DO0o0donGbbsUOOOoon
Jogboogotdbotobooogn

o od
oooobboggoooon
goouobtoo oogoon

e-mail: kawabi@math.okayama-u.ac. jp
gooboboooz07bbobboobooodooood

1 0000

000 Dirichlet DO OOD0DOO0ODOOO0OOOODOOO0ODOOODOOODOODO
gbodgbboobuodbbboobuoobobobobodoboobbooboobbod
gbogbogoboogobuodgbbooboobbodboobobuoobbooboo
gbobbooggbbbuoooobbbuoooobbbooobobbboooooboo

O00Dirichlet 0000000000000 XO0ODODOOD0OOOOOO@OOOOQ
00000000000) w0 e-000000000200000000000 L3 () =
A X;p) 000000000 FOOODO FxFOO00DOO0DOOOOOOOO (E,F)O
Dirichlet 00000000000 3000000000000

(£1):£00000000 E(u,u) >0, ue F.

(£2):£000000000 FO0OO &(u,v) :=E(u,v) + (u,v)r2,y 0000 Hilbert
goooooooo

(£3): £0 MarkovO OO OO
000000 e>00000000200000000 ¢.:R—-=ROOOO0OO

e p.(t)=t, Vte[0,1]. —e<p(t) <1+4e, VEeR 0< p(t)—p(t) <t'—t, t' >t
sucF = ¢.(u) € F,E(pe(u), p:=(u)) < E(u,u).
Dirichlet 00 (£,7)000000000000000 LX) 000000000000
(£,Dom(L)) O
Dom(£) = {ueF |3 Lue L*(p)s.t. E(u,v) = (—Lu,v) 2, Vv € F},
E(u,v) = (=Lu,v)r2(),Vu € Dom(L), Vv e F. (1.1)

00000000000000 {e“}s00 L2 ()00 C-0000000000 (£3)00
Markov O O (u € L*(p), 0 <u <1, prae. = 0<e“u<1, prae)00000



0000 LX(x) 000000000 (£,Dom(£)) 00

(Lu, (u—1)V O)L2(M) <0, wu € Dom(L) (1.2)

00000 (0000000000000 000)0000 DirichleteOOO0OO0O0OO0
F:=Dom(V-L), &(u,v):=(V—Lu,V—Lv)

0 Dirichlet 00000 (00 (1.1)0 MarkovD (£3)00000000000000000
Dirichlet 0 0 0000000 Dirichlet 0 0000 0)0

00000000000000000000Dirichlet 00000 Dirichlet 0 00000
0000000000000000000000000000 C°(R")O00000 cylinder
0000 FCPO0000000EODDDDOOOD £,0000000 L3(»)0000
0000 POOOOOOOOOOO0OO0OO0OOOO0000000000000000000
0000 pre-Dirichlet 00 (£,D) (00 (£1),(63)0 we POODDDOOOOOODOO
0)000000000000000000000000000

OO0D0O000 Dirichlete O ODODOO0OO0ODODOOO0OODOOOODODODOOOODDOOO
00 E(u,v) = (—Lo, )2, w,v € POODODDOO000000000 (D0 (£L,D) O
pre-Dirichlet 000 00000000)0(E, D)0 closableD0O00DO &-000000O0
D(E)0D0000000000000000 MarkovDOOOOOOODO(E,D(E)) D
Dirichlet 10000000 (£,D(£))000000000000 (£,, Dom(£L,)) 0 0(Lo, D)
0 Friedrichs 0000000 Dirichlet 000 00000000000000O L*p)O0O
OO0 Markov Co-O0 0000000

goboboooobobboooobbboooobbbooobbobooooboo

[ES] (00000000, strong uniqueness, L?-uniqueness):
e (Lo,D)0 [2(»)000000000DO0D0O0OD
& o (Lo, D) O graph norm ||ullz, := ||u||2m) + [[Loull2qy COO0O0D0O00D0000O0O
OO0 (000000 (Lo, D) O dissipative. 000 closable 00 O0O0O0O0O0O)O
SeI0D0ODO (Ly,P)ODDDODDODODOOOU L* (w0000 C-00DODODODO

2y WU € F

MU] (MarkovO OO D0O0O0OO0OOO, Markov uniqueness):

e pre-Dirichlet 0 0O (Lo, D)0 000 Dirichlet DO 00000000
<eIODODODO (L, ) DDDODODODODODOOO Dirichlet 0OOODOOOOO
©e00000D (£,P)I000000D0O0 L2(x) 0000 Markov C-0 000

guooooog

0000 [ES]000 MU]ODO0O0O00000000000 [ES]O Cauchy OO
ou
ot

0000 (well-posedness)d [MU| O £, 00000000000 MarkovDOOOOOOO

goddobooboobooboooboobooboooboobooboobobooood

= Lou, ug=f € L*(u)



guoodooooobn
E(u,v) = /H(Vu(x), Vou(z))gnp(x)dz  on L*(pdz) (DO DO p>0) (1.3)

0000 Wielens (40|00 0000000000000 O00OOOOOOOOOOOOOO
00000000000000000000000 (000 Eberle [10]000)0

O00000000000000000 (1.3)0000 flatO Lebesgue 0O “dz” 00O
000000000000000000 (DOD0D0D000OooODO)00oOooOoDoDOOOOo
0000000000000000000000000 Wiener O Wo(RY) OO Wiener
OoOwiooboooboooobooobooo

W(dw>zz—1exp(_1 / o (@)fade ) T duw(a). (1.4)
2 Jr z€R

(000 z0000000]],egdw(z) 0 Feynman OO “flat 000 D(w)”) 000 Gauss
O00000OMalliavin0O0O0O0O00O0O0O000OOO Ornstein-Uhlenbeck 0000 O (1.3)
0000000000 W(dw)OODODOOO Dirichlet 0 000 OO 0O Dirichlet 0 00O
OO00D000000 A—2-VOOODODODOODOODODOODODODODOODODOODOO
000000000 [ES]0000000000000O0O0O0O0O0O0O0O0O0OoOoOoOOO
000000000000000000 plw)W(dw)JO0OOD000 (1.3)00000
000000000 Takeda [39], Rockner-Zhang [32], [33], Shigekawa [34] D00 00O (O
O Maliavin 000 000)000000000D00OO0O000ODOOOO0OODOOCOOO
0o
QDDDDDDpre-DiriChletDDDDDDDDDDDDDDDD(DDDDDDDRZdD
0000000000000 0000000O0O)00000000DO00OOOODOOO
(cf. Albeverio-Kondratiev-Rockner [1])
ellJ000DO0O0DO0ODLDOODODOODDOODOODLOODLOODODOD

(cf. Da Prato [6], Da Prato-Tubaro [8], [9], Da Prato-Réckner [7])
ellJ00O0D0OOO0DOO0ODOODODOOODDOODOODLOODLOODOOD

(cf. Liskevich-Semenov [26], Liskevich-Rockner [25])

gboogobodboogoobooobuoobuobbodbooobuoobbooboo
0000000000000000000000 (o000 0O [ojooo)o

000000000000000000 C(R,RHODO GibbsOODOOOODODOODOO
00 (1.3) 00000 pre-Dirichlet 00 (00000 DO pre-Dirichlet 000 )00000
0000 time dependent Ginzburg-Landau OO D OO0 000000000 ROOOOO
0000000000000 O0O00O0OOO Michael Réckner O (Bielefeld 0 0 )0 0 00O
00 23] 000000000000000000 GibbsOOOOOOOOOO

w(dw) = 7! exp(—%/Rw(x)@ddx—/RU(w@»dm) [[dw),  (15)

z€R

000 U:RY— ROODO potential O O

3



00000 CR,RHYODDOODO0O0ODODO0OOOOONDODOOOOOOOOODOOQ
0000 P(e),-000000000000O0OO0OOO0OO0 (D0DO0O0)0O0OODODOOOO
gooobooobbbooooboboooboboooo wbowboooobbogo o
00000000000000000(O00)ODDoDOOoDUOODOO0O0 (Remark 2.4)0

O0000000000000000000 2000 GibbsOO (15) 00000000
00000000000000(1.3) 00000 preDirichlet 00 (£, F¢°) 000 pre-
Dirichlet 0 OO (Lo, FC°) OO ODOODODOOOOODOOOOOOOODOOOO300O
0000000000000000 (L, AC°)00000000000000 Iwata [16],
Funaki [11], [13]0 000000000 time dependent Ginzburg-LandauO 00000 O
000000000000 00000D00000 Ornstein-Uhlenbeck 000 “O00 " O
O000OOrnstein-Uhlenbeck OO 0D OO0 O0O0OOO0OOOO0OODOOODOOODOOODOO
OO00000b00bO0o0ob0obo0ob0ouo4b0b000bU0obD0O0bO0ODbDO RieszOOO
000 (Sobolevnormd Meyer 000 ) D00 O00O00OO 50000000000000
oboboboobooboon

2 Ooobobooboo

0000000000 CR,RYH)O0O (U-)GibbsOO p 0000000000 OOOO
O000000000000000000000000000 (pre-Dirichlet00O0OOO
O0000000000000pre-Dirichlete000 MarkovO OOOOO)00O0OO

000 Dirichlet OO0 0000000000000 O0ODOOO (rigged Hilbert space) 0 O
O0000000000000000000000000000000000 x € C*(R,R)
Ozl >10 x(x) = |z|00000C0CC0O0O0O0O0O0O0O0OOO p, € C*°R,R),r e RO
pr(r) =@ ¢ c ROODODODDDODOOOOODOOOr >00 (00O Proposition 3.6 0
O00)K,+22>0000000000000000000(K,000 (U1)000Oo
Oooomm

o F=L}RRY:=L*R,RY: p_y.(x)dz). 00O OO0
(X.Y)p = /R (X(2),Y(2)) pap-on(@)dz, X,Y € E

0 Hilbert 00000 (normO |- ||z 000)0
e H:=I2R,R%). (000000 Hilbert 0000 00normO |-y 000)0

000 Riesz000 H*~HOOO H*0 HOOOOOOOOODOOOO0OO0O0O0OO
00000000 E =L2 (RR)CHCEDOODOOO

0000000 C(R,RY) O tempered 00000 CO
e C:={weCRR | |l‘im w(z)p_r(z) =0 for every r > 0}

=({we CRRY | [w]ro < oo}, D00 [l := sup |w(z)|p—r(2)

r>0



00000000000 semi-norm O {|| - |neobrso O Fréchet 0000000000 C —
ENCR,RY) 0 EF0D0O0O0ODOOOOOOOO0O

0000 potential 00 U e CRY,R) 0000000 300000000

(U1): There exist a constant K; € R and a convex function U : R? — R such that
K -
U(z) = —71|z|2 +U(z), zeR%

(U2): There exist K5 > 0 and p > 0 such that
IVU(2)| < Ko(1+|2]7),  ae. z e R%

where VU (z) := —K,z + 0,U(2), z € R* and 8yU is the minimal section of the subdiffer-
ential U, i.e.,

U(z) = {2 eRY|U)>U(2)+ (2 — 2,2")ga, forall 2’ € R},

8U(2) = {yo € Range(dU(2)) | lyolga =  min_ |ylga}.
yERange(0U(z))

(U3):  limpy e U(2) = 0.

Remark 2.1 U € CY(RY,R) 00000 0000)VUDOOO gradient VU O 0O
000000000 (U1)0 one-sided Lipschitz condition

(U].)’ (VU(Zl) — VU(ZQ),Zl — Zz)Rd > —Kl‘Zl — 22’2, 21,22 € ]Rd.

0000000000 UeC(RLR)O00 VU > -K, 0000000

2m
Example: U(z)= Zaj|z|j, agm >0, m € N.
=0

(square potential U(z) = a|z|?> O double-well potential U(z) = a(|z|*—|2[*) D 00000
0000000000000 U(x) =]-00000000 C-00000080(0) = [-1,1]
000 d0(z)=—1(2<0),0(:=0),1(z>0)0000)

2.1 C(R,RHDOO (U-)GibbsO OO OOODO

0000000 (LAO00000000000000 C(R,RY) OO0 (U-)Gibbs OO
(P(¢),-00)000000O0O Simon [38], Iwata [15], Betz-Lorinezi (5| 000000000
00000000000000000000000000000 CR,RY)YO000000
0000D0000CR,RYOD o-field B:= o({w(x);z € R}) 0000 0PC(R,RY)) O
0000 (CR,RY),B)0000000000000T;,T, c ROOODOBO sub-o-field
00 By = oc({w(x); Ty < o < Th}), Bryn)e = c({w();x <Ty,x >To) 0000



000000 Hy:=-1A000000000000 A:=3Y%,0%/020000d-00
Laplacian 0 00000000 e 00000000000000000

1 |Zl — 22|2
exp (- 2220
p(tuth?) = \% 27Ttd 2t
5(21—22), t=0.

00000000000 (1.5)00 Gauss0000O0000000000000000
D0000000000x; <2<+ <y, A, Ag,+-, A, e BRHDOOODODO

A:={we OR,RY) | w(z,) € Ay, w(zwy) € Ag, -+ ,w(zy,) € Ay}
0 CR,RH)O0 cylinderset 000000000000

W(A) = (]_A17 e—(xz—m)Hw 1A26—(x3—x2)HW ]-A3 . 6—(xn—xn_1)HW 1An>
L2(R4 R)

= / dq 1A1(Q1)/ dge p(22 — 21, q1,¢2)1 4, (q2)
R Rd
X /d dqs p(xs — T2, q2,q3)1 a5(q3) - - - /d dgn p(Trn, — Tn—1,Gn-1,9)1a, (¢,) (2.1)
R R

0000000 (C(R,RY),B)00000000000000000 C(R,RY)O0 Wiener
0000000 time interval 0000 RO d-00 Brown OO (B)eer 100000000
00000 (1.4)00000000000000W(C([R,RY))=co0000000000
000000000(00000000 Kolmogorovd JOOOOO0O00000O Brown D
000000000000000000000000000([38)039000000000)
0000000000000000000007y <21 <22<...<xy <Ts, 21,2 €RY
00000(21)0000000

ef(ilfn*l'nfl)HW (1Anp(T2 - 'TTIJ % ZQ))) (Zl)

= /d dgr p(xr —Th, 21, q1)1 4, (1) / dgs p(xo — 21, q1, q2)1 4,(q2) - - -
R

Rd

x / dan P(En — Tn 1yt ) La (@)D(To — Tms s 22), (2.2
Rd

0000 (C(Ty, To),RY, By, 1)) 0000 W2 00000000000000000

(T1,T2]
OO00000 WienerJOOOODO By, = 21,01, = 22 00 Brownian bridge 0 0 0 OO

000000 W22 (C([Ty, Te],RY) = p(Ty — Ty, 21,2) 00 000000000000

[Tl T2 ]

00000000000000000 (000 path) &€ C(R,RY) 0000

W&(zl)f(zz)(dw)’ if w=¢ on [T, T3]

Wi,z (dw) = § 1
[T1,1%] 0, otherwise.



0CRRYODDODOO00000(DOO00 @) =2 (v <T), &) = 2 (z > Th)
gbobobooodgon W[ZY{I’Z%Q]DDDDDDDDDDDDD)

000000 GaussOO O potential 00 U0 000000000 OC(R,RY) OO Gibbs
00 x000000000000Schrédinger 000 Hy == Hw+UD0D0000 LA(RY,R)
00 Schrédinger 00 {e v}, 0000 K(t,21,22) O

exp (— / 2 U(w(x))dx)W[z;l”z;Q](dw) (2.3)

T

K(Tz - Tth,Zz) = /

C([T1,T2),RY)
0 Feynman-KacO O OO OOOOOOOOOOOO0OO KeyOOOOOOOODO (U3)0O
000 Schrodinger 000 HoOOODODOODODODODOODOOOOOO (00O Reed-Simon
31]000)0

o (Hy, C¥(RYER))O LA(RYER)DDO0O0O0DOOOO (000DDOOOODOO HyOOO)O
e Hy O purely discrete spectrum O O 0O [

e HyOODODDOO M(>minU)0 simple000000000000000O0O (ground
state 000 00)Q0O0O00OOOO

e 00 a>0000000C=C(a)>000000|Q>2)|<CeDoooon
OD0000Uy:=U—X\0000000 Schrédinger 0000 Hy, := Hy — A 0000
O00D000e Hu = et thy o~tHuy) = QD O00000000000000
CR,RHYOODOODD = py O (U-)Gibbs 00 (0ODO P(¢),-00)000D000
cylinder set
A = {we CR,RY | w(x)) € A, w(xs) € Ay, -+ ,w(x,) € A} (€ Bir, ),
000 <z <23<...<x,<Ty, Ay,..., A, € B(RY) 0000
,U(A) _ <Q,€_(I1_TI)HUO 1A16—(z2—x1)HU0 1y, - .. e~ (@n—zn-1)Hy, 1,4 e—(Tz—xn)HUOQ>
" L2(R4R)
0000000000 (e 0 LX(RYLR)-000000 e Q=Q00000000

ooono
(Q 1a,, e~ (27w Hu, Ta,--- e~ (#n—mm-1)Huq 14, Q) L2(R4,R) (2.4)

OoOoobo0 », 7000000000000 Kolmogorov DO OOOOUOOOOOO
gobooo MDDDDDDDDDDDDDDDD)

Remark 2.2 0000 Feynman-KacO OO DODOOOOOpOOOOO
n(A) = e(TQ_Tl)AO/ leQ(Zl)/ dgy K(z1 —Th, 21, q1)1a, (q1)
R4 R4
X /d dga K(r9 — 21, q1,G2) 1 a,(q2) - -~ /d dgn K(Tn — Tn1,Gn-1,qn)1 4, (qn)
R R

X / dzs K(T2 — Zn; qn, 22)Q<22)
R

Ts

— e(Tle)/\o/ / Q(zl)Q(z2)EWftr1{,z%z][exp(—/ U(w(m))dm);A]dzldzg
Re JRe T



0000000000 (1000000 oooooooon)™
OO000O0D GibbsOO pO0O0000ODODOOOOOOODOODOOO

[1].000 GibbsODODOOODO (24) 000000 0000000000 OOOCOOO Q
0000000000 Kolmogorov-TotokiD DO 0D u(C)=1000000000 ([15)
O Proposition 2.70 0 0)0

[2]. RIO0 v(dz) :=Q>2)?d:00000000000
1 \%Y
Hof == O Hu(Qf) = —5Af + (- Vf) s feCRRLR)
00000000000000 L2(v)=L*R4R;y) 000000000000 (0O00
000000 H,000)0000 e f=0 e ™oQf fe L*(v) 0000 {e}50
0 L2(v) 0000 MarkovO OO OODOO0O (24)0

N(A> = (1A1 ) ei(mim)HV 1a,-- ei(xnia:nil)HV 1An)L2(l/)

000000000000000 GibbsOO ¢p00-H, 000000000000 v0O
00 MarkovO O (w)er 000 C(R,R)00000000000000000OOOO
00 (wher 00000000

Q

000000 P(¢)-process 1 00000
0oooooo

/ /\w W™ pon(x )dx) (dw) < / 2" Q(2)%dz < 00, meEN,r>0  (2.5)

gbobobooogbbbogoobobuoooon

[3]. 000 Gibbs OO 0 DLRODODOO0DO00O0OO0O0O0O00O00D0DO ([15)
O Proposition 2.70 000 [5] 0 Theorem 3.1 000 )0

B [LalBir1] ©) = Zlag(©) [ oxw (— [ Ulwar) W, gy ()

T

for pra.e. £(€ C(R,RY), all Ty < Ty and A€ B.  (2.6)

000 Zirmy(€) = EVrmfexp(— [ U dz)] 0000000 D0ODLROOD
(26) 000000 (1.5)DDDDDDDDDDDDDDDDDDDDDD Gibbs O O O
O0D00O0O0O0O00000000 potential O U OODODO DLRODDOOOOO p €
P(C(R,RY))0000D00D00O00D (000 [5000)0

[4]. DLRODOO (2.6) 00 Gibbs 00 p 0 C§°(R, RY)-quasi-invariant 0 0000000
00000000000 ke CR,RH000000000000 p(-+k)0p0000
000 u(k+ dw) = A(k,w)u(dw) 000 00O Radon-Nikodym O O A(k,w) O



Mkow) = exp { [ (V(w(@) = Uwle) + k@) = 5IF@F + (0(). Aske))es ) o}
000 A, :=d*/dz’. (2.7)

00000 (000000000000 supp(k) 0000 O0O0O0O00OO0OODO)DO

1 d
Remark 2.3 U(z) = ;|2 ~ 5 (00000)0000 GibbsO0 pp O

1 .
EF[g;(x)] =0, E*[gj(x)qu(y)] = §€_|x_y‘5jka 1<j,k<d, z,yeR

0000 CR,RYDD0 Gauss 000000000 GibbsOO p0 By, 0000000
p00000000000 (42|, , 000000000000 [38]0 Theorem 6.7 0

0000)000000000000000000000000000 (U,-0,0000
00 =y, 0 pup, 000)0000000000000 [38)0 Theorem 6.8000000

2.2 DirichletO0OQO0O0O0O0O0OOO0OODOOO0OODOOOOO

OO00000 DirichletDOO00O0O0O0OO0O0OO0O0OOO0O0ODOO0OODOOOODOOOO
00000000000000000000000000000 C(R,RY)O0 GibbsOO
OwuC)=10000000000000C—FEFOODOODOOOOOReP(E)DOOOO
000000000300 (B, H,x)00000000000000000000 C°(R,RY)
OF0DD0D0D0D0D0O0O00pD CP(R,RY)-quasi invariance 0 0000 supp(p) = EO OO
O ([4] O Proposition 2.7000)000 FOOOOOO cylinder D000 OOODOOOO
UOO0KCErROErEO0O0O0OOoooooog

FCR(K) = {F(w) = f({w,e1), (w,00) | n €N, {pi}i, C K,
F=fon, 0 € GERY), (w0 i= [ (wle). pia))sode |

0000000000000000 FCP = FCR(CE(R,RY) 00 O00supp(p) = EO
0O00FCO0000200000 L2(w)000000000000000000000
0000000000000000FCRO LA(x) 0000000

00 FeFC 0000 H-Fréchet 10000 Dy O

g&fl ((w’ 901>’ T <w’ ¢n>)‘;0i

i=1

000000000 e HOODOOUOO DyFO EFOOOO0ODOD A-O0000O00OO0O
w0 CP (R, RY)-quasi invariance 000 F,G € FC;*0 ¢ € CER,RHODDODO0OODO0O0



ddpooddooodn
/E (DiF(w), ) ,C(w)pu(du)

= — [ Fw)(p. DuGw)) yudw) ~ [ PG lw(dv).  (28)

E

000 8,0

i [ P){Aee.0) = hutdn) = [ Fw)s,(wpldu), ¢ € CF R

e—0 & E
000000 GibbsOO pd 00000000000 (R7)OO
Bo(w) = (w, Aup) — (VU(w(1),¢) DODDDD0ODDOC

00000 pre-Dirichlet O O

&RQ:%LU%HMJMQMMWMLRGEﬂ$

000000000000000 (2.8)00
E(F,G) = (= LoF,G) o,y F.G € FCP (2.9)
0000000000 FeFC 000000000 (preDirichlet 00 0) Lo O

LoF(w) = ST(DFFw) ~ (VU(w()), DuF(w)) + 3 (w, A DyF(w()))
= % 1aiafaj (<w7901>7"' v<w’907l>><90ia90j>

32 o (wens o (wsen)) - {(w, Aupr) = (VU(w(), 1)}

00000000000 (00 (U2)000 (2500 LF € L2(w)00000000)0
010000000000(2.9)00 pre-Dirichlet 00 (€, FC°) O closable 0 00000
O (pre-Dirichlet 00 0) (Lo, FC*)000000000000000000(EFCP)O
00000000 Dirichlet 10 (6,P(€)) 000000000000000 Friedrichs O
0 (£,,Dom(£,)) 00000000000

0000000000000000 (£, FC)0000000000000000000

Theorem 2.4 (00000000, [23]) Under conditions (U1), (U2) and (U3), the
pre-Dirichlet operator (Lo, FC;°) is essentially self-adjoint on L*(p).

00U eCYRLR)OOOODO(L, FC)D (000)0000000000000000
0000000 (3.2)0000000000000000000000000000
0000000000000000000
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Corollary 2.5 (MarkovO OO 00O, [23]) The Dirichlet form (€, D(E)) is the unique
extension of the pre-Dirichlet operator (Lo, FCy°).

Remark 2.6 closable [ pre-Dirichlet 0 0O OO0O0OO0OO00OO0O 1000000000
O0000000 MarkovOOOOOOOOOODOOOOO MarkovOOOOOOOOO
0000000 BanachOO (DOO0O0O0OOO0O0OOO)00000O0D00ODOOOOOO
00 MarkovO OO OOO0O0O0OOODO Albeverio-Kusuoka [2], Albeverio-Kusuoka-Rockner
B000000000O0000O000O0O00000000O0O0 (&1,D(ET))O

D(EY) = {FeL*n) | [RAC],[SGD], DyF € L*(u; H)},
1

EHFC) = 3 [E (DuF(w), DuG(w)) u(dw) F.G € D(EY).

000000 ([2]0 Theorem 2.5000)0000

[RAC] (ray absolutely continuous):
FOOOOO0O FO p0000 ray absolutely continnous0 00 000000 k € CP(R, RY)
good Fk(w—l—tk),wEED t0000000000000000 FOOOODOOOOO

[SGD] (stochastic Gateaux differentiable):
FO0O0000 FO stochastic Gateaux differentiable 000000000000 DykF :
E—HOOOOOOOOOkeCRR,RYDe>00000

P\r%u({w €E | %’F(w +tk) — F(w) — t(ﬁHF(w),k)H| > 5}) =0

gboboobuoooobon

Corollary 250 0(&E,D(€)) = (€, D(E1)) 00000000 OO0OOOOO H-Lipschitz
000 (|[F(w+h)—F(w)| <C||hlg, Ywe E,Yhe H) O [RAC]O [SGD]OODO0O
0000000 Kusuwoka 24| 0 0000000000000 H-OOOOODE)ODOO
0000000000000 (6,P(E)000000000 (00)0 Varadhan 000 O
000D (0D00000)00000000000 (Kawabi [18])0

3 Uboubd

0000000 23]00000000000000000 (Ly, FC°) O closableD O OO
(0100000) graph norm 0000 (Lo, Dom(Z4,)) D0 000000000000 00
0 ()0000000000000000O00O0Lumer-Phillipsd00 ([10] O Theorem
1.1,12000)0 FCPO L2(») 000000000 00FCE C Range(A—Lo) (C L2 ()
O0(@CO00d00)A>00000000000000DOO0OOCOOOO0O0OO

IAN>0, VFeFCP, 3PecDom(Ly) st. A\—Ly®=F (3.1)

OO0 “000000 OO0 ellipticproblem”"0 0000000000000 OOOOO
O (Lo, FC,;X) DD DODODOOOOODO (time-dependent Ginzburg 0 0000000 O0O0O)
gbobbooboobooboobobbobooboon
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3.1 JOo0ooboobooooon

000000 time-dependent Ginzburg 0 0000000000 DOOOOODODODOO
00000000 Iwata [15], [16], Funaki [11], [12], [13]0 0000000000 0OOO

O ©,FP{fAl) 0000 (0D00000) 0000000000 0O0ODOOOO
(F:)-0 00 white noise 0 O (H-O0O Brown OO ) O B={B:(")}+>o 000 (DO0OOO
dB(z)dBs(y) = d(z —y)é(t—s) OO0DO O O0O00ODODODO)O time-dependent Ginzburg 0 O
0000000 (P()-field00000)000ROOOOODODODOOO white noise 0 O
OO00oOoooDoooog

dX,(z :—{A Xi(z) — VU(X(2)) }dt + dBy(z), z €R, t >0 (3.2)

000000000000000000000 [13]),]16/000000000E-0 {F}-0
000000 X :={X,(z)}=00 (32)00000000

Xi(z) = / g(t,z,y)Xo(y dy——// —s,2,y)VU(X,(y))dyds

/ / —s,x,y)dBs(y)dy, ze€R, t>0, P-as. (3.3)

000000000 (mildform)J000000000000 g(t,z,y) = —Aexp(—252L5)

00000000 mild form (3.3) 0000000 (weak form) 00000000000
goooo

Xep) = G+ [ Cdapits =3 [ (VU0 p)as
+(By, ), t>0, VYoecCrRRY, Pas  (3.4)

000 32)00000000000000000OOO0OOO0OOOOO

[Fact 1]. ([16] O Theorem 5.1, 5.2 ): 00 (U1)’0 (U2)000000000000
(32)00000 Xo=weCOO00D0O00 X =X e C()0,00),0) 000 (0000
XveC([0,00),E)0000000O000)O

Remark 3.1 VU O Lipschitz 0 00000X, = w € E00D0O0DO0O0 X = X¥ €
C([0,00), E) 00O ([16] 0 Theorem 4.1, [12] O Theorem 2.10, [13] 000 6.10000)0

O00P,0 X*000 C(0,00), E)0000000000000 {P}soD
PF(w) := E[F(X")] :/F(y)Pw(XtEdy), weC, FeCyE,R)
E
O0O0000000 GibbsODO pO0D0OOO0OOOOO
[Fact 2]. ([15] O Lemma 2.9):

/EF(w)PtG(w),u(dw) = /EPtF(w)G(w)u(dw), t>0, F,GeCy(E,R). (3.5)
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0000000{P}s0 L2(w)0000 Markov C,-0 0000000000000
000000 (L2, Dom(L£,))0000(3.4)000000000000(Ls, Dom(Ly)) 0
(Lo, FC)0OOOODDO0O0D0O0OODOOODO0O00O0OOOOD (00000000
00000000)000000

= NNfeec=@mm | |22],. <o)

k=07r>0
DDDDDDDDDDDCS"(R,RC[)CCS’;’DDDD CxOrO0000000O0O0O200
0 7C0000000000000000 Dy0 L, 00FCR(C) 000000000
oodoooooooooooooodon

Lemma 3.2 (1) (Lo, FCy°) C (Lo, FC;°(CY)) C (L9, Dom(Ly)).
(2) The closure of (Lo, FC(CX)) in L*(i) coincides with (Lo, Dom(Ly)).

3.2 “00070Ornstein-Uhlenbeck 0 0000 OOOOOOO0O

00 Lemma 32000000 (3.1) 00000000000 CID:fOOOe_’\tPthtDDD
0000000000 0 Dom(£,)0 0000000000000 ODOOOOOOOO
00 Dom(£,) 00000000000 00000D0DOO0O0OO Dom(Ly)0000O0O
D0000000®€Dom(L£,)00000000000000000000 £,d“00
0 ”Ornstein-Uhlenbeck 0 0000000000 FC(000 FC°(CX)) O Dom(Ly) O
0000 Ornstein-Uhlenbeck D0 000000000000 OOOOOOOODOODOO

0000 £00 Ornstein-Uhlenbeck 0000000000 k0 x>22000000
(0000)Oooooooooooo

Sw(e)i= e [ gltryuldy, e ®
R

0000 {S}=0 EDD(000D0)C-0000000 (x>220000000000
00)0(A4,Dom(A)) D00000000000000 Aw = 4(A, — k)w,w € 20D
000000000000000

dY;(x :—{Ay; ) — kY;(z)}dt + dBy(z), x €R, t >0 (3.6)
0000000000 Y,=we FEOODOO (3.6)000 Ornstein-Uhlenbeck 00 00 00
Yo = {Y*( )} 0000000000

t
v — &w+/&ﬂ¢@M@ t>0,
0
000 Qe L(E,E): Quw:=p_g-w, {Witiso: E-00 BrownO O.

O0000ooooooo(rOO0OO0O0)Yywooooooooooo

t t
Qt:iAAsz;kzz Qe ds € Ly (E, E)

0
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0 Gauss 00 N, 0000000000 Ornstein-Uhlenbeck O O {R; }>0 O

R.F(w) = E[F(Y,")] = /E F(Sw + y)No,(dy)

0000000000000 0O Da Prato, Priola, Rockner, Tubaro 0 00O 0O O [9], [29],
30) 000000000 FOCOCOOOOOOODOOODOOOOOOOOOOOOOOO
O00O0ooobod DF:F—- EO0ODO FO E-Fréchet OO DOOO0OODOOO
(DpF=QDFODO0O)O

o UCy(E):={F:E—R]|; fn(‘)‘g is uniformly continuous and bounded}

E

(000 norm [[F|p2 := Supyep ﬂ;"ﬁg 0 BanachOOOQOOO)

o Cpy(E):={F €UCy,(E) | F is continuously differentiable

with || DF |2 := supyep IDF (W)

T+l

000 R(UGCy2(E)) C UCy2(E), Ri(Cho(E)) C Cypo(E) 0000000000000
000000000000000000000000 Ornstein-Uhlenbeck 000000
0000000000

Example: {R;};>00 RO OO0 00O Ornstein-Uhlenbeck 0 O (dX,; = df; — 3 X,dt) 00O
O00000F(z)=sinz (¢ G,(R)) 00000

oM + 1
lim inf sup |R,, F(z) — F(z)| > 2,0 000 t, —ngbn+1

) (\.0asn— o)

O00000||RF-Fll0t\000OOD00O0DDO0ODODOO0DDOOO

O000000000000000000O00Db0000D0000000DO0d0rnstein-
Uhlenbeck O O {R;}+>0 0 m-semigroup (weakly continuous semigroup) 0 0 00000
000000000000 000 Ornstein-Uhlenbeck 0 0 0 (L, D(L; UCy»(E))) 00 O
(L, D(L; Cyo(E))) O O

1
D(L;UCy5(E)) = {F € UCy»(E) | szulg—HRtF — Fllp2 < oo,
>
G(= LF) € UCy(E) sit. lim - (Rt (w) — F(w)) = G(w), weE},
D@ﬁ%w»::{Feqﬂm\??ﬂ&F—ﬂm<m%
>

G (= LF) € Cjy(E) st. lim - (RtF( ) — F(w)) = G(w), w € E}

DDDDDDDDDDD@@%@»CD@ﬂm@(»DDDDDDDDDDD
\I’,\F = fooo €_>\thth,)\ >00000
D(L;UCya(E)) = Ua(UCh2(E)), D(L; Cyy(E)) = Ua(Cyo(E))

0000000000000000 [29]0 Proposition 2.2.8 00 0)0
D00 KeyOOODOODOOFCE(CE) D(L,Cly(E) 000000000 D(L,CL(E))
000 FCR(CP) O 4sequence 10000000 00000000000
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Proposition 3.3 (1) FC;(CY) C D(L,C},(E)) holds and we have

1 1

LF(w) = §Tr(D§{F(w)) + §<w, (Az = K)DpF(w)), F€FC(CY).
(2) Let F' € D(L,Cyo(E)). Then there exists a 4-sequence {Fp}pent = {Fny .} C
FC°(CX) such that for all w € E we have

lim F,(w) = F(w), lim DF,(w)= DF(w), lim LF,(w)= LF(w)
and the estimates
2e

e—1

261 (1 + Tr(Quo))

[Fallbe <

(1 + Tr(Qoo)) : (||F||b2 + HLF||,,’2)7

IDE, o2 <

X (2llF o2 + | DF |lo2 + 2 LE |lp2 + [|DLF|]32),
ILE b2 < 14+2(2+Te(Qw)) - (I1F o2 + 1 LFlb2)-

000 Lemma 3.2, Proposition 3.3 00 O Proposition 340000000 FCr(CY) O
Dom(Lo) 000 D(L,CL,(E)00000000000000

Proposition 3.4 D(L,C},(E)) € Dom(L,) and the following identity holds:
ZOF:LF+(b()7DF)E> F GD(L; CI},Q(E))v

where b: Dom(b) C E — E is a measurable mapping with Dom(b) = C defined by

b)) 1= 5 (s () = VUG().

3.3 Uubobonoooooobbod

0000000000000000000000000 Proposition3.400000 (U1)’
00000000 &= [FeMPFdt, \> 5 4020 D(L;CL(F) 000000000

AP — Ld — (b(-), DP) 5 = F (3.7)
00000000000000(3.1)000000000000000000
Remark 3.5 0000000000000

b(w)(-) := —%80(7(10(-)), weDom(h)=C (UODODO (U1)0000OO00O0)

DDDDDDDDDEX (LipschitzO OO OO0 ) DO0O0O0OOO Hilbert 000 O0OODO
(regularity 0 00 )0 00000

bap(w) = /E ¢ba(€"Pw +y) Ny psasn 1y (dy), w € E 0, > 0.

(000 B:Dom(B)C E—~FODOOODOODOOO B €Lyy(E,E))
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gboboboboboobdad
(D) b: E — E is dissipative, smooth and has bounded derivatives of all orders.
OO000O00b0o0b0bO00ob0o0b00nbnd Theorem 240000000 UORemark 3.1

000000000 (00000 LipschitzOOOOOO (3.2)00000000)000
gobobooogoboobod

00 @ € D(L;CLy(F) 000000 limpp 3(R,®(w) — (w)) 0000000000
000000 SOh) = [, S b(XP)dsO D00

(th)(w) ®(w))

= JE[B(") —<I><w>}

- %E o(xy ~ o (w)]

_ %E[@(X“’) (w) E[/O (Do (xp - 85(0)), 1S(b)t>EdQD}

_ %(ptcp( /OlE [(pay w—@S(b)t),%S(b)t)E]de

o AD(w) — F(w) D@(w bw))p as tN\,0, weE. (3.8)

00000000000 C,L(E)0D00D00D00DN00N0N0N0N0n0N0noo
{(P}>0000000000000000000 (17,[18)0000000000000
000 (32)000000000000000000

Proposition 3.6 Let F € CZ(E) and let {P,}i>0 be the transition semigroup for X.
Then B.F € CZ(E) and it holds that

(DPF(w), k), = E[(DF(X}"), Zi(w; k) ], weE, t>0, (3.9)

for k € E, where Zy(w; k) is the mild solution of the first variation equation

du
dtt = Aut + Db(X )[ t]E Ug = k,
and we have
1 Zu(w; k) || < B2 12 k| g, P-a.s. (3.10)

Moreover

D*PF(w) [k, ks, p = E[(DF(X)"), Ze(w; ks, ks)) ]
+E[D*F(X{) [ Zi(w; kr), Z(ws ko)) p], w e B, £>0,

holds for ki, ko € E, where Zy(w; k1, ko) is the mild solution of the equation

du,

il Av + Db(X")[v] g + D*0(X[") [ Ze(w; k1), Ze(w; ko)

ExE’ Vo =0.
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We also have the estimate

|1 D?b]|oc 2
Zi(w; kq, k < L 10 BRHErTHDY2 ) kollg, IP-a.s.
|| t( 1 2)||E— \/w || 1||E|| 2||E
00O0(3.9)0 (310000000000 AO0DOD
IDPF (W)l < S22 B (| DF| ) (w), (3.11)
IDEPF(w)a < P DyFllu)(w). (3.12)

00000000 (000 (3.12)0 [18)000000)0(3.11)000000
IDB(w)]s < /me‘WMXHFﬂmeﬁ
0
& 1 K
< HDFHoo/ TN < 00 under A > 71 +r?

0

00000 (380000000000 € D(L;Cly(E) 000 Le = A0~ F+(D®,b(-))5
(000 (3.7)0000)0000000000000000 (Theorem 240000)00
000000000000

Theorem 3.7 The pre-Dirichlet operator (Lo, FC;°) is essentially self-adjoint on L*(u).
Moreover, if we assume U € C1(R4, R), the semigroup {T; }1>0 generated by (Lo, Dom(Ly))
satisfies the following identity for each F € L*(u):

T, F = PRF, p-a.s.,
where { P }i>0 is the transition semigroup corresponding to SPDE (3.2).

Remark 3.8 (Lo, FC;°) O Friedrichs 00 (£,,Dom(£,)) 0000000 {e+}iso O
(P} 00000 (0000 Dirichlet 00 (£,D())000000000 (32)0000
0)00 [11]0 Theorem 2.1 0000000000000

4 00 (RieszOODOODOD)

0000000000 (Theorem 24) 000000 Riesz 000000 (000 100
Sobolev norm 0 Meyer 1 0 0)0000000000000000 Yoshida [41] 000
000000000000000000000000000000000 potential 0 0
Uyooooooo (U1),(U2)00000000000

(U1)”: U e C*R4R) and there exists a constant K; € R such that V2U > — K.
(U2)’: There exist Ky > 0 and p > 0 such that

|VU(Z)’ + |V2U(Z>’Rd®Rd S Kg(l + ‘Z|p), z € Rd.
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0000000000000 0(@OO0000ooOogn) pre-Dirichlet 000 (2L, FCy°)
0000 (L, FC)D0DO0ODOO000O0ODOODOUOO0OODODOOOODN pre-Dirichlet O
gbobobooooboboboooooon

E(F,Q) :/ (DuF(w), DgG(w)) ,pu(dw), F,G e FCrOO

dX,(r) = {A.X,(2) — VU(Xy(v)) }dt + V2dB,(z), v € R, t >0 0000000

{Pt}tzomDDDDDDDDDDDDDDDDDDDDD(3.5)DDDLP(M),pz1,DD
C-000000000000000000D0 £000 (0000000000000
0 (£,,Dom(£,))0000000000000000D0O0O000O0ODOOOO0OOO
(L2, Dom(Ly)) = (L,,Dom(L,)) = (Lo, Dom (L)) 0000000000000)0000
Riesz 0 0 O

Ro(L)F = Dy(a — L) Y?F, a>0,F e FC®
O0000000000000000000000000000000

Theorem 4.1 ([20], [21]) Under conditions (U1)”, (U2)’ and (U3), the Riesz trans-
form R (L) is bounded on LP(u) for allp > 1 and o > Ky V 0. That is, there exists a
positive constant C,, depending only on p such that

R (L) \ouy < Cpl|Fllioy, — F € FC°.
Consequently, the Sobolev norm || F| vy + || DuF || rum) s equivalent to the Sobolev
norm ||(1 = £)V2F|| o).

000000000 Littlewood-Paley-Stein O 00000000 0O0OO0O0OOO0OOOO
(Kawabi-Miyokawa [22], Shigekawa [35]) O O O O O O intertwining property 0 0 O O O
0000000000 (Shigekawa [36], [37]) 0 0000000000000 intertwining
property (42)0 0000000000000 H-O cylinder 000000

(FeR)u = {0=D" Fier | me N Fi = full 1), on) € FCF

k=1
ekEOgo(R,Rd),lgkgm} sfsfs)als

(FC¥)y 0000000

ZEIMk 01)s - > (w, 0u)) (00 03) ()

(%né?oz]
1,j=1 k=1

e D)) - {0 D) — (U, 0} ex().

=1 k=1

+Zn wl-me(mmwvwwmmmo
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gooobogo (U2)DDDE—SGELQ(M;H)DDDDDDDDDDDDDDDDDinter—
twining property
—

00000000 L2 H) 0000000 €O
EWO.m = (=Lo0.1) gy 01 € FCX(H)
00000000 (U1)”00
E(0,0) > —Kll0]32) 0 € FCP(H)

000000 (Lo, FCP(H)) O Friedrichs 1 00000 (£, Dom(£,)) 00000000
— — —

000000000 (€,0p(€)) 00000000 {P,}hs 000000000000

(Lo, FCr)ODODOODOODOOO (Theorem24)000(4.1) 000000000 intertwining

property
[
DyP,F = P,DyF, t>0, FeDE) (4.2)

000000000 (000 (370 Theorem 2.1 0 Theorem 3.20 00 )0

5 Uubboobobobooobono

0000000000000 0000000 (CoooO0)oooooooooo

1. 00000000000000(04000000000000) pre-Dirichlet 0 00O
(Lo, FC)DODODOODODODOODOOOOOODOOOOOOOOOOOOOOOOOOOo
O0O0OOpotential D00 0000000 ODOODOO 10000000 SobolevODOOODO
gbboboooooooobbooogbobooo

Theorem 5.1 ([19]) Assume K < 0, that is, U is (strictly) convex. Then we have the
following logarithmic Sobolev inequality:

[E F<w>2log(%)u<dw>s—% /E |DyF(w)fu(dw), FeDE).  (51)

Consequently, we have

inf(o(—L,) \ {0}) > — K.

0000 {P}00000 (3.12)0000000(3.12) 000 SobolevO 00 (5.1)0 0
0000000000000 obobobobbbb00dd0ooUon HarmmackOOOO
0000000000 (3.2) 000000 VaradhanDOOOODO0DO [17, (18] 000
0000000 Theorem 5100000000 L?(u)-ergodicity

|PF =B [F|| s, < ||F —E"[F]| ., t=0, FelL?(p) DOOODO

19



[2]. 000 pre-Dirichlet 000 £,00000 FCFOOOOFCE (OO0 feC®RY) OO
0000000000000000000)000000000 (2500000 Theorem
24000000000000000000

[3]. potential 00 U0 000 3000000000000000O00OOOOOOODOOO
(U1)0000000000000000000000000 (U3)0 RY00 Shrodinger
O00 HyO ground state Q OO 000000000 OO0ODOOOOOODO Kato class O
0000000000000000R300 potential 00 U(z) =1/]z[*00000000
a <2000 U0 Kato classO00 00 Hy O ground state Q0 00000 OOO Gibbs
0000000000 (U2)00LF € LA(p)00000 (VU(w(+)),e) € L*(u), ¢ €
CR,R) 000000 (00)00D00D000D0ODO 00000000000
VU(2)=—z/|z|*"%,2#00000000a<1/2000

E*[(VU (w(-)), ¢)*]

< / [e(@)Poa () [ ([ IVUG(e)Po-a(@)do)uin)

(w0 (0) Pt) = S22 / <o

<
r R3 |Z|2a+2

r

0000000000 (U2)0 (U3)00000 Theorem 240 000000000000
00 Hariya [14]00 00 00O potential (U(z) = 00,2 < 0) D00 C(R,RT) 00 Gibbs
O000000OOtobe 28/ 000000000 ODOO0ODOODOOOOOOOOODODOO
goobooogobooboooobobboooobboboooobbboooooboobo

[4]. 000000000 NelsonO scalar field 00000 FockOOOOOOOOODODOO
O00000000000000000 Dinteraction potential 10 V = V (¢, 2) : RxR? — R

0000000 V(t2) =—32—) 000 GibbsO O
1+2+z]

p(dw) = Z ' exp ( - %/R|w'(:v)|%dd:v - /RU(w(:v))d:v
—% / V(e —y,w(z) — w(y))dxdy) H dw(x)

zeR
0000000000000000000000000000000000000000
0 Gibbs OO 0000000 Osada-Spohn [27], 140 00000000000000
0000000000000000000000000

000000000000000000000CR,RYO0R! 0000000000
000000000000000000 (RYg) (Riemann00 ¢000000000) 0
00000000000000000 GibbsD0OO RYO00000O0 Shrédinger 000
0 ground state 1000000000000 2000000000000000000
pre-Dirichlet 000 £, 0 (00 ¢g00000)000000000000000 Ornstein-
Uhlenbeck 0000000000000 0000000000000000000000
000000000000
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