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The local cohomologies of an affine semigroup ring

Masa-Nori ISHIDA (Tohoku University)
Introduction.

A commutative semigroup ring KkI[S] over a field k 1is said to
be an affine semigroup ring if kI[S] 1is an integral domain of finite
type over Kk . This is equivalent to the condition that S is
finitely generated and is contained in a free Z-module M of finite
rank. An affine semigroup ring kI[S] has a natural structure of
M-graded ring with respect to the free Z-module M

In this paper, we define the complex 1I°(S) which represents in
the derived category the dualizing complex of the affine semigroup
ring KkIS1 . This complex I1°(S) <consists of M-graded
k[S]l-modules IP(S) for -dim k[S] < p £ 0 with M-homogeneous
coboundary homomorphisms of degree zero. Furthermore, each Ip(S)
behave as an injective KkI[SlI-module for M-homogeneous homomorphisms
of M-graded k[Sl-modules. This complex is described in terms of
the cone n associated to S in the dual vector space NIR of MR =

M®R similarly as in [I11].
Z

When k* is the set of units in K[S] , the affine semigroup
has the unique M-homogeneous maximal ideal PG . Then the local
cohomologies Hg(n)(k[S]) are equal to the cohomologies of the
complex L°(S) defined as the "k-dual" of 1°(8) . When KkI[S]
satisfies Serre's condition (52) , this description of the local

cohomologies is equivalent to the topological description of them due

to Trung and Hoa [TH] by the Alexander duality.



§1. Affine semigroup rings and the associated cones.

Let M be a free Z-module of rank r 2 0 . For a field Kk
of an arbitrary characteristic, we denote by k[M] the k-vector

space

&b ke (m)
meM
with the free basis {(e(m) ; m € M} . kIM] has the structure of
commutative k-algebra by defineing e(0) =1 and e(m)e(m') =
e(m*tm') for m, m' € M
If we fix a basis {ml, ceer mr) of M , then Kk[M] = k[Xl,
e XN for X = emp , L, X, = em) . In
particular, K[M] 1is an integral domain of dimension r .

ey Xr, X

Let S be a finitely generated subsemigroup of M with 0 € §
Then
kK[S] := D ke (m)
meES
is a Kk-subalgebra of Kk[M] . Let (mi, cees mé) €c S be a set of
generators of the semigroup S , i.e., any element m of S is
written as m = almi + ... + am for non-negative integers a;,

s''s
R T Then the ring KkI[S] is generated by e(mi), ey e(mé)

It is clear that the quotient field of KkI[S] 1is equal to that
of KkKIM] if and only if S generates M as a group. In this
paper, we assume S satisfies this condition. This is not an
essential restriction for the study of the semigroup ring KkI[S1 ,
since we can replace M by its subgroup generated by S

By the above assumption, the closed convex cone ROS spanned




by S in MR = M ®ZR is of dimension r . Let N be the dual

Z-module of M . The natural pairing < , > : M X N — 7 is
extended to the nondegenerate bilinear map. <, >0 MRX NlR — R
for NR = N ®ZR . We denote by mn the dual cone {a € NIR ;o <x, a>
> 0 for every x € R)S) . For the set (mi, ey m;} of
generators of S , m 1is equal to {a € NR s <mi, a>, ..., <mé, a>

2 0} . Since ROS is of maximal dimension by the assumption, m is
a strongly convex rational polyhedral cone. ROS is equal to the

\
dual cone & of T

Proposition 1.1. The semigroup ring kIMNAR'1 is the

normalization of KkI[S] 1in its quotient field.

Proof. By our assumption, k[Mf\nV] is contained in the
quotient field of KkI[S1 . It is known that k[Mf\nv] is normal
[TE, Chap.1, 81, Lemma 11. Hence it is sufficient to show that
KIMAR'1 is integral over KkI[S] . Let m be an element of MNn’
By Caratheodory's theorem [Grl, m is written as aym; + ...+ am

for some linearly independent elements m .y mr of S and real

1’
numbers al, cees ar > 0 . Since m is in M, al, ey ar are
rational numbers. Hence there exists a positive integer d with
dm € S . This implies e(m)d = e(dm) € k[S1 .

qg. e. d.

We denote S = MNn' . The proof of the above proposition says
that S = (m € M ; dm € S for a positive integer d} . Since §
is also finitely generated [TE, Chap.1, 8§81, Lemma2l, there exists a
positive integer £ such that &S c §

We call a subset E of M S-closed if E + S = E . 1f E



is S-closed, then

k[E]l := D ke (m)
mEE

is a K[Sl-submodule of k[M] . A subset E c M is said to be

weakly S-closed if (E + S) N E 1is S-closed.

Lemma 1.2. A subset E of M is weakly S-closed if and only

if -E 1is weakly S-closed.

Proof. By definition, E is not weakly S-closed if and only
if there exist mO € E and ml, m2 € S such that mo, m0 + m1 + m2
€ E and m, + m £ E . If we set m, = —(m0 +my o+ mz) € -E , then
the second condition implies that -E is not weakly S-closed.

1 _ _ - 1 - - _
Actually, my + m, = (m0 + ml) £ -E and my + m, +m m, € E

The converse is proved similarly.

Assume E is weakly S-closed. Since E + S 1is obviously
S-closed, K[E + S1 and kI[(E + S) \ El are kI[S]l-modules. We

denote by KkI[E] the quotient kI[S]l-module
kK[E + S1/k[(E + S) \ EI]

For m € E , we also denote by e(m) its image in KI[E] . Hence

we write also

k[E]l = D ke(m) ,
meEE

however this is not a Kk[S]l-submodule of Kk[M] 1in general.

We denote by TI'(t) or simply I' the set of faces of 7 . The
zero cone 0 = {0} and n are elements of I . For each p €T ,
L L
nv(\p is a face of nv . Actually, {nvl\p ; p €T} is the set




Y . . \ 4
of faces of n' , and dim p + dim@Uu Np ) = r for every p €I
[MO, Proposition 3.11. For a face o of =n or nv , we denote by
rel.int ¢ and call it the relative interior of o the interior of
o in the linear subspace of NR or MR generated by o . We
write int nv := rel.int nv since dim nv =r

L
For each p €T , we set S_= SNp~ . Then S \ S is

P P

S-closed and Sp is weakly S-closed. We denote by P(p) the
ideal kIS \ S;1 of kIS] . We set also §p = §Np" and PB(p) =

3\ S .
kIS Sp]

Proposition 1.3. {P(p) ; p €T} 1is the set of M-homogeneous

prime ideals of KkI[S] .

Proof. It is known that this is true for the case S = §,
i.e., for the case of normal seﬁigroup rings [MO, Remark in (5.3)1.
In particular, P(p)'= P(p) Nk[S1 1is a prime ideal of KkI[S] for
every p . Conversely, let E be a S-closed subset of S such
that P = k[E] is a prime ideal. Then we have PNKk[LS] =
k[2(S \ §p)] for an element p € ' since kI[8S]1 is a subring of
k[S1 and is normal. This means ENES = 05 \ ﬂgp . If mE€ Sp ,
then m € E since m+ (£-1)m = &m € E and E is S-closed . If

me€ S\ Sp , then m € E , since 4m € E and KkIL[E]l 1is a prime ideal.

Hence E = S \ Sp

For a nonempty subset E of S , there exists the unique
maximal element of p € T "such that E is contained in the face
nV(\pL of nv ,y i.e., nv(\pL is the minimal face of of nv which
contains E . If furthermore E 1is a subsemigroup

of S , then we see easily that E contains an element in



4L
rel.intt" NpH)
For a subsemigroup U of S , we denote by [U] the subset
{e(m) ; m € U} of KkI[S] . Clearly, [U]l 1is a multiplicatively

closed subset of KkI[S] . It is easy to see that the localization

[U]_lk[S] is equal to the semigroup ring kI[S - Ul , where S - U =

{m, - m, ; m1 €S, m, € Uy .

Lemma 1.4. Let U be a nonempty subsemigroup of S . If p
4
is the maximal element of I' with U c nvf\p , then S - U is

equal to S - Sp .

Proof. Since U c Sp , S - U 1is contained in S - Sp

Hence it is sufficient to show that —Sp cS-1U. Let m be an
element of Sp . By the maximality of p , U contains an element

. L
mo in rel.int(nvf\p ) . Hence, for a sufficiently large integer

L L
d , we have dm, € m + " Np . Hence Q(dm0 -m € MN ' Np )

lsp c Sp . If we set m, = Q(dm0 - m) € S , then we have -m =

(m1 + (4-1)m) - d!lmO which is an element of S - U .

q. e. d.

For an ideal A of Kk[S] , we denote

T(A) (= {m € S ; e(m) € A}

Lemma 1.5. Let P be a prime ideal of KkI[S] . Then
kK[T(P)] 1is the largest M-homogeneous prime ideal of Kk[S] which is

contained in P .

Proof. Let U =8 N\ T(P) . Since P 1is a prime ideal, U is

a subsemigroup of S . By Lemma 1.4, S - U = 8 - Sp for the



L
maximal p € ' with Ucp . Since S_ - S c S-S , every

p p P
e(m) € [Sp] is a unit of [U]hlk[S] . Hence T(P)f\sp = ¢ and
T(P) = S \S, . KIT(P)] = P(p) 1is largest, since [s,1 is

outside P

For an M-graded k[S]l-modules L = & L and K , we denote

meM m
Hom (L, KD = & Hom (L, KD

kKI[S] meEM k[S] m
and

Hom (L, k) = €@ Hom (L , k) ,

k meEM k'"m

as in [GW] and [I1]1, where Homk[S](L, K)m is the Kk-module of
M-homogeneous homomorphisms of degree m . These are K[Sl-modules
and Homk[S](L, K) is isomorphic to the usual Homk[S](L, Ky if L

is finitely generated as a kI[S]-module.
For a weakly S—closed subset E of M , we see easily that

Homk(k[E], k) is equal to the KkI[Sl-module kI[-E]

Proposition 1.6. Let L be a finitely generated M-graded

k[Sl-module, and let p be an element of T . Then we have

p - - =
Extk[S](L, k[-(S Sp)] 0 for p > 0 .

2 1

Proof. Let ...— F 2 —F!—pF" S L -—0 bea
resolution of L by M-graded free k[S]l-modules of finite ranks

with M-homogeneous coboundary homomoprhisms. Then we have

Hom (F*, k[-(8 - Sp)])

kI[S]



= Homk[S](F » K[-(S - Sp)])

= Homk[S](F , Homk(k[S - Sp], k))

= Hom, (F' ® [S 17 k1s1, ®
kesy P

1

The proposition is proved since the functors ® [S_ 1 "kI[S1 and

kI[S]

Homk( , K) are exact.

By replacing S and Sp by £S and Q§p , respectively, in

the above proof, we have the following:

Lemma 1.7. Let L be a finitely generated M-graded
k[2S1-module. Then, for each p € I' , we have
P _ -0¢S - § =
Eth[Qs](L’ k[-2(S Sp)]) 0 for p > 0

§2. Complexes associated to an affine semigroup ring.

A subset ® of [ = T(n) 1is said to be (1) star closed if o €
® , t€rl and o <t imply Tt € ® , (2) star open if T € ¢ , 0 €
' and o <t imply o € & and (3) locally star closed if o, p €
® , t €l and o0 <t < p imply T € & . By a subcomplez of T ,
we mean a star open subset of T

We recall the definitions in [I2, 8§11 of the complexes

C'(®, k ) and C'(®, k ) defined for a locally star closed
]-IO 0’1



subset ® of T

{p €T ; codim p = p} ,

For each integer p , we set [ (p)

where codim p =1 - dim p . N(p) 1is empty for p > r or

L
p < codim 7 . For each p € ['(p) , we set MIp]l = MNp and Z(p)
= APMIp1 . Since MI[pl 1is a free Z-module of rank p , Z{(p) is

isomorphic to Z
For o € '(p) and <t € IN'(p-1) with o <t , the isomorphism

qo/r : Z(o) — Z(t) 1is defined as follows. We choose an element

n1 € N so that <m, n1

v . _
for some m, € Mol N’ . We define qo/t(mlA...Amp) =

> =1

> = 0 for every m € M[t]l] and <m 1

o’ 1

<m1, n1>m2A...Amp if m, € M[o]l and Mysr «onr mp € MI[T]

For each o in I , we denote by 2™ = HomZ(Z(o), )

For o € N'(p) and <t € IN'(p-1) with o < t , we set q:/o =

44D * o, * *
-1 (qo/t) : Lty — Z(o)
Let ® be a locally star closed subset of [ . We set ®(p) =

®NTC(p) for each integer p . The complex C’'(®, kl 0) is defined
Vd

by

cP(o, kK, 0 = D K(p) ,
’ pPED (-p)

where k(p) = k ® Z(p) . The coboundary homomorphism
Z

a? : cPw, x )

Lo — P, x

0,1

consists of 1k®q 's for all pairs of o € ®(-p) and <t € ®(-p-1)

o/t

with o < <t . Similarly, the complex C'(d, k ) 1is defined by

0,1

P, k, )= D k(p ¥,
4 pED(p)

where k(p)* = k ® Z(p)* . The coboundary homomorphisms are defined

. % 1
similarly by 1k®qt/0 S.

For a complex K° and a integer d , we denote by K'[dl the



co C' (b, Now assume ® is a nonempty subcomplex of T . In

Ko,1

particular, ® contains the zero cone 0 . Let H be the
hyperplane {a € NR H <x0, a> = 1} for a fixed element xO in

int n¥ . Let d =dimn . Then P. = nNH is a

(d-1)-dimensional bounded convex polytope and {Pp = pNH ;

p €T N\ (0})) is the set of faces of Pn . We define the geometiric

realization of ® as the base space |R(®)| of the polyhedral

complex
R(®) = (Pp s P € ® N (0})
Proposition 2.1. Let ® be a nonempty subcomplex of I and
let |R(d)| be its geometric realization. For each integer p , we

have isomorphisms

HP(Cc @, k. ) =~ H P!

1,0 (|rR@>|, x) and

~

P o
HY(CT (b, Ky 1)) = Hr_p_l(IR(¢)|, K) ,

where the right hand sides are the reduced cohomologies and

homologies of the topological space |R(d)] .

Proof. Let C'(®, k JI[-r+1]1] and C'(®, Kk JIr-11 be the

0,1
) with the degree shifts to

1,0

complexes C’'(®, k ) and C'(d, k

1,0 0,1
the right and left, respectively, by r - 1 . Since dim Pp =r -1
- codim p for every p € ' \ {0} , we see that the cochain and chain
complexes which give the reduced cohomologies and homologies of the

polyhedral complex R(®#) are equal to C'(d, Kk J[-r+11 and

1,0
C.(d, ko 1)[r—l] , respectively, where the chain complex
’
C.(d, ko’l)[r-ll is defined by Ci(Q, ko’l)[r—ll =
C_l(¢, ko 1)[r—l] with the boundary maps equal to the corresponding
’




coboundary maps of C’(d, kO 1)[r-l] . We get the proposition by
’
taking the cohomologies and the homologies of these complexes. ‘

q. e. d.

For the semigroup S , we define the complexes 1°(S) and
L°(S) of M-graded KkI[Sl-modules as follows:

For each integer p , we set

Ps) = D K[-(S - S @ k(p)
pEr(-p) k
and
LPs) = B kiS - S,1 ® K(p)*
p€El (p) k
Here note that S - Sp is S-closed and -(S - Sp) is weakly
S-closed in M . If o, t €Tl and o <t , then S - St c S - So
. . _ -1 _ -
since St c Sa . Since KIS St] = [St] k[S]1 and kIS Sc] =

[So]_lk[S] , there exists a natural inclusion Kk[S - St] —

kIS - So] which we denote by i* We denote by i

t/0

k[-(S - So)] — k[-(S - St)] the dual surjection with respect to

g/t

the functor Homk( s K) . The component of the coboundary

homomorphism da? Ip(S) — Ip+1(S) with respect to the direct

summands Kk[-(S - So)] ® k(o) and KkI[-(S - St)] ® k(t) for o €
k k

F(-p) and <t € IN(-p-1) is zero map if o is not a face of <t and
. . . < - .
is 1c/t®qo/t if o T . Similarly, the coboundary homomorphism

a? : LPs) — LP*l(s) consists of iF ®q:/o's for o € I'(p) and

t/0
T € M'(p-1) with o < <t .

§3. The dualizing complex and the local cohomologies.



Since KI[S1 is a normal semigroup ring, Spec k[S1 is an affine
torus embedding. It is known that Kk[S] is Cohen-Macaulay [Ho] and
the canonical module o, 5; of k[S1 is equal to

KLSN (int nv)]mo , where o is the r-form

0
de(ml) de(m_)
1
e(m )A”‘A e(m )
1 r
for a basis (ml, cees mr} of M [TE, Chap.l, Th.141, [I12, §21. We
regard mk[§] as an M-graded k[S1-module with deg(wo) =0

We define an injective k[§]—homomorphism

—— 177¢5) = kiM1 ® ATM

At 0§ 7
by A(fwo) = f®(m1A...Amr) . It is easy to see that X does not
depend on the choice of the basis (ml, ey mr) . The canonical
module wk[gl[r] with the degree shift to the left by r as a

complex represents the normalized dualizing complex of kI[S] in the
derived category D;(k[§]) , where we say a dualizing complex is
normalized if its localization at every maximal ideal is the

normalized one in the sense of [RD, Chap.5, §61.

Proposition 3.1. The homomorphism of complexes

mktgl[r]‘————* I1°(S)

induced by x is a quasi—isomorphism.‘ In particular, 1°(S) also

represents the normalized dualizing complex of KI[S1I

Proof. It is sufficient to show that Hl(l'(§)) =0 for i #
-r and X induces an isomorphism 0rr5§7 = H ' G»

Since each Il(g) and mk[§] are M-graded modules and the




coboundary maps in I°(S) and the map A are M-homogeneous
homomorphisms of degree zero, we can decompose the complex and A to

the direct sum of M-homogeneous components associated to each degree

in M . For each m € M , (S - §p) contains m if and only if m
€ p¥ since § - §p = MNp"Y by [0, Prop.1.31. Hence the component
I (S)m is equal to C (F_m, kl,O) where FX = {p €T ;
<x, a> 2 0 , YVa € p} for x € MIR .
Assume m £ MO (int n') .  Then by [I1, Prop.2.31, [__ is

homologically trivial. Hence Hl(I'(§))m = 0 for every i

. _ . v _ - .
Since wk[S] = k[IMNint n ]wo , the m-component of wk[S] is also
zero for m £ M int nv . Hence the assertion is true for this case.

When m € MN (int n’) , we have r_, = (0} since <m, a> > 0

for a € m \ {0} . Hence Hi(I‘(§))m =0 for i # -r is obvious
for this case. On the other hand, the m-component of @ur§] is
ke(m)u)0 . Since X is injective, we have (wk[él)m —
- .. =
H " (I (S))m
qg. e. d.

Theorem 3.2. The complex 1°(S) represents the dualizing

complex of the affine semigroup ring KkI[S]

Proof. As in Section 1, we take a positive integer ¢ such
that 25 1is contained in S . By Proposition 3.1, I'(25)
represents the dualizing complex of the normal semigroup ring k[2S]
Since k[S1 is finite over k[51 , k[S] is also a finite over ring
of k[4S1 . Hence by [RD, Chap.3, 8§61, the dualizing complex of

k[S] is equal to

RHom (K[S1, 128

K[2S]
Since KkIS] is a finitely generated M-graded k[Sl-module, we



have Ext? (k[S1, 1'28)) = 0 for p >0 and i € Z by Lemma

K[2S]
1.7. Hence the dualizing complex is represented by the complex of

k[S]l-modules
Homk[ﬂgl(k[S], 1°02S8))

For each integer i , we have

i -
Homk[QEJ(k[S]’ I (4S5))

= Hom, .,=,(k[S1, D K[-2(5 - SO
k[LS] pel (-i) P
= B Hom, (k[S1 ® _[05 1 'k(8§1, K)
pEr (-i) k[es1 °
= & ﬂgmk([ﬂ§ 17 Y181, ©
pEr (-i) p
= &b Hom, ([KLS - S;1, k) (by Lemma 1.4)
per(-i)
= @D K[-(S - S )1 = ')
pEr(-1i)

We see easily that the induced coboundary maps are equal to

those of 1°(S)

q. e. d
If dimm = r , then Sn = {0} and PQOuU) = kK[S N\ {(0}] is a
maximal ideal of KkI[S]
In the rest of this section, we assume dim T = r . In this

case, K[-S] 1is the injective hull of the k[S]l-module kI[S1/P(n) by

[GW, Prop.3.1.31.

Theorem 3.3. The local cohomology Hg(n)(k[S]) is isomorphic

to HP(L'(S)) for every p € Z




Proof. By local duality [RD, Chap.5, Cor.6.31, we have

P
Hp oy

(k[S1) = H

-p... _
omk[S](H (1-¢s», ki-sb ,

since 1°(8S) is a dualizing complex of Kk[S] . Since H P(r-(s»

is a k[Sl-module of

finite type, this is isomorphic to

Hom (H-p(I'(S)), k[-S1) . Since KkI[-S] = Homk(k[S], k) and the

“—KI[S]
functor Homk( , K)

Homk

R

Homk

14

Since L°(S) i
coboundary maps are

the M-homogeneous ¢

is exact, we have

-p . —
[S](H (I1°(8)>, k[-S1)

HPas», v

Hp(Homk(I'(S), k)) =~ HP (L' (s)

s a complex of M-graded modules and the
M-homogeneous of degree zero, we can consider

omposnent L’(S)m of L°(S) for each m € M

For each m € M , we set

res, m

Then the zero cone
S-S =M. Since
subcomplex of T

the M-homogeneous c¢

c'(r«s, m, k )

0,1
By Proposition

local cohomologies

= {p €T ; SNm + Sp) = @}

0 is in TI(S, m) for every m € M , since
o <t implies S.c c So ,» F'(S, m) 1is a
Since m € S - Sp if and only if p € (S, m)

omponent L'(S)m of L°(S) 1is isomorphic to

2.1 and Theorem 3.3, the m-components of the

Hg(")(k[SJ) are described by the reduced

homologies of the geometric realization |R(Fr'¢(s, m)>»| as follows.

’



~

(k(S1), = H

Theorem 3.4. HE (|R(T(S, m|, k) for every

POt r-p-1

meE€ M.

84. On Serre's condition (8,)

Let {Yl, e ?t) be the set of onedimensional faces of ™=

We denote_ Si = SY and Pi = P(Yi) for each i =1, ..., t
i
Lemma 4.1. The equality
t
S=0N (s -8,
. 1
i=1
holds if and only if the ring KkI[S] satisfies Serre's condition

(8,) [EGA4, 5.71.

2
Proof. Since kI[S]1 1is an integral domain, kK[S] satisfies

(Sz) if and only if

k[S] = N kIS]
ht P=1

P
by [EGA4,.Prop 5.10.141, where P runs over all prime ideals of
height one. Hence, it is sufficient to show that
t
1 N xISlp = N 15 17 k(s]
ht P=1 i=1
Let P c KI[S] be a prime ideal of height one. By Lemma 1.5,
k[T(P)] 1is a prime ideal contained in P . Hence T(P) = ¢ and
kIM] c k[S]P if P is not equal to one of Pi » Since Pl’ ceer Pt

are prime ideals of height one. Thus we see that the right hand




side of (1) is contained in the left.

Since k[S]1 is normal and finite over k[S] , the left hand
side of (1) is contained in k[S] . The other inclusion of (1)
holds since
kISl NkI51 = (S, 17 kIS]
) i

for every i

For each element p of I , we define

J(p) = {i 3 L < p}

Lemma 4.2. If KkKI[S] satisfies (SZ) , then
S -8 = N (s - §,)
P el

for every p €T

Proof. Since KkI[S] satisfies (52) , so does the

localization [S ]_lk[S] . We have S - S, = (S-S ) - (S. - S
p i p 1 P

for every i € J(p) since Sp c Si . Since p 1is the associated

cone of the semigroup S - Sp , we have the equality in the lemma by

applying Lemma 4.1 to the semigroup ring KIS - Sp] .

q. e. d.

We also define
I(m) := (i ; m € S - Si}

for each m € M . By Lemma 4.2, we have the following:




Proposition 4.3. Assume k[S] satisfies (52) . Let m be

an element of M . Then we have

res, m» = {(p €r ; Jp) ¢ I(m}

Let Pn be the (r-l)-dimensional convex polytope which

appeared in Section 2 . We denote by v, the intersection point
of Pn and ?i . Then (vl, ey vt) is the set of vertices of
Pn . For a subset I of (1, ..., t} , we denote V(I) := (vi ;

i € I} . For each element m of M , Proposition 4.3 implies that
the polyhedral complex R(I'(S, m)) 1is equal to the set of the faces
of Pn with their vertices in V(I(m))

Goto-watanabe [GW, Cor.3.3.7]1 and Trung-Hoa [TH, Th.3.3] defined

a complex which gives the local cohomologies Hg(n)(k[S]) when
k[S] satisfies the condition (SZ) . By using this complex, Trung
and Hoa proved the following:

Theorem 4.4 ([TH, Th.3.41). Let I1(m€ = {1, ..., t}y N\ I(m)

and A(m) the simplicial complex
(1c1m® ;1 =#¢ and V) c Pp for some p # 7
for each m in M . If k[S] satisfies (Sz) , then

P _ Np-2
HP(n)(k[S])m = H (A(m), k) .

For each proper face Pp of Pn , we denote by Star(Pp) the
union of the relative interior of the proper faces of Pn which
containes Pp . Clearly, Star(Pp) is a contractable open subset of

the boundary OPn if p#=n . When Pp = (vi) , we denote Ui 1=




Star(Pp) . For a subset I of (1, ..., t} , we have N U, =

ier !
Star(Pp) , Where Pp is the minimal face of Pn which containé
Vo)

Let U(m) := V) u. . Then we see easily that U(m) =

aPn N RS, m| . The complex C'({U, ; i € 1mS, x
associated to the covering of U(m) 1is equal to the cochain complex

C'(A(m), kK) , since N Ui for [ c I(m)C is not empty if and only

i€l
if I € A(m) . By the contractability of Star(Pp) , we have
Hp(Star(Pp), k) =0 for p >0 . Hence HP(A(m), k) is isomorphic

to the cohomology Hp(U(m), k) of the open subset U(m) c BPH by
[Go, Th.5.4.11. It follows that the reduced cohomologies
ﬁp(A(m), k) and ﬁp(U(m), k) are also isomorphic for every p € Z

Hence Theorem 4.4 is equivalent to

yP

~ fP2
P(n)(k[S])m ~ H Um, k)

Since SPH is homomeomorphic to the (r-2)-sphere and U(m) =
SPH N |R(r (s, m))| , this theorem is equivalent to our Theorem 3.4 by

the Alexander duality Theorem.
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[CiRBR T BR T ClEt) NEBE » —FM 5§45 3. (R0
—R € ZAF ring extention 727" /7’)
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/\;-[t
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Cold, t)x= Cl(bt) TH3
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i
CoT)
T e T e* @ (Fo&*)
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T/‘-’F(C/F ) T/((ﬁ-x-(z )67*
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Cob,t) c70T RSB =hr3 e d.

(D kg fimte free R-medule .3 721
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(3 Ho (C.(b,8)) = R/Tecx)
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On seminormal local rings and multicross singularities
W OE sk E - R B E KF

| . BIERGHE
E. D. Davis X {1 | T RO FENE LR (seminormal)
KRB EBEEROEIICHZ I,

FH A M Krull Rt 1 o#Hx -7 —REMET, e(A).endin(A) %
FhzZh A DEEE BYABRTLLETE.572 G(A) 2 A DBBRKATY
L m oY B KRHIE (graded ring) & $5, 20 & X KIZEHHETH 5,

(i) A BEEEHRTH D,

(ii) e(A) = emdimn(A) > G(A) BHEHWTHE,

ExDE—DHNWRIZOHERAESORLOBAICHET S I L TH 5,

FEH 1. A PEREX—V-BFET. m NEOBRKSAFTLETE, A N
A DREEICHYZEEBEL, A BEBRER A-MBTHr>IEMNELS
2, B, A OFBEOBALSF7 L n (HL, dim A = dim A, »
ROILL, A O A KBIBEFE A A P mBEERSTFTLVETE, D
LERIAEMBETH 5B,

(i) A YBEHTHSB,

(ii) e(A) X dim A = endim(A) T, G(A) BRENTH %,

COEBOKMENBRAES I LDICKROERFEETE, V NREEAK k
FOBBRREHUAF—LT, A XV OBFA P icb33 V ORFEE
T5, A OBBKATF7V m L, Tp(V) = Hom , (m/m?, k) &
b, A O P k33 Zariski BEMHE LS. A O m KB4 EX
BB G(A) DAXRZ ML Spec(G(A)) 2 V O P B 58EH L &S5,
r = dim,m/m? £FBLE. T (V) BrRxY v 74 vZHLE—
BEh, Spec(G(A)) BHRIWIC Tp(V) DWHRF—LEFEITHL L,
G(A) "KEBETHEM5 Proi(G(A)) "EZohaN . Ch%i V O P
LB LREEELES, £ A N A O2EBCBYIERELS, A
BEBFTEC . FOBRAKAFTIVOEKN s D&& V O P icbUs58H




ek, Bic A WBEHOLE, P UV ORERQLIENE, A D
WEM A ATRIETH2ES, V i P O CEAREREERE L L

Do

FE 2.V RAREEK k Eo%Ks(equidinensionaDRERAF - LT A
NV OBHE P OBFETH»EETE .3/, P & V OMAKERLT S,
coLE_P NV OBEESATHD V N P OFEL TEAMTERtER

SHBOKREFHEERFRD (i) ,301D, 01D PROLDILTH S,

(i) e(A)R V O P KBI3ABRICEFLL,

(ii) dim Tp(V) = e(A) X dim V.

(iii) V © P ickb i3 5E# Spec(G(A)) BHENTH %,

2. LI LERERER

k, V., P, A, m, A FZh&EELCbDOELL, n....., ng % A Dk
RATFTVDOEKRETE DL ZE

¢,: Ty = Hom (nz/n} k) —> Tp(V)

RLBEERN m/m? — n;/nl OWHEEZEZBZ LI LVARICESR
EHB. 0 ¢y OBE Ty LB, COLE, ROZENBLINELS,
PV oEHE s O—#tsh rERERKRELA (s -fold generalized
multicross singularity ) & k¥ 3,
(i) A OFHEE c(A) @ VO P bbb aEBIELL,
(i) i # §j &5 TgnN Ti = {0} TH3,

EENOHOAB LI, V ¥REBELS COBSIEFRHERR (or-
dinary singularity ) &—®L T\ 3,

KOFHEIE F. Orecchia D#HRX [2] TREHBROBAILRIATLS
HROBVRLOBE~ND-BRILTH %,

FE 3.V, P, AiREERAILOGOET SR, EHIC V BFERLT,. P &V
OUTHRELTZ ., COEX, P AV OFEE s O—BILINERE
BRETHLL-DOMBEVTHEHEIRD (i),(1) PRVIL>IETHB,
(i) s = e(A) DV O P kb snEEICEFLY,

(ii) V © P b2 EE# Proi(G(A)) DHEHERSOBEMN s T
b5,



BRI ZzORES TENTERILE L WML B ERFRAN -RILS N LER
ERREATHLILARTROEREZBNS,

FE 4.V, P, Te(V), Te FREELELEL. V BFRTTHHET

2, l0LERIMMETS S,

(i) PRV OFEHEE s O RSN LELRZHENTRIKY L,
Tp(V) = T.:D+ D Ty

(i) P it V ONVEERBESNT 2> V & P OFE CEMTIERL

b2,

DEO#EROFELVIEHIAXIS I Z2BRIATL,

O

= X #R
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curves with ordimary singularities, J.London Math.Soc.,
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On A -Genera and Sectional Genera of Commutative Rings

Akira Ooishi (Hiroshima University)

In algebraic geometry and (complex analytic) singularity
theory, various "genera" are defined for algebraic varieties or
singularities to classify them and to study their structure.

So it is natural to consider the same problem in commutative
ring theory. 1In [6], we introduced the notion of genera and
arithmetic genera of commutative rings. Here we introduce two
other genera, namely A-genera and sectional genera, of commuta-
tive rings. The definition of these genera was inspired by the
A-genera and the sectional genera for polarized varieties intro-
duced by T.Fujita [l], [2]. Since the case of local rings is
treated in [8], here we discuss the problems for general polyno-

mial functions and graded rings.

Fifst, we recall some notations and terminologies from [6].
Let f : Z —> Z Dbe a polynomial funection, i.e., there is a
polynomial P € 0[t] such that f(n) = P.(n) for all n» 0.
We assume, for simplicity, that £f(n) = 0 for all n < 0. Then

there exist (uniquely determined) integers 4 2 0 and ey

(0£igd), ey # 0 such that
n . n+d n+d-1 d
(vE) (n) == ] T_5 £1) = eg(P5Y) - e (507 + oo+ (-1 egr
for all n» 0. Put d(f) = 4, e;(f) = e;, elf) = ey g(f)
= eq = (—1)def(f1) and pa(f) = (—l)d(eO —ept ... (—l)ded
- £(0)) = (-l)d(PVf(O) - £(0)). We call 4d(f), ei(f), e(f),




g(f), pa(f) the dimension, the i-th Hilbert coefficient, the

multiplicity, the genus, the arithmetic genus of f respectively.

Also we put n(f) = min{n | f(m) P.(m) for all m > n} (the

postulation number of £), m(f) n(f) + d(f) and Ff(t) =

) n>0 £(n)t" (the Hilbert series of £). Note that Fe(t) =

e (t) /(1 - )Y, 4 = d(f), for some ¢ 2[t] and we have m(f)

°f
= deg(e.) (cf. [61, Proposition 1.1).

Proposition 1. Put d(f) = 4, ei(f) = ey (0 <1 ¢d), m(f)
= m and Qf(t) =y 2=0 antn. Then

(1) Felt) = e/ -8 -e/a -3t s (—1)d'1ed_1
/(1 - t) + (—l)ded + (1 - £)Q(t) for some Q€ Z[t].

_ o5 (1) . k (i) _

(2) e;(f) = ?f (1y/i/ = Zligkgm ak(i)’ where ¢.7" =
dléf/dtl. In particular, e(f) = @.(1), e, (f) = ¢2(1) and
ei(f) = 0 for all i, m < i < 4.

Proof. (1) Put Pge = P and Q(t) = [ 7 o ((vf)(n) - P(n))t"
€ z[t]. Then we have F (t) = (1 - BIF e (t) = (1 - 1)) "

(vE) ()€™ = (1 - £){] °_, P(m)t" + O(t)}. Since P(n) =

IS -0 Te (M%) wenave (1 - )] T Pt = (1 - ¢
IS 0 teyt oy (M0 = 1 4, tntesa - 097 mis
implies the assertion. (2) Since Qf(t) = (1 —‘t)de(t) =

eg — e (l - t) + ...+ (-1)ded(1 -9 - %91, the

first equality is clear. The second equality follows from the




. Cpe (1) _ (k k-1 : .
equality ileg™" (t) ) iskem 2k \i t , 0 < i <d, which can
be proved by the induction on 1i. Q.E.D.

For convenience, we put ei(f) = ¢él)(1)/i! for all i > d.

We say that £ 1is h-positive if all the coefficients of

] are positive (i.e., a, > 0 for all i, 0 <2 1i £ m(f)).

f i

Corollary 2. If £ 1is h-positive, then ei(f) > 0 for all

i, 0 ¢ i gm(f).

Definition 3. We define the A-genus gA(f) and the
sectional genus gs(f) of f by
g, () = ey(f) + (d(£) - 1)£(0) - £(1),

g (£) = e (£) - e (f) + £(0).

Note that if d(f) > 1, then gA(Af) = gA(f) and gs(Af)

gs(f), where (Af) (n) f(n) - £f(n - 1). If d(f) =1, then

g (£) = p (£) = I 25 eq) - £m)).

M be a graded module over a ring

Example 4. Let M = G}n>0 n

R and assume that £f(n) = H(M, n) := lR(Mn) is a polynomial
function. Then we write ei(M), F(M, t), QM(t), n(M), m(M),

gm, p M, g,M, g M) instead of e, (f), Fg(t), e (t),

n(f), m(f), g(f), p_(f), g,(£), g (f) respectively. 1If

f 1is h-positive, then we say that M is h-positive.




(1) Let A Dbe a‘homogeneous algebra over an artinian local

ring and M = Q}n>0 Mn be a finitely generated graded A-module.

t) = &, (t)

If a €A is an M-regular element, then M

1 ¢M/aM(
and gS(M/aM) = gS(M). If M is Cohen-Macaulay, then M is
h-positive.

(2) Let X be a projective variety and D an ample Cartier

divisor on X. Put A =& HO(X, &, (nD)). Then g,(a) and

n20

gs(A) coincide with the A-genus A(X, D) and the sectional
genus g{(X, D) of the polarized vatiety (X, D) introduced by
T.Fujita [11, [2].

(3) (Cf. [6], [8].) Let (R, m) be a noetherian local ring
and I an m-primary ideal. Then we put g(I) = g(G(I)), pa(I)
= pa(G(I)), gA(I) = gA(G(I)) = e(I) + (dim(R) - 1) (R/I) -
2(1/12) and gS(I) = gs(G(I)) = el(I) - e(I) + 2(R/I), where

n+1l

G(I) = @ 59 /1 If R is analytically unramified, then

we put §(I) = g(G(I)), By(1) = p (G(I)), §,(I) = g,(G(1)) =
e(I) + (dim(R) - 1)2(R/I) - 2(I/1%), where 6(1)==69IPO.EEV1n+I

and J is the integral closure of J. Also we put g(R) = g(m),
pa(R) = pa(m), gA(R) = gA(m), gS(R) = gs(m), etc. Hence gA(R)
- e(R) + dim(R) - emb(R) - 1. If x € I is an R-regular
superficiai element with respect to I, then ei(I/xR) = ei(I)
(0 ¢ i < dim(R)) and gS(I/xR) = qS(I).

(4) If A(f) =1, then £ is h-positive if and only if
£(0) < £(1) < ... < £(m - 1) < f(m) with m = m(f). If R =

5
klle®, €8, 27, 2971, then 2 3 ‘

] = -
G(R)(t) 1 + 3t t° + t° + t°.

Hence G(R) is not h-positive.



The following proposition follows easily from Proposition 1

and Definition 3.

. _ _ _ m
Proposition 5. Put m(f) = m and ®f(t) = o(t) = ) n=0 ant
Then we have
gA(f) =a, +tag+ ... +a = o(1) - ¢(0) - @'(0),
- - = ] -
gg(f) = a, + 2a3 + ... + (m Dag o' (1) e(1) + 9(0),
and gs(f) - gA(f) = a; * 2a4 + ...+ (m - 2)am
= ¢'(1l) - 28(1) + 206(0) + o' (0).
In particular, if m(f) ;_1 (resp. m(f) < 2), then gs(f) =
gA(f) = 0 (resp. gs(f) = gA(f))-
Corollary 6. Assume that £ is h-positive. Then
(1) gs(f) 2 gA(f) 2 0,
gs(f) =0 <= gA(f) = 0 <> m(f) < 1,
and gg(f) = g, (f) &= m(f) ¢ 2.
Assume that f£(0) =1 and put d(f) = d, £(1) = v. Then
(2) gg(f) =1 & g (f) =1 « o (t) =1+ (v-dt -+ £2,

gg(f) = 2 & g (f) = m(f) = 2

< o (t) =1+ (v-at -+ 2t

gs(f) 3 & gA(f) =2, m(f) =3 or gA(f) = 3,

mf) =2 <> o (t) =1+ (v-dt -+ 2 + 3 or o (t) =

1+ (v - d)t + 3¢2,

(3) m(£f) < gA(f) + 1. The equality holds if and only if

g_(t) =1+ (v -4at + t2 + ... +t"™, m=m(f), and in this
f




case, we have el(f) = (v-4d) +m(m+ 1)/2 -1, ei(f)

(T:i) (2 £icd anda g.(f) = (7).

Corollary 7. 1If A 1is a Cohen-Macaulay homogeneous integral

domain over a field with gS(A) = 1, then A 1is Gorenstein.

Example 8. (1) (Cf. [9].) pPut A = k[X, v, z, Wl/(Xz, xW,
YW) and B = k[X, Y, 2z, W1/ (XYZ, XW, YW, ZW). Then A is
Cohen-Macaulay, B 1is not Cohen-Macaulay and F(A, t) = F(B, t)
= (1 + 2t)/(1 - t)2. Hence g = Py, =95 =9, = 0 for both
A and B.

(2) Let A be an artinian homogeneous algebra over a field
k. Then g_(A) = 0 if and only if A ¥ k[X, ..., X, 1/(x), ...,
X. )%, Vv = emb(A). gS(A) =1 if and only if A = A, ® Aq @vAZ,
A2 = k. Hence to give such an A 1is equivalent to give a

symmetric bilinear form on a finite dimensional k-vector space

~ 3
V = A;. Therefore A = k[Xl, ey XV]/((Xl, ceer X)) T XX

173
(1 #3), .2 —a.x2 (1 <i<r), X2 (r<3 <v)) with a
v i%r = Ry = i
€ k and r = emb(A) - r(A) + 1. A is Gorenstein < A =
- 3 . . 2 2 .
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<v)). If k is algebraically closed, then we may assume that

Let f Dbe a polynomial function. Then Ff(t) = F(A, t)

for some homogeneous algebra A over a field if and only if




(£(0), £(1), ...) 1is an M-vector in the sense of Stanley [9],

ie., £(0) =1 and 0 £ f(n + 1) < £(m ™ for all n 21

(for the notation m<n>, see [9]). In this case if 1 ¢ f(n) < n
for some n, then f(m + 1) < f£(m) for all m 2 n. (In faét,
m<n> =m if 1 g¢m g n.)

Proposition 9 (cf. [3], [6]). Let A Dbe a one-dimensional
homogenéous algebra over a field k which satisfies the following
condition

(*) H(A, n) < e(p) for all n ¢ n(A).

Then
(1) m(a) ge(d) -1, m@A) gp, (A) + 1,
029 (&) gp (A) < (e(A)z' 1),
and p,(A) = g(a) - e(A) + 1 £g(d).
(2) g(a) =0 <= g(A) =p_ (A) <> e(d) =1 < m@A) =0

< A= k[x].

(3) g(A) =1 & e(d) =2 <> A= k[x, Y]/(h) with
deg (h) = 2.

(4) py(d) =0 <= g,() =0 = m(A) < 1.

(5) pa(A) =1 < g,(0) =1 and A is h-positive

e, (t) = 1+ (v-1t+ t2, where v = emb(A).

(6) p,(B) = g,(a) <> m(d) £2 <> o,(t) =1+ (v- 1t
+ g, ()2,

(1 p ) = (BB e emb(a) £2 (iie., aTklx] or

A is a plane curve).




Proof. Put £(n) = H(A, n), e(A) = e, emb(A) = v, m(A)
=m, g(a) =g, p,(A) =p, and g,(A) = g,.
(1) If m2> e, then f(e - 1) < e by the condition (*).

Hence e - 1 2 f(e - 1) > f(n)

e for all n» 0, which is

a contradiction. Therefore m < e. Clearly, g, = e - £(1) 2 0

_1 ..
and p, = qu (e - £f(n)) 2 m - 1. For all n » 0, we have
en-g=(V)(n-1) =1+v+ I £ c1+v+ (n-2e
~ e-2 . n-1 . e-2 .
and en—g-1+2i=1f(l)+Zi=e_lf(1);1+2.l=1 (i + 1)

+ (n - e + l)e =en - e(e - 1)/2 (note that if 1 < e, then

f(i) 21 + 1). Hence P, - 9 =g=-20 +v+1>0 and g <

e . e-11
(2),1.e., paé<2).
0 =

S—r
1
—
J
Q
n
—
(0]
i
N
il
3
"
c
L=l
H
o
I
—
+
o+

A = k[X, Y]/(h) with deg(h) = 2 = e = 2.

(4) p, =0 = g,=0 = f(l) =e = mgcl = f(n)
=e forall nz21 = p, = 0.
(6) Assume that m 2 3. Then f£f(2) <e and en - g =1 +

£(1) + £(2) +Z?;%f(i) <l1+v+e+ (n-3)e forall ny 0.

Therefore P, -9 =9- 2¢ + v + 1 > 0. Conversely, if m g 2,
_ m-1 _ _ _ _
then p_ = ) n=1 (e f(n)) = e vV =g,-
(5) pa=1 = 1=pa.;gA_z_1 (by (1) and (4)) =
P, =9, =1 = o (t) =1+ (v-1t=+t’ (by (6) =

g, = 1 and £ is h-positive = m £ 9y * 1 = 2 (by Corollary

6) = pa=g4=1 (by (6)).



(7) Assume that v > 3. Then, for all n» 0, we have

2
2

as in (1). Hence p, < (e;l). Conversely, assume that v = 2.

n-1

£(i) + Z i=e-1

en - g>1+3+]%. £(i) 2 en - e(e - 1)/2 + 1

Then for all n < e, we have n + 1 > f(n) 2 n + 1, i.e., £f(n)

= n + 1. Therefore Qf(t) =1+t + ... + te—1 and it is easy

to see that A = k[X, Y]/(h) with deg(h) 0.E.D.

n
()

Remark. The condition (*) in Proposition 9 is satisfied if

either A 1is h-positive or A = G(R) for a one-dimensional

Cohen-Macaulay local ring.

Let A be a homogeneous algebra over a field k. We say
that A 1is numerically Cohen-Macaulay (resp. numerically
Gorenstein) if F(A, t) = F(B, t) for some Cohen-Macaulay
(resp. Gorenstein) homogeneous k-algebra B. We say that A

is numerically a complete intersection of type (bl, ceey br),

. _ r b.-1 _
b, 22 1if ¢,(t) = i=1 (1 +t+ ...+ t71 7). Put ¢A(t) =
T=0 antn with m = m(A). Then A 1is numerically Cohen-

Mcaulay if and only if (ao, Ayr eeey am) is an M-vector.

If A 1is numerically Gorenstein, then QA(t) is symmetric,

i.e., a; =a _;, 0<isgm (or equivalently, F(A, £y -
(-1 PB e, +), d = aima)) (cf. [9]). Note that A is
a hypersurface of degree e 2 2 < 0, (t) =1 + t + ... + £&71

= A 1is numerically Cohen-Macaulay and emb(A) = dim(a) + 1.

Example 10. (1) Let A Dbe a hypersurface of degree e



. . _ - = €
with dim(a) = d and emb(A) = v. Then e, (&) = (;$,), g,

=e -2, g_(A) = (e?), g(a) =<$) and p,(A) = (e;l)'

(2) Let A Dbe numerically a complete intersection of type

_TTr _ r _
(bl’ ceoy br). Then e(A) = i=1 bi’ m(A) = i-1 bi r

and g (a) = e(nr) (m(A) - 2)/2 + 1.

Proposition 11. Let A Dbe a numerically Cohen-Macaulay

homogeneous algebra over a field with dim(A) = d 2 1. Then

= 2

a hypersurface.

gS(A) < <%(A)_¥), and the equality holds if and only if A is

Proof. We may assume that A 1is Cohen-Macaulay. Take an
A-regular sequence Xyreeor X531 in A1 assuming that the base
field is an infinite field. Then applying Proposition 9 to B

= A/(xl,...,xd_l), we get the assertion. Q.E.D.

The following proposition can be proved easily by using

Proposition 5 and Corollary 6. So we omit the routine proof.

Proposition 12. Let A be a Gorenstein homogeneous algebra

over a field which is not a polynomial ring, and put dim(a) =

d 21, emb(d) = v, e(A) = e. Then

(0) gs(A) =0 <= g,(d) =0 = A is a quadric hyper-
surface.

(1) gs(A) =1 = gA(A) =1 = gs(A) = gA(A) z 1




&> 0, (L) = 1+ (v-dt + £2 <> reg(a) = 2.

(2) gS(A) is not equal to two.

(3) gs(A) =3 <= gA(A) = 2 <> A is a quartic hyper-
surface. |

(4) gS(A) = 4 & gA(A) =3, e(A) =6 <> A 1ia a complete
intersection of type (2, 3).

(5) g (A) =5 € g,(d) =4, e(dr) =8 < A is numeri-

cally a complete intersection of type (2, 2, 2).

(6) gs(A) = 6 < A 1is a quintic hypersurface or @A(t) =

1 + 4t + 4t2 + t3.

2 3

(7) gs(A) 7 = QA(t) 1 + 5t + 5t° + t~.

n
"

(8) g (B) =8 <> 8,(t) = 1+ 6t + 68" + t,
(9) gs(A) = 9 < A 1is a complete intersection of type
(2, 4) or o (t) =1+ 7t + 7t° + £,

(10) gS(A) = 10 < A 1is a hypersurface of degree 6,

a complete intersection of type (3, 3) or QA(t) =1 + 8t +
8t2 + t3.

(1) gS(A) = gA(A) + 1 <> reg(d) =3 = v=¢/2+d-1

gs(A) =e/2 +1 <= gA(A) = e/2 @A(t) =1+ (v -4t

+ (Vv - d)t2 + t3.

(2)!' gs(A) = gA(A) + 2 does not hold.

(3)' gS(A) = gA(A) + 3 < A is a quintic hypersurface.

(4)' gS(A) = gA(A) + 4 <> A 1is a complete intersection of

type (2, 4) or (3, 3).

(Note that if A 1is a Cohen-Macaulay homogeneous algebra over




a field, then m(A) = reg(a) := min{n | [H;(A)]j =0 if i+ 3

>n}, P=A, (cf. [4]D).)

+

Remark. If A is Gorenstein, then gA(A) = 3 if and only
if A 1is a quintic hypersurface or a complete intersection of

type (2, 3).

Example 13. (1) Let C be a non-hyperelliptic smooth
projective curve of genus g 2 3 and let A = QQnZO HO(C, Gb(nK))
be its canonical ring. Then A 1is a two-dimensional Gorenstein
normal homogeneous domain with reg(A) = 3, emb(A) =g, e(A)
=29 - 2, gS(A) = g and gA(A) =g - 1.

g2a*l 3271 Then G(R) is a one-

(2) Put R = k[[t°3,

dimensional Gorenstein algebra with @G(R)(t) =1+ (a-1)t +

(a- 1t? + £, reg(G(R)) =3, emb(R) = a, e(R) = 2a, g (R

= a + 1 and gA(R) = a.
(3) put R = k(e 71, 2L 1 gr ¢ (e - 1)/2.

Then G(R) is a Cohen-Macaulay algebra with reg(G(R)) = 2,

bom (t) =1+ (e-x -1t rt? and §_(R) = g (R) = g, (R)

= r. R 1is Gorenstein <> G(R) 1is Gorenstein <> r =1

(i.e., R® = k[, &1, ..,e2%79).

2a+1 2a+2 3a 4a+l
, t , 1]

(4) Put R = kllt T , a> 2. Then

R is Gorenstein, G(R) is Cohen-Macaulay and is not Gorenstein,
_ 2 3 -
reg(G(R)) = 3, ©@g(g)(t) = 1 +at + (a- 1)t" + t7, Jgg(R) =

g (R) = a+ 1, gp(R) = a.

& FToeosrssosossmsasmamameS_esssssyrmm s T
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Appendix. Superficial elements in graded rings and local
rings.

A_  be a homogeneous algebra and M = &

nx0 "'n M

Let A = nez My

a graded A-module.

Definition A.l. We say that a € A is a superficial element

1
on M (or an M-superficial element) if (0 : a)M f\Mn =0

for all n P 0.

Proposition A.2. (1) Assume that A 1is noetherian and M
is finitely generated. Then a € A1 is M-superficial if and
only if the sequence 0 —> M(—l)'—E» ﬁ ——+(M/aM)N<—+ 0 1is
exact on Proj(a).

(2) Assume that H(M, n) is a polynomial function. Then

a e A1 is M-superficial if and only if H(M/aM, n) 1is a
polynomial function and PM/aM(t) = PM(t) - PM(t - 1). In this
case, if d(M) 2 1, then d(M/aM) = d(M) - 1, ei(M/aM) = ei(M)
(0 g1 <dM)) and gS(M/aM) = gS(M).

Proposition A.3. Assume that A is noetherian, M is
finitely generated, A0 = R and R/m 1is an infinite field for
any m € Max(R). If v, (1 ¢1 g r) 1is a proper R-submodule

of A then there exists an M-superficial element a such

1 14
that a ¢ V. (1 £isgr).




Definition A.4. We say that ayr---sa, € Al is an M-

superficial sequence if a is M/(al,...,ai)M-superficial,

i+l

0 21 <r.

Proposition A.5. Assume that A 1is noetherian, R = AO is
an artinian local ring and M 1is finitely generated with
dim(M) = d. If XyreeerXy is an M-superficial sequence, then
B = R[xl,...,xd] is a minimal M-reduction of A in the sense

of [5].

Definition A.6. Let R be a noetherian local ring, I an
ideal of R and M a finitely generated R-module. Then we

say that a € I is an M-superficial element with respect to

n+1M

*
if a € 1/1° is superficial on G(I, M) =& 1"M/1

.

nx0

Proposition A.7. a € I 1is M-superficial with respect to

= 3¢, Vno>c, 1™ = (1™lu . a)y 0 1°M

n, _ n+l. . _ . n
= (0 : a)M NIM=0 and (I M : a)M = (0 : a)M + I'M

for all n>» 0. If a is M-reqgular, then these conditions

n+1M :a),, = 1™ for

are also equivalent to the condition (I M

all n P 0.
Corollary A.8. (1) If a € I 1is M-superficial with

respect to I, then [G(I, M)/a*c(1, W] = [c(1, M/aM)]n for

all n » 0.



(2) Ayree-ray

<—-——‘>
def.
<= 2, is

M-superficial sequence with respect
a,* G(I, M)-superficial sequence

M/(al,...,ai)M-superficial with respect to

Assume that the residue field of R

Proposition A.9.

infinite and M

If 2(M/IM) < =

is a Cohen-Macaulay module with dim(M)
then there is an M-regular, M-superficial

with respect to such that

sequence al,...,ad

(In particular,

ay €1 -m
R/(al,...,ad_l), N = M/(al,...,ad_l)M,

is a Cohen-Macaulay S-module with

J = I/(al,...,ad_l), then N

dim(N) = 1 and

gs(Jr N) = Pa(Jr N) .
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CANONICAL IDEALS OF COHEN-MACAULAY PARTIALLY ORDERED SETS *)

Takayuki Hibi

Department of Mathematics
Faculty of Science
Nagoya University

Chikusa-ku, Nagoya 464, Japan

Summary. The concept of canonical ideals of
Cohen-Macaulay posets (partially ordered sets) is
presented.. A fundamental problem is to classify all
Cohen-Macaulay posets which possess canonical ideals.
By way of a starting point of this classification
problem, the distributive lattices with canonical

ideals are classified.
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(A-BYU(B-A), A'B=ANB ZHCEOFZSZ
A-_%a‘ﬂ’lt;t P FEMTER DTRIBCLS, aiRd

¥) This article is a survey of the paper [H] which was submitted

to Nagoya Math. J. on the 15th December .in 1986.
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g
47 Aﬁ}./ A = R 2] (e 2 )
A, =

BHDIBEII

Theorem 1
B2 = dim 4+ |

U&V|=n, dww k[dd=d ¥ 5.



Fed Kwx L
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)= ATea Wi eay
LEDD. DL E, HERFFBICKY
AT atan g )= RT_Liwby I LA 2 € 0]
AL40y = A bk (O L, 2] (e )

LBz hbhd,
kTAJA Cohen-Macaulay ring (Gorenstein ring) Tdh 3 & =43k k
Cohen-Macaulay (Gorenstein) THd L WD,
Wionde, (333, -+~ 2 )
= Lok g a, )
R i

ﬂb*ijUﬁ&J
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(2) Y5 <plmX
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Zh»MH, simplicial complex® Cohen-Macaulaynessid topological 7 #k
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_‘75 . . M N 0,
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&7 = R0, % Y5, 3o/ (33, Ide, F2 e )

BOT. Ak EGor. THBERAFEI TRV,

¢) A=k - A ETBH. ~BMIEMEBERER Z-gradedA -nodule 23 3
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@®minimal free resolution AE X 5.
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A ®Mglobal dimensionld n D T. L ®DresolutionlA HERTL TV
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BT olppM=t LT HIE

M#c-H & Gnoty =0
rhBb. TZTMHBCH DL =,

'bmﬂf/l - = Yomk Gmt
LED D,

FE—BIC. MDA -module ¥ U T Dminimal free resolution A
G. —M-—0

THHLE. MO ALY, YmI-module (), Yuik FEL) L L TOninimal

free resolution X
Gg K(% ATY 1) — M —o
(k.(f})Aﬁé,J»gaﬁj)likozul complex ) 27453,

..... —F — = F — F— 4] o



¥ k[A](DZd-\graded A -module ¥ LT ®minimal free resolution & L.
sz rbiTIORERESI LTS, zorx A HkEkc-N ThHh
£
4 F L &or
© TP (T4)) = |
S QMF’;\\A = |
&> Olimy, Foed Phin = |
ZiwHL
P @iy = Tor (A3, A )
&0 T . .
ype (b03) = g Torl (AT, M)
4. simplicial complexd,, 4=, A3 H L T
0 — AU — Ad] — 4@1431(?) —> 0
2w Z%graded A-module & LT Mexact sequenceNdbok & T 5.
(o/,@ézmw}:%, MEO g =MD,+€t:<t0degree&f53*) oL E
s T ARIAT, M) () > T AT, M) = T R, A ) (P)
T (AT, M ) ) = o, (READ ) —

r > Z%graded moduler LT @ long exact sequence 85h 50T, %
‘6'6 ZWC'i'il'L'CJ:@exact sequence@degree—g‘@ﬁl‘ﬁ}ﬁﬁ&%i’(’bexact
sequencell W % .

B 5> T Fndp Fuoy FndF % . generator DdegreeX CIRADTH R Z M
.EBROBDB WKL RD.,

d) —BICM2ARER Zi\graded A -module L3 BHL E,
FM, A= 2 (olimgMa) D8
AEZ
Y& %_. M®@Poincaré series Wd. (EEULX= (A, A\ »
A= 6% o =>% - X
cors. Tz MiconThoz L KABRTV S,



Theorem 3 (Hochster’s formula)

\_:(Tﬁﬁ‘AeﬁtAl fA/MA>l X
= F (i s (0017 Ny
EEL
de=A4ccaloevy |
Thicky., FEMICRENDAIBZRTTHEH. BEALEEKO>VWTLT
LHbEHETEH5DI TRV,

e) Simplicial complexdIZ# U.
corev := {2V | almald =4
core] i = Aopre v
rE%ET . ok,
T4 =BT CoredaT [X | XeV— Core N ]
BROT. A OXRBYOHEBRIORATHRETE VW I L ILR S,
Xx €V 3 3LE,. k[d)ODnininal free resolution
s R - F.— Fo ~~—7’//<[41‘7——>0
% x Tlocalized hif. exact sequence
| YO Ve = R e N TR g
FEOHh 3. ZDexact sequence®D . x BT Bdegree O DHH 2 E X hiS
k[ AwbfD]OA/ (x) -module 2 LT (&F Ubnininal THW)
free resolution K% 5. ZORBEELKYVAXT I LIV =0 e s
hif.
D G G — LT 610
(GH FO%; % o B § Bdegrees [0 #4) v k[ nkf)] 0
A/ (A,-Ji,) -module & LT ®Dfree resolution A%¥dh 3.
x € coreVICH L. ] @maximal face C=94,~4fTry xtsb 0%
ry.
-~ = éh —_ - ﬁé’/ — ko »——7-&{(%@)]‘9@
¥ EDXIILTHHI B ree resolution L Fhif. complex Gk
k Tnkg6D @ k[X\Z&0 ] -module ¥ LT Dminimal free resolution % i1




rrican. zzelkio=4'noc. xTIAOIpuininal free
resolutionid. k2 &g @ v )Y gq",éwli o A B % BBV
H?) I & BKoszul complex. #o TH J ok L.
Gy @ K;(g;ﬁﬁﬂjfvj)

re<dZ20Tx=xtFhif.

gard ,Fo €™ A DTy, o=
—F#. x ¢coreVe T hIE. ’

=y > 2 H, Hp —> [ COr€L] —> O

% k [Corea] @ k[ (M€ 7V} module & LT ®minimal free resolution & F
hiE. Zhick [X |2 &coreWfr tensor L= b @ A k [47 = kawedJX 240

minimal free resolution "M T. x=x23 %k

M oVgez™) A ST, = d =0

feoT. HiCh HGor. TH 2L T HIE. rankE, y=1%2DT.
P = AbO o=, o, 00 ) m~=j4 & CereV”
0 >, & Core V'
f) Gorenstein complexiCDWT., ROEBHIADHTWVWS,
Theorem 4
d=cored D&, WD 3FHITFAM.
(1) A%k EGor.

(2) %oea,
A Uik 4) = { O L ol L))
QQ 7 = Gl/tm {LW&Al@)S
(s)ldl=xr¥ze=%. N
TAX ) =1C 1 <
/*L,(X/ {/é . '::dt
4 EX H\(X/X’P:‘2>: f&' ~ <
v | e A= gl

( e) T@HAFEZ L LHochster’s formulall &Y. LOERD (1) =
(2) Bbhd.)
x,€VIC* L. A-module Dhomomorphism



A o T
DKernellk
'IMAUQ
Id-i-(j.'): IA/ (d/té]'v—{z;-‘,)

3

nOT . \

D — ALl)1(001,00) » 44l &ad—o  ($)

LW Sexact sequence D h 3. ZhH D% Hh % long exact sequence I

XY,

Tov o BTt 11, M) (0, 2,71, 7) — Tot o GeTT, A= T ', 1)
— Torn i, (RLAt G0, A ) (2 2,,9,750) (#k )

L\ DSexact sequenceANEF SN 3.

g) ROFZUEBETEIIRAULODVWTEITHE D,

Ve 7 Aky@ Bére | F, (k) =0

Fned @ AL0,A,--0, Tod % AC-1-51, 0)
Thdeddr. HEMD ‘

Toeax (RTLkal )T, A ) = Abn C1,- -, =1) (Y5 )
BOT. x.=xk L Texact sequence (B) ¥#Y. (K &) Ddegreeh
(0,1,—, 1) 0)%135}&5.%3&{

__%(i —_— (A/A) — ¥ /\t >0 )

LBB50T.

To\r«\/fd (’m\f_%\l] :A/“M) Sog A/’W\ (D/-I, -, )
U 7= 2> THochster’s formula 5

ﬁd-z (4"{- 320, %l ;*&) =+ 0
Ab2b. &> THUWHochster’s formulai 5

To\'me},{ (’f&[[‘\r.-;j,\,] J ) & Adn (1, -, 0)
BoTx=xeUT (R) &Y. RA) Odegrees (1,~, 1,004 %
hig,



0 — 0 — M/v«)t
— % '

L v dexact sequenceAF LN B. Ko T

'l'B\cﬂf;\l_, Hé-]_’,&b%ﬁ.)j > Aam) (Lo, 0)®>A//;V\ (=), - 2)

zze. KL = kT, IR 0 © . kw200 A -module & LT
Mminimal free resolution I kL U(2N] ® A / (x;) -module XL TD
minimal free resolution T A % tensorl 7= *)0)'(256 Ehbhrd. oT

Torw (OO UL o) M) @> A (4712 )

m:@
L7 A > TGorenstein ring Mminimal free resolution Mself dualityll &

Y.

A/a (ATt ) @> Adm (O, 1)

T xe Ly F RbS

fmr =t £ 4

LRBZLEBKRLTWS,
NEDORmBEMD X xACHUTHES L. X x B[ U connected
component IZH ih‘(wnl:f R
h\ 0{@>A(“ 0 -1, A /)
& E“\MQM—I,“/—,é,—/,- L =1)

LBz hAbhb.
h) 2D XD Tor Mlong exact sequence ¥ UL HAXT. F,y\‘d%@%ﬁEﬁé

CLATEELRVWHEIDEXTHEDN. HDFYVYSIFEL WHhRWVWESTT. 5F
WHEEI DS ED. BIATWEEEEVWEREWE T,




ﬁ

B ok KO FM X « B F

CRERAEERBEOXTH CHELELEENOHE &
Gabriel [5] T & % . Fh >, 2k, Quiver, 2 &
o322 HEBIR Z IR E->ThRIH, i [1]
BV TEFOHRBDEBREILET Hh . [1] & BT % & H

A NA elegant 2 & O THEHKZEL, —F% 2 BEBED T 5 .
ZomMETE, g F2xEAEC2THREZTHAI
P2 E, TEHSULCODVTHRARN, RDOS8T2HRERE % T
ROoOFXMHME2EIOCRHN 2R LT Quiver ( X WE, Graph) &
DLV T Em/ITROMB LN EY, BEKOS T2 RIE
ABEDLII>IWUWBEBRRORBHERIEHBIW LD E2BR3HT 3.

g§ 1. 2 XR¥E R
EHM R KO DPDDERETE B G N I .
DEFINITIONS

1)y zMiporEr ¢ @

_ n 2
XXy ) = 2 Xt T g s n®i XX
(a. . €zZz )XWV 2 UTW 3 & %, integralé W b h % .

2) z(n)9 x=(x1,---,xn)7’ﬁgositivetli,
x#0 »H D gxigo Ci=1, ,n)
DEEBLL, x>0 EET . B, x, €z M o wn
T, X-x'">200 & &, x>x’& E®H % .

3) Z (n)_I:CD integral guadratic form q & 2 W T ,
g positive definite& &,

q(x)>0 for 0# V x€ 7 (n);

agb positive semi-definite& & ,

a(x)Z 0 for VvV x& 7 (”);

— 100 —



{1, ,n} PH A OE A E LU,
1S i<jSEn &>2W T,
a. . <0 1 itj’é—aijjia)solid edgesT & U ,

a. >0 o ik j% aijiwdotted edgesT #H & .

1y
DO &k DR, 28 DO edges % ¥ D graph » 8
bigraph & I & . integral quadratic form » & 18§ &
h 3 bigraph I multiple edges&¥ o B, loop % & b
"W
e.g.
3
) IE‘.—Z-/----->4 %
2.4 x.2—3xx—x.x-—xx XX
i=1 i 172 273 374 2714
EXR WU T W 3
@ 8
| @ Dynkin
!l — 2 - 3 — 4 — 5 — 6 — 17

graph E8 T L ® EXAMPLE 2 5 2 T v 3%

5) Z (n)J:OJ positive semi-definite integral
quadratic form q & o> W T,

{xez (M), alx) = 0} = rad q (say)
c;tz(")@%liﬁ}ﬁllﬁ%’ Zh B g @O radical, rad g
D 5t % radical vector & W W, | rad q ® rank %
g ® radical rank Cor corank) & b 5

rad q S z(n)(DETtBﬂ
X, y€rad q & 9 3% &,
a(x+y) + aq(x-y) = 0
2 Z T, q X positive semi-definite % ® T ,
g(x+y), alx-y)= 0.

g(x+y) = 0 = q(x-y)
6) Z(n)a(xl,u-,xn) 2 TOo x'¢0 D & T,
sincere & © bhH h 3
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2 ERRCEAT 22 2>2HOHERR

THEOREM 2 (Ovsienko [81)

critical integral quadratic form X , radical
rank 1 € positive semi-definite, » D sincere
positive radical vector 2 ¥ 2o » , & % W & n = 2 T
» %

2 Z T, n=2 OBAE2KXER
_ 2 2 _
Q(xl, x2) = Xy tox, 2x %,

it critical T & 3

¥ W&, integral quadratic form:
1) = T oy X0 P 2 g iays o PigXiX
WEWT, 2 T0 a..=0 (1=2i<j=n) & 1K ¥ 35 &,

g WX ¥ 3 graph G & solid edges O & & B2 3%
T & &, g ®# graph G @ gquadratic form & W W,

qG T xRT .

- X

& -

THEOREM 4 (Gabriel [5], Dlab-Ringel [3]1)

connected graph G @O quadratic form qG i,

positive definite » critical » X W& indefinite T
» v,

qG B positive definite - G @ Dynkin graph

qG M critical ) G & Euclidean graph
B,

qG M positive definite %2 & , 3 unique maximal
root of qG,

qG M critical % &, 3 unique minimal positive

radical vector of g%

a% % indefinite &, 3 x > 0 with g%(x) < 0
WH YT 3
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g M weakly positive & &,

q(x)>0 for any positive x& z(n);
g M critical & &,
g W& weakly positive T & & v &,

i def
9 (x

)
BN L T weakly positive
EF h FhE&iIT 3

1) z Cn) >
root & W, a(x)

n o Ix

1 &9 %

B integral quadratic

= q(xl’".’xi-l’o’xi'kl’.""x)

EHNOBLLNE, OB AS ZIEERDT,

THEOREM 1 (Ovsienko [81])

n

form q @

X = (xl,"~,xn) < 7z n) M weakly positive =

integral quadratic form @ positive
x; =6 Ci=1, ,n).

OB EWVWTEB ELWL DS HERER
EXAMPLE

root

i

a(x) %2 7 (S)L @ integral quadratic

B 8 2 6
a(x) = Z 2, X, T2y XiXis

1

e, %

Z %

form T,

- X3X8

3% 2 ¢, q W3 positive definite ( if » T, weakly

positive) T,

X = (2,4,6,5,4,3,2,3)62(8)
W q @ positive root T & % . B w

-
) (&

unique maximal positive root & & > T W 3

integral quadratic forms @ % ¥ ,

5 %

hid a O

Vol oE O® 1

‘O FH, BREHEHAODIEHOELD W, integral quad-
ratic form WX U T, graph %2 X & & & %

- n 2
a(x) = Z ,_, x;° + Z ¢

% U T, sraph B X DO & 5 & E B 3

i<js
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Dynkin graphs& % @ quadratic forms®d unique
maximal positive roots, M U Euclidean graphsé& % @
quadratic forms® unique minimal positive radical
vectors® LI T &&HE WL T H L

A | — 1 — — 1
D b~ 2 1
n l/
|
E g | — 2 — 3 — 2 — 1
2
E , 9 — 3 — § — 3 — 2 — |

3

2—4—6—5— 4 —3 —2

DO ¥ F Eunique maximal positive root®d
g exiEd 5/l 5 T d 3

E

l—2 —3 —4 —3— 2—1
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3

ES 2—4 —6—5—4— 3 — 2 — 1
Z JHE & O F W S5 E Wdunigue minimal positive
radical vector® K % » F ¥ .

§ 2. Quivers

Carrow) 0)%%01 &2 o0 EF B s, e: 0, =0, » > K 3
H O T, %a(—_‘Ql X U T, sCa)did ¥ s, e(a)ld B 5

O h, xzs(a ), yre(a )D& X, x > y ¥ & H A
3 .

HTCZ%i%quiverCi%’CQO&UQI B EREAT
»d 3 b O & T 3 .

p a t h ! quiver Q@ B W T, THHAx» 6y~ D E
X 421D path& &, (xlal,"',atly)tL‘ﬁﬁé@@@'@,
e(ai)=s(ai+l), 1s i=sl-12 % - U, x7b§a1 D oE .,y
iﬁ‘al DB EER->STWV S, i.e.

o & 9 ey
x——-—éo———)o...o—-}y

£ T HAxlZ 20 T, xH» b6 xN O K 0D path® (x1x)T
B, 3 H A2V T, xH» 6 x~ D E X H1
path® cyclic pathé& W 5

o # <
S
SQ

qui
) Z 3
v, 5 %

AD guiver =0, *% £ » 3

5 D I
% RA 2 THRBEEHKKETERRK
2 7T

RBACLH LT, RO & 5K

&F
S 6 W
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G, BAO B X ¥ 3 H Mm% xT05Re%{e, e

. 2 _ o 3
d:mKeJJ'ei/eJ.J’ e ;=N D & E, le_zbh’CIE)ﬁ

i» s inn kDR EI L. z 2T, JT=Rad A CAD

radical) T & % .

Quiver» » % st & ~ O X IS

Fww, 5z 6 h kauiver 0H» & % Tt B K[QL]IR2 K O &
S KT 3

K[Ql e 3 3 %52 &£ T ® pathsk® H K & 7 %3 KE O

Ry p AL ZEEMT, EEOMRLK

(\!‘laly""amlx)(ylﬁl""’/} nIZ)

= (w'aly'"’am’ﬁ1’"'9Bn|z) if o x=y

0 C(otherwise)

R EDH B EWRX LYV TEZ (Zxx) BT B %5 .

H 2 path algebra & W 35
COBIUBKEERZXT EWEER &R VB, QZcyclic

path?d 2 W & %, 2 F 0 & 2Ry, K[WIWT H B K <

& B . :(Dt%?,Exeao(xlx)bﬁk[l;l]@.ﬁﬁfc,

£y

{(xlx);‘xéﬂo}be[Q]O)lEi?‘%E#é‘m%io)%é;’éc‘:
o> T W % .

X T, 2B EaquiverE OB oxd B2 RN, K
ER R, EAMHMRIEAREZEXTED D % quiverd 4
Fl A& & UTHd>bI Xh 3 &0 ET, FhEXRib
N 3%

quiver Qi X U T,
K[elt 2 002 T O %R & > THEBETXh @M ideal
(K[QI™)" = E ¥ nll L ® 2 T ® pathsiZ & > T % M
X h 2@ Ml ideal
& B <
K~% 5t B AW, A/Rad A B KD copiesd B K & | B =
& %, basic& W bh h 3 . ¥ AR EZ TR dbasichkh » O
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CEBERBET® . (F KPR BEMBEKTREEE,
A/Rad A B KLE ® division rings @ & & B IE X h 2
hid ko uv.o )

THEOREM 5. (Gabriel [61)

REWBEBAEKEDODbasicRFRXATZRWE, 3
(— @MW XP FT 3) quiver Q& path algebra K[Q]D
ideal JW& & - T KIQI/T&x W s EER2LULTEYL, Bl

(K[e1H"Cc I (k[e1™)?2, nz 2% % & 3 R KN 3 .

2 LW, XoOoWE R EA

T, THBEXEBBY S 4 F 7N ERquiverkt T H B
El 3 3% quiver QO 2 D © T8
Hox, y X v T, ﬁﬁﬁf&ﬁﬂﬁéEwcww (wid x» & yN D
R ¥ 2 MU LE@path, ¢ & kK)® 0k @ relation& » 5 .
EEO 477 LIc(kielH2@w (M) 41 5F 70 EUT
# o H O relationslc & » TH K T h % .

wew’' (w, W I H U B A, B2 HDpaths)E b 5 F
D relationldt commutativity relation, M 1 f ©® path w
T 5 % & h %2 relationld zero relation& B & h 3% .

EXAMPLES

(1) A=

~. o & &, QAtl-—-)z—-a»-n—)n.

R 2}
=

(2) A=KIX1OD & ¥, 0, 1,:) o

X, A=KI[X1/7(Xx"™ (nz 1D & %, 0

A: l:)a with
the zero relation « N-o.

(3) A=kK[X, Y]/(XZ,YZ)(Dt ® , 0 o C IQ B

A

with a2=B2=al3a=Ba/3=0 and a B =8 a .
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§ 3. Finite dimensional algebra

BwZ&b->TdhH3 &>, Txris3Z2aridasTr
¥ EHBKEODOEBRAXRTEZEXER TD %3 &7F % . X, ®BR
wx U T, (AE) R-f0 8 ©category® Mod-RT X § Z & &
T 5 .

DEFINITION (Drozd [41)

K- T R AR 2 WV T,

(1) AB finite typed& W, ¥ H & & B B ¥ A-n # »
HRME U RV

(2) AW tame type& W&, AW finite typeT & < , &
dZ 112 2w T, Mod-K[TIH» & Mod-AN D embedding
functors FibfﬁFEﬂ'ﬂﬁEb, FE OdR ot 8 B ¥ A-m B

B, EBRBEOHE A& ERVT, » % ERHKITI-W&HXE &
5 i & = T, Fi(X)é:lnﬁﬂéfab’Cln%§

(3) A wild typer W, ¢ G gD #& % quiver
' 3 % & X, Mod-AD full subcategoryd& ‘R B HIM@E’ *%
5 %2 % exact embedding functor Mod-K[Q]—=> Mod-AM F 7
¥ 3
& %

‘: -

Th E&ET 3.

(2 o & 2, &
(3o & &, B H
cancelation® B ir
W, T E OK-%2 &

hn B B FEU T, BB K A- B

LEoDE&RWKHED £,

THEOREM 6. (Drozd [4])

KREMWBE B ELEDOZE TR WEFfinite type, tame typeX
Hwild typed W ¥ h » T d % .

X T, &2 a8 > Quiver—> 2 KX & W S5 xIE 2 20
3 R ®» Wk,
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Quiver with relations#h & Bigraphn @ Xt &

relation® D quiver QI ¥ U T higraph G2 X @
& 5 WIE B B

Gl B¢ 2 H g oo &R U

OO ExH» 6 yNODBRREHU T, GOH X x» D yn

? solid edge® 50 <

OO JHE & x» 6 yN ODrelation I8 & % & %2, 1o &\ WM

4 F 7 L & UL T DOminimal generators®d &l & (I1W &

> T — BUXRF B ) TGO HLxH» o y~dotted

edgses® 5| <

ZHh W LY, kK-Z2 X BADE X2 6 h & &, AD
qguiver QA(with or without relation)® F F © , H 1L

QAﬁ)‘Bbigraphfﬁ”ﬂ?i%@T, Z D bigraph& WIS ¥+ 2
SR BERAEANTET . ZO2RERB VDY B L0
Tits form& ML Hh TWVW %3 b DT & %

MTFTwrS§1ITEHRLVERLEALIBO:2XERXEHT T 3
ZxhR OXBRBCHITIHERRERENT 5.

T O, K-%Z R EA, F Y2 B MA-NE R
Sl’""sn&j‘%tg’ ﬁﬁﬁ?ﬁ(iA'}]ﬂﬁMllj@bf. MO)
MR H R BES OB EX T BEE, NT M
(xl,-",x )€Z(n>7’& MO dimension type& W v, dim M=

n
(xpom X DERT

THEOREM 7 (Dlab-Ringel [31)
A% hasich D connected ( i.e.Q=QA’7b5’ connected) i

hereditary K-algebra, G quiver Q¢ & ¥ & ¥ %
bigraphé& 3 3% & &,
1) AD finite type

= Gl Dynkin graph
= qAL:t positive definite
ok x, BEMBA-MBENZOWL T, din MK O
unique maximal positive roots » £, £ T o0 & XY
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- \r

A-m BE WX M®D subguotient (i.e.MD & % m B o # @ % & )

& % A
(2) AD tame type
« Gl Euclidean graph
<« qACi positive semi-definite

THEOREM 8 (Bongartz [21]1)
AD finite type®d basic,connected K-algebra©<T ,

L, P cyclic pathk & £ B L ERET 3 &, aMu

weakly positive® » 9 , & B A-mBEMNZXN ULV T,
dim M2 H o X ¥ 358 3 {(EEHA-n&#o0R ¥ &

{qAOJ positive roots}) @ M ® bijection®k 5 z2 3%

2 ®% W, critical@ 2 &XERX2HWB Z &R &Y,
DK D> REBITRO D HEDSKT 3

K-%2 T B AW, finite typeT W RV B, £ EOF T
B4 F 7 LI U TA/IN finite type&k 2 % & &,
minimal infinite type& VW h h 3

THEOREM 9 (Happel-Vossieck [71)
A% basic,connected’ K-% ;t %8 T, minimal
infinite type& U , A® Auslander-Reiten quiver®

preprojective component® @ L & IR E T+ % & , qACi
critical © & %

2 2 T, Auslander-Reiten quiver® ( connected)
component Cld , A® Auslander-Reiten translation®
T & ¥ B L X, (BT 3 K& 1 -orbitHM & F projective
A-module® & £ & ¥, preprojective& V hH h %

( Auslander-Reiten quiver, Auslander-Reiten
translationia 20w T W, [9]% &8 8B . )
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EXAMPLE <( Ovsienko& Bongartzd & B @ It A # )
AR R BB HKKED £ TEB TR Oquiverid & » T
5z o h TV 35 &ET 35

1.(—2(—3(——4(—-5(—6(—74—5,3(—9

A -

R Rt ’

Neeee e e e e == === == ==

ry
[y

€, 250 A% L zero relations® KX ¥ .
ZOAWL XL T,

‘o A 0
Hom, (A, K) A

5 K-2 xR B finite typeT & % » ¥ 5 » B WIE T B .
RD quiver QR [

pmememe e m e mm s~ e= = ==

; ';J""""""""""'\ “
[« Y« 3« <« 5« g« T« 8« 9

4 .
. Y 0
) . \ AETORE U (RPN MR
. N
AR \ A T S P R R S A
. A DD PR Y
[ O T N,
——
\

IQ*-11@-12«-13@-14+-i5«-16*-17*-18

\

r A cac e ameee am~ = ea = = mme & mm e s .. ==

with 8 zero relations and 2 commutativity relations
at 2 squares & B 0, RO 2 K KA U

R, «_ <18 2 o117 _ 9
a'(x)= 2 oy x T Do) XiXieT % =7 Yi¥iss
i # 9
EX  Xg XX gtX gX g X X gt XX FXgXyy
T5 Z2 5 h 3. T,
x=(0,0,2,4,5,6,7,5,2,

4,1,0,0,0,0,0,0,0)

[ qR(D positive rootT & % @ T, BongartzfK U
Ovsienko® E B IZ & » T, Rit finite typeT &2 b 2 & B b
» 3
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Spenproblemns

(1) Ovsienko® & ®# 1 %

=X n 2 b C . X
TCO=T X7 P2 g s Nt

=
(ai,aij‘Ez)73%22kﬁ5ﬂii?ﬁbfﬁ£5‘ﬁ'(§f£k\?ﬁ ?

(2) Z T BAM finite typeT QM cyclic pathk

FEROVARS, nk kERB R EMEA-NHOMEKE T BZYE,
Ovsienkod & B 1 12 & » T,

sup{composition length of MIMW & B % A-m & }
W wm A6nT & 3 B, ZThirtd->EBRVHAIRBRBEWEE R
w7

(3) £ H 8 XV, 2AXBAN finite type’GQAfﬁ
cyclic path®2 & =2 2 0 i, 2 CToOoEMHA-MBEEZF o0

dimension typeT ® & X h 3 », H X I O & > % 2 & B
PEHEBNG R BK D ZHEEES (G220 ~ SR QP )
finite typeT & 3 & & &, Brauer-Thrall ¥ 8 +« Roiter

D FEHEHIWKKXY DB .

] Y X

TR, 220 BYUMRBRETOREIBU2 KRER
b5, 02 KRERNWvweakly positiveT W & 3 #» ,
positive definiteT W 2 W #l 28 N 3+ % .

quiver 0% R O » O & ¢ 3

11,12& Fh F hHh Rk Orelations R+ Ry T £ K & h 3
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Koo @ @ 1 5 7 L & 9 3% & %

y
¥

&

28

g(x)@d positive definiteT & & b

o

.Bernstein, ! .N.,Gelfand, | .M. and Ponomarev,V.A.:

.Bongartz,K.: Algebras and quadratic forms,

.Drozd,Ju.A.> Tame and wild matrix problems,

<

Ry = {ra—-68, ¢ e —-%L 71, &6 - kK7

-

R2={’i’<¥"'0/3;l-€,f6‘4},
D 0% TR Ai=K[Q]/Ii(i=1,2)M EM A T, H U 2K
i

2
g(x)=2 izlxi“--x1><2-x1,\'3-><.)x4--,\'2><5--><3x£l

‘X3X6-X4X7—X5X7'X6X7+X1X4+X2X7+X3X’7

¥ o . 2D 2K ENXW
Q(z()={x5—1/2(x9+x7)}2+{x6—1/2(x3+x7)}2
. v — 2 ) 2
+{x4+1/2(xl X=X, A3)f +1/4(x1+x7)
F1/20% = 1/72Cxg+x ) 24378 (x,=xg) 7

9 , weakly positiveT & % » ,
£=(1)1y1y0v0)0;_1)
9(x)® radical vector® & » T, rad g=<r>& @ T ,

fer

Coxeter functors and Gabriel’s theorem,
Russian Math. Surveys 28,1973,17-32.

J. Londoen Math. So0c.28,1983,461-469.

.Dlab,V. and Ringel,C.M.: Indecomposable rep-

resentations of graphs and algebras, Memoir
AMS 173,1976.

Proc. of ICRA 1!, Lect. Notes in Math. Vol.
832, Springer, 1980,242-258.

.Gabriel,P.. Unzerlegbare Darstellungen 1|,

Manuscripta Math.6,1972,71-103.
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.Gabriel,P.: Auslander-Reiten sequences and rep-

resentation-finite algebras, Proc. of |CRA O
Lect. Notes in Math. Vol.831, Springer, 1880,
1-71.

.Happel,D. and Vossieck,D.: Minimal algebras of

infinite representation type with preprojec-
tive component, Manuscripta Math. 42, 1983,
221-243.

.0vsienko,S.A.: Integral weakly positive forms,

n:Schur matrix problems and quadratic forms,
Kiev, 1978, 3-1T7.

.Ringel,C.M.: Tame algebras and quadratic forms,

Lect. Notes in Math. Vol.1099, Springer, 1984

(1) o —-—rPoRNAFER’REELVLTLIS88] »o WY

. Qvsienko T 2 28 2 FEAoRHGB/BN O
B HEE NS E LWL EERLFET

w@EUuv Tt [ 8l

]

S

(2) Quiver with relations» & Bigraph~ O X & %

2 %3 8 €, relation Ix UL T, IOo@EM A F 7 L &
DO minimal generators® B B N — F W # F 3 & & X T
282 ANAVEERIETT . = @O F H
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Hensel®B O Maximal
C ohen— M acaulaydho & o> ¥ &5

HHHE - (HAEBRRFEZH)

LEOBELIE. FF [20] 0OBHTT. FLVWIEHRYEYIELELE2HAT
WEhEEEEWEERAWET,

§1. TRERTRAREZT A LD

Z2HTLBEHR . 200 KREREFIHIILE. BREPULTDHIELED
ORSEBTIRTTHS. b, TAF7IVEI & TRERI TH3. 17
FNRIAELTRBRIIBVWT., TOHERAETZ30HLT. RERIEAT
BERCLBVWTERYVEDATWS., LT, ZOYBLH:2BEXBLVI L
., JBECYHELREAERVWTRELARVWEITHS. FIAE. FEHEBER
ZiowTEAE. (ZH1I-JUKBTHE] LW ERBAF 7 VR ED
HbNTHD. —FH. COBAOERFABZLE. WHD B THERERT - XVED
EAEHE]| O L THd. TITHEBELEVWZLR. EREBRT —ANVEOE
AEBR. ZALI—JURBTHAILVWIBERLIKRERT 2L ATER
WEWSIZLTHD. ELERRARRAIT7VRIRBRALLSSLRVWRIYKEAR
THETHRAVALVWI ZLEBRLTVS., KRB, RKOXS eMEEHALLT
EIXTHED.

PIE: K EREBAEKLLT. kEDEXTBR=k (x,y)/(x%, yD) EEX
3. TOBRLOZ2TOEMARMBEERD &.

CORICHTAMYASATZINRARR2<L<HABETHS. Thidb22DET LD
MEILS2RBEYE5 232 R. E5BSTHARV. 850D, —B2
DHEDOEEBFVTEIZID.

K RLONBLREENSBO—BRIRITZ0T. EEXNRNBOSH
EEThIEAN. 22T, T'= (EMAREENRNBOAKE) LB, T
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TS

DEHHEEAT = (kDY IV-—BLzORME) U (R) 2#X3. T'RE
WKABTRWAEERBEOEENRINBEISGHIBEATHE., FLT. £4
T-THRROESREQ L 1IH1OMERD B

Pel!XiN (AU, P 'Rk EOHEER. NIAERBOEATHS. )

OB, TREROEMRCIRKRYVAShTwARL, (bhalrd. &
HERIHELR2LTHZ3ETHOI Mo E. ) ~FH. EABOREAR (CIETH
BR) OEMFRCEBEKBRLLALhEZLRDTH 3,

HL4BZhHPSTMBBLTRABEEATVWIOILEY., ETHRAREESK
HRETIBEATFZNRBHIEL D> TWVE3EI b0 ITFhEVWITRNT
H352. . EOBALDAETONRELDEITIRYLWIZLHEHABABS TR
RVWIEKBWARW, EZTCHRBLOLIBHELRMBILOVWTOARAEXZZ LN
FELWTHSD. ThTH, BEIFA 2 LrEohhvwr el 28D
RABOP LD LRIBTBELRBZZILABEITH A,

§ 2. ¥ Maximal CMINBEL D H

bk FOZRTBRA (GEAT#H) AEXb6hELE, COADEFHLIZ. KK
LUTODE&KRY : ASEnd (VI EZEX B3z Licfbbhwvw., (L. Vik E
NREDXRI NNVEMTHS., ) ChLALILEFBRAODTRR—ZIETH
SRR ESITEIDON—BERESSI D, 50L2sd. Kk 2 ERIEHRBETHEEZ
BAZOABHBEVWEVWIZLIIAE->T VWS, (MMLEXBZLLTEZBTH
A0, BWRRAEZMES LR W, ) TZTH. ~BROEAESFR%:
EZXAB0TRRLIK., fLoBANMBBRET=k[x:,..,x. J%2FEXBZ
L&D, 202, kEDERRULHETIDBOLLTE. TLEOBRK
BT, TMB8LAELELEZILHAKRSTVWR3HBDARAVWTHASD. 2h%i. R
EL&EI. BLT. BEXABARERDORFALLTR. TRELLTOE#H¢ : R
SEndi(THHERWVWTHAD. T2, TRETRIRLDDOHAHEDhEZ L
KRd. VWO O, RKOBFESELRRAEFIDZIHPHTH S,
ITHHRBREEREALRBEFR] = k2 EUIHECMBEFR!
TTRELLULTOE&R : ROEndi(TH 25X 3]
2 TREDIMEBEM Tdepth(M) =din(M)FRIZTIZDDEE X3
2 TMIER E®Maximal CMingE)
THLTHRAESZMCMBEFRRELEDMaxinal CMIIBE*EXZZLHELR
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DEEROBLEARRELTHI LYok, (ZZTHHROBICTHIELE
ZFoH. TOEEE THenselR) TERXZZ2LDBBTED. HLU. #OER
CRAEGOFEDED I CEENSBO—BMUEEEI IS THLWVW. ZOL
DI, Hensel B TH B L WIERERRL I LATE RV, )

223288 A o2V ESE-o LML, BRELEEERATEI.
MFETi. (R, m, k) HWOTLRBCMBHFET. keBdLHOLT
2.0, HEOAULkEBHOOKRYUHABTH S LIRX 3 <. EBHIC.
®(R)% R EM®Maxinal CMANBORTEELT 2. ZARORABOB AL
b LT R, ROBABRIEETH S,

ii:euuﬁﬁmiﬁﬁfbétm~euuu%in&ﬁ%%&%ﬁwﬁﬁ
HAERBLAMAREVWEEERE S .

LABORRRLOENEBRTZZLBHLTHE. ROKD LHELIKD
BEETH B,

B EH (A PO EXIREBRICHUTE(RIIARBEMN R Y5507
B (B) 526ntﬁRtﬁbf‘@mjtﬁinéﬁ%%&Mﬁwﬁﬂﬁ
LEWmEHSEEL.

CH2ODEBEILOWTEXEILTBON. ZhHhrbDEETH S

§3. MAFEWKLL->TWVWBHIOD

ﬁauﬁﬁ?,%ﬁcMEmﬁRk%mhmMumnCMMﬁwaem)
A EAACLARARERSIATRLALUREHNTHSI L VWO I LKA
to:wxa&%xu,%umﬁmebot%kﬁmmfﬁéo%nu,ﬁu
BEORBAERLEDATVEIHOTHS. BROrdeNDRREZEX DLW
criE. AEKZOBELOSFA AOBEERT B LIKELL. THL. T
D554 ADEILOWT. §2TEXLLAUCHMBREXAZILAERDS. ¥
DESHhzrA—BHLLTHEICABATWVWAO A, BEMHRWVW. LU,
St bREEA) BT ARY. Kk [26] [27] [30] KEWT, it
WhohbhTW3., TITR. TRREBREOIF T« AOBILOWT. £
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AERRBIEBETHI2E-DOBREORHE (SATF7IVRNEH) ABSHLTVWS
DTH3. (ZzT. A\R] LS SEEHFLILKCEBLTHLL. T
BMThywe, BLBETFLAZXARVWOTHS. ) THLBRBLIE. 232
IRTOEMBHROZILTHY., . Z0LOFTF 1 AOBEREK
Maximal CMIIBEOBOZILTHEIMH., LREOBXTHELIEERXZOX
FHERLAOKRNODLTEETIILAHERS. Thi, BRICERIFTLEOD N,
Greuel-Knoerrer [12] Thotf. HEORR:. BEROBLRAN
GorensteinDBAICFELER-T. BIHALTHEK D,

EHEA ([12]) :RALIRATOHE M GorensteinBDLE, KD2OD5KH#H
HABETH» 2. (RAZHWTH2Ld. BEHOOKREHAKEELRY LW 2
LRUMOBYVEET 22 LILT S, )

(i) EBRIVERRRBTH 3.

(i) Rek[x,y/(f)THB. 22T, fRERDEINREFRDODLYh»
Thbd.

(An) xn+1+y2

(D.) x" 14+ xy?

(Es) x3+y*4

(E~+) x3+xy?3

(Es) x3+ y?

CITHTEEZHRABRRELRBBOAS VIR OEMRICIRALLAH
BATVWA3DTH->T. 1RAODEMBERILFETLTWVWEIHDTHSZ. —
BRATOBEMBGREOERLERLLTEIZ S,

ZHE  AdRAOBHTER=k[x,y,22,...,2¢/(g)ABHMBEEETH B
e, g=f(x,y)+z2+...+z42 (fWEELED (A) (D) (E) o
ThhrDHFBR) tETZLEE2ED.

BAE:2RTOBMBRET. KleinBELrI3FETATWVWS., 20HEHRXK
DBEVTHS. 5. CESL(2, KIDERBHBTH 22T 5. c0kd>n
GREB/LEBRVWT. XOBROLXhdL—HT 5,

(A,) HNEGtLOXEE

- (D.) fr#¥4n-1) DB inary Dihedral Group

(Es) A1 % 24D B inary Tetrahedral Group
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(E~q) 7 48D B inary Octahedral Group

(Es) S #1200 B inary I cosahedral Group
ThoDBEKleinBrE>., 2hBOGHRSL2, DBAWLLT. 1B
BEES=k[x,y Ju#ATE. ZOHERILKS. AEXBR=S°%%ZX
3. CORDPETCEHLE2KRADBEMBRALSL —BLTWVWEIDOTH 5.

COIRBELTHZL. IRAOBAKCREILVLEZEAEBERATHRYMER
WHLWOIHIBAETL . TLhIERCEHTEEI0THS.

#HMB : RA2KTGorensteinFRL 3 5. TOLERD2ODORHBTHMET
» 5.

(i) GBRIERREABMTH 5.

(ii) RIEKleinSRETHS.

COEEDGD > (DK Herzog [13] L &Ko T, (i) = (ii) & Auslander
[2] ko THEHELIE., Auslanderid. CORBERTHICELK RO Z
LEHRLULTWVWS.

iﬂg([ﬂ):ﬁﬁ@%ﬁCMEmﬁRuanr.euuﬁﬁmiﬁﬂf
bahblif. REMIBEETH 5.

Me, BRAEREAMUTHI2EDORMEERDIIRL LT DL ELR. £
DEURIBERETCHALEELTEDRVWILEES>TVWEIDTH S,

xT. BiF. BHGorensteinTHdL ek, CHRERRAYMTHILD
ODRE+HEEIZR2CBO LT LI £

E®D : RAFZM#EGorensteinBHRBRO & Z, KD2ZM/EAETH 5.
() CE(RIZERRABMTH 3. ‘
(ii) REBLETEHZELEBRHMBREDLIDOTH S.

cOEBOGI S ()it Knoerrer [14] K& o T, () > (i) ik Buchweitz-
Greuel-Schreyer [8] IC&k> THEMWETHh L.

ZDX>GorensteinBICELEMRNIT. AMRRAMTHZLI LRI L
TH->TUEIELE-THEW., HIb, §20MBEAMRBELLEFNRLNT
Ww3. (L. BHGorensteinThRWE& ZITIK. EELHLBNWZENEZWV.)
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LAL. ME(BIK-OWTIR. 33 COFTRESMAT VRN, TREKRO
WTEIXTHED.

§ 4. Auslander-Reiten Quiverk¥ Z X &k >

ME (B) B, TERICKETIEEMNRNBEORAMEELL2BEFEHE) .
LVWHZLTHoe ZDXIRHMBEOBLIRRDESIRLZIBULHDLE
STRWEES. I, O O EBEMMaxinal CMIIEOHKE2FEH LA
BT, BELT. ThTREATOEEHMaxinal CMIFEOFEEERLTY
EHEIDEHETEILTHD. TOEXOIRER—-BRICIHIEBILEBLLLTHR
AELELTZARVEAANZEZV. LAL. ERBORFARTE. 20k 0
HARTORIEBILEYTHILEDhTWE2ER DS, ThHhH. BEOD
Auslander-Reiten QuiverTHh 3. H4 X 2 h % Maxinal CMNEDHE
B(RITEATHEI.

XKFTUYATUHDHEIN. KOEHZEELES.

EHE:EGRIOHFOESZLH ;
6 : 0o>N-S>E-"> M- 0
MAuslander-Reiten® (F /1. almost split sequence) THd L k. kD
SRUYIBRZHATVWILEERES.
(a) MHBNHBEENTH 3.
(b) oWRHBLEBEVWELR2FITHS.
(c) Xe@RI:fecHm(X,MIAEXLHERBAK. DL, I ALH2
HTRIThIE., gcHom(X, EDHREELT. f=p-glhd,
E® o A Auslander-ReitenFITH B3 L EI1Z. o W EMTHH 3 Auslander-
Reiten3l. £k, N» S5 F 5 Auslander-ReitenfITHBELHED.

AE: (WERICEENH Maxinal CMIEM (FE2EN) FEXOhEL &,
MTH#2 (EEENHMSHFE3) Auslander-ReitenFI R AT LI EET B L
WERELsRWw, UAHAL, BEETIRBAKCR—BNTHI2Z2LAAB6HATWS,
(DKL, MTH# 3 Auslander-Reitend| o AEET AL 1. EEHNME
NIMIKE->T., —BOKHRS. TOXIRLEIL. N=cMEeEL. (¢
% Auslander-ReitenZERFLBETHh 2L dH 5. )
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—BORBRFELOEEH Maxinal CMMEMICDWVWTHR., ETAEELEX
. MT# 3 Auslander-Reitend|[ R ELELRVWHIB LAARWVW. WD b,
Auslander-ReitenFI AEET 22D 0LHEAMEHAhTWS,

EHE ([3]) : RERABFRRIKOS2VWT. XO3E£BERAMETH 3.

(a) RRAUBRERTH 3.

() FEHROEEM Maxinal CMINFEM (£R) KHLT. MTHKS
Auslander-ReitendI A EET 5.

() HEOEHEMMaxinal CMIIBEN (K. HUKEROEEME) 10X
LT. N2H% %2 Auslander-ReitenfIHNEET 3.

BIL, tK2VWTHRKRODFEDHBDSTWS,

FEF ([23]) :RAMAUBERETHILE, BKROXTEALN S,
EE#HMaximal CMIIEM (XRIWCH LU T,

T (M)= (Syzitr(M)) Vv
22T, Syz'l3dZBHODOYYY— (d=din(R)) &, VIIEEMBKICL?
BHEBLTWS., £, trMIBROEIDICLT. BEXhH 3B,

Fi=2' Feg»M-20

AMOEHBEDPBOBRIAD2OTHILTHLE, THhORICEZIBHER- T
BOh3%2%; 0OM'9F*SF " tr (M2 0K KXo Ttr(MMIEHX

h3.

HbI—DOXRFTYVOEHR:R2LEXD.

E#E M. NCEBRILEBEnILODWT., Home (M, N)DEHMEE4 (M, N),
PROIIICEHT 5.
(M,N),= {f € Homr(M,N) | X, € B(R) (0SisSn)k
g:€ Home (X .1, XD DBEEL T,
(i) Xo=M. X,=
(ii) f=go Bo-1""""81
(ii) Heg. BRR2HE®EFEET)
ZZT. REAB g : XY ARKEOEXETLERROZILTH S,
*) X:Y:(2ZFhFHhEEMNSBLT. X=0.X,. Y=0, Y, L&#L. C
DL, g=(g, NDrEBEXHFTZLHATESZ. BL. g, X, 2Y,T
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Hr. cOLE. FOg HANEHTERW.
HEILEoT. M, N, Home (M, N\DORBHMBTH Y. (M, N)o=
Homg (M, N)T» 3. REESMBFEDS ;

(M, N)oD(M,N); D(M,N)2D...D(M,N),D...
AESHh3., £, MENAHKEENTH L EE. (M, N);BEMABLN
ADHLBLEVWVHANOLA2KTHI I LEERLTHII. Tk, BRI K-
T. mM,N)2.C(M,N)os1 2222 LDHHELITHBI. K. £EDOn K
SWT. (M, N)o/ (M, N) s 1 B kR MNVEBETHE. EZIT. ROKI®R
BErEXXD.

irr(M, N)=dimx (M, N);/(M, N),

COEO>hEHEFLELE, —BRALUTROXIBRILAFEWTES.

BEG: 0: 0ON->E->M-0 #Auslander-ReitenFITHE L E. £ED
EEHMaxinal CMIBLIKOWT., KOFAFRIALT 3.
irr(L,M)=irr(N, L)
= BMEFLULTEKEZTHLBLOEH

xT. Wtk Auslander-Reiten QuiverDEHEE2BR A &K I,

% : R®Auslander-Reiten QuiverTRKRDKI K LTEEZh 5 Ik
HEOERATSI7THS. £F. TOELEEE. RLOEEMNMaxinal C
MilBoREELAB»ORS. TO2EHE [M] £ [Nl kKD>wWT. L. n
=irr(M, NDAETH B L&k, [M]I 25 [N]J KA nADKA %S5
<. Flie. t(M)=NZFER(N)=MTH2r&Eic. [M] & [N] 28k
TRIDODTH 5.

RADNTEEETHA L =1k, EHEIW X > T. Auslander-Reitendl &
WOTHHEETS. HEGIKEHIE., 0 : 0SON>E=0QE, >M->0#H
Auslander-Reiten® D & %12k, Auslander-Reiten Quiver X BBiMICK
DEIRTS21LRBILHhANDBTHSS.
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[E.]
Wwhif Auslander-Reiten Quiverlk., Auslander-ReitenFIA Y DK I WLE
ELTWah2BULRIISI7THS.
RALIRARVZ2RADBEHMGRATH S L EICIE. £D Auslander-
Reiten Quiver2 < 2 HATE. TOEBHNLRBRIRICRTEYVTH 5.

BH: (I) 1KRGEOBEMGREDAuslander-Reiten Quiver (HL. HF
BEFPOHESEILHETIAEENMCMIROEREELSRDLTWS, )
Ang!‘! (nlif&ﬂ) H

AB (nBEH) : |

1
a8
1
(RI@2z2222...22 !
I_\I l’l 1 1 l’_\\\l §
D.® (nixE%) ; %
(R) 1 ‘
N~ |
352535 vao3 '
I /| !
% |><>< I><I 2
| | | ' 1
[ W \y \ 1/ \
[ 3945935 --->24-53
?l/ Y,
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.
b

D.® (n i3 &H)

.
b

Ee¢Hl

E-®;

4---2

EsH ;
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(I I) Klein¥ R 5 ® Auslander-Reiten Quiver (FEHEADHFRXHET
ZEMEMMaxinal CMNMBOEHEERZLTWS. )

A, K
/ N \
1zlele..ealrziel
l/ 3 O, \! I/ :l I/_\I l/_\l |/_\I
D.®¥;
(R) 1
AN Z
k/zaza 2222\0
1 = 1:_\| 0:_) |’-\ (_\l \ 1
Es#¥ ;
(R)
N
2
N
122232221
I/ \I I/ :I I/_:I I/_\! 1 » 1
E-®;
2
N
(R)e223z24232221
I/ \I ll_\l Ii_\l (:I (_)l I:_\I
E.® ;
3
N
(Ry22a3az2425262422
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AE: 2KTDBEHMBRERSE (KleinRE) OBA 1. Auslander-Reiten
QuiverB M GET 23EHEBBOTYANAL - TS5 7L —HLTWBZLHAHHAT
W3, B, LOTJSTITHEDEHFE. TOBOENRTORE L —HL
Tt‘éu

2D, 1 KRABRV2KRTDBEHIGER ED Auslander-Reiten Quiver
EMLLATEE, BRADBAIKKKEK. ROEFHAICE-T. 1KAFTER2
REDBEICREBEESLHLTLUEO>IDTH 3.

FHI (Vx—-F0BAHMEER [14] ) RABBEES/(£)TH3LT 5. @
U. SBkLEOEEAXNTEHR. TESOFERLTHSE. ZOLLE, HELE
R¥2RTCEHT 5.

R¥=S Ly IJ/¢(f+y?2
TBHL. ROZLAWRIELT 3.
(DRAERRAUTHIILLR*PERRABTHI I LERAMBETH 5.
(i) R®M Auslander-Reiten Quiver2 R¥* D ZhE—HLTwWw3,
Bil. RIBERADBEMGRETH S L ZICIEROD Auslander-Reiten
Quiver 2R FTDBADZh. RAFERADEMBRETH I 1k
1RTOBAEDERE—H LT W3,

§ 5. Auslander-Reiten QuiveriZ{OB{ICZD D H

Auslander-Reiten Quiver®* Z 2235 AKD%HAHE. £OMEBE(BIDRAE M
HIBEBLIhBZLILES.,. EXMARETHAEIRICRTDHDOTH S.

EHJ ([17]) :R2MMEERE. T2 RDAuslander-Reiten Quiverk
3. BIL. T°2TOVS 7L LTOHEERSPDLIHDLTZ. 2DLE,. D
LT°OZEKKCHETI2NBORE (23 EHE) bILELBRABBLER
$5. §2L. T=T°THoT. TRARIFIITRSTREDB RV, B
COLERRBREFBRBAYTH 3.

COERBILI->TRAERRAYUTH 2L 2. HEBIOREIZLR
TROLIDZZ LD S, I, RABMLT 5.
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BK:BBLACEEODLTEKTAERITIS 7THEILERTS. 20
L% T=T°CThad. 1. REOEEH Maxinal CMNMPWET°OHEEIL
HIETI2NMBERTL2BRZEZAhTWVWS,

CORDEAEMERATEXTAKD,

HIL: SEBOMEHERAS =k [x,y,z J02ROROXx—EHHFRR =
k[x2% xy,y2,vyz,2z2, 2zx 1%%ZX&d. RESRAZDCMBETH-> T
GorensteinTiRABAWVWZI 2L 2ABULTEL. REOEEMHMaxinal CMIMFE %
AWRDBICKE. ¥ILEBRVWTHAI M. £F. REDEBKMH Maxinal
CMNBLLT. ROSFEORABMTCAEVWDIDOADHZ LT BBZLNS.
(R. K=ROE#MBFE. M=KDfirst syzygy)

Eik., ChTLBLOTH5. MER. THhE2ZOES5ERTHIrH 3.

KRODEI>ILEZXDLBEW, TBRBBESOBECAB 2. o(x)=—-x.

o (y)=—y. o(z)=—z L REL. TO o THERINZUM20FEG
BLZLWWLED. RESOGUREBFEXRBESK—BLTWEIZLiLHE
¥ 5. SETKoszulEEEX 3,

*x : 0>A3835A283-58398-k=0

chid. GIBLLTOEKTHH 2. T2 T. GODdeterninant THEX H h

Zcharacter i 53 Bdsemi-invariant¥ 3 2. RKORL2FHIELH B,
0->R-2K3>S>R3-2K-0

ThE2700EREFCFT T,

+) 0>R-2K3->M->0., O0-M->R?’-3K-0

ABoh3, 2D220D5%4L% (+) A Auslander-ReitenFITHBZZ L 2R 2
D. ThiFYXBLL< W, 5 T. RMDAuslander-Reiten Quiver® 1 #
BABELLZLHTET, TRARRERT IR B,

[R1-~_
(L1) ZaA
(K13 [M]

~ 7

—_

#ix. 2hHAuslander-Reiten QuiverD 1 DO EBHR L TH B Z L ERT
DOEBHRILTHD. TZT. RK:ES L. CHhOONBTREDERW
Maximal CMINBRATREATWARZILANLSZDTHS.

— 127 —



B, BEIJLL2L. ERBORARTEDIhBL 2207597 — - 2
O—V18EBHN, Maxinal CMINMBOBICEVWTHRYET Z 2L 543,
FHAM ([17]) : RAMUBRETHZ2LEETS. bL. MARLOEE
M Maximal CMIIBOLWEB < & Zrank (M) (Tkite (M) i LIRAE
ET22bE. RIEERRBRAMTH 3.,

BOBEMS. Auslander-Reiten Quiver ¥ EX B3EKILOWTERXTA
£d.
MEREOEFBRABMBLBORTE LT 3. #i1cEHL EMaxinal CM
NMBEOEEG(RIINMOERBHLBETH2. ROLBOHKEOFHBI DL U Y
—W&FMaximal CMNMBTHE2LHd. ROTOBYF 4 8L E(R)
DENNLETIABTHEAZLARB RS,

Ko() =~ Ko(&(R))
EREAROBAEONA RS —DREANGC(RITHRBRITZ2L AR S h.
Ko(EB(R)) A Auslander-Reiten Quiver SR BUHETZZ20DTH 3.
FHEN ([25]) : BLRAFMBEHTH 22561, K(B(RDBKOD &
SDKEHET 2L ATE3. REVDEK M Maxinal CMMBTRLAMTA
WbODORBEEDOLEEY (M, M,,...,M,} $3. 2LT.

0 -» Mi¢» =» &, M\, » M, - 0
EM,T#H 5 Auslander-Reitend|TH 3253 (1£i<n) .
THDLE. Ko(R)IE. ([M,] |1£isn) U(I[R]) THERZHhZH
M7 —_XVBEROIDAEBRATCER TN IEHNBTCH-EHDTH S .
{[M.] +[M ()] -2,IM,,] |1Si<gn)

HlO: CORBEYEESTHLOBAND IO BZVYF 4 IBREHBELTAHLS .
ZODHA D Auslander-Reiten Quiverid® (L 1) KRXhEEYTH S,
o T. ZOHRA DAuslander-ReitenFIERDHBDTLTTHB L #. =0
T3 7h6RAMBILATE S,
0>R-DK?®>M-20. 0>5M->2R35K-0

o TLEDOEHEALLIAEK(E(RDIE3IHox ( [RI, [K1, [M])
TERIOIEHT7 —RNVBERO2ODEFERATEH DD THIZ L Hsy
3.

3 [K]1=1I[R]+ [M],3 [R]=1ILK]+ [M]
KB, Ko(B(RNI. ZOZ: tANTHILERTIZLATEZE0TH
3.
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COFERABRICLT. IHTCREhEBEMBEREEILDVWTDH., 2h b0y
BUTFA4VBEHETIZLBASETHD. EARALNE V.,

AE: (MOBERBRICI->T. RALKTOENBFREOL 2121, Ko ()
MZ " THBZeHAP3. L. nRROBIARLAFZ7IVOEEEEDT.
QRA2KRADERBHE L 5.

Ko(R) ~ Z@®C1(R)
AEMT 3. TZIT. CI(RVGROHAFERTH 2. Chif-oT. 2%
D GorensteinBRTHBRERMTHBZ L5 RE LD Auslander-Reiten
Quiver D MM A A DLDEN L L EDIAETD 3.

§6. SBROMBERIRILS > EHHE WV

SHREDIIRMEIEILONZITHAId. MEALERBICLTAS,

BRAGorensteinRBTHB3L EILlE, FRERMUTHI L LUEMBRS
THB3ZLIAMETH>~. RAGorensteinBTHRLLTH., 1KXTXE 2K
TORDLZLBERRIAYNTHI2EDOLEF+HEBEHEIL>TWVWS, L
AL, BRAEAETREDID 2EHBREREDOIAT VARV, HILTRAE
kLx,y,z1®D2&DVeroneseHH ;

R=k[x% xy,y2% vyz,22,zx]
. 5D 3. GorensteinTRW3RTDORTCHBREAMTH S &> g
—DHRTH 3.

~ROBKAULORTZORFAMEEDZ L EEL V. RO LD LEE

EEXDZILHERTRAENISS,

HME:3RAZODBIVWOEREBRMICRSE D). D20V, SKRATOERBER
FHBTGorensteinThRWVWHDELTRD &,

EESE2]l: 7597 — - Aog—)WwoaReEH:
—RUECREODMCMIBOBEE(RIILBEVWT. RKOBKEIARLET EZLE, &
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AEOBESILAEDSST. BG(RYTTS5Y7— - A0—JV2HEBINRILT 3 L
W,

(MIHBULERIVERBZRE TR ITLIE. BREOEBE nIcXH L T.
(MOREE | MRIEXHMCMMBETe (M)=n) BRERKAETHS.
75397 A0 —V2RERAIKLTHE. 75397 — - Ap—)w1REH
(FHEM) bRAT 22 3HLITHE. ~ROBIBREELBEVWTZORE
HARZTEILEDLDhEIN, 50232, ROEXIBIVSADRBILODVWTOHA

ELWIZLAREEZATWBILHER W,

(a) 1RADEEHENEFRCHALIEREKTHZ2I52dD.
(Greuel-Knoerrer [12] )

(b) 2RIEDGorensteinERBHET. ARECIBRKODE AL
HH [19]1 )

(c) —BKRILOBMmE. (Dieterich [9])

CHhUANADBRD I SARKODVWTHTIRS>STWRVWOLREKTHZ. — K. F

HMEEBHLALLEBEWTEZD.,

FHR[7597— - A0—V2KFH] :ERL2ZL2ELODEFRBFABR Y
Cohen-Macaulay®|RC. MMZBKBEREERKHDDOLT 2. ZDrx., REOMC
MIBOBE(RICODWT, 759 7— - A0—V2REBEIRIZTAITH A
.55

T2 & 3]: maximal BuchsbaumBEEIC D W T ¢
'MCMbﬂﬁkt-'bKEEkﬁb\ﬁ'ﬁk U Tmaximal BuchsbaunfI@E A H 2. 5
FMBRAFEANBFRTCHA L EICIE. REDEBMH Anaxinal Buchsbaunfi#
BRERBULIMOVWILYE, BERIBRICI-> THEHEATWS. #ic. EEH
tmaximal BuchsbaunMBOREELIEFREALIPLAVWEIIRBRYDEI 2D
DTHA2I22. ERROBEIEREHEh E.

FEH (Goto-Nishida [38]1 ) : RHA2HKLLALDSZM Cohen-Macaulayd i@y
RT. ROHRBRIBBA2 TRRVWREAKTHZ LT 2., 20rE, L
REDEBEMmaxinal BuchsbaumMMBEORBEAEFRBEL > RIFTHIERIZERY
BHRRTRLTE RV,

ZDEILDHZEOMBOI I AIKLODVWT., ThHIERBEREEHI»ES HEM
BidrE T H5RROMEIPR->TULESIES>2DBOA (MCMMBE
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Y maximal BuchsbaumfIBEUAMIL) IcH B THAIH. Thik. KRV
BTHb.

P 2RAOEBM2EEHLMCMNE:
BEONRBHEAKLO2KRARKEFHEREEXD. RABMBRLATSH S
rx RRAEBM2EETHILDWVDI., X=Spec(RIEEWVWT. ZDXD
minimal resolution = : Y-S X &M 5. X@Gﬂ,éi@v77'fl\'-—&E=UE;
(E, EH) LBL. RABHE2ELETH L TR, EE. XFHHERT D
5. 2Qk%, REOEEMMCMNIBOLELZO (E,) OMKBEROX
IRBHRTIF1OMEAH S, (Artin-Verdier [1] )
REOMCMmMBEMICHL T,
M~¥= g *M/m-torsion
rEL. MMEYEDRI A VETHD., ZOMOF ¥ —YEc (MM EEZ
3. M (XR) AEENTHZLELE. ROZFHERETE A—BEHLE
5.

(e (MM - En=1
TOMEMOE Lo T, EEMMCMNE (¥R) OREEOKEL
(E,)) OMOLBERIBEOLIEDTHB. bo 2 FELL. RODAuslander-
Reiten QuiverDRE®BH & (E,) ORM IS IRAMTH L L AH 5.

(Y508 F4 Vv VEBTHS. ) REKIeinBGOFRRRLALLEL
. BHOBTEBELEEDIK. GOy H A+ J 77 LROAuslander-
Reiten Quiver OBt H->TWVWB. Thr LOILLA4ET. Wbh¥ 3
McKay observation WO LD DHWEHAEX DO L B. (FLIEArtin-
Verdier [1] ¥ RE&X. )

RAAHE2EEOL ZICE. ZOXDHICRODAuslander-Reiten Quiverll
B+ HLBAENERIAEXSLNE, ~BOEMBRATREITH S ».
Hbort—RBIL. FEOMIEEED LD Auslander-Reiten QuiveriZBME
HERREEEZIZLATETHSD M.
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ORTEEEREF®S 0 di-canonical module

A &K= Fiy )
wHF HE— #HAH

(R,m) ¥ 2RCEBESRBHTBILL T 5. canonical module ¥ K 2 L. HMRAER reflexive
( maximal Cohen-Macaulay ) R-modules 24k ® category ¥ C(R) E<L. C(R) DEEWH
7% objects DRBMEAFMRBMTH 5L 2. C(R) WERRRABETH L nwbh 3,

E#E  Exti(m,K) 2 R/m Edb. #RULEVEL2RS]
0> K> E > m->0

ARAEOENEBRVWTH—DEETZ, #>T E ¥ R KHLT—BRKLEETSDOT. 20O E %
R ® di-canonical module kLS.

SZLRIIHHBURVENS, E I C(R) @ object THBZeHbind. iz, rank E =2
THHIND. RO2ODDBEND 5.

D E . BEBEHM.

D E iF. 250D R O reflexive ideals ® EFICRE,

XT. C(R) o873 AR-H# (1] t&hif. R AAB C(R) OBEHREREF O,
DY EAFHh 1A, 2K Lhd, ZZTHRROZRHE,

¥) C(R) AEBEBRMTH-T. R AA3 CR) OFEMNLERAEFIBLIY2KH 3.
DBHEF+HEMEE 2DDFHOVTRRE D,

ZOHic. AR-quiver ZDE#H L. key lemma ( EFHE 0 ) WKHOWTHRARS,

A R-quiver LRERNZDOTS7 T ThoT. HEAOEAWE C(R) OEEHR objects D
FRESE. M »D N AE#H2ERUHIHILE M OEMN N OBICKAEER5(<. 2LT
N=t(M Oorx M OEr N OEXrSHRTHES. 22T, BAEH { : M > N HEHTDH
3k, C(R) OFHRER

f
M o
g™ 2h
X

RHorrE ¢ FOBREFEER b FAPELHLRZZ2LTHB. F-, ©: C(R) » CR) &
AR-translation LEEEABZHOT (M) = (MDY THEABIB, 22T ( )*, ( )V ikt
HFEH R, K ok 3 dualization TH 5.
Wic. AR-sequence DEH/BEXTS. Thik. C(R) DELFKEF
0> t(M) > N->M>0 (M2 R, t (M 2K)
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T. M PEEH (H-T M) BED ) RBDTH->T. KOKEE2HLETIOTCH 3. T4
DB, C(R) D object X k. H#RLENTRVWERBESH { : X > M IKHL.
0 - Tt (M) - N -» M - 0
e\ VX
X
2AHICTE g: X o N FAEET 3.

R AEMTHDL. AR-sequence it M ICH L T—BILEET D. ZD sequence ¥, MILK
%5 AR-sequence XFE3., ¥/, N = @®ON; #HEEHR C(R) O objects "DEMHPEL TS
.M AAZEMNLRERBEAR. N > M £ CRAKIC. « M »S5H2ENRERESHIE.
Tt M) > N; FiC) BABEAAADhTWVWA., (111) Thbb, ¥XTOD AR-sequence Hygh
hif. AR-quiver AFU 2B 3. EEFAAFDY. R ORBEICAZLE (XU, K 0K
MOHABRE ) 2RDBFELAL W, ZO5DOEHREL U T di-canonical module E AEEICh -
TLA2DTH5. ROEHEND key lemma 723,

EHE 0 (3 (R,m) 2% 2KRTERSHBHKL L. O di—canonical module %
E £85<. L E FEMSBT 2405, C(R) THRKXFARTH 3.

ZE8 maximal Cohen—-Macaulay module B3 3 Brauer-Thrall BIEH [2; Th(l. )]
WWEhE. T % R ® AR-quiver. T° % R OEYXEL T OEERHLTHE. b L.
sup {rank M | M X T° @ [HE} < o
b, I =T° T, C(R) RERRFBL 25, TITEHEL LTI, T° 2 EEMIELENDL
Bilhd, IDORLFRAS LEXRERT
0> K-> E - R

¥EXD. ERZhA, RICKDS AR-sequence O#HBEDHDICHh 2, ThbE X £ C(R) O
object T R ¥*BEMEFICETRVWDLOLTEL. ROZLRF

0 & Homr(X,K) = Homz(X,E) = Homg(X,R) =2 0
%%, ¥ bbb X 5 R AOHBEHTHRVWEREHE. E ETLHELFZ0THB. o
T. di-canonical module A 2D reflexive ideals ICEHMHM E = a®b LELdT32. R
AABBEHLERBGE. a BE b AH50BxIX2KHBZLichd. RIC. M % C(R) O
BN R object T. R LAMTRVWHOLET B L,

0 - Homg(M*, K) - Homg(M*, E) » Homr(M* R) = 0

Thbdb,

0> tM) - Homr(M*, a)®Homg(M*, b) » M - 0
EELN. ZhAH M KB AR-sequence K222 bdbhd, TZTHL rank M =1 HHE
ROEMSER. ZhUEHMTERV, ¢ = M LEVTRERSMHIC.
0-1 0> abec > ac®bec » ¢ =0
LEWTEL . (EB reflexive ideals I,J ICHUT. Homg(I* J) = (I J)** . £k, K
= (a b)**, ) RARIC.
0-2) 0> ab > a®b » R
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DET C(R) ODEBOEEHR object WHLTEIAAS (FIMDHD ) B¥LERTS
Abhok, T° FBVWTHEd. £F. R ICAZKHEIE 0-2 &Y a & b »HTEH2EKD
2. WICalCABEREHE 0-D 1IZEWT ¢ = a LBLL a2 & ab "6D2FKTH3. ¢ =
a?HwWnidc = ab IKDODWTHAHRICLTZh%#EF3. b IKD2WTH a LRAKICLTEITSL
KROT S5 7

~>
-2 as®
T e
> - ~
-- a?®b S0 8
Pl ~S
--------- ab 7 R
~ -7 ~ g
S ab®-------- b
2 S

P
T bs
-

AELNB. RIC R MOHARENE, 0-2) IKEWT. ¢c =(ab)*=a'b " HPE a™
L b AD2ETHIILA DML, ThEKITT T

-- a%------ ?azb"—--—-;) ab™@------- 3 b3---

2 1 ~

ST D ae T A oy b™2--------- 2
- A > >

-—=a2bh =-e- == - :-—a _________ b—1____-____;)a—1b—2

A ~ 2 ~

------ -)’-ab P R T T gop oD

~> ~> 2 ~

-~ ab?%_._-_._._-_ o b.\; ....... a—1./2-___-_‘2 a 2ph-1--

I > b2 cc-e--- a—lbf"__---.\)__ a2 ,/_) ...... >

~ - ~> - > = =

-~ b®------- a 'b2------ -a®b------. > a’™® - -

- ~> el e > > = <

285, ZhhHWETAT rank | Eb b, EHOETICH 2BV 2hDH AR-quiver T THY LM
HERITS 7L Y, T CR) REBERMTHS. EEAR Y

D R/m = C OAE

C(R) OBERFERMEICOWTIE. Auslander KL TROGEIRZI I,

&E (1;Thd. 9] (R,m,C) 2 RER2RAEABFEBK LT 2L, C(ROVEREREY
THHEHICIE. R A quotient singularity THAZ L HALEF+HTHS.

EM 1 (3;THEOREM(2. )] R,m,C) 2 RBWLR2RTERBHFELLT 2. E £ R D
di-canonical module 2§ 3¢ . &M % RV, ROEZEELEHE (), (D) BEAETH .
() E . EfHMmT 5.

(ii) R M. cyclic quotient singularity.
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biv-% R N Gorenstein OFH{IE. A, @ rational double point 2 LTHISHhTW3,
Fndi FF. R A quotient singularity OB®D E 2 #ET 3.

G o GL(V) % AIR# G 0 C L2ROKEHRFALTS. ZORBE. S = S(WHr (A
UANR S OFARLRER ideal ICXIZHAEERDT. ) IKHRCHERL, R = S¢ LFWT.
(R, m) % quotient singularity M8, X B, G 1t pseudo reflection %’%iﬁéb\t LTE
W,

XT. V D basis ¥ X,Y (Thbbt S = CIX,Y1 ) LELE. S L® Koszul Complex

0 » SdXndY » S&XDSdY - S - C > 0
WG OEANERICKROEICERELS.
(s dXadY) ? = (det g) s 7dXadY
(sdX)°® = s dX9 s €ES g €G
(sd)° = s 49
G T invariant % 2 24EARZLAEND (SdXadV)® = K, S¢ = R ILABELTKROEZL RS
0> K->5>E’" > m=20
¥%%. E’ & free S—module DEMAFL LT MCM R-module iK% B32H. ZDLZFE
S5HUMRW, &o T di—canonical module E &
E = (SdXP Sdn ¢
TEALND. BEOEHIIBASD.,
(i) » (1) G # cyclic RSEMALMALTES. Thbb
E = (SdXP SdV € = (SdD P (SdY)¢

LEMSRT S,

(i) = (D EFH 0 RUSGBICK->T R X quotient singularity THd. ZHIKEE O
. R =S¢ LE(H G OHMRFARERBITHI2Z2LdB TS, Thbd G Ik 7—K
NWBETHSD. EHIC G A pseudo reflection 2 FF Vi S G I cyclic %73, R Y

FH 1 ORMTIE AR-quiver 2BICEL L HAHRS.,

#l 1 13;(3. ] R = €COIX~, X'y, -+ +,Y"] ( CIX,YI ® n&k®D Veronese PHE )
DEAD AR-quiver HKROEY .

2538y
R 0‘\-,":‘:\\\/'?
A
R Tk SN
T &
Te S NgP  (nEOEAD
{e %
K
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#l 2 13;3.3] R

CIX5,X5Y,XY2,Y5] OFSD AR-quiver XKRDEY .

/‘-‘0’ \\

\/'

K o—;o'

-

Hl 3 13;3. D] R = CIX'9,X7Y,X*Y2,XY3,Y'°0 OHBSD AR-quiver EKRDEY .

ID R M Gorenstein OFE

BE R % Gorenstein ¥ 5. C(R) PEMRZHELS R I hypersurfaceTH 2.
BT R REBET R OFAA & IRBMAKTHILT 5.

B2 FAY,2 % AIXY,Z] ORT2RALLT 5, HARERERET RS L.

F=0@ ,X2+0@ ,X+0@,XY+72+0®Md
OWEODEAIZH T HhB, 22T 0@ . SKUALOTBHERDT. EhEFh, rank® =0,
1,2,3 LEL., (Zhid. & OBEHA2TRFAE. F=6+ 0@ (CR2ROFREBH ) &
ELYrEQD G ) Hesse matrix ¢ rank (iR 52V, )

EHE 2 [3; THEOREM(4. 1)) (R,m, ) ¥, ZHER2KRAERPHFERXTERITHY.
LOEREEETHLEL. E ¥ R O di—canonical module 2§ 3. X5, R A Gorenstein
b, &t 0 RO ROLEEHE (D, (D WEAETH 5.

() E . EMHETS.
(i) R . FHE. Wik, R = RIX,V,ZIVFE,Y,2)) T. rank® =2 £ 3

% R SEASEDL E = ROR Thb. #k E A R R EMEFLE L L. HIX

F a*RAEH. 2L K2R E,D b 2 (a*K)* 2R Thd. $4bbd 0-2) &,
0> R > ROR > m = 0 (%4

—139—




L35 R BREAMETHZ. X-oTHEH () KBV TH E i R ¥EMEFICELRL., X
A GD KEVWTE R BREAMRTRVWEWIEERXLTAW.
. R A ERTAR hypersurface OBMD E ¥®#ET 5. R = LI V,IVEX,Y,2) &
<o R AERTHRVWHID F IE2RALTHD. #YIC Fx, Fv, Fz € RIX,Y,Z] $ ¥ 5T,
F = XFx + YFy + ZF;

t#<L. X,Y,2,F,Fy,Fz @ R 1CEBI2 image ¥ FNFh x,v,2, fx,fy, f. EAXFETEDT. T
5 R E & @ nminimal free resolution I%.

D c D C B A

-+ R* » R* - R* -5 R* > R2® 5 R - & - 0

k3, TZT.

0 -z vy 0 f.-f, x 0 -z y -fx

X z 0 —x -f. 0 fxy z 0 -x -f,

A=]y|l,B=]y x 0 , C = fy -fx 0 z |, D= |-y x 0 -f.
z fx £, f. x -y -z 0 fxo fv f. -0

THd. BL. R" Oit# vector LA %RT,

ZOB., E X & D 3rd syzygy $hbHbB E = Coker D TH 3 ([3;LEMMALL. 1) ., & 23
T. £OBEELY. E HEMSBET2HF L. 175 D H=20 2 X 2 FHIHMT 2B AREME &
DEEREBLEI. #-THFFH D OEEIK GLW@,R) ORRBELT=D0 2 X 2 FFIcHRT
AHhEINERMMEI V. BEOZ L 2 SFICEWTHBICAZZLILLE D,

) OEEDDH L TEH 0 RUHSHELHEAT 5L, R 1T hypersurface ILRBZLADNB0D
T. 3UHHH R = RIXY,ZVEFX,Y,2) ¥ EMTCHRVWEL. rank® THAELIT 3.

rank(® =2 ¥k 3 OB4E.

BEIYF =XV +cZ2+ 0@ (c=0 FEE 1) X,

fx=y+ 0@, £f,=0@ , f.=cz+ 0@
L33, $§5L135 D i

0 -z y -y+tO @)
z 0 -X [0X¢)]
D = -y X 0 -cz+0 (2)

ytO (@) 0@ cz+O (2) 0
k%%, D ARHMHFTHTHIILEVY R AEETHA22LicEELTIE Q € GL U, R)
¥ L hif,

0 x 0 x
¥ 0 x 0
QD*Q =0 x 0 *
x 0 % 0

LEBHHEKS. 5T di-canonical module E AHRT 3.
rank(F) = 0 O/E, .
EHEIVF=00 THEIILYER ., =0@, £, =0@ , f, = 0@ . R/m?2 IC reduce
LTEXBL DIR.3X3 & 1X1 OIFTHMLTVS. BLEWHS D HHMULTWEL
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FThiFPEY 3x3 & 1 X1 OFFTHY. EOEBRCFET 5. &Ko T di-canonical module
E WEMSBL 2V,
rank(F) = 1 DBE,

MHIROITESOEEET 3.

R OFEEOR r AL, AIXYZI KBTI FMO0K ( 1K) OFHE Io(  I.:(0))
LEL,  deg® =2 EMSZhDE r KHULT—FICRES. ZLT. M = (ry)) ¥ R HEHO
p X ¢ FFHILF B8, Myx = (I4(ri)) (k=0,1) LEVWTEAFA M OOK ( 1K) OF
BLES. RIC.M 2 R HBHO p X q 75T, EHLHA m OxELTE. V.M (1§t 5§
nin(,q) ) TM OLIROFEHE M: © t ROMIFAIRTERZIH S k-vector space ¥EDT,
BRE Vo) = £, VM) =0 Ct>ninGp,@ , t<0) LEVWTPHIE. M = NOL
BB VM) = Z; VikNOV.o i (L) ARYMND. EEUEE KIXY,Z] TEXBZLLT 5,
T, 2O M, N K N=PMQ (P, Q Ri#sTs ) oBEFABHIE. V.M =
V.(N) Thd. RERLENFhOFEKEXLDL Ny = PoM1Qo ARYMDB, Po, Qo P
Y bk BEOTHTIEISTH S,

MR DESICT 2. EHIY F=X+ 0@ E»b. f.=x+0@ , {,=0@ , f,=
0Q) Thd, ZDOZrhbH. Vi(D) ¥ BEMICEL. $LZDO0 2 X275 F, G OEM
E=FOG Kok UT VI(FOG) 2bABHICEL. TI2LFENTTLE3D0TH3. &
- T. di-canonical module E WEMAMLAEv., HLU W, 2EXH 31 KRTIELW.

RED=ZD0FAL> TEEDEHANEKT 5.

#l 4 (3;EXAMPLEW4. 4)] f=xZ+y2 +x3+y3 423424 LT3, R= hix,y,zl/()
i h OB KHEBRRLKERTHE. bLp=2 42D E REFENTHY.p +2 b E B
BEfomT 5.

&% ik

[1] M. Auslander, Rational singularities and almost splitsequences, Trans. A.M.S.
293, no. 2 (1986), 511-531.

(2] Y. Yoshino, Brauer-Thrall type theorem for maximal Cohen—-Macaulay modules, in
preprint(1986).

[31 Y. Yoshino and T. Kawamoto, The di-canonical module of a normal local domain of

dimension 2, in preprint(1986).
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ne

E\ i—’ﬁ"i‘%m %‘iﬁﬂﬂ%ﬁ l=7WwW2

B R, (LR TR)
He.\r‘zoc& e Waldi 1T &R OEERNE2N TS,

\"-\,\ L C°w\>\e*e wiersection o \'w\‘suge dass 1212w e, Ber qer IR
IE L\,

Be.h%erzt”f%.-\(.\‘sm\i, ®:tk , hk=0, ’C(ﬁ)=fR’&‘%Ex‘,--,xm/£'ﬁ
Yt F, REeL(R): dimR=\, reduced 2" H 13",

{4
Rt rec&u\av 5 ﬁ% 1 torsion free ’

b
YWSEH2 Y, ZTT DRe v uv\iversa“)« ‘(‘mi’re w\uclu\e, ojt c{?“@.\re»dial'i

NTx2" T T, RE reqular T HHRT DBa e RYWI T F<hoThr
W3,

bR L U TR S5 SUES T LT R

Ret(R): dimRz | . reduced . A CR : a neetherion novmalization .
O,(R): ‘\.etal v-\u‘_ °( ’(v-u_tlou\s R ‘w\-\-e,%,ru\ c\osm—e, 6( ?\ " Q(R\ .
Qan, Oy universally fintte modul of  diffeventialc .

T8t torsion part of 1Bk . trIQR) Q) naturd trace mab
):(%\)2‘- { %e C\.(?\)\ tr(ry) e, Lor all I"GR.I( B Cowp\zmev\'mvy w\oclu\e . 5
d:R — Qgy - universal &= deriyation |
W =L3A)dx € N3 @QR) (A=RIXD, XeR) tmodule of reqlar
A\((erzuﬂa\ fovms . CWB4 & ACR noetherian normalization O €Y 3 12
AN T w.). C R _D.?’ﬁ—) 00% c«m\omc«\ Wap> ( (uv\clo.vnu\'\‘r«\ c_le.ss ) .

L2 module A B tEHIc= 233, 284, 0 torsion part DR IZBY
Lz 12 b xELES,

I‘ﬂ (tﬂ%..\ =0 (ﬂ%)-l(z(%)/R\-‘/Q(coLerk) _ 5
L ker )= R (BR)

BN C°'~Y(v.hz inter Section T8 T, Lz -ﬂ.l}/ﬁ) =/Q (Co\‘t\t\ () 3z
B AR T RTWIE,
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o
-

('P:B"*C ‘Erﬁ\%cl:ﬂra hon. n {(‘F{) I—¥3 Lz, C‘}-BEX',“‘/XWJ‘/I Ne¥E,
Ic B)D‘-,---,Xw:“ 12 B33 Tate - resolutisn Eﬂ'—']@ L“L, Cotawn %eh‘\‘ cow.\,lg)( 13
o ok 3 HRAR BB CPRY 0 Complex (L)W R IeThIS.
(KB IE, Horaeg e Waldi 0 3EGIITH2TT VL) =222, ME G medile ¥ 12,
T (% M)yi=H; (L.am) , TS M= H (Mow (Lo, M)

IR AHLLI S, (T, 18 CoXETRB 3PS Tat B e, Tate-veslution
MeyR iz 13 F 3B LT e BN ES,)

“«_ >
lo(C/B/M)Q"QC/B ®(‘,H 2 Tacg/B/M)(:— DQV\BCC,M>
TIRQREHT Oy, ker&=Teh <,

“T(%,MYSHO M, TSR, M Hom (B2, 1) 7

X, B—C—D ‘-‘??.-alg-lwﬁ how e €(R), MDD module \67)3‘:_,‘(1~>-‘“\1
BA3I VR O exat sequence D RHLIF .

&
=T, MN-T0(% M) > Te (P M) T (e, M) = cexach)  Cimo a0y

>

> TH% M) =T e T G M) = THOLM) = (ekak) i=ela, -

RE Re®) : dimR=), reduced E¥EL2,
R ISMoe"'L\&L(Q Culve gih%kh&“\bl g ?\t SAI.'.../Z‘)S ‘(or Sevme Se‘e({)‘.b\ov‘\hg\
2, -- Zn€S Veau\o«v* seq .

( I Syv y-g_%u\o\v- Lt hhh:, com ‘,\d-e. intersection YW IFHTT
‘c moothable’ XA vy Cow\?\d‘c ntersection & — R34 X Ryt 23T 3

V2R ARTICE A,
I R sweotheble carve singarality e, Y2 b BLe
1y {ﬁ;’(—\)" AR, RN Z EWLEALY)  (Gaona, )
(T (BARY= 0 B3 R ETE.)

. —=2, N cCR: noethevian hov-wm\ilk\\‘ou 2“, Rz 7‘\2,£t(i (7‘//4,?\3\ Lte
Yto,aw3Ize ki3,
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Rg\u c.u.\,\dz wiersection 0 hV\ ch&a, c\ads (Wl (5 NN h\'s“l —ll(% '?\) -0 2“,
1312 smeothable T2, “RER = H W2, I=1} =, D134 & torsion
part & Bx R BRI E R Uz Opn) = L (D) - L(EGaYR ) +L (coker(R)

<A 283 e T &Y, LT ORe) = L coker LRI R (T (BA,R) ) vt 3,
X, [ Q'?/I (?:'&EX\,- 2Xnl) ) mt'ﬁ, ‘Ft-—)‘?——)?\ \T associate L= exoct fettuen.co,

'8_% wZ, v-m\a'i BRI3I=elz §2, T‘(B/ﬁlk) A\T‘%’* B o, BohoR
(ACR L noetberian “"‘”‘*(‘-u{iou\ \= associate UT= eXxact sequence TRz
52, TR R & T % 1IHHR, Lt 2 205 0745 Sht.

ﬁ'\. ?\ N Cow?(c\‘e— wmtersection 6 \"V‘““ﬂb 0l6~‘a$ 1= BFw *\-H'\\,

/Q (T —D-Vﬁ\:/e (COLev- CQ) = 2 ('C;f’.)

<2, Reoker 0 y2 RUFR) 1= VE R TA0E, Thpp= 0 2" BAIK:
R=R, 3055, R+ reqular 2 A3 =t b3,

T, Nag b R UR, hukege R I3 RE IR AR,
P: Gorenstern local mwe , P3T,7,kE Per(ef.{- I‘(e4/, Same 7raa{e, ele,
TaTzk | KiT=0, K T=TA" K T2, T3kt reqular sequence 2= &
ThzuwIeD, TGk 2lnked 3320033, 3, R=P4 e Eb>
wzZvT, Poided To, oo, Tuo, Tu=TeP AV KH Lz, To 0 reqular
Sequence 2" A TH, T1 e Ton (020h-1) o buked L2003 R IX
c,ow\.LA-e— Wntevrgection 0N \7'/\\:0\%_2, elass 12 B3I nTH,
13\ etz &, %LJA:W dimension 3 & locdl Fing ‘Q’,ewLe.le?M‘— dimension
<4 5 Goveustein locd ring KA DR

SLN%ZN 2Lk,

onl

LA E Ypoy

) Herzm& omcl w«“ﬁ , Qo*auc&u'\' (um.‘\u—g o( curve siu}u\o.vq{ieg )

Mc«vmsc.v-ir‘tc\ modth 55. (lage) T30 w3y
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Z[%] » vool, J.oseo(:ness IT 2w
A A BER, K

$40 o0 TRERY>NIVAT, ZITM] o nomality,
Seminormafity v guasinormalily 1zowtHEAR, A@iz, AUE o
P& 2 Lo yool closed (SIE3VE M e n @%‘i?“ﬁ'j:t(: S 23k A
3. U, AAITLLEBTILY, N=2 nr3cBLSNK IS
ERLTWS,

AT, nit 2bo 0858, m iz B 93, 1k, 54X
X"=m 2* QLMo vy, FEXNX"-m=0 o o>t vhetd
wWo's [ oey, THE Um eB<,

Bh  R+EH7 TxeQR),IReN, feR = x¢R g
R )E>2?, R 13 roob closed THIewH,

EE 1 ZUTm] 2 voot, Mosed
& m: square- free , 6D
iCD m'Em (mod p*) for VP\% TREC, 2,
@ =2, m=/| (mod &)

AXE Lokt oz, Tl o normad vvd ek BAETH3,
(. [1] Theorem 2. 3)

WM LN, Ro MBREMRTS.

)ﬁg 2 (11 Pmﬂsit?on 3.3) m X3 LE sa,uare-gree T
ToBER, PRI el, H3aRE e HL Um AL T3eT3. 55
15, s & 2 ab08RI e, p* o W A, e FLTwE T3, (3
s, P w-l oo P WS 1L) o3, 6=, §-

—',r" m et ew<y, §eZIo1TN\ZI8] (ZI6)Y 1 Qo)

B3 Z00) o BHE) THY,
QO ex2z = §*, 5 eZI6]
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3 213 e=|,p=2, 523 = 3°-7, -5 L[6],
2, s=2 = §°-§, sPeZl6].

e 3 (4 1 onposnt|on3 4) mit 2xroe BRE, mi B3
T UM NBAETIeT3. tik Lo B8 el, 6="Ym, x= 6"/t
CBTIF, xe o)\ Zel. L,

O t*lm = xeZU6],

@ nz3, tlm = x*e Z8],

® m=2, t}m = x*eZI6].

T3E1o3E 6="m B, WR3 &), m: s%uare-free 2 (T &,

(1) Mm=9° (P FI, eeN) o3 : P* (seN) 2 m*'=| ¢4,
™) FL T3 3,

() S=1 oex: [1]1 Theorem 2.3 §9 Z[8] : normal.

(i) S22, e22 oe3: WA 25) ZI6]1 11 voot cosed T3V,

(i) s22,e=1, p:Hior3: FaeN .t pP=2a+| . 37, A
B2051kouwz, a+8 e Z[O1"\ZB] &Y,

(a+5) = (2a+1) 3 (mod Z[6])

PSS € Z[6]

.7 ZL61 13 voot closed T3V, ‘
(V) s=2, e=1,p=20cx: FR2¥) ZI61 (3 vool dosed T 3750
W) $23, e=l,p=20c2: MR 205 7T,

20617 =2 + 25, s*'_ s < ZI6] ¢or Y12 | .

#,T, x=a+bs (a,b€Z) xouvz, X" €ZI6] foranéz TH3
e, |

= (S5 (ned ZL6])
= ((a+bY'-a") §

59, (axbT - at : AB¥ = b: 4RI = xeTI6). 5,7 ZI6) 13
vool cfosed .

(I) -0l : n= P‘e ft c 2B %L, Z06) 13 noemad 73
Fwed3d.  #lm %5, Z06) 13 ZLYMI k free w2z, Z16]: root closed
=)Z[’f—] voot closed . F>T (D&Y, P=2, e=1,m=]| (med §),
ZL%m ] = normad 'gow ik [ YlTsw, \aws, M square- free WK,
[1] Lowma 2.6 &9, 5= (m+m)/2 5L,
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71617 = Z[o] + ZL615 .
F:7, t22 el m=2v (r%1) x93, T, X=[+ (6*-1)8 1Io07T,
37, x& ZL61. RIT,
= (Z(D)e=1)s  (med ZL61)
=(((e*=0+ 1)Y= 1)5 = (m-1)5 € ZIL6] .

§,7, 2067 11 voot Josed ZUIS e
Ak S, B, |

£ voob cJosedness (2, veadar Romomorphism T3 F55 L5 I8 15
213, Zay UM 14 voot closed T, Zol9T] 13 ZolliT] & etale, B
N re_%,uﬂar <, Z(z)[f/l_’i] 1+ vool closed TS v

KT, 2- Mosedness, 3-Mosedness [<>W TR .

2k R BB, Bt--oBEaraRH T, T xeQR) K
W, Re R = xeR a »)HI>e¥, R 3 %- Josed TH3, tvd,

2 Sosedness [2ouwZ m=P Rt e REROR LT B

B4 Z[Tm]: 2-dosed )
& m: sguare- free , 992 B0 RaVTR VAL 3.
{(D i m (med 77), 218
@ Pi=2, €=

FER 6=m kT, ZL6] 12 normal TN, I3, RIS
), m: sguo.re free k_l.'(t\"

() n=9° orz: EE1ao3ERo (1)), Z[6]: 2-dosed €743
nli, pP=2,e=1, m=]| (md4) ntInd.

() ﬂxm»a/* (I)tﬁﬁlm"ftﬂﬂo)(][)x'l P=2,e=1[, m=|
(mod 4), Vi [ RouT Z[Pf_—] normaf ¥ LTS, o8k,

Z06]" = Z(e] + Z[81s (=281 )
127, X=a+bs € ZO1" (a, beZls]) kou7, x*eZl]l=

L‘SéZE9]==> b e(z o - Z[6]. (2, 92—4) 13 reduced
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idead Wz, be(2,0%-1). & xeZI61. &,7 ZI61: 2-chosed ]
3 - chosedness 321 T IITH ﬂ=‘ﬂe‘mY’tet v FRELHR LB,

ﬁg ZLUm] 2 3- Losed

S (0 m: sguare-ﬁree NeF, L2t R 4’\11‘70\/’&11.
@ mhtEwm (mw(?-. ), X3,
< ® e=[,mn ‘/(»wdf..)b') X"‘——ml:,r

e, M%ﬁ/xo BEAYBF £ #5RT, Loy b= 2,
m=| (med 8) ; Pa=3; Pi=4kR+5 asﬁa«»iﬁ
OWTheEBRTY
@ m: sguare- free THLLE, Ja,beZ: sguare - free
lkouw?, m=ab®, (&, b)=1, A% 5 (med 8) TH,7,
\ot, P3 THIEIT Ao B o REE P 10T,

-3b .
—=\|=-] TH3,
N ( P )

SEPH 6="Ym B<.

(1) m= sguare-free o3, "= (med P2) THIIN P
Sw, ez 2 rr5 (3, MR 2 :') ZL6113 3-dosed TIFHV. 5,7,
S0 P k20T €=/ ltEw. KT, (1] Lemma 2.1, Lemma
2.4, Corollary 3.2 &9,

Z16]: 3-dosed & Vi kout L[] 2 3-closed

Wz, Zqol8] 2vvo 3-dosed ITHIPEIRNM(TIV, P="Pe,
e=¢e, rb<. tlL, mm (‘moo(f’z) 55 'Z.q:)[e] normal. 1% .
T, ml=] (medp?), e=| ¥ (Tdw, x, WER2s), P23 =2
P=2, 8[mM-| ¥lLT&w. F3&, §= (;: e 6F)) /P e B
(3, [17 mma 2.6, Corouo.rg,&z R«oposntnan3 349,

Z(p)[9]~= Zq)[Q] + Zq»)[e]g.
x=a+bs (o, beZpls]) kouwt, B2 4,

{xseztr,nen o {(3 b + 30k + 5) § € ZI6]
X & Zpls] bs & Z[o)

T 615 2o, 51= (p, ¥ -m) wa,
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30 +3ab*+ b3 € (P, B - m)
b& (P, 6F—m)

Tenl01/(P, 6F-m) = FIx1/(XT-m) TH), M= | (mod P?)
39 (m,P)=1 Wz, 24T reduced. §-7,

200 | xF-m 2 BH, Tte B/ (F00)
sit. 3t*+3t+| =0

x) & { <~ (kx)

(k) & {

T, Lpld] 2 3-dosed & { 3P4+ 3X+ | (3 Fo LBRIO T, XF—m
13 Fp LARBR 0 BRAVEF 2 $RTT 0.
IoIR, 3+t | EH LB < [ P=2, 3[m-1 ; P=3 ; 213
P=6k+5 oF20 REC
() M2 square-free THET, MR 3ILY, m=2, m=ab? (a,
beZ, a. b: spuare-free, (&, b)= ) LlTsuw, 37, a=5§
(mod &) 185 ZL[61 (3 3-dosed TG v, TERAS, §=(a+Jx)/2
oz bS¢ ZL6), Lot 7B 25) (b8P € ZI0]. 2.7, a%5
(mod 8) XLTEL. Iard, W+ pla)/2 (o, peZ: et FTHIKR
207, (Q+piE)/2 Y & ZLE]. #.7, ZI6] o 3- Josedness %,
ZOX) o v ZzUTTe . 23T, X= o+ fIK (d, B€Z) [To0T,

x*e Z[6] b| 3.8 + ¢ IR £ QS
{x% zls) {b*ﬁ = { Pl3aip+ '8, pig

.7, ZL6] < 3-dosed <>[P+3 753557 boft& o RREKP 13507,
)
P ‘ |

Rl IR AR AR L3k, AR ER W3R EY, 3-Josedness #
Yegulo.\r ﬁomomorp@ism THESLE ST e a3,

%% XEK

[1] H. Tanincto, Normafiiy, seminormaﬂil‘/ and gw.sinormafil}z o
Z[m ], to oppear in Hivoshima Math. J.
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Tlf\e ‘?irs”,ﬁ §y27fg|‘es o’\c detevmimaml‘af )dm[s
BE o7 TR

e, A

AEiRigr 72, Gj(igigm  1¢jen) & AET L L. A
rR20o M EORERESITEHBERNBRES T3,
X=(l)z . 20RET O mn-£A5 T2, X pmnor &
A NE A T B deal Z L ¥E<, Eagon ¥ Hochster 13 .
S./IF ORI R T A (npr)n-pr) B A > ¢ IEENR L (4,
3R Cauc\/\'/ formaloz & 1 . S/tr @ . D@ Aty kA
et AR, 2ol gy, A=2Z2(EHoB)gpr T <
S/i[, N S E D mamal tree rselution (& boundary map 1T 3y & T
Bmtrix 0 ZANAHAIREREFTRE ) NEL T it.
R0 THREA £ = maimal free vesolupion "B E T A 2 &
h 0 A. P=t o 33, Kosaul cmplx, pEmivima) o
3. Eacsovx-l\)ov‘rkcoﬁ chlex Ls) , p=mwwmn)-| gt 3
3. Akin- Buchsboum= Weyman  complex [ N Z 0 & 5 74
resolution £ 74 A, Lo L. ~froprst i@, BET

20500, Tvlgun, A, AERZE LB THA
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(3. Loscoux . A E o p =7 L T, minmal free resolution

2 <, K, (LED) Mmﬁﬁimm\eum&%ﬁ%%
NEELMABEIE(T0A, LPL. ZET@. GL 9
RN RRR, - d YRS 4 ©Td< . Lascoux complex
DESRIICERNTAL e ATILN, ZoR® IR,
Alkiv ¢ Buchsbaum % 12 & ). GL 0 chaactenistic free 7y
ERBAERRE TN T A,

D. W. Shavpe (&, p=2 0 3. Z mnor 0 velation #v
b o velefion TERTR 22 ERLCR,(C) 22T
3. —fxo m, wn, P = LT, p-mwor 0 veladion #\
—% vt v ER TR B>y ETT, (HE o TR A
r )

THRBHR TV a0l FhihrBARELE TS
X N FAaAM e T LEL THEI W EOS s &z %
T3 k. 20, BICESIHTA T T x4l
FAHLn L . p-miver 0 velation (3. — >R o relabion T & K
cp B Y 3 LE. (ERL. p-nar 250 T 3
el o R T ¥ L. pwvorAKE 3. 00 nrellion

AHETLFVI T, £S5, pminer 0 —FHRITEENR
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Topics of Commutative Semigroup Rings: *-Operations |

on Semigroups and M-Semigroup Rings

K6jirb Sat©(Tdhoku Institute of Technology) and

Ryuki Matsuda(Faculty of Science, Ibaraki University)

§0. Introduction.

Let S be a subsemigroup of a totally ordered abelian group.
We assume that S is an additive semigroup and that S ;2 {0} .
Let A be a (commutative) ring. We denote the semigroup ring of
S over A by A[X;S];

A[X;SJ = Egiie aiXSL; a; € A and s, € S} .
A[X;S] may be studied for their own sake or as a tool or as an
example for other problems. One of the first applications was a

theorem of W. Krull([7]) which states that any totally ordered

abelian group is the value group of a valuation.

Let n be a natural number, and let ZO= { 0o, 1, 2, ...} . If
S is the direct sum of n copies of ZO, then A[X;S] 1is the
polynomial ring of =n wvariables over A. Moreover if S is a sub-

semigroup of the direct sum of n copies of Z we have also works

0°
by Professor S. Goto and Professor K. Watanabe.
But the theory of commutative semigroup rings for general S
and A as an independent area of study has developed in relatively
recent times., One of the beginning of the theory was R. Gilmer-
T. Parker([5]).
[4] and [6] are general references on A[X;S].

As results of study of A|X;S] we have, for example, the .

followings:

Theorem (0. 1)(R. Gilmer [3]). Let n be a natural number
greater than 1, and p a prime number or zero. Then there
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exists a unique factorization domain which is of (Krull) dimension
n, of characteristic p and which is not a Noetherian domain. (The

answer to David's question)

Theorem (0. 2)(D. F. Anderson|l]-L. Chouinard [2]). Let G
be an abelian group. Then there exists a quasi-local Krull domain
the class group of which is isomorphic to G. (The answer to a

question of Fossum)

What we studied this time are the following two:

(1) We developed a theory of *-operations on semigroups
analogously to that of *-operations on rings;

(2) We obtained a necessary and sufficient condition for a
semigroup ring to be an M-ring.

In § 1 we report (1), and in §2 we report (2).

§l. *-operations on semigroups.

We reported the results on *-operations on rings on the last

Symposium of Commutative Ring Theory(l8]). In this section we
develope an analogue theory for semigroups. We see that almost
all analogue results hold for semigroups. Details of this section

will appear in 19].

We denote the quotient group of S by G; G = { s - s';
s, s' € S} . A non-empty subset oL of G 1is called a fractional
ideal of S if S +0 <& S and if s +0L < S for some
s € S. TIf F(S) 1is the set of fractional ideals of S, a mapping
oL —> ou* of F(S) into F(S) 1is called a *-operation on S
if the following conditions hold for each x € G and all oL ,
b in F(8):

(1) (x)* = (o); («x+0L)* = & + oo*, where (&) denotes

X + S;
(2) o c op*s if oo < p , then a* < 5%

(3) (gu*)* = oL *.
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If oL € F(S), we denote the fractional ideal {o( &€ G;

Hl by @Y. Then the

X + 0. C S } by OL_l, and denote (0L~
mapping OL+—> o’ is a *-operation. If nx € S (ne& N and

X € G) implies x € S, them S is called integrally close&. A
group homomorphism v of G 4into a totally ordered abelian group
is called a valuation on G. Then { X € G; v(x) 20 } is
called the valuation semigroup associated with v. A subsemigroup
of G containing S 1is called an oversemigroup of S. Assume
that S 1is integrally closed. Let { Vo 5 A 6/\ } be the set
of valuation oversemigroups of S. Then we have /D V, = S5. We

set mP_= CD oLV, for each ideal (oL of S. Thus we have a

*-operation oL —> Olb on S. If (oL+ b )H)* C (oo+ L )=*

implies [ * & (* for each finitely generated fractional ideals

o, b , L of 'S, them * 1is called an e. a. b. *-operation.
. . s

The operation b 1is e. a. b. If f = Z aSX is an element of

A[X;S], then the ideal of S generated by the set { s & S;

a # 0 } is denoted by e(f).

Lemma (1. 1)(cf. |5, Proposition 6. 2]). Let D be a
domain, and f, g & D[X;SJ‘\ {0} . Then there exists a natural

number m such that (m + 1)e(f) + e(g) = me(f) + e(fg).

Let k be a field and * an e. a. b. *-operation on S. We
set _

S*k - { f/g; £, g € k[X;8] \\ {0} , e(f)*Cl e(g)*} U {0} .
By Lemma (1. 1) we see that S*k is a subring of the quotient
field of k[X;S]. We call S*k the Kronecker function ring of S

with respect to *(and k).

Remark (1. 2). (1) 1If we replace D by a ring A in
Lemma (1. 1), the statement is false.(cf. [5, p. 75]).
(2) 1If we replace k by a domain D in the definition of

the Kronecker function ring, we have S,D _ ¢ q(D)
* b
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is the quotient field of D.

(3) b.

For an e. a.

*-operation ¥

s, 8,.%

% is a Bezout

on

ring(that is, each fi nitely generated ideal is a principal ideal)

for each(finite or infinite) field

A subring of q(D) containing

ring of D. There is the canonical

between valuation oversemigroups of

. . k

S and valuation overrings of Sb .

is in one-to-one
k
b °

overrings of Sb

prime ideals of S

Let * ©be a *-operation on

* * *
e(f) = S} = U , then U
*

If the set { @ ; oo € F(S) and
is a group under

Prufer *-multiplication semigroup.

S.

k.

a domain D dis called an over-
one-to-one correspondence
an integrally closed semigroup

And the set of valuation

correspondence with the set of

If we set

{£ e xix;sI\{o]

is a multiplicative system of k[X;S].

0L is finitely generated }

* * *
(oL s § )—> (ou+5b ) , then S 1is called a

A domain D is called a

Prufer ring if each finitely generated nonzero ideal is invertible.

If we identify an element s & S

multiplicative system of A[X;S].

of the form SP

and S

ideal of S P

Similarly a valuation overring of

with

is called essential for

x% ¢ AlX;S], then S 1is a

A valuation oversemigroup of S

S, where P 1is a prime

denotes { s - s'; s €8S and s'é¢€ S\\P} .

of the form D is called

P
essential for D.

Theorem (1. 3). Let k be any field and * an e.a.b. *-
operation on S. We consider the following conditions(cf. [8,
Theorem 7]):

(1) S 1is a Prufer *-multiplication semigroup;

(2) k[X;S],.* =S k.

H U % 9

(3) k[X;SJU* is a Prufer ring;

(4) S*k is a quotient ring of k[X;S];

(5) Each prime ideal of k[X;S]U* is the contraction of a

— 183 —

(7~




prime ideal of

Each prime ideal of

prime ideal of

Pk[X;S]’

Then each of

implies

is the extension

is of the form .

Each valuation overring of

valuation oversemigroup of

S
(1),
(5),

Remark (1.

operation

where is a prime ideal of such that

*k is a flat k[X;S|-module.

are equivalent.

k be a field and *-operation

is a Prufer ring, then is e.a.b.

k[X;S]U*

Let *

v on

then we have

Are eight conditions of Theorem
? (How about operations

are equivalent for the operation

Proposition

followings are equivalent:

S 1is a
k.
Sb is
k.
Sb is
k.
Sb is

be an e.a.b. *-operation on

is e.a.b. is a flat

equivalent each
Conditions

in Theorem

is integrally closed,

Z-valued valuation semigroup;
Z-valued valuation ring;
a Noetherian ring;

a Krull ring.

Z-valued valuation

{Vx s A€ A }

has a family

semigroups such that

A

Krull semigroup.

Proposition

the followings are equivalent:

and for each

for all but a finite number, is called

If the operation is e.a.b.




(1) S 1is a Krull semigroup;

k
(2) Sv is a principal ideal domain;
(3) SVk is a Noetherian ring;
(4) Svk is a Krull ring.
§ 2. M-semigroup rings.

For a fractional ideal JL of a domain D we set

UL_l = { a € K; a OL C.D} , where K is the quotient field of D.

We set ( m:l)_l = 0.Y. If oL is an ideal of a domain D(resp. a

semigroup S) such that o =01, then ¢1L 1is called a
divisorial ideal of D(resp. S). If D satisfies the ascending

chain condition for divisorial ideals and if each ideal (a, b)

generated by two nonzero elements a, b of D is a divisorial

ideal, then D 1is called an M-ring. In this section we get a
necessary and sufficient condition for a semigroup ring D[X;S] to
be an M-ring. Details of this section will appear on [11].

We know that the dimension of an M-ring D 1is less than 2
(Querre [10]). It follows that if D[X;S] is an M-ring, then D
is a field and S 1is isomorphic either to Z or to a subsemigroup
of ZO' If k is a field, then clearly k[X;Z] is an M-ring.

Therefore it is sufficient for us to treat a semigroup ring of a

subsemigroup S of ZO over a field. Then we may assume that the
quotient group q(S) of S is Z. Then the least natural number
d contained in S is called order of S. If S has order 1,

then S = Z0 and k[X;S] bis clearly an M-ring.

Henceforth in this section S will denote a subsemigroup of
Z0 such that q(S) = Z and the order d of which is gre#ter than
1.

We set as follows:

h = min { s € S; s + Z0 C S} ;

pi=min{nez;nd+ies}(iez);
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M(S) = { s € S; 0 < s éll};

{1, 2, ..., By N\ M(®).

We have h = md + e (m, e € Z) with e =0 or 2< e <4 - 1.

N(S)

Proposition (2. 1). The foliowings are equivalent:
(1) nes) = M)
(2) N(S)={h-1-s;oss<h,ses};

(3) p; tp,_q4y=m+1 (1€ 2).

For an ideal (¢ of S we set as follows:

)"j(m,)=min{nez; nd+jem,};

'Cj(CTL) max{neZ;O‘LC(nd—j)}, (0 £ j<d - 1), where

(nd - j) denotes nd - j+ s.
Lemma (2. 2). We have the followings:
(1) o’ =0 if and only if f (o) £ f(a’) (0<3<£d - 1);
(2) Fj(oLv)=max{Ci(0'L)+pi+j;Oéiéd-l};

; 0€ 4 <d - 1} .

(3) Tyo) =min { f(a) - py,

The proof follows from the definitions of the fi’ Cj and

Py

If S satisfies the ascending chain condition for divisorial
(integral) ideals and if each ideal (s, t) generated by two
elements s, t of S is a divisorial ideal, then S 1is called an

M-semigroup. If k|X;S] is an M-ring, themn S is an M-semigroup.

Theorem (2. 3). The followings are equivalent:

(1) Pj + pe—l—j= m + 1 for each j € Z;
(2) S is an M-semigroup.

Sketch of Proof. We will prove the case e = 0. The proof of
the case 2<e <£d-1 1is similar. Suppose (1). Let (L be an
*
ideal of S. We set j =d - j - 1 for each j. Then we have

- * * 3
(fi(cm) P +i+pj+j)d+3601/.

]
It follows fj(UL) < fi(OL) - Pj*+i + pj*+j for each 1i. Lemma
— 186 —

S




(2. 2) implies fj(aL)é_ T/j*(m,) * Pyayg and hence or = OL.

Next if (1) is false, we have 128 + Py_r-1 > m for some T
(L<r€d - 1). We set Q/=m+1—pr and OL = (£d, md + r).
. v
Then it follows fd_l(OL )< fd_l(OL), hence (. # OL.
We set as follows:
N, (8) = {2z ens); ajga<d; + (@ - 1)};
1) = {dj + (@ -1) -23 2z NS} (G €2y,
Lemma (2. 4). Let S be an M-semigroup. We have:
(1) N9 = { a3+ @-D -1 0 € 133) s
) { di + iln-3-1) + e; i(m-jo1)€ I(m-3-1)} € § (0£j<m-1).
Proof of (2). We have i(m-j-1) = d(m-j-1) + d-1-z for some

z ¢ Nm_j_l(S). It follows dj + i(m-j-1) + e =h -1 - z. By

Proposition (2. 1) we have dj + i(m-j-1)+ e &€ S.

Theorem (2. 5). k[X;S] 4is an M-ring if and only if S 1is
an M-semigroup.

Sketch of Proof. The case e = 0. (The case 2<e<d - 1 is

similar). Suppose that S is an M-semigroup. Let 61 be an

ideal of k[X;S] generated by two nonzero elements f(X), g(X) of

k[X;S]. We may assume that

o= (£, g0, X2, ML P,
where f(X) = Xh(%i% aiXi) and g(X) = xP (%Eé bixi) with ag # 0.
i=0 i=0

We employ the following vector notations:

Ay = (agys Bg5410 c0 0 2gjea-1)
dj dj+1 dj+d-1
;ej=(x3,xJ y ..., X9 )
-&_ .
Aj = (adj_E s Bg441og 0 U adj+d—l—E,) (3, € € ZO)’
= i € = 0). h i B
where a .. 0 (i ZO) and a_P 0 (p>0) The notations 5
»Eié are defined similarly. For mn-tuples (d]f “2""’ Mn)

n
and ( ﬁl, (32""’ @n) Of k we denOte 1% diﬁi by
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(o, Xy o (B LB, i, B ). If we set U ={;?(X)ékm);

oL C f(X)k[X;Sik then OLV = f\ $(X)k[X;S]. An element $(X)
U

of U 1is of the form Xh/(%zg cixl), where the Cj =

(Cdj+d—1’cdj+d—2’ tees Cdj) satisfy
k, om0 - 0.
T e T
> T = <k <m-
%= ’3 Cp_j =0 (0Lk<m-1, i(k) € I(K)).

An element G(X) of oL’ 1is of the form Xh(z zrixl) with
i=0

sk rfi(k),ck . =0 (0€k<m-1, i(k) € I(k)),
j=0 J =]

where the Fj and FJ_E are defined similarly with Aj and A

md

It follows that the element (["0, r'l,..., r ) of k is a

m-1

linear combination of the following vectors:
-i(m-1) -i(m-1) -i(m-1)
(4, > Ay soeees A TS ),
-i(m-1) -i(m-1) -i(m-1)
(BO > Bl 5 v Bm—l )a
~i(m-2)
0
-i(m-2) -i(m-2)
B0 > Bm-2

A_i(m—z))

(o, A m-2

s e ey

)

-i(1) -i(1)

0 t] Al )’
-i(1) -i(1)

0 ’ Bl ),
-i(0)

0 )5

( O’ 09 e v ey O’ A
(o, 0, ..., 0, B
(0, 0, «vvve., O, A

(0, 0, veees, O, Bai(°)> (0<i<m-1, i(j) € 1(§)).

Hence rj (0£3<m-1) is of the form:

— -i(m-1-n) -i(m-1-n) }
o ey Lt 5 iy

(kn,i’ ﬁn,i € k).

Therefore we have
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r

_.h
G(X) = X (JZ=(; %)

m-1 h+dj+i(m-j-1) m-j-1
> = X {kj,i(m-j—l) (=A%)
=0 i(m-j-1) € I(m-j-1) i=0

]

+ ﬁ/, m-i-1 —j
m-1 ‘
= dj+i (m-j-1)
> = X {kj’i(m_j_l)f(X) + Lj’i(m_j_l)g(x) }

3=0 i(m-j-1) € I(m-j-1)

h’ X2h+1, X2h+d—1

mod.(X2 ).

ey

We have shown that G(X) € oL and hence ULV = 0OL.
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(C8,4.61) (erenstein module v % I, minimal ank o o kL.
URBERWT~EMThB, LT, iF 0 Prenstein modile 11 % 043 48
PoEf LR LB,

(L3, 491) odd 2ank o Jerenstein medule & &% 3 10T, 2ank one 0
bod &S 2.

AXx&), mimmal & b0l kv one B omon THA XA B A,
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CLNI)  minimal & forenstein module 0 20mk 13 2 0 N% T'H 3,

%L,

(L15, 8330 Hhote wwisls a twe-dimomaionall, Jocall, amaliyfically
madide of 280k tiss .

Sharp 33 70T R NTWBIX, comenicel module 0% 4, formal
fibre 0 Jerenstemtt % 0 B 4K IR0 Tiz, 13, 83 okl LAKL
TRCSYILT, AWITANAD, MELEWSLIL, LT DB,

RIE 1. BHR AN dulizing omplex & B 5, dim nentM(A) < |
51, AW fanmstend o ¥ HRE A,

B, BHHEA N duwlizing omlex £ B3, (S42) (d=dimA) Td
Wik, A QerensteinR o FERE THE,

BB BHE AN duslizing wmﬂe}é L®B5 dmA<5 o
A 3 pprenstein E o ERB G TF A,

[2,83] v RRkoFE L), BH2ZRALZ-TRINAG Lotk
it AIREWTHEZ0T, 22T BEIIWTOHFIET
Yieds., 31 03Em )L, [516LL101 e [I31 IR&B (FLOAHE

nAW (rEEIVE, RH LD, [2 81 METRILHTHY 33) ¢ Fultigs
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0 CMAL (LT LantsalYt&-T43 515,
(A, #,, 14) L ¥BEE, =1-Tg 35, REEESS:
Q) A% dunlizing complex D= 02— > DH 0 guf tht D°

14

22w Ea®), D¥'x B EsAh) -,

B dim mntM(A) = ]

nonCMA) = V() 45 idal @ & XA, dimAl=1 - Rboec=d, ann
N7 X, X & X)) A=d YEZHIL YD I=0a,., DA
td<. Lomn pume @ &L, Az & FLC) x£5.([2,1,M1)  n#L5
LoBEEANF LX), & FeMn(AD) RHEL XX )t Az 1t BV
T LEMI R BASHTWEBE 3g- pumay deal 127 5 ¢ LT
Wo 22 13l Az it CM A5, HID)y =0 o i>0, 157
Tt gt THaA=o fo isd . 3L, F22+I REL, Ap M
fg=d hsdd, dptlAz + dmAfaag = dim Az + dinAg/3A5 = dim
Agzd ., %7 061£, 3w 4t I“HA)=0 mi<d, xap
AEUNFEY), B € 157 (Ann H,{O‘\))Zd-f €y (AnanO\))’“d-/ Y LTYn,
(B W)= Hly () funzl) €=, T 2AI TIC
AUTI xH<, BKTEV pume g RRL, 2PLE5 CGp=ALTT C-M,
F2I 85 G5,&@E)" oM (I2,1L100), B G M T ha,

i=l,..,d wxdl, C=ALl%g|xel] ¥&<. C=CLKAET], ThHAE.
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Co 47TV FRNC, G2 20l X Ad, 4 minimel oz,
dim Cifnc: < d-1, dmCfp =dtl &43, dmCopcg 22, 2irmn
chuYE, P=R0AxEY, ¥ X TENRS Cp ik CM T s
T GptoM ThE - dpCy v dimO%pcg 2 /t1=2. LT,
[615), Irzd at MW HU(G)=0 fon izl d . Yen' & By
X, B = dEl cEBRRRYB, J=ITIHHA) b, R=& " =
ALITICALTI ¥ 942,

tig: HEBEomATIVEFLEAZTIVE LHL, Rp &k CM. T
A. (ie, ‘¢80 idal P+ WRtR:, ~, MRt Ry x;m,' Ry €-M.)

2=PNA Y B<. RoBkTineE. BRI 45, Az C-M A3,
Rez AjLTT M., F2I 45, R @) B 2, @ ¥OF XY CM
([2,1.181). Rokekoxt, Ay, Rz TAZT A fal cLTXw,
IT= ., 2w, YT by, PR Ry A5, PRXT (3)
o Poyxy’T (3)). Py oxs, U=aT, S=RIAT, B=S,, Q=
PSAB (27B) Y ¥H<. S=BLU, W] T, U BrA MM Th54\ 5,
Sps C-M. € Bg C-M.. 5T, By C-M. fo ovoy man ideal M 2 1B
3
B, X, Xd B LT, Setz31 0 &4 £ BELTV B D5 C-M. T'H S,
PoyxT ozt ALAR THE (AL, BAIY. % Whi1)
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ST RE1otEM ELY D, As(A)=Ash(A) oxz 1k, 4RLAT
YRk, 55 dul J wRELT, R=G T, N=mR+Ry (#UIL A)KEALT
TN Y LEYE, Ry )% (FLC) Tbs. (FL2,LIMT) Ry B ARERE ARK
n/AC 05, dudizing complex & B2, $-7, [2,211 X9 Ry i famstern
KoRBRMK B, AbAIT hA, d=dinA LonTo W@ Ery
VERTS. AD0)=Finnfe & RFRATTIR LS RBERT,
dng =d © (<4 (Isa<t) 858035, R=Ginnfe, &=
BN Ft b, dimAR>1 35 pume P & ¥ 5, vAaz L C-M., #
) AsCAp)=Assh(Ap). » RBE+E w dimAis s/, 22aov:,
Mg = Az C-M.. 228 ox:, (A8 =Az CM . %7 dinmncM
(A </, dmnntM(AB) <[ ThB, As(Ok) =Ash(Bi) £435, Ak
& Jorenstein AR R 0 BRBAE 0B, ding < d A5, e
LX), A% & Jrenstein BT S 0 ERB M ThA, dmR=dnS
=¢ YLTXW, f& ROS 43 AoB ~no 2HERD v, B=
FUA) vH<, 0-—>B — ROS —— RS — o (24)

v a Vv a
0—> A — MO — Hasg — 0 (£4)
12, Profof 21 (13 @] ¥ BBk LT, B R dulzing omplex £ ¥ 4%
LRI T2 XA RE, £, As(B)= Assh(B) TH 5, dnRoYp
£/ ThAHE, dmmmM(B) </ ¥ 39, B I erenstein B0 AR
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sy, AE%X5TH2,
(hAK0 XHHBERLKRLTEEERRLN, ST AERTAE,)
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Some Examples of Local Rings
mHFE—(FNIE)

25 —BOE1F T IVECT 3R 2 - e
OEED —BHyTHE) LHAGRAGEL3ILOT. P
=S T FEO. 29, X9, R1IFTIL, BATER
T NEFEA SIEHB N E O NBRAE LIV BS,

t7T XR-FB A 0ETTTIVY.$ TR SQ
Ao p e g OBCRORESI T PVIBELTEV__
Shibs. Z1T7PIL ' S p e q k3T
O HO_rF prgr BET10888R1TTILV
£8( gatunated prime deal clam)sv, N+ 1 18 NE '
1T Po, aro, dn CRIL RoCpC - TP T
KiEH0T PeC Py (D=d< 1) D(ERTT D)
safundled (choin) THUE ZOHT TP Ube &
T OSIET TP LR, GE po, P EBRL
EH. P o o OF R BT LT unque TIE
oL Exnt —BRLCETIVEIHNE . hHs

T o)
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22370 o't<1‘"saém‘zw50t5p RRA-FB A O
2O00FRTTPILP, G T p<Cq &3 pep,
CTC =9 THZFHEHERsatunaed &
VYIBED 3.

'525nE 3,94 (pCq)ITONT. K5
H 3 satunaled chain EE2EEL. ZORIH—ET
H3HH Y

A -BROEFLIVR > Tt LOE (0L
CXFIZNRCOHLADBRIOGH e 32 ME3
THE3S, Bz R ELBRENTE(ORHK), BB
FRICAHV T BEDHEIENMESNh T3, Z2LT. %
<OFF-BEOBIIERA. TATORA - BT
CORTEEHRLEARLNITD) LBECURRLTUT.
5L O\,

LB, BR(2)ECcic. ZOBWEFF. XATEICR
3. BOERCEFEERY( M. Nagda, On the chain
problem of pnime ideals, Nagoya Math. 3. 10(1956)

-64) T NELRHNWE. THh5,

Example  3NTHAEE A T BREA TP L
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C maximal pRIme deal chain — D&Y © v Aok

1 TPIL AW 20T O edunated chain_) T
Er 2 otot BHCERIITD. B LE.

Fo T OB ZorBEOETT7ILE .G C
2 Cq) AL &0 sofunafed chan ORITFL O
TOG. —RE0RA—Bry. E7TPLEOEE)
FROT. BAS A, FOMBE@E)EL->THIOED
5. cofenany 3% Lo

T clenanyBR. CORE Fo EBTOE3S
DN IPATS cdfemmji% BRLLIER T cwden-
ong WEZHAH? Lo L EFERQEBLIE . 20O&
S VEEETEGV. c0YRIEAL TOSB,

Bample 2 RTRFAER A ( ZthE cfenany )T
AlXT (= A 1GEREDR) © calenanyT'B0E
O t5z2=.

ZOESTTT - ZOINTORRIL
KIRH7 cafenany THBE OIF. chain condition (CFD
L FERIC R OMEEL > TV BDED S, univensally
cofenany ¢ 033,
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£237T O XBWBXIF BFE KD univensally
cifenany THBITHRMTFEE . HRANLO> L TBLT
QIR | ‘

Proposifion  RFTEEL (A, ) B quasi- wnixed
(539 AOEE A oanToBIET TPLR
220 T, dl\m/A\/f?\ = dm A) THENIF A univ-

enselly  cafenany

2O & IS CME%(O)%?@@T%O & vt
univensally Catenany TH3 ZCER T,

ZO®’ Ralliff 3 d0OSRB0E:s = LEf.
L.J. RaTliff, Jn. . On quasi- unmixed locél domains
the altitude formula, and the chaln condition domn
prime Ydeals | T T, Amen. J. Math., 91(1969), 508~
528, 92(1970) 99~ |44-)

Theonem (Nagala - RaTliff)  BETEEY (A mw) 74,
univensally catenany T'EILEBTHHRMG. A Hv
quasi- unmixed T RB T,

ZOEBOR T LT BYZIE

Concllany. #R—F& A 1 univensally cafenany
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55 3. ALTWREMREERR ALD T . unvensally cd-
€Ny o

Conollony.  BFTER A, an) 7 univensally calenany
8 3NETH REE. ADA v IUL. (PA Fw) W
univengally cafenany TH3 T €,

M BMNR,

T 1. XALEQORIE B IHTHIL 250
TR 5. BIc uwilenwdly cderany TH Y XTI
% R OSEEERTNTO 2. CGE ERE BR)

Preposifion] (A iw) DERS catenanyy FETEE 5.
A 1F univensally calenany .

=z~ Ratliff [ kB YR DEUEIThEY .

cofenany B, univensally caTemcm;ﬁz%é LSRG .
2O ESTHBER I L C. MLOIFIRETLT £
O [Proposifion] E£BEC S B D LT, (o L. Rahff,
Jn. Chonaclenizalions of cafenany nings, Amen. J. Mth,

qz (71, 10701105 ete., ..)

Pevo pesiTion . 2R 32 A DY umu‘vef\SaHvJ Catenany T
#3AB RS AXT Y cafenany T HI ZE.
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Phopesition  REEEK (A, m) »n Gfenany T & 33h
PTORFE AOINTOET TPIVE 20T
frp + dmA2 = dmA |

Proposition . @FR (A, m) 3" univensally catenny
THINBTHREG. Aon L PILl (A hw) Y
cofenany THZRZ &,

Preposition.  calenany B ETER (A, m) OBK 1
TPIWERBIINTORTTTIVRI2OOVT. Pl

S Bk Ag & univensally  catenany .

Raflhiff ® 378 (5. TWLOIR &F 2
SOEB MG, L I, Ratliff, Jn., Chain Conjectunes
In Ring Theony, SLN 647 £%08,)

Chain Conjectune (CC) AT O) EFBRFER, 1K
cotenany .

Avoidance Conectune (AVC) %7—-3B A DO E A
TP, BLQ M My, My I2O0DT. PCQaM
™M E T2 0 <ofunaded chain T Méﬁg:)'f\/\f Py
ZTT70LQ T PCQ'CM 1 safunated HD
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Q@ \UM: T3 D BRI 3.

T-L Conjectune (TLC) (A, M, , My ) B
LEFHEB . GNTHET TP R EI0T APt
dm Yy =dwA 55 AT caenny.

Uppen. Conjectune (UPC) BFTER (A a) ' B
- ADQ(MLX) T BT at1 O maximal chain B-asil
& Al BY 0 maximal chain ABIET 3D
n="1 o

Depth Conjectune (DC) BFEEL (A, m)DRT T
viv g T Atg Yl e ZTTTULR TLRC
g B AR = dmhAq t1 THBEON T
"o3.

H  Confectune (HC) 2B AT INTOBT
LOET TPV 20T, AP TdmAg =dimA
5. Al caenany.

Catenany Conpectune CCTC)  cafenany B OE
BRI . universally cafenanys.

GB Conjectune (6BC) *7 —F% A OFEMB A
FROMEE HET, AOKROBELKBLHIT B
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CQM ETF 10 safunated chain™ % ? = PNA C
@ = QNA £ E =10 salunafed chatn,

Nonmal Chain vajecTune_(NCC> E_R‘Y'g‘@g\(ﬁ\l/m)
OERR (A Ay, . Mn) A calenny B dimAg,

:d\\\mA (@2\,2,--,51) 73\\5 A (& um\\/ERSO\Hj CaTQnaﬂ‘xja
SR oME (P OOTHMTEL T E S0 TE6E
L O, )

+/
S

T T, THEITEOBILGROED  FUEBS o &Y
Chain Gunjectune & BRCBENNT, >F v . WER&
% RO ESTHE . C.Rithaus OFFELELR L TE-

B, (T Ogoma, Nen- catenany pseudo-geometnic nonmal
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e

pings . Japan. J. Math,6 (1980), 147~ 163)

Example. 3R LR ncxga‘[al%\’—’ﬁi?mc'@ Calenany T
FOED. BB,

2. A M. de Souzn Doenng 1. LWERR DA E T &
12 Deptv Conjectune DRFIES 2 (cf. A M de Seuga
Doening , The Depthh Conjectune: A Countenexample , J.
of Alg. 11(1982), 443-448), Raliff T (hEHEOR
NS GR Gnjectwne DRFMEBOE (5L 0), (4 LT
Ralliff Jn, A Balef Hislony and Sunvey o the Calerany
Chain Conjectunes, Amen. Math. Monthly &5 (1981),164-
18).

227 BEFRLIRO R BMERIC c et
=

Banple. 2 °R7T UFD T univensally catenany T
TOED. (8 “he [Bopl ORRFUICT- T 3.)

fEY A& Rottkaus, Cgomia, R. Herlwmann DEWN
e & BRAICRET 3B 2D D0 DA TS 10)
- BRI RE) OR 3. BB prepnint EERL
BT, WE =/o1/37]
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I n t e gral — v al ued

rPr o 1l y nomia l r ivn P=4
& DUy
kH BB
HH ®—
-O . =

RETHRE. HUBREL. REOBEXLKORTELER (x] THDT.
RIx]ox f (x)W. 2EHERZFED. ¥bL. ERANLEENAELTE. R
SRADEREGZZBERE, CIT. RDOSRADEBEEXZ3ELHSEKRTUH.
Ma. R=Z (BB®) T. f (x) =4 x (x-1) s ZOHHARET 5. —
. f (x) 3. QLOBHATH S, ZLOBHEATUHRLVL, ZZTKEROMK
EUK [x] OXTCRODOSRANDERES X 3db0OR Integral—-—valued

polynomial (ﬁE\R=Z®t3mlnteger—valued p
olvnomial ) &WU. 2ho2teD (R) TEHTIERT 3. D (R)
d. @K [x] OBIREKT .

ROERGFEL L L EZWXWE. D (R) =R [x] THA3ZENHPEDT. 22T
BERIRDLIWAR. RU. ARELOBRICHTT SRY. oo, hOBRIE
Rid.

M¥TWH. Integral-valued polyvnomial ring &
PVT. SETHANOGNTREBREDLTEED. RETUHS R P> LHER.
RU. SROMBE%ER2RET,
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1. S k ol em r i n g

I[ntegral—-valued polyvnomial ring WHJISA
. AP oREZETH20EBY. TORN—FHLVHBODOW. Th. Skolem
[19] DAXLTHSS, thOBWILDBIRT. COBADPSOMETHAET>TRT
TEHBHE L,

TE =
D(R) M. SKkolem ring T&%&5&Hd.
D (R) ox f,(x) . f,(x).. ... f,(x) T. 5. ROBFaxT
allxu T,
(f.Ca) . f,Ca) . . . .. f,(a) ) R=R THhL. A

(f (x) . f (x) .. ... f,(x) ) D (R) =D (R)

Th. SKkol em®D#AXLTWE. D (Z) . Skolem ringTdHhI3ENK
SNTV3,
N.Brizolis [3]W. BlZ. COERBEIEL

£ FH

Rﬁ‘ﬂDedekindAdomain DROFEED® Prime idea
1 P wx¥LT RAPHW. Finite field &% Ring&lL. &
EONon constant .polynomial f (x)e R [x] &L
Tf(x)=0 (mod P) »B, ROFIE|EHDLIMW Prime idea
| PHrEREFETSEIRET 5.

ZoEE. K RROMBTRLKTHSERET 3. k=0.1. 2.
. .EHU RE = {f (x) KlIx] i e R°.0< <k} z
2T, fHx) . f (x) 0 EMATS 5.

R” =OR* ey, k=0, 1. 2. ... &HLT. R® . Sko

em ringit®db,
EVLWHEREBTVS,
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I8 (2) ORXHOLEMN
R=Zy;, .Prime ideal (3) W&3Localizatio
n. ¥¥%, Rld. Dedekind domainT. TOMHAKE. QTH 3,
f (x)=x*+1 &¥hld. f (x)€ D(R) T. Z OLTOTaHLT.
f (a)E 0 (mod m) mid. ROME—DOPrime idealTh3%, £
BE0Z OxalMUT. (f (a)) = (1) THEH. (f (x)) ¥1¥mY.
D(R)W. Skolem ring T&RL,
FZC. COMHEE2bDORingkDX—-doma i n EMUKROBICERT %,

559 Dx-domain
ZZT.D%X-domain&ld. ROZHE#HLTdoma i nTH %,

1) Rid. Dedekind domainT®¥%,

2) ROMKk OERIE. 0TH %,

3) RODLTDOPrime ideal PEMUTR/PW. Finite fi
el dT&® 3%,

1) R[x]1]®Non constant polyvnomial f (x)W&HWUL
T. f(x)=0 (mod P) M. ROFTHEDDLS>MRprime idea
1 P». MREFES 5.

= HE
Rw\D*—domainnéﬂ\D(R)d‘Skolem ring T»
%,

RZ2Dedekind domain&Ul. D (R) OB2EMN. Skolem r

ing&hsrH»oRHil. FOMaximal ideal R&->THESIoH
3,
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E &=

R#Dedekind domain&l. 2Otk k. KOHRELAKEZL. L
OHFOROBHEEBET S, PB=I . . D¢R3ROPrime ideal%
P4 %, 2ZT. Dy . BOPrime ideal&d 5%,

CDEE. e, =e, =...=eTHB&. PR. BOBTUnramifie
dTHBETS.

¥r. e, ®D; WBW¥SPORamification index&W&,

= I _
RW. Dedekind domainTXROZRHRHELRT.
ROLTOPrime ideal P WHUTR/PH. HRAKTH %,
ZDEX.
R [x] 2#4%D (R) OWAHE SHM. Skolem ring THELEL
HEME. SOD&EMaximal ideal M . ROPrime ideal

P &de Ry WHIELT. M=Mp = {feS1 | f (@) ,<1} &FD
Th3,

22T 1 (X)) I, W. P#MEEEDT. Rit. ROP-aidi

c closure®2&b7d,
2ok, k<o WHUT. RE 4. Skolem ringhsll. ROSxshn
Prime ideal PE®&LR OMaximal idealll. 2 BEEE
¥ %, : ‘

R #. Skolem ringT. P2ROPrime ideal&l. p%k
Pit4fh3Rational prime&l. N®mod P W&%3PONor
mé&d 3, (Nd. RORRZRABMAEOY) COL X, pLV/IhEVLPRETSp DR
amification indexWMWULUT. PREELR OMaximal id
ealll. NEHEET 3%, HW. oM. ROFTE. Unramified ideal
20, P24TMaximal idealld. NEFEET %, -
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& IE
R4 TivDedekind domain&l. ZOEHAE2kEUL. ki3S
K& 3., COEE, XUEEBTH 3,
1) 2TOPositive integer n&2To (m)E& ZEHUT
D(R. n. (m))W@. Skolem ringT¥%53.

2) Positive integer nl¥UT.
RIx. xp ....x]JCSCD(R) &#R%5Skolem ring SH¥E
ET 3,

3) R, BROPrime ideal PRHULT. ML®R/PlE. Fin
ite fieldT®%d. £hil. Algebraically closedT
3, TUT. RE. Property S¢sHhI3KO=Z20@BRHELERT,

1) SOL (f) = {miImit. R® Maximal ideal .f (x)
0 (mod m) ». ROFTHEEDHD, f (x)€ RI[x]} &35&%,
£2TONon constant polvnomial f (x)€ R [x] s
LT. SoL (f) #¢ ‘

i
!

2) 2TONon constant polyvnomial f (x)e R
[x]wexuT. SOL (f) = {0}

3)£2TOMonic non constant polvnomial f
(x)e RI[x]wxu<T. SOL (f) = {0}

- - i~
ZZT. 2

YAVRC IRV,
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SE HE

R. kit. LOEBEAKET 3,
RIx.....x]CSCD(R) & T3, COEX. R, AETS %,

1) Sli. Skolem ringtT®5.

2) ROPrime idal PX&c (R) WHUT.2TOSOMa x
imal ideal Li\M(S.O(.P)={f€S|Vf (f (*)) <1} D
KTtEbEh 3,

3) SOeTOIldeal I WHULT. V, *¢E¢RBROPrime
ideal P #». BET S,

14

1) 2 COHEOSOERER [deal | WHUT. R™ ya$ e
5Prime ideal P B, TFET S,

22TV, = {he (RY 1y (f (%)) <1 for every f

§

I} V, . ROPrime ideal P 9+ 3Normalized
valuation?&%d@7ﬁ\PE@?%R@Completionﬁﬁéo

ZOSkolem ringld. HilbertdNullstellensat
zCFEZEOR IingTH 53,

2. D —r i n g
ZHEARZ [xJweHLT. Z[x]I>f (x). g (x) #» £TOne ZH
LT f(n) 1 g (n) RFkTRE. Z [x]OHT f (x) | g (x)
TH5D7
EVLSHEBDY. ThEEEWRD. A. Lind [12] BEXXROERLEL.
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f(x), g (x)eD(R) #H. 2TOne 2WLT f (n) I g (n)
B zaold. D(Z) BT f (x) lg(x) TdH3,
EEU. Z[x]WE. COMHRBEULRVWERIMSH AN S,

BlZ. COEELED. Brizolis [1] &, #3KL

& HH

KZ#Algebraic number field&U. F#Dlntegers
ringkR&7 %,

D%

EEDacRWHLT f (a) | g (a) #&W. D (R) BT, f

(x)lg(xj TH 5,

EVLSERRBL 22,
FIC. ZOD&HP2RDivisibility property®34>Ring%D
—ring&ERU. ROBLCEHRT 5.

E =

RERing&l. ZOMEEKET 3,

OB, R#5. BEALLTOaCREMUT. £ (x). g (x)& D (R) |
f(a) lg(a) Z2oW. k(x]OHT. £ (x) | g (x) RFERTRI
ngTHBE%. R%E. D—r i n g &M&,

= g

R®B. DX—domain®Ralf. D(R)WM.D-ringcs%3,
D.L.McQuillan [11]H» XoEErHUTWV3, §

=
1) SERLEBZRDOver—-ring &v3%,
O R 3N
RB. D-ringT»%%5Rold. S»bELD-ringTsh5%,
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2) SEREUVUCRLEEBEMBRROOVer—ring &3 5%,
RS N
SH.D-ringhold. RE.D-ringts%. £hid. S&. RE
BEHTH IR —D2WET,

i ¥

RW. Char (R) =0T®%%Dedekind ring &U. ROMEHKE
k&d %,

R ORE-IN

R#B. D-ringTs3LEL+HEZHE. kOBEMRGa l o i sEKREKLHEE

UT. RODLTD. Prime idealld. LOFT. B2LIHT 5,

Hic. Skolem ring&BEELULT. ROBERIIDP-o-TV S,

& .
Rit. KTARLEEHE L. ZORMRKE. INTHREKET 5.
D&,
RM. D-ringC»53LE+HEMHE. D (R. 1) ». Skolem
ringk8&8d€.
7= ¥
R2#Dedekind domain&d¥ 5,
ZorE. XRWIAEABETH 5. |
1) D(R)W. (Strong) Skolem propertvifo,
2) D(R) . (Strong)Hilbert propertyvifs.
D-ringT®%%.

ZZT.
D (R)®220Ideal Ol #. ROZTOTaLHUT,
Gy =A0) ol MELR. AETHZEVV 12 TEDT,

"

v = Lf (a) | f (xDef?
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Skolem property&id.
O~ s id. =17
Strong skolem property&lii.
ol Rold. U= &
Hilbert property&lii.
TNRED, Ot R, L= (1)
Strong hilbert property&lid.
MNR*d. EAR*D. O~ S, (=4
B#%. D(R)DIdeal T, ROxX®ABLIdeal®Unitary idea
lEkXxz ey s,

3. P r u f e r d oma i n

—HRI. ZIZT. EXABNTVWARD (R) . 2—¥Y-BTWHRLM. Prufe
r domain &®MIhs,. KE. GAVKEELRXET 3,

Prufer domain &W. HREMidealt. Invertible
ideal WRRBEVIHBDT. 2-9Y-BMB. Prufer domain <
dhid. Dedekind domain T%%. D (R) #. 33&H0aE TP
rufer domain RRBEVIFERWD. Brizolis [BIWHTY
. RTH B,

= T

R#¥. Dedekind domainT®%&%.
D(R)#B. Hilbert propertvRd20E+HEHIE. ROZHLHK
D, BRETH 4. Fd. KEHHAKTS 3.

7= I
R#Dedekind ring&kd3, 2O&%. ®it. FAIETS 3.,

1) D(R)W.Prufer domainT®3,.

2) D(R)W@.Strong hilbert propertviaso,
3) ROBHARUM. HRETH 3.
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5E X
R¥. DX—domainT®5%&%. D(R, 1)W@3.Prufer domai
ntd3.

ZZTs DA(R. 1) W@, 1ZEHDIntegral—-valyved polyvn
omial ringk& b7,
[: AN
D (R) oHBREM idea lZ20WT. D. E. Rush [17] &D. L.
McQuillan([14] 5. XOEREHELTVS,

7= FH
R#. Dedekind domainT. TOBRUN. HFRETH S L x.
1) D(R)W@. Prufer domainTStrong hilbert
proper tvikdD,
2) v W.D(R)Y®Unitary finite generating
ideal &7 %,
ac N RED(R)Dd37f (x)HLT T =(a. f (x))
¥HW.D(R)IW. 2—-generator propertyv®so,
& FH
RZDedekind ring&d%5&E. Xid. AETHS.
1) D(RYW. Prufer domainT&%3.
2) D (R)!@3. Strong hilbert propertyvi#Ho,
3) &% R O®RKI. HRHETH 5.

a4 .

COETUH. BAOBELHFILLERIZPVTHREY, 9. Integral —val
ued polvnomial ringl20TEEXMRROMERELOBDES.
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R =R

D (R) #R [X] REXELLDORXHIML?
B, ZRED. BRAGKD. FREERSZBOUER [X] 2ELETENOM
TW3, 2T, COoMBREHTIAERHENEA s,

= HE
RUE. 2—-Y-R&T S, COLE. R AETH S,

1) RI[X] #D (R)

2) R/PH. HRAL2S&5R2Depth one prime ideal
PREET %,

3)D(RP)iRE[X]tm6&5mDepth one prime id
eal PHBEET S,

4)D(RE)#R2[X]t&%&5ﬁPrime ideal PHEETS.

XD (R) OR [X] LOERXRRETAEEZEZI L.
D (z) =2 [X] [¥(x). ncN]
::?\in)=ﬁx(x—])...(x-n+1)
THHZEBHMO>NTVS [3] . CORBRO—BILDBAREA TS Y. 22 TU.
FTROBRERRIANAL 2.

= I8
P#¥. RODMaximal idealTHeight one peime
méﬁ\D(Rl)=(D(R)%T&%.ﬁu\Rw\—&ﬁﬁéd\QTOPri
me ideal PREMULT. D (R =(D(R)% TH 5,

wX [6] TEid~xTLWRVLHE. D (R) =ND (Rf) + P e SpecR. Ts5%
E»5D (R) OEMTEED (R,) DEBMTEREDTRIZELL>THESNSEN
APYV.McQuillan[15]D®HRXTWE. (R, m) BDiscrete v
aluation ringTR/m »H.Finite fieldDWKdD (R)
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DEBTNAL SN TBEY. ChoD@EEDMPSD (R) ODEMITERRET 5 & pHEX
%,

5. = % DO FRRH

DE. dXTRREZEWR. 1E»33EZTE. D (R)g_ R[x] G2 T
DEETH%. 2UT. 4ETD (R)G R [x] OREZHEZS A 4. ERHR
(R#. k—affine ringTCT»3&%2%) BAULODVTOERN. TRUT
W3, SHOBFBELLTE. FOMBEEFAILHEBELURZUTIIR. FXB&I380<DH
OB S 5.

ZZTH->-Ring (Skolem ring.D-ring) 20T, k—a
ffine ringtTOREHOMBERY. FHARR [x] #. Skolem
ring. D-ringtR31bOBFETSH?

Skolem ringkBivs5ROMBELTE.
il iR

2TDac REHLUT. f (x)e RI[x]1H. f (a) B, ROuni tTH
hid. f (x) . RI{x] Tunitm?

D-ringkEAT55%OMH
RM. ktkonkAffine ringt»5&&Ed. RE.D-ringtTsh
3TH3ZEN. BP>TV3, BMEDPA-T. EDLS5RRingd. D-rin
gERBED?
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Some examples of Buchsbaum local integral domains with d = e 2 3

Shiro Goto (Nihon University)

1. Introduction.

" As is announced in my note [5)], the purpose of my lecture is
to construct examples of certain Buchsbaum local integral domains
with d = e 2 3 . The original idea of the method of construction

is due to Amasaki and the explicit result is stated as follows:

Theorem (1.1) (Amasaki-Goto). Let d z 3 be a given integer.
Then there exists a Buchsbaum local integral domain A of minimal
multiplicity such that
dim A = e(A) = d and depth A = 2 ,

(Here e(A) denotes the multiplicity of A .)

Before going ahead let me recall some basic definitions. Let
A be a Noetherian local ring with maximal ideal m and dim A = d.
Then A is said to be a Buchsbaum ring, if the difference

I(A) = 1A(A/q) - eq(A)

is an invariant of A which does not depend on the particular
choice of a parameter ideal q for A (here lA(A/q) and eq(A)
respectively denote the length of the A-module A/q and the multi-
plicity of A relative to q ). Hence A is a Cohen-Macaulay ring
if and only if A is a Buchsbaum ring of I(A) = O . In this sense

the concept of Buchsbaum ring that was introduced by Vogel [6] is a

natural generalization of Cohen-Macaulay rings. Nowadays the readers

may consult the monumental book [9] of Stuckrad and Vogel for the
general reference on Buchsbaum rings where the recent developments
of the theory are also referred to. So let me give here only a

brief survey, which we need in the sequel.

Suppose now that A is a Buchsbaum local ring and let v(A)
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denote the embedding dimension of A . Then the local cohomology
modules Hi(A) (i #d ) are vector spaces over A/m , that is

m.H;(A) = (0) for all i # d and the equality
: d 1 .
d -1 i
O( i )'lA(Hm(A))

holds ([7]). Furthermore we have two inequalities

(a)  v(A)

I(A) =
i

[ s I |

IA

e(A) + I(A) +d -1,

d'ld-l i
1+ z 1(i _ 1).lA(Hm(A))
1 =

1\

(b)  e(A)

for any Buchsbaum rings A . I would like to say that A has
maximal embedding dimension (resp. minimal multiplicity), if the
equality is the case in (a) (resp. (b)). Note that A has maximal
embedding dimension, once it has minimal multiplicity (see [2], [3]
and [4], where the further properties of such Buchsbaum rings are
discussed, too). In case the multiplicity e = e(A) of A is
_(absolutely or relatively) small, e.g., if d 2 e or e £ 3 , then
the inequality (b) forces almost all the local cohomology modules
H;(A) to vanish and there is some hope to determine the structure
bfrings in such a case. Fof example, the Buchsbaum rings A of
e(A) = 2 and depth A > 0 that are completely classified by [1]
always have minimal multiplicity. So the next target should be the
case e = 3 and the general theory on Buchsbaum rings of minimal
multiplicitj is expected to be helpful in the research of the case,
too.

However, in spite of our eager interest in the exploration of
ceratin Buchsbaum rings with minimal multiplicity, the lack of
enough examples, especially the crucial lack of examples of Buchsbaum

integral domains of minimal multiplicity has been preventing us from

going too far. (As far as I know, the original example (3.2) given
by Amasaki is the first known Buchsbaum local integral domain of

“multiplicity 3 and depth 2 .) By this reason our construction
seems quite important and could be a new starting point toward a
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further theory of Buchsbaum local rings.

2. The construction.

Let S be a Cohen-Macaulay complete local ring of dim S =

e(8) = d 2 3 . Assume that the maximal ideal J of § contains
elements Xl’ X2, cee Xd such that
I x, X, oL, X )T

1’ 727 d
for some r z 1 . Let k be a coefficient field of S and put

R = kHXl, X2, e Xd]] in S . Then S is a finitely generated

free R-module of rankRS = d . We choose an R-free basis Wi Yo,
cees Wy of S so that wy o= 1 and put
2
fi = Xl Wy and 8y = Xlwi
for 2 =i £ d . Then one easily checks that

d
2 . .
(2.1) 8,85 € RX, % + L Rf, for all 2 =i, j=d.
k = 2
Let F = Sd and let Tl’ T2, cee Td be the canonical basis
of F . We consider the Koszul complex (AF,3) = K.(x;S)
d-1 ad—l d-2 ad—2 d-3

of S generated by the sequence X = X X2, e Xd . For each

l b
0 =sp =d let Ep denote the set of all the subsets of N ={1, 2,
eee , d } owith #I =p For each I ¢ Ep we put
Ty =Ty aTin oo Ty o
1 2 p
where I = { i, < i, < < i} Let
1 2 P
d B {
u o= r g T ce. T P and v =23, .(u)
k=2 K1y n K @ d-1
d-2
Then as {T,} is an S—-free basis of A F , we may write
Teki,
v = . g fITI
—d-2
with fI € S . Define
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)

A=R[LE | TeE o] .

d-2

Then we have the following

Theorem (2.2). (1) A 1is a Buchsbaum local ring of minimal

multiplicity.

1]
Q
.

(2) dim A = e(4)

(3)  H(A) = (0) (i #2, d) and 1,028 - 1.
Proof. Let L = z RfI . For each 2 =k = d , we write
Tek,

am1CTin oo aTen oo a%a) = 5 Top oo pTiep oo aTa f

) . i% i s daijleA . ATiA .. ATjA"'ATd
with aijk € R . Then as v = Bd_l(u) , we have that

d A A

oo AT e Tken e Te Y
lek s
d A A
L CEay e )T aTin Ty aTa

d
Hence f, € L for all 2 = k = d and fI € z ng for each

k k 2
I e Ed—Z . Consequently, as
f £, € z Rg.g. and £ € L
I-J 2 si,j <d i®j k ’
we get by (2.1) that L I, R + L for all I, Je Ed—Z —— thus
A =R+ 1L

Let K (resp. Q ) denote the quotient field of R (resp.

A

the total quotient ring of S ). Then as w, € KA for any 1 = i d,

-we see that Q = KA whence

rankRL 2 d -1
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because A = R + L and rankRA =d .

In what follows I would like to show that A = R @ L and

L = E2 , the second syzygy module of the R-module R/(XI’XZ"°”Xd)R'
Note that A =R @ L , if rankRL =d -1 . Hence it suffices to
d-2
get L = E2 . For this purpose, let f : S — A F be the S-linear pap
defined by £f(1) = v and take the S-dual [.]¥ of the complex
£ d-2 9, , d-3
S —— NF —— \AF

3 d-3 2 d-2
Then identifying AF = ( A F)*¥ , AF = ( A F)* and S = S* , we get
a complex

3 3 2 f£*®

of S-modules. Notice that

* = -
BT = * £y ,0,000,4) - 1
for each I € EZ Let G = r¢ and let me consider the Koszul
complex (AG,d) = K'(Xl’x2’ ce ,Xd;R) to be a subcomplex of (AF,9)
= K.(Xl,Xz, e ,Xd;S) . Then by the commutative diagram
3 33 2 f£*
AF - AF - 5 ,
3 93
NG — G
2
we have an R-linear map g : AG ——qu whose image coincides with
3 3 2
L and such that the composite AG —— - AG _E_+ S is zero. Con-
sequently, L is a homomorphic image of
3 33 2

E, = Coker (AG —— AG) ,

from which it immediately follows that L = E2 because rankRLz d-1

~

—— thus A =R @ E2 .

As A R @ E, , we get that lA(Hi(A)) = 1 and H;(A) = (0)

ne

(i # 2, d) and therefore by [8, Corallary 1]) A is a Buchsbaum
ring. Because
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rank_ A

[1\%

e(A)

I\
—
+

o |

d -1 i
(§ T D1, )

we readily find that dim A = e(A) = d and that A has minimal

multiplicity. This completes the proof of (2.2).

Remark (2.3). When a Buchsbaum local domain A has minimal
multiplicity and dim A = e(A) z 3 , the possible value of depth A
is 1, 2 and dim A - 1 . Similarly as in the proof of Theorem
(2.2) we can construct, starting from the ring S , a Buchsbaum local
ring A of minimal multiplicity such that
(1) dim A = e(A) = d ,

(2) depth A = d - 1 (resp. depth A =1 ),
(3) Q(S) = Q(4a) .

The detail will appear elsewhere.

3. Examples.

Let d 2 3 be an integer and let P = kHXI’XZ"" ,Xdﬂ be a

‘formal power series ring over a field k . We put

A

d i .
R o= k[[ Xy,...,X,_;,X;" 1] and S = R[xlxd | 1 =1 s4d-11.
Let J be the maximal ideal of S . Then we easily check the follow-
ing

Example (3.1). (1) S 1is a Cohen-Macaulay complete local

integral domain of dim S = e(S) = d .
2 d
(2)  J% = Ky e s Xgoge X000
(3) 1, Xl dr e Xled-l is an R-free basis of S .

Therefore starting from this ring S, we get an example required in
Theorem (1.1). Amasaki's original example is essentially the same-
as the example obtained from P = k[[X,Y,Z]]

3 2 2 s 3 3 2
Example (3.2). A = k[[X, Y, 2 , X YZ + X Z , X Z , X Z 1.
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