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1 Introduction

Let R be a noetherian Z"-graded integral domain. Then the subset ¥(R) :=
{\N € Z" | Ry # 0} is a finitely generated subsemigroup of Z". We say that R is
surjectively graded if for any A, p € ¥(R), the product Ry ®pg, R, — R4, is sur-
jective. This is essentially a generalization of the degree-one generation property
of N-graded rings. The purpose of this paper is to study this property, mainly for
normal domains. After that, we show that surjectively graded normal domains
in positive characteristic behaves well with respect to strong F-regularity, uti-
lizing the notion of global F-regularity defined and studied by Smith [17]. This
approach gives yet another abstraction of beautiful ring theoretic properties of
multicones over G/B, as in [9], [11].

In section 2, we review the definition and some basic properties of global F-
regularity (with an obvious generalization). This section is essentially a proper
subset of [17]. A lemma on multicones will be used later.

In section 3, we define and study the first property of surjectively graded rings.
As is a multihomogeneous coordinate ring of a closed subscheme of a product of
projective spaces, such a ring gives a projective variety. As combinations of the
Segre and the Veronese embeddings give various embeddings of the same projec-
tive variety, we prove that lines in the ‘middle’ of graded part give homogeneous
coordinate rings of the same projective variety.

We can prove more for a normal surjectively graded algebra, and we discuss
this in section 4. Such rings are given as multicones over the projective schemes
given in section 3.

As an application, we prove a criterion for strong F-regularity of surjectively
graded algebras in section 5. Note that if the ring is N-graded, then much more
has long been known [20, (3.4)]. A multicone over G/B is a typical example.
Finally, we prove that a normal semigroup scheme in characteristic zero which
admits a dominating semigroup homomorphism from a reductive group has at
most rational singularities.
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2 Global F-regularity

For a ring A, we denote by A° the subset (Jpcyjin(ay I, Where Min(A) is the set
of minimal primes of A.

Let p be a prime number, and k a perfect field of characteristic p. Let A be
a commutative k-algebra. For e > 0, the Frobenius map A — A (z — 27") is
denoted by F§. For r € Z, A" denotes the ring A with the k-algebra structure
uso Fy" 1k — A, where uy : k — A is the original k-algebra structure of A. For
a k-algebra map f : A — B, we define f) : A" — B to be f. Then (7)) is
an autofunctor of the category of k-algebras, and we have (?)(") o (7)) = (7)+7)
and (7)) 2 Id. Note that ¢ : (?)"*¢) — (?)(™ is a natural transformation for
e > 0.

For an A-module (resp. A-algebra) M, we denote the same additive group
(resp. ring) M viewed as an A™)-module (resp. A™-algebra) by M(). An element
m of M, viewed as an element of M) is denoted by m("). So if a € A, then
F$(a'**)) = (a?*)"). If r = 0, then the superscript (?)(®) may be omitted.

This convention is standard in representation theory of algebraic groups, see
[8]. As we need to consider gradings (or actions of diagonalizable group schemes),
it is convenient to use this convention here. The relationship with the standard
notation in commutative ring theory is explained as follows. A" for r < 0 is
denoted "A. Sometimes A for e > 0 is denoted AP" (usually p° is denoted ¢
for short (so ¢ depends on e), and A7 is used).

A similar convention applies to schemes and quasi-coherent sheaves. For a
k-scheme X, we always assume that X () is an X *+¢)-scheme via the Frobenius
map F§ : X — X0+ If G is a k-group scheme, then F§ : G — G is a
k-group homomorphism. For a G-action X, X(® is a G(©-action. So X(© is also
a G-action via the group homomorphism Fg : G — G, and F§ : X — X©) is
a morphism of G-actions. In particular, considering the case where G is a split
torus T over I, F§ : Al®) — Ais a graded homomorphism of X (T)-graded rings,
if Ais X(T)-graded (if a has degree A in A, then a(® has degree p°\ in A(©)).

We say that A is F-finite if A is a finite A®V-module.

(2.1) Let X be a finitely generated torsion free abelian group. Let A be a -
graded integral domain which is an IF,-algebra. We say that A is quasiF-regular,
if for any homogeneous nonzero element a of A of degree A, there exists some e > 0
such that aF§ : A©) — A()) splits as a homogeneous A®)-linear map, where (\)



denotes the shifting of degree. If A is non-graded, then we consider that A is
trivially graded when we speak of quasiF-regularity of A. If A is noetherian and
F-finite, then A is quasiF-regular if and only if A is strongly F-regular in the
sense of Hochster-Huneke [5]. In particular, quasiF-regularity of a noetherian
F-finite domain A of positive characteristic is independent of grading of A.

(2.2) Let A be a Z"-graded domain, and ¢ a new variable which is homogeneous.
If A is quasiF-regular, then the polynomial ring A[t] is quasiF-regular.

Let f(t) = ap+ait+---+a,t" (a,. # 0) be a nonzero homogeneous polynomial.
Note that a; is homogeneous for any ¢. Take e > 0 sufficiently large so that a, F'§
has a homogeneous splitting 7 : A(\) — A and that r < ¢, where ) is the
degree of a,, and ¢ = p°. Let U : A[t](ru) — Alt?] = A @40 (A[t])© be the
homogeneous A[t?]-linear map given by ' +— 0 for 0 < ¢ < q and 7 # r, and
t" — 1, where p is the degree of t. As

(m @ W f(t)Fay(1) =1,

(r ® 1)U is an (A[t])®-linear homogeneous splitting of fOFgy (A[t])© —
AftJ(A +rp).

(2.3) Let X C Z" be a subgroup of Z", and A a Z"-graded domain of character-
istic p. If A is quasiF-regular, then so is Ay := @, 5, Ax.

For A € ¥ and a € A,\0, there exists some e > 0 and a homogeneous splitting
7 A(\) — A© of aF§. Leti: Az — A be the inclusion, and 7 : A — Ay, be the
projection. Then

n(e)m'asz = n(e)ﬁaFji(e) = (&) = id.

As ¥ is a subgroup, i and 1 are homogeneous and Ag-linear. So n“)7i : Ag(\) —

A(Ee ) is a homogeneous splitting of aFf(fE).

Lemma 2.4 Let A := @,_, A\ be a Z"-graded commutative ring of charac-
teristic p, and C a rational convex polyhedral cone (see (3.1)) in R". If A is
quasiF'-regular (resp. strongly F-reqular), then so is Ac := @, ccngr An-

Proof. As C'is the intersection of some finitely many half-spaces whose bound-
aries are rational hyperplanes through the origin, we may assume that C'is such
a half-space. Let H := C'N (—C) be the boundary of C, and set N := HNZ".
Let A be any element of C' N Z" such that A and N together generate Z". Let t
be a new variable of degree —A. Then A[t] is quasiF-regular. Hence A¢ = Aty
is also quasiF-regular. Noetherian F-finite property is also inherited by Al[t]g,
and we are done. |



(2.5) Let X be a noetherian integral scheme. For invertible sheaves L4, ..., L,
on X, we define R(X; Ly,...,L,) to be I'(V,Oy), where V = Spec Symox(ﬁl &
-+ @ L,). Then we have

R(X;Ly,... . L) =T(X,Sym, (L1 &L,) = PT(X, Ly),

AENT

where £y := LM @ --- @ LE for A= (\1,...,\,) € Z". Set E to be the closed
subset of V' defined by the ideal sheaf of Sym OX(£1 @ - @ L) generated by

Lq,1,..1)- Note that the open subscheme V' \ E is nothing but Spec B, where

-----

B=B(X;Ly,....L) =P L

AEZ"

We denote I'(V '\ E, Ov\g) by B = B(X;L4,...,L,).

The following was proved by Smith [17] (see also [20] and [16]) except that
the condition 3 seems to be new here. Some trivial generalization is also done
here. The whole proof is included for reader’s convenience.

Theorem 2.6 Let the notation be as above, and assume that X is a noethe-
rian integral scheme of characteristic p with an ample invertible sheaf. Then the
following are equivalent.

1 There exists some ample invertible sheaf L over X and some ro > 0 such that
for anyr > 1y and a € T'(X, L%")\ 0, there exists some e > 0 such that the

Ffa
composite Ox ) — FEOx——F¢L has an Ox -linear splitting.

2 For any invertible sheaf L over X such that for any a € T'(X,L) \ 0, there

exists some e > 0 such that the composite Ox ) — FfOXiFfE has an
O x (o) -linear splitting.

3 For any r > 1 and any invertible sheaves Lq,...,L,, the Z"-graded ring
B(X;Lq,...,L,) is quasiF'-reqular.

4 For any ample invertible sheaf L over X, the Z-graded ring R(X; L) is quasiF'-
reqular.

5 For some ample invertible sheaf L over X, R(X; L) is quasiF'-reqular.

Note that 4<5 is proved in [20, (3.4)] for more general graded rings.
Proof. 1=-2 Let L be an invertible sheaf on X, and a its nonzero section. Take
an ample invertible sheaf A which satisfies the condition in 1. Take r sufficiently
large so that £2(~1) ® A®" has a nonzero section b. As ba € I'(X, A®") is nonzero
(because B is a domain), there exists some e > 0 such that baF* splits. Then
al° splits, and we are done.



2=1 As X is assumed to have an ample invertible sheaf, this is obvious.

1,2=3 Set B := B(X, Ly, --,L,). Note that B is a Z"-graded Ox-algebra,
whose degree A\ component is £y := LSV ® -+ ® LM for A= (A\,..., \,.) € Z".
Thus B := B(X; Ly,...,L,) is also Z"-graded whose degree A\ component B, is
['(X, Ly).

Let a € B be a nonzero homogeneous element of degree A. Take e sufficiently
large so that aF®: Oye — FeOx25F°L) splits.

To verify that B is quasiF-regular, it suffices to show that aF° : B(®) —
B(A) homogeneously splits for this e. To verify this, it suffices to show that
the corresponding B“-linear map aF°¢ : B9 — F°B homogeneously splits. Let
o« Z' — Z"/p°Z" be the natural map. As B is Z'-graded and (F¢)*B is
p°Z"-graded, there is a direct sum decomposition

B~ P B
DeLr [peLr

as a Z"-graded (F°¢)*B©)-module, where B, := @
the projection B — B;. Obviously, the product

(F)*BY ®0y, L, — By

pezr, p(u—p Lu- Let m(7) denotes

is a graded isomorphism for p € Z". By the projection formula, the product
BY @0 ., FiLy— FByy)

is also a graded isomorphism.
It is easy to see that the composite

B 25, pe(n) =N e oo (V)

is the composite
F$ a e e ~ €
BO5BE @p  FrOx B @0 FLLAN) 22 By (M)

As aF% splits, m(¢(A))aFs homogeneously splits, and hence aF§ also homoge-
neously splits.

3=4 Let L be ample. As B(X; L) is assumed to be quasiF-regular, R(X; L)
is quasiF-regular by Lemma 2.4.

4=5 As we are assuming that there is an ample invertible sheaf, this is trivial.

5=1 Let £ be an ample invertible sheaf such that R = R(X, L) is quasiF-
regular. Note that R is a domain. Let r > 0 be arbitrary, and let a € I'(X, £&7)\0.

By assumption, there exists some e > 0 such that aF* : R) — R(r) has an
R©)-linear homogeneous splitting o : R(r) — R©.

Now passing to the associated morphisms on sheaves on Proj R® and re-
stricting it to the open subscheme X C ProjR®, we get the splitting
a: FeLP — Oy of aF*, as desired. |



Definition 2.7 (Smith [17]) Let X be a noetherian integral F,-scheme with an
ample invertible sheaf. We say that X is globally F-regular if the equivalent
conditions in the proposition are satisfied.

Lemma 2.8 Let X be a noetherian integral F,-scheme with an ample invertible

sheaf. Then the following hold.

1 If X is globally F'-regular, then Ox , is quasiF'-reqular with respect to the trivial
grading for x € X. In particular, Ox , s F'-reqular in the sense of Hochster-
Huneke [6] (i.e., any ideal of any localization of Ox , is tightly closed). In
particular, X is normal. If moreover, X is locally excellent, then X is
Cohen-Macaulay.

2 A globally F-regular scheme is a Frobenius split scheme in the sense of Mehta—
Ramanathan [11].

3 If X is globally F-regular, then I'(X, Ox) is quasiF'-reqular with respect to the
trivial grading. The converse is true if X is affine.

Proof. 1 Let A be a very ample invertible sheaf over X, and R := R(X,.A)
so that X is an open subscheme of Proj R. Replacing X by Proj R and A by
O(1), we may assume that X = Proj R. By assumption, R is quasiF-regular with
respect to the canonical Z-grading. Note that any homogeneous localization of
R is also quasiF-regular. Applying (2.3) to the subgroup {0} of Z, the degree
zero component of any homogeneous localization of R is also quasiF-regular with
respect to the trivial grading. So X is F-regular. Hence X is normal [7, (3.4)].
The last assertion also follows from the F-regularity of X, [7, (4.2)], and [19,
Proposition 0.10].

2 This is trivial.

3 As in 1, apply (2.3) to the ring R = R(X,.A) and the subgroup {0} in Z.
The last assertion is trivial. O

Lemma 2.9 Let X be a noetherian normal connected Fy-scheme with an ample

wvertible sheaf, and E a closed subset of X whose codimension is at least two.
Then X is globally F-reqular if and only if X \ E is globally F-regular.

Proof.  Let £ be an ample invertible sheaf of X. Then L|x\g is ample, and

Lemma 2.10 Assume that X is globally F-reqular. Let Dq,..., D, be Weil di-
visors on X, and set B := @, Ox (X, ADi)t* C Q(X)[ti",. ... t5], where
Q(X) denotes the rational function field of X, t1,...,t. are new variables, and
=1t for A= (\1,...,\.) € Z". Then B is quasiF-regular.



Proof.  Take the locally free locus U of @ Ox(D;). As X \ U has at least
codimension two, the assertion follows immediately by Lemma 2.9. O

Similarly, the following is also trivial.

Lemma 2.11 Let X be a noetherian connected normal Fy,-scheme with an ample
inwertible sheaf. Then X is globally F'-reqular if and only if for any effective Weil
divisor D of X, there exists some e > 0 such that

Oy 5FOx — FeOx (D)
splits.

Lemma 2.12 An open subscheme U of a globally F'-regular scheme X is globally
F-reqular.

Proof.  Let D be an effective Weil divisor of U. Then D is extended to an
effective Weil divisor D of X. There exists some e > 0 such that Oy« —

FeOx — FfO(D) splits. By restriction, Oy« — FfOy — FEO(D) splits. O

Proposition 2.13 ([17, Corollary 4.3]) Let A be a noetherian commutative
ring of characteristic p, and X a globally F-reqular projective A-scheme. Let L
be an invertible sheaf on X such that there exists some ng > 1 such that for any
n > ny and any ample invertible sheaf A, the tensor product A @ L®" is ample.
Then H'(X,L) =0 for i > 0. In particular, we have H'(X,Ox) =0 for i > 0.

Proof.  See [17].

3 Surjectively graded rings

(3.1) Let r > 1. By definition, a rational convex polyhedral cone in R" is a
subset of R” of the form R" N[, Q;, where u is a nonnegative integer, and each
(); is a half space in R" of the form

{(z1,...,2) € R | a2y + -+ aPz, > 0},

with (a\”,...,a") € Q \ {0}. Let C be a rational convex polyhedral cone in R".
Then C' N (—C) is a linear subspace of R" defined over Q. We say that H is a
supporting hyperplane of C' if there is a half space U in R” such that 0 is on its
boundary, U D C, and H = U N (=U). A face of C is either C itself, or a subset
of C' of the form C N H with H a supporting hyperplane of C'. We denote the
set of faces of C' by F(C'). Note that F(C) is a finite ordered set with respect
to the incidence relation. Clearly, C' is the maximum element, while C'N (—C)
is the minimum element of F(C). For a face o € F(C), the relative interior

o\ <U.7:(C)3pCU p) of o is denoted by o°.
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(3.2) Let k be a field, and R = €, ., R a Z-graded k-algebra. We say that
R is a positively graded k-algebra, if R, = 0 for n < 0, and k& — Ry is an
isomorphism. We say that R is a standard graded k-algebra, if R is positively
graded, noetherian, and R is generated by R; as a k-algebra.

(3.3) Let R=&D,.; Rx beaZ'-graded noetherian integral domain. We denote
by ¥(R) the subset {\ € Z" | Ry # 0} of Z". As R is generated by finitely many
homogeneous elements over Ry, 3(R) is a finitely generated subsemigroup of Z".

We denote the rational convex polyhedral cone C(R) := R5¢X(R) in R" by
C(R). For z € C(R), we denote by o(z) the smallest face of C'(R) on which x
lies, which equals the intersection of the all faces on which z lies.

(3.4) For any subset S of R", and any Z"-graded abelian group M, we set
Mg := @, gz Mx. 1f S is an additive subsemigroup of R”, then Ry is a graded
Rg-subalgebra of R. This notation will be used also for a graded sheaves over a
scheme.

(3.5) Let R be as above. We say that R is surjectively graded if the product
Ry ®p, R, — Ry, is surjective for A, p € ¥(R). It is easy to see that a homoge-
neous localization of a surjectively graded domain is again a surjectively graded
domain. Any N-graded noetherian domain generated by degree zero and one is
surjectively graded. If R is surjectively graded and €2 is a subsemigroup of Z",
then Rq is an Rg-subalgebra of R which is surjectively graded.

(3.6) Let R be as above. Set M(R) = M to be the additive group generated
by 3(R). We denote Mg by M ®z; R C R". For a commutative ring A, set
T4(R) =Ty := Spec AM, where AM denotes the group algebra of M over A. By
aTa(R)-action X we mean an A-scheme X with a left action T4 (R) Xgpec 4X — X
of the A-group scheme T4(R). Note that T(R) := Tg,(R) acts on Spec R in a
natural way:.

Let A be a commutative ring, A a finitely generated abelian group, and A € A.
Set D to be the diagonalizable A-group scheme Spec AA. The rank one A-free
(D, A)-module A with the coaction w : A — AA such that w(1) = X is denoted
by A()). The corresponding (D, Spec A)-module is denoted by A(\). For a D-
action f : X — Spec A and a quasi-coherent (D, Ox)-module M, we denote the

(D, Ox)-module M ®o, f*(A(N)) by M(X).

(3.7) Let R be a Z"-graded integral domain. Then the subset {\ € X(R) |
R*N Ry # 0} is denoted by x(R), where R* denotes the set of units of R.
Clearly, x(R) is a subgroup of X(R). If R is surjectively graded and A € x(R),

then R) is a rank one free Ry-module. In particular, R, (g is isomorphic to the
Laurent polynomial ring Ryx(R).

Lemma 3.8 Let the notation be as above.



0 For each o € C(R), the sum P(0) := Ryrpo = @yex(ry\o 1 @5 a graded
prime ideal of R, and R/P(0) = R,.

1 The closed subset of non-semi-stable points of Spec R with respect to the T(R)-
linearlized invertible sheaf O(X) is defined by J(X) .= R- (D, >, Rnr). If R
is surjective, then J(X) is generated by Ry. -

2 If R is surjective, then \/J(\) agrees with J := @u R,,, where the sum is taken
over all p € X(R) such that o(p) D o(N), or equivalently, X\ € o(u).

3 Assume that R is surjective. Let A € 3(R) such that o(\) = C(R). Set
Y(R) :=Spec R\ V(J(N)), and let 7(R) : Y(R) — X(R) be the categorical
quotient. Then w(R) is a principal T'(R)-fiber bundle.

Proof. ~ The assertion 0 is trivial. 1 is also trivial by the definition of semi-
stability [12, Definition 1.7] and the fact T'(Spec R, O(n\))T = R,».

2 Let p be an element of ¥(R) such that o(u) D o(A). Let N be the subgroup
of M spanned by S(R) No(p), and set A := (CX(R)),(u) and A := (CN)y-
Note that A is the normalization of A. As A is A-finite, ¢ := [4 14 A] is a
nonzero homogeneous ideal of A. Take v € ¥(R)No(u) such that ¢, # 0. By the
definition of the conductor ideal ¢ and the surjectivity, we have y+(X(R)No(u)) =
7+ (N No(p).

Since 1 € o(u)°, there exists some n > 1 such that nu—~y—X € NNo(u). By
the choice of v, we have ny € A+ X(R). By surjectivity, a” € J(X) for a € R,,.
In particular, R, C /J(X). So J C y/J(A).

On the other hand, J D J(A) is trivial. So it remains to show that R/J is
reduced. Let €2 be the set of maximal elements of the subset

{o e F(C(R)) |o 2 a(N)}

of F(C(R)), where F(C(R)) is ordered by the incidence relation. For o € €, we
have that P(c) D J, and there is a canonical map R/J — [], .o R/P(0). By the
definition of €2, this map is injective. As a subring of a finite direct product of
integral domains is reduced, R/J is reduced. This completes the proof of 2.

3 Note that the categorical quotient 7(R) : Y(R) — X(R) exists by 1 and
GIT [12, Theorem 1.10]. Tt is independent of A € C'(R)° N X(R) by 2.

Let Ai,..., A\, generate 3(R). As A is a point in the relative interior of C'(R),
there exist a sequence of positive integers cq,...,c, and a positive integer m
such that mA = ;A\ + - - - + ¢, A\, By the surjectivity assumption, it suffices to
show that for any nonzero element of the form y = yi* - - -y with y; € R,,, the
morphism Spec R[1/y] — Spec R[1/y]o is a trivial bundle. This is obvious, since

X(R[1/y]) = M. =
Let R be surjectively graded. By the lemma, for ¢ € F(C(R)) and \ €
0° N X(R), we may write J(o) or Jg(o) instead of /J(A), since \/J(A) depends
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only on ¢(\) in this case. We set Y (R) := Spec R\ V(J(C(R))), and denote the
quotient under the action of T'(R) by m(R) : Y(R) — X(R), as in the lemma.
We denote (m(R).Oy(r)(A)T by L]A]. It is easy to show the following.

Lemma 3.9 Let the notation be as above.
1 L[\ is an invertible sheaf for each A\ € M.
2 The canonical map Oxgry — L[0] is an isomorphism.

3 For A\, € M, we have that the canonical map LI\ @0y, Llp] — LIN+ p] is
an isomorphism.

The proof is left to the reader.

Lemma 3.10 Let R be surjectively graded as above. Let M be the subgroup of
7" generated by Y(R). Set rank M = s, and let XV, ... A\ be a Z-basis of M.
Let L be a line in R" through the origin such that #(L N C(R)°N M) > 2. Then

1 X(Rp) = X(R) in a natural way, and is independent of choice of L.

2 If A € C(R)° N X(R), then L[N is very ample relative to Spec Ry. Moreover,
X(R) is projective over Spec Ry.

Proof. As #M > 2, we have that s > 0. Replacing Z" by M, we may assume
that M = 7" and s = r > 0. It is easy to see that the assertion is independent
of choice of Z-basis of M, and so we may assume that A\ = gjfor1 <j <,
where ¢, is the jth unit vector (0,0,...,0,1,0,...,0).

Let A be any point on L N X(R) N C(R)°, which exists by assumption. Then
simply A € X(Rr) N C(RL)°. As J()\) is generated by Ry C Ry, there is a
canonical morphism n(R, L) : Y(R) — Y(Ry) induced by the inclusion R, — R.
Let y be an element as in the proof of Lemma 3.8, 3. Then it is easy to see
that R.[1/ylo — R[1/y]o is an isomorphism. Namely, X(R) — X(R.) is an
isomorphism. This completes the proof of 1.

We prove 2. Assume that A € ¥(R) N C(R)°. There are two cases. If
(—=NA) N X(R) # {0}, then C(R) = R". In this case, we have X(R) = Spec Ry,
and the assertion is trivial.

Next, consider the case (—NA) N X(R) = {0}. Then the cohomology ring
R(X(R); LN]) = €D,,5¢ Rn» is generated by Ry as an Ry-algebra by surjectivity,
and Proj R(X (R); L[\]) = X (R) by the argument above. So L£[)] is very ample
in this case, too.

In both cases, the projectivity of X (R) is obvious. O
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(3.11) Let A be a commutative ring, 7" a group scheme of the form Spec AG,
where G is a finitely generated abelian group (and the coalgebra structure is
given so that each element of G is group-like). Let X be an A-scheme on which
T acts trivially. Then a quasi-coherent (T, Ox)-module is nothing but a G-graded
quasi-coherent O x-module.

Lemma 3.12 Let T be as above, and f : X — Y a quasi-compact separated
morphism of A-schemes on which T acts trivially. Let M be a quasi-coherent
(T, Ox)-module. Then the canonical map f.M* — (f.M)T is an isomorphism.

Proof. A (T,Ox)-module is nothing but a G-graded Ox-module, and the T-
invariance is nothing but the degree zero component. As f, preserves the grading
and compatible with direct sums, the assertion is trivial. O

Lemma 3.13 Let r > 1, and R a noetherian Z"-graded integral domain. As-
sume that R is surjectively graded. Let o be a face of C(R), and &(R,0) :
X(R) — X(R,) be the canonical morphism. Then for A € M(R,), we have
that (R, 0)*Lr, [\ = Lg[A].

Proof. By Lemma 3.9, we may assume that A € X(R,). Note that
Jr,(C(R,))R = Jgr(o) and Jgr(c) D J(C(R)). This shows that the inclusion
R, — R induces the canonical morphism n(R,o) : Y(R) — Y (R,). Passing to
the quotient by T'(R), this induces (R, o).

Let T'(R, o) be the kernel of the natural map T'(R) — T'(R,) induced by the
inclusion M(R,) — M (R). Note that T'(R, o) = Spec Ry(M(R)/M(R,)), which
is diagonalizable. Set Z := Y (R)/T(R,0), and ¢ : Y(R) — Z to be the natural
projection.

Since T'(R, o) acts trivially on Y (R,), there is a unique morphism ¢ : Z —
Y (R,) such that ¢q = n(R,0). Note that ¢, ¢ and n(R, o) are T-stable. This
means c is also T'(R,)-stable.

Taking the quotient by T'(R,), we obtain a commutative diagram

Z % Y(R,)
la | m(Ry) (3.14)
§(R,0)
X(R) —— X(R,),
where ¢’ : Z =Y (R)/T(R,0) — Z/T(R,) =Y (R)/T(R) = X(R) is the quotient
map so that ¢'¢ = w(R). As the square is T(R,)-equivariant and both ¢’ and

m(R,) are T(R,)-principal fiber bundles, the square is a fiber square, as can be
seen easily.

As R®g, R;(\) = R()) in a natural way, we have that n(R, 0)*(Oy(g,)(A)) =
Oy (r)(A). Since T'(R,0) acts trivially on ¢*(Oy(g,)())), we have

(6:0v () (\) TR 2 (4,(¢"(¢" Oy (r,) (V) B0y O (y))TH? 22
(c*(OY(Ra)O\)) Ko, q*OY(R))T(R,a) o~ C*(OY(RU)()\)) R0, (q*oy(R))T(R,o)
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by the projection formula. Thus we have ¢*(Oy (g, () = (¢.O0y ry(A))TF).
Since (3.14) is a fiber square, we have that

E(R,0)"Lr, [\ = (E(R,0)"T(Rs).ON))T ) = (gcr O(N) ") = L[N,

as can be seen easily, utilizing Lemma 3.12. O

4 Normal surjectively graded rings

(41) Let r > 1, and R a surjectively graded noetherian Z"-graded normal
domain.

Lemma 4.2 Let o be a face of C(R) such that ht P(0) = 1. Then we have
1 o is a mazimal face (i.e., a maximal element of F(R) \ {C(R)}).

2 The homogeneous localization R(p(s)) 18 tsomorphic to the semigroup algebra
K(M(R,) + NX) for some field K and A € M(R) \ 0.

3 M(R)NRo = M(R,).

4 The K in 2 agrees with the degree 0 component of the homogeneous localization
R0y at the ideal (0).

Proof. 1f o C 7 C C(R), then 0 C P(7) C P(0), and this contradicts to the
assumption ht P(¢) = 1. This proves 1.

Set N := M(R) NRo. Then M/N = Z, and we may assume that R is
N-graded (if —N-graded, then we change the sign). We take the homogeneous
localization of R at P(o) with respect to this N-grading. It is nothing but the
localization R’ := R ®g, Q(R,). Obviously, P(c)R’ is the irrelevant maximal
ideal of the standard graded Q(R,)-algebra R', and its height is still one. So R’
is a one-dimensional normal standard graded Q(R,)-algebra, and is isomorphic
to Q(R,)[t] for some nonzero homogeneous element t. The degree of ¢, say A, is
a generator of M /N. Note that for each n € N, the degree n component of R’ is
a one-dimensional Q(R,)-vector space.

Next, consider the homogeneous localization R(p(s)) with respect to the Z'-
grading. Since this ring is M-graded, it is also M/N = Z-graded, and each
homogeneous component (R(P(o—)))n for n € Z is a graded module over the N-
graded ring (R(p(»)))n. Clearly, all non-zero homogeneous element whose degree
is in N is a unit in R(p(,)), and hence (Rpe)))nv = KM(R,), for some field
K. Note that an N-graded module is M (R,)-graded, and any finitely generated
M (R,)-graded K M (R,)-module is free. As each homogeneous component must
be rank one by the first paragraph, we have that R(p()) = K(M(R,)+NX). This
shows that N = M(R,). So the proof of 2 and 3 are complete. The assertion 4
is obvious now. |
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Remark 4.3 The normality assumption can be weakened to Serre’s (R;) condi-
tion in the lemma above. By the lemma, for a homogeneous element a # 0 of
R0y, a € R(p(r)) if and only if the degree of a lies in the unique half space H in
My such that HN(—H) =R-0 and H D C(R). Note that the latter condition is
only about the degree of a which is always satisfied by a degree in C(R) N M (R).

Theorem 4.4 Letr > 1, and R a surjectively graded 7" -graded noetherian nor-
mal domain. Then

1 X := X(R) is connected normal.

2 For any Z-basis vy, ...,vs of M, there exists an isomorphism of 3(R)-graded
Ry-algebras

R~ P T(X, L)) = BX; L), ..., L)), (4.5)
veC(R)

where L[v] has degree v.

Proof.  Replacing R" by Mi(R) and Z" by M(R), we may assume that r = s.
The assertion is independent of choice of v, ..., ., so we may assume v; = ¢; for
i=1,...,r, where ; = (0,...,0,1,0,...,0) with 1 at the ith place.

Set U := Y (R) = Spec R\V(J(C(R))), and let 7 : U — X (R) be the quotient
map. As U is connected normal and 7 is faithfully flat, X (R) is connected normal.
The part 1 was proved.

Since 1.0y = @,z (m.O0u(N))", we have

U = Spec 1Oy = Spec <@ E[)x]) .

AEZ"

In particular, I'(U, Op) = D, ;- I'(X, L[A]).

As R is Z"-graded and normal, we have that # = (), R(,), where the intersec-
tion is taken in R(()), and p runs over the all graded height one prime ideals of
R.

For a height one graded prime p of R, we have that either U NV (p) # 0
or p = P(o) for some maximal face o of C(R). So it is easy to see that R =
I'(U,Ov) N (N, R(p,)), where the intersection is taken over the maximal faces o
of C(R) such that ht P(o) = 1.

Plainly, R = RE(R) C F(U, OU)E(R) C F(U, OU)C(R)' On the other hand, any
nonzero homogeneous element of I'(U, Oy) ¢(ry is both in I'(U, Op) and (), R(p,)
above by Remark 4.3. Namely, I'(U, Oy)cry C R. Hence R = I'(U, Oy)syr) =
(U, Ov)c(ry- So 2 follows. O

Proposition 4.6 Let R be as above, and o € F(R). Then we have
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1 The canonical morphism (R, o) : X(R) — X(R,) is projective and surjective.
2 We have (R, 0).Oxr) = Ox(r,) as (T, Ox(r,))-modules in a natural way.
3 We have {(R,0). L[N = Lg, [\ for any A € M(R,).

Proof. 1 The projectivity is trivial by Lemma 3.10. As the composite of
the dominating morphisms n(R, o) : Y(R) — Y(R,) induced by R, — R and
m:Y(R,) — X(R,) factors through £(R, o), £(R, o) must be dominating. As it
is projective, it is surjective.

To prove 2 and 3, using induction on the codimension of ¢ in Mg, we may
assume that the codimension of ¢ in C'(R) is one.

Let N:=MNR-o0, G:=Spec Ry(M/N)=G,, — T(R), and Z =Y (R)/G.
Let ¢ : Y(R) — Z be the projection, and ¢ : Z — Y (R,) the induced morphism.

Let p : Spec R — Spec R, be the canonical morphism, and set YV :=
p Y Y(R,)) and p := ply. Then p is affine, and p,Oy is N-graded with its
degree zero component Oy (g,). Note that Y NV (J(C(R))) is defined by the
degree positive part (p,Oy)>o of p.Oy. This is because (B,y, £r)J (1) defines
V(C(R)) in Spec R.

So ¢: Z — Y (R,) is identified with the projection Z = Projp.Oy — Y (R,).
The morphism &(R, o) : X(R) — X(R,) is obtained by taking the quotient of ¢
under the action of Spec RgN.

Therefore, to prove 2, it suffices to show that c¢,0z = Oy (g,), because of
Lemma 3.12. The question is local, so we may localize, and replace Y (R,) by
an open subscheme of the form Spec R,[1/y] with y # 0 homogeneous with its
degree lies in C(R,)° and that x(R,[1/y]) = M(R,).

Then, the assertion is reduced to the fact, if A = @, A» is a noetherian nor-
mal N-graded domain generated by A; over Ay, then A = @, I'(Proj A, O(n)),
which is well-known. Hence the part 2 has been proved.

The assertion 3 is an immediate consequence of 2, Lemma 3.13, and the
projection formula. O

Corollary 4.7 Let R be a surjectively graded Z"-graded noetherian mormal do-
main. If A € 3(R), then Lg[\] is generated by global sections.

Proof. By Lemma 3.10, 2, we have that Lg_,,[A] is a very ample invertible sheaf

on X(Ro(n)). So Lr[A] = (R, 0(N))* LR, [A] is also generated by global sections,
since I'(X(R), Lr[A]) = T(X(Ro0)), LR, [A]) by 3 of the proposition. O

5 F-regularity of surjectively graded rings

Let p be a prime number.
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Theorem 5.1 Let r > 1, and R a surjectively graded noetherian normal 7. -
graded F-finite domain of characteristic p. Let L be a line in R" through the
origin such that #(L N C(R)° N M(R)) > 2. Assume that Ry, is strongly F-
reqular. Let o € F(R). Then we have

1 R, is F-finite noetherian, and strongly F-regular.
2 X(R,) is globally F-reqular.

3 For any A € X(R), R'(R,0).Lr[\ =0 fori> 0.
4 For any A € X(R), H(X(R),Lr[\]) =0 fori > 0.

Proof.  As in Theorem 4.4, 2, R = B(X(R), L[], ..., L[vs])or)- The assump-
tion on L simply says that L is defined over Q through the origin, and another
Q-rational point which lies in C'(R)° N L exists. Thus L N M(R) = Z. Let X be
a generator of the Z-module L N M (R) which lies in C'(R)°.

First consider the case that C(R) = R-C(R). Then o = C(R), since F(R) =
{C(R)}. In this case, X(R) = Spec Ry, and Ry, = @, ., Run. As Ry, is assumed
to be strongly F-regular, so is Ry. As X (R) is affine, X (R) is globally F-regular,
and hence R = B(X(R), L[w1], ..., L[vs]) is also strongly F-regular. Thus parts
1 and 2 are proved. Parts 3 and 4 are trivial this case. So we are done.

Next, consider the case that C'(R) # R - C(R), or equivalently, C(R) N L is
a half line. Then X(R) =2 X(R.) = Proj@D,,-, R.» is globally F-regular. Set
U:=X(R)\V(J(C(R))). Then I'(U, Oy) is strongly F-regular by Theorem 2.6.
By Lemma 2.4 and Theorem 4.4, 2, R is strongly F-regular. By Lemma 2.4
again, 1 follows. Now take any A € C(R,)° N X(R), and consider Ryzy. It is
a direct summand subring of R, and is strongly F-regular. Hence Ry is also
strongly F-regular by Lemma 2.4. As Lg_[\] is very ample on X (R, ), we have
that X (R,) is globally F-regular. To prove 3 for this case, as the question is
local on X (R,), we may and shall assume that ¢ is a linear subspace of R", and
X (R,) is affine. Thus 3 is reduced to prove 4. Since L[)] is generated by global
sections by Corollary 4.7, the assertion follows from Proposition 2.13. ]

As a corollary to the theorem, we have a special case (the case where both
A and B are standard graded normal domains) of Theorem 5.2 by M. Hochster
below. A proof is included here, as the author couldn’t find a reference.

Theorem 5.2 Let k be a perfect field of characteristic p > 0, and A and B be
positively graded noetherian k-algebras such that Ay Q@ By # 0. Then, the following
are equivalent.

1 The Segre product A#B = @nzo A, ® B, is strongly F-regular.

2 Both A and B are strongly F-regular.
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3 A® B is strongly F-reqular.

Proof.  1=2 We prove that A is strongly F-regular. The proof for B is the
same. For this implication, & need not be perfect (but F-finite).

Note that A#B is normal. As it is positively graded, it must be a normal
domain. By assumption, we can take a € A; \ {0} and b € B; \ {0}. As
kla|#B C A#B, kla]# B is an integral domain. It follows that a is transcendental
over k, hence B = k[a]#B, and B is also an integral domain. In particular, b is
a nonzerodivisor of B, and is transcendental over k.

Take Q, C B, for n > 0 so that Q4 = {1}, and Q,, — B, — (B/bB), is
injective and its image is a k-basis of (B/bB),. Then by [4, (2.3)], @ = U,;>0
is a free basis of B as a k[b]-module, and we have a direct sum decomposition

apn - DD

n>0 ceQy,

@An—&—j & kb]C

>0

of A#B as an A#k[b]-module. So A = A#k[b] is a direct summand subring of
A#B, and hence A is strongly F-regular.
2=-3 Take a homogeneous element a € A\ {0} such that A[l/a] is regular,
or k-smooth. Take b € B\ {0} similarly. Then A[l/a] ® B[1/b] is k-smooth and
hence is regular. Take e sufficiently large so that both aF'§ and bF; split. Then
(a ® b)Fiyp splits, and this proves that A ® B is strongly F-regular, see [5].
3=1 This is because A#B is a direct summand subring of A ® B. ]

In view of Watanabe-Hara theorem [3], [2], which says that a Q-Gorenstein
normal domain of finite type over C has at most log-terminal singularities if and
only if it is of strongly F'-regular type, Theorem 5.2 is deeply related with the
following characteristic zero result.

Remark 5.3 Tomari [18] kindly communicated the author with his result deeply
related with the theorem above. Let A and B be positively graded finitely gen-
erated normal C-algebras. If Spec(A#B) has at most log-terminal singularities,
then both Spec A and Spec B have at most log-terminal singularities. The con-
verse is true, if Spec(A#B) is Q-Gorenstein. He also studied what conditions on
A and B imply the Q-Gorenstein property of Spec(A#B).

Example 5.4 Let G be a connected reductive algebraic group over an alge-
braically closed field k, and T its maximal torus. Fix a base of the root system of
G, and let B be the negative Borel subgroup of GG defined accordingly. Then the
multigraded algebra R := @, x(r)['(G/B, £,) is a normal domain, surjectively
graded, and is of finite type over k, where L, is the G-equivariant invertible
sheaf corresponding to the one-dimensional B-module A, see [8]. The surjectively
graded property was first proved by Ramanan and Ramanathan [15]. For the
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history, see the introduction therein. This is also a consequence of Mathieu’s
tensor product theorem on modules with good filtrations [10].

A B-stable closed subvariety of G/B is called a Schubert variety in G/B. Ra-
manan and Ramanathan [15] also proved that the canonical map I'(G/B, L) —
(X, Ly|x) is surjective for A dominant and a Schubert subvariety X' in G/B. It
follows that @, I'(X, L£,]x) is also surjectively graded.

The author does not know any proof of the assertion; any Schubert subvariety
X in G/B is globally F-regular. The problem is reduced to the case where G
is semisimple and simply connected. Mehta [14] pointed out that as there is an
ample Cartier divisor D of X which eventually splits (see e.g., [13]), the question
is local. That is, X is globally F-regular if and only if the all local rings of X" are
F-regular by [17, (3.10)].

Lemma 5.5 Let ¥ be a subsemigroup of 7", k a field, and A a commutative -
graded k-algebra such that each homogeneous component A, is one-dimensional
for o € X. If A, # 0 for o,7 € 3, then A is isomorphic to the semigroup
algebra kY as a X-graded k-algebra.

Proof. If A is not an integral domain, then A must have homogeneous elements
a,b € A\ {0} such that ab = 0. So A is an integral domain by assumption. By
assumption, 3 = X(A).

Let A be the total homogeneous localization of A. Let I' := ¥ — ¥ ~ € T,
and a/b and a'/b’" be nonzero elements of A,, where a, o', b, i/ are nonzero
homogeneous elements of A of degree «, o, 3, [, respectively. Then both ab’

and ba’ are nonzero homogeneous elements of A,ip. So ab = cba’ for some
c € k*. Thus ¥(A) =T, and A, is one-dimensional for v € T".
Let v1,...,7s be a Z-basis of I', and t; be a nonzero element of A,, for i =

1,...,s. Then it is easy to see that A = k[t{',... t7*] = kT as I'-graded k-
algebras. We have an inclusion

A — AE = (k’F)Z = ]{52,

but the inclusion must be surjective by dimension counting of homogeneous com-
ponents. Hence A = k3. O

Lemma 5.6 Let k be an algebraically closed field, G a reductive k-group, I' a
finitely generated normal subsemigroup of the semigroup of dominant weights
Xt (we fir a mazimal torus T of G and a base of the root system of G). Let
A=, Ay be aT-graded commutative G-algebra such that A, = Vg(y) for
yel,and A, ® Ay — A,y is nonzero for v,7 € I', where V(7) is the dual
Weyl module of highest weight . Then A is F-regular if char(k) > 0, and A is
of F-regular type if char(k) = 0.
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Proof.  We may assume that G = G’ x T', where G’ is semisimple simply
connected, and 7" is a torus. For A € X (T), let L) be the G-equivariant invertible
sheaf over G/B corresponding to A, where B is the negative Borel subgroup of G.
Note that HY(G/B, L)) # 0 if and only if A € X*, and H*(G/B, L) = Vg(7) if
veXT.

Consider the cohomology ring

C = B(G/B;EAN‘"7£)\s7£lt1""7£ut)7

where s = rank G', t = rankT’, A1, ..., As are the fundamental dominant weights
of G', and pq, ..., are a Z-basis of X(T"). Note that C is a X(T')-graded
G-algebra defined over Z. Moreover, when we set

Cy = B(Gz/Bz; Laz, - Lasz Lo -+ Ly z),

then C7 ®7 K is the similar cohomology ring over K for any field K, by Kempf’s
vanishing [8, (II.4.5)] and the universal coefficient theorem [8, (1.4.18.b)]. By
Example 5.4, Lemma 2.4 and (2.3), Cr is strongly F-regular if char(k) > 0, and
is of strongly F-regular type if char(k) = 0.

So it suffices to show that A = Cr. Let v,7 € I'. By Mathieu’s tensor
product theorem [10], there is a short exact sequence of the form

0—-V—A, ®A7/#—>Vg(’)/+’)/) — 0
such that V' admits a filtration
0o=VWwcwc---cV,=V

of G-modules such that V;/V;_1 = Vg(A(i)) for some A(i) < y+4'. In particular,
Exte,(V,Vg(y++')) =0fori=0,1. So

k= Homg(Va(y +7), Va(y + 7)) Homa (A, ® Ay, Val(y +7')

are isomorphisms. In particular, any nonzero G-linear map from A, ® A, to
Va(y+17') is surjective. As we assume that the product A, ® A, — V(v +7)
is nonzero, it must be surjective.

It follows that if a is a highest weight vector of A, and «’ is a highest weight
vector of A/, then aa’ # 0. By Lemma 5.5, AV = kT, where U™ is the unipotent
radical of the positive Borel subgroup BT of G. Similarly, we have CY =N
Combining these, we have a I'-graded k-algebra isomorphism ¢ : AV" — CY",
For A € T,

k — Homg(Ve(N), Va(\) — Homy (VeW)Y", Va(N)Y) 2 k

are isomorphisms. It follows that ¢ is uniquely extended to a graded G-linear
isomorphism ¢ : A — Cp.
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It suffices to show that ¢ is a k-algebra map. To prove this, it suffices to
show that for v, € I', we have m¢. o (¢ ® ¢) = ¢ omy as maps in Homg (A, ®
Ay, Avpy) =2 k, where me,. and my are the product maps. As the hom-group is
one-dimensional and both hand sides are nonzero, there exists some ¢ € k* such
that mo (¢ ® @) = cp om. Let a be a highest weight vector of A, and &’ be a
highest weight vector of A,,. Since ¢ is a k-algebra map,

mo (¢ ®p)(a®@ad) = pla)p(d) = p(ad’) = cp(ad’).

As ¢(ad’) = p(aa’) # 0, we have that ¢ = 1, as desired. a

Theorem 5.7 Let G be a reductive group over C, and H an affine semigroup
scheme over C which is normal and of finite type over C. If there is a dominating
homomorphism of semigroup schemes ¢ : G — H, then H has at most rational
singularities.

Proof.  To prove the theorem, we may assume that G is a direct product of a
simply connected semisimple group G’ and a torus 7".

Let 7" be a maximal torus of G, and X := X(7T') the set of weights. We fix a
base A of the set of roots ® of G. Each a € ® yields a one-parameter subgroup
a¥ of G. aY gives an element of Homg(X ®z R,R) determined by (A\,a¥) =0
for A € X(G), and (B,a") = 2(6,a)/(a,a) for § € &, where X(G) is the set
of isomorphism classes of one-dimensional representations of GG, and ( , ) is the
Killing form of the semisimple Lie algebra Lie(G"). We denote the set of dominant
weights by X . The set of positive roots is denoted by ®*.

Via the left and right regular action, the coordinate ring C[G] is a G x G-
algebra, which is decomposed into a multiplicity free direct sum

ClG) = @ Vel @ Va(X), (5.8)

AeX+

where Vg(\) := I'(G/B, L)) is the dual Weyl module of highest weight A, and
A" := —wpA, where B is the negative Borel subgroup of G, and wy is the longest
element of the Weyl group W(G). Set M(\) := V() @ Va(X9).

Since ¢ is dominating, H is connected, and hence is integral. So the homo-
morphism C[H| — C|G] associated with ¢ is an injective G x G-algebra map. In
particular, C[H] is a partial sum of (5.8). Let X be the subset of X such that
ClH] = @B, cx M(V).

Let U* be the unipotent radical of the positive Borel subgroup B™ of G. Then
C[G)V"*VU" is isomorphic to CX* by Lemma 5.5, and C[H]Y"™*U" is identified
with the subspace spanned by . As CX is a subalgebra, X is a subsemigroup
of X*. By Grosshans theorem [1], CX must be finitely generated. Hence ¥ is
finitely generated. Moreover, CY must be integrally closed. Hence X is normal.
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Let us consider p¥ := 13 ;. aY. Then 2p¥ = Y _,cla with each
(uniquely determined) ¢ a positive integer. It follows that (), 2p") is a nonneg-
ative integer for A € XT. Note also that (o, 2p¥) = 2 for « € A. In particular,
(A=, 2pY)y >0, if \,p€ X(T) and X > p.

For A, € X, the tensor product M(\) ® M(u) has the highest weight
(A 4+, (A + p)*) as a G x G-module, and any other weight of M (\) @ M (p) is
smaller than (A+ g, (A4 p)*). It follows that the product M (A)M (u) is contained
in @’yg/\—l-p M ().

Let us define a CJt]-algebra A(G). We define A = C[t] ®c C[G] as a CJt]-
module. For A, € X, a € M(A) and b € M(p), let ab=}__ ¢, be the original
product in C[G], where ¢, € M(7), and the sum is taken over v € Xt such that
v < A+ pu. We define the new product of A by

(t"@a)(t' @b) =Y rt2 g o

~

It is easy to see that A(G) is a commutative Cl[t]-algebra. Note that A(H) =
C[t] ®c C[H]| € A(G) is a CJt]-subalgebra. Letting G x G acts on C[t] trivially,
A(G) is a G x G-algebra, and A(H) is its G x G-subalgebra. It is easy to see
that A(H)[t™'] 2 C[t,t™ '] ® C[H], where the algebra structure of the right hand
side is the real tensor product of algebras. In particular, it suffices to show that
A(H) has at most rational singularities.

The principal ideal generated by ¢ is a G x G-ideal of A(H). Then
A(H)/tA(H) = C[H] as G-modules, and the product of this ring is given by
ab = cyyy, for A\, € ¥, a € M(A) and b € M(p), where ab =} __ ¢, is the orig-
inal product of C[H]. It suffices to show that A(H)/tA(H) has at most rational
singularities. As A(H)/tA(H) is identified with (A(G)/tA(G))s of the X t-graded
algebra A(G)/tA(G) and ¥ is a finitely generated normal subsemigroup, it suffices
to show that A = A(G)/tA(G) has at most rational singularities.

Note that A = @, .+ M()\) is an X*-graded G x G-algebra. That is,
MMM () € M(A+p) for A\, p € X, and the product M (A\)@M (u) — M (Ap)
is G x G-linear. The product is nonzero, since the product of highest weight vec-
tors is nonzero. So the proof is completed by Lemma 5.6, applied to G x G and
the subsemigroup I' := {(A\,\*) | A € XT(G)} € XT(G x Q). O
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