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On the length of ideals in Artinian local rings.

Takeshi ISHIKAWA (Tokyo Metro. Univ.)

Introduction _ i
Let R be an Artinian local ring with the maximal ideal M.
" It is well known that R is Gorenstein if and only if 1(p) +
1(0:a) = 1(R) for each ideal A of R , where 0tA denotes
the annihilator of A and 1(M) denotes the length of an
' Artinian R-module M . In general we can say nothing about
which is greater 1(A) + 1(0:A) or 1(R) , equivalently
1(R/0:A)/1(A) is smaller than 1 or not.
In this note we will consider the value
T(A) = T(A) = 1(R/D:A)/1(A)
for a non zero ideal A of R (for convinience we set T(0) = 1)
and at first will give the upper bound an@,{ower bound of this
value. That is, we have the |
1/x(a) € 7(a) < r(a)
where 1r(A) 1is the dimension of the socle of A as a vector
space over the residue field R/M ,that is

r(A) = dim,, ((0:M)\ A) = 1((0:M)A A) .

R/M
As the set of valuesS T(A) is finite, we set

T(R) = Max T(A)
where A runs over all ideals of R . Then from the above
inequality obviously we have

1<T(R) Sr

where r 1is the type of the local ring R , that is r = 1(0:M)

—108 —



the dimension of the socle of R . And it will be proved that
T(R) = 1 if and only if r = 1 ,that is R 1is Gorenstein.
We will give an example which shows that the above iﬁequality
is best possible in a sense;

In the rest of the nbte we willvstudy aboutiwhen T(ﬁ) = i
or T(A) < 1 for which A .

Throughout of this note R wili denotes an Artinian local

ring with the maximal ideal M .

1. Main Theorem.

At first we note the following

REMARK.
(1) It is well known that T(A) = 1 for each ideal A of R if
and only if R is Gorenstein ( [ 1]).

(2) when A . is principal, obviously we have T(A) = 1 .

(3) If A is contained in the socle of R, T(A) 1/1(A) < 1 <
Now we will prove the following
THEOREM 1. Let r = 1(0:M) . Then we have

(1) 1/r < T(A) S r for each ideal A of R , and hence

1 < TR < r.
(2) T(R) = r if and only if r = 1 that is R 1is Gorenstein .
PROOF. Tt is well known that r is equal to the number
of irreducible component of (0) .(f.g. [2 ]) So we have

r
(0} = Cﬁ\ Q; , where Q. is an irreducible ideal of R . Then

=

we have an embedding

x
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Hence,

x
1a) < > 1A+ 0./ Q)
- ey _ o
As R = R/Q; 1is Gorenstein, we have 1y((A + ,)/9Q;) = 1x(R) =
1(R/(0:E)) = 1p(R/(Q;:2)) 1.(R/(0:A)) . Thus we have

1(a) ‘S r 1(R/(0:A)) and 1/r'§ T (A)
¥
On the other hand, from (0) = ff\ Q; + we also have
4=l

X
(0:2) = (”\(gi:é) and an embedding
=1

X
R/(0:3) EB R/(Q, :A)

i=)
So we have

|4

LR/ 0:R)) < ; 1(R/(Q;:2))
Since R is Gorenstein, similarly as above l(R/(gi:é)) =
L((A +0,)/Q,) = L(A/(A~nQ;)) < 1(Aa) and 1(R/(0:3)) Sr 1(A)
Hence we get T(A) S r ._

Next, to prove the second assertion, let T(R) =1, that is,
there exists an ideal A of T(A) = r . Then for this A,

/

equality must hold in the above inequality l(ﬁ/(Ozé))fS
s r
>, 1(R/(Q:A)) $r 1(3) . Thus R/(0:a) T (P R/(Q,:3) . Since

i=1

R is local, we must have r = 1 , Which com;?etes the proof .
In the above Theorem we can estimate T(A) more precisely

as follows.
THEOREM 2. Let 1r(A) = 1((0:M) A) . Then we have
1/x(a) < T(a) < r(a)

PROOF. Let R* = R/(0:A)p A be the idealization of

R/(0:A)-module A . Then R* is also an Artinian local ring

with the maximal ideal M*

M/ (0:A) X A . Let A* =0 IX A.

Then easily we have 0*:A* = A* and Ty, (A*) = T.(A) . And

R*(
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furthermore we have 0*:M* = 0 (X ((0:M) n A) . Thus we get the

result by Theorem 1
COROLLARY 3. If r(A) =1 , then we have T(A) = 1

For an Artinian R-module M we define
TR(M) = 1(R/(0:M)) /1 (M)

Then we also have

COROLLARY 4. Let r(M) = l((O:g)M) be the dimension of the

socle of M . Then
/) < T S orm) .
PROOF. Let R* = RX M , M* = MX M , M* = 0 XM . Then
we have (0%:M*) = (0:M) X M , Tp,(M*) = To(M) and rpfM*) = r(M).

Thus we obtain the result by Theorem 2

Now we will give an example which shows that the inequality
in Theorem 1 is best possible in a sense . That is, we will
show that for any integer «r 2'2 and any small number e > O,
there exists an Artinian local ring of type r and r - e <
TR ¢

EXAMPLE 5. Let K be a field, xi‘k) ;Y (i=1,...m

k=1, ...,r) be indeterminates and

R = K[?i(k), Y, \1§i§n, 1§k§r:I/I = K[xi(k), yi]

where I = ( x, %] 1¢in, 15kST) 2 (Y, oL, Y ) B (xi(k)Yj‘1§i#j§n,
(k) _ (k) . < (k)

1§k§r) + (Xi Y, ,Xj Yj 1<i, j<n, 1<kgr) .and  x; rYy

are the imagesof Xi(k), Yi respectively . Then R 1is an

Artinian local ring with the maximal ideal M = ( xi(k), Yy )

We have gz = ( x1(1)y1,...,x1(r)y1 ) and 53 = (0) and 1(R) =
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2

rn+n+r + 1 . And since (0:M) = M" , 1(0:M) = r . Now let
A= (yqreeeryy ) . Then we have (0:A) = A and MA = gz , SO
we have 1(A) = 1(0:A) =n + r . Therefore T(A) = (rn + 1)/(r + n)

=r - {(r2 - 1)/ (r + n{}. Thus we obtain the desired example ,

taking n sufficiently large

2. When T(A) <172

In this section we will consider when T(R) = 1 or for
which A , T(A) <1 . Of couyse T(R) = 1 does not imply that
R 1is Gorenstein (following Example 7)

First, we give an easy proposition .
PROPOSITION 6. For an ideal A of R , if there exists
an a €A such that (0:A) = (0:a) , then T(A) $1

PROOF. T(A) = 1(R/(0:A))/1(R)

1((a))/1(n) <1

EXAMPLE 7. Let K be a field, X1""’Xn Be indetermihates

and R = K[X1,...,Xn]/ (Xypene X)) = K[x1,...,senj. Then ,

for any £ € R, we have (0:f) = (x1,...,xn)m-k for some k .
t
Hence for any ideal A = (f,,...,f) of R, (0:A) = () (0:£,)

n h“ '
= (0:f)) for some s . So we have T(R) = 1 by the above

Proposition. , and obviously R 1is not Gorenstein for m,n Z 2

Now let K , X1,...,xn be as above , M = (X1"“’Xn) a
maximal ideal of K[¥1,...,Xﬂj and Q an M-primary ideal
generated by monomials of Xi's . And let R = K[x1,...,xn]/g =
K[x1,...,xgj.‘Can we say _T(R) =172 Uﬁfortunately we can not
say so . Even for graded ideals of A of R we have the case

of T(A)»1 (following Example 10 due to S.Endo). But for ideals
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A of R generated by monomials of x,'s , we have “T(a) <1

as following .

- PROPOSITION 8. Let R be the ring as above A be an

ideal generated by monomials of x,'s . Then T(A) <1

= a a =

PROOF. Let S = K[X,,...,x ]/ x,%1,....% ") = K[xgroeeix ]
and we can write R = S/B and A = A/B , where A = (M, ceerM))
is an ideal of S generated by monomials Mi's of xi's and

B = (N1, ...,Ns) is an ideal of S generated by monomials Nj's

of x;'s in A(i). Let V --(i{)(l) = (11,1)...,1n) 'iliENU{(.)l ogligai}
and Mi = x1(1 1)...xn(l n) = x(l ) ' (l(l)) = (1(1)1,...,
1My € v . men 1) =4 {e v|[xPe af- #[g}, {me v
a'tl) < (1)}],. where (b) < (c) means b, < c, for L= 1,...m .
Let Nj = X(m(J)), j =17/...,8 , and we have x(l)Mié (N1""’Ns)
@ X'(l)Mi e (Nj) for some j @ (1) + (l(i)) 2 (m(j)) for
soszle j . Thus we have IJL:(S/(B:A)) = 1(s) - 1.((B:A)) =‘l(s) - 1
O\ @)= # ) - #[Q{(l)é‘ v]m ™y > @) for

some j—}] = #[‘Cj{(l) e Vv [(l) + (l(i)) :t (m'3')  for each 3}]

on the other hand 1(A) = 1(a) - 1(B) = #[Q{(l)é v [ 1 >t
for some i and (1) ;%" (m(j)) for each j}.] t-Since TR(A) =
1(R/(0:R))/1(A) = 1(S/(B:A))/1(A/B), to prove Tp(3) <1 we

have only to prove the following

LEMMA 9. For viA= {‘(l) ev I (1) + (l(i)) «f(m(j)) for
each j}(’_v , we have #{V1U...U Vr}<= #{V1(n(1))U "'Uvr(“(r))j
for each (n(k)) , where Vi(n(i)) ={(l) + (n(i)) e Vl (1) € Vi} .

PROOF. We may assume r = 2 without loss of generality.
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Lookig at the section by X Xz—plain, ax

1
we may also assume n = 2. Then the

()
assertion is obvious. (c.f. Figure).

o
(G IA'AVy

EXAMPLE 10.(S.Endo). Let R =

o)
k[x,v,2,wl)/ (x2,¥%,22, w2, x2,%W, Y2, YW) - = el

= K[k,y,z,w] rand A = (x + z, y-+ w).

VANA

Then 1(A) = 4 and 1(0:2) = 2 and

=a

-a,

1(R) =7 . So T(A) =5/4) 1. °

T.H.Gulliksen [iS] proved that 1(R) < 1(M) for any finitely
generated faithful R-module M if dimension of the socle of R
is not greater than 3 . Hence we have T(A) <1 if dim Soc(R/(0:a)}
‘ :; 3 . Here we will give an elementary ( but essentially same

as his ) proof of this fact and get his result as its corollary.

First, we prove a
LEMMA 11. Let A'C A be ideals of R such that
Tp/ar (B/A') S 1 and T, (A') <1 . Furthermore if TR/ (0:2) ¢
(0:A')/(0:2)) 21 ( or TR/ (0:a) ((R':R)/(0:R) 2 1), then
we have T, (a) <1

PROOF . TR/(O:_@)((():A')/(O:A)) = 1(R/((0:A):(0:A")))/1(
(0:A")/(0:A)) = 1(R/((0:(0:A")):A))/1((0:A")/(0:A)) < 1(R/(A':R))/
1((0:A")/(0:A)) . Thus we have 1((A':A)/(0:A)) < 1(R/(0:A"))
(In another case we also have the same inequality as above by
similar easy caliculation.) Therefore 1(A) - 1(R/(0:a)) =
(L(A/A')-1(R/(A':A))) + (L(A')-1(R/(0:A'))) + (1(R/(A':R))-

1((0:A')/(0:4))) >0 . Hence T(a) <1

THEOREM 12. If dim Soc(R/(0:a)) <3 , then T(a) <1
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PROOF . If the assertion is not true , we can take an
Artinian local ring R and an ideal A of R which is a
countef example of minimal lehgth. If there exists A'(C A such
that (o:A') = (0:A) , then we have T(a) < T(A'). So we may
assume that (o:A') D (0:A) for each A'C A . Furthermore

we may assume that (0;A) C (A':A) for any non-zero A'C A ,by

passing to R = R/A' . Now let aqr--erdy be a set of generators
for A and A= (a1,...,é‘i,...°,Lad) for i =1,...,4 . Then
(0:(A, + AM))/(0:R) § 0 and @3\ (0:(a; + AM))/(0:3) G
(0:AM)/(0:A) = Soc(R/(0:A)) . Therefore d = f,L(_Z}) § dimSoc(R/(0:A))

53 . When d = 1 , obviousely T(A) =1 . If 4 = 2, then we
have dim Soc((O:a.l)/(O:I_&)) =1 ( say) . Obviously TR((a1)) =1

and T )(5/(a1)) = 1 , hence we have T(A) g 1 by the above

R/(a1
Lemma . Now we may assume d = 3 . In this case we have

~.

é(O:(Ai + AM))/(0:A) = (0:AM)/(0:A) . On the other hand we
hb:v'e Soc(a) = (0:M) ~ A = (0:AM)A . For, if (0:M)N A =
(0:aM)A®B and B f (0) , then (0:A) C (B:A) and so there
exists an r € (B:A) and r ¢ (0:A). Hence (0) {ragB &
(0:M) and r € (0:AM) . Therefore (0) f rAa & (0:AMJANB = (0),

which is a contradiction. Hence we have Soc(A) = (0:AM)A =
3

3 ‘ 3
;‘0"51 + AM))A = ';,(0:(_1}11‘ aM))a; = %_T, (0:(a, + AM))a =

(0:AM)a , where a = a, + a, + a and we get an exact sequence

1 27 %3
(0) —> (0:((a)+aM))/(0:A) —» (0:AM)/(0:2) —25 Soc(A) —> (0)

Here, changing the set of generatorsfor A , we may take a = a,

Then , since (0:((a;) + AM))/(0:3) 2 (0:(2,+AM))/(0:3) (a3

(0:(Ay+AM))/(0:3) , dim ((0:((a,)+AM))/(0:A)) Z 2, and hence

we have dim Soc(aA) = 1 . Therefore T(A) = 1 by Cor.3 , which

completes the proof.
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COROLLARY 13. (@ulliksen) If dimSoc(R) < 3 , then we

hare 1 R) S 1(M) for ‘every 'finiteiz ‘generated faithful

R—n)ic'du’le M .

‘PROOF.‘ Let R* = R M be the idealization of M and
M* = (0) X M an ideal R* . Since M is faithful, easily
we have dim Soc(R*/(0:M*)) = dim Soc(R) and 1(R)/1(M) =

TR('M) = T_.(M*) . Hence the assertion follows directly fram

R*
Theorem 12 .

3. Problems.

1) Do you have an example of Artinian local ring R
‘such that T(R) < T R[x]-/(xz)) , where X is an indetermminate?

If AC B are ideals of R, A + Bx is an ideal of
R[x] = ﬁ[x]/(xz) and it\is easily seen that Min(T(A),T(E))Aé‘
Trpxg (2 * Bx) < Max(T(A), ™B)) and hence T(R) < T(R[x]) .
2) For a Noetherian local ring (R, M) Jf dimension d ,
‘ ;ve also define the invariant T(R) of R by Sup T(R/_Q) p
where Q runs over all parameter ideals of R . Explor this
invariant T(R) of R . For example

(a) Is T(R) always finite ? When d = dim RS 3,
Goto-Suzuki [4]have shown that the type of R , that is
Sup Type(R/Q) where Q runs over all parameter ideals of R,
is finite, and so we have T(R) is finite if 4 X 3.

(b) Characterize the local ring R of T(R) =1
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Appendix

On a problem of N.V.Trung.

In the Problem Session at the 4-th Symposium on Commutative
Algebra (Karuizawa,1982), N.V.Trung gave several problems.
One of them was the following:

If l(O:gz) > 2¢1(0:M), M contains no weakly regular
element. Is the converse also true? (Problem 8,Proc. of Comm-
ntative Algebra, Karuizawa,Japan, 1982) .

The condition l(O:_b«lz) > 2.1(0:M) 1is same as
l((0:§2)/(0:§)) > 1(0:M) , that is , dim Soc (R/ (0:M)) >
dim Soc(R). On the other hand, there exists an aeg M such
that (0:M) = (0:a) if and only if R/(0:M) can be embeded
in R . Therefore his p};oblem is the validity of the converse
of the following trivial assertion : R/ (0:M) C> R 1:_->
dim Soc (R/(0:M)) < dim Soc(R) .

Of cougse, if dim Soc(R/(0:M)) =1, R/'/(O:ﬂ) is Goren-
stein and so (0:M) is irreducible, hence obviousely we have
an agM such that (0:M) = (0:a) . But if dim Soc(R/(0;M))
f 1, we can give an easy counter example as follows:

Let R = K[X,Yj/(x3,X2Y,Y3) = K[x,y]. Then (0:M) = (xz,xyz)

and dim Soc(R) = dim Soc (R/(0:M)) 2, but (0:M) % (0:£)

ax+by+cxy+dy2+s,

for each f€M . Because, let f

s & (0:M), and if a or b f 0, g axy - by2¢- (0:M) and
g & (0:f). If a=b=0andcord:f0,then h=dy-—cx4‘_.
(0:M) and h & (0:£). In other cases £=s €(0:M) and

(0:M) C M = (0:£f).
= E=
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We will give another example which is the case of
dim Soc(R/(0:M)) < dim Soc(R).

3Y,XY3,Y4) = K[x,y]. Then we have

Let R = k[x,v]/(x*x
dim Soc (R/(0:M)) = 2 dim Soc(R) = 3 and (0:M) C (0:f)
for each f e M. For, let £ = ax + by | gz ) and h = axzy -
bxy?. Then h € (0:£) and h&(0:M) if aorb } 0. So
if  (0:M) = (0:f), f£& M®> and x%y € (0:f), but xzyéf(o:g),

which is a contradiction.
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AEBRENZT LT Sot =00 X ) L
ZrThY, ZTNRX, aprbLE, B
b ooun AT LA LE0 BTN
Tt G+ -1t (=0, CL€ 4

FEBEC T LW)Z v TEVER LY NG,
Fzo, o WWMERATT IO LI 2K
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Ey=eB)LBRAETHL:Z Lt NT
W% ( Reesn X2, 8L R 13 quasi-unmized
LT 5.

BT oEsdHcdosmhNTETLALANEER
ThHhr. AoRNERR) T O IBKITA
NIY) N IZIShTEIHSET, ZNE
Loy L &F 0L p analytic spread £ V' ) (L,
iz BRAL T2 ). Low=dnGRQR L
FETHZ LY TIEA. Jov 34T TW
N ERBARETDH A
RREOER-LH-FV  CEELT A IZB
7 E RF @M (normad flatness)S ) L 55
01z B H EBBCFEM (Mormal  pseudo-fhtress)
) BARNAEFIZISY EAINE. 2N
X ¥ Lou=7t (o) v BAE T Herrmann, Orbarg
PIZX ) FLKHmEINT VYA, Rl
R M quasi - unmized T R/P 0" requiar T 5 1
LR IZHE ) ERBETFRNE LP)=At@ 3P
=B FERR (eguimdtiplicity) €(R)=€(Rp
CLRMET HAH. Lo Herrmann }:Orban} N fL
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By, ZNE—#MELT dow=fta) &
Northeott £ Wright 1=3 % Muﬂap&wf? symbol
THEBEAITEZE N TH H.
X, Cowsi & Nori L2113 Coften — Mawuﬁa%
oA T T I oot generically 1= AR X
T, RN IZiB. T ERRRFETH
T, U IEARXTHAARI LERL, HF
- ERBFEM 0 AT Buch b Brodmann
n A FA

Liw < dmR) — depth O for ol 70

S dim®Ry — depth Rt for ald n. 70

Z3X Y, R (Rx g ) WHER O 120
= > w T Coflen- Maaw,@/ THAN T HFE S
NAhAZ yzAZRLE. Z T Woet vt

Ep Y0 ZxLT CM bw) AFux,
“CERMO N> 0 ZX LT Do P
CM?” WO IZHFEHALZ LITEH.
¢ 13 Coften— Maccuwa% b)) EEN A
ANTGHEE” THhrZL 123 5.

Sp@wm o B 81X, WL o Northcstt, Rees
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Z3IAHAATTNL O BTN ERE R L
AR R L) BFRRETE A )BT
ETEF L, A 0 omlytic spread, A nHE
FRMELTE L, BEERRXKNEIE
EEEERL, ENEFE- EXODD T
REFLAZLTHA. X, EOEHIZ
BFEMN R R AMFREWC —# 0 REN
) HMANEE vt 02720 Tt HE
N 5.

LRBTINEF 0BT EIME. A F TRR
TF -9 -& A=DA, 1 fomjencous R-
olgebra (EJH, A, =R, A=RIA) EBET )

Ly, M=®M RABTRER KEA A-mE
ERDhTYD LT A.

ZTERINE 1R £ X TAKE 12X
LT f =K ThHAH L3, FE(stbl)

THHL WD,

EREL ROFREBERIFTETH B -
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(1) anng (Mg)
(2)  Suppg (Ma)
(3)  dimg (Mp)
4)  gradeg (M)
(5)  Assg (Mp)
KT RIAMR LTS
6)  depthg (Mp)
(7 fd g (M)
(3) i (M) .

p—

A W MIARERTGN T, TR
KEniz7on T AMy= My, HE-C
anng (M) C  antg (AMy) = anng (Myyy) L7345
e hh BRE. @,6),4) X O0h Ns.
(51X McAdam , Eakin L7] RFE. 6) 13 B F
f£> T EWT I A (Brodmann[1] 1=t H5).
M TART nZALT Adg(M) < 00 Th
fdg (My) = depth (R) — depthp(My) T# 0 T (6) 95
BRE. THTHORIT BREY Ly 0
WL T Adg (M) =00, BB Tor} (Mg, £)F0,
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F=depth(R)+ 1. ZZ T Tork(M, k)=

® Torf (Mg, R) 0" BFRE N R EKA A- WEF
0 T (W3 TARTE N ENLT

Tork (Mg, )7 0, BPH  FAdg(My) = 00,

@ RN NZRL T dimg(M)=d(=%) &
LTI 0. TAKGNIZ AL T ddg (M)
=00 Tph X BB, EHXTHITHNIE BR
o N y0 ZALT idg(My) < 00, EDH
Exta(®, M) =0, r<i<rtd, r=
depth (R)+ 1. K- T, B0 L (r< i<
rtd) 1ZWLT, ERM@O N0 &ERN
X Exts(®, M) =0. £2 5D Exti(&M)
=§lr>5<t;g’(&,m) 3 RN KRBT A -
MEf 0T, TARBNIZALT
Exte(#, M) =0 Llhin. Zamh, TH
KT nZRLT idg(My) < 00 A,
ZD LI idg(My) = depth (R) DT TR X
BRn . A

PEEREKXR-MEBE ZonT nHEL

—124—



TH., TARGTNIEZXFLT Mgr P THA
£ X, MY EEE = P o(asymptoticably P )
THhrLVH) . IERDA, M ZHLT,
My "B FRMO N >0 ZXLT P THNI
MY B E s P ERrLI, PO
B B9 ME & (asymtotic property ) T HH L.

T 2. RoMBAx BWALTTHAL

M My=0

2 My BE

(3) My X torsion mEf

@) My 1T torsion — free AT

5) My 13 torsiondess MHEF
WTF R BATFR LT%H

6) My 3 free

(1) M3 injective

8 Mn1x  Cofien— Macaafay

@) Mn 13 perfect

a0 Mu (3 Gorenstein .
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SE 7R, (D= (3), (6)=(10) 1T RO I )IZ
BB Th N ANT /R EE L D HEAL:
(1) aMng(My) = R, (2) amng(M,) =0,
®) gradeg (Mp) > 0, (6) Aidg(My) = 0,

M ddg (M) =0, (8) depthig (M) = dimg (M),
@ Adg (My) = gradeﬂ(m) , (10 MR(Mﬂ)=
deptfie (M), @R Z(E) £ R-MEFE 0
torsion FAMEF L L T, LM =@t(My)iz
OEBATHRE IN. OF Ke(M~OM,™)
(1Bl , E"= Homg(E,R)) 1= (1) % WA T NI
SV, R

ME. RoMEE X BATER =250
reflexive MEF , (Sp), Bucksbaum eneral zed
Coten — Macauja% .

2. REATHE p analytic spread » HEFIE M,

(R, w0, %) & %=9- BAH 75 . L)
= din e (M®&) £ 5T, L) & REA
e Mo anelytic spread x 0D, @ BR 0
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AFTIW DS LRMR) = L(G4R)=
Liw , 22T Re(®) = D", GalR) =
%00171/01’”’, L(ot) 13 Nortficutt , Rees 1235
AT T oub anadytic spread TH% .

T, emb(A) = (A (R-mBEA, O IRA
EWX A DT EE) LHT. Ao ENKT
(E‘Mbeddmg) dimension ) L9 .

anaﬁyac spread 122wz KA R 3BT
[/ N~ R

MRE3. (1) LM = L(A/annaM)

2 LA =0 THBZLIT Ay=0 Jorald
n»0 ¢« FME

3) altAy) < LA X emb (A

ft Ay < dim(A) — dim(R) < L(A)
< dim @A),

By, alt(Ar) = mac{dtP)| P 1IX Ay 0N
FATTIV] |

@) dim(R) =0 1h AtAy) =LA =dmd),
dmR) > 0 TR N PE Mn(A) Z/L T
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PARE Mn(R L ToL L) <dimA)-1
& LA =tA) T HHLEZHIZIT,

dim A@ K (R) MAER 0 P € Spec® LA L T

—ETHAZ L TRETATHA.

TR »ITTL DL S,

At ) < dinR—dimR/o < L) < dim (R),

at @) < coraov < am () < Ly < pla)
™YL . ABL, ZZI1Z coa(m)=
mx {n | Hy® #0} (oo Coftomolyyicr_rank
W Cohomobogical dimpnsion ), aralo) =
min \M Y = V@@, -, an) for some qy, -,
0p € o J (0Ud arithmeticl vank ) .
@o R LLlT, Or m—ER TH<,
G (R 1 BRI o0 X Loy < dim (R) (Huneke).

LW =AM 0 KT rx, AQXKEFE
(pseuco—{fat) & R~ algebra T HH LN .
ADNRDAT TN NLI, GaR) T pseudo-
ot R/az—afgebm rwozoren L=
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ftwy, g R I oz BT ERBEFIE
(normally  pseudo- ok , EF ) THB LN
Ty vy BUETHA. ZNIZONT A
Herrmann , Orbang 12 2 W 0" 5 A ( [37,
[41, [51,161 5 7Rp&) .
BFRTHATZH N TARMF LLT

R4 ) A D ETHET 2 TR R
Al BFR T, 1Y EAQUPR) FALRD
P E SpcRIZONT —ET hHA.

2) —Fiz LM < dim M) — depthin (My)
forall M»O BN IR) L DL 4ES T AN
MY = maximad Co/ien'—/\’?amw&v%, F7 % /AN
KT Nz depth(My) = dm(R) LT5L,
LA = dim (A= dim® . iz, A D guast -
unmired TrhlE AR BEFECTHS .

SEER. (O A W BT = SFHE T HIT
A®.k® 0 Hilbert #BRA A (A®k((P®, 1)
PESpecR)NRY T 12X h T —ETHA
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( R I reduced o vsix BEELELL ) . ZH
Mo ERARE. @RI 1= depthp (M) for
ol D0 12w T o WHREIZSY) BRI
MB L EER

3.REANHE p BT, (R, &) EF-T- B
MELL, AZ ﬁmogeneous R~ algebra £ 97%.
A 0 subfumsgeneous R~ olgebra B 13, A AR
EX B-mEf o H A (T1H, BiAn = A
forsme n ) 0r3 Ap BT (reduction)T
hHobk Wy, BREMIZELT BNIGFA
N ETE A0 BNET (miniml reduction )
LN,

BCAUNRIATTY O Lx, RgR D
Ry(R) 0 reduction THAZ L X, A=
ot for some 7, B§H A 7 Northestt
Rees 0 BT 0L » reduction = f-ThA
“rrk FMETHAH.

KX BTOEROEREETH A .
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EFE 5. O B AN reduction nes,
BizAganan A n miind reduction 1 BE
T A

@) & N EWA, B A 0 reduction n
Y=, )R EME -

@ B X A0 minimad reduction .

b B/mB I requiar T mA N B =
mB , FIH B/MB IX A/mA 1ZBINA%
ANTET DS .

©  emb(B) = LA).

(FEE © (he= (0= (O I kRN ERK
Tt WY ILY.)

ELNIEREME, T, BEFEM X RHI)
Iz FEARAT T h A

TIEO6. RN reduced ¢ kv BRIKY
rs, APEREE TCHLATENH ZRX, AR
Rrp HZEABEN ARIENIZR-TNALL
WIRET/INTEREFETHA .
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B, TAME X B (ki AIRIKTE
IW) . LEM: BE A mininad reduction
YThr , IREIY LA =4, BI5
embB) =AL(By) WX Y L. N3 BY
REDARARTCHAZ LE BRAKR L TWA
il .

T, TG 2181 X270 IWHz51
A

EIRT. ANKEFETN R- algebra N I3,
R 2 > C(A®KM®) X Spec(R) L L ¥
ERG EKTHA.

aEBH. 3 9 R 7° reduced T R 0¥ BERIK
NIm/ Iz WWE TESAH . B=RI[X, - X, 1%

A 0 minimal reduction £ LT {?€E Spec® |

CAQK®) <) = 1@NRI Qe Sec(B)
Mg (A Sy MWK I 72 £ 5 Reg dn
R
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EFE §. R 0 reduced, A » BRFHE T,
€ (AQK (M) 1" AThH 7 € Spe® 2 7VT-E,
Tz Amh > Coften— Macw@ Yhr A
R-free THh .

EEBR. R EWRAMA LLZIN . B=
RIX, - X1 8 A 0 minimal reduction L2,
ERRE 12790 Th RITE wp, (Ap) =g, (Are)
for ol P € Min(B), 7 =m © By CEIRL
DA . P, T Ap & By — free . FER.

RIE Q. R o reqular locak ring T, A DY
BT (Coflen— Macm,@wj R - adgebra Fony
Al R-Sree TH5H .

TR, &3 ERALLTIN. B=
RIX,, ~-, Xped & Ap minimal reduction. LF5L,
Ape I CM By — mudude THHZLIZEY) Arld
Br—free LIt7n. R
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[11 M. Brodmann , Some remarks on blow-up
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normal  {dotmess , Lecture Notes in Matf.
vol . 961 (1982) , 200~ 232 .

(6] J. Lipman , Equimulliplicily , reduction,
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M EROBERT & 5 CHA

HRHE sR B

ZWRBFR (Rm) 02-o00fE®E P, P’ offficid. Zhsofs
KRICHESES > ECANEE» TFAET I LI TMATROBEERIZL ).
BLAOENTE 24, ZoRMEMS» R 0BHCDRABBE-> T inertial
automorphism) IZHEEWR B & v — ORI Z . <12 (Rym) #f
BEMHETRTH - Th  unequal characteristic HoMK¥ 254 (B
0 OHBRMERT. *tOHAKOEY o #» R ORTTHEVHRD
LT Tz, ToRBlXESBIEERIIT,S

2T, ~RoORMRAFRIZPCT, “ R U)fft-x@?’?mfgﬁ 20N s
5. Lok nARNEGOHERY, IR THLHhD, LRA->T07%
EHERFTEe, "Bl onoRESHEELTHEZLNS.

ZITiR. LALISIECHEE LCERETeT, ZofEE. R
PR AERE CORNKRLBACH»E ST, AMM LA L TH L5,
T, BB L. Hasse— Schoidt DFERDL NPT H HA%, iterativi
ty condition |¥#F 2%, R #% equal characteristic MERICIZFIEICL

Lo T, LT R I unequal characteristic ThHBERET 5.
ToBEIR, BEMHCENE-RrokFowmx [4] 2FeIBC M
Hiolhy, 2o rozzich Tk, L LRIE, BICREHICE L
Fw [3] ORGP ZEZHLEY LEFERCEZ»ORENNHTRLZOT,
S0, MEREEROIHLEBRELCIBTHELTAS,

B [4] OBIZ—TCwv 243, unequal characteristic % 7MWk
HTEBREEERTOBAY L B class By classs NDR2OIZTHE
LBETHD5, SBZOEKRTR Y class CAB L% DG (differen—
tially good) THN. B v class ICAZ4 0% DB (differentially
bad) Th 5 EIFk, FLOEKRIIRIZHUWT 2,

FRHEN2H>OBREBROMo LR R LT R ofnCHE
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FRIZHGR MR B R L R ATERIE S G

v

hrwvo, E3THWEE SB

(structurally good) T&»
{(structurally bad) Th 5 &I,
TITCRMELEGHERIROLOTH B,

BE DG + SG ZE@THBE2?
BICERBEE DG b SG THIEREITRENTV 2, o<
M SE  HH DG ThEH?4 Eviiihb,

BT [4)] o#iR2h40C L THERFR T, EFLT2IXE,

R U BB 0 ofBERIHER. m ¢ R oOHKAFTTN

u ¢ R o%ET. k=R,/mn 7222L chk)=p#0 &¥2
e ¢ R sk, P ! R oFK=

.

%Y1 : k o p—independent base, ceP 1 T ORET
v ¢ R TExs{E
ok, X 2 P EREBILZILELT

RP[XT17(1(X)) f(u)=0

(X)=X" +p(a X '+ 42 X+a) o s, € P , plu (Ei-
senstein  FMA) LEXbLENS.

T 2HRBOEAS N DNERL0 interval (1.2, -- -,t}
T 5. S PUERIRE T HEF AT(S) » S @ index domain *
T &3 2% higher differential algebra & L. kd;}ne‘\'% S »5
A (S) ~& canonical % higher dilferential

N T om—adic Frix p—adic

&

maps * ¥ 5%,
completion % qRaid

/\

AVP)—?QT\T
TR e et e

ThE, AL jdpgel @ P OEBMVCTHN. Hix  dre, 0OWE
8l wmonomials @ P Fro—XR¥EHE&THE., X HI2

AWR)=R®PAWP)mw“wm--—]
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T
= (R, A (P))[d'X,d?X,--- 1/ (d(X),d*[(X), - -)
s A S
ZZiz A(P[X1), A(R) % d X, d"c_12 weight i *5
ZBEIZED graded ring & completion &2 5,

T/\
ZZT A (P[X]) ot

e - ‘ -
(1) d"81(X)=2 (1A(X) /i) = do%x---d%
7= gt TTTTl-=Rn
‘f_l:l)---ls.
+pG, (d'X,d?X,---; ,dc 4 ---) (neT)
rEbENs., AL Gn 1 d° X rUHomzEiftwv. TEEO »
KnBEH, WE¥+2 R —XK¥EGTH3,

ZzT dYX FMERRATAEIZLY

2n -y “ -

(2) (f" (W)  dgu=Fy, (~--4d ce v -7 ) (n&T)

v

rEbEns, F, & G, EAL{ 0 KEAKTH 2,

g% A(w=nin (Fy 080 - (20- 11" (1)) % a-th
Neggers’ number &IME3s,

) i3 Pz ou OR)FEEET 520 o, QWY K123 K
RicEEF B, Nl zid Neggers' number DEFVEzZIZHUNZ KD
Proposition 1 ( [41], Proposition 5.3) H»&sam,5b,

Proposition 1l n *FnEET 5, A?o(ll)-_—h bR R
. FaorEw ot NLT. R o higher derivation D= {DlS:éT
, T={1,2,---2a) © WDb) =1ti (beP,0<i<n) %3
Lo LT (D" u)= tnth THY. F t LT, Zok3% D
T v(DM W) =tnth HRLOELHELEL—OHFEETLETH D,
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4
21 A‘é”) PEDERT B RELHBMERNTE .

Theoren 1. A';(u>_>_o (h€T) %oBELHEBE P 2o
P’ ~® index domain T #*#FHFTBMHEED higher derivation #*
R #5 R ~» higher derivation IZHEHKRBLZETH S,

k ~@® index domain T %A+ 2HED higher derivation #»* R
6 R ~o ligher derivation INEIPNLIETHL,

Theoren 2. Af;(u) 21 (meT) H2BEFHEEE k b

Theorem 2 76 Ay;(u)Zl (neT) %#2EIZF P oBRY»k
2y 0 OWN AL EEFELT R OCEALZHETHIIES2L»L. L
# L Theoren 1 REBoOFLEE,» P ICHFET 5.

T=N oz, Fo220BAH» BT 2E» T 5.

n
Theoren 3. (FE# D Lenna). Ap(u)21 (neN) ZTHH4HE
57 &M IZ ﬁﬁp)zJ)(n@m HBETHS.

DG %&b SG % 2EIX Theorem 1 OHOME»-E»Nn D, (H
LEAEBOEN »RIcEBRLEVES ) AIREALT Theorem 2 3125 L
TLLEER D, )

R 02-0FEBoMoRAMER H ¢ P—>P’ T H(a)=a

mod. m (aép)‘ hynlzxL T

Dic, =He — ¢, €uR , D¢ =0 (i>1, C€I) %% hisher
derivation QDL};_QN *W 5 e Ha= :;D:'a (convergent sum,

a €P, AL D°a=a L®() :&EbEhT,Zn D *» R—>
R o derivation WHETBIEICEN. tnfELT R OACHY
HBLENBEDTH D,
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ETHODIDHENMETH 25, 50, KOEEP T, 3,

|
Proposition 2. D%nfio b, P HuMiod s EEEA~
D k RREFES>E( FAUEHST R OBHCHENBESICIZEERE
TWLOHFET B,

SHOBEIFRNDI SN Lemas »oLEHrnsd, EE Lemmas 2,3
kD, fOBRKR P © A;,(u) Dt A‘P<u> D ERE
ZLOFFEET B, AL P »b P ~nEMBESH» R oBCRE
WEZICHIERX B ETNIE, 2NI2Lk2 u @O image = uw +42
A Y W )=A;;u> LB o Ak ) AR E &0
BERPLINBFETH 5,

WERTH 5,
Znix [2], Proposition 2 @ Corollary Th s, #ikon
Proposition 3 oO¥ELGEATH L,

|
Lemnna 1, A;(u)< 0 %5 Ap(u) DEIXRITL u OB Fic

| ;
Lenna 2, AP(U) Q0 o8 P *WMNEE2T Z_\_\ ,(u) = 0
EHIR B,

EHR B,
5250 Lemmas NFAPIZIEREMIZIE [3] o Theoren ONFF
BEBEbY v, RORICT 5.
BfRA (2) k5054
£ (u)d! u=§ med' e o m. € R, LWEL T&r,
s=umin v(m;)—fV(m‘f) E ¥ BEF Lemna 2 TF P’ 2L T {cb vyt

Lemna 3. A\P(u) =0 o P zEO&%zT N ,u) <0
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u}‘LeI,L‘?’L'E) PFULEORGT—EMICEHRBERELWME. Lenna 3

TiE o =t )E . T (0=0+1 0 (my m” 4 Iy I’E

R ) s i ) 53 ! ’:'t’ y C.;&
m T units ET LEF P {ct %) (I/m)u}LeI} CE LD
PEROLETORBETEMICTEAREBRY LD,

BRI, —BOEEEHE L B5E1Z. Ko Proposition #FFBBL TE (.,

Proposition 3. A;’(u) Z 0,---, N‘;l(u) Z 0, A%P(U)S
0 o A&w OEE v OWN FIZBEEL 7.

AW Proposition 1 #Mwvd, 220G 2HT (D b= ti
(bEP) %6, fEEN a€R IZHLT

(%) viD"a) > tn"'A-:(”)
BrIraFREAMEE, Menng D u=u+/\ () %z D
MIRET B AL WREAKEE—ED t L ’

i . .
D«_\,P(u)=mln v(D"a) — tu
D a

Eu A BRE v« ORDKFZEERLKTHIILLTHE, KIS

(x)
(O o3

a=h(u), h(U)EP[U] ¢&Eb¥T., Zni%

D a=h" ()D ut+ & (P2 (W) /ji) 22— Dou.-- DYy
j=2 B
léC|)’—')"

J
+gh(D’u,D2u,- - -

pe--aDe )
I g @BEoBLT uweight 1 OEXOEATH B,
D'c2ti Thorbh i<n OB, fELY
V(DY) = ti+ A“;ma ti.
iz, H2ELY T value > tn .

. ]
o w(D"a) = win (7 (OD w, ta) 2> tn‘l"A,P (u)
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1 RETPT B o 18ty o b o by ke 3 4E ¥ BE

LK. . G

e1. &

K vvr, koo b B0 a1, Rz klx, . %D/
AW %Ll 17829 %%%?friﬁ vJ3. 2ard, RakLtg
wmivensally fonits modile of differeitials Qg 11,

QR=§5,RM¢/(§§—;C:AXL| fez)

TEFE 2N R-Fokf U hbo

RosRirwioth, R owERBITIES Qg s
Bw R-pokf) wRLIZ:1l, B fobhTni.
([41%88). Y3, Raske ! xiRET3e, Qg
92 boe e FiF ol RaZER|IE o0 30213 5
pr P Inz, ez, BAFL5Ti.7, Rov
LrHordiit, RoEH Lw)trey, .QR,,\-'JQU-J«,
Ao R-toff v hdeerzeod B IE v h3zer BT hw
B, b R th B B y3e, (g
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