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On Some Open Questions and Related Results

in Ideal Theory
RyUki Matsuda( Faculty of Science, Ibaraki University)

This is a report on some open questions and related results in

multiplicative ideal theory.

1. Definitions. . )
Let R be a commutative ring. We denote the total quotient
ring of R by q(R). A non-zerodivisor of R is called a regular
element of R. Let I be an ideal of R. We denote the set of
regular elements of R contained in T by Reg(I). TIf Reg(I) # ﬁ,
I is called a regular ideal of R. If each regular ideal of R 1is
a principal ideal of R, R is called an r-PIR ring. TIf each
finitely generated regular ideal of R 1is a principal ideal, R 1is
called a Bezout ring. Let f ¢ R[X]. The ideal of R generated by
the coefficients of f is denoted by c¢(f), and is called the
content of f. TIf c(f) 1is a regular ideal for each regular
element f of R[X], R is said to have property (C)([21]). If
each regular ideal I of R 1is generated by Reg(I), R 1is called
a Marot ring. The polynomial ring R[X] 1is a Marot ring with
property (C) for each ring R([5, (2.1)] and [11, Lemma 3, (1)1]1).
We say that R has property (FU), if Reg(I) < Q)IL implies
I < C)Ii for each family of a finite number of regular ideals I,

I I I, of R. If R has property (FU), them R 1is a

s e e
Marotzring. A multiplicative system of R consisting of regular

elements is called a regular multiplicative system. A quotient ring

of R by a regular multiplicative system of R is called a regular ¢
quotient ring of R. Set S = { f € R[X]; c(f) RJ .Then S 1is

a regular multiplicative system of R[X]([19, p. 17]1). The quotient

ring R[X]S is denoted by R(X). Let I be an R-submodule of
q(R). If aIl < R for some regular element a of R, I 1is called
a fractional ideal of R. Let F(R) be the set of nonzero
fractional ideals of R. If IP—?I* is a mapping of F(R) into
itself with the following properties, it is called a *-operation on
R: (1) (a)* = (a) for each regular element a of q(R), where

(@) denotes aR; (2) (aI)* = aI* for each regular element a of

q(R) and each I & F(R); (3) I c 1* for each I € F(R); (&)



. . * * * % *
I < J implies I < J for each I, J € F(R); (5) (1) =1
for each I € F(R). Let I ©be a subset of q(R). The set {x«sq(R);

xI < R_} is denoted by I—l. If ‘II—1 = R for each finitely
generated regular ideal I of R, R 1is called a Prufer ring. A
Bezout ring is a Prufer ring. We set (I'-l)—1 = 1° for each
I ¢ F(R). If Iv = I, I 4is called a divisorial ideal of R. The

mapping IV~ 1V of F(R) dinto itself is a *-operation. Let *

be a *-operation on R. We denote as follows: diV*I = I* for each
I € F(R), D*(R) = { div*I; I is a regular fractional ideal of R},
D*f(R) = { div*I; I is a finitely generated regular fractional
ideal of R} . Let I, J be regular fractional ideals of R. We
set div*I + div*J = div*(IJ). If I*<:-J*, we set div*I Z,div*J.
D*(R) and D;(R) ar: partially ordered additive semigroup. We
denote as follows: C (R)
element of q(R)} s C:(R)
of q(R)} and div I = div'I for each I € F(R), D(R) = pV(R),

D (R) = D;(R), C(R) = C'(R), Cg(R) = C¥(R); If R 1is an r-PIR ring
(resp. a Bezout ring), then C (R) (resp. Cf(R)) = 0 for each *-

* *
D (R)/{ div (a); a 1is a regular

* *
Df(R)/{ div (a); a 1is a regular element

operation on R. If Cf(R) = 0, R 1is called a pseudo-Bezout ring.
A subring of q(R) <containing R 1is called an overring of R. Let
P be a prime ideal of R. { x € q(R); ax € R for some element

a € R - P:} is an overring of R, and is denoted by R[P]' R[P]
is called large quotient ring of R with respect to P. Let [
be a totally ordered additive group. A mapping v of gq(R) onto

™ U { oo} is called a valuation on q(R), if v(x + y) =z inf(v(x),
v(y)) and v(xy) = v(x) + v(y) for each x, y € q(R)([9]1). The
ring {x e q(R); v(x) =0 } is called a valuation ring of q(R)
associated with v. An overring of R which is a valuation ring
of q(R) is called a valuation overring of R. Finally,if

R & q(R) and if q(R) has a family {vl ;s xe A } of valuations
with the following properties, R is called a Krull ring([7] or
[81): (1) v, (qg(R)) =12 U { m} for each e A 3 (2) Let

Vi be the valuation ring of q(R) associated with v, for each
xe N . Then R = CD Vyx 3 (3) Let a be a regular element of
R. Then Vv k(a) = 0 for all but a finite number of A e A

2. Marot rings.

We denote a Marot ring with property (c) by A throughout
the section. Let * be a *-operation on A. If° (IJ)*<: (IK)*
implies J*(: K* for each I, J, K € F(A) with I finitely




generated regular, * 1is said to be arithmetisch brauchbar
(abbreviated a. b.). If (IJ)*C: (IK)* implies J*(: K* for
each finitely generated J, K € F(A) and each finitely generated
regular I € F(A), * 1is said to be endlich arithmetisch brauchbar
(abbreviated e.a.b.). If A admits an e.a.b.*-operation, then A
is an integrally closed ring. Let K = q(A). Let A be an
integrally closed ring. Then A =va V. ,where { Vo s A e N }
is the set of valuation overrings of A([5, (2. 4)]). We set

Ib = CD IV, for each ideal I of A. Thus we have a *-operation,
which is called b-operation. b-operation is an a.b. *-operation.
If v-operation is e.a.b., A 1is called a v-ring. If A is a v-
ring, v-operation on A is a.b.([10, Lemma 4]}). A v-ring is
also called a regularly integrally closed ring. If A is a
completely integrally closed ring, A 1is a regularly integrally
closed ring. We set U = { regular f ¢ A[X]; c(f)—1 = A} . U 1is

a multiplicative system of A[X]([18, (15. 1)]). We have S C U.
%

Let * be an e.a.b. *-operation on A. We set U = { regular
* %
f € A[X]; c(f) = A}'. U is a multiplicative system of A[X]
*
(cf. [11,Lemma 1]).We have S C U C U. Clearly UV = U for each

v-ring A. If A is a Prufer ring, then U* = S(cf. [11, Theorem
5, (4)]).We set A, = { f/lg; £ € A[X] - {0} , g 1is a regular
element of A[X] and c(f)*Cl c(g)*} ) {0} . If * is e.a.b.,
then A, is a subring of q(A[X])([11, Theorem 2, (1)1).

A[X]U* C A,. A, is called the qunecker function ring of A with
respect to *.,We have Ab C A, for each e.a.b.*-operation * on A
([11, Theorem 5, (1)]). If A 1is a regularly integrally closed
ring, then A, C;Av f:r each e.a.b. *-operation on A. Let * be
a *-operation. If Df(A) is a group, A is called a Prufer *-
multiplication ring. A Prufer v-multiplication ring is also called
a pseudo-Prﬁfer ring. A pseudo-Bezout ring is a pseudo—Prﬁfer ring.
If A 1is a Prufer ring, then A is a Prufer #-multiplication ring
for each *-operation on A. Let P be a regular prime ideal of A.
Then there exists a valuation overring of A with center P on A.
It follows that Ub = S and a Prufer b-multiplication ring is a
Prufer ring. Finally a pseudo-Prufer ring is a regularly integrally

closed ring([10, Lemma 4]).

3. Questions and results.

Arnold studied conditions for D(X) to be a Prufer ring for an




integral domain D.

Theorem 1([1]). Let D be an integrally closed domain. The
following conditions are equivalent: (1) D is a Prufer ring; (2)
D(X) = Db: (3) D(X) 4is a Prufer ring; (4) Db is a quotient
ring of D[X]; (5) Each prime ideal of D(X) is the contraction

of a prime ideal of D (6) Each prime ideal of D(X) 1is the

b;
extension of a prime ideal of D.
Huckaba-Papick studied when D[X]U is a Prufer ring for an

integral domain D.

Theorem 2([6]). (1) Let D be an integrally closed domain.
If each prime ideal of D[X]U is the extension of a prime ideal of
D, D[X]U is a Bezout ring.

(2) If an integral domain D 1is either a pseudo-Bezout ring
or an integrally closed coherent ring or a Krull ring, then D[X]U

is a Bezout ring.

Q. 1([6]). Let D be an integral domain.
(1) Suppose that D[X]U is a Prufer ring(résp. a Bezout ring).
Is each prime ideal of D[XJU the extension of a prime ideal of D?

(2) 1If D[X]U is a Prufer ring, is it a Bezout ring?

Theorem 3([15] and [14]). Let D be an integral domain.
(1) 1If D[X]U is a Prufer ring(resp. a Bezout ring), then
each prime ideal of D[XJU is the extension of a prime ideal of D.

(2) 1If D[X]U is a Prufer ring, then it is a Bezout ring.

[6, Remark 3. 4, (a)] also asks as follows: If DP is a
valuation ring for each P ¢ @(D), is D[X]U a Prufer ring?
Arnold-Matsuda([3)) constructed a counterexample for the question,
as was reported on the 6-th Symposium(ef. [17]).

Hinkle-Huckaba generalized a part of Theorem 1.

Theorem 4([5]). Let A be an integrally closed Marot ring
with property (C). The following conditions are equivalent: (1)
A is a Prufer ring; (2) AX) = Ab; (3) A(X) 1is a Prufer ring;

(4) A is a regular quotient ring of A[X].
b g

Q. 2([5]). Are the ring theory versions of (5) and (6) of

Theorem 1 equivalent to the four conditions of Theorem 4?

Theorem 5([13]). Let A be an integrally closed Marot ring
with property (C). Then the four conditions of Theorem 4 are

equivalent to each of the followings: (5) Each prime ideal of A(X)




(5r) Each regular prime
b5 (61)
Each regular prime ideal of A(X) 1is the extension of a prime ideal

of A.

is the contraction of a prime ideal of A

b;
ideal of A(X) 1is the contraction of a prime ideal of A

However even if A satisfies all the above conditions, A
does not necessarily satisfy the following: (6) Each prime ideal

of A(X) is the extension of a prime ideal of A.
We are able to generalize Theorem 2.

Theorem 6([18, (15. 6) and (15. 7)]). Let A be a Marot
ring with property (C).

(1) Let A be an integrally closed ring, and let W be a
regular multiplicative system of A|X]. 1If each regular prime ideal
of A[X]w is the extension of a prime ideal of A, A[X]w is a
Bezout ring.

(2) If A is either a pseudo-Bezout ring or an integrally

closed coherent ring or a Krull ring, then A[X]U is a Bezout ring.

Moreover if a Marot ring A with property (C) 1is a Krull
ring, A[X]U is an r-PIR ring. Conversely if A[X]U is a Krull
ring, A is a Krull ring([18, Theorem (15. 8), (2)1).

We are able to generalize and sharpen Theorem 4, Theorem 5

and [2, Theorem 3].

Theorem 7(cf. [11, Theorem 16]). Let A be a Marot ring
with property (C). If * is an e.a.b. *-operation, the following
conditions are equivalent: (1) A is a Prufer *-multiplication
ring; (2) AlX]U* = A, (3) A[XiU* is a Prufer ring; (4) A,
is a regular quotient ring of A[X]; (5) Each prime ideal of
A[X]U* is the contraction of a prime ideal of A ; (5r) Each
regular prime ideal of A(X]U* is the contraction of a prime ideal
of Ay

of a prime ideal of Aj (7) Each valuation overring of A, 1is of

(6r) Each regular prime ideal of A[X]U* is the extension

the form A[X][PA[X]]’ where P is a prime idepal of A such that

A is a valuation ring of q(A); (8) A, is a flat A[X]-module.

[P]
Moreover there exists a Prufer Marot ring A with property (c)

which satisfy the following condition: Let, * be any e.a.b. *—

operation on A. Then there exists a prime ideal of A[X]U* which

is not the extension of a prime ideal of A.

Proof. (11, Theorem 16] shows that the conditions (1), (3),
(4), (7) and (8) are equivalent. (L)<= (2), (5) = (5r) and
(2) == (5) are trivial. (5r) =¥ (6r): Let P be a regular prime




ideal of AlX]U*. We set P N A[X] = Q and QNA = QO. There
exists a prime ideal P' of A, such that ,P'/W AlX]U* = P. We
have Q = QOA[X] by [11, Lemma 6, (1)]. It follows that P =
Qﬁ[X]U*. (6r) =7 (3): In fact A[X]U* is a Bezout ring by Theorem
6, (1). We have shown that the conditions (1), (2), (3), (4), (5),
(5r), (6r), (7) and (8) are equivalent. Finally we denote the
ring A' of the proof of [18, (1; 3)] by A. A 1is a Prufer
Marot ring with property (C). Moreover there exists a prime ideal

P of A(X) which is not the extension of a prime ideal of A. The

proof of Theorem 7 1is complete.

Among generalizations of ideal theories for an integral domain

to a ring with zerodivisors there is a Krull ring theory of Kennedy.

Q. 3([7] and [81).

(1) Let R be a Krull ring( with zerodivisors) such that
C(R) = 0. Is R a unique factorization ring?

(2) Suppose R & q(R). If R 1is a completely integrally
closed ring and if R satisfiés the maximal condition on regular

divisorial ideals, is R a Krull ring?

Here 'a unique factorization ring' is of the definition by
Fletcher ([4]).

Theorem 8([12]).

(1) There exists a Marot Krull ring R with C(R) = 0 which
is not a unique factorization ring.

(2) Suppose R &q(R). If R is a completely integrally
closed ring and if R satisfies the maximal condition on regular

divisorial ideals, them R 1is a Krull ring.

Portelli-Spangher, independently of Kennedy and the outher
([18, Section 71), generalized the Krull ring theory for an integral

domain to a commutative ring.

Q. 3'([20]1). Im the above Q. 3, (2), determine the valuations

on q(R) concretely under which R is a Krull ring.

The proof of Theorem 8, (2) answers the question Q. 3'.
We are able to generalize the jdeal theories for an integral
domain by Brewer, Gilmer, Griffin, Heinzer, Mott, Ohm, Pirtle,.....

to a Marot ring([18]). Finally,

Q. 4([20]1). Does a Marot ring exist which does not have property

(FU)?
The answer to the question is 'Yes'([16]).
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Maximal Buchsbaum modules over regular local rings

Shiro Goto (Nihon University)

1. Introduction.

The purpose of my lecture is to prove the following

Theorem (1.1). Let A be a regular local ring with maximal

ideal m and d = dimA 31 . Let E, (0 ¢igd) bethe iR

syzygy module of A/m . Then for a finitely generated A-module M

of dimAM = d , the following two conditions are equivalent:
(1) M is a Buchsbaum A-module;

- d hi
(2) M = 0] OEi for some -integers hi >0

i
When this is the case, the integers hi's are given by

_ i .
h = 1,00 (0 C <)
d - 1
hd= rank,M - . E 1( i - 1)'hi

and hence uniquely determined by M

.

As an immediate consequence, one has

Corollary (1.2). With the same assumption as in (1.1), let M
be a finitely generated A-module. Then the following two conditions
are equivalents:

(1) M is an indecomposable Buchsbaum A-module of dimAM =d ;
(2) M = Ei for some integer 1 < i ¢ d
When this is the case, the integer i is given by i = depthAM .

Now let us recall some definition. For a moment, let A be a
Noetherian local ring with maximal ideal m and M a fihitely gener-
ated A-module. Then we say that M is Buchsbéum, if the difference

| I,(M) = 1,(M/q) - e (1)
is an,invariant of M which does not depend on the particular choice
of a parameter ideal q for M . (Here 1A(M/qM) and eq(M) re—
spectively denote the length of the A-module M/qM and the multi-

plicity of M relative to q .) Thus M is Cohen-Macaulay if and
only if M is Buchsbaum and of IA(M) = 0 ; in this sense the concept
of Buchsbaum module is a generalization of Cohen-Macaulay modules.

We say that a Buchsbaum module M is maximal if dim,M = dim A

A

<



As is well-known, if A is regular, any maximal Cohen-Macaulay
A-module is free and our theorem (l.1) asserts a similar strong re-
striction for maximal Buchsbaum modules over the regular local ring
A . Notice that maximal Buchsbaum modules represent vector bundles
on the punctured spectrum Spec A - {m} of A and so Theorem (1.1)
may have some interest as a decomposition theorem of certain vector
bundles over regular local rings. See [1] for a further detail, in

which there is also given anotherexpression of Theorem (1.1).

2. Proof of Theorem (1.1).

First of all we recall the following

Lemma (2.1) ([41, [6]). Let M be a finitely generated A-module.
Then M 1is Buchsbaum if and only if the canonical map

i, i i
hM : ExtA(A/m,M) > Hm(M)

is surjective for any i # dim,M

Corollary (2.2) ([6]). Let M be a finitely generated A-
module and assume that H;(M) = (0) for each i , t = depthAM < i<

dimM . Then M is Buchsbaum if and only if m () = (0)
Proof. Suppose m.H;(M) = (0) and let
0 >~ M~ I0 > el > It - It+1 -
denote a minimal injective resolution of M . Then applying Hg( )
to the resolution, we have a complex
(#) vo.o> 0> BO(IH) > HO(TTH) -

of A-modules whose cohomology is, by definition, H;(M) . Therefore
as m.HE(M) = (0) , we get that H;(M) coincides with HomA(A/m,It),
m
hich i i i t t
which implies the canonical map hM . ExtA(A/m,M) N H;(M) is an iso-

morphism; thus M is Buchsbaum by (2.1). The opposite implication is

clear.




Let h h 2 0 be integers such that hi >0

I~ o
[

A =
o

!

]

o+

d .
for some 1 M = @ E. ' . Then we have

Proposition (2.3) ([2]). (1) M is a Buchsbaum A-module of

dimAM =d .
i .

(2) lA(Hm(M)) = hi for each O ¢i<d.

: d -1 d -1
(3) rankAM = L (i _ 1).hi + hd .

i=1

Proof. Clearly dimAM =d . Let q be a parameter ideal for !

M . Then as q 1is a parameter ideal for the Ei's too, we have

eq(M) = eq(Ei).hi .

1
Therefore to show that M is Buchsbaum, it suffices to prove that
each Ei is Buchsbaum which easily follows from (2.2) because HE(Ei)
= (0) for p # i, d and H;(Ei) = A/m . Assertions (2) and (3) are
now obvious.

f g
Let 0+ N> F +M> 0 be an exact sequence of A-modules with

F  finitely generated and free. Assume that M is a maximal Buchs-
r

d .
baum A-module and that N = @ Ei ' with integers r. > 0 . We
d -1 1, i=1 =
put N' = ® Ei and consider the dual sequence
i=1 )

0 » M% > F* > N* > Exty(M,4) » 0

where 9 denotes the connecting homomorphism. Then we have the
following

Lemma (2.4). (1) 3(N'*) = (0)

S.

i d i
1Ei and M* = e E. 1 for some integers sy
1 =

(2) Ker @ =

e a.

and t; 2 0

i
Proof. (1) Let p : N > N' be the projection and we will show
that the composite of the following two maps




p¥ 9 1
N'¥® > N¥* > ExtA(M,A)

is zero. Notice that by the local duality theorem our assertion

3°p* = 0 is equivalent to saying that the composite of -
T P
d-1 d d,
H o (M) ~ Hm(N) - Hm(N )

is zero, where T denotes the connecting map of local cohomology
modules.

Now take a regular system X = Xy, Xo, «:+ Xy of parameters
for A and recall how to calculate the local cohomology modules

Hd;l(M) and Hg(N) in terms of x . Firstly consider the commutative

diagram
P P
7915y > B0 > HA(xNT)
d-1 T4 d
pi-ton - HjD > BN

of A-modules, where the vertical maps are canonical homomorphisms from
the Koszul cohomology modules to the local cohomology modules and P
denotes the connecting homomorphism of the Koszul cohomology modules.
Then as
Hd_l(ﬁ;M) = Extdxl(A/m,M) s

we get by (2.1) that ¢M is onto. Consequently assertion (1) is
equivalent to saying that the composite of

B (xsm) > TSN 1 () >rtan
is zero, which directly follows from the second square in the diagram

(#) because the map ¢N.:N'/mN' = Hd(g;N') > Hi(N') is zero by (2.5)

(notice that the structure map fn,m (1 < ng m) of the inductive

’

svst N’ n no nyyr _ pd n n n, yt
ystem  {N'/(x;",x,", » xq ON HY (x5 x, cee s xg N )}nZl

considered are defined by

n,m

d
1l xi)m_n.z mod
i=

f (z mod (x7, xzn, e xdn)N') = (



(xlm, xzm, cen xdm)N'

for each =z € N' ). Thus 3(N'*) = (0) as required.

(2) Recall that m.Exti(M,A) = (0) by local duality, since
T4

d

so as 9(N'*) = (0) by (1), in the exact sequence

g* f* ) 1
0 » M¥* > F¥ » N¥* » ExtA(M,A) + 0

m.Hd;I(M) = (0) . Let F' =E Then N¥ = N'#* @ F'* clearly and

we get Oo(F'#*)= Exti(M,A) . Hence we have an isomorphism

(##) Kerd=N'* @ E ° 0 A"
for some integers s, t 2 0 because F'* is free and Exti(M,A) is
a vector space over A/m . As N'* is isomorphic to a direct sum of

Al

some copies of Ei s, we get by (##) the formar part of assertion (2).

The proof of the latter part is now standard.

We used in the proof of (2.4) the following fact on the boundary
modules of the Koszul complex K.(x;A) . This is fairly obvious but

let me give a proof for completeness.

(2.5). Let Bp be the p th boundary module of K.(x;A) .
d
Then ( O x.).B is contained in (x,* | 1 =i = d).B_ for any
i=1% P * P

Proof. Let T , T be a basis of KI(E?A) . We put

1 T2, e
for each subset I of {1, 2, ... , d} with #I =p + 1

T. =T, ,T. N
I 11A 12A A 1p+1

} owith i, < i, < ... Let 2

R | 1 2

denote the differentiation of the complex K.(x;A) . Then for any

= {i < i
where I {11, 141

1 d we have

NT.) =
a . =
h| I "

N
A

]
1

™M+

a+l
-1 . (T T
1( ) ala ( JA I

Y
(i)

because




p

+ 1
1
5(T: T ) = x T - £ (-D%x T T (4.
J : -
AT il o, 2 i, A I-{4}
So we may write with zy € (Xi2 | i e I)A
p + 1
(BT = I 208(£,)
o =1
where y = I x5 and fa = TjATI—{i }e Therefore choosing j so

iel
that. j ¢ I , we get

o

d
(ig X x.). ATy) € (x4 | i€ I)Bp
X.).Bp is contained in (Xi2 | 1s i s d)Bp as required.

whence (
;3

i

n=e

Proof of Theorem (1.1). We only have to show [(1) => (2)].

Let V = Hg(M) . Then as V/\mM = (0) (ef., e.g., [5, Hilfssatz 1),
V is a direct summand of M . Therefore passing to M/V , we may

assume that t = depth,M z 1 . If t=4d, then M 1is free. Assume

A
t < d and that our conclusion (2) is true for any maximal Buchsbaum
A-module N of depthAN =t +1

Firstly we choose a presentation

(#) 0 ~> N E Fg+ M >0

of M so that F is finitely generated and free. Then depthAN =
£t +1 . Furthermore N 1is a maximal Buchsbaum A-module. In fact,
applying the functors Exti(A/m, .) and H;(.) to the exact sequence
(#), as F is Cohen-Macaulay we get a commutative diagram

ExtiXRA/m,M) 3 Exty(A/m,N)

i-1 i
¥ h M ¥ hN
i-1 ~ i
H n (M) > Hm(N)
for each i < d . Because hiil is onto by (2.1), so is h; and hence

N is Buchsbaum. Thus the hypothesis on t yields that N is a direct

sum of some copies of Ei's and consequently by (2.4), M* is.

Secondly consider the dual sequence

g ¥ £% 9
0 > M¥ 3 F¥ > N¥ - Extk(M,A) >0




of (#). We put W = Ker 3 . Theﬁ by (2.4), W is a direct sum of
some copies of Ei's » whence W is a maximal Buchsbaum A-module (cf.
(2.3)). Furthermore taking the A-dual of

g* h
(##) 0 =+ M*¥ > F* > W > 0

again, we get a commutative diagram

h* g** T
0 > Wk > F¥* > M¥* > Ext](W,A) > 0
e g Ty ,

0O~>N »>F » M - 0

with exact rows, where hM : M > M** 4is the canonical map. As M is
torsionfree, chasing the above diagram, we have the sequence

hM T

TO > M > MEE > Exti(W,A)> O
to be exact too; hence M = Ker 1
Lastly, because W 1is a maximal Buchsbaum A-module and M*% is
a direct sum of some copies of Ei's ,» by (2.4)(2) applied to the
sequence (##) we get M = Ker T is a direct sum of some copies of

Ei's » which completes the proof of Theorem (1.1).

3. Remarks.

Let B be a Noetherian local ring with maximal ideal n and

d = dim B > 1 . We assume that B is complete and contains an infinite
field. Let Xl’ x2, cee Xd € n and assume that nr+1 = q.nr for
some r > 0 , where q = (xl, Xos wee Xd)B . 'Let k be a coefficient

field of B and put A = k[[x e xd]] in B

1,X2,

Theorem (3.1) ([3]). Suppose that B 1is a Buchsbaum ring. Then

d 1 d
e(B) > 1 + (;
= . i

i 1

) .
1) 1g(H (B)

[ e |

This result holds for any Buchsbaum ring B even though B does not

_88.._




contain a field. However in equicharacteristic case we can easily

deduce it from (1.1). In fact, as B is a Buchsbaum ring, it is a

maximal Buchsbaum A-module whence by (1.1),

d  h.

B= 6 E*

i=0

i )
as A-modules where hi = lB(Hn(B)) (0 ¢iXk d) and hd = rankAB -
a -1 d -1 .

g (Y 1y g Therefore e(B) = h, + £ (37 . (#t(B)) end so

PR R A T ¢t 2 -1 B ’

because hd 2 1 by the famous theorem due to M. Hochster, we have the

required inequality at once.

I would like to say that the Buchsbaum rings B which satisfy

the condition

d - 14 -1 i
e®) = 1+ T (57100
are of minimal multiplicity. Buchsbaum rings of minimal multi-

plicity enjoy some extra properties (cf. [3]) and it seems to be inter-
esting to explore this kind of Buchsbaum rings. After giving my lecture,
Mr. M. Amagasaki (Kyoto University) discovered examples of Buchsbaum
local integral domains B such that dim B = e(B) = 3 and depth B

= 2 ; theserings are of minimal multiplicity. His construction can be

extended to higher—dimensional cases and I feel these examples to be

a starting point of the research on Buchsbaum rings of minimal multi-

plicity the detail shall be reported in the next meeting of 1986.
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T shahbababbblbbabl el

Lewel rings, doubfy. Cshen-Macaulay.
complexes and algebras with
straightening Qaws

LEERS - B W & =

£ RStanley X, [S4] (2302, combinatorics ()
IBHS, Cohen-Macaufay & Grorer?tem EODE
(CWUET S "ol IR~ MMEZEEE LIS,

TEAEE R=®mnzoRn ST EFEA B=Ro LEHTIMN
2&Y, R=8[R1] MDD dimgR1 <00 2RI HO
3. T, 2OKE R, BPs, Romogeneous R-algebra
EXTOHRZCI3. 3,

H(R, M) ==dimi<n

Pa(0)=3 HIRME"
<. 3In3m, ROHilbert B34S, Poincars?BZ3 3
.,

RotRiO+ - +Rs0° .

(@)= RIS (d=dimR.Rx¥0)
CEFNARETHS. 2272,

RR):=(Ro,R1,.Rs)

Z RO R-vector Zo%.3:,
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32, R H"Cohen-Macauflay IR 2'& T, Rs<type(R)
2H3. TR, B EBREZU 2, Ri&Y regular
sequence® S ={F5,, s lgmy, RADEXRZS 2
25572 . P. Py Artini% @og'n.ss R'n 283 ZIREL
2, —HEEEhEL., F 3.

type(R):=dim,Soc(R) 2dim Rs = Rs

CAIOERERS. bo &b, Rs=dim, [Krl-am,
type(R)=U(KR) 232X LTHEFINIE, RsStype(R)
T EEITAED,

227, Cohen-Macauflay homageneous R-algebra R
A, Rs=type(R) EE=983, Qevel IR 0¥ Iz
Gorensteinigtl, fs=1 113 LereUE 28 3.

ARaTE, Stanfey D' levelIBETEI IITE- =,
combinatoriaQ X EFZ, 2 0) Level I2 D combinatorics
NILEASE, ENG2ERUMI IS I 2L £855d
3 Baclawski[B2] OFEREZRL, B2, BAEFHD
Oz:mY [Hel OB TEH S, ASL (algebra with
straightening Qaws) ¥ QevellEXLOBIFHLIIDVR D),
2 FAans, |

Z 232, BRIEROSB S Cohen-Macaulay IR &
Gorensteints OFC S F SMIISCEFILEE
FAFrTEREVES, cERBITFNICBLIZES. LOL
1355, RERE combinatoricsDIERER L2115 2,
RABER[RLERS, ST, TRRGROMEIE
combinatoricsiZ 52 L AEIDIS, ARNEHINL)
EDFTHIN, lervelBEEET 320, Il
I IRBTHY, TOFITRSEH ST, level
Ay, WU, BetOHE Do, AR
UISL). AR, IREME T, LevelIR'A_homogeneous
R-3%ebra MHFEMFZLZ LR EE L VI, 550N
I, sHEBROAT L0 levelIZ 0 " HiR4E L IHSEH)
Z@IILE DT IS, —HR0 Nother BFfERICH
U2, lerelIRECDELEIIDANSBILRBCIIID.
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§1 . Stanfey-Reisner IRRI8)0)Betti & Q:(RlA])

Q) ITAHIIE R=®nzoRnld, homogeneous #-algebra
T&H- 2, emb(R)=dimgR1 =V, dmR=d T L&D,
A=8[X1, . Xv]l EAR £O vHEHVIEXIRE L,
R=A/I, 1 A®homogeneousidead, ¥ £9,

2. RO A-modufle L 2@®:& I minimal $ree
resofution &€

®) O—f,, z"-’gm - - FRE’A}-’ R—O
L,
Fo= §491 A(-0s;) (Qi e Z)
&L 227,
Qi =8:(R):=rank,Fi

2, ROBetti 53 7&3. HS34, C=17, ,
homofogy- DT E TREANL, 8=dim, Tor (R.R)
CH3 @ ITETS hE, RO A-module & L 20)
homofogy. "CT R R THLY), —HL, V-dsK =,
depthR=V-R 27& 3. 1512, RA" Cohen-Macauflay 12
5ol R=V-d, Qv-a(R)=type(R) £33,

b) ARESV EvertexEBZd 3 simpllicial complex
NAEXSS. 15, AXVORSESORSIH- ™,
) Ulen (YueV)
i) 0en,2CcO 1358 e n
2% EFHOVEHS. A=R[V VeVl E &R EQ#HV)
EXHNBXIEEL, A® ideal Ia &

Ta= (Ve Vio-Vip s G<ia<<ie {ia, . ir}6AD)
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TEEL, BID)=A/1, rEL. BIOIE A Stanfey-

ReisneriB¥o¥3. 3 '
LT, BI0ICEY IXMARIFL, BEEROTIRIESR

symeosium S R #ER) T OREORSEE [HolO203EmT

C) BlOl®Betti ¥Z:+E 33 Azt Y, Hochster[Ho)

Eigsm7u3.3méﬁ~5ﬁn;§§%m$%g
D. '

Arvertex E5V L 0) simplicial complex, WCV Q)
B%, W L@ simplicial complex Aw &€ Aw:={0€n; cCW}
TEESS. £, H(OR) V. RERRHCIIAON
(-th reduced, homoflogy group, (c§. [Ho,, 321) €%,

I 2, Tor: (RlA1,8) E@2ELC Z- Y&t A-modufe
CHZ 36, 30 PoincarefBHE

ETE (Hodhster{Ho.,1)

- S : W)
PTorf‘(ﬁ[a],ﬁ) (©) —%{d'mﬁ H#(m-ol(aw’a)}e

EZ5N3. FEs 2,

Za1 Bi(RlaD= v%vdim ﬁﬁ#(m-i'l Ow:R)

133, B, AD Cohen-Macaulay compfex (c§.{Hq,
5] G, conenMacaulay complex (cf 1

%2 V)=V, dimBlA]= d T, ADCohen-Magaufay 2
&g,

type(®lal) = By (RIBD =3, dim Hyy . ) OwiR)
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X113, A&, NG simpliciad complex L 2OTTTE
dim(D) (c§[H..P24]1) ZT 385, RIOIO R-algebra
Z L2205 dim(BlA]) W, dm@+1 T&S.

-

Ad) BEE1IEIEmS 2, Hochster OEBERELLK

S
4
B A= ] xI3es ¥=3, d=2 8- 2,

BiA] @) minimal $ree resofution tX
00— A3)——=ARYBAR) —>A—-RBN]—0
[4,-x] Eﬁ

X133, §32 KR EmL2, Torl(RIAlR) Z%
Znig,

(1 (i=0)

28 (i=1)

IS Tor?(ﬁ[ol,ﬁ.) © =< 93 ((=2)
L 0 (23

CI3D. 1A,
1 (=)
0(ix1)

1 (=0)

dimﬁHi([Iq;ﬁ,) ={ o(ix0)

d imﬁﬁ;((b;ﬁ) ={
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ds’mgﬁi([z‘ o liR)
__{n-1 ((=0) dimﬁﬁi({} B)=0 ()
- 0 (i*x0) !
FRTHRI 2L ERE L2, Hochster OREPERE, 2
Bt o)© E=tE 33,

Prordin g)(®) =dim, H4(B:R)

PTon ®lol, ﬁ)(e)

_.{d.mqﬁo([ 1180162+ {dim H([5 :1:R)0°
PT (%[A] ﬁ) {dlm Ho([I °2] ﬁ;)} 93
. TEAMC RTINS E£183.

82 Gr-compllex (34X “matoroid”) & Qevells

ABorid, Stanfley Mlevl IR E EE 3 S motivation
13- E G- comeex 2 8533‘31_2081,?53

a) V& vertexE r 3 3 simplicial complex D H»
G-complex (S “matoroid) 2 3L, YWCV (2
TWU2, Aw N pure TEHIHEED, 227,
simpQiciall compllex?D¥'pure LW, 20 maximal Sace (
f’dcet CcHoxxl, cf [H.q 924] )G)/TF NIALEFELOG
=D.
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Bl VZ vector ERNE T HOFRIE0) vector OES,
NAEVO NI IR ESEROES LI I, DAY
Grcomplox L1335 = T 11, fBRcE0) RIS IER S
KU, 2 0BIE. G-complex OEBEHEDNE DO,
Gr-compllex(f, @R &VT 3 IO Oz ElS
£LEDOVEH- 2. combinatorial geometry (cf Crapo
-RotalC-R1 O L AER LIS,

Bl GE AR qraph 2 muttiple edgeld Zr F A, Qooptd
£xRLHOELED, VEGO edge THOES, O
Zcycle E3XAVVOBHESEHFOESELLD.
208, AX G-omplex 133, BIZE, G&E

it GOxycle s, ab, acde, bcde.efg,
acdg$, bedg§ £33, 332, A£<0.b.c.d.e59)
BRI SR vector=l, BE a+b, Q+cHd+e,
e+5+9 HHERS 3 OBHA TS 365, A /B (TH
Ly2 vectorOES V={a.b.c.d.e.5.9} %22, Bl
:(B((Ij)u<§% LTz G-complex AT, graph Gr D 54513
rA .

b) A% G-compllex TFNLE, combinatorial geometry
CET3., O3 " Tutte-Grothendieck
decomposition” ( Bryfawski [Brl) OFERER2, AW
£ 5 0)E L Cohen-Macaulay 28 32X A", HEHZHL2
T3, ULHLIEA'S, combinatorial geometry &
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EERAELY, SURCSBIEERAINTY, G-complex HYCohen-
Macaufay 2 & 3 ZUAEREIT T T 3 (c§. [Hz.])

C) AZvertexSE&V E® simpRicial complex, d =
dim(Q)+1 L, AOG§-vector, R-vector (cf [Hq,
P24l) é 2 m?"ﬂ’l A G ‘5'1 J$a1), R(a)=(
R.o €1 ﬁd) K g - 5

d-1

Xy = Z(—l)‘f =2 (-1 dimg F(A:R)

Z N\ 0 reduced. Euler characteristic Zd 3 t’_

Ka "’(—1)“' X(A) 133, LT, AN C'o'gen‘MaCduQa
3o, H (A:8)=0 ( (*d-1) 2'& 3 (c§ [Ha. 934])
M3, Ra=dim, Ha.(A:R) E1§3.

d) £2, OBG-complex135LY, Stanfey-Reisnerts

' BIA) A v B THS D B UE D,

4" 81.C), u \TH&ULL, ANG-compllex EMN
(s AW IWEDG comeexE;fz CoPen-Macaulay, 33
Z, CYTENEZIMS,

dam( W~

type(RIAD=>" 1 X(Aw)

#’(W) ’(’“‘d)“‘ 'dim(ﬂw)

CHB, rT3T, EHW-U-D-1=dimaw) AHKES 3
AT (d-1)- dim(Aw) = U- W) IBEF iy, YyeV-W
1E, star, (o) ={oe: CUB Ay = ERETIIL?
(T SEIL), S, core , Vi={VeV; stac {UNE AL E<

Z. 8lo)=R_[cre, viiv: VeV- core V] CchB (cs[Hq,
P42] )i, BDS, core V=V zREL2LL, U
Tt type(Rlal)= (-1)‘“3(’(6) Ra 113

—5302, RQ)=(Ro.f1, . Ra) T, Ra¥O 30X

Stanfey -Reisnerts ﬁ[él] ) 8~anebra L0 R-
vector ﬁ(ﬁ[A]) X, A0 simplicial compl?exzf L20
fR-vector R() . — —%9 (c§. [Bq P3N I I, % 2.
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typeBla)=Ra X, BIOINM eyl BTHI2ZEFL
203, 5, ~

FIE (Stanfey[S1]) AW Gr-complexfISL”, BlO1 L
lovel IZ 283, |

2O%ERE, Stanfey A vl IBEE LT I ITHES
20) motivationZ 13- CEBEIDHOVEH 3.

83. Doublly Cohen-Macaulay connectivity

d) 3", BacdlawskilB.1%¥- 2, doubfy Cohen-
Macaulay connectivity O E EE LN & D,

AE vertex ESV k0 Ghen-Macaulay complex ' 3,
Z OB, AD* douby Cohen-Macaufay connected V&3 &
W, YueVITHIU 2, Ay DCofen-Macaulay 2'& L),
M D dimlAyp) =dim(Q) EFLE FBFES D,

X &, Cohen-Macaullay posety Q. D™ doubley Cohen-
Macaulay connected 2& 3 248, @ O order complex
AQ):={Q® non-empty chains} A" doubly. Cohen-Macavlay
connected V& IBEE E D,

B2, AV EOG-complex ', V=coreV 2153
BY, ALY doubly CohenMacaulay connected TH 3. £ E,
BH@o=awa%l, B>y t

V4
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d

3. douby Cohen-Macauflay connected 2 13L). EFE
dim@)=2"ENr+, dmOv-m)=17H3L, Tk
Q-{a} &, Cohen-Macaulay THILIIL),

b) simplicial compfex N ®R-vector & R)=(
Ro.R1,.Ra), d=dim(Q)+1, =385, A®
Q-invariant Q) &

Q) :=-(d-maxs) (£0)
Rs¥0

TEET 3. AHWChRenMacaulay O, Q(Q) I,
Groto-Watanabe [G-WI TR E L NES®RT0 Rlal ®
Q-invariant Q(B[A)) LTI SIIL),

C) 188 OZvertex(£8V, #(V)=V, L 0 Cshen-
Macaulay compex, dim(Q)=d-1, & 3 3%, tARMEY

3.
(i) AtXdoubly Cohen-Macaulay connected,
(ii) YWCV, Vi <#W)-r-d) “LTH L,
H:(ow:8)=0 2&3,
(iii) Sw-aBIAN=(-1N*""%X(D) .
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[E8A] (i)D(ii) veV-WEHss 2, A=Av-iy &
¥, &Aw=Ow_ T&3. ALY doubly Cohen-Macaulay
connected. M5, AW dim(&) =d-1 133 V-{v} E£0)
Cohen-Macaulay complex 2°& 3. 33, (>W-1)-d
135, B.BleN=0, Brs, 81,C), 4 L2745 2,
H; (oW, &<#W)- {(v-1)-d} -1 2T H2IITNEIIS
3L0), ~
(1) 2 Gil) YWV L2HL 2., Hyw-w-a-1(0w:R)=0
=D S, Gra(Blal)=dimg Ha1(A:R)=D*""'X (D) X113,

(2D (1) Ra=(-*"X(D)=8w-a(BIAN*OENT, OO
=Q, &> 2, WeVIZHL 2 dim(Av-a)=d-1 &
3. |2, Av-ny DWW Cohen-Macaullay TEWVEF 3 Z,
H;(Ov-m:R)*0 133 i< d-1 B, L2359
DU Ghen-Macalay 2&H3 DS, 8. (BIAD=0 ((>v-d)
5, §<d-2 2HNT Hi(Av.m:R)=0 VI LII
S1EL), 45 2, Hax(@van:8)¥0, 332,
Br-a(BIOD >N X () 133,

rBB0RTL 2
I (Baclawski[B:1) AD"CoRen-Macaulay complex

0Ok, TRRBITHI:
(i) AvX doubly CshenMacaulay connectid,

(i) BIAl & fevelIZ2 A)=0 .

COBBOMPET, Jevel IRICLE, doubllyCoRen-
Macaulay connectivity ¥ L) combinatorial S50
HORME Z OO PERIIE®RATFHE S SN,

d) 237, C) OFELIET I A)=0ULIDZE
HE, DIEVBHRERETS 3. BIZE, LE.
distributive fattice ¥ L, Q=L-{4.1} (&) &3
<85, a@Q)=0 135t L L}oeran Qattice , 455
(2. Rl I Gomenstein IRTIL3.
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84 Algebras with straightening faws, integral
partially ordered sets and fevef rings

gigpx 213, simpRicial complex & O COIE LIH Gy,
Stanﬂey‘REisnerI% ROl Zlevel IRIZIAS L HIDLL
D2LEEZULE, K823, ASLBIF > Qevel IEOES
FmEDNIL 2, [H-Wi], [Hal,[Hs] O survey E5515D.

Q) REE, RE B-dgebra, Qi Finite poset (
partiallyordered set) 2., QX R OZEAESIH
BEF3. QOROR (CETIHE dida—de (dc Q)
% monomiall | d1Sola < - Solp £ 54X, standard monomial
a2

2, R A" ASL (aflgebrawith straightening aws) on Q
overB2H I, WORHUER=IIHFEES:

(ASL-1) standard monomiad SO ESH R OR L
Dvector TREIC L 2O BEEMNT .

(ASL-2) o.BeQH, Q OMBRE2HFE T T1IL (
d*B <) 8%, o8 I standard TEIX
NS, (ASL-1) 1T&, 2

® dB= Zri rﬁnz"'m‘&!i s

o*r. e, 0, s0,S -, L R%20 standard
monomials O4aE L2 —EMWZE T I3H 2
ML, T so.8 (Vi) "KL T 3.

b) Stanfey-ReisneriZ 8IQ1 (=8[aQ)]) &, ® 0)
BIPIA =0 1, E, OSEAESEIASL (
"discrete” ASLYE0%3.) 2VH I EZ I 2UHVUES.
MR, BSIASLLT homogeneous , BPS, R=DBnzo Bn
3l Ro=R LEOXTHMEFET, QCR €FEIHOET

3.
32, (ASL-1) 1= &5 2. Q EOASL R O Hiflbert B82S
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Chincara #8243, RIQ] OHilberty BA%¢ Poincars #82%

r—-#d 3. X, (ASL-2) O ¥iyso.Q OFHI, 5

ko CRBRELAEANMTIH, 2NITES 2. RIQT v

Cofien-Macaulay (resp. fevell, Gorenstein) IR 2N,
R b s0o THI EAEIOVHT.

BRS, ASLOVIE:RW, Stanfey-Reisner IR RIQ] OIRH
FI1EE (38 I, posetQ 0) combinatorial 14+ Y
) E, DV LGLEBANEC, BEHREICI2CEZO)
BRIZI3IMIBI, ZTUL?2, CORLEIHSERY
HUT, ASL K UBRRERIC 70 (cfIHID B33 2% 3
Hodge alaebra®MIBim(D-E-Pl1 ITE3I MW, 10428
EEBBUH 3. LDLIZHS, Hodge algebra WKL,
I LEHME IEU, “discrete” Hodge algebra HFIEIIL
combinatorial IIEZ. E (X D KW IDIAL), T2,
[Hil DR EHES DD, “discrete” 1 algebra A Graph
P> 45013 <RSI ASL ¥ Hodge aYfgebra@BULCILLE
3 IMIERIHBEL EDHON [He] 28 3,

C) O IFBXHR/IERT SASLOEHBILZ D)
2. [D-EP MIZEZ2BIIZL2, ZOBABIEE
I3z, BMIHIASLY, VBSOS ZROLMEZR
D2 I NS, 3 L2, BV 3ASL 0)IEmaD
MBERNELDET I Z, (#) AT poset, LLZE IR
g.xg ASLAERT IN Q. ZUODEINLEHIZ SAWL

"

2772, (#® ORSIE combinatorial \2ERERT 32,

"integral poset” OMEZEEET .

FTE Q MER L mtegral 23X, Q ELT
homogeneous ASL S R over R A BAT JBFEED.

d) Q Hintegral XS, Q LT minimall efement.
Dol DBHAT 3. ANETLEC.
T, rank(@Q (=dim™Q) ) =d-1 (d>1) &
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3, d=2 Oy

Ar As An

o= U7 nan

T

13N, FEPO N r’ﬂb? QI mtEgra.Q_Z@Z)
FE2 /(X" XY, XU, umix Q F 0)ASLESTS

2&3.
€) I, d=3 QEIHIV, integel poscty OH
B ﬁmg-zr FEFEEREL )ﬁhé*ﬂ:&mﬁ'mbm

L. T, BERaOBEETIEL £,
1° Q’ﬁ‘ mtegraﬂt&b 3" Q-1{T} I connedted. 2°& 3.

1th 5, OB, Q7 Cﬂen MacauQagZ Q-{Tin
ConnectEcL 2&33 X EMEE

EB(HW]) 4k Et035xh eous ASL Esfayt
Coben-Macoulan B2 8 3. oo 4

L
X1 ’(1 3 Xn

X, Q{11 A" connected Z7& 3T INCH, N25 OE,
integral 27X IAL). NS4 135 Q W integral T&H 3,
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X, R AERIEOS, B L integral &I, AR
#4085, NS>0 135U, integral. ZUEISL),

D’ integral Q 2. Q LLZ homogeneous ASLT
Grorenstein ;‘ia%% OABEES 300 (BPS, wealdy
Grorenstein poset) i, RECHB|ITE LIS,

@([H’Wﬂ) d=3,‘8,/)\"§?§1$m3§, weakly
Grorenstein poset, L&, CIZFRS:

PP R Q
,' ” o" \‘:\\\ ‘\
":: """ \ssesi‘)
(M1£E)

=L, SOBAYPRIMTAEZHS.
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X a&, %L‘:Gf, éffﬁﬁﬁ{ﬁ%ﬁ%ﬁagz, 2-3:9:'?.:Q
omogeneous Grorenstein g, g2 mationa
( 8PS, BASRGMAR FL62I89) V&Y, T E,
non-normafl T3 37Tt homogeneous Grorenstein ASL #13
IHREHTE 3 (cf [H-W217). .

3° Q-{T} E bipartite graph X EZFB5, Z0OA
SE QO M rotsl. Bz

) ,
(2R, d&BEi27é 3.

A QA in@%mq 135, Q-1TYOEZ0) minimal
eloment IIAF THETI O,

fES 2, MBIz
Q:

F integ ral 7 (10D, .
4° ¥2, 3° OHMAERRr L2, SoHLC, 3
L5t homogeneous ASLBREHIN 321245 2,

5@([&]) 3305 homogeneous ASL EIHLL fevel. 188
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TR TRIIIILIIT B e g S r e LS Sl At

HWESNS. 13&,

18 R £148R £0) 3Tt Cohen Macaulay hbmogeneous
id2° AR)<O TN, R G levl EITHS.

iE, PRFEFE-BMELEDELE STRKRL.

§) S £ SN poset, O L integral
poset, DA DA, 2LV IDEHRN 32 Y, ux
integral poset, OMBRE EF L ILTEE- 2OERI
BB 3. |

B (H]) L & $inte lattice, B EBEHAZL,
Rﬁ[l—] =8,[Xd; d('L]/ (XuXv "Xd.;\adeB . 0“"8)

rYE 208%, TUEMETH 3!
(i) RelL] IL EMASL 2% 3,
(1) Rell] 1R 7% 3,
(iif) L 2 distributive Qattice 2°& 3.
&7, 2O FEAEEEN3es, Rell] 13 Clen
Macaufay , norma@ D D rationad 27 3.

FHEAZEBELLD. 9 ()i, o,8.Tell &
Heos 2, 28T () standard monomial EFRE, J*(BY)
¥ @YD OHE:ENSEHEL 2, (ASL-1) EF D,
distributive fattice OEZZES. 2, (i) 2D Gii) I,
L A" distributive 2BV ZIRET 3,

7
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QOLTNNE | | B cublattice ZL 2 ZE2ENS, &
BIz4e D, EEROZBEY. £t E 2349, DN &
(i) ZE<E 2372, 3Ny, Burkhoff(D S EE91L
distributive Qattice a)/tﬁi-f,"r-_"‘ié\ NCEVEGHB.

—-ﬁml" L g Qattice” @’531-} d € DO® jnin-ik=ducit 50>
2&5&1 A=XVY E5d=X FEI o= %2‘54%1“
IEEZD. FE, poset QOBFES I Mpo
U, del, e, Bsafasw Be I £8%E d’lﬁé .=.3.

2. L E distributive fattice, Q £ L 0) join-irreducibfe
f&i’c%ﬂ‘é’ bBY-ELCDsubposeb L., JQ) £Q0) poset,
idead A ZD S SEAZRY 4'539attce 3 3. 2o08%
B.n%ﬁ ?ﬁﬁﬁsﬁfﬂr_q L~JQEFEITILOVH

lzl.

Q

{xc.u,2} .y, w}
= N {xy} {4,w}

{x} {u}

®

2277, distributive lattice W5 2> NS, AL ER

%g—% 2, Bﬁ@%&}ﬁ affine Semgmup ringZ L2 EBT 30

-
+x¥w
txyw
txy
Q_ﬁ = ‘8 +xy tyw
tx +y
L— ‘E ——
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CELZHIL, 30) dea EBPLERIED.

812, Refl] D™ afline semigroup ringZ U 2HANYTES
ST Hocstor QA E (5 [Hod ) B2, Reil]
1% normal._ ¢&3 2 AN 3 L, RelLlA"rational 2’8
32ZIRSHVH 3. B S3 A, distributive Qattice
LI,&_) C%%en-MacauQay poset E'D 5, RelL]H Cohen-MacaulaylR
2" .

> 2372 normal affine semigroup ring. LT3 L 2,
Stanfley,. MIEE (cf[SNTE5 2, 2O canonical
modufe* DO LEAHICHE T ES. W0 RfL] O)
IBSCINEETL, u(Kp ) EXOIZLEEKS 2

T, ([H3]) Rell], L=JQ). 5" GorenstenfR 1435
Ov-2+AZHE, QO pure LRI2ETHI.

Birkhoft OASREIBY, BHRYVE 2K, AMREMALL
BOBRATHOASS 500 2. & ROIRHEHTS

BB T3, EFE1 &, distributive Qattice QF %)
BMEE. ASL Edliirr L2, EmUENSITREL (=
LM EZI2ZTES. COFLZ, integrl posety
OB, partially ordered set 0) combinatorial, 1SHE
s, GMall L2, N EHERNT 3D L0 2L E,
ZRLEELIVIOTE 3.

X 2. distributive Qattice H* integral THI3 2L AND
SEMEZ, 54 L -850 modular g_atticegbiﬁteg.laq
&3 e AEETE S, LD LIS, modular fattice
=4 L2, distributive Qattice L2 &3 3 Birkhof$ OERR
MBS TS TIBAIC, MORAEEL), 5,
integral poset, \XE LS CoPen-Macaullay 2H3 LD FE
IR G, L C B LG e 37, SR
faL).

qg) —f3Lrs 2 L) Cohen-Macaulay poset. QHM"E=ZS

NE8S. Q £0 homogeneous ASL BT A2 feve 12
CHESOTIEOUNCEHEYES. Bo¥hb TRV Y
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ODESOHLOOTHEIA - -~ —iv, SHEENT posets
OMERCRWMIOFMESE 2T IO, 341348
VHEIEC=Z3. ZALEATUEDSTNIE, Boollean
Qattice £* distributive Qattice &, F&H2 "BLY”
poset, 2HIEE 5 L LIIETDD.

Boofean Qattice Bad, {1,2,- nIOEFAES A"
20) 3 2BARMES Qattice 28> 2, OHFSWITE,
ZNTA, Ba OG- ZXeZ FNE, A(Bn-16,11)
I, RVZHL2, NEO affine R IT1IES 0)hEIE 2
&3S simplex T™' () boundary compfex (c§ [Ha, P2G1) £
M5, O, LEASHEFR IAGB-(6,IDIE, EEGS™?
CAaABEE 13U, BIABL-16,1N)], Gorenstein IS
(c§ [Hnq, £361), &%L2, Bn £ M 1EZ () homogeneous ASL
X. Gorensteinlz V& 3. _

2. L & distributive lattice Z L, $)TAEHLE
RelL1 EXZ XD, HFBZ L2, distributive latticee”
“RU" poset ZINW, Rgllld, IN2 fevel IBE
%\322 EE zlé LOZTHI3. LY LIIDHS, REMRARBIY

(A7)

Zd3&, RMILD=(1.8,9,1) 114y, L £Q)
homogeneOus ASLLE, 8532, fevel 12 L1m§fJL). ]
1€ 2, distributive lattice X, 20BN S Fink
“RU” poset ZIXZOELD &S 2, ASLOHERD
STFNYL, HHEYI poset OIBsR O RFE, A IBEIRO)
NS, BMmNI I BLENGRS.

=120 —



R) 20 RIL) (L=JQ), normal atfine semigroup
ringZ U XRTE, canonical modufle b BIEEICEHE
F32ZHARLED S5, Rl fevel IRUIAI AN
+AME. Q O combinatoria IASE T XHI 2 &,
BRI TRETH S, LHOLIIAS, §), Fid (T8
133 Gorenstein EEOALCD, BSICL, EX2TELTOY
S, [Hs] E2E-0U2H5D2X1TL2, T2, £
FOBIOH ERRT 3.

Grorenstein
RIS —

Cohen-Macaulay

RRALY] (1.6.6.1) | (1.77,9,2) | (1.6.9.2)

dim RQ[L] ™! 8 8

Q(&[L])[ -3 —4 -4

L) B, Stanky W v IBEEELE( EQ)
E=£48@ L L D, Stanfeu [S:2] 12L& Y ,Cohen-Macaufay
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BRI HLI2E. GorensteinIg & 3D BN, R-vedor
VP T2RTRETET 3. L5, Gorenstein IZ& L
B, BOVLUSETNEMEZ Y, Co’ﬂen‘MacauQa %ﬂtl"’
FU72, R-vector DH i@B*MB#JG)Ef“E)“G)'—IE*
2H3S. 312, M5<, fevdl BESOBNLEM
CURTELEOTYEN S HH,

LD LIEADYS, Coﬂen‘MacaUQaygﬁl« HO2H, Lovel
gg%g@%b‘é R-vector O 2" ~5&,1=_3'5 i Far

Q=

332, QY dohen-Macaulay poset, 2, RRIQAL) = (
1.6.9.2) &Y, RIQl l.:;: Qeveﬂﬁcmz ith 5,
QU{-oo} Un y m@%aﬂr NS, QUi-e=} bz,
homogeneous ASL =& R D ﬁ‘ﬁ: L. R I evd BB,
RAY= (1.6.9.9)r33. r237, RITHIE UEA
2, AR BIL R-vector gﬁ') hon- Qeveﬂfm RefL 17
distributive fattice & G) homogeneous ASL BB L 2485
N3IOTH 3.

2 %X X K
K Bacflawski:
[B1] Cahen-Macaufay ordered sets, J.of Alg. @3(1‘?80)
226-258.

[B,] Cohen-Macaulay connectivity and Greometric
Qattices, Europ. J. Combinatorics 3 (1982), 293-305.
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[Bil ~ Lattice Theory ~, 3rd.ed.. Amer Math.Soc.
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A Bjorner, A Garsia and RStanfey -

[B-G-S1 An introduction to Cofien-Macaulay partiafly
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T Brylawski -
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in preparation.
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(W] Study of algebras with straightening laws of
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2 RIWZBAL 2, Birkhot§[Bi] Hr8RE91I2%E
2®H3. 1=, Cohen-Macaulay poset NIEZEO) survey
ru2d, [B-G-S] "X HBBEN2 &Y, B rH#dF<,

Stanfey OMADOZRIC[S], (Sl EH2 X >IN
Cohen-Macauflay. poset, 402 UL 2 FB LED X LD
combinatorial fifZE LIS S HIPH T 3

*
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2 Erass R 5 o (@A FRIZD » <
B B A KK HFER

§1. WEEIXIndEoA. |
§2. HW@ oA PRI 2 o T(DSlo M E ¢ )
§3. —f7.2 <o AR R ( c\ualiéing Sheaf ¢ a(G)-invarant )

Introduction 458 & B8 (vesolution) & iE> T E&H T M3
A HEZ sBEZLEEH, 7o tesoluton & (€ 5 3 4 — B T3
o) cmst EMEANH DL b o AL T blowing—up with
Aameth centern & X THEFE & & resdve T 3 8%, EFIz R Y
b 3 Hilbert-Samuel Pl K ™0 £ 5 885 e %172 o0 K
3 5 AN ? B AAMD 1S numercalribound € 5 A 3 F x o AEAN P L
NI —hTE, BB E o T4 5B LI TT L &
F e F 4 blowing-upeo BRI WTERURL N,
, d R E ﬁdgebra;cvarief/ vV < =2 /C 01 &P
e 3 germn (R f’ﬂ"f% @V,p) E % i, L4588 &, (V;P)L
RS h3c o0y nBEE Lo T, HMpns TK
affine chavt V (¢V) ety (V.p)= (V’/’) y tH S b
F. Yesolution Wi (V,A) — (Vp) with Y(D=A tc
), HEE (V) o BAAMA p(Vyp) 2 p(Vip) =
don BB GOy 10k ) Ew 3 Chg, RGOy 25 vescufim
Nt ) K I ARS T B fs], RURGU  suport 4% ger0 R
RIS KIS NT A, 0 EE Sudl-defnel TH B )

o pWg) o3 Heno £ 4 AT & 5 (815

vV < Ve P '\7((-3"* W, ¢ JN—\—/N = § resolution
3 " diagram for (Vp)

¥ V= Vo, blowing —up with eafer the deal Sp, of T S Vi
iz, 0, InAt¥riLz, EPeVEVPIHIT
Iy . Bzt ¥ berdy’s spectral Sequence. 13 £,
: ) et A -2 . :
XCOP) = X(E7) = DA Lomgth (R kcg)+£ -D*X(RMEGy)
C3, B VARl wbonlsagdinty 0 %< 2 <
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No (Vip) ¥ Coﬂzw-fﬂ’lawula Hs 3, RiEQy =0 ISi5d-2
v 163 (FUNBDoazko%tey, o8y,
(—=&p (vip) = Z [x@y) =Xz}

Al T3 . B, Hitk) = x (1, J”"%CW:%‘/,,‘?‘”@\—/;_, ) w6
5 PR(t) e ®E] & R(RI= Hi(R (#5K) vt

to v’ 3 v,
Y(Gv) —X(67,) = g@{ma) — Ho(w)

v %113 % " YE B e a3 ( Peoposition (130 [13], Wle#£ ).
Bz Conter v maxiwal el moa 34 (WT 64T ARy

t B <) HW®) 12 Hilbert-Samue| BB <" & ) P(R) 1% Hilbert- Samue]

BBk B, G=&mer , X =kyG), M=Grr B3,

o — Hf4 (g) » g — &%@HVC@X(W)“’ Hn(G@) — o,

Hi (@) = g, H(6u0) 522 ($506)) v 13 g5,
2. { P(RY —HUWD Yy = — )7 (—i)ﬁ'diiﬂ[ Hﬁ(@l‘)zo}
20 f=0

N ™3 . ‘

£ 2. (viop) 25 2T

> T Awmccthcepter N b'c'wa‘h9~wl> @/‘%

1, ( center 4 Cirven 134 b 2 B

ARG p ke EART A

’iﬁ‘ « #S b W data A, ehT 48 G 3 4TS 4 o %)

Ty ] 3 % T ocleav 12 T E MK R 52% b AS fwe

A2 (& Nnormall ﬂ-&‘t ti. centern b!cw—t‘ux—hf DN EKEL 3L ;o

o A7) = X)) Yo 55 1=, ERARBENHS b

3BE ECEtR3 ( Buawle (2] &Y HH 3.)

=R

22w WLAFE B O &
< & 3 fesohwhionic 2 W X
) Lo X(6%)—X(0O7,)
n 3 f203], Kt93
v B

o
2
b1
#

9 ¢ RVE S, WRIs o situafiont X a3 o

/' 2f
CV. Y (¢ t
p) T d
£ =A
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Y Hewingwp o‘@ V' vath comter saxomal ideal m c OVF T ) e Morm—
&\\.ja‘hbv). N tha msoluf\mc{ S.wul&r.hm‘{ Vi, L7 By ¥
Ik X o . Eq?ﬁi’?s'mbv?‘usus G’—- @M%h—l )V! G"l‘

WL y-ipy ¢ ration| swqulanty 0 3 € ARE L L 71
> BE, SdhoSd-| n3FRLene? EHEZLZ2£L 3.0
1) [HM(CT)] =0 fon‘my % = - ICSCINT O ,

dim R&=¥.0y, cleR“'? Oy A2 d“-l R*%.0Ov, < J:WIR 59(_‘)\/‘

T H3I . (T»fv ,.JAMRIS&O',échRAOV & V-p 4%
rational g, KL L, w3 )

(D% o xr Gav Cohen-WlA(aul/ (H%1 (\/P) 1 Cohen Waa\ula ) o B,
E}(\/)p') 2 dim Rd'i‘h*@\/, = nM[ HMCCT)zoJ < B; o

WEEL dwV = 2 9 8%, [HL(@]x = 0 forany & = © ¥
b) 'f}l\lﬂ e T )

U) dim ROy = dimR'GOY © # 3 B g, Vi=VU, (3
B"h S Viatmowmad| ) ¥ B3 BV B4 S & 3 .

Q) dwmR'% 0y = P(Vu) ¢ 3 & 13:,\/=l7,7">‘(
"o Vgw Mf»oha[smgulﬁv.f/ "y e HFRE L L TATS g Au

BT H T %3

Eie, B8 00 G IWLANE LT L - v, é@%;;,canon.,
Al sheaf o0 2 EXF T T3t 0t x2%5. (WTF
iz HA 3 camn.ml sheaf 11 % stage 2 Cic B8 g HM . < V&"
Y T o B3 . EAas, $MS € RLBETS ok,
BiEMogs eRZL B ONGERS s v, To dr ot
X $3 TR 3 5 )

\Ej@_ﬂl dmV = d &8 v- {ry A~ vational S.hjwlnr\‘f‘/ N Y E /712
B.x L <15 5 B 12 G Cohen- Maca»\layz 3 ¢ I3 . Wy,
Wy, wyr a2 w éuv temne AV, U,V an V r 7o cavonmwl
sheafY v, $30E Lo XA A D B,

PQ(V.pA):di‘M L«)th?/ 2 diwm w%ﬂ-(«df/‘,' 2 diwm ‘“L%.w\/l
il

“E dim R, Ov,
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M 2L o KR 7,8 12 G A Gorensten T B > T
alG)+1 20 %3 LARET 3 . oW,

W) dow Wy oy = dim [HE@D20] v %3 B ix, Vi=\]
LTh3 G aHEL A TR

(D BVep) = dm[ HY(@2e] Y & 3 A 1F, V=078~
< A7 \/‘ B\ G—o\-ensfen rational CCM. iF G'orensf’e_fh Ca‘MOW‘Cal v
@4 [12] UF) n %) Smguh\v-l-/ apreHBELYLTAT
3ENINBLT SR B .

2V w d«‘zmmzmﬁw E g (V,p) € i e) 4w v=1p)
T tiomal singulart Q LT > 33,
ddyV = p 33 A @(v,,)- (dﬁ,) TH3

(1) PzdTHBI ¥ Wit h TARE S 3 8% F(v,,,).- (dﬂ)
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ON THE STRUCTURE THEOREM FOR FREE RESOLUTIONS

(Dedicated to Dr. Erich Platte.)

Yuji Yoshino (Nagoya University)

Séction 1. Introduction

Let R be a commutative Noetherian ring and let

fn £ fl
0 —— Fn—>Fn_l——->... F2 Fl F0—>M->0

be a finite free resolution of a finitely generated R-module M

r.
If we denote the rank of fi by o then each At £, can be
i

. 3 3 *
described as the composition of two maps - a; and aj_q where

r.

r
i _ Tn
a; e HomR(R, A Fi) and a_ = A" f_ .

n n

This beautiful law on the structure of finite free resolutions
was first discovered by D.Hilbert[H] in case n=2 and M=R/I where
R 1is a polynomial ring of three variables over a field. L.Burch[B]
was the first one who gave a proof of this Hilbert's law over an
arbitrary Noetherian ring. The result stated in the above was proved
in full generality by D.Buchsbaum and D.Eisenbud[BE]. They clearly
aimed at generalizing the Hilbert-Burch theorem to free resolutions
of arbitrary finite length. We call this result due to D.Buchsbaum

and D.Eisenbud the structure theorem for finite free resolutions.

0f course the structure theorem may fail for infinite free
resolutions as one sees in [BE;p.98] or in [N;Example,p.219]. In
fact they show the free resolution of the residue field of R =
k[[X,Y]]/(Y2 - X3) does not admit such structure theorem. However
there is an example of infinite free resolution on which the structure

theorem holds. For instance, consider the free resolution of the
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residue field of R = k[[X,Y,Z]]/(X2 + Y~ + ZS) . It is given as

follows;

e R R R R R R k >0
where, by a suitable choice of basis of free modules, one can

describe each fi as a matrix. E.qg.,

fo = t[ X, Y, Z1]
Y -X 0 Z -Y X 0 Z4 Y -X 0
2 4 2
zZ -X _ Yt oz 0 X |- z 0 -x
£ = £y = 4 £y =
0 -Y -X 0 Z Y 0 Z -Y
X Y2 Z4 . 0 -X —Y2 Z 0 X Y2 Z
We remark that rk(fo) =1 and rk(fi) = 2 for any i > 0. In this
example one easily sees that each %fi (i > 0) factors into two

linear maps as it is stated in the structure theorem. Thus this
infinite free resolution admits the structure theorem !

The aim of this short note is to find a good sufficient
condition for free resolution to have the structure theorem. Roughly

speaking, we can show that any free resolutions (finite or infinite)

over a normal domain admit the structure theorem. The reader will

notice that the core of this result lies in the lemma which we call
Platte's lemma.

Section 2. The Main Theorem

The precise statement of our theorem is the following;
Theorem. Let R be a normal domain and let

fn £ L5

oo™ F —>» F e
n n-1

F M 0

be a free resolution of an R-module M such that r, = rk(fi) .
Then there is a divisorial ideal I of R and there are R-module

homomorphisms a, (n=1,2,3,...) such that
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* I r
(i) a e HomR( I, ATF ) if n is even , and a e HomR(I, APF )

n n

if n is odd.
(ii) In the divisor class group of R , cl(I) = cl(M) where cl(M)
denotes the divisor class of M in the sence of Bourbaki.

(iii) The following diagram is commutative for any n ;

In

r A r

n n n

T : R

\F ] an-1
*

Tn+1 * ®n *

(A F) I or I according as n is

even or odd.
In particular if one of the following conditions holds, then
one can take I = R in the above;
(a) M has a free resolution of finite length,
(b) R is a factorial domain, or

(c) codim(M) > 1 (i.e. Mp =0 if ht(p) £ 1).

This theorem asserts that any free resolutions over a normal
domain admit the structure theorem in a weak sence and if the
situation is good (e.g. R is factorial or codim(M) > 1 ), then
the structure theorem in the original sence holds on it. Thus one
can say that it is not the finiteness of free resolution that
makes the structure theorem holds on it, but there is another
reason for the structure theorem. We want to claim the following
lemma: due to E.Platte is a key of the structure theorem.

Platte's Lemma. ([P]) Let R be a Noetherian ring and let

0 N F = M 0

be an exact sequence with F a free module of rank n . Assume
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(*) M has rank r and Mp is Rp—free module for any prime p

with depth(Rp) < 1.

Then there is a canonical isomorphism;

r ok n-r %
(2 M) = (A N)
Section 3. Easy Proof of the Buchsbaum-Eisenbud Theorm and Our <
Theorem.

Now we show a proof of the Buchsbaum-Eisenbud theorem by using s
Platte's lemma. For this one needs the following observation which
is almost trivial:
(**) If M is a submodule of a finite free module and has a free
resolution of finite length, then M satisfies the condition(¥*)
in Platte's lemma.

Now let

fn fn—l fl

0 — F, — F__; F o, ..

M 0

0
be a finite free resolution of M and let Ty denote the rank
of fi and Mi = fi(Fi) . Then the above resolution is considered

as a collection of short exact sequences;

0 —— Mi+l : Fi Mi 0 (0 <1i¢ n-1 )

where Moo= Fn and M0 = M . As one already knows by (**) that
each Mi (0 <i<n-1) satisfies the condition (*), one can
apply Platte's lemma on each short exact sequence. Thus one obtains :

the following diagram;

—198—



r. A fi ry
A Fl A Fl—l d. -
r.
i * %
( A Fl"l)
c * %
* (bl—l)
*
r. (b.) r. p. r.
i+l * i i+l * i i *%
—_—

where -c; and di are the natural isomorphisms of free modules and

bi is the natural map obtained from the inclusion Mi+l - Fi
by taking exterior power and p; is the Platte's isomorphism. By
the canonicality of maps one easily sees that the diagram is

certainly a commutative diagram for any i (0 <iz<mn-1). Since

r. %
( At Mi) is isomorphisc to R by subsequent use of Platte's

* %
lemma, if we denote by a; the composition of (bi) with this

identification, we obtain the following commutative diagram;

Ty

T A fi r,
T AF

c.

* dj1
r. * L. * %

UEAE I G S——Ot A
(a;) a.
i i-1

This is certainly the content of the structure theorem for finite
free resolutions.

Looking back the proof above, one sees that the finiteness
of free resolution is not essential for the structure theorem. In

fact the following holds in stead of (**);
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(***) If R 1is a normal domain, then any submodule of a finite
free module satisfies the condition(¥*).

Combining this observation(***) with the above proof, it
becomes an easy exercise to prove our theorem. Actually it will
be sufficient to notice that a free resolution over a normal
domain is merely a collection of short exact sequences on which
one can apply Platte's lemma. The reader will allow the author
to leave the further discussion to the reader and to close this

note here.
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Supplement: After finishing the éresent paper, the author was aware
of the existence of the paper;
W.Bruns, The Buchsbaum-Eisenbud structure theorems and
alternating syzygies, (in Preprint)
in which W.Bruns had developed the essentially same arguement as

ours and remarked the similar result as our main theorem.
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Seminormality ICBHd4 2T DEE

REHEHEAY B K A &

DT A’ 1 ZBLAHBE. B & A OIKER. S & A OBBEES
L4 %, A M B T seninormal TH2ELHBEScERICHELT, A N
B T F —closed TH5H LM (Asanuma [ 1 1), A 2% B T p—scminormal
ThHoH(Swan [2DEVHBENS L, TOPMXTR, T15D F —closed-
ness ¥ p—scminormality @E%E’QQH{EL?: S —seminormality EWoH#
ABANLT.CDMUEHMS F-—-closedness ¥ p—seminormality % 5L L

THDLEFT HANBEANLER I ROEELHZ D,
EH#1. (A,B;S) = {xeB| sx e A forsomes €S }.

IO A & B O (A,B;S) BEMLER WA I L) KO
MO XSt irons,

w1, (A,B;S) BROZHEHIET A L B ohiflEs ¢ 55T
BKOLDODTH B :
pnS = ¢ c‘:fJZ) SPeC(A) @;E p ‘:--)ﬁb\ CP == AP .

EH2. A, B,S NROZHEMETEE, A d B T S—scninornal
THbHEWNS:

X € B, x*¢ A, x*€¢ A Th>, S Dit s T sxeA EHB5LDNEHE
I x X A KB d 3,

Seminormality XU S —sminormality O HENSELICAKOHEAEN S,
WM o (DG WHRTH S
(i) A & B T S-scninormal ThH 5,

(i1) A & (A,B;S) T scminormal T& %,

Ble G) KIHEA S 2N 0 20ATUHRUI. B - (ALB:S) 50,
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S —normality & seminormality LRI HDTH S,

(i) p2FEKEL. S = {p «1 |e:0 FLEEHRY ) &95,20L
% S —normality (& Swan[2] 252 p—seminormality ICfbid S0,

(iii) S = {n-1" n: [AKK ) £45&X%, S—nornality & Asan-

umal 11 o135 F —closedness Icfih?s 570 b,

2. ®O (1), QREETHS:

(i) A & B T S —secninormal T& %,

(ii) A & B DhiiiEE D T A LELZLOIML. 1 = A:)\D b &)
o lDEE, 1AS = ¢ Fik 1 W D IKBUIMES5FTU[T &~
B4 5,

E#H3. A.B.S "ROZKMELMRLTEE, B X A 1 S —subintegral
THbHEND:
(i) B W A Lt#TH5,
(ii) Spec(B) — Spec(A) WE2HHETHD,
(iii) g€ Spec(B), p = anA €Spec(A) &35 &

' aInS = ¢ LS By = Ap

ansS # ¢ S k@@ = k),

722U k() = QB /9, k() = Q(Ap) &9%,

3. ®o (1), BEMTHD:

(i) B & A L S—subintegral. TH 5,

(i) [27 oFEWKT B & A L subintegral THoH. > (A, 13;S) &
B &¢%LLAKD,

¥4, A EROKMEEIE B Ot b RKOEALE IS E, AS
B UHEENLHEKRKD A L S —subintegral THELIPRETH % :
peSpec(A) L9 H&LE. BpDAp EHEAT

PAS # ¢ LS b1 € Ap + J(Bp),

PAS = ¢ Lol b1 €A,

&3, S wBi A ORPIRGE LIROEM LM/ LTOLE N, A

S - sceminormal THHE W :
(i) A W reduced TéH %,
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(ii) b,c,d A, s S L. b® = ¢2, d2 = s?b, d® = §% &4 3
LS, A Dyt aT a2 =b,a® =c¢ EHREZLONELET B,

AE. () E#3OGDIKRVT, d = sa KDY I-o,
(i) A » Swan[2] OEKTO seminormal THE3HS . bHHA A
S —seminormal T&4 %,

HE2. AN B OBYBT. A N S —seninormal THNE. A & B
T S —seminormal TH %,

HEs . B ' S —seninormal &0, A N B T S—-seminormal' TdH
515, A & S —seninornal T 3,

%. B » seminormal THH, A » B T S —seminormal THHIL O,
A & S —seminormal T 3%,

M. Ay Qe M) 1 2BCARBOKE. A = 11 Ay, &43,
PyiA o AXNEEEHELIL. S @ A ORMKAT. S, & py ik
5 S of PK(S) LB, 20EE RO (D), REAM#TSH 3 :

(i) A & S —seninormal T4 3%,

(D) & 2 €A icxl, Apxld Sy—seninornal T3,

HES . S MK F OBMMAKLAETHB L X, F 1 S —seninornal T&
%,

F. Fa(L€A) 2UhDREL. A =TT R, ¢4%, COEE, A D
TEOHMAKAE S XL, A & S -seminormal T 3,

5. A 2 reduced ThDo A OMNEASFTIUNERMELNELEL
BN RO (1), BE#ETSH 3 :

(i) A W& S-seninormal T& %,

(1) A & A OfK Q(A) T S —seninornal TH %,

*. A WY reduced TvD A ORNFEA FT7UNREREL v E & &
o (1),01) WEhitiTd s :
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(i) A & S —seminormal T %,

(i) B2 A 288 Q(A) OBBET A E¥ETHLEE, ApBAS
— ¢ TRW. A,B HEO KBUBBELSTFTAIAB &Y,

WE6. S, T ¥ A OHBAKALL. Sy = {s/1€ A+ [s€8) &B
(o, ZDEX, A 2N S—seminormal S, Ay & Sy—seminormal TH %,

@6, &xo (1,0 BEAMETHS:
(i) A & S -—seminormal T& %,
(i) A DEBEDOBKAFT7L n oL, A, & S,—seminornal TH %,

¥iE7. B & A L subintegral ©H0O. A i& S —seminormal TH 5
LT3, 2DEE. 6L B » reduced 5, (A,B:;S) = A &115%,

&7, A P reduced T, S N A OHHELTHLLE, A DILAR
B TROEHKEHILTLON A-RELEBROCHE—-DFELET S:

(i) B & A Lk S —subintegral Th 5,

(ii) B & S —seminormal T %,

FIoZD B WROUER2FHE->-TWV5:

C Ma|mE<T, :A—>C BEERY L4353, 6L C » f(S)—seninornal
o, B "5 C ~NORERRY g T, SIA = ¢UBZLONME—DFERET

5. BIC.CDEEX I NERLS, g bBEHTH S,

EH4. HGHE7T © B 2 A © S —seminormalization &5,

& £3 X #ik
[1] Asanuma,T. ; D —algebras which are D —stably equivalent to
D[Z], 1Int.Symp.on Algebraic Geometry, Kyoto(1 97 7), 447
—476. Kinokuniya(T okyo).
(2] Swan,R. G. ; On Senminormality, J.of Alg. Vol.6 7
(1980), 210-229.
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Noxmal filtaation 1= 2T

N S

Vi 1w, WL — (2T K)

/

f\.-}

> A groding BN N T ?/Lad.za(Mu.f T I 2
“3w 3TFME LI T e, Y, XELRINGY TR
8 b4, TES TVITY % 3. F%5 o "t & F
2 34 k7.3, fcwan'm&%zsij»l:;,i, i g 3
sstociated Mudwc.«f, Btk oo "H— REWM oL,
\z,,,+:;'1‘il-.$‘-,?‘%tmiﬁnﬁ‘ﬁ’ﬁwﬂ’)tTZ X g
b 3. T fabation 23 "R fllen B "B
fln tHY, TEIRY "-F & Lo BRY LR«
L, 3R . otk "B ta s HYIFIe TERY
3. o9 TiE nomwal wing E Rees B t wowad ¥ 753§
T flhaalion 1T 2 v T, dinsor dasd gaoup canonical cloaa &
A, PR, 2o FO O fithalion o $FHELT T 1 %23 (
S TR ReesB = by, T 3 1w 3) A% i3 3
5o 52 & TET T "ARWOI B fateti BEH 230
p i 3B FhEE s T@o i23oi@NTE 3.

N

Sctwation ¥ Notatiow.

A Neetlewan nowmal  dowad. din A=n t 7 3.
{F&} :© A L o dicreaciep filbadtion (F FiC F*) A3 F#o
R=@ F& T% ¢ ALT] & Netlewan, nawmal B2 T 3.

&20

R'= @, FET% (<o a t 7, Fa=HmalFa,A)), u=T

G= R/ur’'. (e&F*32 o0& ¥ (Yey0), G=R/, J=uk’nR)
LG =9, (). T va )
K: Ao B 1iF Tt 3 3.
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W= Spec(A), X =Pag(R), R = Gu):-T*, Z=Sec(R),
Z'= Spec (B, Y= s,,ec,(%?o & @). T%) , Y= Specy (@z O ()- T*)

tEC L, Tito ;n\k@i\"‘é’ﬁii F% 133 N T canonicad
bt o T&H 3.

/
Y = Specy (‘@_Z 6, 2). T*) i 4 Z' = Spec (%)

U oper |
closed

S Y= Specy (80 G ). T®) —-‘29 Z = Spec (R)

\ | = ‘. |

E <« X = Paj(R) W= Spec(A)

ST, Saz6 - A-lﬁehm go 0,&).T* o cduad,
BT o BE T3 cosed subvariely, E = Pag (@)= Vs (D)

12 Ro :ra.olzc\ cdeol Joo ZH, F 3 closed S‘wkvwaa.

Rn=F R , =P RL-U* %32, RI:U®
.}M.a.-,.% Ean 3. (Mu= RWTU*) 2o = 3, Y =Pugj (R7)
z & 7 3.

FeA, feF", f8 7" 2y, Fhip) = ,};fo FLERTR

I, Lo @Wr 4l Mo TR B G ITICX = F
e Coren ke 58

D, rrp Tt — @ Fea) T

ke

i J

FOCA;) <<— S?,o FRa) T« D, rhm). T

FOCALY/pr () «— F°(Ag) <« A
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§ 1. %L 7 & Class Group

R 12 wonmal T=b~ & uR’ 13 unwixed

,

R S D I LY
J"! uwmnwixed , 3 1.

= b - ) 2 To MELE, Vie pomid
SRo;\Ia.Quanm v, Vi B KERRBL 7 EMILL R
Valuaion £33 . Xe Kk 12¥ L T, Vilx)=qeveix) (g
13, ge=FaA thov 1, pRp=PYRp)ewce,
Fh= LAR' A A (A=Re ®BD) Fo- 5,

{'xeA\ Vel(x) 2 %-ac (i=, - ,t)}
= (xe Al vix) 2 7% (gt t>]

v fFbo BEILER A, UL EFTTRES.
0. oc A WEae 4577 0), Fow® (EPAE)
vt 33 Rz wnwal 1277 3.
31, A= ﬁEx,j,EJ/Lx"+y’+2‘) , m=(x4q,2) CA & BC
A 3 Mr..mﬂ. SO u!a/\ii'j s 5 Lopman (L] 128y
Re D w . 8 v . o WSl
¥ now & 3. L+ L, Fr=m
({}.; ti-’i‘/\r-_t»‘) £ F3IEB) Bt Rz nowdd
v, '?i‘ﬁ, x & F3 47, ‘)(.:-%3-\-23)&]:‘:%3. o V%/S\,
R o nomaligalion 1= F 3 fdbvalim (3, A Xo dex=3,
-dgs2=2tLuT~7La&*f*~P3 WW‘L"%§~33.
P T ad L v flalion 7t X=Peg(R) 17 3> 5 2 weakic
blowiup —up ¥~ B 3. ORL, G= @lxT? YT, aT) .
1312, A:ﬁ[l.j,zj/(xl+‘j3+z*) , mo=(xy,2), LA
t Fw v\,cf\waﬁi}aidmﬁt 3,
R=flxy 2, xT.yT, 2T, xT% 4T 2T5 xT3)
G =6C0xT, §7%, 270 ] = a0x.Y,2)/(y3-52).
h3Y 3, A=&[I,3,%]/L11_137 , §= 0 r BC 3,
i) F&=g“" (&20) ¥ ®RCe 3,
R= &L 11, xT, 2T, xT*) , ®'= RIGT],
b X — FREL
Qi) T—"‘:g“ L&>o) ¢t pCrF, g": x(x.j,a.) 1,
b X o w 3 om=(xy,) 12§ 3 A R
I3, G, %, R 17 rnwwl Vi,
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314 A=RCxg2,wl/(xw-y2) ., =00y,
Fhogh=3® rrc rE, wW=tblny xnyn 27)
¢: X =>wW 32 RELX) PR iFe s Fnnr, W
P A,_g‘;“?“ecv\izaﬁ'm E53LiT1e-~ 3.

“W3w 3NN EESC TR, Thy - LT R]HB
Bl TEI DY LY o TIFE e, I FS L B
RSSO B TS SN TR RV C A e R D R DAl A7 RCTE SN S
tead>as 2 &3, T, B, T,

Bl S f: W oW : pioper Ginctional monphis, W’ noaucd,
D ! aatiamall coefficiet Weld ditsm o W/ e, =ND 4% awple
Cortian divisn Y 3 N 44372 4 3 & 3,

Fho (xe A | divy, (%) 2 %D}
th C 2, R IF noanal T, 'Pm.j(;n) =w’ tT§ 3,
(2E6R) P«w:l'(ﬂ)=wl €33 o 1F, ?A«JJ' (R)= PMJCR("’) &
Sﬁt, -ND 'b"‘a—\w))b. Cerbiun divtem (ve,a.ya.up[e ELT2 B )
H3 2603 5 Fo b, R 0 wormeity 125w T I,

Lemma. ¥y, -, Ts : positive nabimal muwbera, W, - Vs
K o vValuatiom (diseatz?, ve(A) 20 (¢=1,-,8) ¥ § 3.
F% = hxeAn| velx) 2 fxe (Czl,-,c)}
RO 1, R=E FRT" 3 weanal
(ilﬁﬁ) f.:=P"/‘Lz (P..‘, %c'l}é.v\ 1 %. ty l'%ti) o b ?,
IKCT) o valuakion Ve B,  Ve(x)=Jevein) (xek), Velm=-p:
rE »3r, R={gmealtd| e(p)z0 (=1, O} ¥ £73.
Bz R 1 Kl TR (- BR T T Noeller T& v 1308 5 Tren.)

T

fa

N

Divisa class gtoup ]

o, gh(FIZ22 0 BA L% bt & Go o T,
To Vs o B RS,
Q, & &, JT=P 00 P, Vet = qe e
(xeK) 7233 ERBEREII. 2o},
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Proposction. eL(FDZ2 o & ¥,
oy LR) = cacyY), (R =~ cfzo(’) ~ Ca(Y)/z. s3]

G 0o 200 B ay) — @ 2/q,2 » O 13 exact

Gd WR) x A 2T, umo ~ CUAYD® I, 8L,
T 3, 0 — Z L""""‘" Zt —» I >0 (exax) -z § 3. W%
1=, R % factonial < A ¥ fadoatad o t=1, ay=1. (R #
fadonia 1= T3 3 &3 T )

(E&8R) (» Y-S xVY/ Z—VRy) 13 —HF @ x/\.atLa.J M‘.-«g
3L TR T3 . R, xA e, REK = KIT)

(@ 0 TG K ETR S, g Y - 2w V(B e guen
* N

n

pook X BB {E, T 9uF codiw. 1 TR L AOAMTUW®)
3 R, 3e&+, Qmu.ozl.wowe, £3d 3 &, &39u =6 S,

‘623 = ’&2% ~ H9( 1€‘(D+(3)) ‘3‘(’) Cg=§T v ®mcCx, ®Rg)e

= FRAQ).TE 3R B b 3] ax(wme®)22 FHS .

opén

¢ Y s 2 1B wdmesiom VT RIE L () QM)
@ E=UE cAMIEL, F= (@EDu £33 &

Ecuzxfiw § 3 valwdklom + v, TFo iz I T 3 udedliods Vo T

=5, WE =R &9, xeX, XZE 1T,

Cd: X=E o= W= V(R) 25 3.) &, G,,_O,‘x[ T,
(91,9 G = Ol T 23 3 b~ 5, Hmu) 2Yo (7T
=5 3 gradiug 1= W L Z)ﬁwo?.uout s dansow o TF T quovp k
T3, q: DudX) - HDWY) 13 uuje;\lvc T Cokan)=0 2/4.2.

SRz, Dw(X) = $*(Dmw) @ § 632 tBd) T & Y., 9% 1+ bodowald
i’*b~ 5., x) = A ® 2z ( Do (R)RX) =X € 3 3 E

, @O 13 prserpal dutsns o caat) PO A 9; 2.(E:] = (o) T+

c,, %) K = HT)L\J(‘()/H?(Y) : :
HDw(Y) = a9 (Dov(w) D @ 1Rz 1S3, HRM) = ®(R0DZ4i)

dv(M = S — ZL a-F Fo, @ B3
Gi) CQIR) = RCY) WWR) =QY) t o BIEH S & £56-,

3. £ o M3 @12, ®= 02T, «T3 £T°] x6lu,v,v1

Fy faXonkall AP 3 1=, ®F(FR)=) ot 2 13 L £, Pasposition
o m = 2/

43 BT L TF -
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EE Em@E~R I 2 ¢ o 526 vadlwatimn 1= F 3 $H7R
FFT 2w T E EBE kT, FTz, @WR), LR o P
ME TR T eI EEAG T ILZ T TR . BN B
L v $1n, (R), CZR) 1T G dowmam o E

AF =t athB 2 B w7, [H-V] 3R 1w

82.  Canonical lasa

Bﬁbw—h&; L = space o cawnowicad S‘R_P.n‘ 1= > w» g,
AT I Fuw THI R o BT Lo 5Tl g
TEN 1L H v, S0 B 1 17 Az Ixad, canonicd wodule
Pvo 33 3R, oa(Fz2 BRETI.

G=lowes, )

Proposition - W) G b7 Gorewdeds . Kg X Gla), o v T

Wx T G lae) = 6 (~ta+DE) Le=i§=. acEy).
P L, (w)=A & o< ©.

- (a+2)
¥z, Wy = 6\/(—(0-+2)S). Y 2 1T, = (Ry)
w21z, Kp b:fq.u. Y= a = -2 .
(2> A ¥ Gonewdkess, G v d:ca.?taﬂ domesn ~ 3,
Wy 2 O lm), Wg 2CBglm—1) M3 mez 33T 3
o1, G =0 Wi 0@, ™ » 1, (e, Kg=Gu-t).
5= ’ G b CD'KJZ—M acaufﬂa F S G 12 Goreuwdkes- T & 3,
(3) Ky = ®ky + Tom, (o-D.Fc — S
i, Kp o fuwe & Ky=0 & K, + T (gc-a:-1)F: =0 ’

t
Kgs 8 foee &5 Kyz=0 (5 Kyt Lo, (3:-DF =mZ aF;
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i3, G =§fo W e Gomawdklin domain, ol(G)= a £33,
( (7 Ao ok Cunal cdeal ) o ¢ 2, Fe = Mf‘zfi r L X
‘FILI/\JLW E‘ff—_§<33 t,(R =§0 F&-T&), X:?Aaa(m) 3
m=adic Clow-up € —FX F F 4 5, Ky= -a+NE .

Ky = [—- «}(au-i) + (1,—1)—-13} F (F=(€'(E))u¢1.)

Ky= 0 & Kp# fer &  p=-—aq-1.

Wi, A= Rlxy 20/(d-y2) ¥ B e, o=t
b 6, KpW faue & pz%—L 4=2, b=l r ¢ T,
R= flxy 2NlxT. 37 2T, x T, YT?, 2 7%
13 Gorewakein niug 12 ty 3.

(32 80) (1) o 3% o0 T, R 3 Gueuden. &5

Ky=0 , Ky = &S (3 pe). o v ¥, )XY,
™Ky = (&+1)-S = (R+DT(E), AR = 2 CY) &
jpive RO S L Kx= (R+DE., wx Oxl-ter).

0> Og¢E) —» Oy — Oe — O (exact) 4
!

(CHED)
W ¥ Ople) = Exty (G, &%) = 9 (-(2+2) ¥y,
8 =—(at2), wWxx Okl at!)= (Sx(—(a-«-l)E), Ky= ~(a+2)-S.

(1) G & ddegeel dowain FMT,  QAX) = W) ® ZED,
Wlie 13 bumdl Fe S, x G lwB) = Sl m) =7 3
mez €T3, Hr T (D)aik¥F 13 K,

3 13 [wl.éd %85, .
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83.  "Stan -skaped ! nesoludion ETD noamal
surface Sdn.gufa/u"% =7 o« T.

R®Miz ko 2B Z wonwal qrecad Nivg td 3, R o

nesclulin |13 Eix, 1% 057 (sl papl 8, De,
. , . 0~ . !
: Spec(®R) . c._ - €y,
§: X — Spect® \i& ] ien sx; ‘E?,\Cé

@ Ofu.t;b.waﬂ e

Esy o.
R E *

IS
¥ 3o T Vskon —shaped assolEim Ew D) EBL T o 3.
WL, E, By 123 87 swooth cune, E x93 3 & 7P
XY F TN L baaversall T, Tw 3, o v ¥,
Ppodig BS 23 Lo & wmeld e E mxioT3
villection T5 2 Sk 7w 3, APt ‘XéQ)aom.ozgm.o-«q
t 2, xe Rp & duglro) = &E +((eass) .

S Pxe CSQ(—'&:E), *x & Oz (-&+VE )

317, " stor-sloped agsolulio 23 > ¥R E 0, "1z e

L v qradad Nakg“ 535 LRWRIN I, %a "3
et FEMooEE LY > LT ot T o SRR TS
3, MT ok R BEPR 380 HE &k o Ho xR
£33 32 53y CFE F)

AT Lo¥> % pusRdon F: X > W=5pec(p) Bt
> 2R 7T woumal Loedd L X B E W o excaptianad cunves
Ecd TI3I N7 VoMU mndd suiface | (X 13 adbimal
swr&%u;] — B3 v, ot Y%ty o cyclic quotiend SCK%M‘VU”-—
Lot = v o, sdowe LI BRET I ),

F&= £ (Og(~kE)) = {xeA| $xe OgC-kE)},

R:@ F&.T&
&0 % " &
G=® F/¥. 71
430
. )
A B 4 b pe=cn-ildn -l i wen
rER L, Og(-BY®0. O = Geg(F), Pe¢€ B Et E; ok
Bov L, 5 .
D=F-g B~ -2 % ( Er o faactimd diviso)

R = @o O &D). T* (2% 2 wouwad froded ning 2 TE D)
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Ps(A) = dima H'(X, O) (&= M)
Ps (R) = 2o dimg HU(R)g rt < &,

Tleonewa. (1) X =PagR), GO/ (e+) = Og(2D) Ue2)

) 00— Ox(2+1) — Ox(®) — OgD) - o ¥y
comowicsl 1z, G >R T8,  du, V& = PR~ py(A) (413 A),

(3)  a(R) :i=wmex§2) HA(R) £0 } = waxfa| W'(E,0e@DV+0 TS
» 3%, G=R 353, CPS, G ¥ nonmal .

a) A v e.aadb ?q.ow YV u.OAMIJ T Twe3, A Eo
fettaation LFE) 2, G -E?o Fe/pen T% 4 (nowwdl v 315 Tw)
LSofeXed SwT&W\*x‘] BTt > % » (TF ¥ — 323 3. (8,

Gedlel gh#+#0) = rt 3 3.)

(5) (A v s‘tm-s‘&-_\oe& negoltiom B X > v VD 23 T 5 Z“)'
A £ iz RUnrdlon AFeY  *RRf2 L T, G=%o T/ TE P
M £ o 23 2 3/\4&“[ dowatn 0 selated Swzuﬂwtj Tt H &
2., Az s"tm.—s&afe.é. nesRlion BB E, Aes HRRe Fd
=R 33 R= @ HOE CeWDN T 1z Go nowdide ¥ —
399 3.

(6) A ¥ Gonandein ot T, R 13 GorewdaonTd 3.
(A & Gorewdein T, G Gorade T T30if1 /T 3R B2 6 ¢ v.)

434 ;X — Spec(A) & excapiond gek o R/ K TN
\ -t
TP 1, S D (R W") ot .,
: -2 B -7
D-ug-lm)-l-co)-——m r b v B,

R = go HOCTY, & (&D)) ~ @lx, 9, 7-'3/(%"+ 33_._.21) v T3 3

(degx =21, dog Y= 14, dugZ= T). a(R)=42-21-14=-"1=1 &
S, Teeorewm o (A2 d v, G=R. G & Goneuddew ¥ . A
U Gomedioin & 3. "VA = Ak 2T/ g T YE) ¥ B
¥, AeR AR 1-’?\» .
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Remank . G ol 1T TS LTI ITS w TS A g+
o AR oMot v > BRI KT3I,

B3 X580 P, —HRGYIL FC b 5 TG Tod . B
T 33 55t BE>7TTL s TPl v > H 3,
Mz, ek FR)=1 (Ve>o) o 8513, QDX W) Fr &
SR+, BEM T-FHe , 3T, wn: Y- XeR/BRT3I
ed, (>1 T3 i ¥ FR T 3t D Ke=Gl%F5 ,
Wy 20 (a+rt) () e, BB LT H3E, ZWETIF L
S 2 ®me B, RFS> T, EETUE L G

@.
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HBERM_E oA~ ZE=XN

BR®EZ HHEXFEER

BhHu. RutgerskK¥?» Landwebe r#i#&)sH. algebraic topology &
commutative algebra DIBFFKICHITS . topology I HDERDARICONVWTELZEH DT,
2 I EREO T B 5 BT LRI B Z 5 LHLWEES, Hlkd MEL L FHENT. I
IZBAMALTAHIW,

1. Background: Cohomology Rings

EHZEEXD. hk #HERET2IRERV—BE H(X, k) TRTL. 2t skew
commutative 7% graded ring Ths. HbLH GHROEHIZ
HUX, k) B H L &OW ‘
1)y  w¥= B+ '+H? + ' oud o v,

2) er'i, yeHi = xy=(—1)1\iyx.

-7 HY TWEAFTL. 54 F7LVORIMNIEL . TREICEOTEN, kOBERHF 20k
SEAYOTHETHD . BR p>2 OLSEBEEXTOTOAN - THE S h 285BI THIR
ThHs, MERYRARMIE->TIE k=R OHBELRRIC k=EF(Eﬁpmﬁw)®%éa
FEETHN . FOLEFZEaAL NI - Y-8 G OHEZER BG Dafrxad-—&

H: :=H(BG,F, ) 4. G # p-torsion ¥HLLINI. SHEAR
o X ) RETE GO Wel B W CETIFEROR FIXIY Th
2([11). coblhi. HRELOFEXHICHLTIMROYZ MPRKEEHOL S 2%
ST thE D TIELRS S,

akEny—® HYX,Fp) itk Steenrodfffi (reduced power
rvn3) PM(m=0, 1, 2, ) FERSNE. ThiF. RFTROL 223, bhbho)
S 2E Hasse-Schnidt OBEKOEEES ([2] 827) OBEOLOTH S,

FP[X
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Steenro dEAROFEICL-T HY(X, Fyp ) BHBERTZ. rok5%
graded ring HFIAKREQIV-RILIFLILLVWIBER, #IZ Adams—

Wilkerson[3]litkoTHhbNTWE, Noetherian ZaREQV—RH—
H#HE Rector [4]1i24H3. Quillen [5]Raseny—RoOTHRBRANTE
DIEHPTLL-12X3THS, AFERY—RD depth EHHELHBEICHANL Duf -
lot [6]4 Quillen DEBOTICHEPLNIZMHZITHS.,

2. The Dickson Invariants
k=F$ qutkt L. KEDnXTTV27 MVER V 2.V £ symmetric
algebra S(V) (=F[Xy, . Xp]) 2525, BERAR GL(V) 3. &5
CHB X5z, i
(a™=1)@"—q ) (q"—q" ")

Qv
DEBETHE. LEH-T S(V)d GL(V) FEkoshk s(vV)T ) 13080 k Fie

BEXH n OBEKTHS. 19114, PAVAOELAREEE L. E. Dickson
i1 s(OSY) pEmTESELA. LTk Wilkerson [7] efoToNER
395,

AVAN")) \Fq o basis Xy Xp PVO0EOEELT. 1=1, 2, -, n 0L

Vi =2l R x, EBS. ER f(X)= N(X-v)EBL, IIT VoAt

. VEVC
DFIZ S(V) o TH S,

x4 xn X
A(X) = det|x} - x¥xb

n n o,
: et
x4 xt x

n

B, A(X)D XV OR v=3a; x., a; € F , #RATBE.
5 ]
at=a. ThEPS v =Za. x¥ LED. #oTLORAOE (n+1) FHMORD

1RBEEEZBPH
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An(v) =0 for all VeV,
Biz £,.(X) | A(X) Thd. XEOWTKHIEELLL o THERS
A(X) =c, f,(X), ¢, € S(V).
FAORP Wb, ¢ =A,_(x,) (n>1) Thd., n=1 Orii
1
Big V) = B x, OFT. x, BV, EASKWRS ¢y =A(x, ) +0. LITHR#

HC c. #0 (i=1, 2, -, n)#FHE. B, A(X) ORMEAMALT, £ (X) #

AﬁX)=x4X%—x}X, Bie o, =x, £0, A(X)=x/ £ (X). £(X)0

n-{ n-t q;:
fn(X)= N(X-v)= X + = (-1) c . X
veV =0 N

n

OWTHHZLHHE, 1,1 4 KATHEHF n+1 BOBELPRIELWOTHS,

f, PRE c, . 134 Xy xna)glﬁiﬁf’%')‘ V OREDOHBNERT {, PEDLLW
P Cp i € S(V)(‘rL(V) (i=0, 1, -, n—1). X, Xy IZoWT ORE

. e, 1,(X) =4 (X) OWLDOHEBELS LNRB L

\

= ( no_ ¢ _
deg ¢ . = 1+q+--+aq q ) — deg ¢
=q —9q
Thb. Cn,i % Dickson invariants £ W95, F7z, Dn = F‘L[Cn,n—l ,

&% _ Dickson algebra £\ 5,

€M (Dickson [81])
GLov
S(V) - D,.

EH. x i £,(X) ORTHERE. S(V) = Blx, . = x, 113 Dy LEBTHS,
B ¢, (0SiSn-1)i F, EREGRITHS. S(V) OfitkE K, D, Ofiiks
L £42. KW L EOSER £ (X) ONREKTHE,5 Galois ATHS, G =

Gal(K/L) EB<E G C GL(V) @b, —% o€G & 1, (X) DROBREE
s o(V) =V ThHYH. X o ik L—linear L72H»>T Ftb-linear ThbH., Wi
seGL(V), G=GL(V)Ths. X-T K Y=1, kot sv)¥V

tiz®ET D, LELEK L 2F>. Dy BZARRTH L2 HBABKRTHH . LAF-T

i3 D,
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LC -
s(v)“_p | DY .

HE: Dy BRELTRSEARCTHEY graded ring LLTRERT c, . DK
PEEI LD WEOZHEARTEL V.,

3. Depth Conjecture.

By . V, S(V), Dy BEBOLBIETE. up=cani &BILETE, fEo
T Dy =Flu; ., u,l. G&GL(V)omaseL, a=s() <,

G € GL(V)Z&h D,c A C S(V)THH. S:=S(V)IZ A ki, A X D:=D,
LEHBMBTCHS., R A D depth # ZZOXHE THE. RAL depth Ak
graded ring (LTOEKICLE. HIHEB>0DFRT»LLRAATRFIORI DR
AETHS. A D EZHERTHELL. L<HALNRTVWE LI depth A =
depthj A BROED, FZ. D I n&mo KRR 26 3XTo D mEHIHBX
TTHRTHY .

depth A + proj dimA = n

BRI D, iz G={e} f#->T A=S OHE& depth S =n #hs S i
DL LT free ThH5,

1G4 p TENRZTNIE. G DIXRTOTICH>TEHR LB LIZED S 6 A ANOD
LANVZERERESZ LR, A B S & Al LTOERNEFICZS. X>T depth A
= depth S =n %D Al Cohen—-MacaulayRicka,

depth A =n OL33 A D LOHBEMETHERPS. u, , -, uyld A

MENz%s, LO—#iZ. Landweber & Stong BXROFHEZNTE,

Depth Conjecture: depthA 2 r %56 u,, -, u.ld AEM
HTHH5.

r=n ZLERDIIICINIZELWY, F7

r=1 ZOWTIHHTH3.

r=2 DrECLEZTHS., EE a, b €A # SEAFR2LTLOETHIE.
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bx = ay, X, Yy €A,

HL%_aS:b =aS »b x=az, z€S t&HIFE, hrb a(bz—-y)=0
#>C bz—y=0. o0€G ¥t bo(z) —y=0 T.b b SEHELERSL z=
o(z) BPHEED c€G ITHLTKIIALL., z€A, x€aA.

FoTFAIE r=1, 2, n DEE uy, -, uy DMEFIRIZERFICR I IOH. £D
MmOBSIcIE JFICEET2E Landweber 2HI3E->TwW5, 3T [ TRIZ 50H
r=3 BXf r=n—1 DLEIZL Landweber—Stong [9]2k»>TEHINT

w3,

r=n—1 OrENIH .
—RICHA—FR R, AF7N 1= (a,, -, a, ), AR RIWHE M #H->T IM+M

¥a27EE. 1 ohicRE r o MEAFIDHIUL. a, , -, a, BEF MERRICZ S

(M [2] EB16.8LEH16.595) ., &»T (k=lF% EEENWT)

(1) Extp(k,A)=0 (i<n—1)
DEFES 5
(2) Exty ( kluy,l,A)=0 (i<n-1)

BRIV, EERF
Un
0 - kfu,] - kl[lu,] - k = 0
Pb(2) i<n-2 EHLTEELEALAE. i=n-2 Orid

n-2 Un n-2
0 — Extp(k[uyl,A) — Ext_ (k[u,],A)

- n-2 -1
#H exact, £»T u Ext, (klu,J],A)=0 PEZNE I W, unD=D’

-1
u, A=A kBLE
) n-2

(3) ExtD,. (D’/(u4,---, un_1),A’)=0
BRTIEWRLBHB. uy, vy uy & DY FRIFTHE»PH. Koszul complex

D self duality ZEWUII. (3) 0kl
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/

T D
or,

ZZ=ZLWw, koT A’ D-~projective oIk Ww, ZHZkix T Lemma 2

(D//(u,""'y un-‘l)vA’)

T REN5b,

Lemma 1. GL(V) OHEBEOSEAH G oL, S’ : = u-r:S(V) 3 A7 =
u's(v)¥ = 8’& pizChase-Harrison-Rosenberg [10]0%
k) Galois HATHE, WH-T A T A MBELTH S” DENEFTHS.

H. Galois BARERTEIVOPDRMF ([10] p. 1 8)'7)—’311

“6€G, 6+l & S’ DEBOBAIFTN m LiZHL. o(x) —x § m r%Bk3%
x = x (o, m) e S’ HEETE"

THs, bRbhoBs. cicdl xeV % o(x) #x L7 k5 M. 0(x) —x
BV ® 0 THEWETHELE S(V) T u, OEFTHD. >T S* = u, S(V) T
unit 2%3, Lo CLROREHFALENS., Galoislikis MESWHFORS ik
BRoOEMAFIZHAS ([10] p.21 , Lemma 1.6) .,

Lemma 2. A =u,S(W)Y & D' = u,D, Lo $BMETHE.

. S H D,k free -7 S'=u-n(S 2 D'k free THY. A" 2
Lemma 1 i2Xk9 S" » A’ BHHATF. #->7T D’ EMAFEH,rS D HFNTH S, A
¥,

PET r=n-10B&0FRsF%RLE. r=3 OBEOFEHIE Steenrod
fERRPHZILD,

4. Steenrod Operators

Topology Tl universal coefficient theorem |(Z
rn HYX, lFab ) = HY(X, [FP )®iF% BROI-OHS. topologist IZFKLS
OEBKICIZEKZ 2%\, Steenrod tEHELTE Fp OLZTTERSNTOE A,
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bilbhI—ROHRK Fe OLTEZ LS. THLXER R=R, +R +R, + - T
R, = Fy £ALFLOLBOT, MEMZER O R R (k=0,'1, 2, =) #
(1) @ = identity,
(2) OMxy) = Zij=s (P'x) Py,
(3) G)kx=xq’ if x€R,,

(4) PRx =0 if k > deg x,
. ,
(5) PR Riygeq-1
PALTLE. R IZESESINS Steenrod fEHZFELWIZERLES., (2) 0%#
. 5%
P : R — RIT]

Pr(x) =2, ( phx) TR (2P (4) 0k > THDIZHER)

TEHTNIEY ring homomorphism Z%3% EW3ZEThHhE., T (1) &k
2)i (% @ e ) 7% Hasse—Schmidt OBEEFTHE L%
BkRL. (4)2&hE CosRENIE dH [11] DEKRT locally finite
THaHB. BRICHIOLABLIIC iterative TEZW,

R #FHBENZHEAR (WBDELSTWIE S(V))

R = [F%[x1,---,xn], deg xc=1,
Dr&lzlii. Steenrod fEA% X
@T(x;)=x;+x%T (i=1, 2, =+, n)

ZE->T—BWIZELZ S, M x€R, LT
P (x® ) = (x + T3 - 34 3k 4 3122 3% 10
Thams P(x7) = 3x'20,

NI G % GL(V) FsHLTEL. S(V) D Steenrod fEAR (Pﬁci

G ORRETRTHELS. PR # A=S(V)T icbeBmsN2, Be—@ic. B G 0 IFE
ny—® HYG:S(V), i20, kb PR mesmshs., #EE A=HY(G:S(V))
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t» graded module TH3. [XEER I (Pﬁiﬁiﬁ‘éh'(b\é&3\ R ko
KEMBE M (2B 3 ijli(&f! (1),(2),(4),(5) 2aL3LnrLds,. {HL (2)
CBWTE x€R, yeM :LZihiE%s%wn, ]

Lemma 3. XER R LXBMHFE M L2 Steenrod EHESERINTVEEL.
Xx€M £¥5E. /ann(x) BIRTD m& TAELATTNTHS,

dH. R LW LHEIIOERS,

FB(J. —P. Serre[12]) V%F Lt n&Xik V7 MVER L3hUL.

S(V) 0FAFTL T $R8To Pl FEALOE. Vo subspace W ko<
ERENS FAFT7N P = Ker [S(V) > S(V/W) ] oBTh3. H% LKA
KATERSINIRATTNLTH S,

G [12] 2RE. ZCTRIGLTHAFLTHEY . F, LTLL<EARICTES, |

%
- b = sy FEY_ _
EH. n= S(V) —F‘e[cn,o y Cn,r\‘-1] d graded prime
ideals T '?"('C@ wﬁvc-z'\‘ﬁaga)‘i‘(o)’ (Cn 0 ) ’ (Cn ov C.n 1 ) y 7T
(Ch’ov Tt Cn’ n_') D nt1l {m rj“”‘t"})éo

EH. Q XZDLS% D) ORAFTAELT. Q OLER-TVB S(V) oA 771 B
*—oOMW5,

P’ = {xES(V)|O)ﬁx€P for all k = 0}
Bk, . total Steenrod operation G-)T':S(V)—> S(V) [T]
FHAWE

P’ = 6%‘_( P[T])
THBPE P’ b S(V)d graded prime ideal THY. x= P'xeP

i2k»T P” C P, P D,=Q, XoT P’ =P THIINL Zo5%W., koT P ik
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f&f@(?k? FETHE, £->T Serre DEHICLD P=R,, %% sub-—
space WCV »BHEHETSE, d=dim W, m=dim(V/ /W)= n—-d kL.

m:S(V)—> S(V/W) 2BAGE£HLTHE. FHITHE LI

Po(
7(C poy) = (Cpr mr) (r=m)
0 (r>m)
Thh. £oT (¢, p» €y goq ) © Q EXBH. ht(P)=d =

ht(c Y cn‘d_ﬂ'c}‘)o\if: S(V) & D, L EH»D flat Zhsb

o
ht(P)=ht(Q) ([21Th. 20). &»T Q=1(c, ;. Cy 44)T
HB. (d=0 DL & Q=(0) . ) FLFZ, LDIEPLLRELIRZ & (cpy o0

e, )i S(V) @ PR FEAFTAE Dy NEELELOTHERE. B FETHE.

Depth Conjecture & r=3 DBADIH:

s=s(v), A=sY, depth A = 3 r¥3, uy o, uy , ugid S IEAIF
XoT uy.uz W S/u, S EABL koT r=2 OL=0EH: ALERT. u,.u,
B (s /u, )Y EMATLHE. BALEHE
A/u A = 8% /4 8% - (s/u, )%
HEHTHE, ZhHFRETHZILEREE LN, IRERI-ORLRS
H%G, §) =¥ - BAG, S/u;S) = (8/u,8) — H(G, S) 2owle s

1
i2rhix. u, »# H (G, S) FAlxThhIEI W kit 5.,
1 Us 1
M:=Ker [ H(G, S) — H (G, S) 1]
LBLltE

U &
0 - A~ A~ (S/uS) - M~ 0
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% exact Ths., I M #0 £F2E. u, it H (G, S)EMETEW,SL P e
AssD( H1(G, S))#BH->T uy € P t%b, —f5 associated prime
PEHKED. P=ann_(y) L%Bk5% y € H(G, S) #5275, Lemma 3
kD P RIRTH PRTHFETHE., FEEICIIUE 20L5% Dy ORA F7
(Cpos Cno ) B (u o vy ) OBTHERS . u FELZDER P =
(uy oy uy ) TELSTELZSLLEW, Py=0 Z»56 u,y=0, X>T yeM,

0 ThE. MiE AMETH

o7 P € Ass M TLHYD. #-»T depth M
HO.A WD Lk finite Zhs depthDM=depthAM=0 T
b, —hH.depth A = 3, 3-T depth (A uA)=z 2, 2% BCRZLS

Y

depth (S/u,8)T 2 2 Thamrs. TLHF
/ &
0 — A/u A — (8/u,8) - M —- O

M. M#0 %5 depth M 2 1 THTHALM., k-T FEFBLAL.
DD .

EHOREOWHNE. EFE " HDH— WRICE-T (9] 200 BEICK>TVE.
[0] T Ellingsrud—-Skjelbred[13] 0RELAVT FEEFOTNS

* * * * * * E * * *
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