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Two—dimensional local rings of

"finite Buchsbaum—representa£ion type

HASOHE %NS
1. Introduction
"(R, m) ENoetherFBHREL. M 2HFMEKR-MEFLE L.
I(M)=eq(M)—lR(M/qM)
B M ONFIA—F—-AFT7IL q DEYHPLICEILTF—FENDLE M #Buchsbaum Rl

v 351 dimRM=dimR NDEEEmaximal TH3EWS, 2T eq(-) b

Ip () u%h%ﬂiﬁ&tﬁé%ibt,nB(R)(ng(R)) HEB#maxima l
Buchsbaum R-MB(TH»D depth>0 HLo) oREEHOEEEZ%RDLT. R HER
Buchsbaum—%kBE%#H-orid np (R) <o T rThH5.

ABECIRRDERLAHT 5.

R (1. 1) (R, m)i3 Noetherian local ring T dimR=2
rL.R=R T R/m WHREBKLTE. COLERD=ZODFMHIIRABTHS.

(1) R BHMWBuchsbaum—%kBRETH5S,

(2) e(R)=1 T v(R)=<3

(3) R=P/X1 eita. BL (P, 1) E3XTOSREMBHERT Xen\n 2, 1RPOAF
CTAT htp122 OLOTHE.

LZzH-T

%(1.2) LtoxErALREOLEE. R HAENTHEIEE R HunmixedThrolk
Buchsbaum—&RE*&KE O LIIRAIBETHS.

2. (3)=>(1)iH
(2) & (3) DHfEIexerciseZDT(1)2(2)(3)>(1) DAhaEZLICTS.
gFERLELVWHD (3) 2 (1) BREFAFATUITHTHS.

£8 (2. 1) (P, n) #3&KTEMBARLL. Xen\n 2. THPOLFTAT ht
43, 20kx R=P/XI, £=XR, m=nR &8t np (RY=3 Th»otT
m/£. R/me, RAL

HEE#Hmax. Buchsbaum R-NFED—HDORKRTHS.

5B, R,/ W2XTERRBMERT m/e=J (R/7L) ThHdHIPH. RAL & m/ /8 3B
M#yimax. Buchsbaum R-MBTHE. 25461 00— /mE-R/mE-R/£L—-0 (5
£)Xh R/me LEEPHYmax. Buchsbaum R-NHTHS. depthZzHXBL
R/me. m/ /£, R/ BEhEFHO, 1, 2%DT. ChHIZFARRTIIZW.

Wic M t@B#max. Buchsbaum R-mErL M=M/HD (M) r5<.M i

PI%Z



max. Buchsbaum R-MBT £M=0 Ths. to>7T M iImax. Buchsbaum

R/g — Mﬁ?%ﬁf R/ £ HZMEEWHme#6[3]hIUEﬂ%ﬁﬁ
M=M/HO (M) = (R/£) “® (m/e)® (a, 820)

BHEoL6NS. WE P Dregular sop X, Y.Z % Y, Z » R IZHdL<Tsop

LZ2E00ED. x, vy, 2z #ZREN X. Y. Z mod XI 2%xbILOLEs. %

mod £ t¥3¢ m/f=(y,z) in R/ Thaib

E
R3 R2 m/ e —0 (22), e

aJ=az—by

x 0 y b
0 x =z
t&éoKere=R[3 +R[0 +R[ ]c R2 2 L eB<E M OBEBOSMEICL>T
W 0
I 1
0 - £%L? - R%G (R2)8 - § - o
t I t
6} N F M- —- 0
1 t
0
0 HO ()
t
0

BEohs, 22T (0)@®LPCN #7€2. o7 N=N 1OL? %2 2% oR-gmam
BN, b5,

M=F/Né(Ra/N1)$(Ra/L)B¥(R"/N1)$(m/£)ﬁ

M BEBR#IPS 821 %6 Mm/e. =0 Orsit NCe® % M=RE/N, ne?
CN t “BE3ICEB. v V=(p me) ¥ B3 T:p%oV RERLER/EL U=
c(N). r=dim, U (k=R/m) t8<.bL r=0 %5 N=me® T M=z

(R/me) % XoT M2R/me. r21 Orsii U Dk-basis ug. oL u %

EDAS C=(uy, - - - u ) #%2%r 2/me=k (as £=xR) & C lifik
FIDEALR & b

x -

0
b, D3D YEAUtpRY EEoT w (N) =me®+T E%3. 8L T iaxrfsl

x -

0

DIITERSN: RY OR-SHMBEHLDLT, >T M=RZ/N2R%/ (ne® +T) .
M GEBRWT r=1 XY Mz=R/e (as P£=xR) #%{83.

—2—



3. (1) =>(2)xnzHA
EE (3. 1) (R, m)iENothe r BRFEMT #(R/m) =0, d=dimR=2 L5453,
RTHitk Q (R) odTo R DEMBERDbLL. REM(R) T R IZFRIBFERE L, 3542

R/mM=R/2 (ZZT 1 & R OBAIF7AERDLT) L92. ok & np (R) <o %5l
R llabstract hypersurface T e(R)'§3.

CDFEHDAHINW 2 Ds teplichbita,

#WE(3.2) 15 mR+n2/12)z2a-1
MR, LL lﬁ(m§+n2/n2)§d—2 b lﬁ(n/m§+n2);2.ivf

=1 | IRROAF7AT mR+n2CICn) EB<E % Winfinite. HED Iex
IIEM#¥max. Buchsbaum R-m#Ths. £»T 1, Jex T I1+J, I2J as
R-mod. r%3LOWHs. T2 6€Q(R) $r:oT I1-0J ETEB. htpl22,

htRJ22 THEOT GER. LadiaT 1=J LZYFETHD.

R
(3. 3) Syr " S4_1€m & ten %ioT
= . . . R 23 —= - . . e R
‘n—(Sl, .Sd_l.t)R »> mR (Sl, 'Sd—l't )R
ETE3, AL e=e (R) Thb.L2H>T up(R)=e T 1,t, .., £ 1 4

R & minimal basis TH2,

W (3. 4) (3. 3)icBWT e=3
GEH. e=4 kﬁl.sl.---,sd_l,t ¥ (3.3)nk3icth 8D A€R/m
ex L c,€R % A=CA mod m &%dk50l2ks, cnri

M,=R+R (t+tZ+c, t3) +nR
EBLE M, WEB#¥max. Buchsbaum R—MIB %D, S50 A+u bl MA¢

M, Thz.Xt->T ng (R) =0 LZOFME.

I=(S;.-+--.8S4_7)R., P=IR, £=PNR tB<L.,P€Spech IY pc
SpecR T dimR/p=1 k%d, ZDLIRIPRIO.

#H&E (3. 5) Sl.---,Sd_lﬁ R/P # R/ o normalization
LB IS8R,

. R+R LLTIwhs ¢=R:R :32% dimR/c=r<d.Sl,--~,Sd_1
S, .8, ¥ RSc DsoplhbkicENnd, COLRE cdf koT R/p—

R/P i3 birational 273,



€
K. 0-M»R€® —R—~0 %# R ®# R L®» min. free resol. DliLHDOFHE
35, Sy Sd_lli R—TFRFTH B 5

€
0 - M/IM - (R/1)®— R/P — 0 (%%)
| o ]
(R/.P)e—_——* R/P — O

' T
Eo<nB. 1L o BEALE®ETA. M =Kerc B<E up p (M7) Sup (M)
"o MR/ﬁ(ﬁ/P)=e.

WE (3. 6) up (M) se
@%. F=R® rLT p€Endp (F) % e-p=tlp-e XBLICED. THL

o€ (M) cmM Thd. k=R /m, V=M/mM &L £:V-V % p #Hbinducedhd
\Y (l)k—endomorphismtﬂ”é.pe(M)CmM rny £€=0 Tha.bLL IIR(M)
Se %b dim V>e Kb f, g€M % £(T)=£(g)=0 »> T.g & V A
T k ER1&Michskiickhsd, FED A€k OVWT c; €R ¥ A=c, mod m

IE>T N,=mM+R (f+c,g) CM 8. 0-M/N,~F/N,~R~0 (2) &b
F/NA PENHmax. Buchsbaum R-MBTHEIZEHbIE, &612 A+u %bH M,
#M“ Brg, LIehB-oT nB(R)=00 Lo TFETHS.

FRTIE (3. 1) OHEIICAS,
(3.5)X9 R/P X R/ PDnormalizationklTdWw, £oT
rankR/g(hi' =e-l§un/£, (M‘)_S_,uR(M)§e. LL “R/g.(M ) <e—1

6 M~ IR/ P—free. £nT hdR/ﬁﬁ/P<w Ih R/P 3R/ g—free.

42+ R/JP=R/P b e=1. LIzH>T R HEMTﬁéouR/p(M‘)Ze L33k
uR/ﬁ(M')=uR(M)=e.:CT

e
0 > M/IM - (R/1)€® - R/P = O
ol i
0 - M - (R/£)€ - R/P - 0O
T
22 . M =6 (M/IM) T Kero=£ (R/1) S CcM/IM. uR/ﬁ(M’)=
wp , (M/IM) XD g (R/1) Scm (M/1M) cm? (R/1) € 40T pcm?+1

BB FoT mi4e=m2+1. LatioT v (R/#)=v (R/1)=v (R)-(d—1)

s v(R)=vI(R7L) +(d-1) % %HB5.



46 v(R/£)=2 %759, v(R/7P) 23 t92r 3=sv(R/P)<e (R/p)=
uR/p(ﬁ/P)=e§3 XD v(R/e)=e(R/P)=e=3 %182, k>T Xenm-=

J(R/£) % m2=Xm krha. 22T
OﬁM'/XM‘H[(R/ﬁ)/X(R/ﬁ)]3~(R/5)/X(R/5)~0 (582)
§0<6& LR/p((R/ﬁ)/X(R/ﬁ))=1R/£((R/P)/X(R/P))=3.
kot 1R/£<M‘/XM‘)=6.—ﬁ? m(M~ /XM )=0 kb IR, p (M7 /XM7)
=uR/£(M‘)=3.:hu%E?%%.Ltﬁor v(R)sd+1 r#2z,

EE (3. 7) (R, m) WC-MEMBBMET dimR=2 rL.R/m AEEK:$2.
bL np (R)<eo %56 R BEAMTHE.

GAB. %I R/mCR T ch(R/m)+#2 DLEF[5]0%4hTHIZLHIATWS
3FAuslander?DE®ET R Hnormal THBEILZHE _KIZ R HUFDTHB L
ARLLHET. J. Lipmanilk32KRIEUFDOSE*#E->T,. L R HERTLZWALIE R/m
Nsecond syzygy#HnT ng(R)=oo EBZEETRT.

°

ST, (3. 1) (3. 7)2AVBLEEE (1. 1) (1) 2(2)REDESIcLHES,

39 R HEBENEEIZ R BC-MEBBHETH->T. M, M~ #RIDEBE#Mmaxima l
Buchsbaum MBLd2L . M, M~ 3RE®Pmax. Buchsbaum MNETLHY.
HomR(M,M-)=Homﬁ (M, M™) k%3, kLI EndRM=EndﬁM EHh M 3RE
TLEBHT. MM " as R-mod. 2 MZM as R-mod. Th2,

INZEkY nf(R)<e r%as6 R WEM. 25T R LEMTHS.

—MDGATIE LPESpecR % dimR/£=2 2x3E. nB(R/ﬁ)§nB(R)<oo
&h R/£ WBIEANC%ZZ. —HT 0—-£—-R—-R/£—-0 %5k up (L) =1 Hbhsd.
2T v (R)=3. ng

RxP/J ((P, 1) B3XTEBEMBHIRTIIZPDLFTI)
&Ly ht =1 L) J=x1(htPI;2) LERbddH, P/XP i R=P/XI &
#2EH56 np (R) <o, £koT P/XP WQBiEMTHL. 5L, 0P/ 1P/ XI->P/XP-0
#ATC e(R)=e (P/X1)=1 #5553,
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P aul Robertsitzc kx =&

New Intersection Conjecture & 8 75

EHHE- (K- H)

§1. &
ZDE Paul Roberts(UtabkF¥)ILXo>T. XEDERTHo = New Intersection

Conjecture " EEMICHERESHEDT. ZZICELELENLEW.
(1. 1) 7. BAEHLEZ LR ROEIKLARRZ L ATE S,
New Intersection Theorem (RN I T & E§¥)
(R, m, k) 2Noether 3R LT 2. REODEREBRAANBASRIBEXHIRD

complex F. %EX 3,

F.: 023F:2F.,12 . . 9F;93F:>0
TOLE.RDILEEET S.
(a) F.RELITEARW,
(b) F.ODhomologyMBRALTREIERTH 3.
CORENDDHLT. FFR ;din(R)Sn ARLT 3.

TOEEDAZRE. Peskine-Szpiroll Ko TISHUEK FHEIhEBDTHoE., Th
AZDE. Paul RobertsK Ko TRL2RLEHEA DI SN EDTHB. £, TONIT
DREICEL>T. £DOMh Dopen problensH TEHEHILBREShBZ itk T,

(1. 2) COBEBEDEREBETAEDIC. KOOI MEEXTAHAES,

(R. m) 2FERMRFARLLT. TLI%22DAF7NVETB. 1. JTEHEZLS
Spec(R)DHIBMAKAVI(I). VI ABHSEDATRDIL WO IRREEXSZ. RIER
BROT, RZIIOREEROEEASMF.: 03F,>. . . 2F,92Fo2R/I-0ARA 3B,
L. n=pdr(R/1)TH53, DL %, R/JEOEMNBOEKG. =F QR/J b &



A%5. G OREQV-NPBREHEICLS>T Tor5(R/I,R/J) THY. V(I)AVI)
= {m) THE3IL2b. ChiIRZERTHZ. COEBKG. 1. LONITEHST
A2, ROFEXREBIZ LIS,

o pdr (R/ 1) <dim(R/ J)

TZT. ZOEDE. pde(R/ 1) =dim(R) —depth(R/I) 2 BL Z L AT2X3DT. &
DRILE->THRW,

(1.2.2) dim(R/ J) +depth(R/ I)<dim(R)

B, RZINCMTHILEET DL, ZORRKDOE IR 3,

(1.2.3) dim(R/J) +din(R/I1)<din(R)
CIETRALBALUROFEE STV AKEBERL., BE. (L2DREHSATY
L. . BHOZETHHS. LAL. SZTEELROR. U2 DOERIIENWT
B, RAEMTHAL10S2bl. BTLHGRETANL WS L THSE. EB.

pdx (RZDAFRTHIIE., A2 DHRIZT 2. {15, NITORLLT. XOEHE%
B5.

Old Intersection Theorem (O I T L B8T)

(R, m, k) #NoetherBFE LT 5. MUNHFAEREBRINIBET. MO:x:NIEEX
ERBONBTHILEETD. cOLE, RERX ;din(M)Spd(N) ARV IO,

COEEDAHAEL., 19734 1C Peskine-Szpiro L ko TFBEATVWEDLDTHZ. &
DOITAHAELVWI LI T, HHHAMNICART OV ANTFRELTHLSATWVWERD 2D
OFEAN. ELWI LN EINZDTH 3.

Auslander %38 (conjectured by Auslander in 1962)

MA NoetherRR EDEMRARMBT. pd MIVHERTHZLTE. 2OLE, RO
xAMEFEBHERFTHhILI. THhERETHIEERFTH 3.

BassF# (conjectured by Bass in 1963)

Noether HFI& R Ainjective dimension HRLEREBRMBEH TIE. RICMTSH
3.



(1. 3) NITHOITHHI2EKRTKuIlIOBEHRESF7IVEEBDHRTHI L EX
BhTws. XB. BREAF7VEELBFVTA5L. NITRO I TEAKAFRER %
EXTWAILLEREL.

BEALF7NVER; RANoetherBT. IARDnlOATHEREhBZLF7IVTHBL
T3, ht(IDSEnTdhb.

NIT. OITRUBFAF7INEBILEVWTRRILADAZAERR. £2T. 58
D (R) RAHDIABOATOV—WRIVLAEBRIBRVILEVoTWS, X
B.NITKE-T. ROBRHBOBFASF7VEBO—BIEABOA B L XML N T
W3,

Homological Height Conjecture (conjectured by Hochster in 1974)

RoSEROBANERTHELTE. INRODAFZNTHLEE, KOFRERNR
M35,

ht(I S)Spdr(R/ 1)

(1. 4) NITOZEHIKELT., tOBEE2PLABRTEZS.

&F. NITHERACMTHBE 2. BAMCELL., EQIEAD. BRA
Maximal CMIIB A5 D2L 2id. NITRELWENRS S, Ei. Maximal CMing
REMBEBRTELTH., BWI L HF9 3. ARERTRVWAHD LA RV Maxinal CMBHN
Biz. big CMIMBLrEbhd. LT, HochsterOXEHK I hIE, BHERF KL
BHXXTHhE. REICbig CMANRANEET I LAHALATVWS. KB, Rikkeg
UCRBFBTHRENITRELWI LA, (RobertsBAEIK) MHHhTWE. SH.
Roberts AR LEDIK. RAGEFELVEFREOEAKDOVWT. NITAHARRVELW
WO T ETH3B,

Paul RobertsickANI TOIEAIICIX. Fulton® Intersection TheoryZ 3H DA

AARTHS. ThEROETRALE S,



§ 2. Riemann-RochEH

(2. 1) UTFTH. S=Spec(k). kidthEidexcellent A ERBFBLT 2, %
2o SEDAFX—ALXE. wObS LHBRAER TseparatedTH 3. varityZ = itsub-
variety L W3 X E . EMADEMRAF—L:ERTI0LT 3,

XEDn-cycleid. HWRMZIn (V) (n.€Z. V., XD n K5 Dsubvariety) @
CTETHB. XDn-cycle2EORTHEZ. X LEL. WHX DM+ KT Dsubvariety
THBLE. re€ R(W)* (=nonzero rational functions on W) 2% L T.

(div(r)) =Zordv(r) (V) (VIRW®D n Ritsubvariety%£3) € Z,X
EEET D, T T. ordv(r) =length(Qv.w/(r)TH 3. a€ Z,X . rationally
equivalent to zero (E5TanvOLBEL) L. ROLBABEZIBZLETHS,
2.1.1) XD M+ KTsubvarieties W, ¥. ED_EDrational functions

r € RIWI'AEELT. e=Z div(r D EIF 3.

AsX=Z.X/rv. Tk, AcX=0, A XL EH#T 2. A.X 5 Chowlr =S, xﬁi
HRRHEFRETLE IR, ALXBBRTHAIEAY TR, intersection product % &%
ETHIRILARBILFHMALI TS,

(2. 2) B<OM. Xi3thk EDnonsingularR A¥—ATHBLL&>. ENXE
Drank (r+1) Dlocally free sheaf THB L £. X L Dprojective space bundle = :
PEISXEEXD. zll&oT. BAhBChovBOMAR 2" : ALX2AP(E)Ic &
2T. AVP(E)IZA.XE®Drank r Dfree moduleTH Y. |

A.IP(E)=A.X(§)/(C""+n‘crC"l'...+7c'c,~§+1l:‘c;+1)
EEFB. ZZT. {=0re (D, ¢ €A XTHB. ZDc ik, c, (E)LENT
E®i-th Chern classTH%. (EL. co(E)=1.) E®total Chern classii.
RTEHEEIL S,

c(E)=Z2!l}c,(E)
LAX E®line bundleTdh 3 & Eicit. c(L)=1+c(LYTH3. . %£%5;0
DE'DESE' 0N HBLEIR. c(E)=c(E") c(ENTHBILRVYAIMbh

T3, Bk, c(E)=T!.o(1l+a )t B2 LBHPATWVWSE., ZZT. (o, it



EDCbhern roots b IIh2bDTHS5. DL %, EDChern character ch(E) b
Todd class tod(EDARDEIILEHZEZH 3,
¢h(E)=Z ,exp(a,). tod(E)=1II,(a ,/l-exp(-a,))

Zhb%k. EOChern class c (E)TELESEDL>TH 5.,
ch(E)=(U+D+c1+1/2(c12-2c2)+1/6(c 13 =3ci1cotc3) +.
tod(E)=1+l/2c1+l/12(012+cz)+l/24(01cz)+...

(2. 3) Hirzeburch®Riemann-RochEE ¥ B2 S,

Hirzeburch-R REH

X HC E®Dnonsingular complete varietyCd 2 & & X E®Dvector bundle Elc# L
T. ROZERXHFRMIT 3.,

2.3. 1) Z,CD'dinH'(X,E)= [xch(E)-tod(Ty)

SIT. Jx iddegree map: ALXZ5E%T 3. Wb, ¢, c A, XDL =, Sx2 e,=

degree(a ) TH 3.

CORENR. curvePsurface DEADEENORREEAMIZLERADE = & 1L, 5t
FUERES. NITOHEBICRZOREREA RV, bok. —BIEZHED D, 3
THd. EZT. Ri<. GrothendieckO)‘RREE&EU&{'ﬁ.

Grothendieck-R R Z #

f:X-YAN. tkk EDnonsingular quasi-projective varieties [ Mproper map T
H2rE. X EDvector bundle E LML T. ROZERAFARIT 3.

(2.3.2) ch(f.E) tod(Ty)=f +(ch(E) tod(Ty))

CSIT. MADLOBKERBFLTEZS. £BOF 2. X EDvector bundle DB D

Grothendieck B Ko X 2B Y EDKoYADnapT, KOS iiE&EXH 3,

(2.3.3) f«(E)=2,-D'(R!'f.E)

2.3DDFEAD L I ChowR DM Dnap AvX3A. YT, X E®Dcycle V 1%L T.

(2.3.4) f4(V)=Zdeg(V/W) (W) (Wi £ (V)Dcomponent¥ £ 3)

TREHEIHh B, ZZT. deg(V/W)=(R(V): R(W)) (if dim(V)=dim(W)) . 0 (if

dim(V) #dimn(W)) TH 3.



COEBILBENT. Y=Spec(k) B L. #iRDHirzeburch@RREBALZ 2 L
. 62 THAS5. NITOEHICKE. ZhEFiCsingularOEAEELEDL O AN
ETH5. £CT. ZHLEHDRREBLRAALVIZLEEXTHES.

Grothendieck-RREEILEWVWT. tx(E)=ch(E) tod(TY) L BEWTA 3%,

tx: Ko X23A.X
TH->T. RREBOAZRWE. L&D proper map f : XY KHLT. fo-tx=1x"
T eR3ILicthBblvn. TOXI R tx BRI BZLAN. RREEBETHILERT
BILHURD. DEOBRLEEERETBE 3% tx (ToddEHK) Lch (Chern
character) MsingularRBAIHLBERTEILWVWIDON. RIKCRA 3 Fulton®ODRRERE
THb.

(2. 4) Fulton-RR¥FH

X %Zexcellent regular ring Efinite typeZscheneTH 2L 3 3. X LD locally
free sheaves®complex E. : 09 E,2E,-1=...3Eo20%%X3. Y*¥E. ®non—
exact locus 3 3. Yk XDclosed subschemeTH 2. ZDL %, ChowBlOIDRFR
ch(E.)=chy"(E.) : AL XA YXAREELIAT. ROXUHLBRET 3.

2.4.1) ch(E.)=Zchi(E. ). chi(E.) : Ax X2 A., Y
(2.4.2) i1 Y-X(EDRABEHET DL E,
i4(h(E ) (a))=Z (1) 'ch(E ) (a)

(2.4.3) DHAXODCartierHFTHILE, ROTBREANENRS.

¢h(E.)
A.X - A.Y
NnDI {nD
A.D - A.(DNY)
ch(G*E.)

ZDch(E. )% E.®DChern character& >,
WICX EDcoherent sheaves DD Grothendieck B2 Ko X L EL, 2D E. RRE
& (=13 Todd class) tx: Ko X2 A XAKROERBEYTET IO ILBRTES.



(2.4.4) rtlproper morphism¥ covariantTH 3. fIH. T : XY Hproper
morphismTHBI L E, fo-1yxy=ty-f. 3.

2.4.5) tx(O®x)= [X] + (terms of lower dimension)

(2.4.6) ‘locally free sheaf E Xcoherent OxII¥E N &L T.

tx(E®N) =ch(E) (tx(N))
BEORREELYBHELT. KENITOEBREBSS.

§3.NITohH®H

(3. 1) NITIiX. RABETHIBAK DVWTHHAThEELTHI - LUER I
HrDEILATEE, BEUBRKU.HDTEREESK. NITRRAGRXELEHRED
HERELWILAD>TVS. 22T, LFCHRIAEEIRVLDOLT 3. £5.
RUBKT. ROBEUEO. kOBKEP) OLLTE&. T£. kg2l T@&D
W, EIZ. F.WEminimal complex> LTH Liv, S=R/pPR. G. =F. QeSrHE<.
RETRNITHAELKZVHOLLT. F.5ZORMESXBLS fcomplexTh 3 &
LTAa&ES. 2O &, SETHENITHRELVWOEDS. G. Dcomplext LTHEX =
n=dis(S)TH5. UTTHR. COREDHELETEFBEHFELIZ LR LS.

(3. 2) X =Spec(R)DY==Spec(S)Dx=Spec(k)I:BECL = Q4D E>
T, chi(GICIY]INI=0TH3. XB. KOWRERALEVT. xBOKTLDT.
Aix=0EIBTH35.

cha (F.)

A, X - A x
nYl iny
A,Y - Aox

ch, (G.)

ETIT. K n=dim(Y)THB3LEI. ch.(G.I([Y]) #FO0THDd I LEREE.,
FEIABONDIZI LK 3. UTTH. Tz EzRES.
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(3. 3) 2T. Fulton®DRREE Q4.0 I>T. EEDOSHBENICEWLT. Kk

DERFBELT 3.
tv(G,®N)=ch(G,)(ty(N)) (i=20)
B, ALYORLLTKROSRARY LD,
(3.3.1) 2D 't y(GON)I=Z,¢-1)'ch(G,) (1 y(N))
_,7‘5‘
21(G.®N)=Z2,(¢-1)'length(H,(G. ®N)) € Z~ Ko x

LB LE. closed immersion i : xCY KK &3 GrothendieckBED¥RAAE i.: Kox
KoY &EST, i+(2(G.ONN=Z,¢-1D"' [G.QN] 2R3z LicEdHELES.,
@4 DIKE>T, tlikcovariantBRDT. ROZERXAFAEOhBZZ L AL 3,
(3.3.2) T CED' ey (G ONI=2(G. ON)il([x])
3.3 D, 332, Q2DILE>T. KOERHFBLH 3,

i4C2(G. ®N)) [x])=1i,Ch(G.)(ty(NI))
TIT. BAWKEST. ch(G.) 1 ALY2AxNZTHBMD. Aox ¥ ZrA—HLT
ROZEANBOLhELESTHRY.
(3.3.3) 2(G. ®N)=ch(G.)(ty(N))

(3. 4) FrobeniusERf s mEEBELTIT-2d0DE fr: S-S BL 22 ICT
5. SEE®f ", ELTS-algebral R D%k S " HL. ££. G°=G. QS L #&
. GPRAIOEREFALT. 3.3.3Ic&kY.

3.4.1) 2(G®) =ch(G.)(ty(S™)
AEHhd. —H. FrobeniusEKE™: Yo Y iRintegral RO T, 2. 4. D&k V.
(3.4.2) ty(S®)=f2(ry(Qy))
ZIZT. —BICJ Kiteyele VCYIcH LT,

f2CL[V])=p= [V]
THE2ZLKHEBLT. 245G 421K&-T.

ty(S™=p™ [Y] +(p'D(-DRUFTOH

HBL. d=din(S)TH3. £P. G4 Drhi4¥T.



2 (GM=p™ch(GI(I[Y])+(p‘D-DKRUTNDIE)
Bio. ROERXHFELHhE,
(3.4.3 ch(GHCIY1)= lim 2(G®/p™ (m—reo)

TOEDHE. 1.(GHEEVT. DitaDEMBELHFIENE. G DIEBE. F. HR
ET. NITOR#HEEADLE IR, GLDDEROKLIETH-. LTI,
G. Dcomplext LTOREn HSORTLELWEIIE. “OBERETH S & £EHL
5. E5FThiE. NITOEHARSETT 5.

(3.5) HE. ROZLEHFHTHIER V.
@5 DHE conplex G.OREn ASORTKFLVWELEEILHE. 2, (GHRBKLETH
5.

CORENEBOEDILR. KO2D2OZ L 2 EHThITH W,
(3.5.2) lim length(Ho(G™)/p=*> 0 (m—eo)
(3.5.3) lim length(H,(G™)/p™ =0 (m—e) . i) 0,

GBS, REPLMTH 3.

EWR. G. :...9G: = Go - 0 rF3r& G :...9G; = G¢-»0T

(a0 (as" )
HA3MB,
length(Ho(G™) Zlength(Go/m® Go) =1k(Go)-length(S/m®")

X5 T. lim length(Ho(G.))/p™ 2rk(Go)> O BT 3.

G.5DNDIEMAR. b5 PLEBMTH 3.

GB.5.DDHAPDAIC. D % S Ddualizing complex2 T35, —EHHE Hons(G., D)
K& THR®D 2 DDspectral sequenceHH 3.

*E3'=Ext8(H(G.),D) > H*
"E3*=Ext2(G.,H'(D-)) = H*
TZT.'EBWBILLT. H*~Ext$(H,-a(G.), D' )~ Homs(Ha-4(G.), Es(k)) &
3. FIC. length(H*) =length(H,-4(G. N THB. ZDZ L L LD 2 Dspectral

sequence 5. ROFREARNEBHLH 3,



(3.5.4) length(H. (G.))S Zi.olength(Exti(G.,H''**(D-))
SIT.dinH' (D NS THBILKAEBLT. GEDOABOBIIE. kOBEE
PTNEESTHEILHHB. .
(3.5.5) HMRARSHMEM (HL. dintM)S ) iz0kHLT.

h'(M, m)=1length(E xt{(G™, M))
LELE. SEQORFRYT 5.

h' (M, m)/p2“*D 950 (m-ow)

QBSEDDAPDRBLROERXAZELTEZ S,

3.5.8) O-M’'- MM O0ONSHMBDexactFITH2L E, £ER;
h'(M,m)Sh'(M’,m)+ h'(M", m)
AT B,

B5.8O0KE->T. B55DEMII. M=S/p (pc Spec(S)) LEEZLTE/DE
wWZrAiHs,

B.5NEM=S/PORAIKODVTORMETEHLELS.

J=00rEIL}. M=S/mTH325. h' M, mRmES>VTEETH 3. &>
T. BHMICG.55DRELW,

J>02L&d. ZOLEFIKI}. xEm—PELoT. xEEHG. 5G. 50 Ichomo-
wnﬁﬁfﬁb&ikﬁé:t#&%é.(ﬁ&&%HdGJﬁEéﬁﬁfﬁé#B.)
fit- T.

0-M - M - M/x"'M - 0

™
X

APLBLhIERLH;
Exti(G®,M) - Exti(G®M) - Exti(G® M/x’ M)

m

xP

m

KEWT. £fl0x® £ERIZO0THS. o T. ROFERFBoh 3,
h'(M,m)Sh'(M/x" M, m)Sp®h'(M/xM, m)
M/xMIZBHEORZEZLXHE- T.
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h'(M,m)/p"*P S h'(M/xM,m)/p=®' =20 (m—o)

ARLhd. THT. QESDOHEBEAKRY . #-T. G5DDTBFLESTLE.

§4. #E

HEITTRAELIK. FEOVANFRLEDATVEDLODSSBT,. NITL 2
hICNBULEROIOFHREBMELE. LAIL. REBTI2FHRIKREXBRBETHA L
PERBLTEZS.,

ERNEFFHE. T/I7NFR. A=AV - TUAYRFH. big CMTFH.
small CMFH. ...

T, §3TAANLRoberts DR, BAFSEHOBILOABERATIH5ETHE, —
BORIODWTEATIHMEAEAIILREILEBEEFDILES. Fic. BARZEY
DRI, o LYBEHLEPABYVIETHAS.
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ON THE VECTOR BUNDLES WHOSE ENDOMORPHISMS YIELD
QUATERNION ALGEBRAS OVER A PRODUCT OF ELLIPTIC CURVES

Hajime KAJI Waseda University
Introduction
Let X be a non-singular projective variety over an algebraically
closed field k with arbitrary characteristic p, let n be a positive

integer prime to p, and let us consider the following diagram of

etale cohomology sets:

1
H™ (X, Gm)
lc
1 1 U2 X
(FD) H™ (X, un)XH X, un) - H™ (X, un)
1 &nd 1 A dn 2 l
H™ (X, GLn) - H™ (X, PGLn) - H™ (X, Gm).

The definition of each map above is this: The lower horizontal
sequence is induced from a well-known, fundamental sequence of etale
sheaves of group schemes over X

(FS) 1 - Gm - GLn - PGL =~ - 1,

so this sequence is exact; The right vertical sequence is induced
from the Kummer sequence for the etale topology over X

(KS) 1 - B - Gm - Gm - 1,

so this sequence is also exact; The upper horizontal map VU is
(non-canonically) defined by the cup-product on X with a fixed
primitive n-th root & of unity in k; The left vertical map A is
defined by a generalization of the construction of a cyclic algebra
over a field to the case over a scheme, which makes the diagram above
commutative. We shall give a construction of an Azumaya algebra,

denoted by A(L, M), of rank n2 over X from a pair of n-torsion line

bundles L and M over X such that the diagram above commutes (see



Sections 1 and 2).

We here note that (see, e.g., [1, 841 and (7, IIl and IV1):
Hl(x, GLn) is equal to the set of isomorphism classes of vector
bundles of rank n over X (for the Zariski topology), in particular,
(X, G ) coincides with the Picard group Pic(X) of X; HU X, w)
‘coincides with its n-torsion part Pic(X)n ; Hl(x, PGLn) is equal to
the set of isomorphism éiasses of Azumaya algebras of rank n2 over X,
whose elements correspond bijectively with the isomorphism classes of
fibre bundles over X for the etale topology with a geometric fibre
Pn-l, namely, projective space bundles of rank n over X, via the
functor of certain left ideals of the algebra.

Now, for a pair of n-torﬁion line bundles L ;nd M over X, the
commutativity and the exactness of the diagram above imply the
equivalence of the following conditions:

(1) The Azumaya algebra A(L, M) is isomorphic to énd(V) for some

vector bundle V over X;

(2) The cup-product LUM is equal to cx(Z) for some line bundle Z

over X.

So, one may expect that there would exist some relation between V and
Z above. We here propose to discuss about the following problem:

How can one construct the vector bundle V from

the line bundle Z°?
where one should note that V is uniquely determined by A(L, M) up to
tensoring line bundles over X.

The purpose of this article is to give an answer to this problem
in case X is a product of two elliptic curves and n = 2. Namely, in

this case, we shall construct all such vector bundles V from the line

bundles Z.

Throughout this article, we always use the étale cohomology, and



assume that the base X is a mon-singular, quasi-projective variety
over ¢ field kx, the integer n is positive, prime to the
characteristic p of k, and k contains a primitive n-th root ¢ of

unity. For full details, we refer to [K].
1. Construction of Azumaya Algebras

In this section, we shall give a construction of an Azumaya algebra
of rank n2 over X from a pair of n-torsion line bundles, strictly
speaking, we shall define a map
1 1
HL X, ) x HLOX, w0 ! (x, PGL),
which, in the special case n = 2, has been given by D. Mumford (9,

§3].

Remark 1.1. Taking cohomology of the sequence (KS), one can
interpret Hl(x, un) as the set of isomorphism classes of couples (L,
®) where L is an n-torsion line bundle over X and ® is an isomorphism
Ox d L@n_ In case X is complete over an algebraically closed field,
it follows that -

HU X, w) = PieCO .
In case X is a spectrum of a field K, it follows that

K*/k*" = nlex, w)

2 2
H™ (K, un) ~ H™ (K, Gm)n

Now, let L and M be n-torsion line bundles over X with isomorphisms @

: 0x - Len and ¥ : Ox - Men. For a pair of such couples (L, ®) and

(M, ¥), consider a vector bundle over X:
A := ® LPien®d,
0<i, j<n-1

Using ® and ¥, one can define the following maps



ik
. . ¢? . .
LO‘O MOJO LORO MOQ 3 ﬂDl ® Lﬂk OMOJO H®! 5 LOro "Os.

where itk = r, j+2 = s modulo n, and 0 < r, s < n-1, and § is the
primitive n-th root of unity. Thus, we obtain an Ox-algebra
structure on A.
To iﬂvestigate a local structure of this algebra A, take an

affine open neighborhood U of an arbitrary point in X over which

LIU = 0,2 =0, ,

"Iu = 0oy'm =0, ,
where 2, m are generators of L, M over U, respectively. . Since both
@], and £°" generate L°“|U , there exists a unit a in I'(U, 0))
such that

a- )|y = e®n,
Similarly, for M, there exists a unit b in I'(U, OU) such that

b-P) |y = m".
Then, we see that the restriction Alu is isomorphic to an Ou-algebra
generated by elements £, m with relations

e" = a, n" = b, and fm = tml.
Particularly, in case n = 2, A!U is isomorphic to an Ou-algebra
generated by £, m with relations

22 - a, m? = b, and &¢m = -mé,
namely, a quaternion algebra over U. Hence, A is an Azumaya algebra
of rank n2 over X, in particular, a quaternion algebra over X when n
= 2 (see, e.g., {7, IV, (2.1)1). Ve denote by A((L, ®), (M, ¥)) the
algebra A obtained from a pair of the couples (L, ®), (M, ¥), and by
P((L, &), (M, ¥)) the projective space bundle naturally corresponding
to A via the functor of left ideals of A which are subbundles of A of

rank n (see, e.g., [1, 8§841). Thus, our construction gives the

required map.



Remark 1.2. In case X is a spectrum of a field K, by the isomorphism
Hl(K, un) - K*/K*n in Remark 1.1, the couples (L, ¢), (M, ¥) are
assigned to the elements a, b above modulo K*n, respectively. So, in

this case, the map A above gives the construction of ordinary cyclic

algebras over the field K.

Next, we study the case n = 2 in detail. 1In this case, we have
another methqd for constructing projective space bundles of rank 2,
namely, projective line bundles, from a pair of 2-torsion line
bundles as follows: Fér any 2-torsion line bundles L and M with
isomorphisms & : OX - L02 and ¥ : Ox ad MQZ, let A be the quaternion
algebra A((L, &), (M, ¥)), let E be a direct summand OXGLQM of A, and
let q be a quadratic form on E defined by the reduced norm of A. In

other words, the quadratic form qvon E is this: We have three global

sections
1/1¢1) € T(X, 0,°%%) c rex, s?2e&n
1/0¢1> € rex, LY®%) crax, s2E)D
1/¥(1) € rex, M%) crax, sy,
®2

where. t is a natural isomorphism Ox - Ox . Put
q = 1/t (1)-1/d(1)-1/¥(1).
Then, we obtain a divisor C of P(Ev) defined by the Quadratic form q,
which is a conic bundle over X.
Now, we locally investigate this bundle C. With the same
notations as above, we have an isomorphism
EV|U = 0,°1/180,-1/2€0,*1/m = 080,80, ,
and an expression

1
qlu = 1/:(1)—1/¢(1)-1/W(1)|U ~ ( . -a N ]

via the isomorphism EV|U o OUOOUQOU above, which is nothihg but the

restriction to EIU of the reduced norm of A. Hence, the conic bundle



C over X has no singular fibres. Using an etale cover of X
associated to a 2-torsion line bundle, for example, L, we see that C
is locally trivial over X for the étale topology, namely, a
projective line bundle over X.

Thus, we obtain a projective line bundle C from a pair of the
couples (L, ®) and (M, ¥), which is denoted by C((L, ®), (M, ¥)).

The vector bundle E used‘above and the quadratic form q on E defining
C are denoted by E((L, ®), (M, ¥)) and q((L, &), (M, ¥)),
respectively.

By definition, C((L, ®), (M, ¥)) is the projective line bundle
naturally corresponding to the gquaternion algebra A((L, &), (M, ¥))
(see, e.g., [1, 8§41, or [13, XIV, §2, Remark 3, p2071), so the
bundles C((L, &), (M, ¥)) and P((L, ®), (M, ¥)) are isomorphic over
X, and we see that our projective space bundles are explicitly given
in terms of conic bundles.

Therefore, we get the diagram (FD) in the introduction, which is

called the fundamental diagram for X.

Definition 1.3. For any elements a and b of Hl(x, un), the value
dn(A(a. b)) = dn(P(a, b)) is called the Hilbert symbol of a and b

over X, and denoted by (a, b)n .

Remark 1.4. Our Hilbert symbol over X coincides with the classical

one when X is a spectrum of a field (see Remark 1.2).

The next proposition follows directly from the exactness of the lower

sequence in (FD).

Proposition 1.5. For any elements a, b of Hl(x. un), the following

conditions are equivalent:



(1) P(a, b) = P(VV), or equivalently, A(a, b) ~ &nd(V) for some
vector_bundle V over X;

(2) A(a, b)n = 0.

Under the equivalent conditions above, we say that P(a, b), or A(a,

b) comes from the vector bundle V.
2. Commutativity of the Fundamental Diagram
Proposition 2.1. The fundamental diagram (FD) is commutative.

Proof. Use, e.g., [13, XIV, 82, Proposition 5] and [7, 111, (2.22)1

(see Remark 1.4).

From the Proposition 2.1 above, we get the following corollarieé.

which will be used below.

Corollary 2.2. For any elements a, b and c of Hl(X. un). we have:

(a) {a®b, c)n = {a, c)n + (b, c)n ;

(b) (a, b@c)n {a, b)n + {a, c)n ;

(¢) (a, b)n + {b, a)n = 0.

Proof. The required results follow directly from the fact that the

cup-product U is bilinear and alternating.

Corollary 2.3. For any elements a and b of HI(X, un), the following

conditions are equivalent:

(1) The projective space bundle P(a, b), or equivalently, the
Azumaya algebra A(a, b) comes from some vector bundle over X;

(2) The cup-product auvb in Hz(x, un) is equal to cx(Z) for some line



bundle Z over X;

(3) {a, b)n = 0.
Proof. Combine Propositions 1.5 and 2.1.

Under the equivalent conditions above, we say that the cup-product

aUb comes from the line bundle Z over X.

Definition 2.4. For elements a, b and c of Hl(x, nn), we define the
composition of the pairs (a, c¢) and (b, c) to be the pair (a®b, c) in
Hl(x, R X Hl(x, n ). Moreover, we define the composition of the
projective space bundles P(a, ¢) and P(b, c) to be the bundle P(a®b,
c). Furthermore, if P(a, c¢) and P(B, c) come from vector bundles Va

and V respectively, then we define the composition of the vector

b *
bundles Va and Vb to be a vector bundle Vab modulo Pic(X) such that
P(a®b, c) comes from Vab . By virtue of Corollaries 2.2 and 2.3, the
existence of the composition Vab is guaranteed. But, one should note
that, for isomorphism classes of projective space bundles, or vector
bundles, the composition of them are not well-defined since it
depends upon the choice of the pairs (a, c) and (b, ¢). So, we shall
specify the pairs of the elements of Hl(x, un) whenever we use this
terminology. Similarly, we define the composition of the pairs (a,
b) and (a, c¢) to be the pair (a, b®c) in Hl(x. un) X Hl(x. nn), and

SO on.

Finally, we give a sufficient condition for Br(X) = Br'(X) (see [7,
IV, (2.9)1), where Br'(X) is the cohomological Brauer group Hz(x,

Gm)tor of X.

Corollary 2.5. If the map

3l



1 1 2
H™ (X, un) ® H" (X, un) - H™ (X, un)

defined by the cup-product VU is surjective, then the set
1
(ta, ® | a, beH X, ud)

generates the n-torsion part Br‘(X)n . In particular, we have

Br(X)n = Br'(X)n

Proof. This follows from Proposition 2.1 and the fact that the image

of H2(X, u) in H2 (X, G,) is equal to Br'(X)_
3. Rational Sections and Vector Bundles

Lemma 3.1. Let P be a projective line bundle over X with projection
ﬁ, and let o be a relative canonical bundle of n. Then, we have:
(a) P is isomorphic to a quadratic divisor C of P(EV) for some
vector bundle E of rank 3 over X;
(b) Any such E as above is isomorphic to the vector bundle
( n*(wnv))v modulo Pic(X), in particular, uniquely determined by

P up to tensoring line bundles over X.
Proof. See, e.g., [K1.

Proposition 3.2. Let K be the function field of X, let C be a
projective line bundle over X, and let q be a quadratic form over X
which defines the conic bundle C as in Lemma 3.1. Then, the
following conditions are equivalent:

(1) C comes from a vector bundle over X;

(2) C has a rational section over X;

(3) q has a K-rational solution at the generic point Spec K of X.
Proof. See, e.g., [7, 111, Exercise 4.24], [12, Proposition 18] or



(13, X, 8§86, Exercise 11.
Now, we have

Theorem 3.3. Let C be a projective line bundle over X, and let E be
é vector bundle of rank 3 over X such that C is isomorphic to a
quadratic divisor of P(Ev) as in Lemma 3.1. Assume that C has a
rational section over X, and identify C with the divisor of P(Ev)
above. Then: ‘

(a) For a rational section of C over X, there exist a unique line
bundle S over X and a unique homomorhism s : S » E satisfying
the following conditions:

(1) s is injective as a homomorphism of sheaves over X;
(2) The zero locus (s)o of s as a homomorphism of vector
bundles has codimension at least 2 in X;

(3) The cokernel of s, denoted by V is a torsion-free sheaf

0’
of rank 2 over X;

(4) The rational map P(Sv) - P(Ev) defined by s gives a
section of C via an isomorphism X = P(SV). which is
defined over the complement X--(s)0 and coincides with

the given rational section of C over X.

Thus, we have an exact sequence over X

0 - S - E- - Vo 0.

(b) Let V be the double dual of Vo. Then, V is a vector bundle of

rank 2 over X and the bundle C comes from V.
Proof. See (K1.

4. Composition of Vector Bundles

—15—



We first study geometric meaning of the composition of our projective
line bundles (see Definition 2.4). 1In this section, we always

consider the case n = 2.

Proposition 4.1. Let L, L' and M be 2-torsion line bundles over X

2 2

with isomorphisms ® : Oy - %2, ¢ : 0, » L% ana vy og » M2, Let

X
C and C' be the projective line bundles C((L, &), (M, ¥)) and C((L',
'), (M, ¥)), respectively, let C" be the composition of C and C',
and let E, E', and E" be the vector bundles E((L, ¢), (M, ¥)), E((L",
')y, (M, ¥)), anq Ec(L", o"), (M, ¥)), respectively, where we put
(L", &"):= (L, ©®)®(L', ®') in HI(X, uz). Let (X:Y:Z), (X':Y':Z"),
énd (X":Y":Z") be the global coordinates of E = OX®L$M, E'= Ox9L'®M,
and E"= OXQL"QM over X, respectively, and let

¢ : P(E) x,PE'Y) » PE")
be a rational map defined by @((X:Y:Z)X(X':Y':Z'))=(X":Y":Z") with

X" = xox' + ¢ lozez:

Y" = Yoy’

Z" = X®Z' + ZI8X'.
Then, we have:

(a) The image of the restriction ¢ is dense in C";

*
C xxC
(b) The base locus of ¢ C x.C' is contained in a fibre product

v X
H xyH', where H, H' are tautological divisors of P(E'), P(E'")
defined by natural inclusions
OXOM -+ E, OX$M - E',

respectively.

Proof. To prove the statements, we have only to consider the problem

at each fibres over X. So, we may assume that X is a spectrum of a



field. Then, the required results follow from a direct computation.

Using Proposition 4.1, one can define the composition of the maps s
in Theorem 3.3 (a) in the obvious way, by which we shall define the

composition of rational sections of our projective line bundles.

Theorem 4.2. With the ééme notations as above, assume that the
bundles C and C' have rational sections over X and the element (M, ¥)
in HI(X, "2) is not zero. Let s = (X:Y:Z), s' = (X':Y':Z') be the
maps S + E, S' » E' corresponding to the rational sections as in
Theorem 3.3 (a), respectively, let s'" be the composition of s and s',
and let V, V' and V" be the double dual of the‘cokernels of s, s' and
s", respectively. Then:
(a) We have
(s")0 c (s)OU(s')OU((Y)On(Y')0 ).
in particular, (s")0 is a proper subset of X, and s" defines a
rational map P(s¥es'Y) » P(E"Y), which gives a rational section
of C" over X via an isomorphism X = PsVe s'Vy;
(b) If (s")0 has codimension at least 2 in X, then V" is a vector
bundle of rank 2 over X, and C" comes from V". 1In other words,

the vector bundle V" is the composition of V and V' defined by

the pairs ((L, ®), (M, ¥)) and ((L', ®'), (M, ¥)).

Proof. (a) The assertion follows from the definition of s" and
Proposition 4.1, where we note that neither Y nor Y' is identically
zero since (M, ¥) is not zero.

(b) The required result follows directly from Theorem 3.3.

Definition 4.3. By virtue of Theorem 4.2 (a) above, from rational

sections of the bundles C and C' over X, we obtain a rational section



of C" over X, which is called the composition of the rational
sections of C and C' over X (defined by the pairs ((L, ®), (M, ¥))

and ((L', ®'), (M, ¥))).
5.. Cycle Map on a Product of Two Elliptic Curves

In this section, we investigate the cycle map cx from Pic(X) to Hz(x,
un) when the base X is a product of two elliptic curves defined over

an algebraically closed field. From now on, we shall assume that the
ground field k is algebraically closed. For any elliptic curve E, we

always fix the unity of group structure of E.

Lemma 5.1. Let X be a product of elliptic curves E1 and EZ' and let

A A
R be the group Hom(El, E2) = Hom(EZ, El) of correspondences between,

E, and E,. Then, we have a commutative diagram

1 2
0 cE 0cE 0
i 1 2 i
. . 2 2

Plc(El)GPlc(Ez) g H (El’ un)QH (E2. "n)_

$ Cx ) {
Pic(X) ad H" (X, un)
1A i
R e H! (g yeH! (E )
1’ un 2' un

l l
0 0

with exact rows. Moreover, the top horizontal map is surjective.
Proof. See, e.g., [KI].

Now, looking at the meaning of the map 7y defined as aBove, we find

that ¥ is composed of the following:

A

A
1 1
R = Hom(Ez. El) i Homl/nZ(H (El’ nn), H (EZ' un))

_ 78_



A
? H°mZ/nZ(H1(E1’ un)’ "n)QZ/nZHl(Ez’ "n)
1 1
» HU(E,, un)ol/nZH (Eyy By
where one should note that, by the en-pairing over E1 (see, e.g., [7,
V, (2.4) (£)1), there is a canonical isomorphism of Z/nZ-modules
: 1 A 1
Homz/nZ(H (El, un). un) >~ H (El’ nn).

Proposition 56.2. Let X be a product of elliptic curves E1 and E2
with i-th projection p; let L and M be n-torsion line bundles over
X, written

2.
with n-torsion line bundles Li" Mi over Ei , i =1, 2, and let 7y be

* * * *
L = p1 L1®p2 L2, M= p1 MIOp2 M

the map defined by the cycle map cx as in Lemma 5.1. Then:
(a) We have

LUM = (LIUM1

via the decomposition

)O(LZUMZ)G(LIOMZ-MIOLZ)

2 _ oyl 2 1 1 .
H™ (X, un)- H (El’ un)OH (Ez. un)eH (El’ nn)OH (EZ’ un).
A
(b) Assume that Ll’ M1 are a basis for Hl(El, un). and let Pl. Ql be

the points of E1 corresponding to Ll' Ml’ respectively. For a

A
homomorphism ¢ : E2 - E1 such that
) =M

A
@(P;) =L 1 2

2’
we have
Y(Q) = LleszMleLz

. 1 1
in H (El’ un)OH (Ez’ un).

Proof. (a) This is obvious.

(b) From the meaning of the map Y, one can easily compute the value
. 1 1

Y(@) in H (El’ un)GH (E2. un).

Remark 5.3. Using Proposition 5.2, one can easily compute the



relations on the set of generators of the group Br(X)n of a product X

of two elliptic curves (see Example 8.4).

Theorem 5.4. With the same notations as above, the following

conditions are equivalent:

(1) The projective space bundle P(L, M), or equivalently, the
Azumaya algebra A(L, M) comes from some vector bundle over X;

(2) The elements L ®M,-M ®L, in H'(E, u )OH!'(E,, n ) is equal to

1772 71

Y(¢) for some correspondence ¢ between E. and E

1 27

(3) (L, M)n = 0.
Proof. Combine Corollary 2.3, Lemma 5.1 and Proposition 5.2 (a).

Under the equivalent conditions above, we say that the element
L,®M,-M 8L, comes from the correspondence ¢ between E, and E,. In
Section 7, we shall explain the relation between the correspondences
and the vector bundles above.

As an application of Theorem 5.4, we obtain an elementary,
concrete example of projective space bundles which do not come from
any vector bundles (see also Example 8.4). Such an example in the
case over a complex number field € has been given by J.-P. Serre (12,
6.41.

Example 5.5. With the same notations as above, assume that E, and E

1 2
are not isogenous and LUM is not zero. Then, it follows from Theorem
5.4 that the projective space bundle P(L, M) does not come from any

vector bundle. Note that, in case n = 2, P(L, M) is explicitly given

in terms of a conic bundie.

6. Some Properties



In this section, we state some properties of our projective space

bundles over an abelian variety, which will be used below.

Proposition 6.1. Let X be an abelian variety, and let L and M be
ﬁ-torsion line bundles over X. Then, the projective space bundle
P(L, M) is homogeneous. rIn particular, if P(L, M) comes from a

vector bundle V over X, then V is homogeneous up to tensoring line

bundles over X, namely, semi—-homogeneous (see [8, (5.2)1).

Proposition 6.2. Let X be an abelian variety, and let L and M be
n-torsion line bundles over X. As;ume that the projective space
bundle P(L, M) comes from a vector bundle V over X. Then, the'
following conditions are equivalent:

(1) P(L, M), or equivalently, V is simple;

(2) The cup-product LUM has order n in H2(X, un).

Proposition 6.3. Let X be an abeiian variety of dimension g, and let

L and M be n-torsion line bundles over X. For an integer d, the

following conditions are equivalent:

(1) The projectivebspace bundle P(L, M) is a pull-back from an
abelian variety of dimension d;

(2) Both L and M are pull-backs from an abelian variety of dimension

d.

7. Vector Bundles over a Product of Two Elliptic Curves

"
[\L]
.

From now on, we always consider the case n So, the

characteristic p is not 2.



Example 7.1. Let X be an elliptic curve, and let P_ be the point of
X corresponding to the unity of the group X. For any 2-torsion line
bundles L and M over X such that the cup-product LUM is not zero, let
P0 and P1 be the points of X corresponding to them, respectively,
where we note that the conditions LUM . # 0 and P0 # P1 are equivalent.

It follows from Tsen's theorem that the Hilbert symbol (L, M)2
is zero. In other word, the projective line bundle C(L, M) has a
rational section over X, and comes from some vector bundle over X.

We here construct a global section of C(L, M) and construct the
vector bundle over X. AOne may assume that X is given by an equation

y2 = x(x-1) (x-2) with x # 0, 1

in P2 such that P_ is the point at infinity and PO' Pl have
éoordinater(o, 0), (1, 0), respectively. Let PA be the point of X
with coordinate (x, 0). In terms of the group structure of X, we
have that P0 + Pl = PA .

Now, for such a pair (L, M), according to the local
investigation of conic bundles over X at Sec{ion 1, the quadratic

form q(L, M) on the vector bundle E(L, M), denoted by E, is

represented by a matrix

1
-X .
-(x-1)

at the generic point Spec K of X. Clearly, it has a K-rational
solution (1:1:i), with i2 = ~1. By the ratio (1:1:i), we embed the
line bundle Ox(-Pm) into E as a subbundle: We define a map s from

Oy (-Pg,) to E = O49L8M by s(x):= (a:e:ict). Then, we find that s gives
a global section of C(L, M) over X. According to Theorem 3.3 (b),
with the same notations as there, C(L, M) comes from the cokernel Vo
= V of s, where (s)0 is empty, in other wordé, s is an injection of

vector bundles, so its cokernel V0 is already locally free. From the

exact sequence of vector bundlies over X



S
0 -+ 0P = E =+ NV s o0,

X
we find that the vector bundle V is indecomposable, of rank 2, with
the first Chern class PA , where one should note that PA is the point
of X corresponding to the 2-torsion line bundle L®M. Now, according
to M. F. Atiyah (2, II, Theorem 7], such a vector bundle V is
chéracterized by the properties above. In this article, a vector
bundle V over an elliptic curve X is called of type Atiyah
(determined by a point P of X) if V is indecomposable, of rank 2 and
degree 1 (whose first Chern class is represented by the point P).
Using the characterization above, we see that a vector bundle of type
Atiyah is semi-homogeneous (seg {2, 11, Corollary, p4341), which
follows also from Proposition 6.1. On the other hand, it is

well-known that a vector bundle of type Atiyah is simple (see [2,

I11, §2, Lemma 221), which follows also from Proposition 6.2.

Theorem 7.2. Let X be a product of elliptic curves E1 and E2 with
i-th projection Py let L and M be 2-torsion line bundles over X,
written
L= e Ly ¢ By "Ly M= 2 M+ 2y,

with n-torsion line bundles Li , Mi over Ei , i =1, 2, and let Pi be
the 2-torsion point of Ei corresponding to a line bundle Li + Mi , i
= 1, 2. Assume that the Hilbert symbol (L, M)2 is equal to zero, and
let Oi be the homomorphism from X to Ei defined by the correspondence
between E1 and E2 which comes to the element L1®M2-M10L2 in Hl(El,
uZ)OHl(Ez, ”2) (see Theorem 5.4). Then, we have:
(a) In case the cup-product LUM is zero, the quaternion algebra A(L,

M) comes from either OXOL‘or OXGM, corresponding to whether L is

non-trivial or not , or whether M is trivial or not;

(b) In case LiUMi is not zero for some index i, let Vi be a vector



bundle of type Atiyah over Ei determined by Pi . Then, A(L, M)
comes from the pull-back ®i*vi ;

(c) 1In case both LIUM1 and LZUM2 are zero but L1®M2—M1®L2 is not
zero, let Vi' be a vector bundle of type Atiyah over Ei
determined by a non-zero 2-torsion point other than Pi . Then,
A(L, M) comes from the composition of ¢i*Vi' and pi*Vi'. which
is constructed as in Theorem 4.2 (b). In this case, A(L, M) is
uniquely determined by the value L1®M2-M1®L2.

Proof. See [K1].

Corollary 7.3. With the same notations as above, if the Hilbert
symbol (L, M)2 is equal to zero, then the quaternion algebra A(L, M)
comes from one of the vector bundles of the following three types:

(1) A direct sum 0x9L or O_®M;

X

(2) A pull-back of a vector bundle of type Atiyah over either E1 or
E2 by a morphism defined by LUM, which is semi-homogeneous and
simple;

(3) A composition of vector bundles of type (2) above, which is

semi-homogeneous and simple.
Proof. See Propositions 6.1, 6.2 and Theorem 7.2.
Remark 7.4. For a vector bundle V of type (3) in Corollary 7.3, we
have both examples, such that V is a pull-back of a vector bundle
over some elliptic curve, and such that V is not any pull-back of any

vector bundle over any elliptic curve (see Example 8.5).

8. Examples



Throughout this section, we consider the case n = 2, so that the
characteristic p is not 2. We shall discuss some examples over a
product of two elliptic curves E given by the equation

y2 = x3 - x
in P2.

First, we fix some notations and state some elementrary facts on
the elliptic curve E. Lét P_ be the point of E at infinity.
Considering P_ as a unity, define a group structure on E. Via an
isomorphism from E to its dual defined by P, , we sometimes identify

them. Let P P, and P, be the points of E with coordinates

-1’ 70 1
(-1, 0), (0, 0) and (1, 0), respectively. Let L and M be the

2-torsion line bundles over E corresponding to P, and P

0 1
respectively, which form a basis for the group Hl(E. "2)'

Computing the Hasse invariant, we have
Lemma 8.1. E is supersingular if and only if p = 3 modulo 4.

Let R be the ring of endomorphisms of E, and let t be the

endomorphism of E defined by t(x, y) = (-x, iy), with i2 = -1. It
clearly follows that

12 +1=0,

TPy =L, - e =L+ M (1)

Moreover, we have

Lemma 8.2. If E is not supersingular, then R is freely generated by

1 and t as a Z-module.

Proof. See, e.g., [5, IV, (4.19)]1 and [10, IV, 8§22, Second examplel.

I1f, on the contrary, E is supersingular, then R is a maximal order of



the quaternion division algebra R®Z® over @ (see, e.g., [loc. cit.]).
To get a typical example of funny phenomenon in this case, we assume
P = 3 (see Lemma 8.1). Then, let n be an endomorphism of E defined
by n(x, y):= (x+1, y). We have

n2 +n +1=0,

NP = L+ M, AP = L (2)
Moreover, we find the following relations

tn=n21. tnin+1=0,

nt=ln2, nint+1=0.

Remark 8.3. Furthermore, one can easily show that R is freely

generated by 1, t, n and tn as a Z-module.

Now, let E1 and E2 be two copies of E, and let X be a product of E1
and E2 with i-th projection Py |

Example 8.4 (for Remark 5.3). It can be shown that: if E is
supersingular, then Br(X)2 is zero; otherwise, it is a Z(ZZ-module of
rank 2. We assume that E is not supersingular.

Here, we shall find a free generator of Br(X)2 over 2/21. By
virtue of Lemmas 5.1 and 8.2, we see that Br(X)2 is isomorphic to a
Z/2Z-module generated by L®L, L®M, M®L and M®M with relations y(1) =
Y(t) = 0. Using Proposition 5.2 (b) and the equalities (1), we have

("L, B, = "M, p,"L), &Y
tp,*L, »,"Ly, = 0. ()
Thus, Br(X), is freely generated by (p *L. P *My, = {p *M, P *L), and
2 1 2 2 1 2 2
{pl*M. pz*M)2 over 2/22. According to Proposition 1.5, the equality
(4) means that A(pl*L, pz*L) comes from some vector bundle over X.

*
We note that A(pl*L, pz*M). A(pl*M, pz*L) and A(pl*M, P, M) do not

come from any vector bundles over X.



Example 8.5 (for Remark 7.4). According to Theorem 7.2, A(pl*L.
pz*L) comes from‘a vector bundle of type (3) in Corollary 7.3. Ve
shall show that: In case p = 3, A(pl*L. pz*L) comes from a pull-back
of a vector bundle over an elliptic curve; In case p = 0, A(pl*L,
bZ*L) does not come from any pull-back of any vector bundle over any
elliptic curve.

First, assume p = 3. Let ¥ be the endomorphism t+n+tn of E, and
define a homomorphism ¥:X » E to be the composition of ¥ X ¥ with
the group law of E. Using the equalities (1) and (2), we find that

$*aL + M, M = AL, D).
According to Example 7.1, A(L + M: M) comes from a vector bundle V3
over E which is of type Atiyah determined by the point Po. Thus, our
algebra A(pl*L, pz*L) comes from the pull-back T*Va.

Next, assume p = O. In order to prove our claim, by Proposition
6.3, we have only to show that both line bundles pl*L and pz*L are
not pull-backs of any line bundles over any elliptic curve. In this
case, we may assume that the ground field k is a complex number field
€, and our elliptic curve E is given by

E = ¢l/r, r=12-1ez-i,
with i2 = -1 (see, e.g., [5, IV, (4.20.1)1). Hence, it follows
X =C¥/rxr.

Identifying X with its dual, the line bundles pi*L and pz*L

correspond to the vectors ( l%l, 0 ) and ( o, 1;1 ) of C2 modulo I' X
I, respectively. Now, assume that both line bundles are pull-backs
of some line bundles over an elliptic curve. Then, there should

exist a 1-dimensional vector subspace of C2 which contains both

( lzi’ 0 ) and ( o, l%i ) modulo I' X '. Therefore, we have
1+i a

2
det = 0
c 1;1 + d
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for some elements a, b, ¢ and d of I. It follows that the complex
number l%l is integral over ' = Z[il. This contradicts the fact that
the ring Z[i] of Gaussian integers is integrally closed in its

quotient field Q(i). Hence, our algebra A(pl*L, pz*L) does not come

from any pull-back of any vector bundle over any elliptic curve.

Finally, we refer to a rational solution of a quadratic form over the
function field K of X. Chasing the construction of the vector
bundles at Section 7, one can find a K-rational solution of all the

quadratic form q(L, M) with 2-torsion line bundles L and M over X.

Example 8.6. Let q be the gquadratic form q(pl*L. pZ*L). According
to the local investigation of conic bundles at Section 1, q is

represented by a matrix

1
-X

1 -X
2

at the generic point Spec K of X, where (xi , yi) is the affine
coordinate of Ei in Pz, with i = 1, 2. This qudratic form q defines
the conic bundle C(pl*L, pz*L). which comes from a vectbr bundle of
type (3) in Corollary 7.3. So, chasing the construction of vector
bundles of this type, making a calculation, we find a solution

(X:Y:Z) of q, where

Lo 1-d 2 i 2 1+i 2 i
Xi= =5 ( X %t 3% ) * x1( 7 (X TDx, 2y1y2)
Lo 1+i . _ _ i .
Yi= oy (x4 (x,-1) 3¥o¥, (x,-1)
Z:= l:i( x,2x,+ 1y 2 ) + fl( iy 2enx,- 1y y )
2 1 *2* 2N x,\ 4 2” 27172
with i2 = ~-1.
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On some numerical invariants of ideals (summary)
Akira Ooishi
Let (R, m) Dbe a d-dimensional Cohen-Macaulay local ring and let
I be an m-primary ideal of R. Define the integers ei(I) = e,

i

(0 £ 1 ¢ d) and fi(IX, f. (0 £ i < d) by the following conditions:
n+l, _ n+d’
L(R/IM) = eo( <)

1
n, _ n+d-1) _ n+d-21 _1,4d-1
v = £ (M0 - £ ( I T D XCE

n+d-1 d
e1< a-1 ) + ...+ (-1) eq’ n>» o0,
4-2

We also put ei(R) = ei(m) and f(I) = fO(I).

Theorem 1. Assume that R is not regular. Then the following
conditions are equivalent: (1) emb(R) = e(R) + dim(R) - 1;
(2) el(R) = e(R) - 1; (3) eZ(R) = 0; (4) r(R) = e(R) - 1.
(In general, we have emb(R) g e(R) + dim(R) - 1, el(R) 2 e(R) - 1
2 r(R) and e,(R) 2 0.)

Theorem 2. We have u(I) < e(I) + dim(R) - 2(R/I). If the

equality holds, then £(I) = el(I) + 1, fi(I) = ei(I) + ei+1(1)
(1 ¢gi<d-1), fl(I) - f£(I) + 1 ez(I) 20, £(I) + dim(R)

-1 - u(I) = g (I) (:= e (I) - e(I) + £(R/I))2 0, and the following
/!

conditions are equivalent: (1) G(I) = e’ngo is Cohen-
Macaulay; (2) reg G(I) < 1; (3) e (I) = e(I) - &(R/I); (4) u(I)
= f(I) + dim(R) - 1. Moreover, in this case, F(I) = &’nzo 1"/m1®
is Cohen-Macaulay.

Example. If R is a two-dimensional pseudo-rational local ring
(e.g., a two-dimensional regular local ring) and I is integrally
closed, then F(I) is Cohen-Macaulay and u(In) = f(I)n + 1 for

all n21. 1In particular, f£(I) = p(I) - 1.

(December, 1987)
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(1) LIARDATTILT, 14T N A~ rneduckign
<cHAE T ST v33, oad5, 4512 [T Td
DY NN, |
(0) PPROEATTLASIE P°=P TH3.

AE4 1A AX-9-BRAJFEERGAF7TILOLHE
ik %= T o) I T A- edcbign T
AU YAAES. B REALL R=RIX YI/XT)
yHL mnrx I=X/(XT) & RDAZATTILAY
5 I%=1 &3, oL BT TBALEYIZ TF=
(X T)/(xT) 25 10T <h3.

I CEI3SSITEELLIAER IR R (618258
LT L |
5 E SRR

2 ‘ Y| s (,\ ~ \ . A
: KGXMMﬂ,Mm&quwanLdmi
'ﬁﬁﬁwg,M®W&&—DdH@Uy1qwg

o J H Hoya Reductuma 0{y deabs i
CHM i C\;U/"J‘&Q vy (% ) T AN, ) 11777
(19473), 51-63
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- JH Hago, Redinckigne of- tdeade in
Paifan dymains | Prgc. Amen. Moth.
SeC., 52 (1995), 81-34.

1986 .

e&Ld%&oum,%ﬂn& A-C.
CamBn. PRI, Spc. 5%54) 145-153.
| A.Ohﬂ%l,Om,nmhAdignooﬁ-uﬁaﬁo
m - cemmunicatiang nIga and
crtdictyual 1doeal Ageourea
N\Q,pm/ht

Jn.omd R Ruah  Ture

mgim o1 mmw@m of) de\ﬂ@
Indiamo. Uroas Moth. T 2V(1qv8)
a09 - 434

. M. Sakumg a/r\d H O&w%ovma A

PO UM COJLQ/\&L

meWcodwm\ o 0
T Grcxﬁ%k%@t Mw&@ Urniut 15
(1986 ), 36-33.

— 222 —




HILBERT FUNCTIONS OF COHEN-MACAULAY GRADED

DOMAINS AND ENUMERATIVE CCMBINATORICS

Bi %=z ( )

" &2 1 " 0485 (enumerative combinatorics )
&, BECENIXIFOEMERCI ARSI E
OMBRERZSSMBIG 2, [BFHd, NMBOTISH
SESOHNES?Y, TOFLOERY BEEIL0,
BYS, RITEHES OERY, IBREE (6—)"57@73,_)7

TEIND — rLOEEY, TOMROLELTED
2&%3. S, Qg= (§) XBIYW, ARSI Q0.Q1, -,
Qn WEE 3D, enumerative combinatorics €%
Z3REBBY LRz 2O Sz gD
SHEIZERDIERI LS — ZOOHBSBE
2&3.

19 AETESEISEREBIOEENSHEHED. FR
HCHERES P OFE X1. 00, .20, X, PO
MR X <X AT (< 4 T®BI — ZLORME
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EREIHL, FBAY (fabeling) HrHEEN20) ERE
33. 202, nrk G ow (3,3, )

@ P 0IBRY Xa.< Xag X543 ©< %

b) #{ria:>0rn}t=14
EXTETLOMBIRE Wi =w.(P) L. 2, Wo=1
2H3. 2, S=max{i|w;*0} ¥, w(P)=
(Wo, W1, ---.Ws) EEC, 227, %I wWEP) g, 2
ft K ERCES P OZEOE I EBRECEEST
CAHES S, HISL

X, X4
X, X

2y wP)=(1.3,1) &3, #51 wP) &, L
O3 “ (Lad-28" B (c§ [Stad) (LB
I3MOH 30, TOMRECHROESE, BSLays, BF
TEIEEZIT). " EU " St SIRESIENS
Fng,

8 EXontEHY (Wo, W, Ws) € Z5*! w,x0,
L2A3L2, W)= (Wo, Wy - Ws) YIASARYBFE
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2 P ard3A0BHARME Wy, W, . Wy 0)
SEIZRELL

ERC T, X0 wP) OFR0OSRBEIH3. B
D23, WP) (2L, rodSH RGN 2L3:

==

Al 4°) Wi sWs-i (0sVis[S2l)

2°) Wo SW1 s Wepny

) € Q) s I5ER WotWig++W;$ =0 MM
(. I 2ERIEHI.

4°) W(P) X unimodal 25, 8PS, Wos Wa€--

SW; 2 Wy, g2~ 2Ws (0s3j<s) T&H3.

Y03, BRRRBIOEEICTAESR, B, Cohen-
Macaulay IEEOBRD T 2ENTEH3 2remth 2l
FLEMOY, Stanfey ORZFEENIZRYL [Stas] I&- 1=,
BE, 8 EHrL, TEHE R=,,Rn &, )
Ro=8, () R=RIR4], (i) dim,R1<0= EX
EIrRESS. R 0 Hilbert B8% H(R,’Ib)zdin% [22%
B, EO FR. N =2, (dm RN & R
M LoincarefBR0F3, 3L,
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_ RotrfiAe RS
F(R.x) = Rethiht

CERI2UNTFRIHS. 8L, d=dimR ,R: ¢z
7 Rs xQ I3, PEE, R(R)=(Ro.R1.—.Rs) E
R ® h-vector &35, 5, R & Cohen-Macaulay
Rel, ReEmgedng. R 35 R 0O)FaE) O4,
02, -, 0q EEN3I. 277, ArtinI2 RAB;. - 04)
€ S EHY. SO Poincare 83 F(S.)\) X,
RN Xf53.4%,2, R OBAER dim R4 &
UV CEIY, Ri=U-d EHS R v-d I
% ( COSBXOBYERZ L), BNt

#8 Cohen-Macoulay 15 R ® h-vector £(R)
= (Ro,R1. . Rs) it

OsQ: < (”‘d."“l) _osY%ss
C

EBES. 227, d=dimPR . V=dim,Ry &3,
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2OBEZZ, LY I “ Upper Bound Conjecture
for Spheres * EHEOEIL ERELAEREOTHI.
fads, S52oNEARED (Rofa,—,Rs) €251,
£s%¥0 3 L2, R(Q)=(€o,ﬁ1,'",ﬁs) L3
Cohen-MacauQay IR MEEd 340 Ro.R1,—,
Rs TR 3LE+ SR, BN, Macoulay, OME
2d5 2, RRTEHN20LD (cf [Stasl).

T2, AEYE, R A Cohen-Macaulay 215 8%,
RR) AL A EZIHCOORBERR LEZL).

[63 Cohen-Macauflay B R © h-vector R(R)=
(Ro.R1..Rs), Rsx0, ITHL2, FEL P

Kot R+ """R.‘, gﬁs"’ €5_1 "'"“"'es-; ( Ogvi g[S/Z])

HRL S 3.

) AUt Eisenbud-Stonfey (V%2 035,
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0.7 R 0 canonical modufle Kg 0, &
HUT shift L2, (KR)vn, =) (Ym<o0), (Kplo ¥
OY (L, Kp2X30 Em-2, M=KpxRE
(. R Gorenstein’g221iL), ie., M¥(0) R
EL2LL). xR By Ke vt R-AB¥XL2, Cohen
Macaufay 2 d (=dim R)C2&3. 15, Rtk
BEDS, dm M<d 2&3. 3¢, ©ressl

O—-xR —mKg > M—>0
DSBEHINI, Bt cohomolbgy HIBFODEFEERIEK 2

2, dimgM=d-1 2 M & Cohen-Macaulay HB¥
THICrOHB. 33, xR>R LTHEINY,

*X) Eisenbud 11, R A (cEEBEHENBS, Bertini 073

BEY Risfi (1sVi<s) BRUDDEE Stanloy, L7
TR UE, o i gl gtan%“i. Bentini QNEIREZR, 2
652, Rot +R:SRs++Rs: EBLE, STFOE,

BI5H", ZOERYGIEHE Stanky (TULEX T3, %0
L2 Stanfey BrQEAIAH T 2UHNASOOIES.
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F(M. 1) = F(Kp.\) —F(R.X)
= CRe VAN ~(ERAV(1-D*

i{(&-&ﬁ (R -RIEN
(1 -x)47?

£65, MO Cohen-Macaulay A T&HI 212 LL)
F(M. A) OL3SciBin3 VEde 20 BEH2ENS, P
RO Y8 3. Q.ED.

v 232 [Staql, [Garl BV, HERLO ASL

(afgebnas with straightening Qaws) QOFFsE (Hql,
(H,], [H,] EH5

FH AEOARDESES P (2iL2, Cohen-
Macaulay®ss R 27, R(R)= w(P) I3 H00%H
33.

YLD, 33K,
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5] P ZARTBEES, wiP)=(Wo, Wi, Ws),
Wsx0, X334, 250 Osis[Spl L2, F

Wo+Wr+---+W; S Ws +Ws-1+ -+ Ws-4
AT 3.

HFSNG, 153, RBUTEOY, S, WP)(BFS
FBO 1) & 2) OFERd, £Uu, 50 Cohen-
Macaufay 1% R 0 h-vectorlTHL 2K II3 3O
VDEODEFLESR, 2L)3. BPS,

BEE Cohen-Macaufay 813 R 0 h-vector R(R)=
(Ro,R1,.Rs), Rsx0, 2L, |

1°) RisRs-i (0sYicSP1)

2°) RosB1s SR
RIS H ?

SHRLEN3Y, Ay, [Hal OREE
QLED. BE X4, X2, Xy (deg X:=1) OB
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Rttt bbb b S i kol llolgk ol St g i S mATTmEEess s mm

OERES M (=) i, MeM 7, SBEELN &

M gftang, NeM — 1332HEAET e,
M, B OMER deall XoRINZ. ZOBE, R: =
LM =1#{MeM; degM=1}, s=max{ i:R:x0}
L, RM)=(Ro, R4, Rs) LEC FE. MO
pure 2&3tE, M ORBEGRUCSESSLTOLRD,
FAELLO2EEERESS. 2083,

258 M OEEX puretliBR deal 2, RM) =
(Ro.Ra.-Rs), R*0, OB,

i) R:sRs-c  (OsVis[SL])

i) RosR1s-- SQ[S/Z]
R IIg 3.

LHVSIL,

358 M r&EEx0) pureIEE del (8, KM)=
R(R) U3 Cohen-Macaullay BIENBHS 3.

¥ #2334, (&30,
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[Sta3]
[Sta,]

[Gar]

[H, )

2 X 3 i

R.Stanley, Ordered structures and partitions, Mem. Amer.
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> The upper bound conjecture and Cohen-Macaulay
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, Hilbert functions of graded algebras, Advances
in Math. 28 (1978), 57-83.
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Modules with I. inear Resolution

over a Polynomial R ineg

EHHE- (AKX -

§1. 2Z2BOBEDHEER

BFCH. KREBOK. SHkEnEROSHREK [x1, x20.... x:1 LT 5.

AHIRAE R SIMEMA, module with linear resolution (MFLRII@Lr®T) . M

FROE>HSHAMBILIZAMEROLEEND.
1. n O > F, » F..y ... =» F; » Fo = 0
f. f,
BL. 22TEf WSORBERXRHILOLRZTITHS.

ABOEREMIE. SEOLRNBERTHELIILVWIRBULODVTARZILT

b5,

%f.zzﬁéﬁiﬁmﬁéuu%é&ﬁﬁﬁﬁﬁf‘g%umTKﬁxbummx

Sndh. RE*BAIHGKAELREEBELTEL.
A.DRE:Ply= (kEBDuonicE#HEHRc k [e,] DE£E) U (=)

PG[P!— (°°) . p=e1‘“+cle1“"+...+cm0)t5~

uw={ 0 1 o ... 0
0 0 1 0
|
w — Cm — Cm-1 — Cm-2 — C1
IG()= 0O O 0
0O O 0
1 0 ... 0 (¥4 XEmXm)
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E(p)= HA4 XA mXmOBNTFH
p#FoodDt E . BHEnitHLT.

A(n.p):l’xE(p)+yJ<n y I 0 ... 0
0 xE(p)+yJ®p) yI®gG) ... 0
0 0 0o ... xE(p)+y J ()

g, p=ooDE EIE.

A(n,o) = y x 0 ... O
0 vy x 0]
0O 0 o y

RDEORZSDDHLT. ROZEARILT 3.
A.DEH: S=k [x,y]l] Okzitit. SEOBEENLLRNBRROTh M AR
ThH.
(l.3.1) S/(x,y)Swk
1.3.2) (x,y)* (neN)
(1.3.3) 75 AC(n, P)ORBLELTEEZTLZIMBM(n, p).
BL. neN. p€ P!,

UFTR. COIIRLEATETHIBHIKODVWTERLLS.

§ 2. Grassmannf& ¥

HEOEEN DR, REBRIEZEZCDISBLH S,

VEkEnRTEDOXRI hWVEMT. TOEES: (e,,...,e.) T 2. £, V'TV
DBHMEMERDL. (e,) OAMEY (x:,..,x.) T 3. Wb, x, (e )=5,,
Tho. nEBMEARMS V' LOMHRBEA—RLTE. #oT. S
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kK [x1,....%:] TH>. G2 VEDGrassmamnfREAVET S, Fe OKRE%1
LLT. GRZgraded R ZARBTHDLATEL. M(GITGLOERNBOE:H 5
bFbords.
SEOBHNMBILRIREIEROEEF. A, A DDEILREBEXRLETLEF. &
S E®linear complexTHBLES., ELT. L*°(S) TS LOREEHEMRDLinear
complexD2HhNEEXDT.
TOLE. ROBENBRLT 3.
QDEHE:LYSHLM(GIRERMETHS.

CHDOHXBPOEBERALI, TOEDIK. BFEF : M (G)OL(SHERDEDK
BT 5.
WE. W=OW,. 2GLEOEMRERZFRNBTH L LED. Ee . c VOWLETOHER
., KEROGHA,, : W, oW, %8, 20L&, SEOHBAMBF. .
F/=W,®:8
LEHEL. T, SEOTHO. %,
®,=Z.A.x,
TEHEX3. Thick-T. SENDEHNBLEOMOERAEEH&LIS LS5 (F.. ©,)
AEED. WAGLOMBTHAZ 2D, ZOFHSLEOBELERILEATWAI L
. BB S, Thitk-oT. BEF i M(G)PL(SHEERTIDTH S,
HFHEEG: LN(S)-M (G, LOBROFEE WD LI E->THDBIS,

EFEQDEn=2 (2Z8) OBECHAALTALI.,

ZOr &z, GrassnannREGRRODII R EEER Ok LARADEARTH 5.
G=k-1+k-e;+k-ez+k-e;Ae:

THGHOEFOEIE. Euclidean diagram A, ORROMLstably equivalentTH 3 =

LAMIOATWS. #->T. COBAOM(G)OHROHER. KO LI L BRBERKO

MEILREZHhDZZLARS.
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QOBHIBHEKBOBE: MkIT. ¥4 XDH LWk LOFHDraird bk HDT
LT3, A1,

Mck)= ( (A,B) | ALBR#*IKKkEDn XmTF. n,me N)
TOMKIEKLRD2DODTEBRENIBEHEANEEZS,
(2.2.10 (A, B) ~ (88,88)
2.2.2) P, QeEGL(KIAFAEHELT. A°’=PAQ »D B’'=PBQ kisdkL#,
(A,B) ~ (A",B’)

CITHELE. KY/VvOTT2LTHEREEILWIZLTH S,

REQDBEFVIZLT, Kroneckeric Ko THEAEXAHLATWSE. ThEHALT.
LYS)DRELDETHLHTE, EoT. SEOLRNBOHLEDITHLLRZDTH
- .

LHL. n2308A8xikR. ¥ETIRERBOMBEIR ZLAEEKR2Y. EOZ L
PRICEXATHES.

§3. 3EHOB4.

SEBSHRARO LOLRNBEOABMARTHTS S5 210> Bé A KOREE. D
h5BBhB, '

TITR. SRIZEBOZHERARK [x,y,2z] £F3. T(H:RODES kB2
EHERD. md-S)DERBHBLT 3.

M€ T(S) 2 Miftorsionk B DLRMBT. (x,y) IMEOERF L L.

M/(x,y) MR kDERICARTH 3.

TOLE. ROEEFRALT 3.

G DERE: LTEHULEETS)IZ. 2EHDfree algebra FOFMRERMFEDOE
(mod-k <ei1, e D) ABETH 3.

ER. TEHQDOMBILEWVWT., e;DHEANidentityTHE2EILERGINBEOLEK
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ATET(SH KHELTWSE. —HT. esDEANidentityTHELHE. EDXI %
Gh@Eiciz e, extdfreellEALTVWS. ZOI L NH. ZEG. DA EINS,

REFERENCE

Yuji Yoshino ; Modules with linear resolution over a polynomial ring in two

variables, To appear in Nagoya Math. Journal.
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On re(a‘h‘oml\‘ on minors 0]C 3eneh‘c Syvnmefn‘c ma’rwce,s

T 2 A HB foi

1. Introduction

Re:TR&E. nrrgH. Kij (1<risjen) & FE 7 v
T 5. §=R[Xi)‘]|5;$iw F.REp 220 ok B AT
A, J > o i, X,‘.‘= X.')* -4 I IR A NE U (X})‘) X n:L
O genevic symmetvic matrix v 75 B, Jp & 71 4517 % (X.‘)‘)O)
PR AR A R E YN TRS SHA(TTILET A, -

SMprvifio R o Ao ARk e 1y, TEE, B
A 3. avariant Huorym?ﬁ)‘c‘li. %1 %2£Z~‘iﬂ([1],
(2Y) 1 &), I;b&rﬁ?\‘fﬁlcﬁ&i%zf‘ﬂ%ttﬁ Y3 o averaat
wby‘mg BV v ELTuR r vy ieavhe, Tud 3L
T35z, L\omo\og“ca\ a\ge[am nTDTI1d BEE R 'Col«zn-MamJy
Webret V632508

opth (3p) = proj. ohn, (3G, ) = L2

tlg B 2e S Tud ((N), T4k [61 2. Jszefuk
Pm(}o\cz‘ \A)Q/vmqv‘ 3. R Zﬂ@_%;(ﬁ: QtRLHER. Rzon AN
FLT. S/J', » Sk o minimal free resolution £ ﬁ'f,\f‘ LR (wniw:'m(
free vesdlution ¥ 3. 3mde0\ free vesolution [T Bouv\o\a»)/ map 1T
ARTIA AN APTRE R BRVESI M0 753,
Lvl. — 2o HERL 2 (3. g/JP N St minimal fee resolution
. 3oRREETIL b, Tulsv, ARl pslan adkd,
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Koszul complex £ M0 T minimal free resolution T BN 733w
<+, 3R Pen-lomAid B3] w4 R &1 minimel free yesolulion
a BGaIc s N TuA,

£1g. Xao i v bt LR,

Ml o BERBRL. BpohNT LT MAPINAGE LR
Yy 4. 20 relchion module 13 v4T31 3\ 0 028 « 122 o relaton 25
TE)REATMA, TSR Jp o EAT LT 30 minimal yenerator
4B o GBEBRETBERTIZ)ES I T 3o relabion wodule
1 120 celdion o3 T RivTMA, 20T Z2nSER>2028)
p=n-2 nrd HE0EHEBRET Yo S ko mivwal fre
resolution & BRA T2t TRBAJ23c T3 4, | |

S LaB o TEeR T R A S, B LeTzefa. [6] EE

W T‘\ Q\-ifi \Vy

g 2. Mon Theovems
B¥t n. P (Pev) LT, S & Lo 5 RE» A,
S/‘Jl’ [ 3Vnole0{ module T % % » 6. 3mded 13 free resolution -
BRTA. nxngd (X o pRAATHE 0 813 (p) RS,
0 M — sepP— s - ¥, -0
vy 3moleo( Lxact ALfuemce "™ B A, M=i@° Mfﬁ T T 1 K

31 () 0 pRIATIIR 0 relotion module 732, R-medule Mpii
HRFTE. pRLAINN D L0y relatlon cud> T4,

Theorom L. p:R L4731 U 0 relation medule (2. O-R ¢ 1:R o
reloton R &) ER T W2, Flab 5,
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M= o MF + S MPH
(% Ru:ﬁ L. Mpt-‘ = S:*My + $i-s‘M?+\ 3
TRE 3 3,
toERrFA o, Bbk :?zm:az?maam;w\-maia

Theorem 2. P=n-2nd A Ak oMFREHB RE7 Swn mSL
H vauwm‘ free YQQo\uf\OV‘ - 1—3‘&3%

WX TF. 2n lvﬂ‘ﬁ'ﬂmﬁt_ﬂﬂﬂm%ti&/\"%_

§ 3 Tl'\eomm 1 = TL\QOVQW\ 2

(8] &, 44k o n. p <y L. R %ﬁ\ 75 S/JP { 219\
LAz b, Tuwh., 23) R=2 (FLEBHF) 2 HR e
S/J? 3 Z-fee module €74 2, 2o 2o

0O— P — - _,P,—ayo_ﬂS/JP_ﬁo

™ R=Z o B A0 mintmal Free nusoluhion Thh(dI AR mﬁﬁﬁi§

Rtz

ROR R ~es
0O — 2 ®© ——\—9P,®z —)P°®2!R'ﬁ JPG;R-—’O

3. $"DR/ oR ® SO®OR £ g minimal free nesolublon v 5y 2 2w
' %,
F74h 5. R=Zn t%f&‘l: S/,j,> » muwwal froe vesolution 1+ -
Ei13 e brnid. AEoGEBERLz 2 h" BE T3
™VWA B, :

R=2n v%@‘ mivimol free vosolution ( B IEE ¥IRE 3 =2
NGBS Rk HA,
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Progos\‘ﬂom ( P Roberts. £91) T 2t0 ZBANBC. 20 FER
AAERINERTRA4TTCE MeTah, T & To homogencous
ol . A1 Z-Free ¥ 3R, 1ory 2RI RE 3.
W, V4o T Eo minimel Tre vesolution 13 TR 33,
@), i Tor (VA Vi) 13 Z-free.
3. EBGeALL Fye qloRpsA 24 g

¥ o{:m&wa@z‘F“((T/twﬁ,\%\qﬁ\ 2] Ak ST,

WE. 2o section?2 (3. R=2 &74%,

Remevk  #F 0 8 ¢ < 7 LT V0.8 F @ Gowustern BT
5%

(081 8. Y5.8QFg 3. CohenMacdsy B THB 2 v D
©Ah, ZhBRR. 20 4 Gorenstetwn k. 7 HA2p e H0d. o
Potncard sevies 13 &1 SRR T A(TIOY), 22 a o iti
A 2 7Br ) khriFeLed S/Jmc@&k 0
Poincaré seyies 13 ki $&sS7yn. 2 1. 3 @ Q 4% Gorentein
B3 b hiEt ARo 3 ¥ILT $/N®J:1, $ 35D
Brevh s, [8115 8. V5.98 0 SQO Ea minwal e
vesolubion TN T2 2x T3 20BN tTTHR TR 2t TR
THBH, 20l HS. S/J.NOJ&(D 17 Govenstein B B3k w\‘vbﬂ‘%.\

T8 1o3Efe®>0 B2 2 e3R7 3,
%ﬁ ‘thﬁ CC.

SOF
BeGn) = o\:mH’Bff (%4, )0Fy. (V) Fy)

YRETE, 217 M. SO IR AED RE) BRI h3 A
7L ER 3D, rohBmes). ER23mili3RHRE
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An Lz FHLT Biin) Ay g4k AW E T dv
() e &) AR oR B §r7ILT proj dimg, (90,,00F) = 6
733, TSI Lo vremark E ER T3 HRoF 8L
LT '

Betiomy =0 f J<o, b< 4.

By (0.1) = Bg(b.w)

Pt o) = Pyck m)

y(2. ) = Br(¢. )

(31(3.1«1): Z‘P‘L(Z‘M)_ I'Pl("”) +2~(3£{o‘")

NL T e B hebed, Wi HARo ni3tLT By 0. ),
@%u. w) By2n) v g 1= MRS Tsn e 4 F L3 FAtn R,
nEFTLT BeGamy 3§tk slyvreat by ). Bl 2 o T
™ Y333,

- Y} Bglaom) 3. (¥4, @F o SoFy £ 0 minimal fiep
resolution o 4 TR 0 free module 0 TEE = 487 Sy 2o ew
S, fM4E 0 n 9= ¥ L. P"Lw-“):i 74 A,

Ik E%(I. w) 13, SOF o {TTV JuoF o hOMoszmeaus minimal
gemewﬁov nBTHRreahRD,

Z-free module o ¥ B F|

O — Uw—z. - S — S/J,.,,,_-—'O
13 split exact 2 H24'5. AR o FH T LT
0 = Ja®Fy — SOFy — (5, )0k —o

T 2yact ¢4, 2o S Jua=® (Jua): c&713Y

T2n-1

P% (Lw ) = d?MW% (:‘mq)“,;@ F%
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783, (Qualaa 13 2-free THBHS Brlivra §uis R (AR
Nkt 7RIS,
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