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By Solttong , we usually medn soltfary wave goluttong (beh&\/ihg \The
5 po\bt‘iCQO 1o A dasg o§ non— [Thear  wave equationg Thdud"(r\g e

KdV (kortema -de 'V \r‘?eg> eqmﬁon

U _ 4 du 3 9% (1)
ot




e %‘(‘S‘c g?(?w\?t Ctep (D The Qtudy o\C Solttorg wag made by
(Gardaer, Greane 4 Kruskall and Mura @%7 . thg.Qev.Lﬁtt)
Where They obCerved -thok

(1) the e‘igewd\ueg 03[ the Qkovtﬁdmger OperdtOr

0
oxX*

where U $S 2 Qolutton o (1) , 1S congkank i Kl paramgter ©
(1) One can congtruck A Soliton Qalytion to (1) by dpp\yir\g e
tverSe gertrertng mahod 4 by which we moan the

+ we,) |

(meﬂche de(‘CQoQ) method 0 conglruck (Ur\kcxowt\) poteﬁﬁ ollg
oul O}[ g‘(\)@\m Sccrctev\‘ing data , which had o&mady e quQy

developed ,



The observation (%) -togethe‘r with the awarenest o% the existence of
the i inde Tavariardks tn (&,Gskand M, 1967) motivated another
Semtnal Daper by D.Lax (’Lq 6% , Comm@ Duk’e —AQQQ. MO&‘O.) .

where the KdV equatton () 1S underctood a8 the Com pactibility

betwean the fwo equationg
(aa; N u(JC"ID w (=:0w) = kw (k ey e“(gewo@ue)

<6al3 + Tugy Y7 an w (=:8w)=0

This compatibility 1S rephraSed S the celle brated * Lax equation
s ©(P.B] =0

where £he bracket 1S the commutator & [D .81 = PR - gD




By Congidertng  pseudo diferential operators Such ag 9™ for nel
and their TnfTke Qertes , we have fn fack B= (D%), , where (D),
'S the difjerentioll operator part of the pSeudo defferential operator D |
Tn s Lax form 4 the existence of the Tr\f{hﬂﬁl nany T arks
Con be rephrdQed 88
_g% 5 [P : (P%ﬂ =0, R=1,3,5, e 20kl

where u;.u('xi, Az, - qu&,,..) e “gkmcﬂo(\ of Thg-fr\IXD_Qy many va«\?d‘o\e@_
The kdV case (2) 1S retrieved by Seftt‘ihg X=t , Ls=% . tach Lax
equation gererated a non- |fneor evolutton equation with regpeck to
Warry SR [D, (O"*)A’g are ol muﬁﬂp \¥ caion QK)QY‘O(thg. " The tot&tty
of the generated squations fo usually colled KAV hieraechy



I we Tnstead stort with the operator

=3+ % u; 37,
then we StR\L hove thol (L, (19¢) are ol molkx plicafon  operdforg, and
hence we obtatn Tv\f"wml\y ManY - non - \\eaner d‘(%e\r\er\t‘iﬁ& equaktons
with vegpeck o upe of wftedaly many vactables e, %z, %o, v by

“he Lax equationg :

L[ (y] -0, et




The ‘gdm(\)\y 1S collhd KD hierorchy stnce e KD (Kodortsev
- D eiv‘(&%‘n\/‘\\‘\‘) equatton ,

3 PUs - J (Bur _ 3 03U _ 4 83u1>
9

4 3% T W \dT 2 M 4 oxd
which {8 edsily Seen o be a generallizafion Gf the £dV to & two
dimenalonall modell 4 {S deduced from the equationy with =2 and
k=3, The K@ hterarchy as a whole to dlso a generallization of
the KdV hterarchy ince the [otter hterarchy i3 obtatned by a
reduction (L’")__ = 0 )Emm the ]Cormew\ .



The eguations tn KR/ KdV bierarchy are ol “ soliton equakione” o
the SenSe thak they all have exact solutions of soltton type. In Fack,
according to Sako's theory of Tnfintte dimensional Grogsmanatan
(M.Qo&m and Y. Qoto , 1982 , See alSo M.Sote, 1987 oond T, Miwa ,
M.Timbo , and £.Date | 20(30) » all the wsh of the hierarchy are
STmthaneoUg\y genebated }Crom [o) Q'i'ng\e fumﬁon callled ‘tmk“]CUT\CﬁOQ
T 0 the %kkowin@ AV determine Wo, W2, ete, by

1 i
T(‘X'ﬂ._’_ﬁ 5 I'J.__i-&__f ) “-) = l*" W1 ___V\_‘r_l_-,.\. PO (3)
fC(‘I.L,'Kz,"')

by Companing the Coeﬁicterdlg of K, J=1,2,-+ ,and then Ua,Ua, ete by

| = (1+§w58'3> o d 0(1 +§wja‘3yl . &)



tor exdmnple 5 We haye

_ 9
U&, = 2 axt \0%,[: " (g>

In portteullor 4 we gee thak ‘(g Tt a po\ynom‘{oQ o SRERIN , then Yj’s
ore olll. “solttons” T thak they are ol rafonal functions of €77 s, The tow
junctionS art chadracterized as o Solution to & fam\\ \y o§ quadratic
d?ﬁe'ﬁenﬁ&g equations called Hirofa equadione, which are nothing buk.
Plicker relotions thak deftne Sato’s infinite dimenstonall (Grogsmannion
Thok g +to Qay , & tou }Euncﬁon of the KD nterarchy 19 & pcﬁhk 0
e Safo’s Grogsmanntan . 1t should be noted thok {n the Sato’s
theary o the KD hierarchy t the most unfyersol one , ouk of which

mony  well - krown Soltfon equations are oftalned by a reductton .



A U fuctlon T of the n- woltton solution of +he KV equattons

T(N , X ,--')= det (I +Gm»‘139"')) . &)
with
AMim; 550+ %))
‘1'. ,(Ia-,"' — el d 3
e ) ('D'\ P 121,320 ,
where
Th= DAt D S N LA

C‘(hd m;, >0 Omd Di e PQ!‘O\TY\QJCeY‘S,



A o Jgumctior\ ' O{Y the n- gO\?"COD olutton Og +he KQ equation

(%, Xaye) = dek (T + G("‘i»%'”ﬁ 9 -
with
G(ii's(xlq“'> o <m e“i‘(‘?xi—(ﬁ) .
/Di B %-) 1€ g =

w here
Ti= (Bi-8) X + B gD xares , I=t2en

and Mi>0 and Pi and @i AR PACAMETR(S



Definition of Stochosttc Aven
\_/\/E(V\f&swl) 9 2 2-dimentional Brownion motion Léw’g
Stochagtic aex 0% WIS g‘i\/\m by

Qy 1= éi(gz WedWy — g‘;mt awg
L 8wy’ ‘gor‘muQO\(g)
OT‘QQ th&(‘bx(‘,tebo\%f\() %QRQJ(TO(\ Oﬁ Se 18 EXQ\\(C\\&SI S‘KM\ SN

,r‘ Qgtx (COShL) (%)
olhe condits omQ one 1 allto @xQ\ac\*rQy Qrven g

EE FES | Tt W ﬂ L) (-Stottit)  (9)

‘ZS\Y\‘\ st C



gett(fh%,-
_:.(Wl’i,%&”) LS e muJEu(lQQy TndependemX

2 - dimenstonall Browriom  motiong Stabt‘{hg ok +he onigin

Denote Wi=(We', -, Wh) for 1=t
& ST b= Si (Werdwet - '\‘Ni’“w‘é"z)
oA = & a%(m s An) o Where Ao, 0=1,2,0 dre positive numbens
o A=(aiy): a reall nxn -mateix
°C* = (ArAT)/2
o'Deg‘;ne gor\ ze C

Q2)z San@)
=2 LA+ 2T AW W g (19)
-2 T AECA WL L W Dy



THEOREM A
L% efthen mox|Aq| or O T Surﬁ?c‘iev\ﬂy smalll |

we have

At \ Qp 2 Sy & Y
COS\'\ 8 Ql,ig‘hhf\l 12 S hh'\ Qi,ngkh}\ An

E[es(.r—ﬂ] . Gt ST Ay CoShAyt QanSinhd, . Bunsinh A,

QnaSihhAy Qn,28100R A, oo m COSh Ant OanSTNN An




Dooot Og THEOQ%.M i

Wwe {:tvs‘t clcullote the conditional expectation o e conditioned
by Wi =(Wi, Wi,
Tor Suﬁic‘iehﬂly small o e R,

[ wy

_ o AQ_ ‘VV!::ll‘{_ ‘VN.Q,'J.L
- Um EXP(_( )2( 1) (G‘/\QCO'tG‘r\q,"l)> .

1)



Dpoot of THeEOREM 1 .

Therefore we hove

_E[e’étoqui]___ T Ay exp -—%: (MK")“I+C(°“))‘VL,VV1>)

L SInTAg

whete

M) = oA Cot oAl 0 /L)

0 oA cot o
with
COJCG‘A. o d‘(&%((:ot(r?\g_ L Cotcr}\n>

s osuell , and

Ol e ( O*AECrAR G‘A%C"AT:>

—CATCTAE ot pRctAR



Prodt of THEOREM 4 |

g?mce “M(@) + Co) —I\\-%C) 33 0 >0, we an ke o smalll
enough o engure thak M© +C() fo positive definite, Then ,

Upp[y‘(ng C{UQAVO\‘C?Q GOU‘SSG\O\D gorW\\LQA {or Quch o, We dotain

i
2

E{ e@m _ i 0 Ae de’t(\_\f\@-) +C@) (12)

—_—

QTN oA



Drodt of THEOREM 1.

We may q0 gurﬂ\e‘(‘ XN

det ( M@ + c@)

_ det CAY (Af ooton + o CTAY) oA C AR
— o QAR TAL(AY coton & oCTAY)

= dap (c/ﬁ(cotcr/& — *HC—) A’_&) de‘t(ﬁ‘ /f*(Qo’tG*A o G CY = mC') A.’i)

(QTnCe C ts skew Symmet\“(c)

2
= (Tg_\— (o-Ad) det (coteA +oCt +,I~_1C‘))



Dpocf of TrHEOREM 1.

dence (12) 15 turned into the Tollowing equallfty :

E[eéw}: de’c(cos oA + (oC + 1) Sin wA)_i

whete QInCA := d?&g(g\“hﬁ‘r\m . Q"in(?z\n) .

(13)



Drock of THEOREM ],

Now, we prove thodk an anallytic conttnuekion 4o a domain ‘ihc\udfng
2=F% s possible . We need %o check the Inftegrobility of
_E[-?dz_ es@]

:E[e’ém(g A QY + <A?Cﬁ/&}£ ‘th‘wi>pj‘ -2y </§C+/f‘ Ly W >Rn>1

=12

Stoce S is quadratte Goussten , the Tntegrabilfty is inbertted from
thak of €% jfself o which ts quaranteed (£ etther oo dgl or | Ct|
(S SUﬁiQ‘ier\to Smalll



THEORTM 2 —

Lot D =(F=g)icijen + ond dSSume hak D |#1-%i| Ts
%uﬁie‘ien’&y \arge Q thakl T+ D {9 Trverkible , Then, TF we
ik A= (T-0)(T+ Q)_1 and

A= diag (~4ectagm) - =3 (Sar bgm)) | e fove hak
(E{e"éw@})“ , where Sy T8 deftned by (10), deftnes a o
%Uncﬂon 0% LD oltfong .




Drodf of THEOREM 2.

Stoce
G=¢€"pe",
we  have
©=det(T + epet)

=det(T + D)



DQOO:F Og T—HEQQ‘EM 2.

On the ofther hand ,
det( Coshan + Aginh A)

= det (eAJ“e-A' r A eA'"Q‘—/U

9 2
=3 de‘c((1+A)eA + (T-A) e"A)

=" det((n A) e“) dejt(li = (I+A)’1(I—A)e"m>

= 9" det(T+A) o 2R ™)

det(T+pE™)

n -%_L‘%r‘rlogmf) \ .
9 det(LrA)e o briviod fac’tor and £hus by Theorem L

we hove the aSSertfon .
i



Tkeda - Ta\h‘iguch“\ ’a  construetion.

They obtalned a congtruction of the (Gaussion Process X° in
Q- _ al X &
t()=-4—5= logE[exp (—% go | X (5)\%3)] .
They gek
X: = fa(C, 8L,
where a>0 , ceRy , 2R and &° t3 an Orngtetn = Uhlenbeck

process (n R" Stm\tihg ok 0 deff(\ed s he dlotion to he fo“o\:vi’hg

SDE
dEe = dWy + di‘&a(@i,"', 'Pn) ¢ dt



PROPASTITON 1.,

SUPPOSE ‘hok A o Theorem ﬂ_ (S gymmet(\‘fc. Then

'E [ e@A,/L(H)} - <_E{e—g: Xg»ﬁdgx>2 ett‘ "

where XMA={(A-AAAYS, %) and & t3 a0 Opnsteln - Ublenbeck

process  on [ tarting 2t O ond Qbﬂc‘iggy"\hg

dSe = A5 dBe + AARCdE (14)

with B be‘ing an h- dTmenstonal Standard Brownian moftion |

T s




Dpost Og PRoPoSTTON 1.

E[eﬁ’ér*nga | ‘NL] _ E[ & FEG (T ) & n"’l

Then stnce C'=A and CT=0, we hawe

e - T e[ PRI ]

112.

2
_ (E i e—%%&:(w)c&s s LAWY ,wbD
_ (E[@%t"“‘ SHEIVA VI RTINS et

. 2
1 G(A- AAAY AT WS, /EM)dj)
x e



Droct o PRoboSTTToN 1

De&:fﬁe Q by

AW dWs) - T AR

Then by the Mabuyama - (Girganov theorem | we seo thot W under Q
hog the Same law as 5 of (14). This complefes the Proof. 0



geft?n%,-
oOw = (TNL VVQ) t 2 2-dimensional Rrowman motion rarflng ot the origin
O{_g (81 L 0 gl,ﬁ ) (18 P } - o OY‘WOOPW\&Q baiQ OJS’ R

e Zzi Sr,ai[%_ ,%_)GC) , 120,200

3% = 2l ) § odw )(&l §j@c>dm§>

9
and

— 6 %
g j = &0(&0 S_JLS> dmg) '\(\ﬁ () d—‘\ﬂt —&t(&i :?f (s) dTNé) gjkt) d.vv:.:
O A1>0 for ol T
o MEcrar = (AL) , A(T )& =(A7) ,and AT = A

O MAX | Ag| or |C*| Ts Suﬁfo‘(enﬂly smolll to ensure the ‘Cn‘tegmb‘i(‘ity



DPRoPoSITION 2. - B
e have “thok

g LA of Qp, A D)
in [@E(E z\i,] St,j + 5 r\t,j gr,j )] <:__ = [egf\,/&( L D

- c,\et<cosh A+ Aginh A )“l




Proct o DRoPESITTON 2.

We will show the followtng equivalence tn low -

v e 2 e D
(_{Z,j\ A’uJ g",} 9 TZ:’J >\|,J g{,J

2@*182 F O WL W, é(xx?c*/ffwi,wba).



Proot of PREDoSTTTON 2 .

Let ug start with the }COUO\N?(\((} dtred calcullatron :
oo Y (Z o O & o a = )
Sl’J n a=1,2 \ R=Q 8 T SJ’R(VV% ‘N%_)(VV%_\_ Rg‘}r) N

and
9y = 0 5% fas g & (G -wadmt - (vt - wh) dwe)

o T~ M) ) - a5 - ) (o )



Proct of DRoPoSITON 2.

By the SC&Q‘CnS property oﬁ the Browntan motion , +he process
{(va%_l_ - TN?_%é , Wsay — ’_@h_;) : DERel Q:-i,-",h}
ts tdentically distributed o
[ (R0 W%) © osset, go1,mn]
Here {Vv“’i , WP, 9=1,n] are 2n- dimensional Browddn motiong gtm\‘t‘ihg o\
the ortgtn. In particulor ,
Iy
e (- W) ant - (W - W40 0%) L ety
(S {denttcally distriputed ag
. M1
{n ; &o (-V\/D;ldmt‘i = _V\/Q’:ldmﬂt,l) > Q-:l:"'sn} 5

and
i(\fv]}# —Vv;;_a)(ﬁv?% — Vv;h_a) , 1€ R,anj

ts tdenttcally distributed as {We ™, tersaen



Droot 0% PRoPoSITON 2,

Thet‘e%oﬂ(‘e s We howve the go\\ow?h% dentity o (aw e

LN ST £ DT T My S et

133 o=1,2 'R.Q. 'U

= g"1< A_:. C‘rA"IwC:- , C;'> (ig)



Proct 0% PRoPoSIIION 2,

T X7,i0% &1 LNy S‘,QBJ,QX (Wi dwt -Vv?é'td‘vi#)
v 2 Zs Ny S8, W WA - Z AT 810 8 @“Wi)

1 5 4 ‘ %

= SO< AW:, dWi) - &0< AWy, dWi)
AT AW, WD

n 1 " L 1 4 2

:é-. ; Ag go(vﬂé d-\;\’ﬂ_,tt *-V\JQSAV\«%?) + < ATCAZ RM_ ,‘V1>
(1<)



Dot of DRoPoSITION 2.

Here ‘N“, a=1,2 are n-dimensional Brownjan motiony, Note thak
/fEC'/ﬁé v aleo skew - symme‘cric matrix and (/\%C“ /f‘)u =0 BCO‘” (=150,

US?ng the equivalences (ﬁ) and (1@) i law  we can establish
;I:s: "~ -T-a‘gf;" *'3‘—/\?,~§§~ = i _ -1
E[e’(ﬂ'\J b J)lz det A det(cosh A + AN st A)

(0 the came manner a3 we have done T the prodf of Theorem 1. Stnce

A* and SThA commufe , We have the assertton . D



Taavk Yoo
ERY MucH Lo Y oLR

1D ATENTION



