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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

A=/t > 1 h(lu),

De&(N/u) ueA\D

where E(A\/p) is the set of excited diagrams of A/ .

Excited diagrams:

e u) = {D C \: obtained from p via Bﬂ - EH}

— Hook lengths inside A:

1 1 1 1 1
(4321/21) _ _
f *7!<14-33+13-33-5+13-33-5+12-33-52+12-32-52-7)*61
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Hook-Length formula for skew shapes

3 5

2 — [T] _ q9 q
sa/u(l,9,97,..) = E q = ” 53 T2 % - — ~
TESSYT(4321/21) l-a'1-q) (1-9P1—-q*p301-q%)

Theorem (Morales-Pak-P)
For skew SSYTs, we have that

N —i
s)\/p(l’qvq27"'): Z qlTl = Z H |:]_i;h(1,]):| '

TESSYT(N/ 1) De&(X/p) (i )ENND

Theorem (Morales-Pak-P)

For (reverse) plane partitions of skew shape \/u we have that

SRLESD ol 1§ P

TERPP(M\/ 1) SEPD(N/p) ueS
where PD(\/p) :={S C [A]: S C [A\]\ D, for some D € E(\/p)} is the set of
“pleasant diagrams”.
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Product formulas
¢! d (& ¢! d
b b @

c c c

@ (ii) (i)
®(n) ;=112 (n— 1), W(n) :=111- 311 (2n — 3)I1,
W(nm k)= (k+1)1- (k+3)---(k+2n=3)I1, A(n) :=(n—2)(n—4)!---
Theorem (MPP)

For nonnegative integers a, b, c,d, e, let n be the size of the corresponding skew
shape, then for the shapes in (i), (i), (iii) we have the following product formulas for
the number of skew SYTs:

£sh(i) _ i d(a)d(b)d(c)d(d)P(e)P(a+ b+ c)P(c+d+e)d(a+b+c+e+d)
T d(at+b)d(e+d)P(atct+d)d(b+cte)d(atbt2ctetd)

poniy _ ) PQ)(B)O(C)D(a+ b+ c) W(e)W(a+ b+ <)
T d(a+ b)d(b+c)P(a+c) V(a+c)W(b+c)W(a+ b+2c)’
£ShCi) _ nl ®(a)P(b)P(c)P(a+ b+ c)V(c;d + e)W(a+ b+ c;d + e) A(2a + 2¢c)A(2b + 2¢)
T d(a+ b)d(b+ c)P(a+ c)W(a+ c)W(b+ c)W(a+ b+ 2¢;d + e)A(2a + 2¢c + d)A(2b + 2¢ + e)
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Multivariate identities |
Set Z>\i+d,,‘+1()\) = x; and ij+n—d—j+1(’\) =Y

Theorem (lkeda-Naruse)

[T G =) = sx 1 2(0)

De&(A/n) (i))eD

Lozenge tilings 101



Skew HLF Product formulas 1,2 Asymptotics of skew SYTs Tilings with multivariate weights

Multivariate identities |
Set Z>\i+d,[+1()\) = x; and ZAJ'.+n—d—j+1(’\) =Y

Theorem (lkeda-Naruse)

IT =) = s2(x12(3)

De&(N/p) (ij)eD

Proposition (MPP)
Let A/ C d x (n—d) with Ay > p1 +d — 1. Then:

Z H (x,-—yj)=sfld)(xl,...,xd\yl,...,ykd).

De&(A/u) (i.j)eD

In particular, the LHS is symmetric in (x1,...,Xq).

Lozenge tilings 101
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Multivariate identities |
Set 2y 4a-i+1(A) = xi and 2y g1 (A) = ¥

Theorem (lkeda-Naruse)

ST G-y = sPx12(0)

De&(N/p) (ij)eD

Proposition (MPP)
Let A/ C d x (n—d) with Ay > p1 +d — 1. Then:

Z H (x,-—yj):sl(‘d)(xl,...,xd\yl,...,ykd).

DEE(N/p) (i./)€D
In particular, the LHS is symmetric in (x1,...,Xq).

Theorem (MPP)

1 1
F=(y1seve)NILP (ijyer X — Y 0=(01,...0).NiLP (ijyeo i ~ Vi
Ap(atpL) =5 (pb+-c) 0p:(p,1) > (a-+p,b+c)
b c 0
a 1 ] ]
" :I_“:'—'_ 0,

1]

n—d d

3
|
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Multivariate identities Il

[y
[y

01
0.

a
!

[y

e

T=(v1yeove) NILP (inyer X =Y e—(oy,...00),NILP (ijyee § — Vi
3 )\
n—d
If x; =X —iandy;=—X\+j—1, then hy(i,j) = x; — y;.

¥p:(a+p,1)—=(p,b+c) 0p:(p,1)—(a+p,b+c)
If Xis “nice”, then any path 8 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

)

Tilings with multivariate weights ozenge tilings

10
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Multivariate identities Il

g

1
e > Il =
T=(v1,...,ve),NILP (i,j)er ©" 71 ©=(6y,...,0¢),NILP (i,j)c® "' J
Yp:(a+p,1)—(p,b+c) 0p:(p,1)—(a+p,b+c)

01

a
!

Oc

[y

e

)

n—d
If x; =X —iandy;=—X\+j—1, then hy(i,j) = x; — y;.
If Xis “nice”, then any path 8 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

NHLF: f:/!ba = [ 1 ] > I

u€[A\R hA(i,j) DEE(R/b) (i,j)ER\D h)\(l',j)
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Multivariate identities Il

g

1
e > Il =
T=(v1,...,ve),NILP (i,j)er ©" 71 ©=(6y,...,0¢),NILP (i,j)c® "' J
Yp:(a+p,1)—(p,b+c) 0p:(p,1)—(a+p,b+c)

01

a
!

Oc

[y

e

)

n—d
If x; =X —iandy;=—X\+j—1, then hy(i,j) = x; — y;.
If Xis “nice”, then any path 8 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

NHLE: i L > I1 L
n! NG h)\(lv,l) DEE(R/b3) (i,j)ER\D h)\(’:.’)

flip diagram/paths vertically = (factor) H PN x #E(R/b?)
(erjoes M)
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Multivariate identities Il

[y

> >0 I

b
i1 . 1 X — v
T=("1,..-sve),NILP (i,j)er ~' Y ©=(61,...,0c),NILP (i,j)e® "' Yi

Ypi(a+p,1)—=(p,b+c) 0p:(p,1)—(a+p,b+c)
= — R == ==
= Bl | B e

n—d n—d
If x; =X —iandy; ==X\ +j—1, then hy(i,j) = x; — y;.
If Xis “nice”, then any path 6 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

T e

u€N\R ha (7, j) DEE(R/b?) (i,j)ER\D hx (i, J)

flip diagram/paths vertically = (factor) H — < #E(RB)
(i,j))ER/0ba (M)
(i))EMNR hx(i,j) (i))eR/0cbs (i) ®(a £ b)®(b+ c)®(a + )

Tilings with multivariate weights ozenge tilings 10
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Multivariate identities |l

w7 M > I
- e uepng MO | ol @ (i, J)
J)ER\D
1
flip diagram/paths vertically = (factor) I | i) x #E(R/b?)
AT

(i,j)eR/0cb?

1 1 ®(a+ b+ c)d(a)d(b)P(c)
H H hx(i,j) ®(a+ b)d(b+ c)d(a+ ¢)

e MOI) o ckocss

Excited diagrams <+ flagged tableaux of shape u:

- -
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Multivariate identities |l

NHLF £/ H 1 Z )

n! ue[A\R hx(i,J) DEE(R/b?) (i,/)ER\D hx(i,j)

flip diagram /paths vertically = (factor) [ [ . 1. R
(yerjoeps M)

1 1 ®(a+ b+ c)P(a)P(b)P(c)

- 1

g D) () dabc, IA(i.d) ®(a+ B)®(b+ )(a+ <)

Excited diagrams <+ flagged tableaux of shape u:

-

When p = (b?), then SSYTs with max entry < max{k : \y > k+ b — a}:

A% "
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Product formulas for Schubert polynomials

Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)
s;j := (i,i + 1) — simple transposition in Sp.

Combinatorial /recursive definition:

wog=nn—1...21 - Gy, :Xf_1X£_2~

Gy = 0; Bus; if £(ws;) = L(w) +1,
where 0;f = f(j:):ij’ﬁx) is the divided difference

i

ceXp—1

Lozenge tilings 101
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Product formulas for Schubert polynomials

Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)
sj := (i,i + 1) — simple transposition in Sp.

Combinatorial /recursive definition:

wog=nn—1...21 - Gy, :xf_lxg_z-

Gy = 0; Bus; if £(ws;) = L(w) +1,
where 0;f = Ls’ﬁx) is the divided difference

Xj—Xi

ceXp—1

Macdonald’s identity

Gw(l,1,...,1) = o Z nr---rg. (1)

" (Myeesre) ER(W)
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Product formulas for Schubert polynomials

Schubert polynomial for a permutation w € Sp: Sw(x1,...,Xn)
sj := (i,i + 1) — simple transposition in Sp.

Combinatorial /recursive definition:

wog=nn—1...21 - Gy, :xf_lxg_z-

Gy = 0; Bus; if £(ws;) = L(w) +1,
where 0;f = Ls’ﬁx) is the divided difference

Xj—Xi

ceXp—1

Macdonald’s identity

Gw(l,1,...,1) = o Z nr---rg. (1)

" (Myeesre) ER(W)

Question: Explicit formulas for &,,(1")? Asymptotics? Maximum?
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Permutations and diagrams

wW=wiwy...wp €S,
Rothe diagram:
D(w) = {(i,w;) | i <j,w; < w;}.

Essential set of w:
Ess(w) = {(i,j) € D(w |(1+1J)(IJ+1)(1+1_/+1)¢D( )}
k,

S

w = 461532 — M
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Permutations and diagrams

wW=wiwy...wp €S,

Rothe diagram:

Essential set of w:

D(w) = {(i,wj) | i <j,w; < w;}.

Ess(w) = {(i,j) € D(w) | (i +1,j),(i,j+1),(i+ 1,j+1) & D(w)}.

w = 461532

Vexillary permutation: if D(w) is, up to permuting rows and columns, the Young
diagram of a partition p = p(w). Equivalently, 2143-avoiding permutations
Let A = A(w) be the smallest partition containing the diagram D(w)- the supershape

of w

N

i

T

o

= g

I

[Knutson-Miller-Yong, Wachs]: The double Schubert for vexillary permutations:

Gulxiy) = > [ ta-y)

De&(A/p)(ij)eD

skew SYTs Tilings with multivariate weights ozenge tilings
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Permutations and diagrams

wW=wiwy...wp €S,
Rothe diagram:
D(w) = {(i,w)) | i <j,w; < w;}.
Essential set of w:
Ess(w {(IJ € D(w |(1+11)(11+1)(I+lj+1)¢D( )}

HH[s
@ i

w = 461532 — =

321-avoiding permutations: the diagram D(w) of such a permutation is, up to
removing rows and columns of the board not present in the diagram and flipping
columns, the Young diagram of a skew shape that we denote sh(w).

Theorem (Billey—Jockusch—Stanley)

For every skew shape \/u with (n — 1) diagonals, there is a 321-avoiding permutation
w € S,, such that sh(w) = A\/p.

% M

515483898554 = 251634 [
I
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Product formulas for Schubert polynomials at 1”

Corollary: Let w be a vexillary permutation of shape p and supershape A. Then:
Gw(1") = |5(>\/M)|-

Corollary[Fomin-Kirillov]: For a dominant permutation w with D(w) = p, we have:

Sid, ,(wie)(1"7) = |RPP,(c)| = H ..hook-content formula.
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Product formulas for Schubert polynomials at 1"

Corollary: Let w be a vexillary permutation of shape p and supershape A. Then:
Su(1") = [E(V/m)|-

C C C

(a) (b) (¢) (d)
Product formulas:[MPP] Case (c):v(a) := 2413 ® 12. Then, for all ¢ > a, we have:

®(4a + c)d(c)P(a)*d(3a)?
®(3a+ c)P(a+ c)P(2a)2d(4a)
Case (d): w(a):=(a+1,a+2,...,2a—1,2a+1,1,2,...,a—1, 2a, a).
®(2a + c)P(a)?d(c) [a(2a+ c)(2ac + 43> — 1)
®(a+ c)2d(2a—1) 2(4a%2 — 1)

S(ide v(a)+o) (1) =

6(idc,w(a)+c) (1n) =
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Schubert polynomials at 1”

Proposition (MPP)
Let w be a 321-avoiding permutation, then its diagram gives a skew shape \/u (and
every skew shape gives a 321-avoiding w)

1
Gw(l") = 7 n---r f}‘/“,

where £ = |\/u| and (r1,...,r;) is a reduced word of w.

Proof: Macdonalds identity, + all reduced words are a permutation of (r1,...,re) +
[Billey-Stanley-Jockush] #Red(w) = f/#.
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Schubert polynomials at 1”

Proposition (MPP)
Let w be a 321-avoiding permutation, then its diagram gives a skew shape \/p (and
every skew shape gives a 321-avoiding w)

1
Sw(1") = Zinr A,

where £ = |X\/u| and (r1, ..., ry) is a reduced word of w.

-1 B - 1 a b
+1

o

3
26 1

,2"+|

4 — 3
Example 1: Shape (3a)??(2a)?/a® gives the permutation s(a) := 351624 ® 17, we
have:

(a)*®(3a)°P(5a)

®(2a)4d(4a)2
Example 2: Let t(a) be the permutation of size (8a — 2) obtained from the reading
word of the skew shape d4,/a%:

®(a)3d(3a)P(4a — 1)P(8a — 2) - W(a)V¥(3a)
(2a)2®(3a — 1)®(5a — 1) - W(2a)2W(4a)- A(8a — 2)

6s(a) (168) =

Gya)(1%72) = S

01
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Product

formulas 1,2 Asymptotics of skew SYTs

Symmetric group S,
Irreps Sy, A\ n

Trs, [7] = x* ()

Tilings with multivariate weights

General linear group GLy
Vi, LA <N

Lozenge tilings 101

Try, (diag(x1,...)) = sa(x1, x2, .. .)



Symmetric group S,
Irreps Sy, A n

Standard Young Tableaux (SYT)

3
6

41719]
iy

[N

8]

Asymptotics of skew SYTs

General linear group GLy

Vi, L(A) < N

Tis, [r] = x\(r)

Try, (diag(xi, .

2)) = sa(xa, %, 0)

Semi-Standard Young Tableaux(SSYT)

1

1
2

12[3]
3]

2
33




Asymptotics of skew SYTs
Symmetric group S, General linear group GLy
Irreps Sy, A n Vi, L(A) < N
Y
Trs, [7] = x* ()

Try, (diag(x1,...)) = sa(x1, x2, .. .)

Semi-Standard Young Tableaux(SSYT)
Standard Young Tableaux (SYT)
1[3[4[7]9] 1[I[1[2]3]
2[6]10 2[2]3]
(518] 313]
. n! . N + ¢(0O)
HLF: dmSy=f = ——— dimVy =s,(1V) = _—
[loex ho H

Oex o
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Symmetric group S,
Irreps Sy, A\ n

Asymptotics of skew SYTs

Trs, [7] = x* ()

Standard Young Tableaux (SYT)
T[3[4]7]9]
21610

|
HLF:  dimSy=f = — "

B HDEA hg

Tilings with multivariate weights Lozenge tilings 101

General linear group GLy
Va €X) <N

Try, (diag(xi, .

L)) =sa(x, x2,..0)

Semi-Standard Young Tableaux(SSYT)

I12[3]
212[3]
. N N + ¢(0O)
dim Vy, = s, (1V) = H _
ho
Oex

(Lego art by Dan Betea)

(Computer art by Leonid Petrov)



Skew HLF Product formulas 1,2

Asymptotics of skew SYTs Tilings with multivariate weights

Asymptotics of the number of skew SYTs

— B =nl

Ml = — oo

R - 7 = G~ 2

Lozenge tilings 101
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Asymptotics of the number of skew SYTs

Ap= : N pl=n— oo

- = R = G =

Question: What is the asymptotic value of f2/#, |\/u| = nas n — oo and A, s
change under various regimes:
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Asymptotics of the number of skew SYTs

Ap= N pl=n— oo

- e R = Ge =

Question: What is the asymptotic value of f2/#, |\/u| = nas n — oo and A, s
change under various regimes:

0. If p =0, then f* ~ v/nl(1 4+ O(1/n)) for A ~ Plancherel.

1. [Stanley, 2001] (after [Vershik-Kerov]) when p is fixed, A" — (a; b) (Frobenius
limit):
P X su(0F 0 )1+ O(1/m)),

where p'a",p; are the corresponding specializations.
Similar results in [Corteel-Goupil-Schaeffer]
[Okounkov-Olshanski]

101
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General bounds for posets (folklore)

P — poset, e(P) — number of linear extensions,
P =AiU...UA; - antichains, P = C; U ... U Cp — chains.

n!
Al Al - Al < e(P) < ——— 1
At At A< e(P) < femrg TGN

36 = 11313111 <48 < =420

4|2|2|

[Brightwell-Tetali]: Boolean lattice
| By
ez 2Ba) — (1)) — 3 logy(e) + o(1)
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General bounds for posets (folklore)
P — poset, e(P) — number of linear extensions,
P =AiU...UA; - antichains, P = C; U ... U Cp — chains.

n!
[A[! Al - - [Ag|! < e(P) <

36 = 11313111 <48 < =420

4|2|2|

[Brightwell-Tetali]: Boolean lattice
| By
ez 2Ba) — (1)) — 3 logy(e) + o(1)

In our case:
Theorem[MPP]: When P = \/u and A; — ith antidiagonal, then

[AL[!- - |Ag]t < F(A/ 1)

if |Ai] < |Aiq1l.

GGGt

hts

Lozenge tilings 101
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Tool

Naruse Hook-Length formula:
1
B = —.
> T
De&(N/u)ueb

Define the "naive” hook-length formula:

1
Fv/m) = ] =
uex/p
5 ol4 1‘ F((675:57372:27 1)/(3’27 1: 1)) = 544.1.543.2.744é.144.1.442.3.1.1
714]2]1
!
1]
Corollary

F(\p) < £M0 < €N/ ) F(N 1)

gs 101
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General bounds: size of £(A/u)

F(\ /) < FME < JENm)|F(A/ 1)

E(A/p) = { Non-intersecting Lattice Paths in A/u }
| [ | [ |

| |
15 I e
g EEp) 3
— o o l
K} fang
mgpan 3
o [ l I l l o
g el I 7
o o o
Lemma (MPP)

IfIN/p| = n then E(\/p) < 2".

Lemma (MPP)
If d is the Durfee square size of A\, then E(A\/u) < .
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D1
by

formulas 1,2
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Asymptotics of skew SYTs Tilings with multivariate weights ozenge tilings
The “linear” regime
a(\) = (a1,a2,...), b(A) = (b1, bz,...) — Frobenius coordi-

nates of \. Let o = (au,...,ax), B:=(B1,-..,Bk) be fixed
sequences in Ri.

Thoma—Vershik—Kerov (TVK) limit if a;/n — o and b;/n — (i as n — oo, for all

1<i<k

Theorem (MPP)

Let {\(" /u(M} be a sequence of skew shapes with a TVK limit, i.e. suppose
X" = (a, B), where ay, 81 > 0, and (") — (=, 7) for some a, 8,7, T € ]Ri, Then

where

log I +o(n) as n— oo,

c=rylogvy— Z(a, — 7;) log(aj — 7;) Z(ﬁ, — 1) log(Bi — 7i)

and

k

v= (ei+Bi —mi — 7).

i=1
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The stable shape: /n scale

Theorem (MPP)

Let w, 7 : [0,a] — [0, b] be continuous non-increasing functions, and suppose that
area(w/m) = 1. Let {\"/u(M} be a sequence of skew shapes with the stable shape
w/m, ie. [AM]/v/n = w, [W{M]/\/n — 7. Then

n n 1
Iogf)‘( /“()Nﬁnlogn as n— oo.
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The stable shape: /n scale

1

Theorem (MPP)

Suppose (VN — L)w C [MM](V/N + L)w for some L > 0, and similarly for (" wrt T,
then

—(1+c(w/m)) n+o(n) < log A/l —%n logn < —(1+c(w/m)) n+log EAM /umy40(n),

as n — oo, where
c(w/m) = ﬂ log h(x, y)dxdy,
w/m

where h(x, y) is the hook length from (x,y) to w.
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Subpolynomial depth, “thin” shapes

Suppose
> depth:= max e/, hu =: g(n) = n°()
(subpolynomial growth).

8

Theorem (MPP)

Let {v, = )\(")/u(")} be a sequence of skew partitions with a subpolynomial depth
shape associated with the function g(n). Then

log f¥" = nlogn — ©(nlogg(n)) as n— co.
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Thick ribbons

Theorem (MPP)

Let vy := (02x/0k), where 6, = (k — 1,k —2,...,2,1). Then

1 3 1 1 1 1 7

§ 3 log2 4+ 5 log3+0(1) < - (Iogf’*k — 5n|ogn) < i log2+2log 3+ o(1),
where n = |y,| = k(3k — 1)/2.

Question: Does there exist a ¢, s.t. ¢ = limp_ oo % (Iog fYk — %nlog n)?

Answer: Yes (Martin Tassy's and others work in progress)
Jay Pantone’s implementation (method of differential approximants) on 150+ terms
of the sequence {log 7k} to approximate ¢ ~ —0.1842.
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Thin ribbons

Zigzag: py = Ok4+2/0k, En = |{o € Sn: 0(1) < 0(2) > 0(3) < --- }| — Euler numbers,
alternating permutations.

fPr = Eppt1; Em ~ ml(2/m)"4/m(1 4 o(1))
From theorem: F(py) = n!/3%, £(px) = Ck, so
(2k +1)! (2k + 1)!C
T < BEypy1 < T

Problem: If v, := A/ is a border strip (ribbon of thickness 1, n boxes) approaching a
given curve ~ under rescaling by n, what is log {7 — nlog n in terms of 47 Is it true
that M — ¢() for some constant ¢(y)? (Permutations with certain
descent sequences)



Tilings with multivariate weights

4

Lozenge tilings

Tilings of a domain € (on a triangular lattice) with
elementary rhombi of 3 types (“lozenges”).

VAV AVAVAY ,VAVAV A VAN
NN NN
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Lozenge tilings

/S

VAVA

Tilings of a domain € (on a triangular lattice) with
elementary rhombi of 3 types (“lozenges”).

\/ "/ \/\N

VAVAY A

<
g
Q

VAV AVAVAY ,VAVAV A VAN
NN NN

\VAY sVAVAY AVAVA VAV

=[N W)
N

=N N W &
= NN

EEEERE

[R[N]w][s[a]o




variate weights

Tilings with multi

NINOINLLNN
AVA.VAVAVAY AVAVAY 4V

EVETANAVETANAVEIN
(5NN N
ETLTNVETONAVANAVETAVAN
LSLNENLNCINCNANAN
[P AVAVAVAVAVAVAVAVAVAVAVS
INAVAVASAVAVAVETAVETAVA
IV AVAVAVANAVAVAVEIAV
IPAVAVAVAVAVAVAVAVS
IPAVAVAVAVATAVEY

Lozenge tilings

Tilings of a domain € (on a triangular lattice) with

elementary rhombi of 3 types (“lozenges”).

5[4]4]4]3]2]
5[3[3]2[2[1]

413]|2]2]1

2|1[1[1
1]
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Classical probabilistic questions: limit behavior

Question: Fix Q in the plane and let grid size — 0, what are the properties of
uniformly random tilings of Q7

Frozen regions (polygonal domains), “limit shapes” of the surface of the height

function (plane partition).

([Cohn—Larsen—Propp, 1998], [Kenyon-Okounkov, 2005], [Cohn—Kenyon—Propp, 2001; Kenyon-Okounkov-Sheffield, 2006] and newer via
Schur generating functions [Borodin, Corwin, Bufetov—Gorin, Petrov, etc] )

Behavior near boundary: Gaussian Unitary Ensemble eigenvalues,

conjectured by [Okounkov-Reshetikhin, 2006], proofs — hexagon [Johansson-Nordenstam, 2006], more general shapes [Gorin-Panova, 2012]

21



Tilings with multivariate weights

Multivariate local weights

weight 29 — y3
5 7
,

Y1 /

Total weight = H (xi —yj)
<>at (M)

(x1 —y1)(x2 — y3)(x3 — y5)(x3 — ¥2) (x5 — ¥5).

Tt (i j) = 2N — (i +J)

22
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Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = z; — y;

Lozenge tilings 101

23
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Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = z; — y;

)
X

<]

’V'V

\X
o
(\)

XX
X
W
X))

0

X/%
9

4

4

0
o
9
N
)

/\

Theorem (Morales-Pak-P)
Consider tilings with base p and height d, we have that
d+£(p)

Z H (xi *Yj) = dEt[Ai,j(:U': d)],',j:1 )

TeQ q ()T

where

(xi—y1)--

=) when = £(u) + 1, .. £(u) + d,

)

EX/—XV‘451)‘ Xi_xd+ﬁ)(“))

A i(p, d) = { iy (i Yy .

J(w, d) m, whenj=1i—d,... 0w,
0 when j < i— d.

)

23
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Corollary (Krattenthaler, Stanley etc)

Consider the set PP(u, d) of plane partitions of base (v and entries less than or equal
to d. Then their volume generating function is given by the following determinantal

formula
Z glPl = g2rrmr det[C,-,j]fjjl,
PEPP(u,d)
where
) . o (d—ite)(d—i—f—1)
_q)d+e—igld=i)(d+e—j)— 2 .
=1 g @Dare , whenj=/(4+1,...,0+d,
Gij = (Laydti—igld= ) - (FH=DGZZED .
@ s when j=1i—d,... ¢,
0, when j < i—d,

where (¢;q)m = (1 — q)--- (1 — q™) is the g— Pochhammer symbol.

gs 101

24



Tilings with multivariate weights

Theorem (Morales-Pak-P)

Consider tilings of the a x b X ¢ X a X b x ¢ (base a x b, height c) hexagon with
horizontal lozenges having weights x; — y;, i.e. tilings Q, p . with rectangular base
w = a X b and height c. The partition function is given by

(i=y1) (i =Yera—j) .
((Xi*Xr'Jr)l) ( *iw’aj) ifj>a
7 b = i — v;) = det Xi—Y1) " \Xi —Ybtc P —
(ab,c) Te; _HT(X %) € (% =xig1) - (i —Xc ) ifj=i—c....a
a,b,c (/)€ 0, j<i—-c

Consider a path P(d1,...) consisting of vertical lozenges (i.e. not the horizontal
lozenges) passing through the points (i, d;) (ith vertical line, distance of the midpoint
d;i + 1/2 from the top axes) (necessarily |d; — di+1| <1, d; < d;j11 ifi < b and
d,‘ Z d,‘+1 ifi> b, and d1 = a+b)-

The probability that such path exists is given by

det[A; (1, d)] det[A;; (i, ¢ — d — 1)]

Prob(path) = Z

n=31
where d := di, £(u) = b, p1 = a and p is given
by its diagonals — (d1 —d,d» — d, ...), and fi is the
complement of i in a x b. The matrix A is defined =20
as in previous Theorem with the substitution of x;
by Xatct+1—i and y; by ypircr1—j-

atc

ihj=1

25
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Origins: Excited diagrams and factorial Schur functions
Factorial Schur functions.

d
det[(x —a1) - (x — aHi+d—i)]i,j:1

(d) —
o (o) = H1§i<j§d (xi = xj)

)

where x = (x1,x2,...,%4) and a = (a1, a2, ...) is a sequence of parameters.
Excited diagrams £(\/p): Start with A/p. Move cells of i inside A via:

0w

qr

Lozenge tilings 101
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Origins: Excited diagrams and factorial Schur functions

Factorial Schur functions.

d
det[(xj - 31) c (Xj - au;+d—i)],-,j:1
H1§i<j§d (xi = xj)

where x = (x1,x2,...,xq4) and a = (a1, a2, ...) is a sequence of parameters.
Excited diagrams £(\/p): Start with A\/p. Move cells of 1 inside A via:

HH —

)

s (x|a) =

Theorem (lkeda-Naruse Multivariate “Hook-Length Formula™)

Let u C A C d X (n—d). Let v be the Grassmannian permutation with unique
descent at position d corresponding to A, i.e. v(d'+1—i)=X;+(d'+1—1i) and
v(j)=d'+j—X}. Then

s,t(td)()/v(l)a Y@ ovee) = Y0 T Gea—ir) = Yetari)
De&(N/p) (i.j)eD

26
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Origins: Excited diagrams and factorial Schur functions

Excited diagrams £(\/p): Start with A\/p. Move cells of 1 inside A via:

HH —

(]3 q-'i (]5 (15 (]6 (]7

Theorem (lkeda-Naruse Multivariate “Hook-Length Formula™)

Let u C A Cd x (n—d). Let v be the Grassmannian permutation with unique
descent at position d corresponding to A, i.e. v(d' +1—i)=X;+(d'+1—1i) and
v(j)=d"+j— A} Then

SO0y, Y@y yn1) = S T Gue=isn) = Yu(a+p)

De&(A/p)(ij)eb
: @
d
-
m

26



Tilings with multivariate weights

Simulation 2: base = §,

Weights: "hook” weights (4n — i — j) versus uniform (i.e. 1).

27
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Schur functions in statistical mechanics

Alternating  Sign  Matrices
(ASM)/ 6-Vertex model:
Characters of U(c0), boundary

of the Gelfand-Tsetlin graph 0 0 1 0
1[1]1]2]2].] 0 1 -1 1
22 1 -1 1 0
0 1 0 0
Normalized Schur functions:
oy s x, IVTR)
S)‘(Xl,..A,Xk,N)— s)\(]_N)
Lozenge tilings: Dense loop model:
(EANER)
RS
DR CANFERS
MY IN T I

=

28
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Classical questions: limit behavior

Question: Fix Q in the plane and let grid size — 0, what are the properties of
uniformly random tilings of Q7

®

~

"
%
L
s
o

L™

o a3

ey )
gl gl I

Frozen regions (polygonal domains), “limit shapes” of the surface of the height
function (plane partition).

([Cohn—Larsen—Propp, 1998], [Kenyon—Okounkov, 2005], [Cohn—Kenyon—Propp, 2001;
Kenyon-Okounkov-Sheffield, 2006] )

Behavior near boundary: Gaussian Unitary Ensemble eigenvalues,

conjectured by [Okounkov-Reshetikhin, 2006], proofs — hexagon [Johansson-Nordenstam, 2006],
[Gorin-Panova, 2013]

29
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Uniform vs symmetric

Tilings of the hexagon a X bx c X ax b X ¢, s.t.

Unrestricted Vertically symmetric Centrally symmetric
I

Limit behavior: fluctuations near the boundary, limit surface, CLT?

30
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Behavior near the flat boundary:

L]
L]
.,..
L G

. . . . . . H k
Horizontal lozenges near a flat Question: Joint distribution of {XJ’ icpas N — oo

boundary: (rescaled)?
! Conjecture [Okounkov—Reshetikhin, 2006]:
L7y Fixed boundary: The joint distribution converges to
L X22 L X12 a GUE-corners (aka GUE-minors) process: eigen-
7 TN 7 N lues of GUE matri
3 3 3 values o matrices.
3 2 1

Proofs: hexagonal domain [Johansson-Nordenstam, 2006],
more general domains [Gorin-P,2012], [Novak, 2014], un-
bounded [Mkrtchyan, 2013], symmetric tilings [P, 2014,
2015]

31
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Behavior near the flat boundary:GUE

GUE: matrices A = [A;];j: A= AT
ReA;j, ImA; —ii.d. ~N(0,1/2), i #j
A —iid. ~N(0,1)

Lozenge tilings 101

k

A | Az | Az | Ag k K K .
X < xf < ... < xS) - eigenvalues of [A; ;]F._
Aor A | Ass | Ass (xf <5 < <x) g [ :,J],,J,l
Azl Az Asz | Az . e
An Arx Az Awu Interlacing condition: x_ <X <X
X3 x5 x4 x4
x3 x3 <3
2 2 L
\V Xl X2 7/
xi

The joint distribution of {x/}1<;<j< is the
GUE—corners (also, GUE-minors) process, =: GUEy .

31



Skew HLF Product formulas 1,2 Asymptotics of skew SYTs Tilings with multivariate weights Lozenge tilings 101

Tilings setup
Domain € (ny:

positions of the N horizontal lozenges on right boundary are:

AN +N—-1>AN)2+N—-2>---> ANy

N, +4

1

N, +3

2

X3+2

A+l

Ns
A(5) = (4,3,3,0,0)
(ﬁQA(N) is not necessarily a fi-

nite polygon as N — oo , e.g.
AN)=(N,N—-1,...,2,1))

<> a x b x c... hexagon.

32
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Behavior near the flat left boundary

Theorem
Let Y = (vf,... ,y,’(‘) — horizontal lozenges on kth line
of a uniformly random tiling T € T,. As n — oo the

collection
Yi— )
{ In " K } — GUE,
non .
j=1

weakly as RVs, where

e T, — all tilings of a hexagon
[Johansson-Nordenstam].

® Tn=Qx(n) —pn = E(f), o0 = 5(F),
“F(t) = limnsoo 200" [Gorin-P, 2013].

o T, — vertically symmetric lozenge tilings of a
n X m X n.. hexagon, a = limp—oc m/n, pn = m/2,

2

on = =52 [P, 2014].

o T, — centrally-symmetric tilings of a a X b X c...
hexagon with a=2qn, b= 2pn, c =2(1 — q)n:
o = 2pqn and o = 2pq(1 — q)(1 + p) [P, 2015+].
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Limit shape (surface)

A
N
v
X

b

Leonid Petrov

Image
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Limit shape (surface)

Theorem (P)
Let Hp(u, v) — height function of a uniformly random tiling from a set Ty, i.e.

1 o
Ho(u,v) = —ylo = v,

where yl.k is the vertical height of the ith horizontal lozenge on the kth vertical line
(left to right). For all1> u> v >0, as n — co we have that Hn(u, v) converges
uniformly in probability to a deterministic function L(u, v) ( “the limit shape”), which
can be computed explicitly... when Ty, is

e T, — polygonal domain [Cohn, Kenyon, Larsen, Propp, Okounkov]
o Tn=Qy(n) for “nice” family \(n) [Bufetov-Gorin].

o T, — symmetric tilings [P, 2014].

o T, — centrally symmetric tilings [P, 2015+].

34
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Limit shape (surface)

Theorem (P)
Let Hn(u, v) — height function of a uniformly random tiling from a set Ty, i.e.

1 Lnu]

Hn(u,v) = nyL"VJ -V

where yl-k is the vertical height of the ith horizontal lozenge on the kth vertical line
(left to right). For all1> u> v >0, as n — oo we have that H,(u, v) converges
uniformly in probability to a deterministic function L(u,v) (“the limit shape”), which
can be computed explicitly... when Ty is

e T, — polygonal domain [Cohn, Kenyon, Larsen, Propp, Okounkov]
o Tn = Qx(n) for “nice” family \(n) [Bufetov-Gorin].

e T, — symmetric tilings [P, 2014].

o T, — centrally symmetric tilings [P, 2015+].

Symmetric: General:
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Lozenge tilings with right boundary A\(/V)

—

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =ny,..., 7,

<~

SSYTs T whose entries 1..k have shape 7

35
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Lozenge tilings with right boundary A\(/V)

—

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =ny,..., 7,

<~

SSYTs T whose entries 1..k have shape 7
Number of SSYTs of shape v, entries 1..4 =

¢
sn(1)s, /, 1V 75)
Prob{x¥(\) =1} = %7

35
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Lozenge tilings with right boundary A\(/V)

<~

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =ny,..., 7,

<~

SSYTs T whose entries 1..k have shape 7
Number of SSYTs of shape v, entries 1..4 =

0
. 1k ) lN—k
Prob{xk(\) = n} = 2200,
Proposition[Gorin-P] For aﬁy variables y1, ..., vk,
the Schur Generating Function of x* is

N—k
E Sk (Vi Yk) NN 7N e )
sxk(]'v"'71) B sa(l,..., 1) -
—— ——
N

k
Salyns -5 yk)-

35
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Product formulas 1,2 Asymptotics of skew SYTs Tilings with multivariate weights Lozenge tilings 101
: -~ M+N-1
The explicit Schur Generating Functions®
Tn — set of tilings, xj(T) — horizontal
lozenge positions on line j of T € T,
- An
Sek(Ty Y15 - -5 YK) s (1, .-
MGF: I | O e iy | = SO YY) bk 7y 2 ) =
Sxk(T)(lv"'vl) v SV(]' )
k
Sx () 15y 1"
° ZSA(n)(}/l,-..,Yk):%forﬂ— A(n)-
m/2 (m) (15 yi1"7H) o
o =L 2 “g) ) for Tn — symmetric tilings of n X m X n....
2
o = S(b)a/Z (y1,-..,yx)? for T, — centrally symmetric tilings of a x b x c... hexagon.
2

Lfrom [Gorin-Panova, Ann. Prob.], [Panova, Comm. Math. Phys], [Panova, in prep]

36



Skew HLF Product formulas 1,2

Asymptotics of skew SYTs Tilings with multivariate weights

Tilings probability I1l: MGF asymptotics

Proposition (Gorin-P)

E

k

sv—s, (y1,- -
Su—s, (1,

)

1
D v~ GUE,| =exp (E(yl2 +~-~+yk2)) ,

Lozenge tilings 101
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Tilings probability IIl: MGF asymptotics

Proposition (Gorin-P)

Su—o, (Y1, - Yk)

E
Sy— 5k( 1)
A,—/

1
v~ GUE,| =exp (E(yl2 +~-~+yk2)) ,

Compare:

S (Y155 k)
S — R 2k s - k)
A(YIv :Yk) tiling st(lv.“’l)
——
Proposition (Gorin-P)
For any k real numbers hy, ..., h and \(N)/N — f we have:

h by (7 E() s~k h/‘)
lim Sy | eV, ..., eVISH) | e\ VNSO = exp E h?
N— oo
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Tilings probability IIl: MGF asymptotics
Proposition (Gorin-P)

Sy, (V155 V)
Sufék(l’ sy 1)
——
k

1
E v ~ GUE, :exp(i(yf-‘r"'-‘ryf)),

Compare:

Sek (Y, - -5 vK)
Sxk(l,...,l)
——

k

Sx(V15 -+ Y&) = Etiling

Proposition (Gorin-P)
For any k real numbers hy, ..., h and \(N)/N — f we have:

Iy hy (, E(H) _ s~ ,,,) 1K
lim Sy | eV, ..., eVISH) | e\ VNSO = = exp 7Zh? .
N— oo 2 Py !
Theorem. Let ’T‘j\(N) = {xk,xk=1 ...} —collection of positions of the horizontal
lozenges on lines k, k —1,...,1 of tiling from Qy(y), then
Tiw) — NE(f)
—————— — GUEy (GUE-corners process of rank k). B

NS()
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The limit surface

Counting measure for a partition p = (p1 > -+ > py)

L .

1 pwi+L—i

== 6| ——
m[p] Lf; ( n )

Random measure on partitions p"(u) (e.g. = Prob{x¥(T) = u} in tilings of size n),
m[p] — pushforward.

su(ut, - ug) Sek(my VL -+ -5 YK)
5(u1,...,u ):: p(#) (ad =E
’ ‘ ; sﬂ(lk) sxk(-,—)(l,...,l)

T ~ Unif(Ty)

38
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skew SYTs Tilings with multivariate weights Lozenge tilings 101

The limit surface

Counting measure for a partition p = (p1 > -+ > py)

L .

1 pwi+L—i

== 6| ——
m[p] Lf; ( n )

Random measure on partitions p"(u) (e.g. = Prob{x¥(T) = u} in tilings of size n),
m[p] — pushforward.

su(ut, - ug) Sek(my VL -+ -5 YK)
S (Ul,...,Uk) = p(#) (ad =E
’ ; s#(lk) sxk(-,—)(l,...,l)

k

T ~ Unif(Ty)

Theorem[Bufetov-Gorin,2014] Suppose that pN is a sequence of measures on partitions, s.t. for
every r

1 ~
JimSin (S0, 1M7) = Q) + -+ Q(un),

uniformly in a C nbhd of (17), @ — analytic. Then the random measures m[p"] converge, as
N — oo, in probability to a deterministic measure M on R with moments

: _ P P 1 8£ ’ —¢
/RtPM(dt) = ; (e) Crniow W’

u=1
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The limit surface

Counting measure for a partition p = (p1 > -+ > py)
L .
1 wi+L— /)
==Y (BT =)

Random measure on partitions p"(u) (e.g. = Prob{x¥(T) = u} in tilings of size n),
m[p] — pushforward.

su(ut, - ug) Sek(my VL -+ -5 YK)
S (Ul,...,Uk) = p(#) (ad =E
’ ; s#(lk) sxk(-,—)(l,...,l)

k

T ~ Unif(Ty)

Theorem[Bufetov-Gorin,2014] Suppose that pN is a sequence of measures on partitions, s.t. for
every r
. 1 N—
JimSin (S0, 1M7) = Q) + -+ Q(un),
uniformly in a C nbhd of (17), Q — analytic. Then the random measures m[p"] converge, as
N — oo, in probability to a deterministic measure M on R with moments

) _ - P 1 0" ’ —¢
/RtPM(dt) = ; (e) Crniow W’

Our cases: MGF = normalized Schur Sy(n), SO characters, etc.
Asymptotics using [Gorin-P, 2013] for fixed r:

u=1

1 S
nlm@;lnsk(n)(ul,...,u,):;nl_km |nsA ch(u,
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Limit surface

Theorem (P, 2014)

Let n,m € Z, such that m/n — a as n — oo,
where a € (0,+00). Let Hy(u, v) — height function
of a symmetric tiling of n X m X n... hexagon,i.e.

Hn(u,v) = LL:;JJJ
Forall1> u>v >0, asn— oo we have that
Hn(u, v) converges uniformly in probability to a
deterministic function L(u, v) (“the limit surface”).
L(u, v) is the distribution function of the measure m, given by

. _ T 1 g O° ,
/Rt m(dt)_;(l)(u-m“ +€8 F2PoL ()P0,

z=1

For any fixed u € (0, 1),
its moments:

where ®,(e”) = y3 +24(y;a) — 2 and...

(y) = % ((J F1) 4+ /(Y +1)2 + 42 + a) (¥ — 1)2)
1 1
otia) = C + 1 (0) = C + 06 = 1) = C+ 2y (w) = C + )& — )
2 2 2 2 2 2
2 7 _2 ! a1 _
2 (ho+ 2e n) C—m (h(y>+<2 e n)
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Limit surface

Theorem (P, 2015+)

The scaled height function Hn(u, v) of a centrally symmetric tiling of an a X b X c...
hexagon converges uniformly in probability to a deterministic function L(u, v) — the
limit surface, as n — oo, where n = % and a/n,b/n — approx constant.

The limit surface coincides with the limit surface for the uniformly random tilings of
the hexagon (without symmetry constraints).
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Behind the scene: asymptotics of symmetric functions

N—k
( L 1)
5)\(N) Xiy ooy Xky Ly oo vy
Samy(xas -y xk) =
) s, 1)
N——
N
Theorem (Gorin-P)
For any partition X and any x € C \ {0, 1} we have
v
Sxa(x; N, 1) = dz
A( ) (xfl)’V12Tr| c 1Y, A+/v7,))

where the contour C includes all the poles of the mtegrand. Similar formulas hold for the other
normalized Lie group characters.

Theorem (Gorin-P)

If % — f (4) [under certain convergence conditions], for all fixed y # 0:
1
N|I~>m'>c N InSxwy(€”; N, 1) = ywop — F(wo) — 1 —In(e” — 1),

where F(w; f) = [LIn(w — £(t) — 1 + t)dt, wo — root of 22 F(w; f) = y. If X0 — £ (£)
["other” conv. cond.], for any fixed h € R:

SMN)(EWW; N,1) = exp (\/NE(f)th %S(f)h2 + o(l)) ,

where E(f):/l F(t)dt, S(f):/l(f(t)— t+1/2)%dt — 1/6 — E(f)°.
0 0

Lozenge tilings 101
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Behind the scene: asymptotics of symmetric functions

N—k
( L)
SAN)AXL - ey Xiy Ly ey
Samy(x1s oy k) =
™ sawy(Ls -5 1)
——

Theorem (Gorin P)
Let D; 1 = x; 8X , A— Vandermonde det. ThenV X\, k < N, we have

k
det |DIT!
Sa(xt, ..., xi N) = H (N_I)I X [ o ]ij !
’ ’ (N — 1 i 1)N7k A(Xl, .. Xk)

Corollary (Gorin-P)
Suppose that the sequence A\(N) is such that, as N — oo,
In (Sxwy(x: N, 1))

N — W(x) uniformly on a compact M C C. Then for any k

S sy Xk NG L
i G0N D)
N— oo N

uniformly on M¥. More informally, under various regimes of convergence for A(N) we have
Sk N)(Xl ..... Xk) ~ S)\(N)(Xl) s S)(N)(Xk)-

HSA(XJ N, 1)(x—1)" 1.
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More problems?

More precise asymptotics of f2/# in various regimes.
Asymptotics of lozenge tilings using the multivariate weights, new regimes?

sx/u(xl,.“,xk,l”fk) ) i -
f = (Schur generating functions of tilings of
sx/u(1")

Asymptotics o
arbitrary domains)

Asymptotics of Littlewood-Richardson coefficients, cﬁ"u... (e.g. if AF 2n,
W, v F n, when is it maximal)

Maximal f»/# under constraints...
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Thank you

Tilings with multivariate weights

Lozenge tilings 101

42



	Skew HLF
	Product formulas 1,2
	Asymptotics of skew SYTs
	Tilings with multivariate weights
	Lozenge tilings 101

