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Main Theorem (N-Okada)

Theorem

P: a connected d-complete poset, ¢ : P — I coloring.
F: an order filter of P,

AP\ F):={o:P\F>N|p<q = o(p) > o(q)}.
Then we have

[Tves(p) 2[HpP(V)]
ae;\F)z Deép(F) Mvep (1 = z[Hp(V)])’

where z° = H zg(("/’)),
veP\F
Z[Hp(Vv)] is the hook monomial,
Ep(F) is the set of excited giagrams of F in P, and
B(D) is the set of excited peaks of D in P.
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Let Gp\ r be the left hand side and Ep\ ¢ be the right hand side

of the equation (1). Let Zp\r := FWF'WP} .
e%i=z;

£ Twp



Introduction

oe

|dea of Proof
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. For order filters,




Introduction

oe

Idea of Proof

Let Gp\ r be the left hand side and Ep\ ¢ be the right hand side
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1) From Billey type formula we can see Zp\F = Ep\r.

. For order filters,




Introduction

oe

|dea of Proof
Let Gp\ r be the left hand side and Ep\ ¢ be the right hand side
of the equation (1). Let Zp\r := E:’;#}
wp ea/:zi
F' = F means F' O F and F’\ F is non-empty antichain.
1) From Billey type formula we can see Zp\F = Ep\r.
2) By Chevalley formula we have a recurrence relation on Zp, r.

. For order filters,

1 /
_ Y N P
Zp\F = 7 Z[P\F] Flng( 1) Zp\F



Introduction

oe

|dea of Proof
Let Gp\ r be the left hand side and Ep\ ¢ be the right hand side
of the equation (1). Let Zp\r := E:’;#}
wp ea/:zi
F' = F means F' O F and F’\ F is non-empty antichain.
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2) By Chevalley formula we have a recurrence relation on Zp, r.

. For order filters,

1 /
_ Y N P
Zp\F = 7 Z[P\F] Flng( 1) Zp\F

3) By inclusion-exclusion principle we can easily deduce the
same recurrence relation on Gp\r.
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|dea of Proof
Let Gp\ r be the left hand side and Ep\ ¢ be the right hand side
of the equation (1). Let Zp\r := E:’;#}
wp ea/:zi
F' = F means F' O F and F’\ F is non-empty antichain.
1) From Billey type formula we can see Zp\F = Ep\r.
2) By Chevalley formula we have a recurrence relation on Zp, r.

. For order filters,

1 /
_ Y N P
Zp\F = 7 Z[P\F] Flng( 1) Zp\F

3) By inclusion-exclusion principle we can easily deduce the
same recurrence relation on Gp\r.

1 /
_ v N PG
Gp\r = 7 Z[P\F] F%F( 1) Gp\F-

Comparing initial values we get| Gp\F = Zp\F |
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Kashiwara thick flag variety G/P-

A = (&j)i jer @ symmetrizable generalized Cartan matrix,
I" the corresponding Dynkin diagram with node set /.

Then the associated Kac—Moody group G over C is constructed
from the following data:

the weight lattice Z-module AN~7Zm
the (linearly independent) simple roots M ={a;: i€ [} CA,
the simple coroots MY ={oy i1} C N,
the fundamental weights {Niiely CA

where A* = Homyz (A, Z) is the dual lattice. We will write the
canonical pairing ( , ) :A* x A — Z. These satisfy

<Oé>/,04j> = ajj, <Oé>/,)\/> = 51]



Equivariant K-theory
0000

The Weyl group W is generated by simple reflections s; (i € /)
and it is known to be a crystallographic Coxeter group.

Let B be a Borel subgroup and 5_ the opposite Borel i.e.
BN B_ =T is the maximal torus.

Let us fix a subset J C . Then we can consider the subgroup
W, c W generated by s;, (j € J) and the parabolic subgroup
P_ D B_ corresponding to J.

Let WY = W/W, be the set of minimum length coset
representatives.
Then we can consider

the Kashiwara thick partial flag variety Xp_ = G/P_.
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Xp_ = G/P_ has cell decomposition.

Xp_= || A
weWw/

where X, = BwP_/P_ is the B-orbit of T-fixed point
corresponding to w, e, = wP_/P_ € Xp_.
The Zariski closure X, = X of X5, is called the Schubert
variety.
Using Bruhat order < on WY induced from W, we have cell
decomposition

Xo= || A
ue WY, u>w

Xw has codimension ¢(w) in Xp»_ and it is infinite dimensional if
[W| = oc.
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Equivariant K-theory K7-(G/P_)
We can consider T-equivariant K-theory of Xp_ =G /P_
K7(G/P-) is the Grothendieck group of coherent sheaves on
G/P_. It has ring structure and

Kr(xp )= [ Kr(pt)owl,
we W/
where O, is the structure sheaf of the Schubert variety X, and
[Ow] is the corresponding class in K1-(Xp_).
K7 (pt) is the T-equivariant K-theory of a point and it can be
identified with the representation ring of 7.

K7 (pt) ~ R(T) ~ Z[A].

Each element in Z[A] is expressed as a (Z-)linear combination
of e (A € A). e* corresponds to the class of line bundle L* with
character \.
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Schubert class and Localization map

For w € WY, we will write ¢ = [0y] € K7(Xp_) and call it
T-equivariant Schubert class.

Each v € WY gives a T-fixed point e, = vP_/P_ € X. Then
the inclusion map ¢, : {ey,} — X induces the pull-back ring
homomorphism, called the localization map at v,

vy Kr(Xp_) — Kr(ev) = Z[A.

For two elements v, w € WY, we denote by ¢*|, the image of
&Y under the localization map ¢} :

§"lv = o ([Ow))-
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Billey type formula for £¥|,

(Lam-Schilling-Shimozono 2010)

Proposition

Letv, w € WY, and fix a reduced expression v = Si,Sj, - . . Sj, of
v. Then we have

r

&), = Z (—1)r—Iw) H (1 _ eﬁ“‘a)) 7 2)

(k1:~-~7kr) a=1

where the summation is taken over all sequences (ki, ..., k)
suchthat1 < ki < ko < --- < k < Nands,-k1 ¥k Sy =W

(with respect to the Demazure product), and %) is given by

B =i ... s () for1 <k <N.
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Littlewood-Richardson coefficients

We consider the structure constants for the multiplication in
K7(X) with respect to the Schubert classes.

[OJ][OV] = Z CLVIIfV[OW]?

wew/

where u, v, w € WY, ¢, € Kr(pt).
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Littlewood-Richardson coefficients

We consider the structure constants for the multiplication in
K7(X) with respect to the Schubert classes.

[OJ][OV] = Z CLVIIfV[OW]?

we WY
where u, v, w € WY, ¢, € Kr(pt).

Lemma
Ifcy, #0,thenu<wandv <w.
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Littlewood-Richardson coefficients

We consider the structure constants for the multiplication in
K7(X) with respect to the Schubert classes.

[OJ][OV] = Z CXKV[OWL
weWwJ
where u, v, w € WY, ¢, € Kr(pt).

Lemma
Ifcy, #0,thenu<wandv <w.

Lemma
Foru, w € WY, we have

CE:W:£U|W' (3)
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Lemma

Letu, v, w e WY and s € WY a simple reflection. If Cs'w 7# C4 s

then we have

ie.

£U|W - W Z C‘)S(7U£X|W.
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Proof.
Consider the associativity

([Os][ou]) [Ov] = [Os] ([Ou] [Ov])

and take the coefficients of [Oy] in the both hand sides.

Csu uv Z Csu xv:Csw uv"‘ Z Csy u,v>
u<x<w usy<w

then we get

1 w
Clv = a Z CsuCxy — Z Csly Cuv

C C
s,w SU -\ u<x<w uy<w
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T-quivariant Chevalley formula
W-orbit of the set of simple roots M(resp. simple coroots M)
determine the set of real roots (resp. real coroots)

o = WN (resp. ¥ = wnv)

and the decomposition of ¢ (resp. ¢V) into the positive system
®, (resp. ®Y) and the negative system ®_ (resp. ¢Y).
For a dominant weight A € A, we define

Hy ={(v",k): 7" € ®Y,0< k < (v",X),k e N}.

Fix a total order on the Dynkin node / so that I = {iy < --- < i }.
defineamap ¢ : Hy — Q"' by

r
1
L(;CIOZII7 ) <'7\/,)\>( , C1, 7CI’)

Then it is known that ¢ is injective.




Equivariant K-theory

ooeo

We define a total ordering < on Hy by
h < h/ < L(h) <|ex L(h/),

where <o is the lexicographical ordering on Q. For
h = (v", k), we define affine transformations r;, and r, on A by

r(p) = — (v, 1),

(k) = () + (v, A) — k) .

Note that r, = s, is the reflection corresponding to the positive
root ~.
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Lenart-Shimozono (2014)

Proposition
Lets = s; € WY be a simple reflection. Then for w,v € WY we
have

1 —ehi=vA ifw=v,
Coy = Z (= 1) 1N~V >y, (5)
(hy, ,hr)
where the summation is taken over all sequences (hy,--- , hy)

of length r > 1 satisfying the following two conditions:

(H1) hy > ho > --- > h, in]HIA,.,

(H2) v < Vry < VIp Iy, <---<Vry ---Ih, = WIS a saturated chain
in WY.
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Application to d-complete posets
[e] le]e}

Application to d-complete posets

In what follows, let P be a connected d-complete poset with top
tree I together with d-complete coloringc: P — 1.

ap the simple root, A\p the fundamental weight corresponding to
the color jip of the maximum element of P.

We apply the above argument to the Kashiwara thick partial
flag variety Xp_ = G/P_, where P_ is the maximal parabolic
subgroup corresponding to J = I\ {ip}. In this case, the
parabolic subgroup W, coincides with the stabilizer of Ap in W,
and the minimum length coset representatives W is denoted
by WAe.

For p € P, we put
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Take a linear extension and label the elements of P as
p1,---,pn (N = #P) so that p; < p; in Pimplies i < j. Then we
constructs an element w = wp € W by putting

wp = s(p1)s(P2) - - - S(Pn)-
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Take a linear extension and label the elements of P as
p1,---,pn (N = #P) so that p; < p; in Pimplies i < j. Then we
constructs an element w = wp € W by putting

wp = s(p1)s(p2) - - - S(Pn)-
For an order filter F = {p;,,--- ,p;.} (i1 < --- < i), we define

wr = s(p;) - - - s(pi)-
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F c F' < wr < wg in Bruhat order
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Take a linear extension and label the elements of P as
p1,---,pn (N = #P) so that p; < p; in Pimplies i < j. Then we
constructs an element w = wp € W by putting

wp = s(p1)s(p2) - - - S(Pn)-
For an order filter F = {p;,,--- ,p;.} (i1 < --- < i), we define
wr = s(py) - - s(pj,)-
F c F' < wr < wg in Bruhat order

If p = px € P, then we define
B(px) = s(p1) - - - S(Px—1) (k)
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Take a linear extension and label the elements of P as
p1,---,pn (N = #P) so that p; < p; in Pimplies i < j. Then we
constructs an element w = wp € W by putting

wp = s(p1)s(p2) - - - S(Pn)-
For an order filter F = {p;,,--- ,p;.} (i1 < --- < i), we define
wr = s(pi,) -~ - S(P;,)-
F c F' < wr < wg in Bruhat order
If b = px € P, then we define
Blpk) = s(p1) - - - s(Pk—1)(Px);

Proposition
(Proctor 2014)

2[Hp(p)] = [#P)ev_s,
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Given a subset D = {p;,,--- ,p; } (i1 <--- < i) of P, we define
elements wp € W and wp € W by putting

wp = s(pi,)s(p;) - - - s(p;;) and wp = s(pj, ) * S(pj,) * - - - * S(pj,),
where x is the Demazure product.

Proposition

Let F be an order filter of P and D C P.

(1) D € Ep(F) <= wp = wr and |E| = |F|
(2) D e E5(F) —= wjh=we

For the case (2) D is uniquely expressed as
D=DUSst D eé&p(F),ScB(D).
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Billey type formula

Proposition
We have

EYF |y = Z 1)#E—#F H — 2[Hp(p

EcEL(F) peE

under the identification z; = e“i (i € 1). We can rewrite the
above expression as

o= Y, 100 —zHe(p)]) T] zlHe(p)]

De&p(F) peD peB(D)

§"F | wp _ HveB(D) z[Hp(v)]
£WP|WP DGgp(F) HVEP\D(1 - Z[HP(V)])
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Chevalley formula for d-complete poset

Proposition
Let P be a connected d-complete poset and s = s;,. For two
order filters F and F' of P, we have

1 z[F] ifF = F,
ety = { (~1)*F\F)=12[F] if F/ 2 F and F'\ F is an antichain,
0 otherwise,

()

under the identification z; = e*i (i € 1).
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Lemma
Let F be an order filter of P and h = (", k) € H,,.

If wery, € WAP and wr < wery, < wp, then there exists p € P
such that F U {p} is an order filter of P, wrr, = wg and

7Y =7Y(p). B

In this case k = 0, because (v", \p) = 1, and Th\p = Ap.
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wa‘WP

To deduce recurrence relation on Zp\ g := P
P

, recall

1
§u|w:7u Z C,)g(,u§X|w~ (8)

cl., —
S,w SU yex<w
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To deduce recurrence relation on Zp\ g := EWZ} P recall
1
Elw=—0 Z g ul™|w- (8)

Csw — Cs,u Uxew

Change variables u = wg,w = wp, X = wg.. Then we have

we __ Z[F] )P\ e
€ lwe = Jr Z[P]F/; )T | (9)

Note that cgf, = 1 — Z[F].
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. F
To deduce recurrence relation on Zp\ g := EWP} P recall
1
u _ X X
lw = oW ol Z Cs,u€ lw- (8)
S,w SU yex<w

Change variables u = wg,w = wp, X = wg.. Then we have

SWF’WP — Z[F] Z 1)|F/\F‘*1§W,_—/‘WP. (9)

z[F] - z[P] £~
Note that cgf, = 1 — Z[F].
Zp\F = — NNz
\ z[P\F] ,__Z;F ) P\
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Remark

Stembridge (2001) classified dominant A-minuscule element of
Weyl groups and found another two families other than
15-classes of Proctor’s. , which are the cases of non-simply
laced Dynkin diagrams. All our arguments can be applied to
these cases.

Replace colored d-complete posets by a heap H(w) of a
dominant \-minuscule element w.

Definitions of £p(F) and B(D) should be slightly modified.
Then the same ED-hook type formula of the theorem holds.
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Example

z[1] = Zz z§z§z4z§zs,
z[2] = 21202324752,
z{i} = 2120232475,
Z| = 232,
z{g} = 212023257,
z = 5%,
2[71 = 21222325,
Z[8] =z,
z[9] = 9z,
z[10] = z.
10
NI | [0

i=1

There are 29 order filters.
F={1,2,3,5}
Ep(F7) ={{1,2,8,5},{1,2,5,8},{1,2,8,9},{1,2,8,9},{1,7,8,9} },
GP/I‘7 _  (=z[pa Z[ZA])(P1 Z[3)( 2[5])+ =21 Z[ZI)A(1PZ[5])(1 z[8))z[3] |

A =z[1))(1 —z[2])(1 —z[3])(1 — z[9])z[5] + (172[1])(1*2[2])(1*Z[Sl)(1*2[9])2[312[5]+

A(P A(P)
A=z (1 —z[7])(1 —z[8])(1 —z[9])[2]

(a=2[1)F(2)
A(P)

where F(z) =1 — z 222§z425 —Z 2223242526 -z 22232526 -2z zzz3z4z§ze + z4 zzz§z4z§ze —

222 2 2,23 2 22322 222 3 222 3,2 3.3.4.2_4_2
Z1 2223242526 + Z1 2223242526 + Z1 2223242526 + Z1 2223242526 + Z1 2223242526 - Z1 2223242526.
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Bs Dynkin diagram sq = 51 — s>
W = So(51S0)(S251S0) Ag-minuscule

‘So S1|S2 ‘51 B2 | B3 "Hv v |4
So | S Ba|Bs v e
S0 k3 6 |

fr=ao+ar+taz, fo=2a0+201 +az, f3 =200+ a1 +ap
Ba = ag + a1, Ps5 = 2a9 + a1, fg = ap,

W=oy, 7 =af +of, 7 = +af +ay,
vV _ Vv VoAV oV v VoV v Y% Y%
v = oy +2af, 78 = oy +2af +ay, g = ag + 20 + 20
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A =321, 4 =21

1

OO w, = 5 5

Ol ] (1= 20)(1 — 2521 )(1 — z§2122)
OO w, = it

EE[ (1 = 202)(1 — 2821)(1 — 282 2p)

2 2

Ol T w, = %p%122

LE‘[ (1= 202)(1 = Z2z122)(1 — 22222)
[o] W, = 202122

Q% (1 — 20z122)(1 — 2821 25)(1 — 2228 2p)
ED-sum

1

(1= 20)(1 — 2021)(1 — 2021 22)

Wy + Wo + Wy + W, =

Example
0000e0
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Thank you!
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