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Skew HLF Bijections Lattice paths Product formulas

Standard Young Tableaux

Irreducible representations of S,:

Specht modules Sy, for all A+ n.
Basis for Sy: Standard Young Tableaux of shape A:
A =(2,2,1): :
1314] [3]5] [2]4] [2]5] [2]5]
51 [4 [B] [4] [3]

Hook-length formula [Frame-Robinson-Thrall]:

A 51
[Toenhu 4#3%2x1x1

dim Sy = #{SYTs of shape A} = =

Hook length of box u = (i,j) € A: hu:A;—j—l—)\J’.—i—&-l:# [ 5
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Counting skew SYTs
Outer shape X, inner — p, e.g. for A\ =(5,4,4,2),n=(2,2,1) : 2]3]6]




Counting skew SYTs

Outer shape X, inner — p, e.g. for A\ =(5,4,4,2),n=(2,2,1): ? g 6]
1{5]10
419
il
Origins:

Representations of GL,(C):

Weyl modules Vi, for all A with £(A) < n.
Characters — Schur functions sy (x1, ..., xn).

A
C
Tensor product: V, ® Vi, = @, V,*", where cﬁy — Littlewood-Richardson coefficients

SuSy = Zcﬁ\us)\ — cﬁy = (susv,sn) = (Sv, Sa/p )
bY N~

skew Schur

Skew Schur functions and skew (semi)standard Young Tableaux (SSYTs):

2 2
5(3,2)/(1) (X1, X2, X3, Xa) = x1x0X3x4 + X1X2X3Xa + - + Xpxax3 + X{xox3 + -

1]2] 1[1]
i3 23




Lattice paths Product formulas

Bijections

Skew HLF

Counting skew SYTs

(lozenge tilings) in statistical mechanics

Other motivation: dimer models
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Counting skew SYTs

Outer shape X, inner — p, e.g. for A\ =(5,4,4,2),n=(2,2,1): 3 g 6]
1{5]10
419
11

Jacobi-Trudi[Feit 1953]:

2(N\)
FMBE = |\/p|! - det { ! ]

(N =i =i+ ) ,"j:1.
Littlewood-Richardson:

P =3
v

No product formula, e.g. A/ = 0p42/6n:
6]+8>3<4>2<7>1<9>5<6 fon2/0n = Ey .1

elfé;]

x2 x3 x4
1+Elx+E2 +E3 +E4 +...:sec(x)+tan(x).

Euler numbers: 2,5,16,61....



Skew HLF Bijections Lattice paths Product formulas
Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

1
FA B = |2\ /! —_,
SIS i
De&(N/p) ue[A\D
where E(M\/ ) is the set of excited diagrams of A/ p.
Excited diagrams:
E(MN/u) ={D C X : obtained from p via B} - EH}
|

— Hook lengths inside A:

1 1 1 1 1
F(4321/21) :7!( ):61
14,33+13.33.5+13.33.5+12.33.52+12.32,52,7
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Hook-Length formula for skew shapes

[ R - q q°

3 5
2 - 1Tl _ q q
sa/u(l,9,9%,..) = E q = 33 T2 % - — 4.
TESSYT(4321/21) (1-9)*1—-q%) (1—q)3(1 —q%)3*(1 —q°

Theorem (Morales-Pak-P)
For skew SSYTs, we have that

Ni—i
2 _ Tl — _9’
s\/u(liq,9%..) = Z g7l = Z H [1_qh(i,j)]
(i.))ENND

TESSYT(M\ /1) DeEN /1) (ir]

Theorem (Morales-Pak-P)

For (reverse) plane partitions of skew shape \/u we have that

> are >

TERPP(X/ ) SEPD(N/p) ueS
where PD(A\/p) :={S C [A\]: S C [A\]\ D, for some D € E(A\/p)} is the set of
“pleasant diagrams”.
Other recent proof by [M. Konvalinka]
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Algebraic proof for SSYTs:

- 6 . L 1& [Ikeda-Naruse, Kreiman]:
6 @/\3 ¢ Let w =X v be Grassmannian permutations whose
i 15 NS unique descent is at position d with corresponding
A \ s —~ ® - partitions t C A C d_>< (n - d). Then the Schubert
4| class Xy, for w at point v is:
1 RS oy
3 Py Xdl,= Do T Gui) = Yora—ir)-

! DeEN/u) (i)ED
v = 245613, w = 361245
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Algebraic proof for SSYTs:

- 6 . L 3& [Ikeda-Naruse, Kreiman]:
6 @/\3 ¢ Let w =X v be Grassmannian permutations whose
i 15 NS unique descent is at position d with corresponding
A \ s —~ ® - partitions t C A C d_>< (n - d). Then the Schubert
4| class Xy, for w at point v is:
1 RS oy
3 Py Xdl,= Do T Gui) = Yora—ir)-

s
v = 245613, w = 361245

Factorial Schur functions:

De&(A/p) (ij)eb

det|(x; —a1) -~ (Xj — ap;+d—i) a
s (x[a) = [ S Tmi ],,,_17

[Ticicj<a (xi — %))

[Knutson-Tao, Lakshmibai—-Raghavan—Sankaran] Schubert class at a point:

[Xu]|,= (—1)“™) (yv() Yy Y1)
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Algebraic proof for SSYTs:
Xull,= > I Guias) = Yo(a—isn)-
De&(X/p) (i./))ED
det[(xj — a1) -+~ (o — au/+d—i)]:'i,j:1
H1§;<j§d (xi — Xj)

[XW]|V: (_1)Z(W)S;(l«d) (yv(].)7 s 7yv(d)|y17 .. 7yn—1)-

s (xla) =

)
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Skew HLF Bijections
Algebraic proof for SSYTs:
Xull,= > I Guias) = Yo(a—isn)-
DeE(N/ ) (i.j)ED
d
det[(x —a1) - (x — aui+d—i)]i,j:1
H1§i<j§d (xi = )
Xwl|,= (—1)Z(W)S;(Ld) (Vv(1)s -+ > Yol Y15+ - 5 Yno1)-
Evaluation at y = 1,9,¢%, ..., v(d+1—i) = X\ +d+1—1i, x; — Yo(iy = gritdti—i

)

s (xla) =

h(i.j)

—N e
d—XN+j _ N+d+l—i _ qd—/\j/-+j(1_q)\,- + X —i—j+ 1)

Yv(d+j) = Yv(d—i+1l) = Yv(d+j)—Xi = 4 q
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Algebraic proof for SSYTs:
Xull,= D2 T Owen

- }/v(de»l))'
De&(X/p) (i./))ED
d
(d) det[(x5 — a1) - (G — 3 1a—i)]}
SM (X|a) = 4 )
H1§i<j§d (xi = )

d
Xuwll,= (DD (ays s Yoy ¥, - Yne1).
Evaluation at y = 1,9,¢%, ..., v(d+1—i) = X\ +d+1—1i, x; — Yo(iy = gritdti—i

h(i.j)
—N e
d—N+j ) _; d—X\+j Ai+N—i—j+1

Yo(dt) = Yo(d—it1) = Yu(dijy—xi = q° =g hiTdTH=l = =Nt (1_qN T4 I

ST A ) = Xl =

H (qV(1)7 te ‘17 q,.. )
DEE(/ 1) (1))ED

witd=j . x; —i
. det[[[,Z," “(¢MT9+1=1 —q") ?,j:l

[T, (917 — gurarizi) = ...[simplifications]...
i<j
1
= (factor) det . - = s 1,q,...
Uocton del o a — )@= Ty e Sl
Jacobi-Trudi

i (1,45-)
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Combinatorial proofs:

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

071 s [O]OT1] s [O]OTT].[0]0]0]
0

RRP P = [0[1]2] [0 —[0
T[1[3] [TI[3] ' [0[0[3] ' [0[0[2] 01/ [0]0[0]

|
%ﬁeﬁa%: Array A = ®(P)

Weight(P) = |P|=0+1+2+14+1+3+4+2=10=
=2 jAijhook(i,j)=1%5+1%2+2x1+1x1=: weight(A)

|
N
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Combinatorial proofs:

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

_, [0]0TT] — [O]0T] — [O[OTT]. [O]0]0]

RRP P = [0[1]2] [0
0[0[3] " [0[0[2] " [O[O[Z][0]0][0]

113 [I13

|
%ﬁﬁﬁﬁﬂ%_%m A= o(P)

Weight(P) = |P|=0+1+2+14+1+3+4+2=10=
=2 jAijhook(i,j)=1%5+1%2+2x1+1x1=: weight(A)

|
N

iJ)*A; ;i 1
> = 3 L &= T sy

PERPP()) A:Array(X) (i,j)EX (i))eX
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Combinatorial proofs:

[0] 0 [0] 0J0 [0] 0Jo0
1] @ Jo[1 1] @ _Jo[1 1 @ _[1]0
0]2 o[1] [1]2 1[0 2] 2 1]o
L1 L1 2] L1 3 1

Theorem (Morales-Pak-P)

The restricted Hillman-Grassl map is a bijection from the SSYTs of shape A/ to the
excited arrays (diagrams in £(A\/u) with nonzero entries on the broken diagonals) .

di

dq (D)

Ap
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Combinatorial proofs:

[0] 0J0 [0] 0J0 [0] 0Jo0
1] @ Jo[1 1] @ _Jo[1 1 @ _[1]0
0]2 o[1] [1]2 1[0 2] 2 1]o
L1 L1 2] L1 13 L1

Theorem (Morales-Pak-P)

The restricted Hillman-Grassl map is a bijection from the SSYTs of shape A/ to the
excited arrays (diagrams in £(A\/u) with nonzero entries on the broken diagonals) .

di

dq (D)

Ag
Proof sketch:
Issue: enforce Os on p and strict increase down columns on A/p.
Show ®~1(A) is column strict in A\/u + support in A/ via properties of RSK
(Integer partition on kth diagonal
(---, P2otk, Pritk) = shape(RSK(A])) is shape of RSK tableau on the
corresponding subrectangle of A)
Thus, ®~1 is injective: restricted arrays — SSYTs of shape \/p.
Bijective: use the algebraic identity.

Ap
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Hillman-Grassl on skew RPPs

Weakly increasing rows:
Skew reverse plane partitions < arrays with support “pleasant diagrams”:

PD(A/p) :={S C[A\]:S C[M\D, forsome D € E(A/n)}

— subsets of complements of the excited diagrams, identified by the “high peaks”.
Excited: Pleasant boxes I



Skew HLF

Bijections

Lattice paths Product formulas

Hillman-Grassl on skew RPPs

Weakly increasing rows:
Skew reverse plane partitions < arrays with support “pleasant diagrams”:

PD(A/p) :={S C[A\]:S C[M\D, forsome D € E(A/n)}

— subsets of complements of the excited diagrams, identified by the “high peaks”.
Pleasant boxes I

Excited:

Excited diagrams <+ complements of lattice paths:

l

l

l

O

[
u

i
[ ot

=
5

=
13

(-

O
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Hillman-Grassl on skew RPPs

Weakly increasing rows:
Skew reverse plane partitions < arrays with support “pleasant diagrams”:

PD(A/p) :={S C[\]:S C[N\D, forsome D € E(A\/pn)}

— subsets of complements of the excited diagrams, identified by the “high peaks”.
Excited: Pleasant boxes I

Excited diagrams <+ complements of lattice paths:

1 ] 1 ] 1 ]
115 e e
g s t
=] - - J
=l fand
g 1
- ] r J ]
s =l 9
=) == )

Pleasant diagrams <> subsets

T

N/, o
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Hillman-Grassl on skew RPPs

Weakly increasing rows:
Skew reverse plane partitions < arrays with support “pleasant diagrams”:

D(M\/pn) :=={S C[A]: S C[AN\D, for some D € E(A\/u)}

— subsets of complements of the excited diagrams, identified by the “high peaks”.
Excited: Pleasant boxes

Theorem (MPP)

The HG map is a bijection between skew RPPs of shape A\/u and arrays with certain
nonzero entries (at the “high peaks”):

> a- s t]

TERPP(X/ 1) SEPD(\/p) ueS

£ 82 K £ &

7 96 6 5 6
P—par2titions/|imit:2 combinatorial proof of c%riginal Naruge Hook-Length Formula for
FA b
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Non-intersecting lattice paths

Theorem[Lascoux-Pragacz, Hamel-Goulden] If (61, ...,0x) is a Lascoux—Pragacz
decomposition (i.e. maximal outer border strip decomposition) of A\/u, then

k
SX/M = det [Sgi#gj ]i,j:l'

where sz = 1 and So,#60;, = 0 if the 0;#0; is undefined.

01 — border strip following the inner border of A;

0; — inner border of A\ (f1 U---U#;_1) etc until p is hit,

then — border strips from each connected part etc.

Ordering: corners.

Strip 0;#0; := shape of 01 between the diagonals of the endpoints of 6; and 6;.

04603602 01

x5l (=] i)

=il 111

T =

A (]

Pel o | 11 det
[ [
Crir=iina ﬁ 4]
HH
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NHLF for border strips

Lemma (MPP)
For a border strip 8 = \/u with end points (a, b) and (c,d) we have

A'ff

s0(1,9,4°,...,) = > H 1— i)

vi(a, b)—>(c d), (i 71)67
CcA

¢ g
Sﬁ (1,4, ... 1(73 i; 13 21))512 2333(21;)411(137)_42) + —9(-a22(-g)(1-q%)

gt q i
4 0=a-a?20-a*)(1-a") | 1-02(1=a)1-e")? | (1-a2(1-a>)(1—c*)?

Proofs: induction on |A/p|, or [multivariate] Chevalley formula for factorial Schurs.
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NHLF for border strips

Lemma (MPP)
For a border strip 8 = \/u with end points (a, b) and (c,d) we have

A'ff

s0(1,9,4°,...,) = > H 1— i)

vi(a, b)—>(c d), (i u)ew
CcA

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

=] ] =]
5] [T Eailza
l—-‘F—!—'\ f T 1 LI}
] - - A ]
[§] (IR
¥4 + t
- ] =1 [# ]
5] el KT | il
| ] | ] 1 ]
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NHLF for border strips

Lemma (MPP)
For a border strip 8 = \/u with end points (a, b) and (c,d) we have

A'fi

59(17qaq27"'7): Z H l—qh(”J

v:(a, b)—>(c d), ()€
Cx

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

A ] =]
5] ] ]
l—-'F!-'\ l--'HI:I 1 LI
= I ]
[¢] [INES
l—-‘M—'\ l LI
T 1 [
F g 1] ] i
[INEN | ] | ]
) T T

= k
SX/ulascoux-Pragacz det [59/‘#9]' ],J 15F<)rd“r sup det |
v:(ai;bi)—(c;, J)UE’Y

Lindstrom— Gessel— Viennot E H A/ /1) NILP E H

_ qhu
NILP:vq,... u€71U.. DEE(N/p) ueD
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Product formulas

@ (ii) (i)
®(n) ;=112 (n— 1), W(n) :=111- 311 (2n — 3)I1,
W(nm k)= (k+1)1- (k+3)---(k+2n=3)I1, A(n) :=(n—2)(n—4)!---
Theorem (MPP)

For nonnegative integers a, b, c,d, e, let n be the size of the corresponding skew
shape, then for the shapes in (i), (i), (iii) we have the following product formulas for
the number of skew SYTs:

£sh(i) _ i d(a)d(b)d(c)d(d)P(e)P(a+ b+ c)P(c+d+e)d(a+b+c+e+d)
T d(at+b)d(e+d)P(atct+d)d(b+cte)d(atbt2ctetd)

poniy _ ) PQ)(B)O(C)D(a+ b+ c) W(e)W(a+ b+ <)
T d(a+ b)d(b+c)P(a+c) V(a+c)W(b+c)W(a+ b+2c)’
£ShCi) _ nl ®(a)P(b)P(c)P(a+ b+ c)V(c;d + e)W(a+ b+ c;d + e) A(2a + 2¢c)A(2b + 2¢)
T d(a+ b)d(b+ c)P(a+ c)W(a+ c)W(b+ c)W(a+ b+ 2¢;d + e)A(2a + 2¢c + d)A(2b + 2¢ + e)
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Multivariate identities |
Set Z>\i+d,[+1()\) = x; and ij+n—d—j+1(’\) =Y

Theorem (lkeda-Naruse)

IT =) = sPx|2(2)

De&EN/u) (ij)ED

Product formulas
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Multivariate identities |
Set 2yq—i+1(A) = and 2y g1 (A) = -

Theorem (lkeda-Naruse)

ST G-y = sPx12(0)

De&(N/p) (ij)eD

Proposition (MPP)
Let A/ C d x (n—d) with Ay > p1 +d — 1. Then:

H xi—y) = sl(td)(xl,...,xd\yl,...,yxd).
DEE(N/p) (i./)€D

In particular, the LHS is symmetric in (x1,...,Xq).

Product formulas
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Multivariate identities |
Set 2y 4a-i+1(A) = xi and 2y g1 (A) = ¥

Theorem (lkeda-Naruse)

ST Gi—w) = s (x12(0)

De&(N/p) (ij)eD

Proposition (MPP)
Let A/ C d x (n—d) with Ay > p1 +d — 1. Then:

Z H (x,-—yj):sl(‘d)(xl,...,xd\yl,...,ykd).

DEE(N/p) (i./)€D
In particular, the LHS is symmetric in (x1,...,Xq).

Theorem (MPP)

1 1

,
[ [—
F=(y11eemve) NILP (ijyer G ©=(01,...0c).NILP (ijyeo 1 Y
Ypi(at+p,1)—>(p,b+c) 0p:(p.1)—(a+p,b+c)

6

0.

IL:

Ve

1]
I

n—d d

3
|
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Multivariate identities Il

[y
[y

01
0.

a
!

[y

e

T=(v1yeove) NILP (inyer X =Y e—(oy,...00),NILP (ijyee § — Vi
3 )\
n—d
If x; =X —iandy;=—X\+j—1, then hy(i,j) = x; — y;.

¥p:(a+p,1)—=(p,b+c) 0p:(p,1)—(a+p,b+c)
If Xis “nice”, then any path 8 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

)

Product formulas
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Multivariate identities Il

g

01

a
!

Oc

[y

e

— X I
F=(y1,...,7e),NILP (i, j)er =" 7/ ©=(61,...,0.),NILP (i,j)e® ™' 7
3 )\
n—d
If x; =X —iandy;=—X\+j—1, then hy(i,j) = x; — y;.

¥p:(a+p,1)—=(p,b+c) 0p:(p,1)—(a+p,b+c)
If Xis “nice”, then any path 8 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

)

NHLF: f:/!ba = [ 1 ] > I

u€[A\R hA(i,j) DEE(R/b) (i,j)ER\D h)\(l',j)
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Multivariate identities Il

g

01

a
!

Oc

[y

e

— X I
F=(y1,...,7e),NILP (i, j)er =" 7/ ©=(61,...,0.),NILP (i,j)e® ™' 7
3 )\
n—d
If x; =X —iandy;=—X\+j—1, then hy(i,j) = x; — y;.

¥p:(a+p,1)—=(p,b+c) 0p:(p,1)—(a+p,b+c)
If Xis “nice”, then any path 8 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

)

NHLE: i L > I1 L
n! NG h)\(lv,l) DEE(R/b3) (i,j)ER\D h)\(’:.’)

flip diagram/paths vertically = (factor) H PN x #E(R/b?)
(erjoes M)
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Multivariate identities Il

[y

> >0 I

b
i1 . 1 X — v
T=("1,..-sve),NILP (i,j)er ~' Y ©=(61,...,0c),NILP (i,j)e® "' Yi

Ypi(a+p,1)—=(p,b+c) 0p:(p,1)—(a+p,b+c)
= — R == ==
= Bl | B e

n—d n—d
If x; =X —iandy; ==X\ +j—1, then hy(i,j) = x; — y;.
If Xis “nice”, then any path 6 : NW corner A — SE corner B has the same multiset
of hooks (h(6(1)), h(6(2)),...)

T e

u€N\R ha (7, j) DEE(R/b?) (i,j)ER\D hx (i, J)

flip diagram/paths vertically = (factor) H — < #E(RB)
(i,j))ER/0ba (M)
(i))EMNR hx(i,j) (i))eR/0cbs (i) ®(a £ b)®(b+ c)®(a + )
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Multivariate identities |l

£/ b° 1 1
NHLF: el [ 11 hk(i’j)} > I

uEN\R DEE(R/b?) (i,/)ER\D ha (i)

flip diagram/paths vertically = (factor) H 1, -
(yerocps M)

B 1 1 ®(a+ b+ c)d(a)d(b)P(c)

= 11 I1 h(i,j) ®(a+ b)®(b+ c)d(a+c)

x #E(R/b?)

e MOI) o ckocss

Excited diagrams <+ flagged tableaux of shape u:

= e
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Multivariate identities |l

NHLF £/ H 1 Z )
n! ue[A\R hx(i,J) DEE(R/b?) (i,/)ER\D hx(i,j)
1
flip diagram /paths vertically = (factor) [ [ L, (R
(yerjoeps M)
1 1 ®(a+ b+ c)P(a)P(b)P(c)

- 1

g D) () dabc, IA(i.d) ®(a+ B)®(b+ )(a+ <)

Excited diagrams <+ flagged tableaux of shape u:

= e

When p = (b?), then SSYTs with max entry < max{k : \y > k+ b — a}:

A% "
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The end of day 1

Product formulas
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