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Polarizations and deformation

Mitsuhiro MIYAZAKI
(Kyoto University of Education)
B FE5h GREEEERTF)
E-mail: gb3448@kyokyo-u.ac.jp

1 Introduction

Let k be a field and S = k[z1,...,z,] be the polynomial ring over
k with n variables. By the Hochster-Reisner-Stanley theory, there
is a one to one correspondence between the set of square-free mono-
mial ideals in S and abstract simplicial complexes with vertex set
contained in [n] := {1, 2, ..., n}. Suppose that I is a square-free
monomial ideal in S and A is the corresponding simplicial complex.
Hochster (see [Sta]) proved that for a = (ay,...,a,) € Z™,

H: (S/1), ~ H*1swpPel=1(link  (suppa); k)

ifa; <0fori=1,...,n and suppa € A, where m is the irrelevant
maximal ideal of S, suppa := {i € [n] | a; # 0} and linka(F) :=
{r € A|ocUF € A and o N F = (}, and 0 otherwise. Takayama
[Tak] generalized this result to not necessarily square-free monomial
ideals and proved that if I is a monomial ideal, then

HE(S/1)q ~ Hilswer-el=1(A k),

where supp_a := {1 € [n] | a; < 0}, A, := {F \ supp_a | Vm €
G()3j € [n];7 € F and a; < v;(m)}, G(I) the set of minimal
monomial generators of I and v;(m) is the z;-degree of m.

Meanwhile, there is a mathematical tool called polarization which
relates a general monomial ideal to a square-free monomial ideal in
a polynomial ring with more variables. In this note, we study the
behavior of local cohomology modules under polarization.

The auther expresses his hearty thanks to professor Yuji Yoshino
for pointing out a simpler proof of Theorem 1.



2 Polarization

Let k be an infinite field and S = k[z4, ... ,mn] the polynomial ring
over k with n variables. We use the term “monomial” to mean a
monomial with coefficient 1. For a monomial m = []. we set
vi(m) :=mn,..

Let I be a (not necessarily square-free) monomial ideal of S. We
denote by G(I) the set of minimal monomial generators of I. The
polarization of I is square-free monomial ideal in a polynomial ring
with more variables defined as follows.

Set p; := max{v;(m) |me G(I)}, p:=p1+---+pnp and §' :=
k[z;; | 1 <i<mn,1<j< p], the polynomial ring with p variables.
Then the polarization r of I is the ideal of S’ generated by {m’ |
m € G(I), m" :=[[—; [152, zi;}. We sometimes assume that S is a
subring of S’ by 1dent1fy1ng z; with z;; for i =1,.

It is well known that {z;; —z;; | 1 < i < n, 2 § Jj g pi} is an
S’/I'-regular sequence in any order. In particular, S/I is Cohen-
Macaulay (resp. Gorenstein) if and only if so is §'/I’. Furthermore,
S'/1S’ ®k K and S'/I' @ K have the same Hilbert function for any
extension field K of k.

'Ll'l,’

3 Flat deformation

In this section, we construct a flat family whose general fiber is iso-
- morphic to S’/I’ and a special fiber is isomorphic to S’/IS".
Let t be a new variable and set

Xi;(t) = { Zi1 (4=1),

zi1 +tzi; (5> 1).

Set also m(t) := [[- 1]_["’(7") X;;(t) for a monomial m in §. We
define an ideal I, of S’ by I, == (m(u) | m € G(I)) for any
u € k. If u # 0, then by the k-algebra homomorphism defined
by z;; — Xij(u), we get an automorphism of S’ which maps I’ to
I,,. Therefore, S’/I' ~ S'/I, for any u € k with u # 0. On the other
hand, it is straightforward to verify that Ip = I.5’. So



Theorem 1 {S’/I,}yek s a flat family whose general fiber 1s S’ /T’
and a special fiber is S'/1S’. In priticular,

dimy, H./(S'/18")e > dimy H:,(S'/1'),
dimy, Extl, (k,S'/1S"), > dimy Extk, (k,S'/I'),
dimy Tor? (k,8'/18")e > dimy Tord (k, S /I'),

~ for any a € Z™, where m' is the irrelevant mazimal ideal of S’ and
we define the Z™-grading on S’ by setting deg x;; := e;.

proof Let I, be the ideal of S’[t] generated by {m(t) | m € G(I)}.
If we set degt = 0, then I; is a Z™-graded ideal and each graded
piece of S'[t]/1; is a finitely generated k[t]-module.

Since k[t] is a PID, by the theorem of elementary divisor, we
see that (S'[t]/1t)qs, @ € Z™, is isomorphic to a k[t]-module of the
following form.

k[t]/(f1) @ --- @ k[t)/(fr) @ K[t],  (f1) D (f2) D --- D (fr) # (0)

Suppose that » > 0. Let K be an extension field of k¥ which has
aroot of f1. Set T := Klz;; | 1 <i < n,1<j<p], and define
I, for w € K as above. Then T/I, ~ T/I'T for any u € K with
u # 0 and T/IoT = T/IT. Since T/I'T and T/IT have the same
Hilbert function, we see that dimg (7T'/I,), is independent of u. On
the other hand, in the case where u is a root of f;, the K-vector
space dimension of

(T/Iu)a ~ (T[/LT[H])a @k Kt]/(t - u)
~  (k[t]/(f1) @ ®k[t]/(fr) © Klt]*) @k K[t]/(t —v)

is larger than the case where u is not a root of f;. This is a contra-
diction.

Therefore, we see that r = 0 and (S’[t]/I;), is a free k[t]-module
for any a € Z™. So S’'[t]/I; is a free k[t]-module and we see the first
half of the theorem.

The latter half of the theorem is clear from the first half and upper
semi-continuity of homological invariants under flat deformation. 1



4 Post-mortem

Suppose a = (ay,...,a,) € Z® and a; < p; —1fori =1,...,n. Set
B=(B1,..-,Pn) € Z* by

(0,...,0,—1,...,—1) (0,120),
| A A
,8 _ a;+1 pi—a;—1
t (—1,. . ,—1) (a,- < 0).

Pi
Then the author succeeded in proving that
dimy, HE (S/1)q = dimy HXP™™(S"/I')4

by reducing the problem to the case where a = (p1—1,p2—1, ..., pp—
1) and using the spectral sequence argument.
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CASTELNUOVO-MUMFORD REGULARITY FOR COMPLEXES
AND WEAKLY KOSZUL MODULES

KOHIJI YANAGAWA

FRONEI, (14 M5 OHE¥RTHS. £z, ¥lEF O [15) DRNED Z< —#
B EALEETOES. '

INTRODUCTION

Let S = k[z1, ... ,z4) be a polynomial ring over a field k, and gr S the category
of finitely generated graded S-modules. Recently, P. Jorgensen showed that the
Castelnuovo-Mumford regularity of a bounded complex can be naturally defined.

Definition-Theorem.(Jgrgensen, [7]) For a bounded coniple.z’ M?® in gr S, we have

veg(M*) = max{j — i | [Torf (b, M)]; # 0} = max{i +j | [Hu(M")]; #0}.

Let E := A (y1,... ,ya) be the exterior algebra, and gr £ the category of finitely
generated graded F-modules. By the Bernstein-Gel’fand-Gel’fand correspondence
(c.f. [4]), we have the functors £ : D%(gr E) — D’(grS) and R : Db(grS) —
Db(gr E) giving the equivalence D®(gr S) 22 D’(gr E). Then it is easy to see that

reg(M*) = max{i | H(R(M*)) #0} for M* € D’(gr S).

For N € gr £ and 1 € Z, Ny denotes the submodule of N generated by the
degree 1 component ;. We say N is weakly Koszul, if Ny has a linear projective
resolution for all 4. Eisenbud et.al. ([4]) proved that the :** syzygy u(N) of
N € grE is weakly Koszul for ¢ > 0. According to Herzog et al. ([6, 11]), set
1d(N) := min{¢ € N | ,;(N) is weakly Koszul }.

For M* € D(gr S), set H(M?*) to be a complex such that H(M*)" = H* (M) for
all 7 and the differential maps are zero. Then we have the following.

Theorem. Let N € gr E, and N' := Homg(N, E) € gr E its dual. Then
1d(N) =reg(H o L(N')).

From this, we have a “Bayer-Mumford like bound” of 1d(/N) depending only on
max{ dimy N; | ¢ € Z} and n. (If d > 2, then sup{ld(N) | N € grE} = o0.) If
J is a monomial ideal of B = A (y1,...,vyq), d > 3, then ld(E/J) < d — 2. This
slightly refines a result of Herzog and Romer.



1. CASTELNUOVO-MUMFORD REGULARITY FOR COMPLEXES

Let S = k{z1,... ,z4] be a polynomial ring over a field k. We regard S as a graded
ring by degz; = 1 for each ¢. Let GrS be the category of graded S-modules, and
gr S its full subcategory consisting of finitely generated modules. (If A is a graded
ring, Gr A and gr A denote the similar categories for left A-modules.)

Let C*(Gr S) be the category of bounded cochain complexes in Gr S, and D¥(Gr S)
its derived category. Then there is an equivalence D%(grS) = D! o(GrS). So
we will freely identify these categories. For M = @,., M; € GrS and an in-
teger j, M(j) denotes the shifted module with M(j); = M;y;. For a complex
M* € C*GrS), M*[j] denotes the j*® translation of M*, that is, M*[j] is the
complex with M*[j]* = M. So, if M € Gr S, then M[j] is the cochain complex

++ 30— M —0— .-, where M sits in the (—5)" position.

For M € grS, set «(M) := inf{i | M; # 0} > —oo. If M,N € GrS, then
Homg(M,N) := €P,., Homg, s(M, N(z)) has a natural graded S-module struc-
ture. Similarly, for complexes M*, N* € C*(Gr S), we can define Hom%(M*, N*),
ME(M.) N.) and R:HO_HLS'(M.a N)

For M* € C®(gr S) and i,j € Z, set B1(M?*) := dimy[Exts*(M*, k)]_;. Then the
minimal free resolution of M* is of the form

o @S5 - PS5 - PS5
JEL JEL JjE€Z
Clearly, B;(M?*) is an invariant of isomorphic classes in D*(gr ).

Recently, P. Jgrgensen showed that the notion of Castelnuovo-Mumford regulamty

of a module M € grS can be generalized to bounded complexes.

Definition 1.1. For M* € C%(gr S), set

reg(M) = max{i + 7 | Bi(M*) £0).
Theorem 1.2 (Jgrgensen, [7]). For M* € D%(gr S), we have
(11 reg(M) = max{i+j | [Hy(M")]; #0}.

When M* is a module, the above theorem is a fundamental result obtained in
Eisenbud and Goto [5]. Since Jgrgensen [7] worked in much more general situation,
his proof is quite technical. But there is a simple proof in our case using the local
duality theorem for D®(gr S) given by the author [14].

Proof. Set Q* := Hom%(P*,S(—d)[d] ), where P* is a minimal free resolution of M®*.
Note that the injective resolution w® of S(—d)[d] in GrS is a graded normalized
dualizing comples of S. We also remark that Hom,(S(—j),S(—d)) = S(—d + j),
and Q* is a minimal free resolution of R Homg(M*® ,w®). Let s be the right hand
side of (1.1), and [ the minimal integer with the property that 8._,(M*) # 0. Then
(Q Y =1—s+d, and ((Q=%*!) > | — s+ d. Since Q* is minimal, we have

0 7é H_d—l(Q.)l—aHd = Extgd_l(]\4.>w.)l—s+d = (H$+I(M.)‘l+s_d)v'

Thus reg(M*) > s. The opposite inequality can be proved similarly and more
easily. O




Let M* € Db(grS) and | € Z. We say M* has an [-linear resolution, if By (M*) #
0 implies ¢4 j = . For amodule M € gr S and an integer r, set M>, := @, M; to
be a submodule of M. If M* € C?(gr S), then (M*)>, denotes the subcomplex of |
M?* whose i*® term of (M%)5,_;. Even if M* = N* in Db(gr S), we have (M*)s, #
(N*)>, in general. But whether M, has an r-linear resolution only depends on
isomorphic classes in D°(gr S). Moreover, we have the following.

Proposition 1.3. For a complex M* € D%(gr S) and an mteger r, (M®)s, has an
r-linear free resolution if and only if r > reg(M?*). :

Let A = @,.yAi be a (not necessarily commutative) graded k-algebra with
t:= P, o Ai. Wesay A is Koszul, if the following conditions are satisfied:
(1) dimy A; < oo for all 7.
(2) Ap is a semisimple ring.
(3) A left A-module Ay = A/t has a O-linear projective resolution. That is,
Bi(Ao) := dimy Ext;" (Ao, Ag)—; = 0 for all i # j.

In the condition (3) of the above definition, we can regard Ay as a right A-module
(we get the equivalent definition). If A satisfies the condition (1), then 8!(4g) < oo
for all 3. .

The notion of Artin-Schelter regular algebra (AS regular, for short) is very im-
portant in non-commutative algebraic geometry. See, for example, [16]. Many AS
regular algebras are noetherian and Koszul (the polynomial ring S is a primary ex-
ample). If A is a noetherian AS regular algebra, then the “local duality theorem”
holds for D’(gr A) as shown in [16]. So if A is also Koszul and we define reg(M*)
for M* € C(gr A) in the similar way, then we always have reg(M*) < oo and
Theorem 1.2 is valid over A (the above proof also works here). On the other hand,
if B is just Koszul (but not AS regular), then reg(M*®) can be oo. But if once we
have reg(M*) < oo, then Proposition 1.3 holds.

2. BGG CORRESPONDENCE

The results in this section hold in much wider situation. See [14, 15]. But, for
the simplicity, we concentrate in the polynomial ring case here. So all results in
this section have been appeared in Eisenbud et al. [4].

For a complex N* € C’(grE), set L(N*) = @,z S ® N’ and L(N*)™
Di_jom S B N;. Here the degree of z®@y € S ® N is | — j. The differen-
tial defined by

LIN)"DS® N/ 310z Z 5 ®@yz+ (-1)™(1 88 (2)) € L(N*)™H!

1<I<d

makes £(N*®) a cochain complex of free S-modules. Here ' is the * differential
map of N*. Moreover, £ gives a functor from D®(gr F) to D°(gr S).

For M € grS and ¢ € Z, we can define a graded E-module structure on
Homy (E, M;) by (af)(b) = f(ba). Since Homy(E, k) = E(d), we have

Homy (E, M;) = E(d) ® M; = E®4™:Mi(g 4 4),



(The last isomorphism is just the degree convention we adopt here.) Set R(M) =
Homy (E, M) and R"(M) = Homy(F, M, ). The differential defined by

R™(M) = Homy (B, M,) 3 f = [e = Y z.f(yie)] € Homy(E, Mys1) = R™ (M)
1<i<d
makes R(M) a cochain complex of free F-modules. We can also construct R(M*)

from a complex M* in natural way. Then R gives a functor from D’(grS) to
Db(gr E). See [4] for details. The following is a crucial result.

Theorem 2.1 (BGG correspondence, c.f.[4]). The functors £ and R give a cate-
gory equivalence D°(gr S) = D¥(gr ).

The derived equivalence of the above type holds for a wide class of Koszul algebras
after suitable modification (c.f. [2, 9]). This equivalence is called the Koszul duality,
and the Yoneda algebra Ext} (Ao, Ao) is the counter part of A (recall that E =
Extg(k, k) and S =2 Exty(k, k) as graded rings). So we can develop the theory of
this section in much wider context. See [14, 15].

Theorem 2.2 (Eisenbud et al. [4]). For M* € D%(gr S), we have
B (M?) = dirny ™ (R(M))_,
Proof. Note that (—)¥ := Hom,(—, k) gives an exact duality functor from gr E to

itself. (For graded E-modules, we do not have to distinguish left modules form
right ones.) Then the assertion. follows from

_El(ﬁi"s'(M.) k)j

1R 1R

IR

IR
—
T
<
—
)
—
S
~—
~—
d
~— =
<

Corollary 2.3. For M* € Db(gr S), we have
reg(M*®) = max{i| H'(R(M*)) #0}.

The linear strand of a minimal free resolution is the notion introduced by Eisen-
bud. Using this, we can refine Theorem 2.2.

Let P* be a minimal free resolution of M* € D(grS). Consider the decom-
position P* := @, P*/ such that P" = S®"(—j) for some n. For an inte-
ger [, we define the I-linear strand lin;(M*) of the minimal free resolution P* of
M* as follows: The term lin;(M*)" of cohomological degree 7 is P*~* and the
differential P»'=! — PHLl=i=1 i5 the corresponding component of the differen-
tial P* — P! of P*. So the differential of lin,(M*) is represented by matrices
whose entries are elements in S;. Set lin(M*) := @, liny(M*). It is obvious that
B;(M*) = Bi(lin(M?*)) for all 4, j. Similarly, we can define the linear strand lin(N*)
of the minimal projective resolution of N* € D®(gr E).



To state the next result, we have to introduce another operation on complexes.
For M* € D%(grS), set H(M*®) € C*(gr S) to be a complex such that H(M*)' =
H'(M) for all i and the differential maps are zero. Then it is easy to see that
reg(H(M?*)) > reg(M*). The difference reg(H(M*)) — reg(M*) can be arbitrary
large, and the meaning of this difference will be studied in the next section. For
N*® € D*(gr E), we can define H(N*) € C*(gr E) in the similar way.

Proposition 2.4 (Eisenbud et al, [4]). If M* € D%(gr S) and N* € D*(gr E), then
we have

lin(L(N®)) = L(H(N®)) and Un(R(M*)")=R(H(M*))",
where (—)¥ := Homy(—, k) is an exact duality functor from gr E to itself.

Note that N € gr /' is a free module, if and only if it is a projective module, if and
only if it is an injective module. In halfway of the proof of Proposition 2.4, we see
that R(H(M?*)) is the linear strand of the minimal injective resolution of R(M?*) €
D’(gr E). But (—)Y interchanges (the linear strand of) injective resolution with
(that of) projective resolution, so we get the second equality of Proposition 2.4.

3. WEAKLY K0szuL MODULES

Let A be a (not necessarily commutative) Koszul algebra with the graded Jacob-
son radical v := @, 4 A;. For M € gr A and i € Z, My;, denotes the submodule of
M generated by its degree ¢ component M;. The next result naturally appears in
the study of Koszul algebras, and might be a folk-theorem.

Proposition 3.1 (c.f. [14, Proposition 4.1]). In the above situation, the following
are equivalent.
(1) My has an i-linear resolution for all 1.
(2) H*(lin(M)) = 0 for all i # 0.
(3) The associated graded module gr, M := @5, v' M /x""*M of M has a 0-linear
resolution as a gr, A (= A)-modules. '

Note that if M € gr A has an I-linear resolution for some [, then it is weakly
Koszul. Assume that reg(M) < oo (if A is commutative, then all M € gr A satisfies
this condition by [1]). Then My, has an r-linear resolution for all r > reg(M), in
particular, M, is weakly Koszul for r > 0.

If M is weakly Koszul, then the i** syzygy ;(M) is also for all i > 1. According
to Herzog et al. [6, 11], we set

1d(M) :=inf{i € N | Q;(M) is weakly Koszul }

for M € grA. Even if A is commutative, 1d(M) can be oco. In fact, as shown
in [6, Proposition 1.8], if A is a commutative Koszul ring with Ay = k, and
Id(M) < oo, then the Poincaré series Py () := Y ooo dimg( Exth(M,k)) - M is
a rational function. But it is known that the commutative Koszul ring R :=
k[$1)$2a$3]/(m1)m2!m3)2 Ok k[yl)y21y3]/(yl)yz1y3)2 has a module M € grR such
that Py ()) is irrational. Clearly, 1d(M) = oco. (This observation was given in the
introduction of [6]). ’



Theorem 3.2 (Eisenbud et al. [4]). Let E = A (y1,...,vya) be the exterior alge-
bra. If N € gr E, then we have

1d(N) = regg(Exty(N, k).

Here S 1is the Yoneda algebra Exty(k, k), which is isomorphic to the polynomial
ring k[z1,... ,z4), and we regard Exty(N, k) as a graded S-module by the Yoneda
product. Moreover, Extg(N, k) is finitely generated as an S-module for all N €
gr E, hence we have ld N < oo.

The equality 1d(M) = regp 4)(Ext} (M, Ag)) holds for a general Koszul algebra
A and M € gr A, where E(A) is the Yoneda algebra Ext% (A/t, A/t). See [8, 6].
Hence, as shown in [8], if F(A) is (left) noetherian and has finite global dimension,
we have 1d M < oo for all M € gr A.

The next result gives the second description of 1d(/N) which might be more useful
and informative than that of Theorem 3.2. Using the Koszul duality, a similar result
holds for a general Koszul algebra.

Theorem 3.3. Let N € gr E, and N' := Homg(N, E) € gr F its dual. Then we
have

1d(N) = regs(H o L(N')).

Proof. If we take M* := L(N') in Proposition 2.4, then we have lin(N') = RoH o
L(N'"). So the assertion follows from Corollary 2.3 and the second characterization
of weakly Koszul modules given in its definition. O

If d > 2, then sup{1ld(N) | N € grE'} = oo. In fact, N := E/soc(F) satisfies
Id(N) > 1. And the 1*® cosyzygy Q_;(N) of N (since F is selfinjective, we can
consider cosyzygies) satisfies 1d(2_;(N)) > 4. But we have an upper bound of
1d(N) depending only on max{dimz N; | ¢ € Z} and d. Before stating this, we
recall a result on a upper bound of reg(M) for M € gr S.

" Theorem 3.4 (Brodmann and Lashgari, [3]). Let S = k[z1,...,z4] be a polyno-
mial ring. Assume that a graded submodule M C S®" is generated by elements
whose degrees are at most §. Then we have reg(M) < n#(2§)(@-1D",

When n =1 (i.e., when M is an ideal), the above bound is given by Bayer and
Mumford, and sharper than it seems. For our study on 1d(N), the case when § = 1
(but n is general) is essential. When n =4 =1, we have reg(M) = 1. So the bound
should be largely improved when § = 1.

Proposition 3.5. Let E = A (y1,... ,yq) be an eaterior algebra, and N € gr E.
Set n := max{dimy N; | i € Z}. Then 1d(N) < n#20-1",

Proof. Set T := Homg(N, E). By Theorem 3.3, it suffices to prove reg( H(L(T))) +
i < n¥2=D" for each 1. We may assume that 7 = 0. Note that HO(L(T)) is the
cohomology of the sequence

S@rT 1 2 S @, Ty 25 5@, T



Since im(8p)(—1) is a submodule of S®4m«Ti generated by elements of degree 1,
we have reg(im(dp)) < n#2@1' by Theorem 3.4. Consider the short exact se-
quence 0 — ker(9p) — S ® Tp — im(dy) — 0. Since reg(S ®; Tp) = 0, we have
reg(ker(do)) < n#20@-V'  Similarly, we have reg(im(0_,)) < n#2@1' by Theo-
rem 3.4. By the short exact sequence 0 — im(8_1) — ker(8p) — H°(L(T)) — 0,
we have reg(H°(L(T))) < n#2(d-1)!, a

In a special case, there is a much more reasonable bound for 1d(V). In the sequel,
weregard S = k[z1, ... ,24) as an N%-graded ring with degz; = (0,...,0,1,0,... ,0)
where 1 is at the i*" position. Similarly, the exterior algebra E = A (y1,... ,q)
is also an N%graded ring. Let *grS be the category of finitely generated Z%-
graded S-modules. We have a similar category *gr E for E. If M € *gr§, then
Homg(—, M) := P, ez« Homg 5(—, M(a)) gives a contravariant functor from *gr S
to itself. Since E is selfinjective, Homp(—, E) 1= @,cz. Homsg, g(—, E(a)) gives
an exact duality functor from *gr E to itself. Since Z?-graded modules can be re-
garded as Z-graded modules in the natural way, we can discuss “reg” and “ld” for
Z4-graded modules.

For a = (aj,... ,aq) € Z4, set supp(a) := {i | a; > 0} C [d] :={1,... ,d}. We
say a € Z% is squarefree if a; = 0,1 for all i € [d]. When a € Z? is squarefree, we
sometimes identify a with supp(a). For example, if F' C [d], then S(—F') means
the free module S(—a), where a € N is the squarefree vector with supp(a) = F.

Definition 3.6 ([13]). We say M € *gr S is squarefree, if M has a presentation of
the form

B s — P S(F)F =M =0

Fcld) Fcld)

for some mp,np € N.

Stanley-Reisner rings (that is, the quotient rings of S by squarefree monomial
ideals) and many modules related to them are squarefree. Let Sqq be the full sub-
category of *gr S consisting of squarefree modules. Then Sy is closed under kernels,
cokernels, and extensions in *gr S. Thus S¢g is an abelian category. Moreover, we
have D(Sqg) = D§, (*gr S).

Sqg

Definition 3.7 (Rémer [10]). We say N € *gr E is squarefree, if N = Ppcy Nr
(ie., if a € Z% is not squarefree, then N, = 0).

A monomial ideal of E is always a squarefree F-module. Let Sqg be the full
subcategory of *gr E consisting of squarefree modules. Then Sqg is an abelian
category with D*(Sqg) = D§,_(*er E). If N is a squarefree E-module, then so is
Hompg(N, E). We have functors S : Sqp — Sqg and € : Sq¢ — Sqp giving an
equivalence Sqg = Sqp. Here S(N)p = Np for N € Sqp and F' C [d], and the
multiplication map S(N)r 3 z = iz € S(N)pugiy for i € F is given by S(N)p =
Np 3z (=1)20F)y,z2 ¢ Nrugiy = S(N)pugiy, where ofi, F) = #{j € F | j <i}.
See [10, 14] for detail. Since a free module E(a) is not squarefree unless a = 0, the
syzygies of a squarefree E-module are not squarefree.



Proposition 3.8 (Herzog-Romer, [11]). If N is a squarefree E-module (e.g., N =
E/J for a monomial ideal J), then we have

1d(N) < proj.dimgS(N)  and 1d(N)<d-1.

While the former inequality is very useful, the difference 1d(V) — proj. dimg S(N)
can be d (e.g., take N = k). So the next equality is important.

Proposition 3.9. Let N € Sqg and set N' := Hompg(N, E). Then we have
(3.1) 1d(N) = max{i — depthg( Ext&(S(N'), $)) |0 <i<d}.
Here we set the depth of the 0 module to be +oo.

If M := Exti(S(N), S) # 0, then depthg M < dimg M < i. Therefore all
members in the set of the right side of (3.1) are non-negative or —co. We also
remark that since depthg( Homg(S(N'),S)) > 0, the right side of the equality (3.1)
is at most d — 1. The right side of the equality (3.1) is 0 if and only if S(NV') is
sequentially Cohen-Macaulay by [12, III. Theorem 2.11]. Thus ld(N) is something
like “sequentially Cohen-Macaulay defect” of S(N).

Idea of proof of Proposition 3.9. Let us recall results from [14]. The functors £
and R for BGG correspondence give the Z%-graded functors between D’(*gr S)
and D°(*gr F'), which are also denoted by £ and R. Then we have the Z4-graded
BGG correspondence Db(*grS) = DP(*gr E). If we restrict this equivalence to
the subcategories D"(Sqg) C D®(*grS) and D*(Sqg) C Db(*grE), then we get
D*(Sqg) = D*(Sqg). For N € Sqg, we have £L(N) = A(RHomg(N, S(—1)[d]))(1).
Here 1 = (1,...,1) € Z% and A := S o Homg(—,E) o £ is an exact dual-
ity functor from Sqg to itself (called the Alevander duality functor). By [10],
reg(M) = proj. dim(A(M)) for a squarefree S-module M. So the assertion fol-
lows from Theorem 3.3. O

Example 3.10. For an integer ¢ with 1 < ¢ < d — 1, there is a squarefree E-
module N such that Id N = proj. dimg S(N) = . Thus the inequalities of Propo-
sition 3.8 is optimal. In fact, if M is the Z%graded i*® syzygy of k = S/m,
then M is squarefree, and the computation using the equality (3.1) shows that
N := Hompg(E(M), E) € Sqg satisfles the expected condition. But, for a monomial
ideal J C E, the inequalities of Proposition 3.8 is not sharp as the next result
shows.

Corollary 3.11. Ifd > 3 and J C E is a monomial ideal, then 1d(E/J) < d — 2.

Idea of proof. Let A C 2!% be a simplicial complex (ie., F € A and G C F imply
G € A). It is easy to see that the Alezander dual AV := {F C [d] | [d]\ F ¢ A}
of A is a simplicial complex again. Set Jao = ([[;cpvi | F C [d], F € A) to be a
monomial ideal of £. Any monomial ideal of E is given in this way. Similarly, set
Inv = ([liepzi | FC[d,F € AY) CS. If J = Ja, then S(J') = Iav. Since [av
is a radical ideal, the depth of the module Ext%™(Iav, S) is relatively high. O

Example 3.12. For each d > 3, there is a monomial ideal J C E with 1d(E/J) =
d—2. In fact, if A is a simplicial complex with d vertices whose geometric realization



is a (1-dimensional) circle, then the monomial ideal Ja defined in the proof of
Corollary 3.11 satisfies this equality.
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A class of modules of reduction number one

Bk X
(BAHBRFETLFER)

Katz-Kodiyalam I%, &3 [6]ICHBWT, 2 XTIEAIKAER EOBEEALZMEIIVLD
% reduction number 23& 41 TH > T, €D Rees IR Cohen-Macaulay TH 5 Z &
ZRLTWS. B|ETIE. 2 K5 Cohen-Macaulay RATER (A, m) LOMBET, B
P E1BR 572V A reduction number 235 %1 TH DK D72 MBEE KT 5.

1 F

BAF, (A, m) 13 v]#72 Noether JGFFIEREL, d TRADKITLEXRT. F = A" X
rankr >0 DHMMBEEL, M C FZ2ZOWAMEETrank ZFOHDETS. 2D
EE, MBEM DRees REIL, KTERINDIR A LOZHEAROEINRETH 5.

R(M) :=Im(Sym (M) = Sym,(F)) C S := Sym,(F).

ZHAR S OB R(M) Dn REKERS & M® EEE, M OnFEMER. FERIC
- FOWMIMBEN,M C FIZHLT, ZOENM 2 R(N) D 1LRERESER(M) D1
RERST E DR (ZOBRBEEARS OF TOMD I ETHD) TERIND 5, D
A-BAMBEEED S, Tabt, MECHEPEITXRTEEARSOFTEZSLHOD
ET5H. MOESIMBEN C MMM @ reduction TH 5 &I, HEEEn > 0 0EFE
LT XM = NM"DBROMDEEENDS. N C M Mreduction THDZ L&
RILKR(N) CR(M)DETHSZ LIIFAMETH 5. reduction DF TEEFBIRIZD
WTHR/NZ B DD Z & & /b reduction EFER. £7z, M M) = dim(R(M) ® A/m)
EPBE M D analytic spread EMER. BRENEREDE ZIX, N C M /N
reduction TH DI & & A M) = pa(N) (= N OB/NERITTOMEE) THS Z L3R
BTHD. £z, lW(FIM) <o DEE, A\(M)=d+r—-1TH5. ZN5DRLE
DF, Katz-Kodiyalam {3 2 &XJT Cohen-Macaulay FFTER £ D MEEIZEE T % Rees B
@ Cohen-Macaulay ¥IZBIL TRERL TS,



EH 1.1 (Katz-Kodiyalam [6]). (A, m) {Z Cohen-Macaulay FFFERTd=2& L, H
REA/mIIEEAETS. F=A"%rankr >0 0DBEHMBEEL, M C FIZZOH
SMBETLHF/M) < 0 1256DETDH. ZOEE, RMNIELLW.

(1) RXFAETH 5.

(i) R(M) 1%, Cohen-Macaulay R TH 5.
(ii) X M? = NM %§%7=3F M O/ reduction N NFEET 5.

(2) RFER APERIT, 2D M 28R 51E, ZO Rees R R(M) 13 Cohen-
Macaulay TH 3.

A#HE TIL, Rees TR Cohen-Macaulay & 7225 IEE TEEH &R S 20V NEED »
SRAEHZl20n. RINERRTHS.

FE 1.2. (A, m) L Cohen-Macaulay HFIBRTd =2, 0L, NCF = A" ZHHME
FONIA—SMEEET S, T72b5, 4(F/N)< oo THDT, ;zA(N) =r+17
2H50ETBE. M:=NjpméEBL. ZOEE, ROEMETHS.

(1) M? £ NM.

(2) ABERIRFIRTH ST, r=1, DD NIZERAL/NTIA—FILTTINTH5.
EHI120EH#EDRELT, R&HE5.

* 1.3. (A,m) i 2 &XJt Cohen-Macaulay RFFERT, N C F = A" {3/ A—4 10
BETDH M =N pm&BL. ZOLE, )r>2THdh, X, (i) AN
ERIRFER TR, 251X% KA M? = NM IR DD, #IZ, Rees BR(M) 1
Cohen-Macaulay T& 5.

EE 14, (1) 1213, r=10&EEFITIIBEIZ Corso, Huneke, Vasconcelos fb?ﬁ
BROICESOT(d>3DHETH)HOSNTVAR/ERTHS (2,3, 1,4]). &>
T, BICREAFIIZSANEMNE (M2 ANM = r=1] OBHTH3.



(2) Simis-Ulrich-Vasconcelos 2513, ®AZ LIIRZDHIET, NI A—FMED
socle JI# @D Rees BRI, Cohen-Macaulay RTH2 I E&ERL TS ([8, The-
orem 5.14]).

r=10&E NIA=—IMELR, BRADNSA=541FTT7IITMz5000.
6> T, B A3 Cohen-Macaulay 72 5IZIERIFITAER TN TS, FZ T, IL®
WCRHEIZHBWT, Cohen-Macaulay RFTER ED/NT A—7 b EAIFITER SN
TATTIVEREOHEER > TWD I L2HRT2. COZLEFE>TEIHT,
reduction number ¥ 1 L2 S MBED I SAE_-DHEZ 2. TL T, BREIZIhS %
AWTHEAEICBVWTER 1.2 DFEHZT 5.

2 Perfect matrix

AR, A3 Noether B, n > r > 013BHETS. F = A 13 rank r DEHBMBEE
L, TOHHEKEZ {t1,...,t,} £T2. FOWPMBEN = (c1,...,¢,) C FITHL,
N OEBITc; ERAICEEL 2 FOBHEE {t,,...,t,.} 2F>T,

c;=cyti+ -+ cjty, (¢ € A)

EBNZEE, BB, DBESNBITHIZE N = (c;) € Mat,yn(A) EEL T EIT
T5.
CEE 2.1 r x n OB A LD o € Mat,n(A) 75,

(1) L(p) CATH>T, 1D

(2) gradel(p) =n—r+1
BT EE, 175 p 1 perfect THB EMRI LTS, BL, I(p) TSl o O
rROMIFIRTEREINIZBADA TN EERT.

ZHi, (H2E%RT) ERFIOEEOFFIRTHBEELSNS.
Bl 2.2. Ki3, perfect 7217 TH 5.

(1) generic 72175 (X;;).



(2) Cohen-Macaulay JRIFTER (A, m) LD/INTA—FMBEEN C F = A" (Tizbb,
LA(FIN) < 00 THDT, DO ua(N) =d+r— 1723H0) HESESN B

FIN.
a - ag 0 - 0
(3) an,....q BERBIE Lz o | O @ 0 @ O
0 v 0 a - a

perfect TRATHI N 2EOMEE N 1Z, FRFITEREI NI4T 7 ERBEICROK
HEFoTW5.

BEH 2.3. N = (cy,...,¢,) C F & FOESMBEE L, Nidperfect, 7 On>r IR
ETD. S =Symy(F)=Alty,...,t,] EBL. ZDEE, SOLREFEKR hy,... , h, €
Sy A%, FRX

hiei+---+huc,=0 in S,

Wiz 97251, & h ITDNT,
hi € (e1,-+.,6,...,¢,) Tforall 1<i<n
MO LD.

Proof. n > r T, grade,(N) = n —r + 1 EIN 54751 N L 88K 2 1Ic AR L 7= (D.
Kirby iI2 &k 3) —M{t X 17z Koszul Btk K,(N;2) 13 acyclic THB ([7]). £oT
B2, Hy(KJ(N;2)) = (0). ZO—R{LZ N7z Koszul B4k K, (N;2) DRERIED S
H,(K.(N;2)) = Hy(Ku(c1y...,¢055))s THB (2T, Kilery...0;8) 13 SD1
KRR cr,...,c, ICBT 2 Koszul B EERT) . #oT, K,(c,.. oy Cni S) DREAN 2
DS ZHREH LT, T2F

A2®50.§2_)A1®51 i)Ao®52

Z#5%. AL, Aldrank n OHHBMEE A OANEREERT. {e1,...,e,} A" D
HHEEETSE,
Claim 1 d; (Z € ®h1~> = th[’(“‘%%.

=1 =1
RAELD Y, hici = 05, TLE € Ay @ So BFHEL T, dy(€) = S0, e @ by %
W=9. ZZT, E= 21$i<j§n a,'j(ei A 6]'), ("E.L/, a;; € A) E&EL CE,



Claim 2 d2(§)=zn:ek®( Z a;kC; — Z ak]‘C]‘) TH5.

k=1 1<i<k<n 1<k<j<n

- T,

n

Zei@)hi

=1

iekt@( ) _ ) )

k=1 1<i<k<n 1<k<j<n

d(¢)

E720, HKe OREZEHREL T,

hi € (c1y.+-4Ciy.noyey) forall 1<i<n

ZORELTRERS.
* 24. N={(cy,...,c,) CFZ F Q&7 mEE& L, N iZ perfect, mDn>r &K
ETD. ZOEE, ABYUER

(F/N)@n sl ypy
IFEBTH 5.

‘ Proof. hy € F T, Y% hic; € N>ETBE, jugs € NBEELTY L hic; =
Yo gic EFETB. BT, YT (hy — gi)ei = 0. NiZ perfect ZM5ME23 L0 &
c; DR h;i —gi e N THD. 8IZh;, € N &2, LORIEHTHS. &2FfHz0
IZHASNEDOTRETHS. O

3 Modules of reduction number one

ZOHETIE, F2HTHRALZMEZ M \T, reduction number 731 LA F O Nt
DY FAZHRT 5. LT, (A,m)id Noether IR, N =(c;,...,c,) CFid, H
HM#EF = A" O m#EETS. BL, n=u(N) &L, n>r EKETS. N
D socle MBEEZE M := N :pm &BL. ‘



#E 3.1 RERET 5.
(1) 751 N 1 perfect.
(2) M C mF.
(3) mM =mN.
IDEE, HEX M2 = NM HBROID.
Proof. K€ (2) &0, M> CmMF C NFTH%. € M*2E0, =" h,

({BL, h; e F) &L, 22T, £EBICeem&EEDE, KE(3) LD
aw:Z(ahi)ciemM2=mN2§N2
=1 !
TH2. £oT, £24L0% ¢, DI ah; € NTH3. acmidEEF -5,
h e N:gm=M. ®>7T, ce NM ER0VEK M =NM 255 O

FE 3.2. REKET 5.
(1) 1751 N 1 perfect.
(2) N CmF.
(3) depth A > 0.

ZOEE, ANEARFRTRWESIE, B M2 = NM AR DD,

Proof. £, K& (1) K0 MEEN OHEXTIERTHS. LoT, BADKE
AEEARE (3) D5 %R mN = mM AL DL (5, B 1.1)). #>T, HE3.1 X
V&R M? = NM &R37201E, M CmF 2Rti3E0. M ¢ mF &fEL,
te M\mF2&%. t 3 F DHBEEO—HENS, mt o mF EHHLTNS.
MCNCmFEOmt o NOHETS. koT, BAOEKAAS T 7 mhisE
KITARRIZIEE N OBEMEFE25>TLEN, ZHRBANERNTARNI EICRT
A, I, MCmFThH5. O

H 9D —DD reduction number 28 1 A\ FOMBED 7 5 A E LTI, XkDiH3 (GEH
I3EET 3) .



TE 3.3. RERET 5.
(1) N CmF.
(2) L4(F/N) < co.
(3) dimg(Soca(F/N)) =1.

ZDEE, uy(mF/N)>27251F, R M? = NM DBSERDLD.

4 Proof of Theorem 1.2

DU ED¥ERMDOT, ZOHTIIEE 1.2 DFHETS. BT, (4,m) 132K Cohen-
Macaulay TR E L, F = A"\ drank r OEHHMBE TN C FEZZFD/NT A=
BETD. F72DB, (4(FIN) <o THOT, ug(N)=d+r—-1=r+17225HD
ETB. NCmFEREL, M:=Njpm&BL., ZOEE, RLEWIZ EIIRT
H5.

FE 41. M*£ANM 251 r=1THh3.

Proof. M* # NM &3 %. N I Cohen-Macaulay RFFER ED/N5 XA —& INEES
5ZDfTFI N i3 perfect THS. £oT, EH32LD ARERRFETHS. &,
d =2 XU dimg(Socs(F/N)) =1 30N 25DT, EE33 LD uy(mF/N)<1TH
5. 27T,

pamF)=2r <ps(N)+1=(r+1)+1=r+2.
BIZ, r<2THB. IIT, r=2LKETBE,
Claim K43 0 L D.

(1) M CmF.
(2) mM = mN.

Proof of Claim. (1) M ¢ mF &% &, M 3.2 OB E R LT m i3 meE N
DEMEFLES. us(N)=3X0 N ODERTEROVEZT,

N=<§ g g) (fBL,m = (z,9), a, B € m)



ELTEN. £oT, L(N)=msC(8) LBROFE. #2T, MCmFTH5.
(2)r=2&0 ,
pa(mF) = pa(N) +1 =14

THd. £oT, NOW/PMNERRITmF OB/NERRO—EICRS. iz, £
NNm?F =mN ARV D. £oT, Claim (1) K9 mM Cm?FNN =mN. &
IZ, mM=mN TH5. v O

V- T, ME3LINS M? = NM £720, ZHIIMREICRTS. #icr = 1 Th
5. O

B 4.2. (Am)lL, 2K TIEAIRFIREL, TRBBRAOmMEZEITTINETS. n=
pa(l) EBL. ZTT, A/ ORB/NE BSHE

For0— A" 5 A" — A — A/ — 0
EEZ, ZOHED A-dual & 5T, 25
Fli0—A— A" 55 4™ 5w, — 0

2155 Ni=Imp*, Fi=A"1&BE, M:=N:ipm&d3 ZDEE n>3k
51, FRXAM? = NM ARV D. L5 T, Rees B R(M) 1 Cohen-Macaulay T
H5.
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On the reduction number of the powers of ideals

FHE R (TERFEBRBERER)

(A, m) FRIREDPEREORFTRE LI ZADEDATTNET D, ZOBRETIE, I
DREFERER G(I) = @n>o I"/I™! D a-invariant 33 I DFEHKE 72~ & FD reduction
number B Z L ERT.

UFG=G) £8L. EbIZ0<keZ LT =CGI* &8, t #RETEL
R = A[lt,t7Y], 8’ = A[I*t5,t % £ $53L & =R® CR/t'R =G, S/t™*8' =T &
HpED (S OFTIE t7F @ degree i -1 &H5B). £ZZTA=G.NR, B=T,NnY
L. BALATWA LI, EED i,7 123 LT Hy(S); = Hy (R BAY 310

C W1 incZ T3 kn<j<kn+k BHRITERD jIHLTH (G); =07%Db
i HE, (T)n =0 TH 5.
BB 28510 — R(1) S5 R — G — 0 X0 EINBRF TR U— 05527
(*)  Hy(R)j1 < Hy(R); — Hy, (G); — HFI(R)j1 5 HE(R);
EEZD FELVn<j<kn+k ZHETEED jITHLT
Hy (R Hi(R);
IXEHT
Hy (R0 o HFY(R);
EEEERD. —F, 22510 S1) Y —T—0LkY
Hy($)n 5 Hi(S)a — Hi (D)o — HF(S)en S HEYS).
H&(Bﬂ)kwk H&(y{')kn - Hgl(lli')kwk H?I(”R')kn
2B ELFINEIND.
Hy (R ke - Hy (R )in
X k ED2H

. —_ . — -1 . -1 .
Hiy (R knsk > Hy (B )enshor = -+ 2 Hy (R )ns1 > Hy(R)kn



DERRDTEFHTHD. SbiC
| HE (R i S5 HF (R)kn
i k OB
Hy (R )kn+k SN H3 (R ) kn k-1 LA P Hy (R = Hy (R e

DERROTHEFTH S, - T Hi, (T)n =0 THRIFIUTR S22,

WE2 incZ T3 Hy (O #0 Thn<j<hn+k ZHETEED jICHLT
HEXG); =0 2 i Hy, (T), # 0 TH 3.

BEBR #RE 1 OFEB TIRAR72582F] (x) Ti=kn L LTROELLABMY THZ &M
DD
Case 1  Hi(R)inir — Hi(R )i DSRH TR
Case2  HE'(R)ini1 S HE (R 2SHSFTRL
Case 1 DBEEITIX
Hiy (R )nsi Hy (R)in
FEHTRY. —F, kn<j<kn+k ZHRETEED j T LT
Hy (R);0 5 By(R),
PEFERoTNDZ LIZEETNIE, Case 2 DBEAITIX
By (R )ensk - B (R )i

BEFERDRVIENRGDD. > T Hy, (T) #0 TRIFIIERL A,
UTF, £=dimG/mG L BL. ZhiX I ® analytic spread & TN AREETH 5.

EH 3 i€ ZITHLTa(G) = max{n | H, (G) # 0} LEDS. KIC af (G) i a*(C)
LEL.

W 4 j<a®(G) 2BITHY,, (G); £0.

B L=00DLXTEARDOTL> 0 DBEAEEZS. I LR a % I @ minimal
reduction DERARD—EERD L SIZL Y, B=A/aA L BL. ZDL & IB O analytic



"spread 1T £—1 £ 725, —7F 0:g at i finitely graded 272505, £ED j € Z iZxt
LT

FEFLRD. foT j<at(G) RBITHE, (G); #0 TRIFITZR LA

EHE 5 (k) AEM o IZH LT a ZBIRVBERKOBE S (o] £LEL L, RBAEY
MO

(1) EED iezZizxtLTal (T) < [af (G)/k].

(2) a*(T) =[a"(G)/k].

BB (1) [8f(G)/k]<neZ ¥k HIREE ] DERLY of (G)/k<n LD
DTaf(G) <kn 2H/%. 2L kn<jR2ARITEED jITHLTHL, (G); =0 &7
%. fEo THEL XY Hi (T), =0 TRINTRSR.

(2) m=[a*(G)/k] £BL. (1) £V a*(T) < m ROTHE (T)m # 0 BRRIEFS
Tho. EB, km<at(G) THIPLMEALY HL, (Gim #0 720, REo THIE?2
B0 Hy (T)m #0 2725,

6 k>0ickne
(1) FEED i€ ZITHLTaf(T)<0.
(2) at(G) >0 & biFat(T)=0 L7229, at(G) <0 2biFat(T)= -1 L7253,

##RE 7 (Trung) J % I* ® minimal reduction &35 &
ot (T) < n(I*) < max{af(T) +i}ocice

TFE 8 k>0 &9 5L I* OfFED minimal reduction 2% L T

¢ at(G)>0mEx
rJ(Ik):
-1 at(G) <0 DL %

fEB8 R6LHMETIALEDLICEIND.



ON FALTINGS’ ANNIHILATOR THEOREM

Jlies g

1. &
EREOEHMIIROEEEZIEHT I EIZH .

EE 1.1. A% Noether RTRZEWIT LT 5.
(C1) AlTs&$HR
(C2) A DEEDRFALDOERI T 71 N—IX X T Cohen-Macualay
(C3) EEDHRE A ¥ B ® Cohen-Macaulay BEH3 Spec B DFA
£48
ZDEEHEBDOERERR AMEE M, BB T L TW5 Spec A DER4Y
B ZCY, EEE I L TR FEE:
(1) 54T 7NVaC AMHoTV(a) CYDDOEBDp < t it
UTaH(M) =0;
(2) EBDp € Spec A\Y, q € V(p)NZ IZX L ht q/p-+depth M, > ¢.

FEDOHAZETS. LLF Ald Noether BBET 5. Z C Spec A D35k
{ETEALTWS EIdp e ZRSEBMHT V() CZ ERDBIEEND. Z
MNIDEOIBEE ME AMBETELEE

HY(M)={m € M | Supp Am C Z}

EBL. HY(-)REZLBEFTHD, €I T HY(-) 0HERBEFZ
Hy(-) £BL. aCABATTINET 28 Z = V(a) 3SR THL
THY, ZOEE Hy(-) BEORAIREDD—BF HP(-) &E—K
5.

FIIME (1)=(2) REIBILLTWS. 2L T (2)=(1) MEED M,
ZCY,tIiDVTHILT B END MEZRBLEEEE NS, Zhid
EEEIFINTHENRACETIEETH .

1978 4 Faltings [1, Satz 1] 13 A WFHEEEZ RO M £ 21X ERL
R (KrullRTTHNERTH L W) OMERBUETH S & &, BB(LBEEZ
Wiz EERLE. TR ILIBEOEEDIEZEDLIETEHD
ThH5.

2. BEHIDRER

LI THAIOREREE LDTHL.

EEOM,t LHARE Z CYIIHLT (2)=1) BRILT B LN S
BEBEHEEENS.

EEDO M, t ERERIETHLTWAES Z =Y ML T (2)=>1) 2
BT % EVWDMEZBAREERLNS. ELAEBO M, t LHES

Z=YIHMLTQ2)=>1)BRILTEENIREEFERETEENS.



65 3 RELREE GRAREEE) 2R T IHE e HE (55
HIREEE) BRRILT 5.
AREEEDZIIROBENSKTNS.

#78 2.1 ([1, Lemma 3]). A % Noether 88, M ZHREK AMBEE, Z C
Spec A ZRERILTEHHU TWAES, t ZIEBEET 5 & ERITFE:
(1) 351 FT7)NaC ADBH>TV(a) C ZDDEEDp < tiTHt
L aHY(M) = 0;
(2) EED p < tITH L HY(M) \3HBRAER A NEE.

Ko TH (59) BLBE RN R UI5R (55) ARMEEE B RILT 5.

EE 2.2 ([5]). Noether B A 7% GB (going between) Z#i/z 9 LIIER
DBILABOAEBDEATTIVP DO QIMLUThPNA/QNA>1
251 Eht P/Q > 1 MR THI EEND.

T ADERDESINERSBERTEHMETH 2.

8 2.3 (2, Satz 2)). ADYGB, (C2) &#l-Hid AIHAREEEE
W7z g.
AMGB, (C2), (C3) &#l-BId ASRAREEEEMZT.
A 2.4 ([2, Satz 3]). AVFARMEEE Z /- BIE AL GB.
EROFEMTHRE2 AR SRAEREEE 25 T AR (C1),
(C3) &1 7.
8 2.5 ([2, Satz 4]). A % Noether RFIERET S, AW (C1), (C2) %
Iz B IXEROREMNICHRE T A REITERSLEEE 2 KT
WITAEBROFECHRER ARBPEECREEZ M- IE AR
(C1), (C2) &#T=T .
Noether RATERAY (C1), (C2) Z#/= 8L (C3) ERILT 5. Lo TE
H1.113ME 2.5 DIBRICIZ > TN 5.
FleRIERAIRENTZ.
i 2.6 ([4]). AM Gorenstein TR (Krull XoTIIERTHIWN) 12559
FLEREENRALT S.

3. ¥ 1.1 OFFHA
EM 1.1 DFEHDOEIT Cousin BETH 5.

EE 3.1 M EHARERAMBEETS. M D Cousin 4k (M, dy,) %
RDOEIITEDS.

M™2=0,M"'=M,d;}: M2 > M IIEH.

p>0Td 2 MP2 » MPIERBINTNE LTS, ZOEX

MP = @ (coker %72, - .

peSupp M,dim Mp=p

EBL. ze MP L T BEF D coker B, 2 ICBT 25 ET D, & (x) € MP
%, %O (cokerdb, %), RAMZ/1 L2 B KD EHRT 5.



Cousin BAED AREOD—IZH L TRNOMN>TNS.
fiRE 3.2. |JSupp H?(M*) I& M DIk Cohen-Macaulay BUEFIZZE L V>,
W 3.3 ([3)). AR (C1)~(C3) B L,

(QU) p, g € Supp M IZHL p D q72 51 dim M, = htp/q + dim M,
MERALT B2 HEED p ot LT HP(M®) 3BRBERN D+ K ER
PR LT HY(M®) = 0.

E S5 ITRAERALT .
#hi7A 3.4. M Z=HBRRAER AN, Z C Spec A ZRHRILTHLU TS &
&, t ZIERE,

t—2
a = H ann HP(M"*)
p=-—1
LB BLEBDp € ZNSupp M I L Tdim M, > t 25 13EE
Dp<tiTHLTdHY(M)=0.
Proof. FEF&MNH
HE (M) = lim HE (M)

C BCAAFTN, V() C Z
MEABDTH=(a1,...,a,) EAT7IELTZ=V(b) ELTKW.
K* = K*(ay,...,an; A) % Koszul 4k &9 5. ,

TEREAK @ M II=DDARY MVRF

'E3? = HP(H%(a™; M*)) = HPM(K* ® M*),

"E5? = HY(a™; HY(M*)) = HP"(K* @ M*)
25X%. 0<p<t peSuppM,dimM, =pDEZRENS b ¢ p.
EDTK® @ MP = K* ® (Dgim a1, —p(coker & %),) 13582, T OHBET
"B} =0TH>THFYK*® M*) = HP(a™; M). —FHI—DDANR
JRIVRFNZEDOL<p<tDEE

aH?(a™; M) =dH" ' (K* ® M*) = 0.

ERRZE &> T o HY (M) =0. O

EE 1.1 DFRERZHD 5.

ETHEHIOZ ETRBBH (1) 2REL T (2) 217 {%Pﬁﬂ:’a’:iﬁb
TARRIR, q ZTOBMRITTIVELTEN. £k A% A D%
ft, P € AsshA/pA &§ 5 & htq/p =htqA/P,

depth Mp = depth M, + depth /Alp/pflp

= depth M.

W ZIZ5EM b A& B L T AL Gorenstein BB & LT LW,
d=dimA &T 5. AT NVRF

E3? = HPHZ (M) = HET(M)



BHEMEp <tDEE PHHP(M) =0. BFIRHEENS p < t D
EEPHELP(M,A) = 0. s =dimA/p EBLEp<t—sDEE
Ext@=)=P(M, A)y=0. &> TdepthM, >t—s. DED dimA/p +
depth M, > t.

KIZWZRY. Al (C1), (C2), (C3) &7zl M, Z CY,t13(2) %
W23 LT B IOV TORMIET (1) 2EHT 5.

Hy (M) \& M OFS B SHRAER. a=ann HO(M) &35 &
V(a) CY THOTHY(M)C HY(M)WZ aHY(M)=0. ko Tt=1
D EE (1) AIBRAL.

t>1DEE, AssMNY =) DRFEZTS TRVWEZITHADITT 3.
AssMNY =0DLE, T5IT#Ass M ITDWTORMIETIHHAT 3.

#HAssM=1DLZ{p} =AssM EBL. ZOELEMEIIMEZT
M @ Cousin EHED AREO D —XTNTHRBRER THEEZDENT
0. £>Tb = [Jann H?(M*) £B< &V (b) = |JSupp H?(M*)1Z M D
JE Cohen-Macaulay BLEMZE L VY. M, IZ 0 X7t Cohen-Macaulay HN#E
EhSpe¢ V). zeb\ptlkd. §5Lz3 MERITHS. FED
g€ ZNSuppM ML Tp¢Y,qeV(p)NZ WX dim M, =htq/p =
htq/p + depth M, > t. #E 3455 p < tITHL T zHY(M) = 0.
PEY, qeV(P)NZELED. o ¢ p 25 (M/zM)y =0. £oT
ht q/p’ + depth(M/zM)y =00 >t—1. z € p' 25 zId M EAD X
ht q/p’ + depth(M/zM), =ht q/p’ + depth My — 1 >t — 1. I@ED
RENSHBATTNaC AMNHO>TV(@) Y hOEEDp<t—1
ik UC aHE(M/sM) = 0. p < t DEE THE(M) = 0 5 5

HE (M/sM) — H}(M) — 0

MEER. oTO0<p<tDEXaHY(M)=0. AssMNY =0 7EN5
HY(M)C HY(M)=0. ZNT#Ass M = 1 DEFFEBD D - 7=

DEICH#AssM >1EF5B. ZOEEpZE AssM OFTHEAL S D
EL, E25

0—-L—>M-—->N-=0

TAssL = AssM\ {p}, AssN = {p} ZH/l=THDELE. T2HELN
D Cousin EEDIREO D —ITTXRTHRBRER THRBEZDENTO.
b=]lann H?(N*) £B< EpCb. Ko TMEARTL € b 3.
FREFRRICL Tp <t DK z"HEL(N) =0 TH 3.

P ¢ YUV(@"A),qe V)NZETS. p ¢ Y WX htq/p +
depth My >t. £/ p’' ¢ V(z"A) @ X N, I Cohen-Macaulay,

ht q/p’ + depth Ny = ht q/p’ + dim N,
= dim N,
= ht q/p + depth M, > t¢.
depth lemma % V¥ Tht q/p’+depth Ly > t. LIZIRIEDIRE 26>

TATT7IVd CATV(d) CYUV(2"A),p<tDEEaHY(L) =0
BT HONEONSD.



AssMNY =0 D" 5 M ERIZZNS AssM N (Y UV (z"A)) = 0.
V() CYUVE"A) WA dEMERRITY 280, z=7212" £B<
Ep<tDEZ"HY(N)=0,2'Hy(L) =0 WX zHY(M) = 0.

HREEFERIILTAITT7NVaCATV(@ CY,p<t—1ITHLT
aHY(M/zM) =0 &2/ dDRH5. 0<p<tDEE

HY N (M/xM) — H5(M) — 0

MELWZO0 < p < tDEX aHE(M) = 0. —H HY(M) = 09 %
AssM NY = ) OFFFEBALHE D - 7.

AssMNY #0ELES. L=HYM), N=M/LEBLE LA
BRERWZBHEATT7INd CAMBH>TV({) CY,dL=0 —4
p¢Y OB L, =0, M,=N,. ®ANICAssMNY = OHEEHEA
LTV(@)CY,p<tDEZa"HY(N) =0 2T AT7)Va" CA
NESEND. a=dd ETHEV(a)=V(@)UV(@)CYPDp<td
&% aH (M) = 0 TH 5.

INTEHE L1 OFEHANTNTROO .
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The leading form ideal of
a complete intersection of height 2

RERMER (BAX - #ET)

1 [FLCHIC

AROEBIL, W. Heinzer & M.-k. Kim & ORI [1] OMBELZHETHZ &

Wb, T, MRAIXMT2LWS ZEE2HRAT LD, ETRFEZHAELZV, U
T (S,n) 1L Noether RFTBRE L, [ = (f,9) ¥R S DA T TLT, X 2DIEAHIF
{f,9} TERINTNBEREL, R=S/I, m=n/I B, T5&, FEFEKREER
DORIZBE AR 24

@ G(n) = @izoﬂi/ni-"l — G(m) = @izomi/mi-'_l

NEPNDHDT, I*=Ker p LBE, Zk AT 7/ [ D the leading form ideal &
WH, ARBETIRY D BBEIZEM T, TROXIICERD I LRTE S,

88 1.1. A 7 I* OEERfERY X,

%’Exfﬁb‘lﬁh'(h%’)iﬂ?ﬁ RN D T, FEREREIR G(n) 13, AETt ZHAV
T, R = R/(n) = Yt C Si171], G(n) = RYEIR! LSS = 2z LI,
BEHRS - R a— allko7T, §S[t,t7 = R[t, 7] BFHAL, LK Rees RED
ﬁﬂGZQ‘f R'(n) — R'(m) A&, FEHEREEROH ¢ : Gn) = R'/t7'R' — G(m) =

m)/tTIR(m) REOND, H o ZREERSLI REHTH-T, ATT7I
@%ﬁfkﬁk M, EX([)i={at' |acInNn} (i€ Z)ITE>THEZBNS,
B feSIZRL, off)=sup{i €Z| fen'} LBX

TG0 o) =)
| 0 (F=0)

ETE®D, T f D the initial form &S, (- T, I*1EA T 7V [ DFTO initial form
BETERINTZA T TSRV, B]BG=G((n)ix, BMELLTHEDLLT, &
k=Sn%xEoERTHEEORVEREERTLITERDOT, UT, SITZHT
C HoT, TORIRE S/ ITERELRET S,

IOMBEEZEZ DY oBT Lo DL, TN O@?fﬂ'(‘%é —21S. C.
Kothari [3] DFERTH>T, ROLIICHEHDH I ENTE D,



FE 1.2 ([3]). SIERBFRT, dmS=2¢733, Z0OLX] = (fg) &5
frgeS%Za=o0(f)<b=o0(9) THOTHD f*{g* LRDIIITERVET L

(1) 0 < dime[G(m)); — dimi[G(m)]ips < 1 (Vi > a = o(I)) BSHEL Y S0,

(2) €s(S/(£,9)) > ab TH D, FENEY LoD OBE+HEME, {f7,q7) 2
BRGHNTHEWIR, Blb, f, g2 super — regular sequence #7292 & Th 3,

Kothari @ Z OfERIE, Abyhanker W& 2 7-FIEIZH T2 LTHELNELD S
L<, FRIZ(2)1k, ZoOREKMHRC, : f=0L Cy:g=0 DXXEBEN, C,C,
DERTOEREDE b LV ITNELRNE VD, HHRNZERTH D, FLEDOH
FTOEBED—DIX, Z D Kothari DFERNZ2ER Y LoD H, FEATIEARL, FD
HEZMVIZNWEWS Z LiThoTz,

b 5 —DDFERIL, L. Robbiano-G. Valla & J. Herzog DFERTH-T, RO LD
WZIRRBZEMNTE D,

EE 1.3 ([2,4]). Ak LO¥FBRR = k[[t™,t"2,1™]] (0 < ny < ny < ng, (ny,n5,n3) =
1) 25, RRIZFEXXEREL, R= S/(f,g) LT 5, BL, S = k[[X;, X;, X))
IERERTH-T, Ho: S o RI(X)=t™ (i =1,2,3)2EZ2TVB, DL
&, RO2E&MHIEETH S,

(1) G(m)i% Cohen — Macaulay B8 T 5,
(2) pa(l*) < 3Th 5,

AT TN DERTOMBEL ua(I*) 1Z, —BRITITVL LTHLRELAZBZ LI THD
23, B8 G(m) 235 Cohen-Macaulay (2725 HDiX, ug(I*) <3 THAHHDIZEB L1
SEBAEZMY U,

ZOXE)RMEEHPOGHELT, BoNERETICHRELLY LES,

2 mL—BRMNGEREH
XU DICHETH/RIT, EEIIOFT(2) = (1)IFVDOBELNENI ZET
»bbd, Thbb

EH 2.1. BG = Gn) T —ELHPES (UFD) TH D L{RET D, ZDL X, ug(l*) <
37261, AT T VI 1T5EE (perfect) Th B, H6-T, B G M Cohen — Macaulay
725, B G(m) b Cohen — Macaulay & 725,

I TS IXHIC Noether RFTR Th-T, I = (f,9) TS 2 OERIBI f,g THERK
ENTVDEEEL T2,



SEEA. EH 2.1 OFEHOABHEBRL D, a=o(f), b=o(g) &L, a<blT5,
HbLbL g b, gERVEZT, BSDOitg € S&o(g)>b, I =(f,q)
g BRETEOICBRIERTEEDT, —BIEEZKDTIZ f g LIRELT
v, TR, g BAT TN OFKRBNERRO—R AT Z & LEHE
ThbH, 3T, hta(f*,9°) > 1 (HDWITuc(l*) =2) 261X, f,g 1L super-regular
sequence £ 72V, MWTERI* = (f*,¢°) BV ILODT, UTF, hta(f*,¢*) =1 ,1R
95, D=GCD(f*g*) &L, d=degD L BX, f*= D¢ degé=a—d, g* =
Dy, degn=b—d &, B, b>a>d>0Thsd, bbAHA, EniTRGA
TIERBNZ 729,

HRE 2.2. 0, €S EL, h=af+Bg LEDELE, h* ¢ (f*,g") LR>TWND L
RET D, ZDLE, ROERNPIELLY

(1) o(af) = o(fg) < o(h) T B.
(2) o(a)+ (a—d)=0o(B) + (b—d), o(la) >b—d, o(B>a—dThd,
(3) a*¢+pn=0TdH%,

SEBA. h* ¢ (f*,9") &Y, o(af) =o(Bg) <o(h) THD, £-T, a*f*+ g =

ERBD, BIZ o+ =0ThHd, (EnIEAEVICETHDND, o =, B =
—cf (c€Q) 725, HlZo(a) >b—d, o(8) > a—d, o(a)+(a—d) =o(B)+(b—d)
/2. 0

BB 2.3. h=af+Pg B E, B* ¢ (f*,9°) THoTHDo(a) = b—d, o(f) = a—d
ThdEH7%, a,p €S BEFETD,

BRE 2.4. h=af + g2 LOME23DLIIZRE, 7€ SEtLg=0f+198
o ZDELE, ROERNBIELVY,

(1) q ¢ (f*ag*) 72 6iE, 6(q) > O(h) + [0(0-) —(b- d)] <h b,
(2) ¢ & (f*, g%, h*) 251E, o(q) > o(h) +[o(c) — (b—d)] TH B,

(3) ¢ ¢ (f7,97), olo) = b—d 7B, olg) = o(h) TH>T, A FTNLDER
(f*, g k") = (f* 9", q") BV 3L,

(4) n = /,L(;(I*) &}5< k, n Z 3-—6330, %KI* = (§1a§27£3,"' 1511) %‘ﬁﬁf:‘j—l
D IRAWITT b, €2, 6n € GBBAT

L=[f,&6=g,=h" deg&>oh)+2 (4<Viln)

BRRVIEDE DT HILNTE D,



ST, INETH¥ET DL, TE21OMEARELND, £T, n=3& LTk
W BUT I = (5%, h*) = (DE, Dy, b*) Th B, £oT, £=p* 1= —a (FK
MLDENTIH D) BIEANFIZR L, h € (a,B) THDI D, h* € (af,p%) = (£,1) T
BB, h*=Co+np LEL ~

Y —¢ D
=1
2(5 n 0)
LB, hto I =2 ThHBEDT, AFTNL I IIELTHD. Hiz, B G2 Cohen-

Macaulay 72 &, 38 G(m) b Cohen-Macaulay & 72 %, O

ZOFEANLTRINDZ LI, AT T, RIS, SRV RBRRARRE
FotWHZ L Thd, ZOZLAERBIZIRBERND, dimS =204 %REL
THADBZ EIZLEEV,

3 dimS=2017% (Kothari DEEDFHEFIL)

(S,n) XERIFFTRT dimS = 2 &35, SIEZMT, TORKEIIEREL
RET 2. [ = (f,9) TR SOERAT TN (2FY, {f, g} 1T S-FEAIFIZ 727)
EIRELE D a =o(f), b = og), I = Ker (G = G(n) = G(m)) &E<,
oll) =sup{i € Z | I Cn} &35, UTF, a<b f{ginGLRETS,
(#lZa=0o(I) TH5D, ) ZDEE, ROEERMNELL,

T 3.1.n=pg(l") L¥ L, T2L, BCOBERTE, ., 6 BEELT, K
D4EBER-T

(1) I"=(&,& - &) TH D,

(2) b=f =g Tho,

(3) degéi +2<degliys (2<Vi<n—1)Th5s,
(4) htg(ér, -+ ,bnor) =1 TH B,

AFT N1, bay - 6)G (1 <i<n) i, ZOXIRERFRE, &, & DED
FIE 5720 Di=GCD(&,&,-++,&) (1<i<n) &BL,

M 3.2. FED1<i<n—-1IZHLT, WMLV IO,
(1) deg D; > deg D;1; TH 5,
i i S
(2) D—“ifl € (%""’g—;)G Th b,

ZD2ODMERDIEADEREZER LT\, MEE 2 BET S, BIIO—
<@L T3,



WRE33. n=(z,y) &L, X=2,heS&tTd, ZOLE, X{h 2biT, BT
c€UWS) e €N I BIFEL T, BRh = ey + 2 BEY D, AL, n=o(h)
L9 5,

fliRE 3.4. JLr,y,1 €S LHITu e U(S) BFEL, ROFBERT,
(1) n=(z,y) Th 2,

(2) Xtf* (L, X=42f £¥5,)

(3) g=ey*f +29: TH 5,

(4) o(g)) =b—1Th 3,

REEA. Y =yt L3 DL, (KIXERERDOT) Z=X+cY (c€k)TZf Z1tg
ERDYDNDHD, c=5(s€S)EFE NTz=a+sy&BL, n=(z,y) TH 5,
33112y

f = ey*+z6& (Een™,
g = '+ (npent™)

ERTZENTED, BLe,r € UWS) THD, #IZ, g— (e Vyt2f = 2(n —
Te Y TE) LB, gr=n—Te e entT LB, g=w T f 4z T g
ROT, o(q1)=b—1Th5dD, a=z EBRVET LI, O

ETEIT |
Claim I, = (f,g1) £ &, KASELLY,

1) I=(f,9)=(f,zq:) C 1, TH %,
(2) (fr,07) =(f"Xg}) THD,
(3) b=17%251E, [=nThs,

(4) b>172201F, ATTNVLIEIRSOERAT TN THHT, EXI* = (f+X-I;
N ARVESN

(4) DHFEXZZ, 7L [3] H T explicit (ZITIBR STV 2V A, Kothari D i&ia D
heart ThH o7 &BZ b2, EWH Db, AT 7N = (fg1) 1 LT, EX
0(g1) =b—1MEYVIZON, bLba<bRbIE(f tg; THHDT)bDEMN T
BL, a=bDEEXL, g | THolzt LTHaDERTR-OTHBEDT, kxR
RN a & bDEIZOVWTDIRFMIEIZL > TEHEHENEI NS TH D, bk~ /-2
OOME, THE3I1LMEI2 L, a kb DEICHOVWTORMETIEREND,
- 8 3.21X G(m) @ Hilbert series (BT EHA] THD) 2FET DT
#5, '



% 3.5.
1— )\d.‘—l—d.')(]_ _ /\Ci—dl‘)

RSy
L, d;=degD;, c; =degéi (1<i<n) ThHA,

H(G(m), ) = 2=

REEA. AEADHMII FROBY ThHD, D = Doy, K = (4, ,550) L L,
D,=1Tho0b, & €K ThoT, 25l
0= (D,)/I" = G/I* = G/(D,£,) — 0
/5, —HT |
(D,&)/I" = (D,&)/IDK + (&)

IR

(
(D)/[DK + (D&)] ((D)N (&) = (D&) £9)
(D)/DK

(G/K)(—deg D)

I

1

Thbd, ATTIVKIL, I LRI CREZ T ERR (4,
WIZOWTORMEIZEL Y, %X

(1 _ /\degD)(l _ /\deg{n)

£51) EEODT, n

H(G(m),)\) = H(G/K, \)-\d&D
(L=A)
_ (1 _ )‘degD)(l _ )\deg&n)
B (1=A)?
E:l=—21 Adeg%(l _ /\deg D';l _deg%)(l _ )\deg %—deg%i) degD
* Y 4
"o D, O

B Ls(S/D) 1, ZoZERIZA=1%2RALTHELND,

% 3.6.
ts(S/I) = i(di-l — di)(ci — &)
= ab+ Z [(ciys — €i) — (diy — d;)]
TH o,

BB, (cip1—c)—(dici—d)) >0 2<Vi<n—-1)¢tkoTW3, bbABA,
(s5(S/(f,9)) >abTHY, EFEIn=20LXIZ[RD,



4 dimS > 2MBE

BSMHEABFRTAMmS > 20 & X1L, dimS =2 DBAITREIVIET, K
"ELND,

EHE 4.1. htg(f*,¢9°) =1 Thte(f*, 9, k") =2, T5, o, €S %, h=af+fg
ELTeLE, h* ¢ (f*97), ola) =b—d PV IO EIIZEWM-THEL, ZDLE,
I = (f*g*,h") TH->T, B G(m) X Cohen — Macaulay TH Y, EFEEIIBETH
%30

& (R) = (a—d)(b—d) + cd

m

NBOENSD, BLc=olh) Tha, £

(1= 2)(1 = X4) 4 (1 — A==9)(1 — \>=4)
(1 _ )\)dimS

H(G(m), ) =

TH 5D,

EH 4.2. 3 G(m) 2 Cohen — Macaulay THAUE, 47 7V I* 1%, TE3I.1 DKM
EWTAERREZDD, TOWMEILdmS =20HBAICREIND, flE, X

P A (1 — NEmd (] — e

H(G(m)v ’\) = (1-— /\)dimS

DIEE D 3L,

S5 Xk

[1] S. Goto, W. Heinzer, and M.-k. Kim, The leading form ideal of a complete
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g g
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[4] L. Robbiano and G. Valla, On the equations defining tangent cones, Math, Proc.
Camb. Phil. Soc., 88 (1980), 281-297.
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1 Introduction

Z X EHyry, L. Ojala & O#E£RHFEICEL D HDOTH S.

(Am) 2 2RTIERIRER, [ 2 ADATTNETH. X — SpecA % I O log resolu-
tion, 3726 WHELREFHF T X IXER], Ox XA LB b0 LT 5. (Z 2 THISME
BOERRZXIEIERLZV.) ZOLE DT VaA v b EIKBHE J(I) = ['(X, Iwx)
TEZONAHDTHD. AL wx 1L X OIEHEEDZ L T35,

Lipman (31993 FiZ7 ¥V a A v FOEREE X724, 5 TiX Z i Multiplier £ 57
IWOREBRT—ZX L LTHBONTWS., EE [0x = O(-F) L RD2FHRF F 2L v,
wx = O(Kx) £BITE, c € Q4 (2% LT multiplier 1 77 /W& J(cI) = T'(X, Kx — [cF])
TEXLN, c=1DHFIITVaA L bEERTD. LnLARYRL, KB TIIAOICES
L7z Lipman O AFEIZHEV ¢ = 11231F D Multiplier ideal #7 Y a A > h LRSI L &
T5.

ST, Multiplier 1 77 /IO b I 2B ADA T TVTEBAST TN ERDDT
25, Lipman & EOEEITROZ L #R LT

Theorem 1.1 (Lipman-iEil). (1) J BNEMRRm — ¥R TTARLIE HDceQ,
LHBDBATTIVIBFELT, J=J(c) £725.

(2) J PEMER L m —HERA T T AR OIIKRIIFAETH 5.

(a) J=J(I) for some ideal I.
(b) J DA 1.

ATTNABMANDT VaAf L hedlE TVaA LV MTTAVERRZ LT 5.
FIT, [BXONEERAT T M, WOTVaAf Y MMTTALERDEN?] LS &
EEBZTHIZWERY. ZOMBIERA T TV m-BERA T T LDBRRITRESNLDDOT, LU
BEAM-ERATTNOREEELD.

2 FEE
FEHRIZOWTHRABD7=DIZ, W OO FRE T 5.



UT (Am) 32k ERIRFIRCTHEAEK #b o8 L, AR K L25 X972 2KTE
AIJSFrER % point & FES. Point B, C,... iIZxf L, EDBKA T 7V % mp, me,... TEL
TETBD . zem\m? ZWY, M % Alm/z] DBRKAT TN Tz B LD LB,
T DL E B Alm/z]|p 13 A @ quadratic transform & PRI, quadratic transform 1%
point & 72%. 22D point B, C # BC C LE3. Z D& & quadratic transform D% :

B=ByCBiC..CB,:=C (n>0)

B—BHNZEULD (2 Z°C By 1E B; @ quadratid transform). £72, me I$#IC mp 28
ATEY , BRRREIEKR B/mg — C/me OILREE % [C: B) TR

I %ADOmMERATTNVETSH. BB AEEpoint THhHEEXT OB IIBITS
transform IZ IIRD L S ICEHRSND. A =1. A # B D& &%, quadratic transform
DFIA = Ag C Ay C ... C A, := B ZBY, T4 BEFEShiz L& [hn = 4.
(ma,Ai) 940" LEWD S, Z 2 Tpoint C DA F7 v JIZ# Lordg(J) = max{n|J C
mi} EBWE IBIXBOATTATHY, I DEEARS, IPHZ5THY, I S m-%EH
ATTNERE, IBYEATTATHNIEmp-#F L7725, rp(I) = ordg(IB) £BL. ID
PAR— R &L, Suppl ={B|rp(I) >0} DL tF5. Suppl ITFIZHERESGLRDZ
LML TS,

B & C % point L T5. C 2 BEEILEHR, 2»° C Bordg TELZHMERICE E
nBdLx IC X B % proximate 35] &\ B < C TKY. C N B D quadratic
transform D & XIIHIZ B < C TH 5. (rg)p-a X HABEDET ARED B KR
Trpg=0%¢R2bDEF%. ZDOL %, Lipman ZIRZTRLE: A O m-HERAT TV
I TEXTD B D ALK Lrg(l) = rg 2T b OBRHEET 2 LE+SFHIIREX
r5 > Y polC : Blre 55 =TD B2 A AN TRY - & ThD. —OFERI
Proximity Inequality & FEENS. T 2 A OB m-#¥EFE AT 7/ &35, Point BD AT
*xtL,

Excessp(I) :==rg(I) — Z [C : Blrc(I).
B<C
& ¥ <. Proximity Inequality {2 & ¥ Excessp(I) IXHEIZIHATH 5.

STIIT, EEHEZRBRRD.

Theorem 2.1. J IIBFAm-ERBAFTTLEL n>0 2BELTSH. 0L ERIIFET
H5.

(1) J*=J() for some ideal I in A.
(2) JMtL = J(J)I for some ideal I in A.
(3) nExcessg(I) +12> 3 5 coesupps[C : B] forall B2 A.

EEDLRO T LAREBIHES.
(1) J" BT VaA Y MFTAES, JF (k>n) b7 Va A b,



(2) J" BTV aA s MMTTALT, IBBEMATTADEE JW = J(NI L7250, J
DB T, BHA T 7 NOBMA T T ML D —BaEc LY, J(J) = J*F (k> 0)
EMNTD. TDE orda(J(J)) = korda(J), —H, orda(J(J)) = orda(J) —1 £72BZ &
23 Lipman (CX W RENTEY, 2D Ehb, (1—k)ordaJ=1. EoTordyJ=1 %
B5. 2 Lipman-EBIDERDOBEERAEZE X TV 5.

3 A
LT, EEBOLAZZ#T TV L. 917 v —7 v 7® Gorenstein 1 & DOEEED 5 iR
~3.

Theorem 3.1. J (ZEHAmM-ERA 7T Ln>0 28HETS. Y =ProjR(J) &8
< ERITFRIE.

(1) Y X Gorenstein T Jrwy! IIKIREIBT CAER S NS,
(2) JNIETVaA L R T T,
(1) = (2) ODRENIERITLTHAEKY SLD.

Proposition 3.2. (4,m) I3IFEHETEHK Lo NERIBFTR, J 13EH m-%E
KA T TIVTY =ProjR(J) i Gorenstein D OFEBRADOLE b H, Jrwy! 1T KRG
WITERSND LT D, Z0EE I EXTVaA v MT TN

3WITLAETIEZ OMBEDMII Y SL7=720 .
Example 3.3. A = k[z,y, 2|z, y, 2) ZEEBRE% (z,y,2) THEL L7z 3 kKT ERIBAT

B I=(2,13,28) &2, T0ExJ=JIY) LB L, J=(,12,22) £7DZ L1SHE
MOHOND. ZOLEEJBETVaAr MM TTATHDN, ProjR(J) 1E Gorenstein Tik
e EBE (R(I)[L/xt))o = k[y?/z,yz/z, 2% /1) L7820, ZhUT Gorenstein TIX72\. %

72,Y BREBRADHLEROAXT—LTHD.

BiATTANRT Vady bERDEMIOVTII Lipman-EBIZ L > THLMZ Eh
2. TH2ZODEMATTNORBT VaA v b ERDEHILSTHA I N2 UT, &
RIE A/ M ITAKERETS. I, J 3TN ETNEMERA m-ERAS T TV ET 5.

Lemma 3.4. IJH»7YaA 725, Suppl C SuppJ F721% Suppl D Supp /.

W-oT, ITB™TVaAr bDE&iX, Suppl & SuppJ PRI H A EEBBREHEEL T
FEED TN LT3,

Theorem 3.5. KiXF{E

(1) IJ 37 ¥ a4~ hTSuppl C SuppJ.



(2) orda I =1THY, k=ords] LB L, k<2, JCIE 53 e(J) = £4(A/TF1) +
LA(A/T). :

ZOHSIF T P a4 2 b & minimal multiplicity & OBUE % BT = LR TX B
Z T, I 73 minimal multiplicity &> & 13, e(I) = pa(l) — dim A + £4(A/I) BALY 3L
DT EEWV, ‘

Corollary 3.6. KIZ[FI{E
(1) I 2% minimal multiplicity % % -2.
(2) ordgy I <2 TmI BT VaAf v b TFTT V.

IJ 237 YaA 2 hTSuppl CSuppJ P&, ordal =1 THY, 20L& ADERIS
SA—F— gy & ELBIUEL = (5,4%) LV OTELTWB I LBV, T, J 1T
DWTIXEARKIRAEMD D THAI0? EOFEEEY ordy J <2 £72553 ordy J = 2
DL ENHEEORNF LD,

Theorem 3.7. IJ X7V aA v b, ordyl =1, 0ordyJ =2 LT3, ZDOLEERIPEY
hASN

(1) e(J)=4s+2. 72721 s =#Suppl LBWi=.

(2 e(J)=4s+2 DL E, A DERINRTA—F g,y EIESWMBDE [ = (z,9°), ] =
@) Lt 5.

SE XM
[1] C. Favre and M. Jonsson, Valuations and multiplier ideals, preprint

[2] E. Hyry, Y Nakamura and L. Ojala, Adjoint ideals and Gorenstein blowups in two-
dimensional regular local ring, preprint.

[3] R. Lazarsfeld, Positivity in Algebraic Geometry, vol 2. Springer Verlag Berlin-
Heidelberg, 2004.

[4] J. Lipman, Adjoint and polars of simple complete ideals in two-dimensional regular
local rings, Bull. Soc. Math. Belg., 45 (1993), 224-244.

[5] J. Lipman, Adjoint of ideals in regular local rings, Math. Res. Lett., 1 (1994), 739-755.

[6] J. Lipman and K. Watanabe, Integrally closed ideals in two-dimensional regular local
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Locally nilpotent derivations of maximal rank

having infinitely generated kernels

AR R ATIE SE AT
BH X

1 F

B n I L, K[X]=K[X,,...,X,] *EREOK K LD n THS
EABETS. K ®FB% D: K[X] - K[X] i, £80 f,ge K[X] &
L D(fg) = D(f)g+ fD(g) ¥Bh oL &, K[X] \BFAMIENS.
w5 D o# K[X]° = {f € K[X] | D(f) = 0} R K[X] ® K 5t
ER BN, FORREREDOMBIZL LNV FOE 14BEOENLES D
720, —RRICKREELY. FUAF[10] £, n<3 %561 K[X]P wEic
ARERTHD. —FH, ¥—r+t> [3] BNV b 0% 14REICHTT 2%
HO KRG [9] #8550 E LT L0 % 510, MATERA R T4 il
DENIRRA LHFBEIZLDVEZONTET:. MOOBOFRERMEDORIEIZ,
EE 6] Pn=4 DBEICHERERTEVHIZE525Z LT, BREIHIZET
Dn IZRELTHEEL. '

LIAHT, M5 D EEED f e K[X] 2L D™(f) =0 %2 m €
N "HFETHLE, BREETHL LI, T2, &1 I L D(X;) #F
K[X1,..,Xi | C&EhaLE, DIZATHEW). DIE=MAE51E
RHRBEETHL. FATNMETULFN=71E, 1] I2BVTn>5 %5138
DPEBRERTEVEAMSPEETAIEE, -2l KBV T n<4 b
E=AMTORIEICERERTHL I L2 FNFIRLE. 2O Ehb,



BRI n > 5 TRRFESMSOBIIARER LIRS 2w, LirL, —#KD
BREEMSICH LT n=4 DPSIERBRETH Y, BRPFDEOBES
A OMBICELE R > TV 5,

BOEBRER M
— i DS — i DRI EEMS =fins

n>5 | ARAERL IR v | ARAERE IERS 2V | HERAER L IXES 2\
n=4 | GRAEREIZES 2 KEER A RA R
n<3 A BRA: A BRAE R, A RRAE

FA3 Z DREDFHRIZIANT, RAREBROBIESMS OBOBREREICD
WCHgE L7, 22T, K[X] BT 2M5 DXL, Kifi,..., f.] = K[X]
BLUD(fi)=00G=1,...,n—r) 7T f1,..., fn € K[X]| BFET S
£ LRADIEAE r % D OFEE (rank) &), ThiFvof 78—
IHEALTRETHS., BRI K[X] 0B AMAFOMEIE n D& X3t
BRKTHD. T/, &I n>2 25 E=ZAMSOREIEn K 25, E
B D(X1) =0 %5 D ORSEIE n Kiili7Z2%, D ¥=A0L E D(X,) #0 %
51 Xi/D(X)) & K[X] e&ThaoT,

2\ DF( X4 X \*
fiZZZ (k! )(_D(X1)> (i=1,...,n-1)

k=0

X K[X] DL %b., ZOLEK[f,..., fa1, X1] = K[X] 2 D(f;) =0
(i=1,...,n—1) LB EHHELRHERPOHE.

MAHZRTH S L) £ K[X] OBERERICL > TEb ) B2, %
SORBOBSIE K[ X] OZBERISFLTARETHS. ftoTn>20L
&, K[X] B2 n ORFBESEMSORIE, £0 L) 2EHERY
LTh K[X] DSAMSOBEE L S 2w, ZAMSOBOERERY
DEEIIRAEFEAZDT, —RORFEFMG ORDOEREREDHFETII,
Wt n ORFESMAOEZIBOCEETHS (BH7OL 7 N— K




Ao 72B, E5612 n=4 OEAICRBEEI4RKEORMEEMSOMITE
WCHRAERE 25 2 LA, 2] LRRDERD>HHME) LIFMINT) .

KX ZBIT 58 n ORMBEEMSOBIE, 704 73— [5] 124D
MOTHGEZoNTIz. LiL, 29 LW OBBRITEEICE LW D, Z2hs
DEDEREBREDOHFIZINE TITbI T o7z, 40, F4lEn>5
DFHE, AREBR TR VWEEZRFORE n OBRTEEMS OBR I TH
L., '

2 FHER

— 812 KX O f = (fiy--o) fa1) XL, K[X] O85> Af 25
h € KIX] % J(f1,--, fa-1,h) WETZELIZEVETH. 22T, n @
DEER g1,...,9, € K[X] ISH L, n x n 175 (8g:;/0X;);; PITFIR%
J(g1, -y gn) TETZEEZTD. K il L JI(fr, ..., faot, fi) = 0 HIBLD
MODT, fi,. .., faol XTOWMBOBIZETNS.

8T, UTTRn>5 &5, FEAEH P, & I IIHL,

F=X1X3+ X2
G=XM—2FhXPiX, - F?hX, (2.1)
R= XM _ Flix,
EBS LEL, pp=2p1+1 &35, BRE L, pi (1 = 2,3), ¢; (i =
6,....,n) BLUFEER %, pp—pm—1(=23) »EBLEBLIIZE
%. K[X1,Xa, X3] CBIBMS Agpg) 2FIAL, K[X] OWS A %
AX;) = FI7hGhApe (X)) (6=1,2,3)
AXy) = 2PL7P2) prt yememey plx, 49X )R

b (2.2)

2 - 1 e ! !
A(X5) — (plpl p3) Fl _lsGIOst D1 l(Fl1X3 + 2Xf1X2)R

A(X;) =2F"" MG X% R (i=6,...,n)



ChBEDE. 7251, Uik max{2ly, by, I3} BEOBKET L. i=4,... ,n—2
HL,

+2  i+2 i+2

ri=> [ % +P3HQk (2.3)

j=6 k=j+1
LB<.

EoRRIZER L7z K[X] o5 AL, RHPEH LD,
TE21n>5 L35, SOLE A RRHEECTHL. 5617, UTF0L
HOFTTA OB n THY, 208 K[X]® BARER TR

(a) p2 1E p1 & p3s DRAABHWETEI VOIS,

(b) po 1%, pr BL W p3,...,pno PERT S N ORFGFEHICETNL V.

(c) p1 & p3 DE/NAIERIE poly ! min{2l, 3} LT TH 5.

Bl 21X,
P1=2,p2=18 p3=T7, =3, lhi=l=113=1I=3

BLg=20=6,...,n) L, &H (a), (b), (c) TBYILD. f€>T
FH21L0, ChoDfELLET S A IRE n ORFESEMS T, TOH
K[X]® BERER TRV, 51220k E, AXY),...,A(X,) RETRE
20FRNE 5. £,

pr=4hL+1 pp=l(dh+1)+2l,+1, ps=2l3+1

BEU g =2, (i=6,...,n) FRITDLE, AX)),...,A(X,) W&T
REAT 2 + (lg+ 1)(4lh + 1) DEFEXRRICE S.

LZATn<50LE, KIX] I2BILRMESHMS D o K[X)P
HRAREOMEE, & D(Xy),...,D(X,) F*&THLABOERR TH 5
WA RERIZ o 7. ﬁﬁ#%xf%%%iwﬁu,bwﬁébﬂié“‘
DPEEWNTHLZLERIRADBITHL. —F, ROMBIIKFEROTET
H5.

ME n=>50tx, K[X]ZBIJA=AMS D O, D(X1),...,D(Xs)
WETRH CREOF RN S IXFICERER ..



3 =ZAWS
KIX]| 0=fams A %, AX)=0BL
A(Xy) =x{7h
A(X3) = p Xt -2 xp!

) S P . (3.1)
A(Xl) _ (pl I;)l 2)p1 QXi lz—zxgz—z—m—lxa (’L =4 5)

1
A(X;) = X'"MX% (i=6,...,n)

NHEDD.

COLE, FEOBR [T AHD I ECROEESBOND.
T 3.1 &f (a), (b), (c) WO LOE =, A OB K[X]> BHRERT
v, Sbi, BER X, BLO Xy, ..., X, 12, K[X]2 OV0FROTID
FETHEVERETHLLZ W,

Kiz, #RAB o K[X] - K[X] %

o(X1)=F

o(X2) =X,

o(X3) = F1 X5 + 2X7 X, (3.2)
o(Xy) = G Xy

PHEDL. 2.1 DFERIE, KEWICROEEDTERICIFEET 5.
T 3.2 0 : K[X]® - K[X]® EABTH 5.

ZZT, 0:K[X] = K[X] BREIFRETLEZWZ EICEET . EB A O
Bidn 20T, ETHRAEEIICH: K[X] - K[X] »HREASIEED LS
HREAMS DI LTS, S(K[X]P) ik K[X]® L% L bk,

EH 31O L EE 3205, K[X]® »ERAER TRV EIXEDICH
V. A DOBEENF n THbILiE, TEIIDEFLER 3.2, BIUKOH
x5 TRT.



HWE 33D % K[X]|oWarss. £ie{l,...,n} 1L, BED fe
K[X]P (B X; "B CRVERETELZVASIE D Ot n Th 5.

SRR RIS D OBEEA n R ETIUE, K[fy, ..., fa] = K[X] 72 D(f;) =
0 277 f1,..., fn € K[X] PHEETS. Z0L X f e K[X])® 20T, K
FLVETO I LEER X; 1 fi TETEVWRETHEAZW., XoT,
Of1/0X; Y KX C&END. 5T I(f1,..., fa) b0, XiK[X]
EEND. LAL, K[fi,..., fol = K[X] THBEIEDS T(f1,..., fa) &
K\ {0} OETRIFNERSLT, FEFSELS. O

4 K[X1, X, X3] DBRFFBEZEMS

BRATIE, n=4 ZBVTHAKDFIIBRTE TV EWV., 257D, &K
REBOBIMESHMOOBRIIIEL {, ZAMS D L) ICHHEIZEZ 52 LHT
&%, SEOFRLDERTY, Apg PHEBIE7TAL 78— [5] 12k
B, 20X HRIIEFHS OMBH 2 EREORREL, RAEEMTOEO
BREBEOHFIICBNTHEIIEETH 5.

TSRS ¥ KT AT, SHBBEL F' = X, Xa+ X3 WM LT A g
B K[X1, X, X3) DRFEEMS L %25 L5 % G € K[X1, Xy, X3] OHERE
WCDOWTHEER B2/, #H, ZOZLIZonwT 704 FoN=FKIZEEL
72T, %25 [4] TH Z 72 “Local slice construction” &\ FEIZL > T, £
IS Ay DRFBEEMAL 2L % G PR TR LERLORN
7. COREERMED &, BICHLRMBEEMS EMEoT, AL LEME
FHOEERTES. LL, TORERIn=3 DHEICOAKETLHD
T, BRTIBT 5 —RIEH 7 5 BETH D,

BRI, Ay 7 KX, Xo, Xs]| DRFTBEEMS L EHLI0G 2D L
IEEZNE Ll E, L) —f%iC, BRI F= X1 X3+ X5 &
BL 20 E, EIAg,g) VRITEEMIICZ 5% G € K[X1, Xa, X3
7 SAFET . 22T, (21) 0BRZ—BLL 2255 %b0%5



(%) FiEE LTFM & (-RP) stz X L aRTH2. Lo,

&KXy, X, Xo] OTEE RS, ZOEE, K[Xy, Xy, X3] DB A, gray 1
%ﬁﬁ%gt &Z) (21) LCBH'Z) G ‘i, t = 2’ p:p’l + 1, l — ll 0)%{:'_\0)
G gL,
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On the decomposition of Tensor products of
Jordan canonical forms

R E—HR
FILKRFERFER BARENRR SEYEMFEEL

iima@math.okayama-u.ac. jp

HE M
ML RFRFER HREHFFIER

yoshino@math.okayama—-u.ac. jp

ARREY UV RI Y ATOFREORFECH L. T TORMI, MV] Hi2koTHL»
DHONIARH O ORFERE, ERBOGEIHKRTAZETHA.

RISE 1 k 2fCBEARE L,V , W % k EARKTERZ NVERETE. COLE fe
Endi(V) , g € Endg(W) IZX LT, f,g 2BEX 7% Jordan HEFR A DL E fRg &
Jordan 3¢ L.

ER 2 ([MV]Theorem 2, 1)
EAHED o T, ¥4 XH m OBEF Jordan BEEFR % J,(a) LEDLT.
kOEEN0 DL E, Ju(a), Ju(B), (m <n) K LT, RO EIHDH L.

lHa=0=p
Tm(0) ® Jn(0) = Jm(0)°™ ™1 & @77 Jon—i/2 (0),
2)a=0#p .
Jm(o) ® Jn(ﬂ) = Jm(0)®na
@) a#0+#p
Im(@) ® Jn(B) = @:T;1 Imint1-2(af).
(1),(2) DBEIFZ I ORERIL, EFFOEEBELWV. LAL, 3) DHAIIE ETHIT:
FRITEREBTIEHRITITIEL < 2w,
FRER: BRIKS T OBEGZAFHRE (TVT) XL BHEET .
UTICZDFHRE 2/ L7zwv)

Ton(c) 1 B[ X]-D0BE X LT R[X]/(X — &)™ L X OfeR%ED L, Jo(6) & k[Y]-IBE &
LTEY)/(Y —B)" LOY OfEREFEDLTVBADT, Ju(a)® Jo(8) 1 R = k[X]/(X —



)" Qk[Y]/(Y = 6)* LD XQY DR, BALEART R 2 k[X,Y]/(X —a)™, (Y —B)")
Eo XY OfEREZEzIE L.

UTFCEkZ SR ;Z—— XY I2EY) R% KZ-MBETHELALT. RIXKZ] £
BREKTH Y, Jn(a) ® J.(0) PEFEIITNTaf THENH,

R =z @i k[Z)/(Z —af)s, BL (122> 2 ¢)
PEOND. TOI L, Ju(a)® J.(8) = D, J.(aB) ,Pitfwéwf,%idﬁ
Fl{c}_, #KRDBZELIREET B,
wi=Z—af EBL. {ag}, zHmElE R L, €0k 7253‘*'% {b}m+" e pl.

b = [{jle; = i} {a}, DEEDPDS, b = dimk(wl IR/wW'R) IZIEET 5. JZO’C
a; := dim(R/w'R) KD B & by =a;—a; 1 \2&D, {c}, BRED. LT T, %i%
EZHTTa; 25TET 5.

z=X—a,y:=Y -0 EEEEHET 5.

Na=0=80Dt5%
R/w'R = klz,y]/(z™ y", (zy))) THE2H5H, a; %FETAHILEEHTH 5.
(z™, y", (zy))) ZTEIERA T TV THEH, L o OEIE, K & OEBITEKS T2k
5. £oT Jn(0) ® Jo(0) = Jpn(0)® ™ @ @2 T2 (0) 2B LD,

(2)a=0£B0DEE
R/w'R = k[z,y]/(z™,y",3') THEPD,a; ZFEBTHILEBHESHTH 5. (2™, y", ')
aiilﬁiw FTNTH DD a; DER, Kk OBBIESTICRED. £oT J, (000
Tn(B) = Jm(0)8™ A 370

() a#0£LFDL X
HORETEF LT R/w'R = k[, y]/(z™ y" (z +y)}) &% 5. T T, (:c+y) %
B L EZICHDND ZHEHD0 THE2, 0 TRV, Bk OBEBIZL - T
BEDLDT, a; DEDEE OEFBICL-oTELSL. BIZIE, ROLHI 25,

Jio(aB) & Jg(aB)®? (char(k) = 2)
Jo(B)® (char(k) = 3)
) Ji0(aB)® @ Js(aB) (char(k) = 5)
HQI O DB =1 1 a8) © TolaB) & Ii(ep)®? (char(k) = 7)
J11(aB)®? @ Jg(aB) & Js(af) (char(k) = 11)
| J12(a0) © Jwy(aﬂ) ® Js(af) ® Js(aB) (£ D)

PATF, S :=k[z,y], R := k[z,y]/(z™, y"), AV = R/(z +y)'R £ B<.
T = k[z,y,2]/(z™ y™ 2) L THL, AD2T/(z+y+2)T TH5D ZOZLrbRDL



a; DEE m,n, L ICBE L THHREEZEA2DT, m<n<l ELTLW.
SIFKIRTT 2 255, ROFD AD OB X S-MEEL LToOBBSMEYED 5.
0= S(=a) ® S(=b) % S(—m) ® S(—n) ® S(=1) L) g, 40 0,
BL,1<m<n<I<a<bThH, 1o,
i &
v=1|rf g
fs g3
= 2T, deg(fr) = a—m, deg(f2) = a—n, deg(fy) = a—1, deg(g1) = b —m, deg(g;) =
b—n, deg(gs) = b—1 & 7% %. Hilbert-Burch DEEIZ LV, L(y) = (z™,y", (z +y)') H°
BYIDODT,a+b=m+n+1 2K T.
Hyo(t) = (1 —t™ =t —t' + 12+ 1°) /(1 — t)?
ThHHH5, dimg(AY) =mn+Im+in—ab DB Y LD, AD O Hilbert BE%E 2 52
EI2E D, a,b 25KFE D (TOR) DT dimg(AV) DEARET 5.

m<n< Il <m+n—-1¢%¢%5112200TC, (z+y) = (ml_l)zm‘ly"m“ +

(ml_z)xm—le—m+2 4o+ (l_i+l)$l—n+1yn—l (mod (zm,yn)). ,



q1 = (ml__l) y Q2 1= (ml_g):“' y dr = (1—711+1) (T=m+n_1_l) Ll

q1 g2 Qr—it1
q2 q3 0 Qr—ig2
H = q3 qs - QT-‘i+3
qi-1 @G Gr—1
4 Qv qr

H 3, ix (r—i+1) 75TH» 5. & H, 3EHRBATICTH S0 5, L(H,) = [H; D i
KMTHINCERSINDE ZDOATTNV | (BL,1<i< [r/2]) %%, L(H) = &7 12
FoTEH>0 DD, M=KD SLP 2L 2 EBHAT0 DL &2z +y A SLP
2T, Thbb L(H)Rzk#0 THAE05H, 26, #0 TH5. ig = min{ild; = 0
(mod p)} £BC. z™fi+y*fo+ (z+9)'fs =0, a = deg(a™fi +y"fa + (z +y)'fs) T
Hb. Hy ODETE I —1+14 ROBEXRDEETHEH 5,1 -1+4 =a &F2T.
at+b=m+n+lIZRATNEb=m+n+1—4 PEONE. LLEICZLD, dim,(4AY)
DEDPEL DT, EEBROHELED T Ju(a) ® J.(6) PEKHSEIRET 5.

O

& Xk
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F-thresholds and multiplicities

R RE CUNREBEEZER)
A — (HAKRFESCEER)

Z D/ T F-threshold &\ ) FEHBOKRESOAER L BEEHEOBRKIZOWL
TTHEL-wEBWET,

1 F-thresholds

Mustata ¥ F-pure threshold (F-pure threshold IZ2V>Tid [8] ZZR WL TF X )
DBEEZIFHR L T, F-threshold & \» ) EFEOBROALRZERL £ L7z,

E&E 1.1 ([7, Section 1]). (R,m) Z&EH p>0 DF-Hl (D% b, R— RY? » Rl
BELLCH) BHRRARLL, 0, J2V0CaCVICm 2T RDAFTL
55, ZITHEOBRE e i L, v/ (p°) :=max{r |a" ¢ JFI} LB,
LJFl=aF |z€J)CRETE, ZDLE a® JIZBT 3 F-threshold ¢/(a)
ERDEIICEET S, E
A ¢(a) := lim va (P°)
e—oo  pe
FEE 12 (1) (o) EBTUICRT 2, EBE o ¢ J %618 2 ¢ JFI (- R i3 F-H)
ZDT, FEED q=p*INL v)(pg) >p-vl(g). > T (a) = supel—"l% tiz3,

(2) ¢’ (a) 1IZEICERDMER L 5. EBEa S r HOTTERINTVRBEL, aV CJ
T3 L, aNCE DD C (o) C JPT L 22D T, v (pF) < N(r(pe—1)+1)—1.
BT (o) < Nr 1B,

(3) —RRIC /(o) DSHEBUC 2 B E I BB > T, R= F[X,Y]] 36
Rk Lo 2 RITTMIEREAERT a = (f) BSHIEA F7ILVDHAITIE, F-Monsky
(4] Ic&>T () EBEBUCL D Z EIFEHIN TV S,

(4) R 582 ERL 61E, 4 77/ a D F-pure threshold c(a) 1 a DEAA 7
7V m IZB89 % F-threshold c™(a) & —3(7 5.

F-threshold DEEH? S, BEHIZRD LI L39hh £,

& 1.3 ([7, Propositions 1.7, 1.8]). (R,m) % B p > 0 © FHiHIERERL
T 5.



(i) a,b,J %, V0CaCbCVICm 2T ROAFTNLET S, DL E
@) <c(b). oz bCansld, ¢(a)=c/(b) BRY LD,

(i) a,Ji, 2 2, VOCaCVINVLCm 2T ROLTFT7LETS. b L
Ji CJy 618, ¢(a) > c(a). ®ZIT c™(a) I& a D F-threshold ®H Tk
Mehs, Ll JClC i T ci(a)=c(a) BERHIID LIRS 2w
(B 1.4(2)) .

Z Z T F-threshold Offi#2flz RTAHAEL & 9.

Bl 1.4. () A F7N J R OENH 1, ...z, TERINTVE%51E, £EOD
BRB e TN L vi(p®) =r(p°—1). #>TJ(J)=r.

(2) R = Kk[[X1,...,XJ] 2B p >0 ORMELBHBREL, m % R DWBARA
FTINVETD, J = (X7, X34, Jo=m™ EBCE, '(m) =ny + - +ng,
c2(m)=n+d— 1.

%l 1.4 (2) | F-threshold DEED & HHICHED» O 5N E §23, —MRICIERIFFTER
DREKRA 77 VD F-threshold 13XRD X ) ICFHETEZ T,

HRE1.5. (Rm) Z B p>00D d XRLEHFRAREL, JCR 2 m¥#ERAT7
WETE, ZDEE J(m)=max{r €Zso |m" ¢ J} +d. KT /(m) i d XLD
BEICKD,

. ri=max{r € Zso | m" ¢ J} EBL. r DERLY, z¢J EhB5m DLz
DEETS, (J:2)Cm kD, F£ED g=p° I L mieD ¢ (J:p)ld = (J9: 19)
L3, fEoTmretde ) ¢ Jld 2l Zaud vl(q) >rq+d(g—1) ZERT 3.
W ZIZ I (m) >7r+d. _
FrmBdEOTTERING Z LIERT 5 L, mO+dd C (m+h)ld C Jld 23%
B qg=p CHLTEYID, kD) vl <(r+d)g-1¢,%D, I(m)<r+d
2135, O

$ 4 1% F-threshold DSBROBEEZHZ 1 DOREIZR DI B EFRLTWLET,
ZORHILD 1 DX DEETT,

EH 1.6. R | Cohen-Macaulay TH % EREL, BRAFT7NV JCR % 12EE
T3, IOLEEED J RECEUATTIAIDJINL d=c(J) > () &
BBZLE, RBPFAER (THbbJ=J, 2ITJ X J OEEHAOLET)
THBZLIZEMETH S,

FEEBE, FAERICOLTIIZ I TIRFELIRREEA. 6] 2B LTTIW,



2 ¥EATT7ILEDER

ZOfiTid R BERIRFTROBEDAEZ T, T DFA F-threshold ¢’(a) 12
HEA T T ND—BIL 7(af) DBKEBBIC 2> T E T, ZhzFAT B8 7(at) D
EEZEBFLEL L.

% 2.1 (5)). (Rm) #BH p > 0 OEMBFRE L, E = Eg(R/m) = Hi(R)
ZEIRE R/m OAHEK LTS, 11,...,0 % ROFHERET R L, EITIEX
® X 9 iZ Frobenius SHEH T 5.

Fg:E—E [u/(z1...2)"] — [WP/(z1...24)"".

¥7-a%R a)#%% FTTPNEL, t>02FAEHL TS,

(1) EicB I 2FMBD o-BERE 05 CE 2RO IICEET2: 2 €08 &
i, EED ¢g=p*>0 1L alFg(z) =0 kB k.,

(2) 68t D a DHEATFIL 7(at) ZRDE I ICEET 5.

7(a?) := Anng(0%) C R.

iR 2.2 ([7, Proposition 2.7)). (R,m) % B4 p > 0 OIERIFFTERL L, R 0)#%
ATT7NaZ1DEET S,

(1) e~ 7(a%), J = c’(a) L) BRI, a D F-threshold DEA & a DHIEA T
TLVDEGOED 1N 1WIEEE52 5,

(2) ¢ Z a D F-threshold £ §3, ZDLE c=c(a) L2 BIADAFTNL J
DELEL, J=r(a) L7 5,

(3) ¢’(a) = min{c| 7(a®) C J}.

ER 23 F-HHE, 4770 a LB >0 IKMHETEREA T J(at) B+
ARECERE p> 0BT B L, HEAF7N r(al) E—KT 22 L2TFHL -
([5, Theorem 6.8]). Z DMIHIC X D, F-threshold IZREA 7 7 )V O BRES D IEESL
WMERGTIEBTES (REA T7VOBBEICOWTIE 3] 2880z L) .

3 EERECOBERFR

de Fernex-Ein-Mustata [2] 1&, HEEEDERRAER (R,m) ® m-¥ERESL F7)L q
IZ2V>7C, log canonical threshold lc(a) &> ) FER & BEE e(a) DRDARER %
AL % L7z, log canonical threshold lc(a) i3 a DREA 77 L DYEBERO T TH
MDHDTHY, F-threshold c™(a) EMELTWET (M8 1.3 (2) RUOEE 2328
H) . #4d de Fernex-Ein-Mustata DA % 22 Z Lic k-, EH p>0D
ERERTR (R,m) O m-¥ERA T7V a i220T, c™a) & e(a) DREDFRERZIE
AL E L%



I 3.1 ([8, Proposition 4.5], cf. [2]). (R,m) % B% p >0 O d XIIERIRFTER &
L, aZ ROmIBERATTNETSE, IDLE

e(a) > (%)d

ToICETZ, TE31OHARIBRELT, XROXILFHEEZYTE L.

F18 3.2. (R,m) ZFEH p>0 D d Rt FHEHKRATRE L, a Z R D m-¥ERA
F7N, JEZRDOERATTINVET S, TDLE

d d
LOFREIRDOMEICEICTET,

W& 3.3. (R,m) 2B p>0 D d XEHIRAERE L, z,,...,24 % R OIEAIE
FLT3. J=(0,...,1) (a1,...,00 FERE) BT 2L E, FMH 3.2 ZIE
Ly,

BALBOFHEI2IIMES3 L) T LB ACLIPBIITHERYA., X
72 J BEZRA FT7ILTERY m-¥EEAL F7ADOHBAIE, EoFRIZRFAIRILS D
7. BOLBEEAHAELTa, JBBALTFT7 L m ORFOBEEEZRTAETL & .

Bl 3.4. (R,m) 2% p>0 D d XWEABHREL, a=wk, J=m'! (k1 12H
RE) £72. ZOLEI()=(d+1-1)/k THHILITERTSE,

e(a) = k%, (ﬁa—)y-e(ﬂ = (%)d

LB, o Td>2%61F, ela) # (d/c?(a))e(J).

TiE J BERA FTT7NLERBS W m-H#EEA T T LDBAICIZ, EH 3.1 D8k
BLLTEDEIRDLDOMBEZOSNBZDTL 9D ?de Fernex 1x J KA 77
Lm DORFOBAIZ, RO LIBEZSEZF LT,

EIE 3.5 ([1, Theorem 5.5]). (R,m) 2 #E# p >0 D d KoLEHIFAERLEL, J=m!
(AR £95. COLEEED m-BERATT NV a lTHL,

UKL, RAIIRD KD REH 3.1 DIREEZE X LT, J BBAL F7N
m DR¥ DEAIE de Fernex DIERD AR VIS 2> T E 28, Hx DFER
BERD mAEEA FTL T IOVTRYILET. D% ) a DL T F-threshold
PHMTE I EBTEET.



TE 3.6. (R,m) 2B p> 0 ® d REEEARAEE L, o] & mERA TN
LT 5L, ROFERBRY 1,

d
e(a) > (%) (c/(m) — d+1).

FEHH. e(a) = lim, o dlg(R/a™)/nd & D, FEED m-ERA T7 NV aC RIIHL

lr(R/a) > % (Cjc(ia)> (¢’ (m) —d+1)

EREITRY, SEEEERHTSILICKD, R=kKX, ..., Xdx,. xy) ELTHE
VLI L IERT 3. R OWHEBNES S O AR £ Vol(S), R OHERA F7N
b @ Newton B¢ % P(b) L30T, T IT RICEABRIIERF X 2 AN &, Kb

B DL,

[} lR(R/Cl) = lR(R/in,\(a)) Z VOI(R%O \ P(m,\(a)))

o ¢/(a) > ™ (iny(a)) (" [1, Proposition 5.3] & D, 7(inx(a)°) € inx(7(a%))).
o /(M) —d=max{r € Zyo |m" ¢ J} = ™(m) —d (fli# 1.5 2M18) .

k) ROFEZIEHATIIIR L,
FiR. a0, J C R % m-BERHERA T7LET B L,

d
Vol(RS, \ P(a)) > % (?%) (max{r € Zso |m" ¢ J} +1).
FROGEH. ri=max{r € Zxo |m" ¢ J} EBL. r DERLD, z¢J LtkdE
R r OBRER z =17 ...z em” BFEET S (21,...,24 1 X31,..., Xg DRI
BIBE) . c=c(a) EBLE, (@) CJ ED z¢r(af). TIT HERA T
ICATBE L 72 B A 77 VORI T [5, Theorem 4.8] (24 ...z4¢ € 7(at) (v1,...,va
FERE) L%B5DIE, (1+u,...,14+v) €Int(t- Pla)) L EICRSNB) kb,
RD 2523 R OBYHE H: (wi/a)) + -+ (ugfag) = 1 BEET 5

U (7
(1) H+ == {(ul,...,ud)eR‘éoli—l—...a—ZZl} > P(a),

u u
(2) cH™ = {(ul,...,ud)elR‘é”?‘—1+...;d-§c}9(1+r1,...,1+rd).
1 d

(2) X b c> (1+r1)/a1+---+(1+rd)/ad E5, Ihz d%LVC *HJJH*H%SIZ*@
DRRZBHT B L,

d
ch<1ir_1.+...+ﬁ>_de(1+7'1)-"(1+7'd)de 1+7r ‘
a1 Gd aj...a4 aj...aq



X512 (1) X9 Vol(RL,\ P(a) > (1/d)ay...ag TH BT LICHERT 3 L,

1 1 d 1 /d\¢
VOI(RQO\P(G)) 2 'aal s Qg = EddT(l +7)> E (E) (T+ 1)
ai...aqd
2185 INBRLEVAERTH o7, O

O

B 3.7 EH 3.6 LEMIC, EH 3.1, 3.5 KU 48 3.3 1Y R FATEF % BEE
LTHERA F7LVOBAICRE TS Z Lick>TaHI NS, T 3.2 OfkRD
7-olcd, BIERA F7LVOBAIRE LR\, XV EENLRIEHEZE5 X 7w, §l
ZIIREHRNRTETIHTERWES ) 9 ?
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On Stanley—Reisner rings k[A] with
indeg k[A] = dim k[A] *

HER (B - LEE), TEE— (BEEA - STHR)

1 gL BER

COEEZHELT, ARV =[n]:={1,2,...,n} LOBEAKKHEAE (simplicial complex),
TabL ACY T (7)EEDieVIHLT{i}eA (/) FEAGCF=GeA
T HDOET D, A DTE face E5. dim F = |F|—1 % F ®OXJC (dimension) &
9.1 RLD face F % iface L FH. 517, dimA =max{dim F : F € A} % Bk
R A DX (dimension) £ 59 .

A D facet (§7bH, LEBLRICEA L TRKZ face) DRTLATTRT dimA IZZE LW
L&, Aldpue THBHEE). Apwe={G €A : IFDG,dimF =dimA} 2 A D
purification &FER. F72, A @ ith skeleton % A = {F € A : dimF <1} L LTED
5 ADIEEDface F & WCVIIXHLT, A DETEEENOPERLTHEL :

kaF = {GEA : FUGEA, FNG =0},
staraF = {Ge€A : FUG € A},

INLIFFENEN A IZBITS F O link, A IZBJE F D star, A D W ~OHIR & I
TN Tn 5.

k B EBEEROKE L, S=k[Xy,...,X,] (deg Xs=1) % k FOSERBL T 2.
In=X; X, : 1<ir<---<ip<m, {ir,..,5p} € A)S,  k[A] =S/Ia

T ENEFN A O Stanley—Reisner 4 7 7 )V, Stanley-Reisner I]RES 9. ZOHEDHB
i, 20X ) RIRO [EHEE (multiplicity) 75“1‘53\7(3 H’ﬂ@i Cohen—Macaulay T& 5 |
oy RARAT A ETH B,

d = dimk[A], ¢ = codimk[A], e = e(k[A]) 12X D ENREN K[A] © (Krull) RIT
(dimension), /KT (codimension), EREEZERZ ). ZDE &, c=n—d,dmA=d-1
THH,eld A D(d—1)-facet DEEICHFEL V. EE, dmA=d-1&L, fiiCXh A
D i-faces D#E % T, k[A] D Hilbert &3 F(k[A],t) 1 Z[[t] 2BV T,

F(k[Alt) = ) dimg k[A]; ¢

i>0

— fOt f1t2 fd—ltd

= f—1+1 ( —t)2+“'+(1_t)d
Fa(l =)+ fot (L — )3 4o fy_ytd

B (L1

DEHICETD. COBBO t=112B1F 58 (pole) DI EZE X T, dmk[A] =d 213
b, 37, FIEBT =1 2RATNZ, ek[A]) = far < (§) 2182, ZoWmEICH
W, e(k[A]) AFAKRE VLI, FOMED (Y KSRV LR ERT .

INov.15, 2005 ; % 27 TS ¥ KU o 45 R BILEAL ¥ 5 v 2 RILFHEL » & —



—fxiZ, A= S/I 2FR k fi# (homogeneous k-algebra) & L, €D S EDOXREMF &
/INB H143f# (graded minimal free resolution) % x %:
0— @S(_j)ﬁp,j(A) B N N @S(_j)ﬂx,j(A) L9 5 A—0.
JEZ JEZ
DL X,
indeg] = min{j €Z : fy;(I) # 0} = min{j € Z : (1;(A) # 0},
rt(I) = max{j €Z: fo;(I) #0} =max{j € Z : (1;(A) # 0}
X EFNFEN I O initial degree, relation type & IHINAZAEETH 5. I = I %% Stanley—
Reisner £ 77 VD & X1
indegI =min{|F| : FCV,F¢ A} <rt(I)<d+1
THbHI Lo TVES.
reg A=max{j —i€Z : §;;(A) # 0}
12 A @ (Castelnuovo-Mumford) regularity &FFHENAZAEETH ), H{ P OHEI L
TWh, BEPOHLDPL LI, regA > indeg] — 1 PRI L, FHEIWMLT 5 & X1,
A (7213 I) i3 linear resolution &2 L F 9. ¥FIZ, A #% Cohen-Macaulay T 2-linear
resolution % #2354 13, maximal embedding dimension, ¥ 7213, minimal multiplicity &
I, EOEEICOWVTIRFLIARLN TS, —F, Eagon—Reiner DEHE (EH 2.4
ZH) 12 X 1, Stanley—Reisner #5238 1J 5 linear resolution DEEMIIH L T 5.
Z DFEFIZB VT, linear resolution DS T — KL L2 ROBMSDEETH L. ¢=
indegl £ B<L. HHFEAEK r LT, I D S EOXRENEHB/NEBHDHES
o S(—q—rH1)Prretr-1 L G(—g — 1)ﬁ1,q+1(1) N S(-q)ﬂo,q(I) N N
D LTWBEE, T1X (Ny,) 2A72TEED. $72, 5% ¢ 1T LT (N,,) 2AZT
L& (Nuy) BHTTEED. »
r>pdsA=pdsl +1 1 LTI A (N,,) ZH72FZ & &, I linear resolution %
BOoZ L LIZEETHA.

¥ 72, [Betti #2B¥ 5 Hochster DA ] Z LIELITHAWVWS N A:
Bii(klAD) = Y dimg Hj_i1(Aw; k).
WV, |W|=j
T, Hi(Ajk) 13 A O k HHD ith reduced homology group T 5. LIXLIE k %
LT, Hi(A) DX HicEL.
BT, ZZVORRORMETH 5:

PIEE 1.1. e(k[A]) PHAREW (Fabb, () IEV) £5% A b LI KA] OBE
AL

ek[A]) = (5) 2H72F £ A FTVOWEIESICRETE S,
el 1.2. ROFMHIEIFAETH 5

(1) indeg In =d + 1.

(2) e(k[A]) = (3)-
(3) Al (n—1)-simplex @ (d — 1)th skeleton T&H 5.

Z Dk &, k[A] i3 Cohen-Macaulay Td 5.



Proof. :EBBIZ S L\>. B 21, [9, Proposition 1.2] % F. &. O
A

FAl FE 1L ICHTAIRUDEL LT, ROER*EEEOTHRR®RY VRV Y
IZBWTHEAN L.

EH 1.3 (3¢ - FH [10]). k[A] Z d KICD Stanley-Reisner RE 5. ZD & &,
(1) e(k[A]) > (;‘) — (n—d) % 5, k[A] 1 Cohen-Macaulay T 2.

4

B
X

(2) A lE pure TH 5 LRET 5. b L, e(k[A]) > (Z) Co(n—d)+1 %51, KA i
Cohen—Macaulay T# 5.
AFHIZABHNC, EOEED (2) 12BWT purity Z 13T L7225, #ERiZED) 25100

THELTEIZ ). £0720IC Stanley 12 X - TEA E 1172 sequentially Cohen-Macaulay
O BVHLTHL.

E#E 1.4 (Stanley). A=S/I AR EREETEH. FRER AMEM IZHLT, MO
REAT EERGINBED & 72 5 S HFRROD filtration
0=MyCM,C---CM,=M

HFEFE LT, M;/M;_; %% Cohen-Macaulay T, #*2, dim Mp/M; < dim My/M, < --- <
dim M, /M,_; £ T& 5 & &, M iZ (AMEL LT) sequentially Cohen-Macaulay T 5
EE). AHED A DEEL LT sequentially Cohen—-Macaulay TH 5 & &, 4 1ZIRE L
T sequentially Cohen—-Macaulay TH 5 & E ).

ROV ZHVL LEFTH 5.
# 1.5 (Duval). k[A] 2% sequentially Cohen-Macaulay (2% % 725 DL+,
FEEOIEEL i 123t LT (AD),ye % Cohen-Macaulay (2752 & Th 5.
Cohen—Macaulay #EA? skeleton b & 2 Cohen—Macaulay Z DT, X%&1%5.
% 1.6. A »° pure T sequentially Cohen-Macaulay 7 513, Cohen-Macaulay THh5b.

Bl 1.7. FHODF o -UEAE (3 RTDOER) {1,2,3,4} D 1THACLEZ 1 KM 72 A =
Span {{1,2,3,4}, {4,5}} | sequentially Cohen-Macaulay (7% % 7%, 1 THRIZ=AF (N
HE &) £z 7 T = Span{{1,2,3,4}, {4,5,6}} |3 sequentially Cohen-Macaulay T
W (THZR).

72721, Span{Fy,...,F,} & F,...,F. % face IC¥D &) 2 /MO BAENEREERT

bDET 5.
1 ‘ 1
2 2
4 4 6

FE 1.32) DFRIIRDL I ICHFRT 2T LHTED (K721, GBI, €E 13 %
HAws).



T 1.8 ([7]). e(k[A]) > (Z) —2(n—d)+1 7% 512, k[A] i sequentially Cohen-Macaulay
<H.

2. ERER
ST, ZOFADEEMII, EDKROKGEL LTROEHL 525 LTH 5.
EHE 2.1. k[A] 13 Serre &fF (S,) %723 d RILD Stanley-Reisner J&ET5. b L,
e(k[A]) > (3) — 3(n—d) +2 % 5iE, k[A] i Cohen-Macaulay Td 5.
EE 2.2. Serre &£ (So) IZOWT, UTFOZ EHHMOENAT WS,

(1) XD 2 &HEFEETD 5:
(a) k[A] 2% (S;) & A7z
(b) A i pure T, dim F < dimA -2 22FED
face F IZDWT IkaF | connected in codimension 1 T3 5.
(2) V) 255325 & HIT, k[A] 25 (Sy) BAIzT L) FHTE k DEBICL S %W,

FH21DFEHICBNT, c>2 ERELTEW. 2D E &, A @ Alexander dual #&
A*={Fe2” : V\F¢A}
(A EFALTESES) V EOBEHBERTHS. A O face F = {iy,...,i,} LT,
VANF={j,...,jnp} £BLLE,
Pr = (Xy,...,X3,)S, XYV = X; X,
EEDD. ZDEE RDIEFHLNTVS.
il 2.3 ([6] ZH8). A* & A @ Alexander dual £ 5.

In= [\ Pr (EEKDZVERSR)
F:A O facet
B, Ine=(XVVF : Fix A D facet) TH 5. $iC,
(1) indeg In+ = height Ia.
(2) Bogr = e(k[A]). T 212, ¢* = indeg Ia-.

S5, ROEBIZEARNTHE. COFEENR-AICLTEF ST RILEITHEN
7. ZDHL, COBEICHETLLDOEBMLTEI ).

E# 2.4 (Eagon-Reiner [3]). A* % A @ Alexander dual ¥ ¥ 5. k[A] #% Cohen—
Macaulay T& 5 Z & & Ia- %% linear resolution ##>.Z & L IZFAETH 5.

Rl 2.5. A* & A @ Alexander dual &7 5.
(1) (FF3F - 01 [11]) K[A] 13 (S2) B ATeT <= Ia- 1 (N,o) AT
(2) (Herzog—H Lt [5]) k[A] iZ sequentially Cohen-Macaulay T 5
<= Ia- i3 componentwise linear Th 5; T42bHE, Kt € Z IZx LT, Inn ®
t ROTTTER S NI2FERA 77 JVid linear resolution % H>.

EH 1.3(2) DFEH L FERIC, A DfEb D iz A* 22T, FH 2.1 O Alexander dual
VA IoF (W



T 26. A% V=[n LD (d-1) RTOEKKEAR(d>2) &L, qg=indeglp &B
K Ia B (No2) EHTZL, Bog(In) 2 (7) —39+2 7% 51, I 13 linear resolution % Hf.

ADPEBOGGE AT EE g=indegIpn >d—1 AT EHFF05. LT T,
FEOFHICBVTEREN . [indeg In = dimk[A](= d)] DHEDOARICEEL T, T
DFERE5 2 LS. DL E, In #F linear resolution %22 & &, Hy ((A)=0Th5
CEEIIEMEICE S, 72, Ia D5 (Ngo) ZH72F L &, 1t ([a) =indegIn =d, ThbH,
In 13 d ROEIEK (monomial) TEKEND DT, Foa(la) = (§) — e(k[A]) THB. L
72%5o T, EOEBEDOBEA-DREMER e(k[A]) <3d~2 LAMETH L. =7, (Ngp) %2513
Boari(k[A]) =0 (i #1) THE2 0L, BFMEMEST -7 LTI ID LIRERES
T, ROEELFAHT 5.

EE27.d>21¥5 A% (d-1)RTOEGBHEEET S, e(k[A]) < 3d -2,
Boara(k[A]) =0 %2 51E, Hi1(A) =0; T bbb, regklA] <d—1 Th 5.

UTFTiR, @B 27 DDA r v F 2525, $F,d=dimA+1 IZBT 2 KFHF
WMEEZHWD.
WA 28.d=20tE FHE 27 OFRIZIEL V.
(FEBA). 1R%€ & Hochster DARIZ LY,
0= /32,4(k[A]) = Z dimk Hl(Aw)
WCV,|W|=4

EHH, W <4DWCVIZHLT, Hi(Aw) =0 TH 5. i, A ZE 4 LT 050
o5 cycle EHET 2. —T7, e(k[A]) <4 1CL YD, A EAARDDLPEE D
T,A BF cycle & T2\, Sz T, Hi(A) =0 2155. O

FIT,d>3¢8L,dmA <d—1%5 A ZDOWTIRER 2.7 DERMIE LW &R
EL, dmA = d—1, Boa2(k[A]) = 0, e(k[A]) < 3d — 2 ZiTHAEWEREK A T,
Hi (D) #0227 FT3OWHETHERELT, FELEZ). A 220L5 %300
3BT, e(k[A]) RN ICRD L) IRATHEL.

¥EEE 2.9. A i3 pure T, e(k[A]) > 2 LIREL T I\,

G\EJEB)' 6%6[A]) = e(k[Apure]); Ha1(Dpure) = Ha1(A) # 0 THA. & 512, Hochster
DRIUITLD,

/62,d+2(k[Apure]) = Z dlmk ﬁd—l((Apure)W)

WCV, |W|=d+2

< Z dimy, f—’d—1(AW)

WCV,|W|=d+2

= [foar2(k[A]) =0

ff?}‘g, ﬁ2,d+2(k[Apure]) =0 'C:‘&)éz i OT, WEZR rD‘f, A% Apure ’C‘lﬁg&ié Rl
WZED,Aldpure THAHAERELTEW. T2, A DFEFAIZLY, A i simplex T3z
WODT, e(k[A]) >2 ThH 5. O

22, TCA T, dmA=d—1%51F, Hi_1(T) C Hq_1(A) Y ILD.



##H2E 2.10. A T free face /22w, TbbH, A O facet DAADEED face 134 7% <
&b 22DLED facet ICEHEETNS.

(FEHH). A %% free face G ZH2ERETS. T4bH, G 2aL72721 D0 facet F #°
FETH LERLIE, G 28K, FIZ&T N5 subfacet (facet IS THBAZL face) 28k
DTG LTAHILIZED, Gl subfacet L LTIV, A'=A\{G, F} &8, A iF

A OESEHET, A LFE NE—FAEED S, Hi (A) 2 Hi 1 (A)#£0 ThH 5.

—7, %78 2.9 OFEBH L FARIC LT, RE & Hochster DARIC L D Bogia(k[A]) =0 %
BHDOT, A SEBOREE AT, Zhud e(k[A]) ORNMECTET 5. O
#E 2.11. 1t ([n) <d TH 5.

(3EHH). 1R & Hochster DARIZL ),V O d4+2 BOTH S %2 IEEDOESEES W I
SFLTH (Aw) =0 2185, $72,dmA=d—1 755, |W|<d+2%2ATWCV
it LC b R OME AT ) LD, iz, W] =d+1 m@—/\k%mxﬁmﬁmi B
Hochster DAKIZ L Y By 411 (K[A]) =0 %1?6 —7, B2 B (k[A]) =0 (j >d+2) 71
25,1t (Ip) < d TrIFIUTE S k0.

ERBBIE 1t (In) = d DBEE 16 (Ia) < d DBBIHICHBRT 5. TNENLOHE
DELLEIRD2ODGEFIRNE L TEEEZIEHL LS.

#iEd 2.12. A & (d— 1) RITL®D pure ZHAENEAET, X2 A7 THDOLIRET 5:
(1) rt (IA) d,
(2) A i3 free face ZH =72\
(3) Baas2(k[A]) =0.
DL E, ek[A]) >3d-1Th5.
#EH 2.13.d>3,c >3, L,A % (d—1) RITD pure R EEMBERLE TS, 72, kD
EhriRET 5:
(1) rt(Ia)<d—1;
(2) A I3 free face ZF7/= %\
(3) 2 ye VIS LT, Bran(kllka{y}]) #0.
 (4) EED z eV It LT Hyo(lka{z}) #0.
ZDLE, e(k[A]) >3d—1Thab.
;f:, ROWEIL [10) BT L2EHERD12TH AP, EE 13 OTERHICBVTAER
THb.
##28 2.14 ({10, Theorem 3.4]). (d —1) XKITLDOBEAEMESE A 1TF LT, 1t (Ia) < d »2
e(k[A]) <2d—1 %513, Hyi1(A) =0 T 5.

(3 2.7 DR ). Fex DRILTE, A (d—1) KTE (d > 3) DHAEHHIET, e(k[A]) <
3d—2, Hi1(A) #0 TH Y, Z0XIRBODI) BT, e(k[A]) BRATHB. E612, A
13 pure T free face ZHF72 5, rt (Ip) <d TH 5. '
Case 1. it (In) =d DEE: B 212 XL YVEBICFEIEINS.

Case 2. rt(In) <d DEZ: B L c<2%51E, fogra(k[A]) =013 Hy1(A) =0 %8
AD5,c>3THA ZOLE GE2I3DRELTITIEZRTEI).

TR EED eV IS LT, Hio(ka{z}) #0 TH 5.




EE Al pure Wz, EED 2z € VI LT, dim k[AV\{z}] =d—17»D e(k[AV\{z}]) <
e(k[A]) TH L. =75, Prar2e(k[Av\(n)]) < Boara(k[A]) =0 12L D, Brara(k[Avy\(5]) = 0
THb. IoT,elklA]) DRAMEL Y, Hi_1(Av\izy) =0 285, T72, A =stara{z} U
Av\(z} 1< Mayer—Vietoris 512 @A 5 &,

0= Hyy(stara{e}) ® Har(Av\(e)) = Ha-1(A) = Hys(ka{z})
/L CRIYVKRODLFREFS.
RIZ, BB 213D ) DEKEEF 2 7T A0, ROEHEZRT.
FR 2. e(k[Agy)) >3 £%B LI RHyeV HBNL.

EBE EED 2 e VI LT, e(k[Anzy]) <2 k{ﬁ%j‘% &, A D facet D) HbA%
CED (e(k[A]) —2) I z &Y. £Z T, facet ICHNAIHEAOETERTHFL T2
&, ed=e(k[A]) xd > n(ek[A]) =2) = (c+d)(e—2) Thb. —F, HiF 2.14 25,
e>2d THHDT, 2c+d) >ce>2cd Thbb, (c—1)(d-1) <1 %2{E5H. Thii,
c>3,d>3ICFETA.

EOEE2DEI % yitonT,

e(k[I]) = e(k[stara{y}]) = e(k[A]) — e(k[Av\yy]) < (3d —2) =3 =3(d - 1) -2
L25DT, T =Ika{y} 75 Boara(k[]) =0 2 AT % 5, d 1T 2 RMEOBED
5 HyoT)=0 %85 TNRXERLICFETZ2DT, (3) DEMH Boa41(k[T]) #0 ATRE
iz, ZOLE 4E 213 25 e(k[A]) >3d—1 2355, TIIFETHL. &7, &
BEICX ) B3R S L O

3. #7iE 2.12, 2.13 DEEHH

CITREICHERZRE LA 2OOGEZERTSH. DTTE, Ak (d-1) RTD
pure 7 BAKHIFEIA T, free face R/ 2WVDH DL T 5.

FIT, i 2,12 AT AL, it (Ip) =d DHEEEZD. X1 Xg % In D

generator (IEFEICIZBIHAD O 2 2B/IERARD 1 0) ICH2 & LT—fMidEbhi v,
T/, Fi={1,2,...,d}e2"\ A &£BK.

#7E 3.1. 2P\ {F} O facet 12 d D5 : G; = {1,2,...,4,...,d} (i=1,2,...,d). ZD
EE GU{J} GEV\F) DEZ LT facet B4 7% &b 2d BHEETS. £/,

U={jeV\F :3GCFst.|G|=d-1, GU{j} € A}
EBLL,|UI>2TH5,

(FEMA). 2F \ {F} O facet G; = {1,2,...,7,...,d} ¥ A O subfacet TH5%. ZhbHid
free face T ZWVDT, HAL L LB 2MBTOD A @ facet ICEITNE. FDXH 7
facet IIMBLRLDT, ROLFREZESD. O
1 3.2. ROFHZRTZT {j1,52} CU (1 # jo) BFEL L.

[2F\ {F} DEED facet G ICXF LT, GU{ji}, GU {ja} #° A O facet i27% 5. ]

GEH). BENSELL 2VERELT, L0 &5 59 % {41, 5} C U #Ehi:
CRES S W =FU{j,pn} £BLL, [W=d+2 25, KE Foua(k[A]) =0 12 &
D, Hyy(Dw) =0 TH5.

Ay = 27\ {F})* U\ {5y, jo}) & HU {51}, HU {jo} (H € 2" \{F}) iC X h &
ﬁ‘Zé ﬂf:%ﬁﬁ?ﬁﬁib L, {jl) ]2} %ﬁtf AW ? facet GZJ: ofﬁi}ﬁéﬂ% AW @gﬁﬁj\*gﬂi




Z Dy ETHIE, Ay = A UA; T, A & Ay i3 Ay D (d—1)-facet ZHE L2 VDT,
dim(A;NA;) <d—2 THA. T T, Mayer—Vietoris 5| 2& 2 5 &,
0= ﬁd-l(Al NA,) — ﬁd—l(Al) ® ﬁd—l(A2) — ﬁd-l(AW) — ﬁd—z(Al NA,)
ThHH, BEREICLD,
Hy (A1) = Hoo(2F \ {F}) = Hy 5(S*?) 2k #£0
203 Hy1(Aw) #0 285, ZHEBRODREICTET 5. 0

(&%E 2.12DFERR). LD 2 ODWEIZI Y, b2 j €U (d+1<n) LHAES (1<
£<d—1) BFELT,

F, = {1,2,...,5,...,4,...,d,j} €A (p=1,2,...,0)
Qy = {1,2,...,4,...,q,...,d,5} ¢ A (g=£+1,...,d)
ELTLWw, 22T, A D subfacet
Hpg:={l,...,B ., 66+1,...,3...,d,j} (1<p<l£+1<qg<d)

“EZ25D. AL free face *EE L VDT, Hy, 12D ED facet I2EITNB. 20 &
IRBDODH)H 1213 GU{j} (GCF)DRBELTWAEY, %< b 121 GU{j}
(GCF)D/ELTWRW, §E5T, A D facet DEEZHZ T

e(k[A]) > 2d +£(d—€) > 2d+(d—1) = 3d — 1

RICEHE 213 RFEHT .

(#2213 DFERA). IRE (3) Dy e V ZEEL, I =lka{y} £ B< &, Hochster DAR
LD, Ul =d+1, His(Ty) #0 £%2 X% U CV\{y} BFETS. Z0LH %
Uxl12oHETS. 20L&, dmly=d-2THY, Hy,(I)#0 Thb. R=k[[] 2
a(R)+dimR < e(R) -1 Z@EAT 5 &, [HEY(R)]o = Hi2(T) #0 X D a(R) = 0 72
5, e(k[Ty]) > dimkTy] +1=d %%8%. dimk[[y] = dimk[[] = d — 1 IZEET 5 &
e(k[Tu]) = #{G: GIZ T @ (d—2)-facet T, G C U}
= #{F: Fli3 A ®facet T,ye FCUU{y}}
ThHb $HL, EEDOzeV\(UU{y}) IZXLT,
#{F: Fli3 A D facet T,y FFz}>elk[y]) >d
TH2a. 8T, 1t (lupgey) <tt(Ia) <d—1TH Y, KE (4) 2LV, Hyo(Ika{z}) #0 T
H5H. EoT, FE21412L D,
e(klstara{z}]) = e(k[lka{z}]) > 2(d - 1)
Th5b. i£o T,
e(k[A]) > e(k[stara{z}]) +#{F : F i3 A @ facet T,y € F F z}
> 2d—-2+e(k[ly]) (> 3d—2)

3R = k[A1] 2 k[X,...,X4,71,Y3) /(X1 Xq,Y1Ya) i a(R) = 0 D Gorenstein BT ), fId_l(Al) o~
[HE(R)jo = k Th 3.



TH5. elk[ly]) >d+1 %ZoERDODLER e(k[A]) > 3d—1 1B2DT, e(k[Ty]) =d
CEREL T LW, .

Casel. n>d+4 DEZE:
VAU U{y}) »oR222H 21, 50 TESE,
e(kllka{z:}]) > 2d -2,  e(k[lka{zz}]) > 2d -2
THhb dblL,z ZEUN 1, THET 2V (A D) facet 3B UT,
e(k[A]) > e(k[stara{z2}]) + e(k[Ty]) +1>(2d—2)+d+1=3d—1
2135, Lo, LRED 1, 2y EEED facet F I LT € F<= 1, F £ LTk
W LT, 2y, T, y WITNRBE TRV A D facet TRDOIT L.

yEERXUDTE (d-1)HOEAZEL facet D1 2% F &95. {1,2,...,d-1} C U,
F={1,2,...,d-1,y} £ LTLw. 2T, {1,2,...,d—1} € A iZ free face TIIL VDT,
A D F PDAD facet FFIZEENE: F'={1,2,...,d-1,2}. bL 2¢U %5,z #y
THY, F i3, &z, DELL2—FHR>ETEV. THIIEDIREIIKTAEDT, 2eU
ThbH COEE F Exz, 1y DNTHADEETLVOT, ERRICHIT2 3d -2 BOW
FTHEDBRLRD, e(k[A]) >3d—1 2185,

Case 2. n=d+3 DEZE:

V=UU{z,y} £EIT5.
E3k. I'y & pure TH 5.

Ty #Spure THWERETAHE, Ty D facet G TGCU #2 |G|<d—1,%55D
BHETS. A i pure 72556, A DdH 5 (d—1)-facet F BFEEL T, GU{y} CF TH
5. 5L, F\GH»UDHERuZz&®DIE, GU{u,y} A THY, GU{utely &2, G
DY FIZFETAHDT, F\G C{z,y} TH5. £oT,|G|=d-2, F =GU{z,y} T%
Thudz o zv. TDEE GU{y} € A I3 free face TIZZWVODT, F LA D (d—1)-facet
Fiz&Insg. L2, LLABOERTINE G OBY FIZFETADT, RIS
R 7.

BT, U Lo pure 2B Ty WEB LT, Ul =d+1, dimk[Ty] =d—1, e(k[[y]) = d
EIRELTCFEZEZ ). Iy 13 pure 72205, £0 Alexander dual % I}, &K T & &, Iy,
SR 2 OBIRATEREN, p(lny) = e(k[Tv]) =d TH 5.

Ty iU D (d-2) BUTOIL»L25HTEEEMERMLTHELNLIELEEL S &
L, #® Alexander dual * ©* £ K%, TDL ¥,

Hy o(2) = Hy »(Ty), indegk[S] = dimk[S] =d —1
7245, dim k[2*] = indeg k[X*] = codim k[Z] = [U| - (d - 1) =2 T, Is- & Iy, DTLL
SARULEDHEEBERTEREINLDT,

etz = (19) - wti) = (*31) 4= ({)

TdH 5. )5, Alexander duality LIRED 5,
dimy, Ho(E*) = dimy Hy_5(S) = dimy, Hy_o(T'y) # 0

THN, S IFEELEMS T 7L ARRED. 20T T T DAL e(k[(D]) = (9) 722
5,53 dEDTERZ bOFEEY 77 L 1 B0 disjoint union TZIFMTL L%, & &
HH,ZNEE, BB LTIy ColS, Thbb, {2} ¢Ty L2V FET 5.




UETHEOERS DY, EEOEHSERT 5. O-
4. Bl
ROFUL, BE2.7TIZBVTEL “e(k[A]) <3d—2" 3HEBTHLILERLTVAS.

Bl 4.1. Ao Z n=d+3EDHFZFD d RILD stacked polytope ([1) ZHR) DHFF4EHK
(boundary complex) ET5. ZDLE, k[A] @ Hilbert #&EkiZ
1436432 4--- 43t +¢¢

( [AO] ) (1 —t)d .
EETD. HRIC, e(k[Ag)) =3d— 1 TH 5. i, k[Ao] #® S EOREA EB/NE B H
BROFZ LTSI EFALNTWVS ([8)):

0 — S(—d-3)— S5(-3)"3 @ 5(—d — 1)Pzen
— S(=2)Pr2 @ S(—d)Pre — S — k[Ag] — 0.

?_i’LJZ k), k[Ao] ‘i ,32’d+2(k[A0]) =0 %iﬁf:j‘ﬁi, reg k[Ao] = d f‘i) V) , Ireg k[Ao] S d—- 1
ZWMIZE W LGB

EE 4.2, FEO A 1 (N,,) 2878205, Ay ICKTEOEY: face T THIFMA
TR AEREZDLZEIZED, (N,o) Zil72T75, e(k]A]) =3d—1 T lmear resolution
FH B ERT5 2 LD TE D,
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Set-theoretic complete intersection monomial curves

AATK TREFNSC

T 74 UREEBRNEOEDAENEEROKRTTLY 1 2D 7RWEIE
ATEETEE0? LWV O REIL, £DHE%E%E Kronecker FTENDIE5
TENTEAZHMARMETH S, 2 Z Ti, monomial curve DFE %
EZ£3 5. RO notation Z AW 5.

N > 2 : a natural number,

ni,...,ny : natural numbers s.t. ged(ny,...,ny) =1,
k . a field,
A: k[X]_,...,XN].

Definition 1. %z
(™52, )t € k)

BT 7 42 NRTERD (ny,ny,...,ny CEZEINTZ) monomial curve
EWS . Ei, RERAEER

A — k[t], X; —>t™ for each i
® kernel % monomial curve DEFZEA T 7LV,

Definition 2. B R DA T 7V I IZOW\T,

3fs,..., fr€Ist. VI=+/(fi,..., f;), r=ht]
DRE Y SLDO L x| T 1X set-theoretic complete intersection TH 2D &V H.

Question 1. 77 1 > N RILZEH D monomial curve (3 set-theoretic
complete intersection 7>? T72bH, [ #EDERAT T NETDH L,

3fy,.., fva€lst. VI= v(fl,---,fN—l),

i) AV RVASYIEYS



Note 1. chark > 0 @& XiE, IELV. XBIT, fi,..., fvo1 BT _T
binomial Ti#&5 Z L 23 T& % (Moh [12]).

Z Z T, binomial &%, 2 -2 monomial DETH b I -LERT
b5

LLF, chark =0 L {RET 5.
e N=3D&LE
Z OHEIXMIBEIXIE LV (Bresinsky [1], Herzog [11], Valla [16)).

Example 1. (nq,n9,n3) = (3,4, 5)

I=1\/(fi = X} — X2Xa, fo = X} — 2X1 Xz X3 + X3)
HIgHIZ

I=(f1,X} - X2X3, X1 X3 — X3),
(X} — X2X3)* = X7f, mod fy
(X1 X3 — X3)* = Xofs mod fy

e N = 4, Gorenstein D & &
FIRRIZIE LV (Bresinsky [2]).

Example 2. (ny,ng,n3,n4) = (5,6,7,8)

fi=X3 — X1 X3, fa = X7 — X7 X,
f3=X] —4X{ X3 Xy + 6 X, X2 X7 — AXo X Xy + X3
I= (fl)fZafB)

B IR AT

I=(f1, fo, X7 — X3 Xy, Xo Xy — X5, X1 Xy — X, X3),

I= \/(fla .)(.2))(]:_3 - X3X4,X2X4 — X??),
(Xf—X3X4)4EX15f3 mod fi, fo
(XoXy — X3)* = X3 fs mod fi, fo




s TOMMDIER
ROLES, MBEITIELW.

° (nla ng, ... 7nN) 753%%@5”0) & % (Patll [13])
o JEFEA 7 7 /L2 almost complete intersection M & % ([4, 5])

e Thoma D#EE ([14))

{E2MZ %, Eliahou ([3]), Katsabekis ([10]) 72 EA3HFZE L TV 5.
ZZETORRIL fi,...,fv-1 P9 B N —2 {87 binomial THEY @ 1

BERZEADEE, BLOEOEROOFILL ST, 25N BATHS.
up to radical 2K T B0 E ) DOHIEITROMEEZ AW A,

Proposition 1. I % monomial curve DEZERA T 7NV, J CI AT 7T
NETBH. ZOLE V] =1 BEY LD DOBEHSEMEE, RO 2
FHEPKILTHILETHD.

(1) /J+ (X;) = (Xi)i=1,.. v : the maximal ideal for each 1,
(2) VJB = IB, where B = k[X{,..., X3'] the Laurent ring.

Theorem 2 ([15]). I % monomial curve DEZEA T 7NV ETH. D
-3
3 binomials fl;---;fN.—l st. I = (fl;---afN—l)

72 61X, I X complete intersection TH 5.

ZDFEBEX Y, I H set-theoretic complete intersection T, complete
intersection T7Z2 T #uiX, 47 fi,..., fyv—1 PFIZ binomial T/2WLIER
BdHLOND.

Theorem 3 ([6]). I % monomial curve DEZRA T TNV ET 5.

3 binomials fl, ceey fN—Z; ElfN_1 st. I = vV (fl; ce 7fN—1) .

L B DUBEASEML, UTFORMET S THIETZ L THS.

(1) £ 77V (f1,..., fv—2) I& complete intersection lattice ideal T
H5.

(2) 3 binomials g1, g2 € I s.t.



(a) I= \/(fla---,fN—z,gl,gz)
(b) 3 monomials My, M, € As.t. Mygi + Mags € (f1,---, fy—2).

Note 2. —#%IZ, monomial curve DEZHEA T 7 /ViL up to radical |Z N
f& @ binomial TARK S35 ([15]).

Note 3. Theorem 2 £ ¥, I 3 N —2 f® binomial & 1 DDLEKT,
up to radical IZARK TE 2 0LHIEFEETH 5 ([6)]).

Note 4. Theorem 2 £ Y, (ny,no,n3,ng) = (17,19,25,27) OFE, £D
EFEA T 7 VL 2 D binomial & 1 DDLIEK T, up to radical (24K
TERWZ EBFRIND ([6]).

Theorem 4 ([7]). (n1,n2,n3,n4) = (17,19,25,27) TEZE S 5 mono-
mial curve X set-theoretic complete intersection.

&2 up to radical DERKZTH S.

fi =X Xy — X X5
fr= (XT — 3XPPX3X2X, + 3X) X3X4X] — XPXSX})?
—2(XPX3X, - 3XP2 X X3XZ +3X3XEXIXE — XSX3X0)?
+ (XPXEXZ2 - 3XOXIXSX3 +3X5XIX] — X}T)?
f3 =X —20X3X36 X, + 184X X2 X2 — 1047X) X328 X3
+4162X 2 X34 X7 — 12343 X° X530 X5 + 28419X 8 X20 X2
— 52104 X2 X2 XT + 77298 X X283 X2 — 93665 X2 X 4 X3
m 93093X X0 X 10 — 75868 X7° X5 X3! 4 50466 X0 X2 X;?
+6X 3 X3 X5 — 93X XX, + 683X XBXEX, — 3161 XXX X,
+ 10341 X7 X0 X3 X, — 25416 X2 X0 X X, + 48672 X1° X2 X30X,
— 74295 X 18X B X1 X, + 91663 X2 X4 X 12X, — 92092 X X0 X 13 X,
+ 75504 X XS X1 X, — 77520 X2 X2 X 15 X, + 38760 X6 X2 X8 X2
— 15504 X O X2 X2 X3 + 4845 X Xo X2 Xy — 140X X5 X27 X3
+ 184X 2X2X30XE 4+ 6 XS X, X3 X2 — 6 X, X34 X2 + X3®



Definition 3. N =4 9%, ny + ng = ny + n3, ged(ny, ng, nz,ny) = 1
DY LD & &, (FHITKIET % semigroup %) balanced &5 ([9]).

B 1 IZDONWT, d; = ged(ny)jz £B<. ding + ding = dang + dang,
ged(ny, ng, ng,ng) = 1 BV LD & &, (FNITHIET 5 semigroup %)
extended balanced & V9.

Theorem 5 ([8]). (n1,n2,n3,n4) 7% extended balanced D & &, FhiZ
*tIit~3" % monomial curve DEFHEA 7 7 /L1 set-theoretic complete inter-
section ThH 5.

FNFEI, LLTFD fi, fa, f3 5 up to radical 72 generators TH 5.
Example 3 ([8]). (27,29, 35,37)
fi=X1 X4 — Xo X3
fo=X8X3 — XPX3 — X3 X2 + X X2
o= KP4 KP4 XP 4
Example 4 ([8]). (29,47,64, 82)
fi=X1 Xy — X5X;3

f2 — XZ4 + X{tnXétlz + X{421X$L22 + ...
fo= X1+ X" + X 4o

Question 2 (5% ORI&E). e monomial curve {3 set-theoretic com-
plete intersection (s.t.c.i.) 737 (original question)

o EHEATTAN stci. D& X, up to radical RAERRDFITHK
{fEl D binomial Z&ETeZ LN TE 557
F72,1 2% binomial Z& X722\ X 5 72 up to radical ZRAERRL
3% 7272V monomial curve (XFFFET 2 D D7

o EFEATT AN, N —2 fHD binomial % & e up to radical 724AL
FEbOLE, ZORBYEEIT (HDDODN)?
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Auslander-Reiten conjecture on AB rings
e BE  (RREEKRE FEEHEN)

IOBREBLT (R,m k) X —F—RFRL T 5,
Auslander & Reiten /¥, [4] IZBEWTHLUTHREEELZUTOILEZTFHRLTWS,

Conjecture (Auslander-Reiten $#). M ZHRAER R-INEEL T 5,
Extkz(M & R,M @& R) =0 (Vn > 0) 72 51X M I projective T 5,

AAETIX. Z® Auslander-Reiten FARIZHDWTEET 3B,

Definition 1. FTRWERAR R-IEE M, N iZxt L, Pr(M,N) 2UTFTDX 5 ICEH
T3,
Pgp(M,N) :=sup{ n | Exty(M,N) #0 }

ZOEEEHANSZ LIZL Y, Auslander-Reiten FREIIKRD L HICEX N2 B2 &
T& 3,

Pr(M,M) =Pgr(M,R) = 072 5 M I projective T 5, (AR)
Definition 2. R 2% AB-R& 1%, UTOFRGEHZI-TER d BEETHZLTH D,
Pr(M,N) < 00 = P(M,N) <d (M, N € modR)
AB-R/J Huneke & Jorgensen IZX > T [5] CTEZBINEZBTHY, ZORIIFED

V—REER S ETHEBICDVWHERZF-oTWS, AAROEIORKEL LT, AB-B L
T Auslander-Reiten FAEBIELWZ & 2R T,



Theorem 3. R 7% AB-B72 51X Auslander-Reiten FARIZIE LV,
COEBREPIARTHEDICHEZOLESHELTEL,
Lemma 4. M OHERTHHER HIX Pr(M,N) =pdgM (VN € modR) TH 5,

Proof of Theorem 3. M % Pr(M,M)=Pgr(M,R) =0 2AH7-THRER R-MEEL
T5, ZOLEETOBK n XL, Pr(M,Q"M) < oo THHI L% n BT 25HM
BORTZENTESD, 22T R ABBRIY, Pp(M,Q"M) < d (Vo) ZHITED
BEIELBEILENTED, BT Pr(M, QM) <d THDHDT, Exty(M,Q°M)=0T
HB, LEEN-oT, M DHEDRE

0UM o Fy 19 F >R 3F>M-o0

i, A7V v b5, EoT UM IZEBEMELRLDDT pdgM <00 THD, ZNDE
%, Lemma 4 XY pdgM =Pr(M,M) =0 TH%, L1H>T M I projective T
HD, O

Proposition 5. [2, Theorem 4.2] M ® CIRTHHERTH Y Pr(M,N) bHRZR LT
PR(M, N) = CI—dlmRM fﬁ)éo

R 7 Complete Intersection M & Z1Z AR-FAEMNE LV T & 1T Auslander-Ding-Solberg
WX o> TBRIZR SN TVWS 2 (e.f.[3]). T D Proposition 5 & Y Complete Intersection i
AB-BRTHDHZ LBDNBHDT, Theorem 3 L Fb® DI L TRKROKEREEDHICHED
TLEMBTED,

Corollary 6. R %% Complete Intersection 72 i Auslander-Reiten FARIIIE LV,

%72, R % Cohen-Macaulay with minimal multiplicity D& &% AB-TRCTHBHD T (c.f.
(1, B 2.3]). KD corollary bRILT B,

Corollary 7. R 7% Cohen-Macaulay with minimal multiplicity 72 ©1X Auslander-Reiten
FRITELW,

T, RIEUTORESTH Auslander-Reiten FRABE L W2 LBbhroT-,

Theorem 8. R 7% Gorenstein BT, htp <1 2 5FEEDE AT TV piZHL R, £T
Auslander-Reiten FARIZIELWARLIT R ETHIELYY,



Proof. R T Auslander-Reiten FRRNPELL BWEREL., FEZEL, FTHROX
SRBATTNDOES P 2EZ2D,

P = { p € SpecR | R, LT Auslander-Reiten FABIEL 72\, }

meP &V PIXZEELEES TRV, R%2 P ORITTRAMLTSZ EICLY,. kOBE
TIRETBIENTX B,

(R, m) iX Gorenstein B C, dimR=d>2 T&%5%, R _ET Auslander-Reiten T2
ELL RV, m LRZRBEBORAT TV p XL R, LT Auslander-Reiten FA8i3
ELVY,

R £ T Auslander-Reiten FAERIE L L WO T, Pr(M, M) = Pgr(M, R) = 0 722% pro-
jective TIX72\WEBEK R-MEE M BFEET 5. R »° Gorenstein TH Y Pr(M,R) =0 X
Y M i3#K Cohen-Macaulay B TH D, E7c, FED p # m TR L, Exty (Mp, M,) =
Exti(M, M)y, Ext}, (M,, R,) = Ext(M, R), £ Pr, (My, M) = Pr,(My,Ry) =0 T
HB, Lo TRELY M, IXBH R-METHBDT, M i vector bundle THD, L
7225 T M T#b?b Auslander-Reiten 5 : 0 — 7M — E — M — 0 B¥FET 5. L
728> T ExtL(M,7M) #0 TH 3,

—%. ()Y, (=)* TN, canonical dual, R-dual £ 95 &, R 2% Gorenstein &
D M = (Q%rM)V = (QrM)* THD, M D complete resolusion

F1 1 F——2

_ Fo\ /F_
M
/N
0 0

IV, tM2 QM THHEZ BN, LT,
Ext'(M,TM) Ext'(M, Q42 M)
Ext!~(-42 (M, M)
Ext* (M, M) =0 (.- Pr(M, M) =0)
THY. T Ext' (M, 7M) #0 IZRKT 5, L7d>T R ETH Auslander-Reiten F
FRUTIE LV, a

IR 1R

ERIBRZ L1 AB-BRARD T, Seere D (R;) k%4 7=F Gorenstein B Tid Auslander-
Reiten FABELWIZ &B83bh5b, LEBoTKROZBRIT 5, BE, ZOR/RIT
Huneke & Leuschke 12X - T [6] THBMSM I TS,



Corollary 9. R %% Gorenstein normal 72 &% Auslander-Reiten FA2IZE LV,
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The Rees algebras of ideals in
two dimensional regular local rings

BRRRIHRL (3G kB8 T2 )
AR Z (B K BE T JER}

1 (FC®IC

(A,m) RIERIRFTREL, IZRADOmBERATTIVET S, R = R(I) =
AlIt) C At 24T 7))V I D Rees RE, R =R'(I) =Rt C Alt,t7 1 &1 T
TV I DK Rees RE, G = G(I) = R'(N)/t'R(I) 1 T 7 )V I DREHEREER
b

Rees fREITH U TIdtk 2 72 BF N7, 1T Cohen-Macaulay #iZxt LU Tl
J. Lipman IZX > TROFEVBH SN TN S,

HE£ 1.1 (J. Lipman, 1994). XIZFETH 3.
(1) R& Cohen-MacaulayBRT®H 5,
(2) R' & Cohen-MacaulayBRTH %,
(3) G & Cohen-Macaulay ﬁ"@%éo

Z3UTH L, Cohen-Macaulay D H %72 — It D82 TH 5 Buchsbaum #12
BIL TOMEIIZITZETHLN TRV, FI T, Rees fRED Buchsbaum D&M
MAZED, BONLHEEPEFBOEEETH S, ZORKBEIE, Lipman OFEED
2RITDT —ATD Buchsbaum fREFZ 2 HDTH Y, RDBEOTH 5,

FH 1.2. (A,m) 2 2KTIERIRFRT, BREA/mIIEBRATHZETZ, 20
LERIFETH S,

(1) R1& BuchsbaumBTH 5,
(2) R'VX BuchsbaumBRTH %,

(3) G & Buchsubam B TH 5.
IOEE, P=QRTH>T, IR) = I(R) = I(G) = £(I}/QI) TH 3. AL,
I(x) IZ&K > T Buchsbaum RERE XK T,

ZDEMIZ, 727ZHIZ Rees 3D Buchsbaum k2 HEABBOSETELED
DTHBETTRL, 2RTEIZBNTIE Lipman OB EZEFORRE/Z>TVS,



2 Rees {# D Buchsbaum D HIE %

LT, BCHi5720EY (A,m) 132 KTERRFEEL, 1138 A m gL
FINETB, TREOTATT NI OBBABERL, [=J, I I 24F
7V I ® Ratliff-Rush BlELE T3, bBAATNSIBBADIFT TN THST, X
BEISN TS,

ERE 2.1 (cf. [M]). Al NoetherBEL, TRBADAITTINET S, TDEE,
AFTINIHEBERTFEORL EDVEDREDERET D ERMELW,

(1) ICTCTHMERDID,
(2) THRENEREnITHLT, X = I DRI D,
(3) X T =T ARV LD,

%7z, MIZES>TReesRER = R(I) OFKRBKATT7INEERL, NIZXoT
iRk Rees RE R = R'(I) DERBRAT TN EERTIELET S, ZORBDITT,
R D Rees fRED Buchsbaum #IZB8T 2 HEENF SN,

FH 2.2. RIIFETH S,

(1) R(I) \* Buchsbaum B TH> T, EEDEAT 7V M # P € Spec RIZHL
TRpBIEHTH S,

(2) R(I) i& BuchsbaumBTH->T, T=1HKVID.
B) mICITHoT, HFRIT=1HRO LD,

BLBQ = (a,b) BT TV I D minimal reduction?251E, I SITROEEBHF
ETH5,

(4) mICITH>T, QI C PRV D,
ZDEER =R(I), G=G(I), F = F(I) % Buchsbaum B TH > T,
Hiy(R) = [Hy(R)h=1/I

Hy(R) = (0)

Hy(R) = [Hy(R)=1/1
HY(R) = (0)

HY(G) = [HM(G)o=1/I
HN(G) = HM(G)h=T1/I
Hy(F) = [Hy(F)h =ml/ml
Hy(F) = [Hy(F)=1/I



BB, LoTIR) = [R) = (G) = 2a(T/1) & I(F) = ba(mT/mI)+ L4(T/T) 8
WS, £72, a(G) <0, a(F)<0TH5. HL, a(*) = max{n € Z | [Hi;(x)], #
0)} ITLoTaAEEEEXT,

E5IT

La(A/T) (n =0)

C4(A) MY = { eo(I)(”;r2) _el(I)(n-lH) +ey(I) (n>0)

MHDILD. B, e(l) = eol) - La(A/T),eall) =0 TB 5.

ZDHEEZ, 1T 7V WA TH UL Rees fRE R 1 Cohen-Macaulay T&
BZEVNIBEERELTEATVDS, £, [ = 172513, H,(R) = (0) TH3
DT Rees ¥ R 13 Cohen-Macaulay T % L, #IZ R A% Cohen-Macaulay 7% 51X
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1. INTRODUCTION

In the late 1960s, Auslander and Bridger [2] constructed the notion of a certain
approximation, which we call in this paper a spherical approximation. This notion
says that any module whose nth syzygy is n-torsionfree is described by using an
n-spherical module and a module of projective dimension less than n. On the other
hand, about two decades later, the notion of a Cohen-Macaulay approximation
was introduced and developed by Auslander and Buchweitz [3]. This notion says
that over a Cohen-Macaulay local ring with a canonical module, the category of
finitely generated modules is obtained by glueing together the subcategory of max-
imal Cohen-Macaulay modules and the subcategory of modules of finite injective
‘dimension. In this paper, we set our sight on these two notions. More precisely, we
shall consider and generalize the following two theorems.

Theorem 1.1 (Auslander-Bridger). The following are equivalent for a finitely gen-
erated module M over a commutative noetherian ring R:
(1) Q™M is n-torsionfree;
(2) There exists an exact sequence 0 — Y - X - M — 0 of finitely generated
R-modules such that Extp(X,R) =0 for 1 <i<n and pdY <n.

Theorem 1.2 (Auslander-Buchweitz). Let R be a Cohen-Macaulay local ring with
a canonical module. Then for every finitely generated R-module M there exists an
ezact sequence 0 > Y — X — M — 0 of finitely generated R-modules such that X
is mazimal Cohen-Macaulay and idY < oo.

2. THE EXISTENCE OF n-C-SPHERICAL APPROXIMATIONS

Throughout the present paper, R is always a commutative noetherian ring, and

all R-modules are finitely generated. For a projective presentation P; EN Py -
M — 0 of an R-module M, we define TrM, the (Auslander) transpose of M, to
be the cokernel of the R-dual map f* : P — Py. Auslander and Bridger [2]
introduced the notion of an n-torsionfree module.

Definition 2.1. Let n be an integer. An R-module M is called n-torsionfree if
Extp(TrM,R) =0for 1 <i < n.

In this paper, unless otherwise specified, we always denote by n a positive integer,
by C an R-module, by (=)' the C-dual functor Homg(—,C) and by Aps the natural
homomorphism M — Mt for an R-module M. Note that Ag can be identified
with the homothety map R — Hompg(C,C). We can generalize the notion of an
n-torsionfree module as follows.



Definition 2.2. Let M be an R-module. We say that M is 1-C-torsionfree if Ay
is a monomorphism. We say that M is n-C-torsionfree, where n > 2, if Ay is an
isomorphism and Extl (MT,C) =0forall 1 <i<n —2.

We denote by mod R the category of finitely generated R-modules. For an R-
module X, we denote by add X the full subcategory of mod R consisting of all
direct summands of finite direct sums of copies of X. To develop the notion of an
n-C-torsionfree module to the utmost extent, we establish the following definition.

Definition 2.3. We say that C is 1-semidualizing if Ag is a monomorphism and
ExtR(C,C) = 0. We say that C' is n-semidualizing, where n > 2, if Ag is an
isomorphism and Ext’(C,C) =0 for all 1 <17 < n.

The following proposition says that there are a lot of n-semidualizing modules.
The proof is due to Shiro Goto, which is based on that of [6, Proposition 2.5.1].

Proposition 2.4. Let R be a Cohen-Macaulay local ring of dimension d > 2 with
an isolated singularity. Let I be an ideal of R which is a mazimal Cohen-Macaulay
R-module. Then Ag is an isomorphism and Ext}'R(I, I) =0 for every1 <i<d-2.
Hence R is d-I-torsionfree, and I is (d — 2)-semidualizing.

Proof. First of all, note that R is a normal domain. We denote by K the quotient
field of R. Since the R-module I has rank one, there is an isomorphism I p K = K.
Each element f of Endg(I) can be lifted to a K-linear map f:K - K. We easily
see that f(1) is an element of (I :x I) = {a € K|Ia C I}, and get a map

¢ :Endg(I) > (I :x I)

which is given by f — f(1). It is easy to check that ¢ is an isomorphism of R-
algebras. Let 6 : (I :x I) — K be the inclusion map. Then the composite map
0 - ¢ - Ag coincides with the inclusion map R — K, which shows that Endgr(I) is an
intermediate ring between R and K. Since Ag is a module-finite monomorphism,
Endg(I) is integral over R. Noting that R is normal, we conclude that Ag is an
isomorphism.

Next, let us prove that Extjé([, I) =0forl < i< d-2 Setr =
sup{n | Extjé(I,I) =0for1 <i<n}. We want to show that r > d — 2. Suppose
that r < d — 2. Take a free resolution F, of the R-module I. Dualizing F, by I, we
obtain an exact sequence

0 = R — Homg(Fo,1) % --- 3 Hompg(F,_1,1) 3 Homg(F,,I)
%3 Homp ("1, 1) - Extit (I,1) = 0

Put N; = Imd; for 0 < i < r. The definition of r implies that Ext}™ (I, I) # 0.
Since R has an isolated singularity and I is maximal Cohen-Macaulay, the R-
module Ext};* (I, ) has finite length. Hence we have depthp Ext}t'(I,I) = 0. As
depth Homg(Q"+11,1) > min{2, depthy I} = 2 > 0, we obtain depthg No = 1
by the depth lemma. Noting that each Hompg(F;, I) is a maximal Cohen-Macaulay
R-module, by the depth lemma, we get depthp N; = i +1 for 0 <4 < r,-and
d = depth R = 7 + 2 < d. This is a contradiction, which shows that r > d — 2 and
the proof is completed. O

For an R-module M, we denote by Cdimpg M the infimum of nonnegative integers
n such that there exists an exact sequence 0 =+ Cp, + Cp_1 = -+ = Co =+ M = 0



with each C; being in add C. Note that Rdimg M = pdg M for any R-module M.
We make the following definition.

Definition 2.5. Let M be an R-module.

(1) We say that M is n-spherical if Ext*(M,R) = 0 for all 1 < < n. We call an
exact sequence 0 - Y —+ X — M — 0 of R-modules an n-spherical approzimation
if X is n-spherical and pdY < n.

(2) We say that M is n-C-spherical if Ext'(M,C) = 0 for all 1 < i < n. We
call an exact sequence 0 - ¥ — X — M — 0 of R-modules an n-C-spherical
approzimation if X is n-C-spherical and CdimY < n.

Lemma 2.6. Suppose that Ext' (C,C) = 0. An R-module M is 1-C-torsionfree if
and only if there is an exact sequence 0 - M — Cy — N — 0 such that Cy € add C
and Ext'(N,C) = 0.

Now, we can state and prove the main result of this section.

Theorem 2.7. Let C be an n-semidualizing R-module. The following are equiva-
lent for an R-module M :

(1) Q*M is n-C-torsionfree;
(2) M admits an n-C-spherical approzimation.

Proof. Let P, be a projective resolution of M.

(1) = (2): We have an exact sequence 0 — Q1A — P, — QM — 0 for each
i. Set Xo = Q"M. Note that Xy is n-C-torsionfree. Lemma 2.6 implies that there
exists an exact sequence 0 — Xy — Cy — Z; — 0 such that Cy € add C and
Ext!(Z;,C) = 0. We make the pushout diagram:

0 0
| |
00— Xy — (o y Zy y 0
I | H
0 —— P, —— Xj A » 0
| |
QO IM —— Q"M
| |
0 0

Since Ext'(Z;,C) = 0 = Ext!(P,_1,C), we have Ext'(X;,C) = 0. If n = 1, then
the middle column is a desired exact sequence.

Let n > 2. We can easily check that Z; is (n — 1)-C-torsionfree, and that so is
X1. According to Lemma 2.6, there is an exact sequence 0 = X; =+ C; = Zy = 0



with C; € add C and Ext'(Z,,C) = 0. We make the pushout diagram:

0 0
| |
Co Co
| |
0 — X y C y Zo » 0
| |
0 —— Q"M - 15 s Zo > 0

—
S —

Using the bottom row of the above diagram, we make the pushout diagram:

0 0
I |
0 — O IM —— Y, y 7y y 0
| |
0 —— Py —— X s Zs s 0
| |
QM —— Q"M
|
0 0

From the first diagram, we immediately get CdimY; < 2, and Ext?*(Z,,C) = 0
because Ext!(X;,C) = 0 = Ext?(Cy,C). Hence Ext’(Z,,C) = 0 for i = 1,2, and
we see from the middle row of the second diagram that Ext*(X,,C) = 0fori = 1,2.
Thus, if n = 2, then the middle column of the second diagram is a desired exact
sequence.

Let n > 3. Then similar arguments to the above claims show that both Z; and
X, are (n — 2)-C-torsionfree, and Lemma 2.6 yields an exact sequence 0 — X5 —
Co = Z3 — 0 such that Ext'(Z3,C) = 0. Similarly to the above, we make two



pushout diagrams:

0 0
4 l
Y ——= 1
q |
0 — X, » Cy — Z3 + 0
| H
0 —— Q" 2N » Y3 s Zs3 s 0
| l
0 0
and
0 0
| |
0 —— Q" 323M —— Y y Z3 » 0
| | U
0 —— P33 —— X3 y Z3 » 0

O3 M ——— Q" 3M
! !
0 0

If n = 3, then the middle column of the second diagram is a desired exact sequence.

If n > 4, then iterating this procedure, we eventually obtain an exact sequence 0 —

Y, =» X, = M — 0 such that Ext"(Xn,C’) =0for1<i<nand CdimY, <n.
(2) > (1): Let 0 > Y - X — M — 0 be an n-C-spherical approximation of

. L, . dn_ dn_
M. Since CdimY < n, there exists an exact sequence 0 — Cp_1 = Ch_1 y?

B\ Co %y 0. Put Y; = Imd; for each i. We have exact sequences 0 —
Yii1 2 Ci = Y; 2> 0and 0 — QM — P, —» Q'M — 0 for each i. The following



pullback diagram is obtained:
0

l

QM

I
T
i
E

0 y Y -

[e)

y By

l

y M

l

0

The projectivity of Py shows that the middle row splits; we have an isomorphism
L=Y @& Fy. Adding P, to the exact sequence 0 = Y7 — Cy = Y — 0, we get an
exact sequence 0 = Y7, = Cy @ Py - Y @ Py — 0. Thus the following pullback
diagram is obtained:

0 y Y >

o

fos
_Y

00— X1 — Cod Py y X > 0
| | |

0 —— QM —— Yo R y X » 0
| |
0 0

Applying a similar argument to the left column of the above diagram, we get exact
sequences 0 - X;11 =+ Ci® P —» X; - 0for 0 < ¢ <n—1, where Xg = X
and X,, = Q"M. The assumption yields Ext'(X,,C) = 0 = Ext*(Co @ Py, C) for
1 < i < n, hence we have an exact sequence 0 — Xg = (Cod Pyl — XI — 0 and
Ext'(X;,C) =0 for 1 <4 < n — 1. Inductively, for each 0 < ¢ < n —1 an exact
sequence 0 — X,-T = (CieP) — X} .1 — 0 is obtained and Ext’ (X;,C) =0 for
1< j <n —1i. We have a commutative diagram

0 . ¢ y Co® P,
/\xll Acoﬁ”’ol
0 » X1 » (Co® Po)'t

with exact rows. The assumption says that Ag is injective, and we see that Ac =
Mgt is injective. Hence the map Ac,gp, is injective, and so is Ax,. Therefore X,



is 1-C-torsionfree. If n > 2, then Ag is an isomorphism, and so is Ac. There is a
commutative diagram

0 0

! !

00— X —— CioPhA — X; —— 0

kle AciepP; l Axq l

0 — X' —— (CreP)tt —— x|t

|

0
with exact rows and columns, and Ay, is an isomorphism by the snake lemma.
Hence X, is 2-C-torsionfree. If n > 3, then we have a commutative diagram

0 — X3 — Cy0P, —— X, — ? 0

)\xal /\cgepzle )\_\-2lg

0 —— XI"' — = (GePr)t —— X! —— Ext'(x},0) —— 0
with exact rows. From this diagram it follows that Ax, is an isomorphism and
Extl(X;f,C) = 0, which means that X3 is 3-C-torsionfree. Repeating a similar
argument, we see that X; is i-C-torsionfree for every 1 < i < n. Therefore Q"M =
X, is n-C-torsionfree, and the proof of the theorem is completed. O

Theorem 1.1 is a direct corollary of Theorem 2.7. Theorem 1.2 is also a corollary
of Theorem 2.7:

Proof of Theorem 1.2. If d = 0, then 0 = 0 — M S M — 0 is a desired exact
sequence. Let d > 1. Then w is d-semidualizing, and QM is d-w-torsionfree. Hence
Theorem 2.7 guarantees the existence of an exact sequence 0 - — X — M — 0
such that X is d-w-spherical and wdimY < d. Therefore X is maximal Cohen-
Macaulay. On the other hand, noting that w is an indecomposable R-module, we
have an exact sequence 0 = w'-1 — wh-2 — ... — wlo — ¥ — 0. Decomposing
this into short exact sequences and noting that w has finite injective dimension, one
sees that Y also has finite injective dimension. O

3. MODULES WHOSE nTH SYZYGIES ARE n-C-TORSIONFREE
We begin with stating the following lemma.

Lemma 3.1. Let M be an R-module.
(1) If R is 1-C-torsionfree, then so is QM.
(2) If R is 2-C-torsionfree, then for each n > 2 the map Aqnpr is a split
monomorphism and the cokernel is isomorphic to Ext” (M, C)t.

For R-modules M, N, we define grade(}, N) by the infimum of integers ¢ such
that Ext'(M,N) # 0. One has grade(M, N) = inf{ depth Ny |p € Supp M }. We
state a criterion for Q7'M to be n-C-torsionfree for 1 < i < n in terms of grade,
which can be shown by Lemma 3.1 and induction on n.

Proposition 3.2. Let C be an R-module such that R is (n — 1)-C-torsionfree.



(1) If QM isi-C-torsionfree for every 1 < i < n, then grade(Ext'(M,C),C) >
t—1 for every 1 <¢ <n.
(2) The converse also holds if R is n-C-torsionfree.

Now we want to consider the difference between this condition and the condition
that Q"M is n-C-torsionfree.

Lemma 3.3. Let C' be an R-module such that Ar is an isomorphism and
Ext’(C, C) =0 for1 <i <n. If M is an R-module with Cdim M < vo, then
grade(Ext’ (M, C),C) > i for any 1 < i < n.

Using this lemma, we can show that under the assumption that C is n-
semidualizing, ' M is i-C-torsionfree for 1 < i < n if and only if Q"M is n-C-
torsionfree.

Proposition 3.4. Let C be an n-semidualizing R-module. The following are equiv-
alent for an R-module M :

(1) Q™M is n-C-torsionfree;

(2) QM is i-C-torsionfree for every 1 < i < n.

Our next aim is to prove the main result of this section. For this, we introduce
the following lemma, which will often be used later.

Lemma 3.5. Let R be a local ring and r a positive integer. Suppose that Ag is an
isomorphism and Ext'(C,C) =0 for all 1 < i <r. Then the following hold.
(1) depth R > r if and only if depthC > r.
(2) Let R be a Cohen-Macaulay local ring with dim R < r. Then C is a mazimal
Cohen-Macaulay R-module.

Now we can prove the main result of this section.

Theorem 3.6. Suppose that R is n-C-torsionfree. Then the following are equiva-
lent:

(1) idgr, Cp < o0 for any p € Spec R with depth R, < n — 2;

(2) Q"M is n-C-torsionfree for any R-module M.

Proof. When n =1, the assertion (1) holds because there is no prime ideal p of R
satisfying depth R, < n — 2, and the assertion (2) holds by Lemma 3.1(1). In the
following, we consider the case where n > 2.

(1) = (2): Fix an R-module M. Induction hypothesis shows that QM is i-C-
torsionfree for 1 < i < n — 1. By Proposition 3.2, we have grade(Ext(M,C),C) >
t—1for 1 < ¢ < n — 1, and it suffices to prove that the inequality
grade(Ext"(M,C),C) > n — 1 holds. Let p € SpecR. If depthCy, < n — 2,
then depth R, < n — 2 by Lemma 3.5(1). The assumption says that idg, C, < oo,
and idr, Cp, = depth R, < n — 2. Therefore Extf(M,C), = Exty (M,,C;) = 0.
Thus we see that grade(Ext™ (M, C),C) > n — 1, as desired.

(2) = (1): When n = 2, Lemma 3.1(2) implies that Ext%p(]\.{p,Cp) = 0 for all
R-modules M and p € AssC, because Ass(Ext%(M,C)!) = Supp Ext%(M,C) N
AssC. The isomorphism Az : R — Hom(C,C) shows that AssC coin-
cides with Ass R. Hence, setting M = Qi (R/p), one has Ext;'f(n(p),cp) o~
Ext%p (% (R/p))p,Cp) = 0 for any p € AssR and any ¢ > 0. Therefore
idg, Cp < oo for p € Spec R with depth R, = 0.



Let n > 3. Fix an R-module M. We have an exact sequence 0 — Q"*1AM — P —
Q"M — 0 such that P is a projective R-module. From this we get another exact
sequence 0 — (Q" M)t — Pt — (Q"*1 M)t - Ext™™ (M, C) — 0. Decompose this
into short exact sequences:

{0 > (M)t = Pt 5 N 50,

3.6.1
(3.6.1) 0— N = (Q"F1M)T — Ext"(M,C) — 0.

Note from the assumption that both Q"M and Q"M = Q(QM) are n-C-
torsionfree. Since R is n-C-torsionfree, we see from the first sequence in (3.6.1)
that there is a commutative diagram

0O — Q"M —— P —— Q"M ——» 0

al Aplg /\thllg

0 —— N —— Pt — s (@Q"M)'t —— Ext!(N,0) —— 0
with exact rows, and Ext'(N, C ) = 0for 2 < i < n—2. This diagram shows that « is
an isomorphism and Ext' (N, C) = 0. The second sequence in (3.6.1) gives an exact
sequence 0 — Ext™*! (M, C)t — (Qm+1 A1)t 5 Nt 5 Ext! (Ext™ (M, C),C) = 0
and Ext'(Ext"*'(M,C),C) = 0 for 2 < i < n — 2. Since the diagram

Q"M QM

/\nanE ala‘

@t 2 Nt

commutes, the map B is an isomorphism, and Ext"™'(M,C)t = 0 =
Ext'(Ext™ ™' (M,C),C). Thus we have Ext'(Ext™™(M,C),C) = 0 for every
i < n — 2, which means that the inequality grade(Ext"*!(M,C),C) > n —1
holds. Therefore, if p is a prime ideal of R with depthR, < n — 2, then
depthCy, < n — 2 by Lemma 3.5(1), and it follows that p does not belong to
Supp Ext}t (M, C), i.e., Ext’}f{‘t'l(llf‘[p,Cp) = 0. Putting M = Q% (R/p), we obtain
Exti ' (k(p), Cp) = Exti (2% (R/p))p, Cp) = 0 for any i > 0. This implies that
idgr, Cp < 00, and the proof is completed. O

The lemma below says that over a Gorenstein local ring of dimension d > 2, any
n-semidualizing module is free for n > d.

Lemma 3.7. Let (R,‘m, k) be a d-dimensional Gorenstein local ring. If Ag is an
isomorphism and Ext'(C,C) =0 for 1 <i <d, then C = R.

Applying the above lemma, we can get a sufficient condition for R and C to
satisfy Theorem 3.6(1).

Proposition 3.8. Suppose that R is n-C-torsionfree and that R, is Gorenstein for
any p € Spec R with depth R, <n—2. Thenidgr, Cp < oo for any p € Spec R with
depth R, < n —2. (Hence Q"M is n-C-torsionfree for any R-module M.)

We have studied the case where the nth syzygies of all R-modules are n-C-
torsionfree. As the last result of this paper, we give a result concerning when the
nth syzygy of a given module is n-C-torsionfree.



Proposition 3.9. Let M be an R-module, and let C be an R-module such that R is
n-C-torsionfree. Suppose that pdg, M, < oo for any p € Spec R with depth R, <
n —2. Then Q"M is n-C-torsionfree.

This proposition can be proved by induction on n. Apply Proposition 3.2, Lem-
mas 3.1(1) and 3.5(1).
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A note on a™-invariant formulas

FEE—BS (EHREHE KF)

1 F

LIF, (A, m) I¥ Noether BETER TZ DRIREITERE LT 5. I (S A)
ZEADATTNEL, ZDRees REIR(]) := A[lt] (C Aft]) #EBET 5.
ZIZ Tt A EDTETERT. Rees REH Gorenstein THH 25 & o
THEMR A b Gorenstein (2725 LIRS 72103, AFE TIIA{a 72 2 B
R Gorenstein IZ72 5 E W RINEE X THI-V., BREEBRRS
BTN SHDREEFET 5. £= A1) = dim R(I)/mR(I) & B,
I @ analytic spread & FE&. A DA 7 7V J % I ® minimal reduction &
L, JIZB8¥ % I @ reduction number r;(I) #fHEOOIZr THRT. =
DL EFRBTRATEVWERRIIKROEY THD.

EH 1.1. grade I > 2 TH>TR(I) 2 Gorenstein B 72 SIFR DS IE
ETHD.

(1) Al% Gorenstein TR TH 5.
(2) ADS Serre DA (S,) Wz L, r<l-2Th 5.

—fRIZ L < dim A TH->T, b L Rees i3 R(I) 28 Cohen-Macaulay 72
BIEr <l-1E720TNS. E-TEOERIL, bbAAL=dimADL X
TERZ 2 S/ 03, ERER DY Gorenstein TRWHAIZ, KIT & analytic
spread & DZEN“H FNEAIZKE VA F 7 L9V T reduction number
DERRMEL—-1IZELRWEE, Z0 Rees A% Gorenstein (272 5 721
EREIRT A EMHEED.

EBDFERIIRBEIZH D & 9 72 a*-invariant formula #EE+ 3 - &
WCEoTHRLND., Z< DAL a*- (b L< T a) invariant formula %
MRLTVDH, FKEOE2EHINNT, ZOFTELZE L5 R LWV
a*-invariant formula Z#BN L7z, EEOIRALE 28 TE 2515,

EHEOPDORMEr < (-2 FMETHE. FiI[V], 41ITRVTZD
FEZBRVWTEORBREPRES N TV AIRRBADERTES. T7hbL
Serre DEAF (Sy) Z 723 % % 3 KIT non-Gorenstein I8 D & T Rees {4k
2% Gorenstein THV £ =2, R TWAALTTAREETS. ZDL X
reduction number I IHbHLAARKEL-1=1L72>oTW5E. ZOKEI%
RIZBEXTEIHZEAL LS.
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Bl 1.2. B2 DKk LD 7TEBANEHFEER k][ X1, Xo, X3,Y1, Y5, Y3, V4] &
XN+ Xo Yo+ XaYs, V1Yo — X3Yy, VoY — X1 Yy, Y3 — X0, Y2, Y2 Y2 Y7,
VY, VoY, V3V, TERSNDA T T LV TE-T-RIRR AR EZ 5. (I
RWTZORFTR AIIEBKA T 7 V0 Rees REDS Gorenstein 12725 =
EVPTRENTND. &T, ADAT TN = (X, X3, ) AR RFHF T
B &, ZD ReesRER(I) 1L Gorenstein THD. L L7ah HEBME A
I% Cohen-Macaulay Tid72<, S HIZL =2 T AL Serre DEAF (S,) %7
7L TWwa.

2 a*-invariant formulalZDWWTDEE
ZOEOBRTERDTERAEZITO 2L THD. £DIT a*-invariant
BT 2H5FEXEBNT 2. ETIHEHRFLZEFBLEZV. LT ZOET
i%, S = @5, Si & Noether IREIR T So-H# L LTS TEKEND D
DEL, (So,n) LRFABTEORIKETERETH D LIETD. M=
nS + Sy, £={S):=dimS/mS LB, 2L S, =,,,S THD.
SDATTNZ % ILIROILTER SIS Sy O minimal reduction & L,
r=1z(5y) £BL. EHIZr(S) := min{ry(Sy) | LT 1ROTTERKS
1% S, ® minimal reduction} EEDH L. S DEKRAT TV NIZxt LT
[Hiy (*)]; 12 &2 TN IZBF % ¢ F B OWEUT & local cohomology functor
D JIROFREB % EKT. i € Z1Z% LT a;-invariant & a*-invariant %

a;(S) :=max{n € Z | [Hi(5)}n # (0)},
a*(S) := max{a;(9) | i € Z}

LEETD. T a(S) Il Lo THEED a-invariant XK T. DF Y a(S) =
Adims(S) &8> TV 5. HEIZ A= {p e SpecSy | £(Sy) =dimS,} & B
<. INHREOTFICAEH TCOERBENKRD LS ICHREINB.

Rl 2.1. fEED Sy DFEA T 7V p 2k LT depthS, > min{dim Sy, ¢}
PSRV SLD72 HIXER
a*(S) = max{r(S,) —£(Sy) |p € A dimS, <} U{r—¢}
= max{r(S,) — £(S,) | p € Spec So,dim S, < £} U {r — £}
DY LD, E BT S A quasi-unmized THAUTZE
a*(S) = max{a(S),r — ¢}

o ATASY

EOMBEOFEADRNC &> THRICERE L1 OFERE L L 5. £
TODERFREDEXNDHLTHD. ZZTSHRI)RG(I) :=RU)/IR()
DEFIZIE, Z = (Jt)S £ B & Z 1% 5S4 @ minimal reduction (2725 Ty
Try(I) = 12(S4) TAI) = £(S) THH = LICEELTE LU,
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EE11DFHA. S=G(I) £B<. £ A Serre DFAE (S,) i L
r<{-2T®DLE L Reesf{ER(I) i% Cohen-Macaulay TH 205 S
i¥ quasi-unmixed TH 2 (BIzIX[HIO] D 18.23 L 18.24 % Rk&). [ &
ADEEDRAT TV p 285, R(I,) iZ Cohen-Macaulay 872 D T [T1]
(L&D L < dim Ay %25 Hyg a0, () = Hia, (Ay) 2380 32
. X2 TdepthG(I,) = depth A, THD. & HIZ Al Serre DM (S,)
Zim 72§ DT depthA, > min{dim Ay, £} 285 V32>, £-TS, = G(I,)
TdimS, = dim A, TH 2 Z L IZEE T4 depthS, > min{dim S,, ¢}
BoNnsH. ZoLEmE21IZEY a*(S) = max{a(S),r — £} #HEH D,
R(I) iZ Gorenstein R DT ICL 2 & a(S) = -2 ThH-T, E£RE
EDr <t 2ThANMLRER(S) = —2L725. &ZAR[T]ICE
Di<dimA&dDEaS)=-10nbLiT-00RDTag(S) = -

TR TIER B2V, X5 TS ik Cohen-Macaulay B THD. ZDE X
A % Cohen-Macaulay & T3 2728 [[] IZ & %5 & qusai-Gorenstein TH & 5
DT, AL Gorenstein & 72 5. M2 A (X Gorenstein & 45 & S it
Gorenstein TR CTH Y r — £ < a(S) = -2 BV Lo T 5. O

MRE2.1 AT AL ) —DREEABE LY. (€ ZIiZx LT
4;(S) = max{n € Z | [Hs, (S)], # (0)} & E® g;-invariant & FEEH. KD
MHEDSIEADER L 72> TN D,

HRE 2.2 BH T > a0 2 bDLTH. LED Sy DERAT TV

p (2% L C depthS, > min{dim S, £} BV IO ERET S, D& X,
Eé‘@ So DEAT T pIcxt LT [HGh ™ (S,)]; = (0) ThHHEBIE, {E
BOEH I Ti>2IRDLDEEBEDSDAT TN TS, 2E80LbDIC

LT [HL(S)]; = (0) 2SHZY ST

SR, EE 1) > aS) Db DEL, FED Sy DRAT TV p Ikt
L C depthS, > min{dim S, £} Th->TH [Hg *(S,)]; = (0) Th B
CIREE L. ETIIROEENLTRE .

E5R 2.3. EBD Sy DRAT TN pITH LT > ays,)(Sp) DIAY L.

EROIB. p € Spec Sy LT 5. [Hiet) (Sp)]; = (0) #RLIEV. &,
0> Ul,) LB LICEBELTELL. 92 = £(S,) D& =it local
cohomology Z XD B EL RATL T 5 Z LITFBTHH E V) Z LicE
BETHIEHOATHS. £> (1) LvE. [JK|, 21 (i) K ENEEED

q € Spec Sy Tq C p /B bOIKH LT [Hays,, (Sl = (0) 27w
+ yTHD. dimS, > L DBPAIFES OIRED D depth S, > £ THo T
£>{(I,) > £(I,) 78D TIELV. dimS, < L DHZEFRS DIREIZLY S,
i% Cohen-Macaulay igfﬁ@'(“é(Sq) =dim S, & LT&W. 5 & [JK], 2.1
(iif) 2362 T [HCY o ()] = (0) B3, LoTEENRSNL. O

qu+[Sq]+
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ST, Ng=NnNSy &B<L. Ny DRR/INERRDEEL u(No) 122V T DR
HET HY(9)]; = (0) BV LT EETED. a=p(Ny) B a=0
DEZFEIN =8, ThoTi=LDHETETEZITLL, j>q(5) T
HOEMOEY LD RPN, a>0ELTa-1EFTELWET S,
bL/N=,/S, %25ia=00c&x L LTEHERASHTVEDT, Ny
NREEBTIERVWELTEY., koTece N %cg\/@UnNo /PN
HNZEIS. %L—’CS()@/{?T/VX%_’NO=X+CSO'C,U,(X)<012:7LJ\:
HEIITEY, L=XS+5, 28, ¥5&[B],39i1ckY,

- = [HE(Se)); = [Hy (9)]; = [HL(S)); —

EWVWIERFINFET D, B Ti > LD bOREER L. IRNE
DIRFENZ LY [HL(S)]; = (0) THBDT, [Hy(S.)]; = (0) &R+
FTHDL. ZHUIEED Sy DEATTNp Te g pRDBDIRLT
[HL (Sp)]; = (0) BSE D LD Z L &REF LV, EH2.3 & u(X,) <o
THHI LMD, bLi—1> DL TFREDFEICL VALY LD, o

THL(Sy)]; = (0) ZFEH Lzt huidiz brev. _niUK]N(UK£
B LEBED qeSpecSy, TqCpRbbDIIRLT[H Hs, +[sq]+( Sa)l; = (0)
BT THB. dimS, > L DFEAIFES OIREN S depth Sy > ¢
ROTWS ZE72L. dim S, <€0)t5/\ii?’7ﬁé@{ﬁfﬁ"bliy) S, 1% Cohen-
Macaulay BR72DTL -1 =dimS, & LTIV, D& E2iE [JK], 2.1
(iii) 23E 2 CEERADME T 3 5. a

ERE 2.1 DEIAR. FE 2.2 BV o TVWA Z LT RER
a”(S) < max{ayg,)(Sp) | p € A} U {a,(S)}

DEVILDEND T ETHD. peSpecSy &3 5. local cohomology %
5 EWSBIEL BEbT 2 Z LITFHETH D DT gy(S,) < g,(S) ThH-
T, [T1], 3210 £ 5 & a,(S) < £(S)—£(S) THB. ZDZ Lok b RE

max{ays,)(Sp) | p € A} U {a,(5)}
< max{r(S,) —£(Sp) | p € A, dim S, < £} U {r — ¢}
< max{r(Sy) — £(S;) | p € Spec Sy, dim S, < £} U {r — ¢}

285, [T2, 221085 L 1(S) — £(S) < a*(S) THY, Er—Mic
a*(S,) < a*(S) WAV SIODT, FERX

max{r(S,) — £(Sy) | p € Spec Sp,dim S, < £} U {r — £} < a*(S)

MR D STo T L bk, THHDRERNLAEDOFN1ER L 2ERD
SEXANEOLND. BEOEXZIIALLS. peSpecSy &35, dimS, <
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LD L EINTRSITOVWTOREIZL Y S, 1E Cohen-Macaulay B TH 5
DTr(Sy) — £(Sp) < a(Sy) RV LD, Lo TARER

max{r(S,) — £(S,) | p € Spec Sy, dim S, < £} U {r — £}
< max{a(Sy) | p € Spec Sy, dim S, < £} U {r — ¢}

Z15%. V& Si¥quasi-unmixed 72D T [HHK], 2.312 & % & a(S,) < a(S)
N A/BVASHIE S
max{a(Sy) | p € Spec Sy, dim S, < £} U {r — £} < max{a(S),r — £}

Ths. [T2,22010L 5L r— £ < a*(S) THAHD max{a(S),r — £} <
a*(S) 7o TS, ZNLDREANLREZLOEARHFEOND. O
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On a lower bound of the Cohen-Macaulay type and
the Cohen-Macaulay property of modules

BH BN (HBRFRFERE LEHER)

1 FX

LF, (Am)IZXo>TRKA T 7 )V m 28D Noether BFIETREXRL, k= A/m &
T5 Fiz, M EERERAMBEEL, d=dimy M £T53. KicZITHL,

si(M) = dimy((0) :ui, (ar) M)

EEDD. AL, Hi (M) 3RS F7 ) mICBT5 AMBEM ORFIREDS—
MBEZE &L, dimy(x) Th-NRZ MVERE L TOXRTEET. H (M) i Artinian T
BHN5,0<s(M) € ZTHV, s;(M) = 0 THBBEFHERIE, H (M) = (0)
TH5. £77, 50(M) = dimy((0) :yy m) THB. I T,

r(M) = sup so(M/QM)

LE®D, M O Cohen-Macaulay B EIER (cf. [GSu)). AL, QI M DERAFTT
NWETEZEHL. A|ED BN, —ROMEBE M IZB8T 5 Cohen-Macaulay B r(M) IZ
U, HBH5TREZEZLEZ, pFETIEEM O Cohen-Macaulay BIZDNWTERTSZ L
ZHs.

Z ® Cohen-Macaulay B r(M) IZDW T, #@X [GSu] IZBWTHLSHEINT
BRI A-MEEM BFLC 2D EE, BRI REQD—MBEH, (M) (i # d)
MIRTHRBRER AMBETHDEE, (M) IZDOVTROFMENEG X 5N TNS.

EH 1.1 ([GSu] Theorem (2.1), (2.3), (2.5)). M I FLC%2%FDETE. ZDEE,
ROFERDBHKRDILD.

d d-1

1) = 3 (§)sstan) <00 < 600 = 3 (4 eathi() + o),

=0 1=0

B L ® M 2 quasi-Buchsbaum B16, mHL (M) = (0) (i #d) 725, FX (M) =
S(M) = t(M) AR D 2D,

UL, —BROMBEOBAITIE, FERs(M) = 1%, (9)si(M) 134T L% Cohen-
Macaulay B r(M) LA FTH 2 LITR 57200,
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Bl 1.2. kB4h&EL,d>2,e>052B8HMETD. R=K[X, Xs,..., Xy, Y] &k LD
d+1 BB AHREZBEREL, A= R/ (X1, Xy, ..., Xg)N(Ye) T B &, dimA=d
D, ed(A) = e THB. /7, 50(A) =0,5(A) =1THV,s(A)=0(2<i<d—1)
THOT,s4(A)=1TH2. LEhoT,s(4) =0, (si(A)=d+1THs. &
5IC, ZOBAITKLTIE, r(A) =2<s(A) =d+1 THEIENENDLND.
E/z, ZOFITIE YL si(A) =2 =1(A) TH 5.

TE—R OB M DHEITIE, Cohen-Macaulay Bl r(M) IZM LT, EOXS7F
RNGEZEND2DTHAID. FMEDERFRRIIROEH 1.3 TH5.

EE 1.3. M ZHRERA-MBEELTS. ZOEE, RPBRDIILD.
d
3 si(M) < r(M).
1=0
ZOPRIE, M MFLCZFFDEELHRDENRZD/NIVEEZEZTNDELDIT

RZ50, LOFI1.2135EDOFEEHE 1.3 D FED best possible THB I &KL T
W%, £z, TOEEH1.3DFHREL T, M ® Cohen-Macaulay HIZBIT 2 R D5 R
NELNS.

F 14 MERRERA-MBEETD. ZOEE, RBKROILD.
(1) EEOBEO<i<d-1ITHL, s;(M) <1(M) TH5.

(2) s4(M) <r(M)TH>T, FFWRO L DOBETTEML, M 8 Cohen-Macaulay
THdIETHS.

(3) ([NR)) t(M) =17251%, M 1 Cohen-Macaulay TH 5.

(4) d>0&L, Assg M C Assh; MU {mA} &35, AL, 7 it miEseiift e %
T IDEE, KA ID.

+22s )+ sq(M) <r(M).

(5) ([K])d>0&L, Assz M C Asshy MU{mA} £33, ZDEE HL (M) =2
7251, M/HS (M) X Cohen- Macaulay'(?ﬁé

—f&IZ, Cohen-Macaulay &IEBR 5720 i M 1259 % Cohen-Macaulay B & V)
2LDDERIIVS DNOEMEND S, FIZIE, sy(M) MBEEITFEoND. Fiz, u =
depthy M EL7Z & &, s,(M) DZ &% Cohen-Macaulay B EERAHNETH S
D. EDFR14 D (1) R (2)1F, 215 D& &AL TD Cohen-Macaulay B r(M)
EORNEAFRZERTOOTHY, TNSORE t(M) N—T 5D M » Cohen-
Macaulay DEZITRDENSI ZEZRTODOTHS. £z, F1.4 0 (3) KU (5) 1
Cohen-Macaulay B r(M) BV/NENEZIZHISNTVNDREREDN, AMEDOFEEH 1.3
MOBBHITHMNLZLERTHDTH 5.

IR, B2EICENTAREDERRTHLEM 1.3 DAEHERRS. £/, 83
HIZBVWTHR 14 DHRAZBRD I EITT 2.
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2 TFHE1.30D:iH

AH T, EH 1.3 DFFHAZIBRRS.
BT, (Am)IZ&o>TEARA T 7 )V m ZFD Noether HFIERZE%XL, M &HR4E
RA-MBEEL, d=dimy M £T 5. AAHADRLIBZLDIIRO_DDOHETH 5.

H#WiE 2.1. HOBE > OBNELEL, M DEBOEBRIT 7V Q Cme IZXKL,
so(M/QM) = so(M) + so(M/(QM + Hy,(M)))
MR OILD.

HHEH 2.2. depth, M >0&ET 5. ZDEE, HEEBEI > 0NHEEL, £ED M-E
At a e mb I L, ROX SR ETEIINEET 3.

oo HE(M) S HE (M) = HE (M/aM) B HFY (M) S (ezact)

THoT, hOEBEOBK € ZITHL, B8 f : H(M/aM) — HF (M) 5 58h
N5 socle DEIDEBRMNEHTH . LizNoT, B

si(M/aM) > s;y1(M) (1€2Z)
N> AIRVASN

ZOZDDOHMBIIEE13DTRHICBNTEHERDIDHDTH I, R—JHOK
BL, AHMETIIZOHAAZHEIETES. #L<IF, @X [GSa] 28R L TEZ
7=\,

Tid, EE13DAHAZE LIZWEBIN, T TIIEH 1.3 2 ROFRIZE THIE
L2 TREBAL X 5.

TE 2.3. HOBEEE> OWEEL, FBEOBEA > EICHL, MOBHIER1TT
I Q Cm BFETEL,

MROIMD. XoT, HiC

TH.

TE23DFMA. d = dimM > 0&ELTLW. d > 0ICETARMETTHT S,
d=1DEE HE21Dc> 0 RODIBEHTHD. EBE, FEOER > &L 5.
ceEmMEMOBRETDHE, #E21 LD

so(M/aM) = so(M) + so(M/(aM + Hy (M))) (1)
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RO D. ZZT,d=1XYD M/HS(M)iZ Cohen-Macaulay TH> T, MD ald
M/HS (M) DEZTHHBM5,

so(M/(aM +Hy,(M))) = v(M/HY(M)) = sy (M/H(M)) = s,(M) (2)
BHROID. Lo T, %K (1) KU (2) &
so(M/aM) = so(M) + so(M/(aM + Hy,(M))) = so(M) + 5,(M)
TH5D. XoT,d=1DEEFEENEL W,
d>2E,L T, d—1ETEENPELWVWERET S.

Case 1 depthy M >0DFE : TOEE, #HE22D (> 0INRDIBEHTHB. &
B, EBOBEn>(2E%. acm” & M-EALE T2 &, f#E22 K0

S(M/aM) > s;a(M) (i € 2) 3)

MO D. ZIZT, REDIRKEL D ERER A-INBEM/aM T L, EHE2.3 D
EREMIZTEREL > 00FETS. DFEV, n' = max{n, k'} £T5&, M/aM O
HBBERATTIVQ = (by,...,b4_1) Cm™ Cm™ BEFEFEL,
d—1
so(M/(aM + Q'M)) >3 " si(M/aM) (4)
' 1=0
WRROID. LIEB>T, M DERATTIVQ = (a,by,...,bsy) Cmm T L, R
R (3) RU(4) &b,

so(M/QM) =

wn

o(M/(aM + Q'M))

vV

si(M/aM)

vV

Sit1(M)

WD ILD.

Case 2 —MDF A : Case | KV HERAER A-HIEE M/HO (M) Ikt L, BB 2.3 DFE
B TREE > 00GFETS. 512, MICHL T, @821 #7238 K> 0
WHEETS. ZOEE, k=max{k,c} WROIERTH 5. BB LEOBEK > k
ELD ZDEEFDEVEXD, M/HL(M) DERATTIVQ C m» NEEL,

d
so(M/(QM + H(M Z (M/Hy(M (5)

MDY D. ZZT,QEMOERATTINTHH>TQCme THEMS, cD&E
DA (WE2.1) XV

so(M/QM) = so(M) + so(M/(QM + Hy(M))) (6)
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MDD, LiAto T, RER (5) RUER (6) L1,
So(M/QM) = so(M) + so(M/(QM + HS(M)))

d
> SO(M)+ZSi(M/H21(M))

d
so(M) + > si(M/HY(M))
i=1

d
so(M)+)_si(M)

3 XR1.40DiIHA

AHITIX, R1.4 DFFHZBRXRS.
HUTF, (Am)IZXoTEAALT 7V mEHHD Noether RFTREERL, M Z2HR4E
BRA-MBEEL, d=dima M &T5. R1LAQHHDZHITIE, d > 0 EAREL T,

F1LADFA. (1) s4(M)>0TH205, EH13 KD, FBOBKI<i<d-1
WL

d
si(M) < si(M) <x(M)
=0
THh.
(2) EE1.3 &KV, s4(M) < L 8:(M) < t(M) TH%. M % Cohen-Macaulay O

EE (M) =54(M) THBZ EFXW. BT, r(M) =s4(M) £ET3&,

d
sa(M) <) " si(M) < 1(M) = s4(M)
1=0
THENS, Nl si(M)=0TH%. 2T, s(M)=0(0<:i<d—1)Tdhn,
BH (M)=(0)(0<i<d—1)TH3MN5, M I3 Cohen-Macaulay TH 5.
B)1(M)=1,F2. ZO&ZE FH13 X0

THENS, s4(M) =1=1(M) D NElsi(M)=0 TH%. &> T, M3 Cohen-
Macaulay Td 5.

(4) Ass; M C Assh; M U {mA} &2, BL, s 3 miEFEMLEET. 22T,
AZBLT, ABERTH D ERELTEWN. ZDEE, Assy M C Asshy M U {m}
THEN5, N = M/HY(M) EB< &, Assy N = Asshy N TH5D. L7zoT, H
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% N-IERITb € m AEFEL, BHL(N) = (0) (0 < i < d— 1) #2727 (e.g. [BH,
Theorem 8.1.1] BOBFAIZ LR L TWARNWA, MIBEICH L THRKTH 2). T,
NITHLUT, #2225 T8 E(>02E5. S50, MITHLUT, #E2.1 %2
T BEc>0%2E%. 220, n=max{l,c} £PBF, a=0"ET5. TBHL (D&
DhH (F&E2.2) X0, HEEZLS

oo HE(N) S HE(N) = HE (N/aN) B Hit (V) 5 (7)
BIFFEL T, EBOBRK € ZICRL, B f : Hi (N/aN) — HF(N) 75 EhR
% socle DEIDE/RNEHTHS. £IAT, WEaH (N)=(0)(0<i<d-1)T
H2M5, LOFELH(7) L0, FEOERI< i <d— 1L, 5E275
0 — Hi (N) — Hi (N/aN) 25 HiF(NV)
Z2/5. KoT, WEER f; : H L (N/aN) = HH(N) idsocle D L T2HTH 2N 5,
si(NJaN) = s;(N) + ;1 (N)  (0<i<d—1) (8)

THD. ZIT,EH23K0, NaN DBEZRATTIQ = (by,...,ba—y) C m" H3FE
fEL, .

so(N/(aN + Q'N)) 2 ¥ si(N/aN) (9)

=0
ZWzS. Lo T, NOBERITTIVQ = (a,by,...,bs_y) Cm* IZH L, R
(8) RUARERX (9) &b,

so(M/(QM + Hy(M))) = so(N/QN) =so(N/(aN + Q'N))
d—1
> Zs,.(N/aN)
d—1

= Z(Si(N)+Si+1(N))
o -1
= Zsi(N)+ZSi+1(N)
- 7
- Zsi(N)-l'Zsi(N)
d—1
= Z2s,~(N)+sd(N)
d—1
= > 25(M) +54(M) (10)

/5. —AT, QEMOBRITTIINTHHoTQCm  THEINS, cDEDH
(W& 2.1) Lo,

so(M/QM) = so(M) + so(M/(QM + Hp(M)))
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THD. LIhioT, FERK (10) &Y,
so(M/QM) = (M)+SO M/(QM+H°(M)))

> +Z2s )+ sq(M)

=55, ko,
+Z2s )+ sq¢(M) < (M)
MDD,

(5) Ass; M C Assh; M U {mA} £T5. ZO&E, HL (M) = 272513, (4)
v,

+Zzs )+ sg(M) < t(M) =2
THs. 2T, sd(M)>0‘C%Z.>7b\b si{(M)=0(1<i<d-—1)ThiFThudzs

T,HBH (M)=(0)(1<i<d-1)THhH2MN5, M/HS(M) iZ Cohen-Macaulay
TH5. O

SE X
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ON SALLY MODULES OF m-PRIMARY
IDEALS IN BUCHSBAUM RINGS

KIKUMICHI YAMAGISHI

The purpose of this note is to discuss several basic results concerning the Sally modules of
m-primary ideals in Buchsbaum rings.

Let (A, m) be a Noetherian local ring of dimension d > 0 with infinite residue field and I
an m-primary ideal of A. We denote by R(I) the Rees algebra of I; i.e., R(I) := @, 5, I"™.
W. V. Vasconcelos [V] introduced the new notion the Sally module Sq(I) of I with respect
to a minimal reduction q as follows:

So(D) = IR(D/IR(a) = ) "/ Tq".
n>0

Using this new notion, he and other peoples [V][CPP] etc. reconstructed well-known results
[No][Na] etc. on the Hilbert coefficients of I in the case where A is Cohen-Macaulay. Also,
A. Corso [C] extended these results into the case where A is Buchsbaum.

Under the assumption that A is Buchsbaum the author would like to discuss several
results about the generalized Northcott’s inequality [No] given by S. Goto and K. Nishida
[GN] and also the positivity of the second Hilbert coefficient of I given by M. Narita [Na).

1. HILBERT COEFFICIENTS OF SALLY MODULES

Let us calculate the length of homogeneous componets of the Sally modules. Since Iq™
is contained in q" too, we have

La(I"T/1q") = 1a(A/a™) +1a(a"/1q") — La(A/T™HY).
It is well known that for n > 0 all three functions appeared on the right hand side,
1a(A/q™),14(q"/1q") and [4(A/I™*?), are polynomials in n. Hence l4(I"t!/qI™) can be

written as a polynomial in n of degree at most d — 1 in the form

N n n+d-1 n+d—2 ' _
zA(I+1/1q)=SO( b )—( . )+~--+<—1>" Bsas

where s; € Z (1 =0,1,... ,d — 1) and so > 0. Note that dima Sq(I) < d and the equality

is not necessarily true in general. But, in a temporary terminology, we may call these
integers sq,$1,... ,54—1 as the Hilbert coefficients of the Sally module Sq(I).
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Now, let us evaluate the Hilbert coefficients of the Sally module more precisely. Recall
. that for n > 0 the functions [4(A/I™*"!) and 14(A/q") have the following expressions

La(A/T™HY) = eo(I) (" Z d) —e() (” ji-:lI 1) +o o+ (=1)%ea(I), (§1)

L) el (") —a@ (P S0 o 0, )

where ¢;(I) and e;(q) are the Hilbert coefficients of I and q respectively. For simplicity,
we usually write e; instead of €;(I), namely e; := ¢;(I) for all 1.

We denote by G(q) the associated graded ring of g; i.e., G(q) :== @,5, 9"/q"**. Con-
sider A/I® G(q), a graded ring of dimension d. Let &g, é1, ..., é4_1 the Hilbert coefficients
of such graded ring A/I ® G(q). Hence the function [4(q"/Iq") is the polynomial in n for
n > 0 as follows:

n—l—d—l) A(n-l—d—Z
— €1

e/ 107 = o5 N PR L)

Using these expressions (§1), (#2) and (#3), we have the following proposition.
Proposition 1. s; = €41 — ei11(q) — €i(q) + & holds for 0 <i < d— 1. In particular,
So =€ —el(q)—60+é020.

The next proposition is very important fact about Sally modules.

Proposition 2. Let A be a Buchsbaum ring (or it is enough to assume that q is a standard
parameter ideal of A). Assume that depth A > 0 and the graded ring A/I ® G(q) satisfies
the first Serre’s condition (S1). Then the following four conditions are equivalent.

(1) Sq(1) = (0).

(2) I? = ql.
(3) s;=0forall0<i<d-1.
(4) so=0.

Proof. The assertions (1) <= (2) = (3) = (4) are obvious.
(4) = (1) Assume that Sq(I) # (0). We claim the next.

Claim. ASSR(q) Sq(I) = {mR(q)}

" Proof of Claim. In fact, choose a homogeneous prime ideal Q € Supp R(q) Sq(I) such that
Q # mR(q). Since q is a reduction of I, there is an integer r such that I"t! = qI". Hence
I"Sq(I) = (0) clearly. Thus @ contains m, namely @ 2 mR(q). Hence ht Q > 2. Now

look for the following exact sequences:
0 — IR(a)q — R(a)q — (4/1 8 G(a))q — 0;

0 — IR(q)q — IR(I)g — (S4(1))q — 0.
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Since A is Buchsbaum (more precisely q is standard) and depth A > 0, we know depth R(q)¢g >
2. Hence we see depthIR(q)g > 2 too by the assumption that A/I @ G(q) satisfies the
first Serre’s condition (S;1). Moreover depth IR(I)g > 0 clearly because of depth A > 0
again. Thus we conclude that depth(S4(I))q > 0. This means Q ¢ Assg(q) Sq(I).

By this claim we see dimp(q) Sq(I) = d immediately, hence it implies that so > 0. Thus
we get the assertion.

2. BUCHSBAUM VERSION OF CLASSICAL RESULTS ON
HILBERTS COEFFICIENTS — NORTHCOTT’S INEQULITY

From now on, let us assume that A is a Buchsbaum ring (more precisely, it is enough
to assume that q is a standard parameter ideal of A).

At first we shall discuss the generalization of the Northcott’s inequality [No], which was
established by S. Goto and K. Nishida [GN].

We set one more useful notation. Let q:= (ay,as,...,aq). Then we put

Note that this ideal X(q) is uniquely determined by q itself not depending on a particular
choice of a system of parameters aj,az, ... ,aq such that q := (a1, a2,... ,aq). With this
notation we can describe the following.

Theorem 3 (Generalization of Northcott’s inequality [GN]).

(1) ey —eg—e1(q) +1a(A/I) > 0 holds.
(2) the equality appeared in the assertion (1) holds if and only if the following two
conditions are satisfied: (1) I* C qI + H% (A); and (11) I D Z(q).

Let A[t] denote a polynomial ring over A with an indeterminate t. Recall that the Rees
algebra R(q) is regarded as a A-subalgebra of A[t] as follows:

R(q) = Alait, aqt, ... ,aqt] C Aft].
Since A/I ® G(q) = R(q)/IR(q) obviously, we have a ring epimorphism such that
@: A/I[X1,Xs,..., Xa] — R(q)/IR(q) = A/I @ G(q),

defined by ¢(X;) = a;it mod IR(q), where A/I[X;,X,,... ,X4] denotes a polynomial ring
over A/I with indeterminates X1, Xs,...,X4. Then the next assertion plays a key rule to
show Theorem 3 above.
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Proposition 4 (Cf., [KY, Lemma 3 in Appendix]). The following four conditions
are equivalent.

(1) é = la(A/D).
(2) The ring epimorphism ¢ defined above

P A/I[X11X27'-- 7Xd] — A/I®G(q)

18 an isomorphism.
(3) la(a/Iq) =d-14(A/T).
(4) I2%(q)

Proof of Theorem 3. By ¢ it is obvious that [4(A/I) > é,. Hence we know
er —eo —e1(q) +1a(A/I) > e1—eo —e1(q) +é0 =50 >0 (44)

by Proposition 1. From (#4) it is easy to see that the equality e; —eo —e1(q) +1a(A/I) =0
holds if and only if so = 0 and éy = [4(A4/I). The assertion (2) immediately follows from
Proposition 2 and Proposition 4.

3. BUCHSBAUM VERSION OF CLASSICAL RESULTS ON
HILBERTS COEFFICIENTS — POSITIVITY BY M. NARITA

Let us still keep the same notation as in the preceding section. Here we discuss the
positivity of the second Hilbert coefficient of I given by M. Narita [Na], and let try to
generalize it to the case where A is Buchsbaum.

We denote by h* the length of the local cohomology module of A, i.e., Rt :=4(H, (A)
for each 7. Then we begin with the following.

Theorem 5. Suppose that d = 2.

(1) ey +h! >0 holds.
(2) The following three statements are equivalent.
(i) The equlity e3 + h' =0 holds.
(ii) There ezists an integer t > 0 such that I*' = (al,az)I and I' D B(at,dl).
(iii) For any integert > 0 and any minimal reduction q' of I', it holds that I** = q'I
and I' 2 2(q').
When this is the case one also has depth A > 0.

Outline of the Proof. For any t > 0 enoughly large, we have
lA(A/It) = 60(It) - 61(It) + Cz(It).

This implies
€y = ez(It) = el(It) - eo(It) + lA(A/It)
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Hence we get

ez —ex((a1, a3)) = ex(I') — eo(I") — ex((af, a3)) + La(A/ 1)
2 SO(S(at’atg)(It)) Z 0.

1
Since A is Buchsbaum, we already known that e, ((z,,2;)) = —h! for any parameter ideal
(z1,z3) of A, see [SV]. Thus our assertion follows immediately.

Example. There is an example of Buchsbaum rings A such that e, < 0. Let k[[X,Y, Z, W]
be a formal power series ring over an infinite field k. Put

A=K[[X,Y,Z,W])/(X,Y)N (Z,W) and m:=(X,Y,Z, W)A.

Then (A, m) is a Buchsbaum local ring of dimension 2. Moreover we get

La(Afmrt) = 2(" N 2) —1

for all n > 0. This means that eg =2,e; = 0 and e; = —1.

Theorem 6. Suppose that d > 3. Then
e2 +h'(A/qa—2) + h°(A/qa—3) > 0

holds, where we put q; := (a1,aq,... ,a;) fori =d —3,d — 2 respectively.

REFERENCES

[ A. Corso, Sally modules of m-primary ideals in local rings, preprint 2003 in arXiv:math.AC/0309027.

[CPP] A. Corso, C. Polini and M. V. Pinto, Sally modules and associated graded rings, Comm. Algebra
26 (1998), 2689-2708.

[GN] S. Goto and K. Nishida, Hilbert coefficients and Buchsbaumness of associated graded rings, J. Pure

' and Appl. Algebra 181 (2003), 61-74.

[KY] K. Kurano with an appendix by K. Yamagishi, On Macaulayfication obtained by a blow-up whose
center 1s an equi-multiple ideal; Appendix, Unconditioned strong d-sequences and local cohomology
of Rees and associated graded modules, J. Algebra 190 (1997), 405-434.

[Na] M. Narita, A note on the coefficients of Hilbert characteristic functions in semi-regular local rings,
Proc. Cambridge Phil. Soc. 59 (1963), 269-275.

[No] D. G. Northcott, A note on the coefficients of the abstract Hilbert function, J. London Math. Soc.
35 (1960), 209-214.

[SV] J. Stickrad and W. Vogel, Buchsbaum rings and applications, Springer-Verlag, Berlin, New York,
Tokyo, 1986.

Y| W. V. Vasconcelos, Hilbert functions, analytic spread, and Koszul homology, Contemporary Math-
ematics 159 (1994), 401-422.

Facurty oF EcoNoIiNFORMATICS, HIMEJI Dokkyo UNIVERSITY, KAMIONO 7-2-1, HmmMEJ, HyoGo
670-8524, JAPAN
E-mail address: yamagisi@himeji-du.ac.jp

—116—



Buchsbaum rings with minimal multiplicity *

REETER (FRAK - BBT), HHEE— (EHEKX - STiE)
1 Yl & HR

COHEXBUT, kK REREKEL, S=k[Xy,..., X)) 3k Lo EBOLERR T %
SDERATTNVET S, FFICHOZLVRY, I C (Xy,...,X,)? EIRELTHL.
—fEIZ, FR k%K (homogeneous k-algebra) A = @, 50 4n = S/T T LT, 2D S
E o XREAF & B/NE H55#E (graded minimal free resolution) %% 2 5% ‘
0— @ S(__j)ﬂp,j(A) NN @S(_j)ﬁl,j(A) 28 5 A0,
JEL Jj€EZ
ORI

indeg I min{j € Z : fo;(I) # 0} = min{j € Z : p,;(4) # 0},

.rt(I) max{j € Z : fo;(I)# 0} =max{j € Z : 1;(A4) # 0}
IZFNEN I O initial degree, relation type & FFIENAAREETH AH. & I Tid, indeg ]
DN IT indeg A DX HIEL. 72721, APZERROE AL, indegd=1 LB &
2% 5. ‘

regA=max{j —i€Z : B;;(A) # 0}
¥ A O (Castelnuovo-Mumford) regularity L IFIENAAEETH ), HL L OHFES L
TV, reg A XA IAER Y —2HOWTEHETLI LA TE 5:
regA=min{n € Z : [Hyp(A)]; =0 (i+j>n)}
BETAIAREEL LT, B - EZIZL 5 g-invariant DEFREZEVWHELTB L
a(A) = max{n € Z : [HE™4(A)], # 0}. .
CDEE a(A)+dimA<regA TH52. T/, EEHP S, regA > indeg A — 1 DKL T
505, FFHBWILT BIGHEIC, I 13 (F7213 A A°) linear resolution *FHFD LT 9. #FiC,
g=indegI(>2) & &, I (F7213 A) iZ g-linear resolution 2 HF2 L E9:

A % g-linear resolution % ¥ & reg A =indeg A — 1.

(EE) A 1ZZHEAER (ICHRE) OBAICR Y, 1-linear resolution % 0.

LT T, A @ Krull X7t% dim A = d, #KJL (codimension) % codimA=n—d=c
B M=A, =35, A Z ADTE 1 DDFRBKRA 77 v (homogeneous maximal
ideal) #RT DD E T 5.

ot hyt o+ bt

F(A, t) = Z(dimk An)tn - (1 _ t)d

n>0
% A O Hilbert BB EFTHLE e(A) =3 h & A DEHE (multiplicity) & FER. —
B, A D MEERATTNVIITHLT, I OEEER e(I) = limpoo 5 14(A/I") TH X
Lbia.

INov.16, 2005; & 27 EITTHRBHR Y v RY T A (I BIWEA ¥ 7 v F KB > & —)

Il
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(A,m, k) BRAAROL &, A ITHEET 2 RBH SR
gr(4) i= P mn /!

n>0
FERICER F A2, ADPER ERBOLE, BRZREBNFERELTORE
eron(A) = A 251D,

Cohen—Macaulay P2 DWW TIZBEA L LT, Buchsbaum HIZDOWTHEICEZE L TB
). ADERER z1,...,24 WX LT, Q= (z1,...,74) £BLEE, 14(A/Q) — e(Q)
PEROEY FIZI 52 WEREZES & X, AT Buchsbaum |RTH 5 L5V, ZDEHK
% I(A) LELL ZOELE ADRBAIIFETY — Hi(A) (i#d) 13 k EOFRRITRY
MVEBTH Y, FOXRTLE hi(A) = dimg Hiz(A) (i #d) £ BLE,

-1 0\
=3 (17w
i=0 :

PR SLD.

T, KROEHBI, initial degree IZ7¥H L T, minimal multiplicity % # > Buchs-
baum FBFIROBEZILET A L THAH. ) ¥ )V D minimal multiplicity D&
R B I D52 DTHL (TROBKSR). FHIT, —FEFEEOTHRER
WY YRYTLIIBITAFHKE OI[FEHEEIZEB VT, Buchbaum Stanley-Reisnser 3R I2
X} L CIA#& D minimal multiplicity D#t& % 5 2 72. SRIOIRIE, 2 TORER T —#&
® Buchsbaum FX k fAEICH LILIT723DTH 5 (Bl 4.1 2H). & Z AT, “minimal
multiplicity” &) HFEIE LIZLITRZ2BHRTHWONL Z LW 5. BESLEV LD
12, COMIEOWTHLERLTHL.

Sally 13 Cohen—Macaulay RFTERIZx L TROAER % FEH L7 ([11)):

embdim (4) < e(A) +dim A — 1, T72bb, e(A)>codimA+ 1.

SO, FEFVHILT S & ZIZ, A 1T maximal embedding dimension %2 & £ 7z ([12]
ZH). ZOA%ERIT A H° Cohen—-Macaulay 7K k REDOBHEIC D WwRBELT 5. —F,
A BPREWAE £ LOFREBOHEICHFE CAFERNKILT 5 2 L 4% Abhyankar 12
Lo TREINTWS ([1]). T7-, 58 [4] 1T, Sally DAZEX L Buchsbaum FATRDEHAIC
BROLHITHIRTE A Z L 23R L7z

e(A) > codim A + 1 — I(A).

CZTHEFDVHILYT A EE Al maximal embedding dimension % %2 Buchsbaum 3T
»H5EE) ([4). Zhid Cohen-Macaulay RFTER (b L ZFR k ¥ oBE0BR
ZHEARIC 72 o TV b, A 2% Buchsbaum (Cohen—Macaulay) BATER® & &, A % maximal
embedding dimension # 2 Z & &, gr (A) % 2-linear resolution %> Z & & IIFE
TdH 5 ([12, 4] £H). Cohen-Macaulay Jd L { IZREMBAELEDOF X £ K2k A 123t
LT, e(A) (7203, Mg 2ABESHREORE) PRATHS &) BIRT, ZoE %
minimal multiplicity &FERE A4 b5, L2 L7%A%5, Buchsbaum D7 5 A 12B VT
i3, SOITNSREDERELRY 9 5. EBE, %83 [5] 128\ T, Buchsbaum FERTER (b
LA, FREARE) CHT2EEEOTRE5 2, £0 X9 %2 7 A28\ T minimal
multiplicity OBt %EA L7z:

d-1
(A, m): Buchsbaum BFER = e(4)>1+ Z ((j: 11) hi(A)
i=1
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DI T A & &, AT minimal multiplicity % 32 Buchsbaum J|RTH» 5 L5, TD
¢ &, A i¥ maximal embedding dimension Z#%, grn(A) 13 2-linear resolution > Z
EHLEN TS ([5]). (A PERIDOHEEZERVT) A 252 OFK T minimal multiplicity
%#D & % Cohen-Macaulay (2132 52 WZ LICEET 5.

CDOHETIE, BEOBA% [minimal multiplicity % #2 Buchsbaum & | LI, £
DIRIZOVWTER S,

2. BucHsBAUM AKX kREDEHEDO TR

ZOFIIBWTIE, A B3EFR kR ELIREL, dmA =d > 2, ¢c = codimA > 1,
g=indegA>2 &BL. TOHDHEMIE A #° Buchsbaum D& X2, d, ¢, DEEXETE
#E e(4) D TR %5 X, minimal multiplicity of degree ¢ DBtEZ 5252 L TH 5.

DFCIE, 2y, .,z4€ A Z ADERELTHEZEL, EOEHK £ I1IXLT,
d
Q= (z1,...,Ta)A, E(x_£)=2(x{,...,zf,...,x$):zf-i—Q
i=1

EBL. 85I, 2(Q) = S() £B . EEREEBBHIC, CobenMacaulay FK k 1t
BOBEDRERIIOWTHIATSEZ ).
#E 2.1. A i Cohen-Macaulay EIRETAH. CDL X,
(1) e(A4) > (C:T) HRIALY 5.
(2) a(A=r1egA—d>q—1—-d PHILT 5.
(3) T72, REEWICFETH 5
() e(4) = (73%)-
(b) a(A)=q—d—1.
(c) A 1Z g-linear resolution ZH>.
ZDEE A/Q kY, Y]/ (Y1,...,Y)! TDH .

ST, ROBHIFEA DEFOHERTH ), COHOERRTH L.

EIE 2.2. A ¥ Buchsbaum EIRETH. TDEE,
(1) ROAFER? HRALT 5 :

c+q—2 lrd-1 ;
e(A) > ( 2 )+;<i_1>h(A).
(2) 2(Q) Cc M 4+ Q.
(3) a(A) > g—d—2.
(4) [Hip(A)]; =0 (i <d, j<g—2—1).
EEFECETALORERNPORDOEREZ TH I ENTWERICED.

EE 2.3. Buchsbaum ZX k ﬁfﬁ( A DER
-1

W= () £

i=1

2% B, TORERIFHEBK (EBERE) KL TRAICFESAIDTH .
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% A723 & &, AT minimal multiplicity of degree ¢ 2F2 LS. 7L, A BFER
IR (ICFA) O & 13, indeg A = 1 T minimal multiplicity of degree 1 Z 2 L BT 5.

EE 2.4. € 2.2 |3 Buchsbaum BATERICH LCHEATL I LATES. BT, g=2
ir,z*“\bi 7 [5) 10 X Y EA & 7172 minimal multiplicity % ##2 Buchsbaum BB O
iﬁ(?‘é
Buchsbaum JAPFTERIZH L C minimal multiplicity @ EEEG LI &, BREHS, %
DL RERD gTn(A) PRI DCOMBERFOZLERTZ tﬁmihéﬁ‘ [6] D&
HH3H 5 &9 ICZ OIERITIID &£ WEESHE) YAz, 20720, [E]bi)%%igk
DT DFEIIBRZ VDS, BRTRERETH 5.

FHE22DHZIILOLHICKOBERZBVHLTEIS.
T 2.5 (Hoa-Miyazaki [9, Corollary 2.8]). A | Buchsbaum ERET 5. TDL &,
regA <a(A)+d+1.

TEE 2.6. —fRIZ, reg ADEHL D, a(A)+d <rteg A TH 5. 5i2, A %% Cohen-Macaulay
DIFEIITFEFTIKILT 5. F 72, Hoa-Miyazaki DEHEIZ L 1T, A 7% Buchsbaum D
Gid, regA=a(A)+d T7cidregA=a(A)+d+1 THAZ XG0 5

(EHE 2.2 OFLRR).
Claim 1: a(4) > ¢—2—d.
Hoa~Miyazaki DAFRIZL Y, g—1=indegA—1<regA <a(A)+d+1. Wz,
W(A)>q—2—d %182
Claim 2: [2(Q)], =[Qln (n < g —2) "V ILD. FEIT, Z(Q) CMI1+Q TH 5.

£ 1<i<dR2EELT, B = Af(zy,....5...,00) LB E, B 1KEAK
Buchsbaum kX T

B=T/IB) HE%I( ) = J/IBa Tzk[y'la . c+1]

LESZEHDTES. ZDLE indeglp > indegl = g T, MJ C Ig 7225, indeg J >
g—1TH5s. FiZ,n<qg- 2&%@;"

(l‘l,...,.'IJi,...,CBd)Z Z;
(Il,...,ﬁ,...,.’ld) n

Tabb, [(z1,...,, 8., 80): Tiln = [(T1, -, Tiy- -, Ta)]n C [Q)n THB. i IZDVTH
2H-oT, [ 2Q))wC[Ql. (n<qg—2) 2585. RYDFRIIIADPLELICHD.

Claim 3: e(4) > (*1%) + 0} (U1 hi(A). E510, %512 [S(Q)n = 4n (R 2 g~ 1)
DEEIZEOND.

ROWE 2.7128 D, 1a(A/2(Q)) > (14,%) #ERT X
#& 2.7 (5 [5, Theorem 4.1)).

= [H%(B)]. =o.

d-1

() = (@) = u(a/m(@) + 3 (12 )wa)

i=1
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8T, Claim 2 124X D),

L(A/SQ) = 3 dim [4/S(Q)), = 3 dim, [4/0),

T 57, indeg A/Q > indeg A =q W .,

amiwan-£(17) - (117)

n=0 n=0
LoT, Bt OERT/D. LOEHTAEFTIZIEHZITTHA. Claim OBFDOER
Low’cci FOREXTE TR AT AEE2»EZETITEONS.

Claim 4: [Hiz(A)]; =0 (i<d, j < g—2—1).
regA>q—1 ¢ regA XRBTAFER T —CTERIALLXDPLBZIEOND. O

% 2.8. A ¥ Buchsbaum EIRET 5.
(1) indegA=¢>¢ >2 %2563,

e(A) > (c:q_; 2) +j§:i (‘:: 11)h"(A).

2) A %% Cohen—Macaulay T, ¢ > 2 % 51X, A 1T minimal multiplicity % #7272\,
GEH). WITNDERY f:Zy0 - Z (z— (7)) HFz COWTHEHAEMTH L &
PHRET . O
DEIDOEDL Y IZ, ROFRIZOVWTIA Y FLTHEL.

2.9 (Kamoi—Vogel [10]). A 13 Buchsbaum LRETH. TDL &,

dz (‘:)hi(A) < (reg’:fj‘ 1)
> A/ RASN |
3. MINIMAL MULTIPLICITY % #§2 BUCHSBAUM AKX k IO

RIEITlZ, initial degree ¢ ® Buchsbaum FR k {3122 \> T, minimal multiplicity ®
BarEA L. COBMSRHL 2 BREGE AT, OHOEKIEEOBROEMH T
#5252 THA.

DT, siER LRI, A X M 27272 1 DOFRBKRA 77 MIEFEOEXR kKT
dimA=d>2 codimA=c>1,indegA=q>2 EIRETS. /2, 11,...,24€ A I
ADBEREL, Q= (z1,...,74), 2(Q) =X(z) & BK.

EE 3.1. A »° Buchsbaum DL &, LOFRREFDOT T, RIIFETH 5.
(1) A 13 minimal multiplicity of degree ¢ ZH>. T bbb,

= (7130 S (2w
2) a <*)=i—

d—2.
(3) Hin(A) = [Hin(A)lg1s (i < d) RO [He(A)n =0 (n > q—d— 1) #HLF 5.
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(4) A 1% g-linear resolution ZFH, S HLITRVEILT 5 :

-1
Z (4)hi(A) _ (regA+c— 1).
° 1 c—1
=0

(5) Z(@) ="'+ Q.

(6) (@) =A4n (n2g-1).

E5IT, TDLE, regA=q—1, Soc(HL(A)) = [H&(A)]
% 5i¥, A X Cohen-Macaulay T7Zz\».

EE 3.2

(1) I3EH 2.2 TRZ-THRZISL Z L 2EKT 5.

(2) IZBWVT—RRICIE > A9 D LD (Hoa—Miyazaki [9]).

(3) 1IZBWT, A #*° g-linear resolution XTI, AIFIETHMIZL, a(A) <g—d—-1Tdh
% (Eisenbud-Goto [2]).

(4) IZBWT—RITIZ < 29D 22 (Kamoi—Vogel [10]).

(5) ICBWT—RKRITIZ C AR LD (EH 224 D).

THhb. FFiZ,¢g>2

gq—d—2

FIZ, A B (Y Y FIVOEKT) minimal multiplicity % 2 Buchsbaum 7% & i,
2-linear resolution 2 Z & &b~ 7z. Z MIIHLFR & #1172 minimal multiplicity {238V T
bREIND. EE, LOEHED (1) = (4) 12L&V, A 5% minimal multiplicity of degree
q 2% 5613, AT glinear resolution #FDOZ L A¥bH 5. FV iz U, “minimal
multiplicity Z#&2” ]RMD 7 T A1 “linear resolution #&{H2” D7 T ADH THEDHE
2EOLOL LTHEOIIOoND. 20X ) %2EHEAS 5, Buchsbaum &K k fAEAT linear
resolution 2 27O DHEEL G 25, ROFERIIEHE 3.1 DERICBVWTEERKE
ZET 5.
£ 3.3 (Eisenbud-Goto [2]). A A% Buchsbaum LIRET 5 & &, RIIAMETH 5 :

(1) A 1% g-linear resolution ZFD.

(2) Hsm( ) = [Hip(A)lg-1-s (8 < d), RY, [Hip(A)ln =0 (n 2 ¢ = d) BRI 2.
(3) o7 = QM.

COEE, AJQRKY,..., V(Y. YU THE. BT, La(4/Q) = (77,

DT, &8 3.1 25EHT 5. EH 220G HE2 52 (1) & (6) DRMEEFHZE LA TWS.
ZZT,

(6) = (5) = (4) = (3) = (2) = (6)
R L.
(X 3.1 DILRR).

6) = (5): [E@))n = An (n>g—1) LIXET R L, Q) DM Thb. 77,
Q) QEELDOT,Z(Q) 2MI 1 +Q %7135, Theorem 2.2(2) & 0, HHEXDLEH
%ﬁ‘?%enfwz,am EZX0Q) =M1 +Q 21535,

DQ) =M+ Q ERET L, [Z(Q)n=A4, (n>qg—1) PELICEINS.

(5) = (4) : M CBQ) £V, M CMEQ) CQ 2H/2. A BFR k REZ
5,0 = QNI = QML T 3. fo T, Eisenbud-Goto DEEP S, Al g-linear
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resolution ¥ 5,

d-1
(31) o) = 1a(4/@ - 1) = (TN - (T e
#1585, —F, (5) = (6) = (1) PRILL TWBDT,
(3.2) e(A) = (C:f; 2) + z_: (‘Z: 11) hi(A)

Thb. 200REHET AL,
"i (‘?)hi(A)= <c+q—2> _ (regA+c—1)
£ 7 c—1 c—1
=0

&5,

(4) = (3) : Eisenbud-Goto DEE (FH 3.3) I2& V), Hix(A) = [Hiz(A)]g-1-: (i < d)

Wb, %1%, a(A) <g—d-2 ZRLIzW. 77, (A)<regA d=q—1-d Th5s.
2T, [H, gn(A)]q 1— d—O xEz2d v, AT g-linear 72 75“5 FX (3.1) PBALL, Rz
LabET (1) DHER%E/5. 5712, (6) ZHET, [(B(Q)]lg-1 = Ag—1 PBILT SH. Lo T, K
DFBLERAT LI LIIRET 5.

R 3.4. TF 3.1 DIRENT T, M = QML %513, [A/S(Q)]g-1 = [HE(A)lg—a-1 T
H5.

(FE9). A (37K Buchsbaum k RE7ZH 6, RD & 5 ZIRMRPHFLET 5:
(A/2(x)) (d) — (A/Z(2?) (2d) — -~ — (A/Z(z")) (td) — - — H(A),

T 1<k < LT, Bfg (A/3(2F)) (kd) — (A/2(2h)) (4d) & (z1---za)t* £
THXbNA. ZIT, BAR o (A/5(2h)) (bd) — HE(A) REHTH Y,

lim (A/2(2)) (6d) = Hix(A)
ALY B (B 213, [14, Lemma 1.3) ¥ ¥ X). 20L& &, HEIZXD Claim 2559 .
Claim. A, 11(¢-1a C (1 - 24) VM + B(zh).
ER,
gma-LHE-Dd — QE-Ddgna-t ¢ (gf | phygnalHE-Dd-t | (7 g )e-lgna-]
Th5. 0O

TEHOTHEIIES ). WiE 34 L a(A)<q d—1%5b, H(A) =0(n>g—1—d) »*
=rohs.

(2) = (6):a(A)=q—d—-2 L IRETHEL, EED n>qg—-1 1L T,

[A/5@Q)), & [HE(A)ln-a =0
Ehs, ROLZADPFLNS.
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&%, a(A) =qg—d—2 DT T, Soc (H(A)) = [HEG(A))g—a—2 ZFHBL L. 207
DI, EEDO n<qg—d-3 1T LT, [Soc(HL(A). =0 xS 2 ¥FKHTH5H. LI
BRIIFHREEZE RS

[A/Z(Q)lnta = [A/S(@)nr2a ==+ —
[14, Proposition 3.8] IZ& 1), F 41

Hip(A)ln.

—_—

Soc (H3(A)) € Homs(A/Q, HE(A)) = ¢, (Zi=1 Ty G- za2(Q) + 2@2))

EHOoTWE. S(Q) =M1+ Q THAZILIEETSL, j<q+d-3DEE,

d d

Zzl...@...xdz:(QHE(g?)J = Y @ Ei2alQliman + [B(2);
i

C a1 zghja+ [2(27));
Tha. BRI, [Soc (HH(A = [BUP]  (n<q-d-3) Thr £IT, %0
Claim Z/REIZRW.
Claim : [5(Q) : 9; C [E(Q)]; (1 <q—3).
i<qg-3 R%EZETH. FED £ [2(Q): M; X LT, M(ME) CME(Q) CQ TH
5. Soc(A/Q) XKB g —1 DFFERLTVAEDT, a € A 3 LT, af € [ME]j41 C

(@: My = [Qlys THB. o T, MEC Q. $7DB, E€[Q: M), = [Q]; [Z(Q);
&7, Claim %51 5.

ULET, EH 3.1 DEHEERZ S, O

X 3.5. A & g-linear resolution %* % © Buchsbaum &Kk k fX#k& L,z € A, 21ERITT
LT A/zA 3FE U g-linear resolution % #2045, A 7% minimal multlpllaty of degree
g ®FoTH,d>2 T APLERNETL L, A/zA ¥ minimal multiplicity % #72
V. ‘

4. WL DODDH]

Z O TiZ, minimal multiplicity % 2 Buchsbaum ERDFI % W 2P ;R L . 5¥)
12, TOBEEZEAT S & o01)IT7% o7 Stanley—Reisner IDFEIZOVTHRRTH L.
F 4 OBE2IE, Stanley-Reisner ROFAITIL, [13] ICL D EAINBAE L —FT 5. &
B, £550 a(A) =indegA—dim A — 2 THHOIT L LATE 5.

il 4.1 (Terai-Yoshida [13, Theorem 2.3] £H8). 4 = k[A] % V = {1,2,...,n} LD
Buchsbaum HAREIHEAE A LCH‘[‘L?’Z: d RIJCD Stanley—Reisner 3R & T 5:
k[A]=k[X1, n]/( .. 1<Zl< <ip<n {’111, . Zp}¢A)

CDEE c= codlmA, qg= 1ndegA EBL L, e(A) > Cji—d(0+q— ) THH, ROZMFIR
HEWIFEETH 5 :

(1) A i3 Buchsbaum Stanley—Reisner 38 C, minimal multiplicity of degree ¢ % #>.
Tbb, e(d) = °+d(°+q %) ﬁ‘JJjZV)_LO
(2) a(4) =g—d -2
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(3) A i¥ Buchsbaum FK k & L T, minimal multiplicity of degree ¢ Z#F2.
(4) A iZ g-linear resolution Z#F 5, dimg Hy_2(A; k) = hegq DB D LD, 72721,

o clc+1)---(c+qg—2)
“M T dd—1)---(d—q+2)

(5) ADRFUTKRDE )BT D h=heg, &L LT,

(1, ... (C;EIQ)’ _<Z)h, (qil>h"" ’(—]_)d—q-}-l-(g)h) :

(6) alk[ka{e:}]) = q—d—1(i=1,2,...,n) B LD. ZZ°T,
ka{z} ={GeA: GU{z} e A, GN{z} =0}
A D {z} 1ZBT5 link KT

2<¢<d, c>2&95. 13| 1ZBNVT, hege=1, Tabb, clc+1)---(c+q—2) =
dd—1)---(d—q+2) DEFEITIE, A 2 KEHEEARDEFREIRD Alexander dual HE
IZHLALE, K[A] 1& minimal multiplicity of degree ¢ @ Buchsbaum Stanley—Reisner g2
AHZEERRLI E5IT,d=3 DHFAITIT [8] 12 X DB & I/ BRI H4K7T minimal
mutiplicity of degree 3 DFl % 52 5 Z & 353> T 5 ([13] £H). Stanley-Reisner 3
138E# (reduced) 72525, R85,
R 42.2<9g<d, c>2,TD. hegg=13F72dd<3DEERBEHE dRT

Buchsbaum FR k fAET minimal multiplicity of degree q % F DR DBIASBARAY IZHEK
TX5.

ETRRLAL D 282z bE5A depthd > 0 DBITHAB. UTD LI,
depth A = 0 DL 1 D/ E\ initial degree D linear resolution % #2 Cohen-Macaulay
FRAED L BRIBET 52 LA TES.

%l 4.3. ¢ >2 & L, A/HY(A) %% Cohen-Macaulay &£ 7% d RTTHR k I A (c =
codimA) Zx5%. TD& %, Al Buchsbaum TH Y, ROFHEIIFETH 5 :

(1) A & minimal multiplicity of degree ¢ Z¥D. Thhb, e(A) = (6252).

(2) A 1 g-linear resolution Z b, hO(A) = (°1177).

(3) a(A) =q—d—2.

(4) A/H(A) & (g — 1)-linear resolution % FFD.

¥§12, S/J %% Cohen—Macaulay R kfRET (¢ — 1)-linear resolution % 2 L ARET
% &, A= S/MJ 13 Buchsbaum FR kfEL T, minimal multiplicity of degree ¢ %5,
hO(A) = ps(J) BV LD, ZTZT, us(J) & J D S EOBNEBRIZE L.

FOFETHERINLZV depthA=0 DFIDFLET .

Bl 4.4. S=k[z,y,2,w] &Kk LO4EHDOEERNIRE T 5.
1) I = (z,y,2,w)(zw — yz,y° — 22,2 —zw), A = S/I £BL L, A/HRH(A) =
k[s3, s?t, st?, t3] 1¥ Cohen—Macaulay T 2-linear resolution %2 D T, FeDamEIC
X1, Al 2RI Buchsbaum T minimal multiplicity of degree 3 %>, T 7z,

HO(A) = k(=2), HL(A)=0; e(A)=3.
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(2) I= ((17, Y, 2, w)(zw - yz)) 2% — yw2a y3 - z2z’ 1‘22 - y2'l.U) &B < k:
HO(A) = K(—2),  Hi(A) = k(~1); e(4) = 4

Wz, A= S/I |Z minimal multiplicity of degree 3 % %> Buchsbaum #X k f{
BTHDH, AJHR(A) = k[s, 3, st3,t*] i3 Cohen-Macaulay Tid7Z\>.

e(A) = 2 ® Buchsbaum FXK k ¥ T, depthA > 0 7 513, minimal multiplicity
(of degree 2) Z#2 ([3]). L2 L, e(4) =2 T?, depthAd = 0 D& &, Hl T,
A = k[z,y, 2]/ (z2?,y2?%, 2%) 135%FED minimal multiplicity 3F7=%w. L2 L, 2D L9
%26 % LD minimal multiplicity IFDZ & #RT I ELATE 5.

il 4.5. e(A) = 2 ® Buchsbaum FX k fi#i3, minimal multiplicity of degree 2 X721
degree 3 ZHD.

IR DO B4A D minimal multiplicity % 2 Buchsbaum ROFEIE, g=2 % ¢ >3 2
BT Y r—bThHb. TZTIE, ROBEREBRDLLZFICEDTHL.

Bl 4.6. k xRBWBABLIRET 5. ¢ <2 0L &, FEARUSMCIZ & £ Buchsbaum
FREIR T minimal multiplicity of degree ¢ X2 b DIIFEL V. —F,¢>3 DL
EIE, SOERIIEY L2200
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Base change of an invariant subring
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Abstract

R ¥ Dedekind 3%, G 137 74 Y FH RFEAX— 4, Bid G DIERT 5
RA$LT%. A BC I RRBOERALTE. ARX—F—LIRETAS. L
FED R THANBHEBE K IS LT, FEENLE5H KRA — (K®B)K®C
AREBEIC 2% 61F, FEO RS T L TS® A — (S® B)S®C »HEET
HHrTLEFEHTS.

1. B
COWETIE, REFHT 5.

FIE 1. R #° Dedekind %38, G 37 74 YFH REAX—24, M ¥ RFHEHG
BELT5. AZFr—%— RAFEL, V IIEBRER AMBELTE. 0V — MC
X RBEREB/RLETS. b LEED RAKTH 5AEHMHAE K IS L THFESINL
Bok: KQV — (K@ M)KeC FEE 2 51F, £ED R R S [ L THEK RS
0s: SRV — (S® M)%®C IR TH 5.

FRELT, RAPBIALY 5.

% 2. R ¥ Dedekind 18, G &7 74 Y FH REAFX— L4, B3 G AT 5FH
REHETH. Aldx—%— RABEL, p: A— BC X RRBOERR L T5. £E
O RRETHAREMBARE K 1 L CHEES NI EFE ok K®A — (KQB)K®C
PRAMTHL%20, FED R S L TERLRS ps: S® A — (S® B)%®¢ &
FAETH 5.

b LR EAERROA BT & BRA DO EHHY Dedekind I (FIz 1 Z) DET
S5zon, BEE % 5EER % — LN F O Dedekind Zi3H - FHTH L, — ORI
FoRY ICREWBAKD L TREE THEIRWI &R 5.

5.2 5N72 Dedekind BIH EDOEZA X — 24 G PFHEIE) b, HAHEIIIHE
FoOBRTHETEZ S, ROBEICLY, B2 L symplectic #Hid Z EFHTHHZ L
PHEIPODOLNS. -

#WE 3. RITZ TR EABERT, KTIE7% v Dedekind 35, G I3BREZ R
A% — LT, tEEE m: G — SpecR 3YJ#T 0: SpecR —» G 2H{2&$5. I/, H
LIBER IIPFELTEED ROBKRKATTIV m I LT, R/m® G 1ZBEHH
WTAdRTLETAH. 2O E GIE RFHETHHEH d+1 RLTH 5.
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FAERR. ¥, f: X — SpecR "EREIDRIC, z € X Mm% 0IE, f(z) AT,
k(z)/6(f(z)) IREIEKTH S, i, R EAEBRRZEKIE RS Z LARERD &
ZIXAMRIE, K bk EARERDO L &1k k OFBRREILEARETHEILLOEST
»H5. \.

RIZ, R DBKRA 7T VDEK Max(R) I TEBRELSTHL. £)ThneThL,
H5% a e R\ {0} B LT Rla™Y) 2HKIC % 545, BIERIC L Y, R 2MKIC % o TIRSE
WRLTFETHA.

[9, Theorem 31.7) 12X V), R 135$HIKTHS. A #° R LHBAREE &+ &,
RILER [9, Theorem 15.6] 12X 5T, A DBKA 77V M AL T,

ht 0t = ht(M N R) + trans.deggg/p) Q(A) — trans.degponng) A/M
= trans.degqr/py @(A4) + 1

TINEMIZESL VDS dimAgy =dimA. ST PIIR—-ADBTHS. Lo
T, X #B#1%e R AFx—247%561, X OREEOHMA ¢ 1220WT, dimX = dimOx,
THHIZELITEETA.

Y, G OBRMESTTED 1 12X 51825 Spec R DEB B ELLDON /720,
DHEETHIELRT. m \3UH 0 2FHOPLEHT, 20 L) LEMRSIHEE
T5 F0L) REHRG Go, Gy (Go # Gy) D520Hol-bd k. Gy 25, Gy &
MOBEHIEG & DD Y 27z G DREE% U, G 25, G LOBEHES &
DXL BV G OREE% V &35, nU), n(V) i SpecR A TRE L TH
E£EXZD 5, Spec(R) »OERBOMR RN dDTHS. Max(R) IFERESR
DT, H5H me Max(R)Na(U)Na(V) BPHFELETS. R/mG EHEHT, R/meU,
Rm®V BEZEDZETLHRVHEEST, EVIIEDL BRI LFE. G OBRMES Tt
5 7: G — Spec R 12X 5187%% Spec R DAER S 2 &L b DI/ E2%DT, Fh
% G° TRT. G° DERAE n TET.

G ® open subset U 12X LT, I'(Z,U) := T(Og,U)tor LEHZRLT, T 1T G D
BEEATTVEBTHS., 22\, RINBE M IZK LT My & M O torsion part
{meM|JaeR\{0}am=0} THA. I 2EHRATTNVETE G DHEH A F—
Lhk G ETH EREICLY G RFIETHS. Going-down theorem 12X 0, z € G
2 biE, z D—#AL £ T 7€) 4% SpecR DERETH A bDNH 5. L o> TELAHH
ICGCG THA $75,QR)IQG=QR)®G 37 %NDT,neG. ®XITELH
IC G CG BEICE), £EERINICG=GThH, G 3HEH.

LT o: SpecR C G (1 " BEST EIRE L T2V DT, —#RICIZFHEA L 1Z[RS
BVWEATHL) DAF—LHME E X RFHTHS. £, U=SpecAD G DT
74 vREELTHE, ENU =SpecB, 2212, B ik A — [(67}(U),Spec R) D
Td 5. I'(c7'(U),Spec R) %% R-torsion free 2DT, B %) Tdh 5.

HZ R¥FH%Z G OMESAF—2%201E HIZGEITNAE HIZERGD
ABMOAF—LTHY, 01t G 2BHTS. f€> T 7(G) = SpecR.

Z = SuppZ £BL &, Z 1Z G D closed subset TH Y, 7(Z) C Spec R X
EETEFEREZELI RV, Lo T n(2) IFRBOMADANL R AEE. LI AD
Max(R) IZEREEZ DT, % n € Max(R) \7(Z) e N, R/m®G = R/n®G i3 d
RTT. MR ye RIm@G 2L 5. G ODBMBLERMOEEL G OFEELFALT,

dim G = dim Og, = dim Op e, + dim Rygy = dim R/n® G+ dimR = d + 1.
A, m(Z) PIRIZETEWE LT, men(Z2) £T5. 5

(1) 0 — Or/mgc ®0g I — Or/mec — Or/mec ®og Og — 0
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BEETHS. hid, FED G OT 74 VES U = SpecA (LT, I =
T(U.T) = Awe EBLE X,

0— A/mAQ4sI - A/mA — A/mA®4 A/l — 0

VEETHDHI L LRILEN, A/mA®4 & R/meg EF LT, A/I % Rflat 7255
CONNREETHE. m DRVH EPIOHEICL Y, Op/mec ®T #0. R/m®G &
d RTCEERHEAIED 5, R/m® G 13 d RITLEKE T, (7(G) = Spec R 724 5) 22 Tld 7%
V. zeR/m®G EMALTSH. G OBRMBLRMOEER, 72 G OFHEMEIZL Y,

dim G = O@’z = dim OR/m@G,z + dim R.,r(x) <d+1.

CNETFETHS.

BEICED, 7(2)=0,2%0,G=G »RENiz. 2F) G TFHEEHT d+1
RILTH5.

AN RFHRETaec A r e R\ {0}, ra PRFFELTIHL, 5 n iZxFL
rrat = 07205 a"=0. 2F D, a IRFE. TN A P RFETHEZ L ER
T.ZDTEDPD, Greg D RFHETHD. G#Grea EXE. T % Grea D G IIBIF
BEERATTIVEL, men(Supp(J)) £T5&, EEFDFERT,

0 — Or/mec ®og J — Or/mgc — OR/m®G,eq — 0

IFEET, Opjmee ®0g J #0. ML R/mOG B WM THHZLICKLTFETH
5. foTJ=0TGRHEHTHA. O

De Concini & Procesi [3] IZEBEDOTHIR L W OPDOEELER X — 2 DEH
KKoWT, ZORERBLFELC0D. [6) TR—EBEREBL LV FLrF 1y 2B
DIERIZDWT, (L TORMA 25 * FIR L MELERE 52 TV0E, —D
EBBOBEEELOBEIIMESCL720, [6] TEEVT 1 V5 —H13 OHanF
FESNTORY, —EGEBL Y Y 7L T4y 7B Z LFRZ LS >TVED
T, CNBED—HEmTH ol ) ZeWH50 5.

2ETCII LEREEZRT L. 3EH T, LA 52 5.

2. EFEHEOIMA

RIIWH#ER, GIE RFHE RBAFXF—LLTE. C ik G DEIER RG] #KTHD
E4h INIE RFHELTH R Fy 7REE %5, GIBELIE, A C KB fh7
5 7%\, (7, Chapter 2] ®ZH. G IEE M IS L, M ={me M |w(m)=m®1}
EBL, 2w M > MeC BRIEATH 5. BARZEDIAAR Homg(R, M) —
Homgp(R,M) = M 12X ), R B Homg(R, M) & MG LRA—H&Nh5b. ZZICR
WXEBZ GMEL L TCoBELS2 oM Tna.

—fRIZ, RIEEV ZBHEZ GMBETHLER 2SS oT, GMBEM & R
BV ISFLT, Ve M IIAERN

lyQuu: VIM-VIMC

THEZONE GMBETHE. 2212wy i3 M ORIEA.

G MEFDEIZ abelian T, +5% { DEFHIR % FD ([5, Lemma 1.3.3.3] B &
O[5, Lemma 1.3.5.9]). GINEF M & RRVE S I2HL, S@M OES®C &L
L TOREIZE R

SOM 325 5@MeC % (S® M) ®s (S® C),
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T526N%. 22l alda(s®@m®c)=(s@m)®(1®c) THFALNLFAETH
5. HC, (S® M)S®C = (S@ M)E Tha. oT (S®M)C i3 S NBETHS.
0: Vo MCIIRBREZLTE. ZOLE ps: SRV — (S®M)C % ps(s®@v) =
s®p(v) TEET L. RIBOI S — & 1L, psrs: §'®s(S@M)? — (S'@M)°
%

psrs(s ® () si@my)) = > dsi@m

TEET 5. psp: SOMC - (S®@M)% i3 ps TEY. o T seSBIXUV me MC
AT LT ps(s®@m) =s®@m THb. pg lTEHR

S®V 2% 5@ M% 5 (S @ M)°®

THHILIZEFEETA.

G ¥ M \Zxf L, Exty(R,M) * H(G,M) TEL, M ©® i FBED G 2KEUQ
VLR $RIC, HY(G,M) = M® T 5.

MIIGELTS. §5L [5 Lemmald.6.16] I2& 0, H(G, M) = H'(Cobarc(M, R))
THb. TZIZ F(M) := Cobarc(M, R) \3HEH :

80 2t 52
M—-MC —-MCRC —---

T&H > T, #D boundary map A°

n—1
"= (_l)nHwM ® loen + Z(_l)n_ilM ®loei ® Ac ® lggn-i-1 + 1y ® loen Q u
i=0
TEZONBHDTHA. 2212, Ac: C - CQC IIHME, u: R — C 13 unit map
Thb. ERITID, RMBEV ML, FVOM)2VF(M) Ths. bL MHR
FHZLIE, F(M) 3 RFHEKRTH L. o T, EEMREEHE 5, Lemma I11.2.1.2)
EEDFERICE D, RPHRIALT 5.
‘#858 4. R 7% Dedekind 3% T M 2 R ¥ G L 5 &, =&5F

0—S®M° £, (S® M)C — Torf(S, H(G, M)) — 0

PHET 5.

FH1DHH. R G AV, BIUM IERDBE) LT5.

39, EHEY S HROBSIHEHT L. K % S OREMBELT5. p5: SQV —
(SIMIC LK EtDS LT v —FE2EoT,1Qps: KQV — K ®s5(S® M)®
2185, K13 S FREFHLZDT, ZOBESZIFFEEL S ITEV. &5

K®V 2% K g (S® M)® 2% (K @ M)®
ok THY, ERORBICEIVEAETHS. KX S FHEDT, prs [ EMHE4ITE
DEETHS. o T 1Qps FEABYRE L2V, FHIT S PEOBHEEL .

RKIZHYG,M) P RFHETHLZ L 2R RPA—F—5DT, $XTDRD
FATTWV PIxL, Tor}(R/P,HY(G,M)) =0 THAHZ iV ITRW. R4 1
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RITE DT, R ODBAA 77V m 123t LT Torf(R/m, HY(G,M)) =0 Th 5 Z
EEwzIERW. —F, A

R/m®V 2% R/me M® 222 (R/m @ M)C,

THLEIHD ppjm (&, BIEICEY, BETHS. 5T prym BEHFHTH A, HifE 4
2k, TorB(R/m, HY(G,M)) =0 Th 5. #£>T H(G,M) 3EAL@Y) R FHT
H5.

HY(G,M) % RFHZDOT, FED RREK S I3 LT

ps: S®MC — (S M)°
BHE 4L TRATH L. FED RARBETHH4E K 1T L TE
KoV &% Ko MC 25 (K @ M)°,

E o E—BL, TNZAET, px DAETHE05,100: KQV > KQM® b
FARTH5.

RIZV B RFETHLILERT. £9, R DVR DHBEIIRT. t 13 R O
KAFTVOERTE TS, V ISk —5— ANBELROT, RMEEL LTS
Vier = U500 v 1) & &5 7 I LT 0y t7) 12— 5 5. Vie Z0 THDH LR L.
THEr>1Tha relREZINELESL. §5Lae(0: tT)\(O 1) Atk
Na. blactV EIRET AL, a=td,d €V &0lTAH. THE d € Vir=(0:1)
Ehb, tla=tad =0. Zhida (DHZV)ITKD_\ LTFE. #oTag¢tV. £oT
1®a€ R/tRRRV 120 TRV, 1®¢: R/tRrV — R/tR® M® BRI 2D T,
1® p(a) € R/tR® MC 12 0 ThW. Thid MC BV T p(a) #0 THHI L %
Y. MC 3B Lhozwv RMERDT, p(tTa) =t"p(a) b 0 T, THKE
ta=0 X LTFE. o T VI RINEEE LTELENA 2. RIEDVR 20T,

VIERFHETHE. —ROBE*EZD. mx ROBKATTNVET L. LOER
% R=Ry A=RQAV =RQVBIVUM=RMIZERLT, £EO m
W LTV 7 R FHTHAE. CHIV S RFHETHSLI L 2RT.

[5, Lemma 1.2.1.4] 12XV, ¢: V — MC (ZBSTH Y, C := Cokerp 1& R FHET
b5 RABTHAHE K L:ﬁ LTK®C=07%0DT, [5, Corollary 1.2.1.6] 12 &
C=0Th5b Zhid o ABTHEILERT.

SHRREETH. AR

S®V 24 5@ MC £ (5@ M)©
F1@p & ps FARZHLAMTH L. CAPRTREZILTH o7, O

3. ItH

RWBTHEETH RAF—L Z 2L, [(Z,0z) % R[Z] TET. v>0 LARE
B R BHEME F & G I3t L, rank B4 v OREESRH 5 7% 5 Hompg(F,G) DHAE
BAX— AR Y,(F,G) TEYT. 5% RHomg(F,G)] — R[Y,(F,G)] D¥*% I,41(F,G)
TFET. AL F L GO FNFNrank f & g 251E, R[Homg(F,G)] & fg EHEHE
RIE Rlzijli<icg, 1<j<f WKA—HEN, I,11(F,G) ATF (zi) DT RTD v+ 1 KD
IMTHIREE CTER S NS Rlzy] DA TTIVER—HRINE. b L v>min(f,g) &
513 Y,(F,G) = Homg(F,G) TH Y, I,1,(F,G) =0 TH 5.
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m,n,r,8,t € Lyog Ts<m,r THY,t<n,r £T5. u:=min(s,t) £BL. V=
R W :=R"™ E = R", X = Y,(E,W)xY,(V,E),Y =Y,(V,W) B . 1: X = Y
(oY) =pop IV EERTSH. G:=GL(E) £ L,G =GLW)xGL(V) £ T 5.
THLGXxG WX IZgeG, g€ GL(W), go € GL(V) p € Y,(E,W), 9 € Y,(V, E)
ZD2WT (g,(91,92) - (0, %) = (q1pg 7, 9995 1) W& > THEAT 5. Gx G %Y (2
9E€G, g1 €EGL(W), g € GL(V), p€ Y T3t L T (g,(g1,92)) - p = g1pg; " TR &
HEIEWEN, B rnl 3 GxG HAETHAS. GiZY CHHIEHETAZ LICESE
T5.

EE 1OHE LT, RELEHT 5.

EHE 5 X ->Y EEE «#: RY] > RX|® #FET 5.

FEHH. EE 1LY, R= K 3fABBIEL L TRV,

ROKHH DS OEKEG L BESBOBT. G B M BRWT 4V —fHi %
FoLid, EEOZEN Y TA P M L TEH(Ac(N), M) =0 L %25Z L%\,
T2, Ag(N\) BB A b XA D Weyl Mg [7, (11.4.16)] TH 5.

FE X = (A, 0%) T <7 THBESOITHK L, Schur Bk [1] LiE* i3
B Weyl B TH 5B, £, LiE* 2 (NE)* Q L,E Thhb. I pu =
(r—Xe,-..,7 = A1). Cauchy DA [1] 12XV, K[Hom(E,W)] & Sym(E ® W*),
L1 (B, W), K[Y,(E,W)], K[Hom(V, E)] NSym(V®E*) L1(V,E) BXUK[Y,(V, E)]
X GMBELLTREVTAVS —F 28D, BT 4 Vs — T 2o 7 >~
F—HTHLTEY [10], 4], 8], ILATIHAL B 06, BARES

p: K[Hom(E, W) x Hom(V, E)] — K[Y,(E,W) x Y;(V, E)]
D TIZRVWT 4V -T2 8o, ZhidELT)
0= L1 (E,W)® K[Hom(V, E)] = I — K[Y(E,W)]® L;11(V,E) = 0
Posrs. foT H(G, ) =0 Thb. LoT plisst
p%: K[Hom(E, W) x Hom(V, E)|° — K[Y,(E, W) x Y;(V, E)|® = K[X]°

Z#E 9 5. RD De Concini & Procesi DEE [3] 12& V), 7#: K[Y] — K[X]¢ 134
HTHh2.

T 6. &K
Hom(E, W) x Hom(V, E) - Y,(V,W)  ((¢,%) — o)

ERAE K[Y,(V,W)] - K[Hom(E, W) x Hom(V, E)|¢ *##&1 5.

HEiF a*: K[Y] - K[X] PHEATH DI LE2REITRV. K[Y] (3R (Bl
02, (63)] 2R &) 20T, n IXESHTHLILEVZITRAV. BMAKIZLY,
0<i<uTHAIEED i IZxt L, rank i DHEBEBZYV - W O£L4I1T 1 HD G &
BE2T. 512, rank u DBREBEBZD 2T G-orbit 13 Y TRETHS. 7 2 G [
BHDT, n(X) H rank u ORBEZEZ LR LIV EDELIEEFVZITEN. L
PLINIZEBETH 5. O
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§1. Main results

Let X be a curve in P? := P2, namely, a locally Cohen-Macaulay equidimensional
closed subscheme of P? of dimension one, and let I denote the saturated homogeneous
ideal of X in a polynomial ring R := k[z1, 2, Z3,Z4], where k is an infinite field and
the linear forms zi, 2, z3,z4 are chosen sufficiently generally. Let further Bgr(I) :=
(a;n1,...,Ng;Nas1,- - - Nayb) be the basic sequence of I or X.

Several results was presented in [8] on the subject of characterizing basic sequences
of integral curves in P3. Since then, we have made some progress, though small, in
the treatment of this subject. The aim of this talk is to show our updated results and
an outline of our proof. Our main results are Theorem 5.7, Corollary 5.8, Propositions
5.11, 5.12, and Theorem 6.4 of [10]. They can be summarized together with our related
earlier results in the following manner.

Theorem 1. Assume that X is contained in an irreducible surface of degree a > 2 and
that b > 1. Letn,...,n., (w > 1) be a strictly increasing sequence of integers such that
{n,...onl}={ni|1<i<a}andlett,:=#{i|ni=n), 1<i<a}. Then, the
following inequalities hold, where an additional assumption char(k) = 0 is needed in our
proofs of (i) — (iv).

(i) We haven; <mjp1 <n;+1 forall1<i<a-1.

(ii) Suppose that w > 1. Let m be an integer with 1 < m < w, t := Y " ¢, and a’
be an integer witht+1<a' <a. Ifny=m+i—t forallt <i<d and ney1 < ng,
then t(t — 1)/2 > p, where p := max{ ¢ | ng4; <ng, 1 <i<b }.

(ii) Let o’ be an integer with2 < a' < a. Ifni=mny+i—1 forall1 <i < d/, then
Ngt1 = Mg -

(iv) Let a' be an integer with3 < a' < a. Ifn; =n;+i—2 for all2 <1i < a, then
Ngt1 = Mg -
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(v) Ifni=n1+i—1 for all1 <i < a, thenb > 2 and ngyj # Nay1 +J — 1 for some
1< j <b. If further there is an integer by with 0 < by < b such that ngyp, +1 < Natbot1,
then by > 2 and ngyj # Nay1 +J — 1 for some 1 < j < bo.

(vi) Suppose that b = 1 and that X does not contain any line as an irreducible

component. Delete the terms n,...,n., from the sequence (a,ni,...,Nq,Nat1) and
then rearrange the remaining terms so that they make a nondecreasing sequence. Let
(nf,...,nl,3_,) denote the resulting sequence. Then
Mgy < a—2+2n, Zn —Znﬁ'
=2 =1

Remark 2. See [14] and [3] for (i). The assertion (ii) is our new main result. Two
assertions (iii) and (iv) are now corollaries of (ii) and have been improved from their
former versions. The assertion (v) has not been improved yet. Special case of (vi) was
treated in [1].

In fact, the assertion (ii) of Theorem 1 is equivalent to the following corollary.

Corollary 3. Assume char(k) = 0. Suppose that X 1is contained in an irreducible
surface of degree a > 2 and that b > 1. Let t, a' be integers witht > 1,t+1 < a' <a. If
ni=ng+i—t forallt<i<a andngy1 < ng, thent(t—1)/2 > p:=max{ i | ney; <
Ng, 1<i<b }

For a sequence Bseq = (a;ni, . .., MajNat1, - - - » Nab) Satisfying 0 <a <my < -+ <imy
and ny < ngpp < - < Ngyp With >0, put

D(Bseyg) : an——a (a—1)—b,

1
G(Bseq) := 1+Z—m n— —Zna+l+b—6a(a—1)(a—5).
=1

Denoting the degree and the arithmetic genus of X by d(X) and g(X) respectively, we
have d(X) = D(Bg(I)) and g(X) = G(Bg(I)) (see [3, Remark 1.9]).

Remark 4. When X is integral, its basic sequence have all the properties stated in the
above theorem. Let d, g be a pair of nonnegative integers. If the number of sequences
Bseq = (a;n1,...,Ma;Nat1,-- -, Nayb) With d = D(Bseg) and g = G(Bseq) satisfying all
the conditions stated there are small, we can make an eﬂictlve classification of integral
curves in P? of degree d and arithmetic genus g.
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Here is a table of the number of Bseg’s with d = D(Bseq) and g = G(Bseq) satisfying
the conditions stated in Theorem 1 and those stated in our old versions. The numbers
of Bseq’s satisfying Cook’s assertions are also listed. It shows to which extent our new
results have made improvement in the direction mentioned in the above remark.

New Old

(d,g) C A both| A both
(9,0) 48 28 27 34 30
(10,0) 111 | 69 68 98 86
(11,0) 250 | 142 137 | 225 187
(12,0) 570 | 348 311 | 500 400
(13,0) 1380 | 804 731 | 1173 920

C : Cook’s assertions which have not been proved completely yet. See [12], [13,
Remark 4.4] and [9].

A: Amasaki’s conditions.

both: Amasaki’s conditions and Cook’s assertions simultaneously.

§2. Outline of the proof of (ii) — (iv)

One can verify easily that the assertions (iii) and (iv) are corollaries of (ii).

Proof of (iii) and (iv). Suppose that n,11 < ny. We use (i) with m = 1. Then ¢t = ¢,
andp>1 If2<d <aandn;=n +i—1foralll<i<da, thent; =1 and
0 =t(t1 —1)/2 > p > 1 by (ii). Likewise if 3 < o’ < a and n; = n; +14 — 2 for
all 2 < ¢ < d, thent; =2and 1 = ¢;(¢1 — 1)/2 > p > 1. Thus we are led to a
contadiction. O

It is enough to prove (ii). What we show is this.

elfw>1,1<m<w, t:=)"t,t+1<d <a,n=n+i—tforallt<i<d,
Nat1 < Mg, and t(t — 1)/2 < p :=max{ 7 | ngys <ne, 1 <i<b },

= Ig(Ext}(R/I, R)) = oco.
Contradiction!

Let’s begin with an explanation of the elements of Weierstrass bases and basic se-
quences in the the case of saturated homogeneous ideals of curves in P3. As the details
are available in [2, Section 1], [5, Section 1], [6, Sections 1 and 2], [7] and [10, Section
1], we only itemize necessary parts.
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Let { el |1 <i<3,1<1<m } bea Weierstrass basis of I with respect to
x1,T9, T3,Z4. It is a system of homogeneous generators of I which satisfies the
conditions described below.

Let IV := @ Rel, I® := @ k[z, 73, 74)e? and I® := @ k[zs, z4)€}.
Let I''V) .= e k[zo, 73, z4)e} and .= 2 k[zs, z4)e?.
I=1I@I®@I® as module over k[zs, z4).

Let 1M := 1, 1? := [ @ [® and I¥ .= J®). Then I = IV @ I as module
over k[T, T3,74] and 14 = [? @ IB] as module over k[z3, z4).

The multiplications of 1'% and I® by z; and z, have the following properties.
. I® ¢ (1172,123,124)[,(1) @ I3,
2,18 (:vg,x4)I’<2> @ I8,
2118 C (25, 2) '™ @ (23, 24) P @ I8,
I is a finitely generated graded submodule of I o{fer klzi,...,zq) for each 1 <
1< 3.
my = 1.
Let a:=min{ ! | [I],# 0 }. Then deg(e}) = ms =a.

Let b := mg, my := deg(ef) (1 <1 < a) and ngyy = deg(ef) (1 <1 < b). We
call Bg(I) := (a;n1,...,M4;Ngt1,- -, Narp) the basic sequence of I or X. We may
assume that n; < .-+ < n, and that ne4; < - < Ngyp.

In general, a < ny; < ngys.

X is projectively Cohen-Macaulay if and only if b = 0 (i.e.the subsequence
(Mgt1, - - - yNayp) IS Vacuous).

Remark 5. Let in®(I) C R be the generic initial ideal of I, namely, the ideal generated

by

{ in®(f) | homogeneous f € I },

where in”(f) is the initial term of f with respect to revlex associated with 1, o, T3, Z4..
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(1) When char(k) = 0, we can obtain a Weierstrass basis {e},e3,...,e2 e}, ..., e}
of I with respect to z1,Z2, T3, T4, taking the reduced and minimal Grbbner bas1s of I
with respect to revlex in such a way that
in®(e}) = %,
inz(elZ) _zzlz -1 /3a i (1 <1< a))
in®(&f) = zlgizi (1< 1<b),
where 1 < 8,01 < foa < - < o, it < a, w < By, Byu, > 0for 1 <1 < b, and
(ti,w) # (tv,wr) for 11" with | # I', by strong Borel fixedness.
(2) Then in*(I) is minimally generated by

22, ¥l o o%) and ghzigin (1<1<D).
(3) We have
a= deg(aca)

deg(alﬂal)(1<l<a)

= deg(mi‘x;“zgt’"’) (1<1<b).

In order to estimate the length of Ext},(R/I, R), we make use of the standard free res-
olution of I starting with a Weierstrass basis {el,e?,...,e2,e3,... e3}. See [1, Sections
1 and 2], [5, Section 3] and [10, Section 1] for the detail.

e Forgetting degrees, the standard free resolution is of the form
0— R s, pot2b Az, patbtl M p 0,
where \; := (e],€?,...,e2,e3,...,ed).
o R = @@L, R(—m — 1) © By R(—nap — 1) ® @iy R(—nays — 1)

o B =@ R(-nap —2).

e The matrices A and A3 of course satisfies ApsA3 = 0 and they are of the the forms

Uon Upz O =U,
X=|Uw Uy Ug|, A= |-Us
Un Us Us Us

e The size of U; is a X a. Us and Uy are of the same size b x b and Uy is of size a X b.
The size of Uy; is 1 X a.

e Ext%(R/I, R) = Coker®(t)s).
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e The entries of Ij'g =111y — Us and 1}5 := T91y — Us lie in k[zs, z4]. The entries of
Uy lie in (3, z4)k[z3, z4]. Here 1, denotes the b x b identity matrix.

We want to cosider Coker®(*)\3) as a module over k[z3,z4). Since the entries of A
and &5 lie in k[z3, 4], we have

Lemma 6. Let Im*®22224(i)) (resp. Im®("s)) denotes the image of the linear map
s over k|xa,x3,z4] (resp.'Us over R). Then,

R = Im*('U;) @ Im*=241(';) @ k[z3, z4]".
Moreover,
Im®(*\3) = Im®("Us, *Us, Us)
= Im®("U3) @ Im**27524 (") @ (Im" (As) N bz, 74]").
Hence,

Ext}(R/I, R) = Coker™(*\3) = Coker®(*Us, 'Us, Uy)

~ k([zs, z4)°
ImR(t)\g) N k[.’L'g, l‘4]b

Let v € k[zs, z4]’ be a vector. Since zov = zy1pw = (Us + tﬁg,)'v = tWsv + T, we
have 250 = Usv (mod Im*P2%874 (1)), Let v = z3v/ + 240" € (z3,z4)k[z3, 24)". In
this case, since Tov = zo1yv = (Us + tlofs)v = z3Usv’ + x4Usv" + ‘(Z},v, we have v =
v (mod (z3, z4) Im*#2324 (1)), In the same manner, z;v = v (mod Im®(1U3))
for v € klzs,z4)’ and z0 = Tyv (mod (z3,z4) ImF(1s)) for v € (z3,z4)k[z3, 24"
When considered as a module over k[zs, 24, the actions of ; and z5 on Coker®(t)3) are
threrfore represented by t(j'3 and t(j}, respectively. Our argument is concentrated on the
behaviors of these two matrices and the column vectors of {Uy. See [10, Sections 3 and
4] for the detail.

We make use of the transposed form of the relation A2A3 = 0 to get informations on
t\s, analyzing the properties of the entries of A, (see [10, Section 2]). First, since the
entries of z11, — U; lie in k[zs, 23, z4|, we can show the following

Lemma 7.
b—1 o
ImR(t)\g) n k[.’L’3, $4]b _ zlmk[za,m]((t%)p i tU4)
p=0

= ((z3, z4) Im® (U3, *Us) + ImR(tU4)) N k[zs, z4]’.

Suppose that w > 1, 1 <m < w, t:=> ° t;,t+1<a' <a,ny=ng+i—tforall
t <i < d, and that ng41 < ny. Now we can estimate Iz(Ext%(R/I, R)) in the following
manner. See [10, Section 5] for the detail. :
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e Let (v1,...,v,) := U. Note that the components of the vectors vy, ..., v, lie in
(z3, z4)k[z3, 24]. Since X is contained in an irreducible surface of degree a, certain
components of U; must be units. This together with the relation AyA3 = 0 yields
that there is a p ¢ < t such that

(.’L‘3, CL‘4) ImR(tUg, tU5) + ImR(tU4)

=(z3, 74) Im® (*U3, Us) + ImP(vg, . . . ,va) + Im*E2224l () ).

e Very roughly speaking, let m; ; be an element of (3, 24)k[zs, z4)° such that
zhv; = ;. y (mod (x5, z4) ImFlE222:24 (7))
for 1 <i<t", 0<p <t"+1—1.

Lemma 8. Let Py (resp. P) be the k[xs, z4]-module generated by all the m; y (resp.
Vgry- -,V ). Then

CIm®(Na) Nklzs,@a’ = o+ Y LnaP

m>0, n>0
with
m+n
tO
Linin = Z H U,,]. :
(1, sPm+n) such that

#{ilp;=3}=m and #{ilp;=5}=n

e Since Bg(I) is invariant under a small change of variables z1, x5, T3, Z4, the number
and the degrees of the minimal generators of Ext}(R/I, R) over k[zs,z4] are also
invariant. Let p:=max{ i | nays < ne, 1 << b} Since ngyp < Ny, the upper
p components of vy, ...,v, must be zero for reasons of degree. Starting with it,
we can prove by the invariance mentioned jusu now that

S LnaPC (k[zs,O;]b_”) C Klzs, o). (1)

m>0, n>0
The proof of this part is very delicate. See [10, Section 3].
e P, is generated by
T+24- - +t"=t"(t"+1)/2<t(t—1)/2

elements 7; ,» over k[z3, z4).
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e Let pr : kfzs, 24)° — k[zs, z4]? denote the natural projection to the first p com-
ponents. Suppose t(t — 1)/2 < p. Then t"(¢" +1)/2 < p. We find therefore by
Lemmas 6, 8 and (1) that

Ir(Bxty(R/I, R))

, klzs, 4]’
k[z3,z4] ImR(t/\s) n k[ws, x4]b

o k[l‘g, -734]p

2 bklzs,zq) pr(ImR(tAS) N k[z3, 1754]b)
klzs, z4]"

S ~lls, ba)

2 lkjzs,va) ( pr(Fo)

=w)

since the elements of pr(P) are contained in (z3,%4)k[z3,z4)’. Contradiction!

e Hence t(t —1)/2 > p.
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Rigid Cohen-Macaulay modules
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1 BHUORIEE

FepaiL 2004 EFHRBBR L LR T A (AR 1BV THILENRE U7 RIS (1] 1th
¥5, TNEBBETBEDI, HTRO GLB,C) DREEX B,

(<)

T2ELCIX1DFEBIRRTH S, £z, G #2ZD o TERINAMEA 3 DKE]
BLt+s, GIIERIC BREID) BAHEEER S = k([z,y,2]] KEAT%. £DL
X, ZOERICED S OREEHREY R XTI EILTH, S0BEITE, ZOR
1% 37K Veronese WG HRTH S :

R = k[[{monomials of degree three in z,y, z, }]

B G DERAIX S EiZ G-graded ring & LTOHBEERH X, S= 505105, £RTI L
BHEDEE-THRV, ZIT, &S5 II¥EFRERXORT RMEES; ={feS|f =
Cf} THB, So =R Th3, & S; (j €G) X R LD maximal Cohen-Macaulay
module (BAF MCM ¢ B&9) THY, »> RMEEL LTEBENTH S,

—fRIZ rigid ML X, FOX O RFEAREROHFEIRVIHOZ L THD,
ERECIIRD L S ITEBSND,

% 1.1 AIRER R M i3 ExtL(M, M) =0 RT3 & %12, rigid Thd L
FEIEN 5,

FILRAEH L7<RBEIXRDOBY TH D,

FI% 1.2 [1] LRRORBEOTT, R LOEBEAZ rigid MCM ML {QS; | i €
Z, j=0,1,2,} ICRB2?
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ORI L THEMIZIEZT-ORKRDIDEERTH S,

FHE 1.3 ERORRETIZBNT, S 2RO L 5 REBEMNL rigid MCM MEE» L5
27| P

S=( ’9—251, 9_282, Q‘lSl, Q_152, Sy, S,, lel, QIS2, 928'1, stz’...).
oL E, F£ED rigid MCM R-MEEZIKRDOEEZ LT3,
P*oQ @ R°,

727ZL, a,b,c I3FHFAEBKT {(P,Q} X LDF S OFICHNIESRET 2 Z>OMET
HD,

Z OFEFRIT Rudakov #F [3] 12X % P? Lo rigid vector bundle D43¥E % &¢r & F 1L
RiEBXTWD X5 ThD, FROBMIIZOERDEADOT Y b4 v 25X, £
X2 DFEFRES Ringel (E7213 Kac) IZX D TA N R A—DRTRZ FADORITIR
THLEWIZLEFRTILILHSD,

ETNE, EROEADEDIZW O»DHEHFET D, —RIC (R,mk) % d RT
Gorenstein BETERE L, M,N % R EO MCM L5, 0L &, FEDIicZ
1%t LT i 3R Tate cohomology BKRD X H IZEHEIND,

Exty(M, N) = Exti(M, Q'N)

L, LT RREZBETHD, (£>0 THhHLEZIIIOALIIVOHRLT
H5,) i>0 ThdLEITT Exta(M,N) iLEHD Exty(M,N) ERLTHB, %7
i=0 Ok Xt Exty(M, N) = Homg(M,N) Th B, i <0 DL X2 Bxth(M,N)
e LIIROERNI EITEERYLETH B,

EH 1.4 R 2% d R7T Gorenstein AR CIUNERRDLEFE TR LRET D, =D
L&, f£ED R £ MCM ME M, N L{EBOEE i IZoW T, Tate cohomology (2
B89 % Auslander-Reiten-Serre 4k & FIEH B RO RIBIB R T 5,

Ext}(Extx(M, N), R) = Ext}; V" (N, M),

REZZ ONAERRI TS LV I FEEEL, MCM MEEOE CM(R) DR E(LE
CM(R) 2% T (d—1)-Calabi-Yau B THo| EWVWHIEVWHETHLITHD, FHE13
DEEITIT d=37»b, CM(R) X 2-Calabi-Yau TH 5,

ST, EE 13 DEADCT Y FFA v ERRE D, ETEHRORRTTIE, S=

So@S1®8 V) RIMEEL LTOSEREX BN TWE, EED M € CM(R) 12kt
LT, KD X S 7% Tate cohomology DIRTZE X B,

€i(M) := dimExtp(S;, M) (j=1,2)



&T R £ rigid MCM MEQCREEOEESE C L BT, £4 C »bFEHE Lok
ROEE~DKRD L > Bl EEZ 5,

g:C—)ZQZO

7L,
e(M) = (e1(M), e§(M))

Th b,
FEBADSE 1 B2PE] B e 12 C DWW 00BN ERWT NITES] TH 5,

ZHECIZBT DMENET rigid THDEZ Enb, BRBBEISNDIZLTHS
2, REICERT 22 LR TE D, 2L, NRTES] &3, MNeCBEbi S
& QS ZEMEAFICEERNE XL, e(M)=¢e(N) b M 2N BHES L5 2
LThoD,
FERADE 2 BrPE] kDX 5 FE EOBEROEEEE XD,

H={(z,y) € 2%, | 2° - 3zy +¢* > 1}

ZoLE, B e DBIIHICEENLD,

T, ST~z CM(R) @ 2-Calbi-Yau tE &> TREND, FITFR L7-fEE
WEENLIEBRROEEN H TH 5D,

4 f

(3,8

A PR CE)

H"
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FEADE 3B B e DBRIITE H IT—ET 5,
IS 2BENSTERNT, BEHEOLTRTI EAHES, EE,
Ho={(z,y) € Z%, | z* — 3zy +¢* > 1, z > 3y}

FEAEHRE LT, 23, LO—KEHR
(31 (01
Y=l10/)0 "TT\o

’H=D'Ho—wi U D’Ho-r'w"'

=0 =1

LREDT L L, EITEARFR Ho ITF¥HHLE LT
Ho = Zzo(l, O) + 220(3, 1)
LRINDZ EERFEITRV, 2L 2,

Q(Q—ISI) = (1’ 0)$ Q(Q_ZSZ) = (37 1)) Q(Q-ZSI) = (87 3):
2(9_332) = (21’8), Q(Q_asl) = (55’ 21)) Q(Q_4S2) = (144’ 55)’ T

INODOHREDORERL LTERKIICERD L S RRERE2/DI LB TES, O

ZDMEAEZIRYE- T, AENEFNIE2BRETHY. e DBRBPADIFR H 23k
WBHZE, BBV, FNEEX D KR -3zy+ ¢y BB L Thote, TD .
“RERE—EMERLTNDIDEAI D, EFNIIHLTEZLZOBROEDEET
»3,

IZ&»>T,

2 HRRXTARBA~DIFEE

OB E T —RILL TEX TR,

G % GL(3,C) ® small 2 FREFIEL T2, GIFERIC (BEIZ) BRWERK

B’ S=klz,y,z2]] CERATS, TDLE, ZOERIZLD S ORERFRE LT LR
%L RLERTZLILT D, RORELE GIZBRTHZLILT D,

(i) BALETRW G OLDOTHERMEE LT1 2R,

(ii) G i SL(3,C) k& Eh 5,
T DML, R BIERA LIS 72\ Gorenstein B & 2 5 7= DULE+E&MHET
HDHZ LR O TWS, LT, Z0O&HIE R o MCM MEEOE CM(R) ©
LE(LE CM(R) #* 2-Calabi-Yau THAHHD+H3EHETH-7z, ZORBEDOHLET
BRAEDT,
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IDLE, SEDGOEHREZ A LVWOIRBETRTILILT D, T4bb, A=
Y e S0 THY, HiL (so)(tr) = so(t)or (s,t € S,0,7 € G) LL>TEHREIND,
ETADEET p & 5,00 LEE, RRRA=A/ApA 2525, KIZHR R-
RETHHELIBRTAT 4 VB TH D, A-mod THRERE A-modules DE AR T =
LIZT B, ROEEPRIEHDORBRICERTZEMIZEZDHDOTH D,

Theorem 2.1 KD = >OEPEOERER 5% 5 & 5 2BF ¢ NEET 5.
¢ : CM(R)/[S] — A —mod

EBIT, ZD ¢ iFrigidity Z#REFT D, $2bH. M A R £ rigid MCM Mgz b
i, #(M) i rigid 72 A-MBETH B,

CRTEIDB/ED G 122V TiE, A-mod (XKD Z v X v I —FID wild quiver DFHH
DEEDHLDTH B,
Q = ( [ ) —:) [ ) )
—

LiedS><C. B OM(R) RV AV KARBEE b &L ibhs, £, BF ¢ 5
rigidity ZfREF T3 Z &M, R £ rigid MCM %R ZRAEIX, rigid 72 A-InEE%
RODBE~LE#HIND, £L T, LD wild quiver @ Cartan {TFIZATREL 72—
KRN, 22— 3zy+y2 THDZ LA, RIFOERICBWTZ OZKRERNEE LT
ETEBTH D, Ringel [2] 1%, EFRDOZ v Xy H—FD wild quiver O rigid 2 EBEH
RADKRTAZ MNVERELTWT, £, Cartan THICHEL - ZRBRICE -
TEx b3 positive real root THHZ L ERLTWD, FERELT, EE 1311z
® Ringel DFERIZBEIND L V> TEWVWDTH B,
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Abstract

Let R be a commutative noetherian ring and M and N be finite R-modules.
There is a natural map Homg (M, N) — ES(tOR(M ,N) with f+— lim Q%(f) where

EvztoR(M , ) denotes 0-th Tate-Vogel cohomology of M and N. We explicitly get
the kernel of this map in terms of the pseudo-cokernel of the special map associated
to M. In particular, when G-dim M is finite, lim Q%(f) vanishes if and only if f
factors through a module with finite projective dimension. As a corollary, we ob-
tain Buchweitz’s characterization of Cohen-Macaulay approximation using stable
category.

Definition 1 Let C be an abelian category and S be a full subcategory of C.
A stable category Cs is defined as follows. (See also [10].)

e Fach object of Cs is an object of C.

e For objects A,B of Cs, a set of morphisms from A to B is
Homc (A, B) = Homc(A4,B)/S(A,B) where S(A,B) = {f €
Homc (A, B) | f factors through some object in S}.

Definition 2 (Auslander-Bridger [1]) When we consider a category
mod R of finite R-modules and its subcategory projR of finite pro-
Jective modules, the stable category mod Rprojr is called a projective
stabilization ( stable module category, for simplicity) and denoted as
mod R. The set of morphisms Hommoqr (A, B) is denoted as Homp (A, B).
Each morphism is denoted as f = f mod {g € Homg(4,B) |
g factors through some projective module}.

Definition 3 1) ( Auslander-Bridger [1] ) For an R-module M,

define a transpose Tr M of M to be Cok 6* where P LN Q—-M—0
is a projective presentation of M. The transpose of M is uniquely
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determined as an object of modR. If f € Homp(M,N), then f
induces a map Tr N — Tr M, which represents a morphism Tr f €
Homp(Tr N, Tr M).

2) A kernel of projective cover of an R-module M is called the first
syzygy module of M and denoted as Q%(M). The first syzygy mod-
ule of M is uniquely determined as an object of mod R. Induc-
tively, we define Q% (M) = QL(QE1(M)). If f € Hompg (M, N), then
[ induces a map QE(M) — QE(N), which represents a morphism

%(f) € Homp(2(M), 2(N)).

Definition 4 ([4], [9]) For M,N € mod R, we define the 0-th Tate-Vogel
cohomology vat%(M ,N) of M with N as the limit of the direct system

Homg (M, N) — Homp(Q (M), Q(N)) — Homp(Q}(M), Q(N)) — ---

Remark

1) vat%(M ,N) = 0 for all N € mod R if and only if M is of finite
projective dimension.

2) Suppose (R,m,k) is local. The Tate-Vogel cohomology Eth%(k, k)

vanishes if and only if R is regular. When EB:tOR(k, k) is finitely gener-
ated, that is if and only if R is Gorenstein.

Definition 5 Let M be an R-module. Take a projective complex Fpr® as
Pyl P> M—0
s a projective resolution of M, and

cee— (FMO)* — (FM_l)* —-TrM —0

is a projective resolution of Tr M.
Such a complez is uniquely determined by M € mod R as an object of the
homotopy category K(proj R), and is called a standard complez of M.

Theorem 6 (K [6]) The stable module category mod R is equivalent to a
full subcategory L in K(proj R) via correspondence between each module M
to its standard complex Fps°.
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For f € Homg (A, B), there exists a triangle
o(f) ™ Fam £ Fet L o). &y
In general, C(f)* does not belong to L.

Definition and Lemma 7 ([6]) As objects of modR, Ker f :=
Cok dFM_2 and Cok f = Cok dFM—l are uniquely determined by f, up to
isomorphisms. We call these the pseudo-kernel and the pseudo-cokernel of

f.

The triangle (1 ) induces two sequences
QOL(B) » Ker f —» AL B,

AL B Qok f — TrQy(Tr)M.

Each composite of two consecutive morphisms is zero in mod R. These
sequences are not triangle in general. What makes the sequences triangles,
is the "represented by monomorphisms (rbm for short)” property.

Linear maps f : A — B and f' : A’ — B’ of finite R-modules are said
to be projective-stably equivalent (pse for short) if the following diagram is

commutative (f 3
AP 'Y BoQ

lg lg
(42)

AP — B o

with some projective modules P, Q, P/, Q' and R-linear maps s,t,u,s’,t',u’.
We say a morphism f is represented by monomorphisms ("rbm” for short)
if there exists a monomorphism that is pse to f.

Theorem 8 (K [7]) The stable module category mod R is triangulated if
and only if each morphisms in mod R are represented by monomorphisms.

proof. We easily see that mod R is triangulated if and only if C(f)® € £ for
each morphism f, that is, the triangle (1) is a triangle in £. The complex
C(f)* has

HY(C(f)*) =0 (i< -1), H;i(C(H)=0(>-1)
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Hence the condition for C(f)* € £ is H"}(C(f)°®) = 0, which equivalently
says that f is represented by monomorphisms from Theoorem 3.9 of [7].
(q.e.d.)

To solve our problem, the special kind of maps is a key. Let r be a non-
negative integer. The functor J? = Tr Q% is an endofunctor on mod R. For
M € mod R, consider a module J2M = TrQf, Tr Q3 M. The identity map
on Tr Q%M induces chain maps p.a® : For( )T — Fy® with prp® = id
fori < —r, and 6,p/° : FQB(M)”'T — Fj2),* with S;a' =id for 1 > —1. The
chain map p,ps® induces a morphism wf"’ : JT2M — M in mod R, which again
induces a chain map ¥ ‘. Fys M- — Fu®. Obviously, prar® = ¥ra® 0 dr0r°.

Theorem 9 Let r be a non-negative integer. For a morphism f : A — B
in mod R, the following are equivalent.

1) Q5(f) =0.

2) f factors through Cokyy.
3) J2f =0.

4) foypM =o.

proof. 1) = 3). If Q% (f) =0, then J2f = Tr Q% Tr(Q%f) = 0.

3) = 1). (2.20) of [2] says the composite of natural transformations
Jr — J3} — J, is identity, which induces a diagram

LA — JA - JA

lJrf lJEf lJrf

J-B — JEB —  J.B.

Since J; f factors through J2 f = J.(J2f) =0, J.f = 0.
2) = 4). The condition 2) says that a chain map f* factors through
Feogya® in K(projR), from Theorem 6. It follows f°o YA = 0 since the

diagram .
Fy® - C(yf)

N /

Foapa®

is commutative. Again from Theorem 6, f® o z/;;“' = 0 equivalently means
4).
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4) = 2). The condition f* oA = 0 implies f* factors through C(ypA)®
hence f factors through Coky?.

3) = 4). It is obvious because f*o¢A* = 95* 0 J2f*. (See the diagram
below.)

FQ;.‘(A).+T 4 Fjy24° Vr4 Fu*
l%(f)”” lJ,? [ l f°
For (""" g Fj2p* 8" pge

4) = 1). SlIlCe p‘l‘A. ~_—- 1/)71‘4. o) 'I‘A., f. Op'rA. — 0’ Which imp]ies pTB. o
( %(f))o+r = 0. With ptg =id (i < —r), we know that Q%(f)o-{-r is
homotopic to a map g**" = 0 (i < 0). Thus Q(f) = H(r<oQ%(f)") =
H%(7<0g®). (q.e.d.)

For A, B € mod R, natural map M — %ﬂ induces a group homo-
morphism Homp(A, B) — Homp(Coky}, B). Inverse systems

S JPA- JIA A

and
- — Cokypg' — Cokypt! — A

induce a direct system
HomR(Cokﬁ, B) — HomR(Cokﬁ, B)— ...
Now the following is an immediate corollary to Theorem 9.

Theorem 10 For objects A, B in mod R, we have an ezact sequence of
abelian groups:

lim Hom (Coky?, B) — Homp(4, B) — Exty(A, B)

When a module has a finite G-dimension, Tate-Vogel cohomology is quite
easy to understand via Cohen-Macaulay approximation. If A is of finite G-
dimension equal or less than r, Q% (A) and J2A are of G-dimension zero. In
other words, Fyz4° is acyclic. the triangle

Ae® °
Frea® " Fa—C(Wf)" — Fpp® 2)

implies H'(C()") = H!(Fi*) (i € Z), C(47)" = Fogs® in particular.
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Also we have FQTR(A).-'-T = Fp24° and 6,4° = YA, Since 6,4° = id for
i < —r, C(6,4)° is homotopic to a complex whose higher terms are zero;
pdKerd, 4 is finite.

Since H™}(C(4)") = 0 from above, we have Kerd, 4 = QL(Cokd,4) =
Q}%(Mﬁ), hence pd Coky; is finite. o

Therefore the exact sequence

0—4@£—+J3A®PA—>A—>O,

is a Cohen-Macaulay approximation ! of A.

For n > r and f € Hompg(A, B). Since TrQ" " TrQnA = J2_ QA =
O%R(A), Ter"_’ Tr f € Homp(Q%(4), J2_, Q%(B)) makes a composite map
fr= U%RBp ¢ o TrQ* " Trf € Hompg(Q(A), 2%(B)), which has
Q% "(f') = f. Thus we show the following.

Lemma 11 (Yoshino [11], Jorgensen [5]) Let A, B be objects in mod R
and suppose G-dim A = r is finite. Then we have

Extp(A, B) = Homp(QUp(A), Qk(B)) = Hompg(J?A, B).

We define a quotient category of mod R analogously to triangulated cat-
egory case.

Definition 12 Let F(R) denote a full subcategory of mod R consisting

of modules with finite projective dimension. Define a quotient category
mod R/F(R) as follows:

e Each object of mod R/F(R) is an object of mod R.

e A morphism from M to N is a pair f/s determined by s €
Homp(M', M) with Kers € F(R) and f € Homg(M',N). Two mor-
phisms f/s and f'/s' are equal when there are linear maps h and b/
such that soh =g oh/, foh=f oh/ and Ker s,Ker s’ € F(R).

This is intrinsically the same construction as Buchweitz’s whose state-
ment is given in the terminology of derived category.

1Precisely, we use the word ”Cohen-Macaulay approximation” only for modules over
Gorenstein local rings. In non-Gorenstein case, for a module A with finite G-dimension,
you can similarly get an exact sequence 0 — Y4 — Xa — A — 0 with Y4 of finite
projective dimension and X4 of G-dimension zero. If the ring is local Gorenstein, G-
dimension zero means maximal Cohen-Macaulay.
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Theorem 13 (Buchweitz [3]) Let R be a Gorenstein ring. Then we have
an equivalence of categories

mod R/F(R) =2 CM(R)

where F(R) denotes a category of modules with finite projective dimension
and CM(R) does that of mazimal Cohen-Macaulay modules.

Proposition 14 If R is Gorenstein, the functor
mod Ry(gy — mod R/F(R)
is well-defined.
The proof is obtained by the following corollaries to Theorem 9.

Corollary 15 Let f : A — B be a morphism in mod R and suppose G-
dim A is finite. Then the following are equivalent.

1) Q% (f) =0 for sufficiently large 7 > 0.

2) f factors through a module with finite projective dimension.

proof. It suffices to show 1) = 2). We may assume r to be larger than G-
dimension of A. Let n4 : A — Cokt’ be the natural map, and pg : Pg — B
a projective cover of B. By Theorem 9, f factors through Q(K_%; there
exists an R-linear map h : Coky” — B such that f = hons. This means
the existence of an R-linear map q : A — Pp such that f-= ppoq+ho
na. Therefore f factors through Coky2 @ Pp which is of finite projective
dimension from the argument above.  (q.e.d.)

Corollary 16 Let A, B be objects in mod R and suppose G-dim A s finite.
We have a well-defined map '

Homp (A, B)/F(A, B) — Ezty(4, B).‘

where F(A, B) is a subgroup of Homg (A, B) consisting of a map that factors
through some module with finite projective dimension.
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