6 7
/ q q q q q q
1 1 1 1 1 1 1
T T T s s T T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

corner
1

Uiy
Uiy

7
7
q5 7
qS 7

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

deleted
X

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

1 | | | | 1
T T T I T T
1-¢? ) 3 4 5 6 7
T q q q q q q
| 1 1 | | | 1
T T T T T T T
2 3
g-(I—q) q(l+q°) 3 4 5 6 7
1*512 1*‘12 q q q q q
| 1 1 | | | 1
T T T T T T T
3 2 2 4
7°(1-97) ¢°(1-q%) 4 5 6 7
q ]ﬁq3 1_,13 q q q q
| 1 1 1 1 1
T T T T T T T
4 3 3 5
o g () () 5 6 7
/ q FP= S q q q
1 1 1 1 1 | 1
T T T T T T T
5 4 4 6
) 3 (g g8 (1-9°) 6 7
/ q q 1*'15 1,q5 q q
| 1 1 | | | 1
I T T T I T T
6 5 5 7
) 3 4 0°0F9) 92(1q) 7
/ q q q e e A
| 1 1 | | 1
T I T T T T T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

1 | | | | 1
T T T I T T
17 2 3 4 5 6 7
Tig q q q q q q
corner
| 1 1 | | | 1
T T T T T T T
2 3
g-(I—q) q(l+q°) 3 4 5 6 7
1*512 1*‘12 ‘7 q q q q
| 1 1 | | | 1
T T T T T T T
3 2 2 4
7°(1-q%) q°(1-q%) 4 5 6 7
q ]ﬁq3 1_,13 q q q q
| 1 1 1 1 1
T T T T T T T
4 3 3 5
o g () () 5 6 7
/ q FP= S q q q
1 1 1 1 1 | 1
T T T T T T T
5 4 4 6
) 3 (g g8 (1-9°) 6 7
/ q q 1*'15 1,q5 q q
| 1 1 | | | 1
I T T T I T T
6 5 5 7
) 3 4 0°0F9) 92(1q) 7
/ q q q e e A
| 1 1 | | 1
T I T T T T T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.

ITEER artitions



In the present case:

deleted
X

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.

ITEER artitions



In the present case:

1 | | | | 1
T T T I T T
17 2 3 4 5 6 7
THq q q q q q q
1 1 | | | 1
T T T T T T
145 g(l+g°) 3 4 5 6 7
02 g q q q q q
| 1 1 | | | 1
T T T T T T T
3 4 2 4
7(=q) q(+q") ¢°(1-q) 4 5 6 7
]ﬁqS 1_,1? 1_,13 q q q q
| 1 1 1 1 1 1
T T T T T T T
4 2 2 5 3 5
7" (%) ¢° (=) ¢°(1-q°) 5 6 7
/ o FRp: Ry q q q
1 1 1 1 1 1 1
T T T T T T T
5 3 3 6 4 6
o (Fg’) ¢°(11¢°) g (1-9°) 6 7
7 ‘1 1*‘15 1,,75 1,q5 q q
| 1 | | | 1
I T T T I T T
fUkg) *(-g) ©Org) 7
7 P P 1 (g7 q q
14g°  14¢° 144°
| 1 1 | | 1
T I T T T T T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

corner B

| | | | 1
T T T I T T
1-¢? 2 3 4 5 6 7
THg q q q q q q
1 1 | | | 1
T T T T T T
145 g(l+g°) 3 4 5 6 7
02 g q q q q q
| 1 1 | | | 1
T T T T T T T
3 4 2 4
-9 q(1q%) 9°(1-q%) 4 5 6 7
]ﬁqS 1_,1? 1_,13 q q q q
| 1 1 1 1 1 1
T T T T T T T
4 2 2 5 3 5
7:(1-q%) ¢°(rg’) °(1-q) 5 6 7
/ P S W S T q q q
1 1 1 1 1 | 1
T T T T T T T
5 3 3 6 4 6
o (Fg’) ¢°(11¢°) g (1-9°) 6 7
/ q 1*‘15 1,,75 1,q5 q q
| 1 | | | 1
I T T T I T T
ba-gh) f-9) PU-g) 7
7 P P 1 (1-9%) q q
1-{q° 1140 146
| 1 1 | | 1
T I T T T T T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

corner
1 1 1 1 1 1
T T T T T I
1-¢? 2 3 4 5 6 7
Tig q q q q q q
1 1 | 1 1 1
T T T T T T
142 q(1+9%) 3 4 5 6 7
o Nqur q q q q q
1 1 1 | 1 1 1
T T T T T T T
3 4 2 4
7 (-q) q(l1q%) 9-(1-q%) 4 5 6 7
1—113 1—113 1_[]3 q q q q
1 1 1 1 1 1
T T T T T T T
g 0 qz(lff) qg(lff) e P 7
1-q 1-q 1-q
1 1 1 1 1 1 1
I T T T I T T
5} ) B 6 4 6
2 p0Fg) (g% 9°(1-9°) 6 7
/ q P g 1P q q
1 1 1 1 1 1
T T T T T T T
6 4y 4 7 5 7
2 3 °(q) 9:(Aq%) 7 (1-q97) 7
/ q q ﬁqﬁ 1ﬁq6 1746 q
1 1 1 1 1 1
I I I I I I T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

deleted
X i 1 1 1 1
14¢° 3 4 5 6 7
Tiq q q q q q
1 1 1 1 1 1
T T T I I I
e P-q) q(+¢") 4 5 6 7
2 Ny q q q q
1 1 1 1 1 1 1
P-q) q(igh (- PAP) 5 6 7
P 7 R W P W q q q
1 1 1 1 1 1
T T T T T T I
g 1056 20 P (7) £ (11-6%) ° 7
1-q St 14t 1
1 1 1 1 ! 1
7 2 P0-) P¢0) °(kq) ¢*alg) 7
q P 1p o 1lp 1P q
1 1 1 it it 1 1
7 pe ps P°(=¢") ¢* (=) 7 (1-9°) P4t
,qﬁ 1,q6 1,46 1 qé
1 1 T T T T 1

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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In the present case:

1 1 1 1 1
14¢° 3 4 5 6 7
T+q q q q q q
1 1 1 1 1 1
¢ £-g) q(igh) 4 5 6 7
o2 17 1 1 q q q
| 1 1 | | | 1
T T T T T T T
P-q) q(1¢") 0 £AP) 5 6 7
]ﬁqS 14 1_,13 1ﬁq3 q q q
| 1 1 1 1 1 1
T T T T T T T
1t 20Ee°) £0E) P e 7
P S W e S T S B q q
1 1 1 1 1 1 1
T T T T T T T
7 2 PP PO 00 ¢*akg) 7
q 1,‘;’5 1,,75 l,qS 1,115 q
| 1 | | 1
I T T T I T T
7 ’) 3 °(gY) ¢*(-g) 7P kg
q q 1,q6 1,q6 1,46 1 qé
| 1 1 |
T I T T T T T

m The corner deletion is succesively applicable (until no corners remain).

m The edge-labels on the last graph are independent of the order of corners deleted.
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Theorem

The corner deletion unchanges the value of

gij= ). w(P)

P:S—T,

if neither S; nor Tj is the deleted corner.
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

T3 T T

1 1 1 1 1 +—o0—1—o
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
2 3 4 5 6 7
| 7 q q q q q q
S30—1 1 1 1 1 1 1
2 3 4 5 6 7
| / q q q q q q
Sro—1 1 1 1 1 1 1
7 T 7 q T A
S10—1 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

corner T3 TZ Tl
1 1 1 1 1619019
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
2 3 4 5 6 7
| 7 q q q q q q
S30—1 1 1 1 1 1 1
2 3 4 5 6 7
| / q q q q q q
Sro—1 1 1 1 1 1 1
7 T 7 q T A
S10—1 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

deleted T3 T Ty
x 1 1 | | O 1 r.Y 1 o
T T T T d T € T C
144 2 3 4 5 6 7
o q q q q q q
1 1 1 1 1 1 1
2 3
7-(-q q(l1q°) 3 4 5 6 7
e p q q q q q
1 1 1 1 1 1
T T T T T T T
3 2 2 4
7 (1-q%) 9°(1q%) 4 5 6 7
L / P 1P q q q q
S30—1 1 1 1 1 1 1
4 3 3 5
o g'(Fg’) ©(-9) 5 6 7
| / q A g q q q
Sr0—1 1 1 1 1 1 1
5 4 4 6
o) 3 () 77 (1-¢°) 6 7
/ q q i g 1 q
S10—1% 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

T3 T T

1 1 1 1 +—o—1—9
144 2 3 4 5 6 7
g q q q q q
corner
1 1 1 1 1 1 1
2 3
7-(-q q(l1q°) 3 4 5 6 7
1_q2 1_q2 q q q q q
1 1 1 1 1 1
T T T T T T T
3 2 2 4
7 (1-q%) 9°(1q%) 4 5 6 7
L / P 1P q q q q
S30—1 1 1 1 1 1 1
4 3 3 5
o g'(Fg’) ©(-9) 5 6 7
| / q A g q q q
Sr0—1 1 1 1 1 1 1
5 4 4 6
o) 3 () 77 (1-¢°) 6 7
/ q q i g 1 q
S10—1 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

T3 T T

1 1 t 1 +—o—1—o
1% o 3 4 5 6 7
deleted |7 9 9 1 1 9 9
X 1 1 t 1 1 1
e q(1q®) 5 4 5 6 7
07 14 1 q q q q
1 1 1 1 1 1 1
T T T T T T T
3 4 2 4
7(=q) q0+q") °(1-q*) 4 5 6 7
L 1153 113 1143 q q q q
q q q
S;0—1 1 1 1 1 1 1
4 2 2 5 3 5
7' (%) ¢°(-q°) °(1-9°) 5 6 7
L / 1,q4 1,q4 1 ‘74 q q q
Sr0—1 1 1 1 1 1 1
5 3 3 6 4 6
o (rg) £(A-9°) ¢*(1-9°) 6 7
/ q g 1p g q q
S10—1 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

corner T3 TZ Tl
1 1 1 +—o—1—o0—1—0
144 2 3 4 5 6 7
e q q q q q
1 1 1 1 1 1
e q(1q®) 5 4 5 6 7
07 14 1 q q q q
1 1 1 1 1 1 1
T T T T T T T
3 4 2 4
-9 q(1q%) 92(-q") 4 5 6 7
L 1#173 1 q3 1,q3 q q q q
S;0—1 1 1 1 1 1 1
4 2 2 5 3 5
7' (1-9%) ¢°(Fg’) °(1-9°) 5 6 7
L / 1,q4 1,q4 1 ‘74 q q q
Sr0—1 1 1 1 1 1 1
5 3 3 6 4 6
o (rg) £(A-9°) ¢*(1-9°) 6 7
/ q g 1p g q q
S10—1 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

deleted T3 T Ty
X 1 1 +—o—1—o0—1—o
14¢° 3 4 5 6 7
o q q q q q

1 1 1 1 1 1
4 -9 q(iqh) 4 5 6 7
HZ P 12 q q q q

1 1 1 1 1 1 1
| P00 a0teh) ') P0) s 6 7
T T s T P R P q q q

S30—1 1 1 1 1 1 1
] g 2t 200e) ) PO e 7
1,q4 1,q4 1 ‘74 1,q4 ‘7 q

Sr0—1 1 1 1 1 1 1
7 2 PP PR oY ¢targ) 7
q 1,q5 1 qS 1,,15 1,,_75 q

S10—1 1 1 1 1 1 1
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

T3 2 T
................................................ O | r.Y 1 o
- v T b T b
14¢° 6 7
*_% q q
| 1
. T T
vacant 1497 q(1+q) 7
14q% 7 q
1 1
T T

S o 1 1 1 1 1 1 1
39 T T T T T T T

52 o 1 1 1 1 1 1 1
1 T T T T T T
0 ¢°0ke) 71 *0e) (-4 2 (144%)
1,‘75 1,q5 1,‘15 l,qS 1 qS ],qS
Si0 1 1 1 1 1 1 1
19 T T T T T T T
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Determinant evaluation by corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g; ;) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(gi,j) is EASY on the last graph because the non-intersecting
configuration (P}, ..., P¥) on the last graph is unique!

................................................ | 1
N . T T
14° 3 7
o1 1
: | 1
T T
vacant 1477 q(149) q7
g 17
1 1
T T
He® 90445 20fY)
............................................... He e P
S3 00—+ + + + + Prt 1
| t0-a) PU-g) °0-0) F0-0) ¢*0-0) 04d’) (}e")
1-{q% 1-{g% 1-{g% 1% 14¢* 1{4* . 1444
Sy 0—% 4 + + + +—-Prt
0 ¢°0E) 70 *0e) (-4 2 (144Y)
1-¢° 1-° 1-¢° 14¢° 1-¢° 144°
S1 00—+ + + 4 4 + +—1 P;
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From Lindstom—Gessel-Viennot's lemma
c

det (gi;) = [[w(F)

1<ij<c i

on the last graph. The edge-labels on the last graph are:

o | 1\2 1 o
05) 05 (06)
2o €y )
(s,t) _ q"(17q5+f+"+1) 11 11
= g 15 05 05)
(sh) _ gt (1—g") %o T 2
en = g : 1 1
(2,5 15 5
............................................... o oa”
S30—1 1 1 1 1 1 1
30 30 31 32 33 34 25 15
RN CR R ST SR CR S
Sr,0—1 1 1 1 1 1 1
40 3,0 3,0 31 32 33 34 25
RN AN N R SR S T
Si0—1 1 1 1 1 1 1
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From Lindstom—Gessel-Viennot's lemma
c

det (gi;) = [[w(F)

1<ij<c i

on the last graph. The edge-labels on the last graph are:

5 5 6
G RO
(s,t) _ q"(17q5+f+"+1) : 1 1
qn - l_qs+n+1 ;( /5) ( ,5) ( /5)
(S,t) o qs+t+n(17qn) % £]1 32
en = g : 1 1
,5 5 5
_______________________________________________ o ol
S3 + + + + + Py 1
3,0 3,0 31 32 33 34 15 5
LS O B G o
Sy 0—% % % + % +—t-P51
4,0 3,0 3,0 31 3.2 33 34 5
O O s O I o
S10—% + + + + + +— P}
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From Lindstom—Gessel-Viennot's lemma
c

det (gi;) = [[w(F)

1<ij<c i

on the last graph. The edge-labels on the last graph are:

O | O 1 :\]
05) 05 (06)
‘1_0 e e
(s,t) _ q"(17q5+f+"+1) 11 11
qn - l_qs+n+1 ;( /5> ((,5) g( /5)
(sh) _ g (1—g") D N 2
en = g : 1 1
25 15 5
_______________________________________________ W oA a
S30—1 1 1 1 1 1 1
3,0 3,0 31 32 33 34 25 15
P AP A
Sr,0—1 1 1 1 1 1 1
4,0 3,0 3,0 3,1 32 33 34 25
N O O L A ol
S10—1% 1 1 1 1 1 1
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From Lindstom—Gessel-Viennot's lemma

C
det (gi;)=1]|w(Pf
1§i,j§c(gl’]) Ig (P¢)
on the last graph. The edge-labels on the last graph are:

T
o—1 o
< 1+—¢
(09 (99
(s,t) _ q"(17q5+f+"+1) 11 11
I = g 15 05 09
(S,t) o qs+t+n(17qn) qO ql 2
€n - 1—gstn : 1 1
T T
:(2,5) (15) (0,5)
: 90 1 92
53“11 ......... 1 ......... 11 ......... 1 4 4
qum er (J‘l\ (42) (”l’ﬂ (34) q(2,5) q(],S)
c a_ ¢ 1 2
% (a—ib) (0,b47)
Sl [Tw®) =TIITa5" TT e
] k=1 i=1k=1 0<j<k<c . 34) q(4,5)
‘11‘ 2 2 2 2 2 2
Sli 1 1 1 1 T 1 1
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Weight of (P2, ..., P?)

C

We saw that MacMahon's generating function has the expression

Y o a7= Y JTe@)/[Twer)
ePP(a,b) (Py,...,P) k=1 k=1
T, <c¢ €NILP(a,b,c)

in terms of non-intersecting lattice paths. On the original graph

1 1 1 1 1 1 5 1 5
I T I I T A4 T A4 T Q
2 3 4 5 6 7
1 q q q q q q
1 1 1 1 1 1 1
T s s T T T s
2 3 4 5 6 7
1 q q q q q q
1 1 1 1 1 1 1
I s T T T T s
2 3 4 5 6 7
1 q q q q q q
S30—1 1 1 1 1 1 1
2 3 4 5 6 7
1 q q q q q q
Sr0—1 1 1 1 1 1 ::
2 3 4 5 6 7
q q q q q q q
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Weight of (P?,...,P?)

C

We saw that MacMahon's generating function has the expression

c c
Y o a7= Y JTe@)/[Twer)
ePP(a,b) (Py,...,P) k=1 k=1

T, <c¢ €NILP(a,b,c)

in terms of non-intersecting lattice paths. On the original graph

0 0,0 1 ,2 3 4 5 6
GO I L I LI L
10 0 0,0 0,1 0,2 0,3 04 0,5
G G N S I, SR
2,0 0 0 0 01 2 3 4
R G I LI L, RS
Szo—1 1 1 1 1 1 1

0 2,0 1,0 ,0 0 1 2 3
G I LI IR I L
Sp0—1 1 1 1 1 1 1

4,0 0 2,0 0 0 0 1 2
S CT I L O SR U L
S10—1 1 1 T 1 1 1
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Weight of (P?,...,P?)

C

We saw that MacMahon's generating function has the expression

c c
Y o a7= Y JTe@)/[Twer)
ePP(a,b) (Py,...,P) k=1 k=1

T, <c¢ €NILP(a,b,c)

in terms of non-intersecting lattice paths. On the original graph

Py T3 T Ty
0 0,0 1 2 3 4 5 6
O T R A O O <
0 0 0,0 01 02 03 04 5
" C R SR SRR R &

Wb
N
H

+
4
K
4

qo Uh 72 €3 €3 €3 3 el
S30—1 1 1 1 1 1 1
0 0 0 0 0 1 2 3
O I SR O R T SR
Soo—+ 1 1 1 1 1 1
40 0 0 0 0 0 1 2
RN I T CR CR S TS
S10—% + 1 1 1 1 1
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Weight of (P2, ..., P?)

C

We saw that MacMahon's generating function has the expression

c c
Y a"= Y Tlw®)/[TwE)
mEPP(a,b) (Py,...,P) k=1 k=1
T, <c¢ €NILP(a,b,c)

in terms of non-intersecting lattice paths. On the original graph

T3 T2 T1
,0 ,0 ,1 ,2 ,3 4 0,5 0,6
AU R A
1,0 ,0 0,0 0,1 0,2 03 04 0,5
O I S S SR
2,0 1,0 ,0 ,0 01 ,2 ,3 4
GO N I U R
Szo—1 1 1 1 1 1 1
3,0 2,0 1,0 ,0 ,0 1 ,2 ,3
JGRIN I I U
Sp0—1 1 1 1 1 1 1
4,0 3,0 2,0 0 ,0 ,0 ,1 ,2
JCCRNT LI LR SR U LR
S10—1 1 1 1 1 1 1
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Weight of (P2, ..., P?)

C

We saw that MacMahon's generating function has the expression

c c
Y a"= Y Tlw®)/[TwE)
mEPP(a,b) (Py,...,P) k=1 k=1

T, <c¢ €NILP(a,b,c)

in terms of non-intersecting lattice paths. On the original graph

0 0 1 2 3 4 05 0,6
o s e s B R
1,0 0 0,0 01 02 03 04 05
B e e
2,0 10 0 0 01 2 3 4
OO R DR AR
53;0)1 20) 1 (10) iE 113@ ;a - 1(””"0) 1 (Ob+)
G 4] 4| EZU(k)fljiqck H‘eck
= i=1k= 0<j<k<c
Sr0—1 1 1 - - - -
40 3,0 2,0 0 0 0 1 2
RO R TR R TR T S

W
o
[
Uiy
Uiy
Uiy
i
Uiy
Uy
Uiy
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Summary and proof

One-to-one correspondence with non-intersecting lattice paths:

Y, 1= ¥ Hw Pe)/ H
ePP(a,b) (Py,...,0)
T <cC ENILP(ab c)
Lindstrom—Gessel-Viennot's lemma:

C

[Tw(P) = det (gij);

(P,P) k=1 I<ij=sc
eNILP(a,b,c)
Corner deletion (with LGV'’s lemma):
< L5 (a—ib) (0,6+)
det () = TTw() =TTITa%* T &%,
/ k=1 i=1k=1 0<j<k<c

A And:
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(st) (st)

where g, e, are the edge-labels on the original and last graphs given by

(sh) _ q"(l _ qs+t+n+1) (sh) qs+t+n(1 _ 6]")
no— 1— qs+n+1 ’ en = 1— qs+n
Therefore
4 ¢ q(a;i,b>
_ c—
Z qw B HH (a—i,0)
nePP(a,b) i=1k=14q._;
ﬂi,jSC
a_ ¢ q_ qa+b+c7i7k+1
ol e 1— qa+c7i7k+1
a ¢ q_ qi+b+k—l
ool al 1— qi+k71
_ ﬁﬁ ﬁ 1 qz:+]:+k—1
i=1j=1k=1 1 ql+]+k72

That completes “yet another proof” of MacMahon's formula.
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Example 2: A boxed version of hook-length formula
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Hook-length formula

Gansner's formula:

1

TERPP(A) (i,j)eA (ij)er = Uk o)en, i) ek
reducing by y, = q into:

Theorem (Hook-length formula for reverse plane partitions)

For reverse plane partitions of shape A,
1

Il — -
Z q I_‘[ 1— qh)t(i/j)

TERPP(A) (i,j)er

where 11 (i, j) denotes the hook-length of the hook H) (7, ]).

(1,2) | Hy(1,2) with 1y (1,2) =7
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Refine the hook-length formula
L= 1T
TERPP(A) (i,j)er = —

for a boxed reverse plane partitions like

>, g7
TERPP(A)
7T,'/7‘§C
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Non-intersecting lattice paths

Let A be a Young diagram of a rows and b columns.

A one-to-one correspondence between:
m Reverse plane partitions 77 € RPP(A) with i < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy = (a+c—k,0) to Ty = (0,b 4 c — k) where the upper-left corner of the lattice is
trimmed in the form of A (rotated 180°).

ofof1]2]4] 43
0l1 3 JEN alal2l2] 11
202144 3l2]1]0
34 [4]2]1]0]0

(rotated 180°)
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Non-intersecting lattice paths

Let A be a Young diagram of a rows and b columns.

A one-to-one correspondence between:
m Reverse plane partitions 77 € RPP(A) with i < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy = (a+c—k,0) to Ty = (0,b 4 c — k) where the upper-left corner of the lattice is
trimmed in the form of A (rotated 180°).

ofof1]2]4] (43 I
01 JEN alaf2]2] aa |
20214 3|2 [1]0] [
3 )4 aff 2100 [

(rotated 180°)
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Non-intersecting lattice paths

Let A be a Young diagram of a rows and b columns.

A one-to-one correspondence between:
m Reverse plane partitions 77 € RPP(A) with i < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy = (a+c—k,0) to Ty = (0,b 4 c — k) where the upper-left corner of the lattice is
trimmed in the form of A (rotated 180°).

ofof1]2]4] (43
01 JEN afaff2]2] m
202 |4 3|21 0]
3|4 aff2T1 0o

(rotated 180°)
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Non-intersecting lattice paths

Let A be a Young diagram of a rows and b columns.

A one-to-one correspondence between:
m Reverse plane partitions 77 € RPP(A) with i < ¢

m Non-intersecting configurations (Py, ..., P.) of ¢ lattice paths such that P goes from
Sy = (a+c—k,0) to Ty = (0,b 4 c — k) where the upper-left corner of the lattice is
trimmed in the form of A (rotated 180°).

Iy s T, T

ofof1]2]4] [4]3
01 11 4lalf2]2] 11 .
T
2024 302 1J0_ L
3|4 42114010
7 54\
(rotated 180°)
S3 £y
Sz £
Sy
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Weight for lattice paths

Let us realize the generating function Z q‘”‘ in terms of non-intersecting lattice

TERPP(A)
Tt j <c
paths.
1 1 1 1 1
i ¢ ¢ 4 7
1 1 1 1 1 1 1
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1
2 3 4 5 6 7
q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
2 3 4 5 6 7 8
q q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
2 3 4 5 6 7 8
q q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
2 3 a4 5 6 7 8
q q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
2 3 a4 5 6 7 8
q q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
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Weight for lattice paths

Let us realize the generating function Z q‘”‘ in terms of non-intersecting lattice

TERPP(A)
Tt j <c
paths.
1 1 1 1 1
i ¢ ¢ 4 7
1 1 1 1 1 1 1
T ¢ ¢ ¢ ¢ ¢ 79
1 1 1 + s 1 1
2 B3 4 5 6 7
q q q q q q q
1 1 1 El 1 1 1 1
I I I T P I I I I
2 B3 8 5 6 7 8
q q q q q q q q
1 1 El 1 1 1 1 1
I I T I I I I I
P 3 4 5 6 7 8
q q q q q q q q
+ s 1 1 1 1 1 1
2 3 a4 5 6 7 8
q q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
2 3 a4 5 6 7 8
q q q q q q q q
1 1 1 1 1 1 1 1
I I I I I I I I
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Weight for lattice paths

Let us realize the generating function Z q‘”‘ in terms of non-intersecting lattice

TERPP(A)
ﬂx,jSC
paths.
1 1 1 1 1
q qz q3 q4 qS
1 1 1 1 1 1 1
T T T T T I I
2 a4 b 6 7
i ¢ ¢ 9 ¢ & 4
1 1 1 <l 4 1 1
T T T T T I T
2 B3 4 5 6 7
7 q q q q q q
1 1 1 El 1 1 1 1
T T T I P I I I I
2 B3 8 5 6 7 8
79 q q q q q q q
1 1 + 1 1 1 1 1
q qz q3 q4 ﬂ5 q6 ﬂ7 qS
+ + 1 1 1 Iw(P) gorea(P) PH
2 3 a4 8
7 q q q T q q q
1 1 1 1 1 1 1 1
2 3 a4 5 6 7 8
7 q q q q q q q
1 1 1 1 1 1 1 1
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Let (Pl@, ..., P?) denote the non-intersecting configuration of lattice paths that
corresponds to the empty reverse plane partition.

I, s o, Ty
olofo 0| [
ololo 1:1 1:1 Py
0/o]o P?

00 r?

(rotated 180°) 54y T

rotate ° P¢
S3¢ 1
Sa
51

If T <£> (Py,...,P:) in the one-to-one correspondence then q‘"' Hk 1 (P%) . Hence
IS DY Hka /Hka
7TERPP(A) (Pr,..,P:) k

T <c eNILP(A,c)

where NILP(A, ¢) denotes the set of non-intersecting configurations (P, ..., P.) of lattice
paths on the A-trimmed lattice such that P, goes from S; to Tj.
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Determinant of LGV type

From Lindstrom—Gessel-Viennot's lemma:

C

Y JIw(P) = det (i) with 8ij = Y w(P).

(PrP.) k=1 1sijse P:SiT;
€NILP(A,c)
Ty Tz T Th
T —+o 1 6 1 o1
2
¢ ¢ 4 7
1t
D 3 4 b 6 7
T 9 4 1
+—++1 3 +—3 13 1y
7 Py B ) 5 b 7
/A G S AR’
S T T T R . .
o) g 4Pz 5 6 4 3
T F 97T 1T 9
Sy + 1 + 1 1 + + 1
D 4 7
I S A Y N A (Y
Sy o b
2 3 i 5 6 7 8
S A I el A
Sy + + + + 1 1 + Pl
2 4 7
S A R A R
Sjop—t—g—t g1 ¢ Lo 1 o 14 14

Try the corner deletion to evaluate the determinant of LGV type!
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Corner deletion (rep.)

Corner deletion

Reduce the lattice graph by:
Delete an (upper left) corner;
Modify the edge-labels as:

corner deleted
it X
/
qo el o
1 1 1 1
T e e 0
1 1 = 1 1
/1) e e A
1 1 1 1
T T T T
7/ ey e 4
1 1
where the edge-labels g, e, and ¢, ¢, satisfy
/ / ! ! H /
Gn +ent1 = qn + €y, Int1€n+1 = Gn€yi1 forn >0 with g = 0.
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Theorem

The corner deletion unchanges the value of

gij= ). w(P)

P:S—T,

if neither S; nor Tj is the deleted corner.
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T3 T 1
t—to1+ototo
2 3 4 5
1 q q q q
1 3 1 3 1 1 1
2 3 4 5 6 7
9 9o 9 9 49 q
1 3 1 —3 1 1
2 3 4 5 6 7
R A G R
1 1 1 1 1 1 1 1
T T T T s T T T
2 3 4 5 6 7 8
¢ ¢ 9 ¢ 9 49 q
Sy0—t 1 1 1 +—r1 1 1
2 3 4 5 6 7 3
T qa o a9 9 9 49 q
Sy0—1 1 1 1 +—1 +—1
2 3 4 5 6 7 8
¢ ¢ 9 9 9 49 q
Sp0—t 1 1 1 1 1 1 1
2 3 4 5 6 7 3
T aqa ¢ a9 9 49 49 4q
S P. 1 1 1 1 1 1 1 1
1€ T T T T T T T T
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

corner T, T3 T 1

1 1 O 1 O 1 O 1 o

T 1T T —1—€ T D

2 3 4 5

corner e T T 4
1 1 1 1 1 1 1
T T T s T T T

2 3 4 5 6 7

9 9o 9 9 49 q
1 1 1 1 1 1 1
T s T s T I T

2 3 4 5 6 7

corner 9 ¢ 9 9 9 q
11111

2 3 4 5 6 7 8

¢ ¢ 9 ¢ 9 49 q
S;0+—+t+1+—t++—1++—1++1—11

2 3 4 5 6 7 8

g ¢ 9 ¢ 9 49 q
S30t+—+t+1+—t++—t++—++1+—11

2 3 4 5 6 7 8

¢ ¢ 9 9 9 49 q
S0+—+t++t++—1++—1++1—11

2 3 4 5 6 7 8

9 ¢ 9 ¢ 9 49 q
S P. 1 1 1 1 1 1 1 1
1€ T T T T T T T T
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

T, T3 T 1

101061010

2 3 4 5

corner e T T 4
R S L lLR

2 3 4 5 6 7

9 9o 9 9 49 q
R R ANl

2 3 4 5 6 7

9 ¢ 9 9 9 q
11111

2 3 4 5 6 7 8

¢ ¢ 9 ¢ 9 49 q
S;0+—+t+1+—t++—1++—1++1—11

2 3 4 5 6 7 8

g ¢ 9 ¢ 9 49 q
S30t+—+t+1+—t++—t++—++1+—11

2 3 4 5 6 7 8

¢ ¢ 9 9 9 49 q
S0+—+t++t++—1++—1++1—11

2 3 4 5 6 7 8

9 ¢ 9 ¢ 9 49 q
S P. 1 1 1 1 1 1 1 1
1€ T T T T T T T T
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T3 T 1
1010610610
2 3 4 5
deleted / T q q q
X t 1 1 1 1 1
S B S T
1 T 1 T 1 1 1
3 4 5 6 7
q q q q q
T 1 1 1 t 1 1 1
2 5 6 7 8
I 1 T T 9 1
S40—1 1 T 1 T 1 1 1
2 3 6 7 8
1 q q q q q
S30—% 1 t 1 t 1 T 1
2 3 4 7 8
¢ 9T 1 a 1
Sr0—1 1 1 1 1 1 1 1
2 3 4 5 8
1 q q q q q
S o—1 1 1 1 1 1 1 1
1€ T T T T T T T T
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

corner L, Tz T, 1
1 10101010
T 0190190190
2 3 4 5
1 q q q q
1 1 1 1 1 1
T T T T T T
2 3 4 5 6 7
Pooq q q q q q
1 1 1 1 1 1 1
T T T T T T T
3 4 5 6 7
q q q q q
1 1 1 1 1 1 1 1
T T T T T T T T
2 5 6 7 3
Iq A R
S40—% 1 1 1 1 1 1 1
2 3 6 7 8
1 q q q q q
Sz30—1 1 t 1 t 1 1 1
2 3 4 7 3
T q T 1
S20—1 1 1 1 1 1 1 1
2 3 4 5 8
1 q q q q q
S o—1 1 1 1 1 1 1 1
1€ T T T T T T T T
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

deleted Ty T3 T 1
x 10101010
2 3 4 5
I A
1 1 1 1 1 1
T T s T T T
P T ¢ q
1 1 1 1 1 1 1
T s T s T I T
3 6 7
q P 4
1 1 1 1 1 1 1 1
T T T T s T T T
7 T P
S40+—tt++t+—++ 11
A S P
[P S T T T T s A
A S T
S50+t +++++ 111
2 3 4 5 8
A SR O q
Sjot+13 L3 14 1414 1414
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

T, T3 T 1
1 O 1 O 1 O 1 o
P T I S T d
2 3 4 5
T T 9 q
Corne: 1 1 1 1 1
T T s T T T
2 E 5 6 7
Pooq T a1
1 1 1 1 1 1 1
T s T s T I T
T P q
1 1 1 1 1 1 1 1
T T T T s T T T
2 5 8
1 q q q
S;ot+—++—1++++—F+++—+—1+1
2 3 6
1 q q q
S30t+—++—+—++—F++—+1
2 3 4 7
9 4 q q
S0t+—++—1+++—F++F+——1+—1
2 3 4 5 3
T ¢ q q q
L e
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T3 T 1
| P,y | r.Y | P,y | r.Y
@101 0—71T90
o) 3 4 5
q q q q
del)e(ted . B . B )
T T T T T
5 6 7
q q q
1 | 1 | | | |
T T T T I T I
?? qé q7
| 1 1 1 1 1 1 1
T T T T T T T T
2 8
1 q n q
Si0—1 1 1 1 1 1 1 1
o 53
] q q ird
S30—t 1 1 1 1 1 t 1
2 3 4
a7 9 7
Sr0—1 1 1 1 1 1 1 1
2 3 4 5
/ q q q q °
S1o—1 1 1 1 t 1 t 1
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T3 T 1
:\ 1 .3 1 o 1 0o
. . 3 4 5
: q q q
: 11
: 6 7
: T q
: vacant 1 1 1
: 7
: q
5 11
S40—% 1 1 1 1 1 1 1
S30—1 ) 1 1 1 1 1 1
1
Sp0—t 1 1 1 1 1 1 1
2
1 q
S10—1 1 +—1 +—1 +—1
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T31T21T1

................................... 1

1Y 1Y 1

B MH b

9 94 1

11111

b T

Q4 4

vacant +—+—1++41

7

q

1111

Spo—r——+4—4 4+ IPF |1 |1

S3 o4—F+—F+—3+—3+—3+—1P{ 1+
]

Sse—4—3—g—3 3+ P
o

Sjo4—g——g——g—t 333 3P
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(g,',j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T3 T 1
=\ 1 oY 1 v 1 o
. 3 4 5
q q q
1 1 1
6 7
roq q
vacant 1 1 1
517
1 1 1
4 T 4
S40—% 1 1 1 1 1 1 1
S30—1 ) 1 1 1 1 1 1
] ?
Sr0—% 1 1 1 1 1 1 1
2
1 q
S10—1 1 1 1 3 1 } 1
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Idea of corner deletion

Perform corner deletion succesively until the (upper left) a x b rectangle is vacant.

det(gi,j) of LGV type on the last graph is (entrywise) equal to that on the original
graph.

Evaluation of det(g; ;) is EASY on the last graph because the non-intersecting

configuration (P}, ..., P¥) on the last graph is unique!

Ty T3 T 1
................................... O | O 3 O | o
. - C T D—1—C 1 D

. 3 4 5

q q q
1 1 1
T T T
? q6 q7
vacant 1 1 1
7
q
1 1 1
T T T
P T P
54"1L1L1L1L1 1 s 1

S However NO closed expression for “?" =

*1 Fails to find a nice formula for Z q‘”‘

mERPP(A)
52 rr,,jgc
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Nice formulas from the discrete 2D Toda lattice
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Corner deletion (rep.)

Corner deletion
Reduce the lattice graph by:

Delete an (upper left) corner;
Modify the edge-labels as:

corner deleted
i X
90 en 0
it i it it
iz
7 e i T
1 1 = 1 1
T &
it it it it
q3 e € T
it It
where the edge-labels satisfy
_ 4 / _
qn +ent1 = qy + €y, In+1€n+1 = Gnlnt1

forn >0 with e = 0.
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Corner deletion (rep.)

Corner deletion
Reduce the lattice graph by:

Delete an (upper left) corner;

Modify the edge-labels as:

corner at (s, t)

deleted
1 X
b (3£) s,1+1
" o g
1 1 1 1
W (s,t (s41,t) 141
ai? & e gt
1 1 = 1 :
qg ,t) C< 1) 6(254 1,t) (st+1)
1 1 1 1
W (4,£) (s41,t) 441
e gl
1 T
where the edge-labels satisfy
(s,t) (st) _ (st+1) (s+1,t) (st) (st) _ (st+1) (s+1t)
Gn"" te 1 =qn ten T, Tpi1Cnt1 = n "Gy
forn >0 with el ™) = 0.
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The discrete 2D Toda lattice

The discrete two-dimensional (2D) Toda lattice

qus,t) + q(qs_ﬁ _ qSIS,H»l) + e&s#»l,t)/ qfls-ﬂefls-ﬂ _ qg’s,tJrl)eEls-:»ll,t)l

steZ, n=012,..., =0

A discrete analogue of

m (continuous) Toda lattice

d2xy

an exp(Xn—1 — Xn) — exp(xn — Xn41);
m (continuous) 2D Toda lattice

82x":ex (xy_1 — xn) —exp(xy — Xpi1)

950t PXn—1 = Xn PXn — Xnt1)-

R. Hirota, S. Tsujimoto, T. Imai, Difference scheme of soliton equations, Surikaisekikenkytisho
Kokyiroku, 822, pp. 144-152, 1993.
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Determinant solution

(Hirota) bilinear form of the discrete 2D Toda lattice

(s,t) _(s+1,t+1) (s,t) _(s+1t4+1)
n+1 ‘n—1 ~Tn " Tn

stez, n=012.., ™" =1

+ Ty<15+1’t)Ty(ls’t+1) —0,

by the transformation

(5,6) _(s+1,8) (5,6) _(s,t+1)

(s,t) _ Tn Tn+1 e(s,t) _ Tn+1 Tnfl (*)
n G _(5+L0)” n GG
T T T
na1 n n n

The general solution qﬁf't) £ 0, eff'” # 0 is given by (*) and

(s/t> p—
T = det P b7
" O<i,]'<n(fs B ])

with arbitrary fi/]-, i,j € Z, such that the determinant does not vanish.
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
T 1 T I

1 1 1 1 1 1

T T T T T T

1 1 1 1 1 1

I T I T I T

1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

2 1 2 1
T T T T

1 1 1 1 1 1

T T T T T T

1 1 1 1 1 1

T T T T T T

1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
T T T T

11) 1 1 1 1 1 1
’ T T T T T T
1 1 1 1 1 1

T T T T T T

1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
T T T T

11) 1 1 1 1 1 1
’ T T T T T T
1 1 1 1 1 1

T T T T T T

1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
1 1 1 1 1 1 1
T T T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
(L1)e—1 1 1 1 1 1
(11)
9o
1 1 1 1 1 1
T I I I I I
(11)
Uh
| 1 1 1 1 1 1
T T T T T T T
(11)
92
| | | 1 | | |
T T T T T T T
(11)
q3
| 1 1 1 1 1 1
T T T T T T T
(11)
P
| | | | 1 1 1
I T T T I I I
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
I I I I
1 1 1 1 1 1
T T T T T T
1)
90
1 1 1 1 1 1
I I I I I I
(11)
U
1 1 1 1 1 1 1
T T T T T T T
(1,1)
92
(4,0) 0—1 1 1 1 1 1 1
(11)
q3
1 1 1 1 1 1 1
T T T T T T T
1)
o
1 1 1 1 1 1 1
T T T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
I I I I
1 1 1 1 1 1
T T T T T T
1)
90
1 1 1 1 1 1
I I I I I I
(11)
U
1 1 1 1 1 1 1
(1,1)
92
(4,0) 0—% 1 1 1 1 1 1
(11)
q3
1 1 1 1 1 1 1
1)
o
1 1 1 1 1 1 1
T I T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

1 1 1 1
1 1 1 1 1 1

T T T T T T

1)
90
1 1 1 1 1 1
(11)
U
1 1 1 1 1 1 1
T T T T T T T
(1,1)
92
(4,0) 0—% 1 1 1 1 1 1
(40) 11
qo q3

1 1 1 1 1 1 1

T T T T T T T

(4,0) (1.1)
U qy
1 1 1 1 1 1 1
T I T T T T T
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

,3
AP
1 3
3" o’
1 1 1 1 1 1
2,1 1 ,3
9o ) ‘75 ) qé :
3,0 21 11 3
N O e AP
4,0 3,0 21 .l 3
A | s
5,0 4,0 3,0 21 1
A | g
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

(0.3)
(1/1) qo
1 3
o gy
1 T 1 T 1 T
2,1 .l 3
9o : ‘75 ) ’1; )
0 21 11 3
ER I T e
4,0 3,0 2,1 1 3
| P
5,0 4,0 3,0 21 1
P |
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

(0.3)
(1/1) qo
1 3
o gy
1 1 1 T 1 T
2,1 .l 3
9o : ‘75 ) ’1; )
0 21 11 3
A e
1 1 1 1 1 1 1
4,0 3,0 2,1 1 3
W | P
5,0 4,0 3,0 21 1
P |
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

(0.3)
(1/1) qO
1 L1 3
Ay |
1 1 1 T 1 T
2,1 1 11 3
MR NS
0 21 11 il 3
| e |
1 1 1 1 1 1 1
4,0 3,0 2,1 1 11 3
a5 al” g gl el gy
5,0 4,0 3,0 21 1 il
T S R SRR
1 1 1 1 1 1 1
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

05)
,3
9"
1 /1 )3
g el i
1 T 1 T 1 T
2,1 1 (11 ,3
ar” il ) 95"
3,0 2,1 11 1,1 ,3
9" it gt el 95"
4,0 3,0 2,1 l 11 ,3
a4l g et gl gy
5,0 4,0 3,0 2,1 .1 1
" o e R
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

(05)
1 —o—+t 1
,3
9"
1 /1 )3
g el i
1 T 1 T 1 T
2,1 1 (11 ,3
ar” il ) 95"
3,0 2,1 11 1,1 ,3
9" it gt el 95"
4,0 3,0 2,1 l 11 ,3
a4l g et gl gy
5,0 4,0 3,0 2,1 .1 1
" o e R
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f'”, eﬁls’t) as:

(05)
1 —o—+t 1
3 a5
9 o
,1 ,1 ,3 ,5
g el i &
1 T 1 T 1 T
2,1 1 (11 ,3
ar” il ) 95"
3,0 2,1 11 1,1 ,3
9" it gt el 95"
4,0 3,0 2,1 l 11 ,3
a4l g et gl gy
5,0 4,0 3,0 2,1 .1 1
" o e R
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Edge-labels

Let q,(f't) #£0, e,(f’” = 0 be a solution to the discrete 2D Toda lattice.

Assign the edge-labels with q,(f’t), eﬁls’t) as:

3 0,3 4 0,5 6
TR RUCT Y O o
,1 ,1 2 ,3 3 4 L5
A G ) S G U

1 T 1 T 1 T
2,1 1 (1,1) 12 3 3 Q4
R S P S
0 3,0 2,1 11 1 2 3 3
R A G G S G
4,0 3,0 3,0 2,1 1 11 12 3
R G G G G G
5,0 4,0 0 3,0 2,1 1 1 2
A S S S o
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Non-intersecting lattice paths

How to evaluate the determinant of LGV type

C
Y TTwP)= det (i) with g;= Y w(P).
(Pr,...P.) k=1 Shl=e P:Si—T;
ENILP(A,c)
T3 Tz T1
3 3 4 (45 ,6
a” el el e
11 (1,1 (42 ,3 ,3 4) 5
ORI R R S
1 1 11 ¢ ¥ 3 K] 4
7 RS S RS A ¢
3,0 ,0 2,1 1 11 1,2 ,3 3
R ST G SR i
S3 + 1 + 1 1 + +
4,0 0 30 2,1 11 1) (1,2 3
ORI RECSRI RN A RS
Sy0—% + 1 1 + 1 1
5,0 4,0 3,0 3,0 L1 A 1 2
IR IR S
S1 + + + + 1 1 1
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Nice formula for non-intersecting lattice paths

Let qﬁ,s’t) #0, eﬁ,s’t) # 0 be a solution to the discrete 2D Toda lattice. Assign the
(sit) (sit)

edge-labels on the A-trimmed lattice with g, e;,”’ as above. Then

c
a—i,b) (0,b+7)
Z Hw(Pk) 1<det< 8ij) anc H €k -
(Py,...P) k=1 =1k=1 0<j<k<c
€NILP(A,c)
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Proof: By succesive corner deletion to the original graph we obtain:

s T, T
1 +—o—1—o—1—o
(0,3) 3)  (04) 5)  (06)
qo € € € €
1 1 1 1 1 1
(11 (1) 12)  _(03) (03) (Q4) (05)
qo €] € 71 ) ) )
l l 1 1 1 1

(5,0) (4,0) (300  (30) (2,1) (1,1) ’(1,1) ’(],2‘)

On the last graph, from LGV's lemma,
a—i,b) (0,b+7)
1<d.e.t< 8ij) = Hw (P) HHqc [1 €k
shjse i=1k=1 0<j<k<c

where (Pf,...,PY) is the unique non-intersecting configuration on the last graph.
Since corner deletion unchages g; ; = Lp:s-T, w(P) then this determinant is equal to
det(g; ;) on the original graph.
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Proof: By succesive corner deletion to the original graph we obtain:

s T, T
TP PPy .6—1-—o0-1-o
: (0,5 5) 6)
: ‘T,(() ) € : €
: : 1 1
: 1 5 5
: B ot o
: vacant : 1 1
: (2 15 5
: g il el
: 1 1
: 35 (25 5
S o o o
S30—% 1 1 1 1 1 1
40) (400 (41 (42 (43 (44 (3 25
‘1(() ) t’g : t’g : € : € : € ‘75 ) q; )
Spo—+% 1 1 1 1 1 1
50) (400 (40) (41) (42) (43) (44 35
s
S10—1 1 1 1 1 1 1

On the last graph, from LGV's lemma,

* a—i,b) (0,b+7)
et (s) = TTotrp) = [TITa% TT %
Ljse =1k=1 0<j<k<c
where (Pf,...,PY) is the unique non-intersecting configuration on the last graph.
Since corner deletion unchages ij

= Lps-T, w(P) then this determinant is equal to
det(g; ;) on the original graph.
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Proof: By succesive corner deletion to the original graph we obtain:
n T, T
1

vacant +——1—

wn
-
H
N
N
H
H
H
N
=%

On the last graph, from LGV's lemma,

< % a—i, ,b+j
det (g;;) = [ [w(Py) I ) St
k=1

1<ij<c i=1k=1 0<j<k<c

where (Pf,...,PY) is the unique non-intersecting configuration on the last graph.
Since corner deletion unchages g; ; = Lp:s-T, w(P) then this determinant is equal to
det(g; ;) on the original graph.
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Proof: By succesive corner deletion to the original graph we obtain:

vacant +——31—
25) (15 _(05)
Bo| " q| " 49
1 1
(35 _(25) (15
....................................... o il %
S3o—1 1 1 1 1 1 1
40 (40 41 (42 (43) 44 (35) (5
9o € € € € € T 2
Spo—+% 1 1 1 1 1 1

101 1 1 +——1 11
On the last graph, from LGV's lemma,
< L5 (a—ib) (0,b+1)
(et (gi) = [Tw(P) = a7 TT ek
shjse k=1 i=1k=1 0<j<k<c

where (Pf,...,PY) is the unique non-intersecting configuration on the last graph.
Since corner deletion unchages g; ; = Lp:s-T, w(P) then this determinant is equal to
det(g; ;) on the original graph.
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Nice formula for reverse plane partitions

For a reverse plane partition 7 € RPP(A) with 7;; <,

w(rm) = ﬁ w(P)

i1 w(PP)
1:1 %) o\ 1 o

where (Py,...,P;) <= mand (P’,...,PP) =1
the one-to-one correspondence. (Normalized so that w(7%) = 1.)

, the empty reverse plane partition, in

Theorem

Let
A= (Al > .- > A;): Young diagram of a rows and b columns;
[ q,, ;é 0, e 7& 0: solution to the discrete 2D Toda lattice;

m w(7): defined as above.
Then
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Proof: On (P?,...,P?),

k=1 i=1k=1 0<j<k<c
T3 T Ty
1 190190
3 3 4) 5) ,6)
q((] ) o023 eg ) eg ) eg )
1 1 1 1 1 1
11 11 1.2 3 3) 4) 5)
R G T R H =y
1 1 1 1 1 1
2 (1,1) 1,1) 1,2) 3 3 Q4
‘1(() ) 71 ¢ Gé qé ) €3 ) €3 )
1 | 1 1 1 1 1
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Proof: On (P?,...,P?),

C a C .
(Totef) =TT 1 437,

S36—1 1 1| P 1 1 1

4,0 0 3,0 11 11 1,2 3
o R T e
52 + 1 £l 1 1 1 1
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Proof: On (P?,...,P?),

C a C . .
[Twr?) =TITTa5" ™ T «%7.

k=1 i=1k=1 0<j<k<c
n T, T
03 99 4 08 4o
11 11 12 ,3 3 4 Q0,5
W e
21 11 11 12 13 Q3 (04
N e
3,0 3,0 21 11 (1) (1,2 3 3
g el” ot gt ) el gl Y
SOy SERIEE L S T T S B
4,0 3,0 3,0 21 11 11 12 3
IR I 5 R R G
e e B
5,0 4,0 3,0 3,0) 2,1 11 (1,1 (1,2
AR G O A
S1= 1 3 3 1 3 1 1
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One-to-one correspondence with non-intersecting lattice paths:

Y wn)= ) Hw P) /Hw PP);
TERPP(A) (PP k=1
T <cC €NILP(A,c)

Nice formula for non-intersecting lattice paths:

Y ITw® HH%” PO B

(Py,...,P) k=1 =1k=1 0<j<k<c
ENILP(A,c)
And:
a c
w (a—ib—A;) (0,b+))
H‘ Pk Je—k H € -
k=1 i=1k=1 0<j<k<c
Therefore
4 ¢ q(a;i,b>
— c—
Z w(n) — H (a—ib—A;)
meRPP(A) i=1k=1q,_
7T,'/7‘§C
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Each solution qn 7é 0, e 7é 0 to the discrete 2D Toda molecule gives
a nice (product) formula for RPP(A,¢).

Example: MacMahon's formula
b
Y a"=TII1
TERPP((b%),c) i=1j=1k=
is derived from the solution

(sb) q"(l _ qs+t+n+l) () qs+t+n(1 _ 6]”)
In " = 1— qs+n+1 ’ en " = 1— qs+n
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A boxed version of Gansner's formula

Theorem (Gansner)

Y IIvo=T11 :

TERPP(A) (i,j)€EA (i,j)er 1 =TIk 0 e (i) Ye—k

where H) (7,j) denotes the hook of cell (i,]) € A.

E. R. Gansner, The Hillman—Grassl correspondence and the enumeration of reverse plane
partitions, J. Combin. Theory Ser. A 30 (1981), 71-89.

Find a boxed version of Gasner's formula.

As is the case for the hook-length formula

simply adding “77;; < ¢”

does NOT result in a nice formula.

S. Kamioka (Kyoto University) Nice formulas for plane partitions AECO 2018



m Notation: For &, 8 € Z,

ZaZy 1" 2B if B—a>0;
1 if p—a=—-1;
(Zﬁ+1 .- 'Za—22a71)71 if /3 —a< -1

B . Hk<5 Zk
Zlg =
[ ]lx ITr<a ZZ

(or RIS, = [ for . 8,7 € Z).
m Solution to the discrete 2D Toda lattice

st _
g’ = W= >, el = X[t el (- [l
including the parameters x, 1y and v, for £ > 1;
m A= (Aq,...,A;): Young diagram of a rows and b columns,
b=A1>---2>2A;>0;
m A = (A},...,A}): Young diagram conjugate with A;
m Parameters

\a Al A, b—l—A,
X = []/]bﬁ/{' e = WLZHMLEH’ = Wl j\l' .

where A; = b and /\; =a fori <0.

S. Kamioka (Kyoto University) Nice formulas for plane partitions AECO 2018

51/




Theorem (A boxed version of Gansner's formula)

T 1= [y] 7c+j_c+f
Y om Il vili= 11 —— 77—
neRPP(/\) (i,j)er (jen 11— [y]_)\r,ﬂ-
7'[,]<C J
R T
w(m) = e 1ol “Mejper ekl
(ij)erk=1 1— [y]_/\/—c+j+k_c+j+k

where Al = Aj(=a) fori <O0.

This formula reduces into Gansner's formula as ¢ — oo.
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Set yy = q for £ € Z to obtain:

Corollary (A boxed version of the hook-kength formula)

1— th(i,f*@
1— qh,\(i/f) !

Y ga(m =TT
TERPP(A) (ij)er
7T <C

Tt j 1_ q)‘ic+,‘+k71+0*i*k+1

w(rm) == .
(ij)erkat 1_ q)l/,HHkJFC*l*kJrl

where Al = Aj(=a) for i <0, and

(i,7) ha(i, j) for j > 1

This formula reduces into the hook-length formula as ¢ — oo.
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Set yy = q for £ € Z to obtain:

Corollary (A boxed version of the hook-kength formula)

1— th(i,f*@
1— qh,\(i/f) !

Y ga(m =TT
TERPP(A) (ij)er
7T <C

Tt j 1_ q)‘ic+,‘+k71+0*i*k+1

w(rm) == .
(ij)erkat 1_ q)l/,HHkJFC*l*kJrl

where Al = Aj(=a) for i <0, and

i ha(i, j) for j <0

This formula reduces into the hook-length formula as ¢ — oo.
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