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1. INTRODUCTION

The purpose of our paper is to study the relationship between the first Euler charac-
teristics and the homological degrees of modules. We also investigate the first Hilbert
coefficients of parameters in connection with the homological torsions of modules.

To state the problems and the results of our paper, first of all, let us fix some of our
terminology. Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0.
Let M be a finitely generated A-module with s = dim4 M. For simplicity, throughout
this paper, we assume that A is m—adically complete and the residue class field A/m of
A is infinite.

For each j € 7Z we set

M; = Homy(Hy, (M), E),
where £ = E4(A/m) denotes the injective envelope of A/m and H? (M) the j-th local
cohomology module of M with respect to the maximal ideal m. Then M; is a finitely
generated A-module with dimy M; < j for all j € Z by the local duality theorem. Let I
be a fixed m-primary ideal in A and let £4(V) denote, for an A-module N, the length of
N. Then there exist integers {e%(M)}o<i<s such that

+ +s5—1
Ca(M/I™M) = (M) (” . S) — e}(M) (” o ) oo (< 1)e(M)
for all n > 0. We call e;(M) the i-th Hilbert coefficient of M with respect to I and
especially call the leading coefficient €2(M) (> 0) the multiplicity of M with respect to I.
The homological degree hdeg, (M) of M with respect to I is inductively defined in the
following way, according to the dimension s = dim4 M of M.

Definition 1.1. ([12]) For each finitely generated A-module M with s = dim M, we set
CA(M) it s <0,
hdeg; (M) =
V(M) + Zj;é (331) hdeg;(M;) ifs>0
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and call it the homological degree of M with respect to I.
In this paper we need also the notion of homological torsions of modules.

Definition 1.2. Let M be a finitely generated A-module with s = dimy4 M > 2. We set

Ti(M) = ; (s ;: 1) hdeg; (M;)

for each 1 <7 < s —1 and call them the homological torsions of M with respect to I.
Notice that the homological degrees hdeg;(M) and torsions T%(M) of M with respect
to I depend only on the integral closure of I.
In this paper we study the first Euler characteristic of modules relative to parameters
in connection with homological degrees. Let Q) = (ay,as,...,as) be a parameter ideal of

M. We denote by H;(Q; M) (i € Z) the i—th homology module of the Koszul complex
Ko(Q; M) generated by the system ay, ag, ..., as of parameters for M. We set

QM) = Yo (~1) a(Hi(Q: M)
i>1
and call it the first Fuler characteristic of M relative to (Q; hence
X1(Q; M) = £a(M/QM) — eg(M) > 0
by a classical result of Serre (see [1], [9]).
In [3] the authors and co-workers gave, for parameter ideals @ for M, an upper bound
X1(Q; M) < hdego (M) — ey (M)

of x1(Q; M) (Proposition 3.1). It seems natural to ask what happens on the parameters
Q@ for M, when the equality

X1(Q; M) = hdegq (M) — e (M)

is attained. The first main result of this paper answers this question and is stated as
follows, where the sequence aq,as, - - - , aq is said to be a d-sequence on M, if the equality

[(ah A, - 7ai71)M M ai&j] = [(@1, g, - 7ai71)M M Ctj]
holds true for all 1 < i < j <d ([6]).

Theorem 1.3. Let M be a finitely generated A-module with d = dimy M and let Q) be a
parameter ideal of A. Then the following conditions are equivalent.

(1) x1(Q; M) = hdegqy(M) — e (M).
(2) The following two conditions are satisfied.

TH(M)  if1<i<d-—1,

CA(HQ (M) ifi=d
foralll <i<d.
(b)
n+1 - i i n+d—i
@i = Y wgon(” 74 )
for alln > 0.



When this is the case, we have the following:

(i) There exist elements ay,ag,--- ,aq € A such that Q = (a1,a9, - ,aq) and
ai, as, - ,aq forms a d-sequence on M,
(i) QM NHY (M) = (0), and QHL (M) = (0) for all1 <i < d—2.

Our next purpose is to investigate the relationship between the first Hilbert coefficients
and the homological torsions for modules. In [3] the authors and co-workers gave the
lower bound

eq(M) > —TH(M)

of the first Hilbert coefficient e (M) in terms of the homological torsion T¢, (M) (Propo-
sition 4.1). Here we notice that the inequality 0 > ep (M) holds true for every parame-
ter ideals @ of M ([7, Theorem 3.5]) and that M is a Cohen-Macaulay A-module once
0 = eg(M) for some parameter ideal @, provided M is unmixed (see [2]). Remember that
M is said to be unmixed, if dim A/p = dimy M for all p € Assq4M (since A is assumed to
be m-adically complete). It seems now natural to ask what happens on the parameters @)
of M which satisfy the equality es (M) = —T¢(M). The second main result of this paper
answers the question and is stated as follows (Theorem 4.2).

Theorem 1.4. Let M be a finitely generated A-module with d = dimy M > 2 and suppose
that M is unmized. Let ) be a parameter ideal of A. Then the following conditions are
equivalent.

(1) x1(Q; M) = hdegq, (M) — egy(M).

(2) eq(M) = =T,(M).
When this is the case, we have the following:

(i) (—1)'en(M) =TH(M) for2 <i<d—1 and eh(M) =0,

(i) €a(M/QUM) = S0 (—1)'el (M) ("F%) for alln >0,

(iii) there exist elements ai,as, -+ ,aq € A such that Q@ = (ai,as,---,aq) and

ai,as, -+ ,aq forms a d-sequence on M, and

(iv) QHL (M) = (0) for all1 <i<d—2.

We now briefly explain how this paper is organized. In Section 2 we will summarize, for
the later use in this paper, some auxiliary results on the homological degrees and torsions.
We shall prove Theorem 1.3 in Section 3 (Theorem 3.2). In Section 3 we will explore an
example of parameter ideals which satisfy the equality in Theorem 1.3 (1). Theorem 1.4
will be proven in Section 4 (Theorem 4.2). Unless M is unmixed, the implication (2) = (1)
in Theorem 1.4 does not hold true in general. We will show in Section 4 an example of
parameter ideals @ in a two-dimensional mixed local ring A such that et,(A) = =T, (A)
but x1(Q; A) < hdegg(A) — e}y (A).

2. PRELIMINARIES

In this section we summarize some basic properties of homological degrees and torsions
of modules, which we need throughout this paper. We begin with the following.

Fact 2.1. Let M and M’ are finitely generated A-modules. Let I be an m-primary ideal
in A. Then 0 < hdeg;(M) € Z. We furthermore have the following.
(1) hdeg;(M) = 0 if and only if M = (0).
(2) If M = M’, then hdeg,;(M) = hdeg,;(M’).
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(3) hdeg;(M) depends only on the integral closure of I.
(4) If M is a generalized Cohen-Macaulay A-module, then

hdeg, (M) — ef(M) = I(M)
and
£a(M/QM) — ey (M) < I(M)
for all parameter ideals ) for M ([10]), where I(M) = Zj;é (sgl)ﬁA(H{;l(M))
denotes the Stiickrad-Vogel invariant of M.

The following result plays a key role in the analysis of homological degree.

Lemma 2.2. ([12, Proposition 3.18]) Let 0 - X — Y — Z — 0 be an exact sequence of
finitely generated A-modules. Then the following assertions hold true.

(1) If LA(Z) < o0, then hdeg;(Y') < hdeg;(X) + hdeg;(Z).

(2) If £4(X) < 0o, then hdeg;(Y) = hdeg;(X) + hdeg,(Z).

Let R =R(I) = A[It] C A[t] be the Rees algebra of I (here ¢ denotes an indeterminate
over A) and let f: I — R, a+> at be the identification of I with Ry = It. Set

Proj R = {p | p is a graded prime ideal of R such that p 2 R,}.
We then have the following.

Lemma 2.3. ([11, Theorem 2.13]) Let M be a finitely generated A-module. Then there
exists a finite subset F C Proj R such that

(1) every a € I\ Uyezlf~"(p) +mI] is superficial for M with respect to I and

(2) hdeg (M /aM) < hdeg;(M) for each a € I\ U,cz[f"(p) +ml].

Lemma 2.4. Let M be a finitely generated A—-module with s = dimy M > 3 and I an
m-primary ideal of A. Then, for each 1 <1 < s—2, there exists a finite subset F C Proj R
such that every a € I\Upef[f_l(p) +ml] is superficial for M with respect to I, satisfying
the inequality

TH(M/aM) < T4(M).

3. RELATION BETWEEN THE FIRST EULER CHARACTERISTICS AND THE
HOMOLOGICAL DEGREES

In this section we study the relation between the first Euler characteristics and the
homological degrees. The following inequality is due to [3].

Proposition 3.1. ([3, Theorem 7.2]) Let M be a finitely generated A-module with d =
dimy M. Then

X1(Q; M) < hdegg(M) — eg(M)
for every parameter ideal () of A.
Proof. Suppose d = 1. Then M is a generalized Cohen-Macaulay A-module and hence
X1(Q: M) = L4(M/QM) — (M) < £4(Hy (M)) = hdego(Mo) = hdegq (M) — eg(M)

by Fact 2.1 (4). Assume that d > 2 and that our assertion holds true for d — 1. We

choose an element a € @Q\mQ) so that a is superficial for M with respect to @ and
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hdegg(M/aM) < hdegy (M) (Lemma 2.3). Then, setting M = M/aM, by the hypothesis
of induction on d we get
X1(Q; M) = x1(Q; M) < hdegq(M) — eg(M) < hdego(M) — eg(M),
as wanted. U
It seems natural to ask what happens on the parameters @) for M, when x;(Q; M) =

hdegq (M) —efy(M). The following theorem answers the question, which is the main result
of this section.

Theorem 3.2. Let M be a finitely generated A-module with d = dimaq M. Let @ be a
parameter ideal of A. Then the following conditions are equivalent.

(1) x1(Q; M) = hdegy(M) — egy(M).
(2) The following conditions are satisfied.

TH(M)  if1<i<d—1,

Ca(HY (M) ifi=d
foralll <i<d and

(v)
CAQQ M) = 3 (<1l (M) (”+ - )

— d—1
for alln > 0.
When this is the case, we have the following:
(i) There exist elements ay,ag, -+ ,aq € A such that Q = (a1,a9, -+ ,aq) and
ai, as, - ,aq forms a d-sequence on M.

(i) QM NHY (M) = (0) and QHL (M) = (0) for all1 <i < d—2.

The following result shows that Theorem 3.2 (i) holds true, once x1(Q;M) =
hdegq (M) — g (M).

Proposition 3.3. Let M be a finitely generated A-module with d = dimyq M and @ a
parameter ideal of A. Let a1 € Q\mQ be a superficial element for M with respect to @
such that hdego(M/ay M) < hdegy(M). Assume that

X1(Q; M) = hdegq (M) — e (M).

Then there exist elements ag,as,---,aq € A such that Q = (ai,a2,---,aq) and
ai, as, -+ ,aq forms a d-sequence on M.

The following result plays a key role in our proof of Theorem 3.2.

Proposition 3.4 (cf. [5, Proposition 3.4]). Let M be a finitely generated A-module
with d = dimg M. Let Q = (ai,as, -+ ,aq) be a parameter ideal of A and as-
sume that ai,as, - ,aq forms a d-sequence on M. Then we have the following, where
Q; = (a1, a9, -+ ,a;) for each 0 < i < d.
(1) (M) = Ca(M/QM) ~ €4 ([Qu1M ias ]/ Qa1 M).
(2) (—1)iely (M) = La(HO,(M/Qu M) — o(HO(M/Qa s 1 M) for 1 <i < d—1 and
(—1)4e (M) = 4 (HO,(M)).
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(3) La(M/QUM) = S0 (—1)'el (M) ("197) for alln > 0.

We are now in a position to prove Theorem 3.2. We have only to show the implication

(1) = (2).
Proof of Theorem 3.2. (1) = (2) Since the last assertion (i) follows from Proposition
3.3, we have assertion (b) by Proposition 3.4. It is now enough to show that assertion
(a) holds true. We proceed by induction on d. Thanks to [7, Proposition 3.1] we have
eb(M) = —l4(HY(M)) if d = 1.

We may assume that d > 2 and that our assertion holds true for d — 1. Choose
an element a € QQ\m(@ so that a is superficial for M and M; with respect to () and
hdeg,,(M;/aM;) < hdegy(M;) for all 1 < j < d—1 (Lemma 2.3). We set M = M/aM
and Q = Q/(a). Consider the long exact sequence

HL (M) = H (M) — H, (M) — H7H (M) = (M)

of local cohomology modules induced from the exact sequence

0—(0)ya—M3M-—M-—D0.
Then, taking the Matlis dual of the above long exact sequence, we get exact sequences

0— Mj+1/CLMj+1 — Mj — (O) ‘M @ —0
and embeddings
0 — (0) :pg; @ — M;

for all 0 < j < d — 2. Consequently, because £4((0) :;; @) < 0o, by Lemma 2.2 we have

hdeg;(M;) < hdeg;([(0) :n; a]) + hdeg;(M;11/aM;1)
< hdeg,(M;) + hdeg;(M;1)
for each 0 < j < d — 2. Hence

X1(@; M) = x1(Q; M) < hdegy (M) — (M)
d—2
=S (d ; 2) hdegg (1)

(7 ) tegql(10) s, ) + biesg(ysfad)

(% 1]

(d ; 2) {hdegg(M,) + hdego(Mjs1))

-y (d; 1) hdegq (M)

= hdegy (M) — eOQ(M) = x1(Q; M),

because x1(Q; M) = x1(Q; M) and x1(Q; M) < hdeg, (M) — e} (M) by Proposition 3.1.
Thus
x1(Q; M) = hdeg,, (M) - eoQ (M),
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hdeg, (M) = hdegq(M;) + hdegy(M; 1),
and aM; = (0) for all 0 < j < d — 2. On the other hand, since a is superficial for M
with respect to @, we have ef,(M) = e, (M) for all 0 < i < d — 2 and (—1)"tel ' (M) =
(1) e (M) = £a([(0) 2ar a]) ([8, (22:6)]).
Therefore the hypothesis of induction on d yields that

(—1)'eq(M) = (=1)'ep(M) = To(M)
= > (d;i:z) hdeg, (M)

& (d—i—2
_ ( . ){hdegQ<Mj>+hdegQ<Mm>}
1

I= j-1
d—i .
d—1—1
_ Z( . )hdegQ(M»
, Jj—1
7j=1
= Tu(M)

for 1 <3 <d- 2 and that
(—=1)"leg (M) = (=1)*leg (M) — £a([(0) 1as a])
= La(Hy(M)) — La(Hy(M))
= hdegq (M)
= Tg (M),
because aH (M) = (0) and £4(H%(M)) = hdeg,(Mo) = hdeg, (M) + hdeg, (M;). Thus,
as the equality (—1)%ef(M) = £4(HY(M)) holds true by Proposition 3.4, assertion (a)
follows, which proves the implication (1) = (2). O

We close this section with the following example of parameter ideals () such that
X1(Q; A) = hdegy(A) — e}y (A) but A is not a generalized Cohen-Macaulay ring.

Example 3.5. Let £ > 2 and m > 1 be integers. Let
S=k[[X;,Y;,Z; | 1<i</{,1<j<m]
be the formal power series ring with 2¢ + m indeterminates over an infinite field k. Let
A= S8/(X1, X, -+, X) N (Y1, Ya, -, Vo),
m= (x;,v;,2; | 1 <i<l,1<j5<m)A, and
Q=@ -y | 1<i<OA+ (2|1 <j<m)A,
where z;, y;, and z; denote the images of X;, V;, and Z; in A respectively. Then m? = Qm,

whence @ is a reduction of m. We furthermore have the following.

(1) A is an unmixed local ring with dim A = ¢ + m, depthA = m + 1, and H?*!(A)
is not finitely generated.

(2) L4(A/Q) =10+ 1,£eOQ(fi) = 2, and hence x1(Q; A) = ¢ — 1.

(3) hdegg(4) =2+ (1)

(4) Hence x1(Q; A) = hdegg(A) — ejy(A), if £ = 2.
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4. THE FIRST HILBERT COEFFICIENTS VERSUS THE HOMOLOGICAL TORSIONS

The purpose of this section is to estimate the first Hilbert coefficients of parameters
in terms of the homological torsions of modules. The following inequality is given by [3].
We indicate a brief proof for the sake of completeness.

Proposition 4.1. ([3, Theorem 6.6]) Suppose that d > 2 and let Q be a parameter ideal
of A. Then

eg(M) = —TH(M)
for every finitely generated A-module M with d = dimy M.
Proof. We proceed by induction on d. Let M" = M/H} (M). Then, since e;(M) = ej(M')
and Tg(M) = Tg(M'), to see that e, (M) > =T4H(M), we may assume, passing to M’,
that depth,M > 0. Suppose that d = 2. Choose a € @ \ m@ so that a is superficial

for M and M; with respect to @ and hdeg, (M /aM;) < hdegy(M;). Set M = M/aM.
Then since a is M-regular, we get the exact sequence

0 — HY(M) — HL (M) > HL (M)
of local cohomology modules. Taking the Matlis dual, we get an isomorphism M, /aM; =
My and hence, because ef,(M) = —l4(H}(M)) by [7, Proposition 3.1], we have
(M) =eg(M) = —Cao(Hy(M))

— hdegg (M /aMy)

> —hdeg, (M)

= —T4H(M).
Suppose that d > 3 and that our assertion holds true for d — 1. Choose a € @ \ m@ so

that a is superficial for M with respect to Q and T4 (M) < T4(M) (Lemma 2.4). Then
the hypothesis of induction on d shows

eh(M) = ep(M) > —TgH(M) > —T4H(M),

as wanted. O

The first Hilbert coefficients eb(M ) of parameter ideals are bounded below by the
homological torsion Tb(M ). It is now natural to ask what happens on the parameters )

of M, once the equality e (M) = —T¢ (M) is attained. The main result of this section
answers the question and is stated as follows.

Theorem 4.2. Let M be a finitely generated A-module with d = dimy M > 2 and suppose
that M is unmized. Let () be a parameter ideal of A. Then the following conditions are
equivalent.

(1) x1(Q; M) = hdegqy(M) — egy(M).
(2) eb(M) = —T}Q(M).
When this is the case, we have the following:
(i) (—1)'e(M) =TH(M) for 2<i< d—1 and e (M) = 0.
1) €4 n =>» . (—1)% =) for alln > 0.
(i) La(M/QUHM) = 37 o(—1)'ep(M) ("52) for alln > 0
(iii) There exist elements ai,as, -+ ,aq € A such that Q = (ay,a9, - ,aq) and
ai,as, -+ ,aq forms a d-sequence on M.
(iv) QHL (M) = (0) for all1 <i<d—2.
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To prove Theorem 4.2 we need the following.

Proposition 4.3. ([3, Theorem 2.5]) Let M be a finitely generated A-module with d =
dimg M. Suppose that M is unmized. Then there exist a surjective homomorphism B —
A of rings such that B is a Gorenstein complete local ring with dim B = dim A and an

exact sequence
0—-M-—=F—=X—=0

of B-modules with F' finitely generated and free.
As a direct consequence we get the following.

Corollary 4.4. ([4, Lemma 3.1]) Let M be a finitely generated A-module with d =
dimg M > 2. If M is unmized, then HL (M) is finitely generated.

The following example shows that the implication (2) = (1) does not hold true in
general, unless M is unmixed.

Example 4.5. Let S be a complete regular local ring with maximal ideal n, dim S = 3,
and infinite residue class field. Let n = (X,Y, Z) and ¢ > 1 be integers. We set

A=S8/(X)n (" 2).

Let m = (z,y, 2)A be the maximal ideal of A and @ = (x — y,z — 2) A, where z, y, and
2 denote the images of X, Y, and Z in A, respectively. Then since m‘™! = Qm’, Q is a
reduction of m. We furthermore have the following.

(1) A is mixed with dim A = 2 and depthA =1,
2) e)(A) =1, e,(A) = —¢, and e} (A) = —(3),

2

(2) e
(3) X1(Q A) =1, hdegy(A) = £+ 1, and Tg(A) = L.
(4) Hence eh(A) = —TH(A) but if £ > 2, x1(Q; A) < hdegy(A) — e (A).

REFERENCES

[1] M. Auslander and D. Buchsbaum, Codimension and Multiplicity, Ann. Math. 68 (1958), 625-657.
[2] L. Ghezzi, S. Goto, J. Hong, K. Ozeki, T. T. Phuong, and W. V. Vasconcelos, Cohen-Macaulayness
versus the vanishing of the first Hilbert coefficient of parameter ideals, J. London Math. Soc. (2), 81
(2010), 679-695.
[3] L. Ghezzi, S. Goto, J. Hong, K. Ozeki, T. T. Phuong, and W. V. Vasconcelos, The Chern and Euler
coefficients of modules, arXiv:1109.5628 (preprint).
[4] S. Goto and Y. Nakamura, Multiplicities and tight closures of parameters, J. Algebra 244 (2001),
302-311.
[5] S. Goto and K. Ozeki, Uniform bounds for Hilbert coefficients of parameters, Contemporary Math-
ematics 555 (2010), 97-118.
[6] C. Huneke, On the symmetric and Rees algebra of an ideal generated by a d-sequence, J. Algebra 62
(1980), 268-275.
[7] M. Mandal, B. Singh, and J. Verma, On some conjectures about the Chern numbers of filtrations, J.
Algebra 325 (2011), 147-162.
[8] M. Nagata, Local Rings, Interscience, 1962.
[9] J. P. Serre, Algébre locale, Multiplicités, Lecture Notes in Mathematics 11, Springer, Berlin, 1965.
[10] P. Schenzel, N. V. Trung and N. T. Cuong, Verallgemeinerte Cohen-Macaulay-Moduln, Math. Nachr.
5 (1978), 57-73.
[11] W. V. Vasconcelos, The homological degree of a module, Trans. Amer. Math. Soc. 350 (1998), 1167—
1179.
[12] W. V. Vasconcelos, Cohomological degrees of graded modules in ”Six lectures on Commutative Alge-
bra”, Progress in Mathematics 166, 345-392, Birkhauser Verlag, Basel - Boston - Berlin.

9



