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1. INTRODUCTION

BRREEBEE A c 20-n ORI, Kk LOZERE S = k[z),... ,z,] D,
A WZAHRE L7z squarefree ZRBIBHRA 7T 7V Ip IZ X DRIKRER k[A] = S/I (Stanley-
Reisner REFRIEN D) OZENEDTH B Z &iE, B<ALN T3, LI, FiZ
Stanley-Reisner B8 % —#%{b L T, [squarefree &) 2E&E L7, ZHhic kv, =
NETRVFESNTERRD o2, —ROBERA T T AEELTEEFarER
V— H; (S) b, FHIRAD L 5102 o7, ETz, squarefree B D23 E Sq
DERE X, Koszul WAHE L bIEA TEHBWEEZ/FOZ E b o0 o Tk, 7272,
k[A] 25 A ORMFIESR |A| OMERMFRIMEZRLICRBRL TWB DTSR L
T, —#& D squarefree MEEDKMAIRERIT, TNETIEo &Y Loz,

A [E, S £ squarefree B M 13t LT, 20l OMMEHERTHD n—1
HEE B (bbAA,n—1RTOMBAKKLRAMR) LOB M*T PHERTE, BRLER
BERATEDZERGNS7OT, BESRTEE LV, (KRELREE, I —&ic, E
BB L0 squareiioe MEEH > R0, RETIE, WEOH, SHAROH L1
2)o BIZIL, K[A]T 1E, A ODREAFMER |A|C B LOEHED B ~DJEBRTH
B, —RIC, M € Sq & K[ALMBETHIE, M+ O H— M |A| KEERB, =
DEKT, M* 13, |A| LOBERAES, M ITHLT M* 235 S 5HFE,
M ORESHROBMAMBENERSNDE,

[H (M)l = H'(B,M*)  (Vix1)

THY, TrELF |
0 — [HY(M)]o = My — H(B,M*) — [HL(M)]o = 0

BFET DFR LY, Z-graded RAERER S MEND, P! LOEFEBELERT D
REEE(TED “Proj” DERIELEUTWSHOHBE B,

A BEFREZ OIT (Z O/, k[A] 1X Buchsbaum T& 3), |A| LiTiE (k-£RE D)
ME T or BEET DN, ORI, k[A] OEEMEE (2, squarefree MNEE
THD)IZHIGELTNWD, €T, {EZEME K4 %8> d KT Buchsbaum FETER
(A, m k) IZ2WT O, SARERKIC X 2 FxHE

Hi(K,) & Homy(HE#1(A), k) (2<Vi<d—1)
iL, Bx OXARTIEL, |A]| ORT A VIRHE Hi(|Af k) & HE™IAI=(|A or) (23t
LT3 (dimk[A] = dim [A] + 1 ZEE).

—fED A K LTS, |A| O (LEBATFEDOEKRTO) WetbEEIL, k[A] @ (77

BABOERTO) TEHEBEEIZTIE L, |A| DRT B L - T 2T o THRED,



K[A] OFHEEE 2 ROV BETRAHEICIE LTV 5, BEBICE 2T, kD L 512
2%,

EE. Ks % S O Z'-graded RIBEMBEL L, w* := RHomg(k[A], Ks[n — 1]) &
E< &, fERD M* € D*(Sq) 125 LT, Homya)(M*,w*) € Db(Sq) T % (BT
i3, HSETRD Z'-graded MBEOHEERTHBH, FarEn U—BR, £T
squarefree IZ2 > TV\B), & HIZ, (HZER |A| OWH{LEEE D* & L, ik
%5/ Ao B % j LR D (Sh(|A]) ieBi 5 AE

RHomSh(|A|)(j*(M‘)+,’D‘) & j*(RHomk[A] (M‘,w°)+)
DEET D, B, D ((w)t) THAB,

SNDEAT S ETH—LRDDIE, Sq DASTEIRS: (resp. HEHIRE) 1okt
T 28I, d (Sn—1) WTEOPABKE (resp. R* 2 L R?Y) & [4E742 B O
DEFMOEDOEHE (P B~ [¥0IZXBIEE] ) THY, Z0aL 7 &=z
FEOY—N, BLx—EFEROTELEZLTH S,

AR [10] OBMERTH Y, BIZHAR SN TORVIRY , BRIZLT[10] OHD
THo, AT, BARICEBNEE>TWA b0, KB ETB LS, S5 -
FRLIELOLE, F#LWERIT, [10) 247> THEE 2\, ¥/, BFiar 32
NAARZER EOBDERIZOWVWTIL, 3] 2BBLTHEE -V, BEEL, £5H
Wi, ZOEREIHE-STWS,

2. PRELIMINARIES

Let @ C N" be an affine semigroup (i.e., a finitely generated sub-semigroup
containing 0), and k[Q] = k[z® | a € Q] C S := k[=zy,...,z,] the semigroup
ring of Q over a field k. Here z® for a = (ay,... ,a,) € N® means the monomial
[Iz} € S. We always assume that R>o@ NN" = Q and ZQ = Z". Thus £[Q)] is a
normal Cohen-Macaulay Z"-graded ring of dimension n with the graded maximal
idealm=(22|0#a€Q).

Consider the cone R»oQ C R" spanned by Q (C N* C R”). Let L be the set
of non-empty faces of Ry0Q. The order by inclusion makes L a finite poset. If
P € Rx0Q, there is a unique face F' € L such that the relative interior rel-int(F’) of
F' contains p. We call this F the support of p, and denote it by supp(p).

Let H be a hyperplane of R which intersects the cone R5oQ transversally. We
call the (n — 1)-dimensional polytope B := H N R>0Q a cross-section of RZ,Q. Of
~ course, B is homeomorphic to a closed ball of dimension n — 1. If k[Q] is simplicial
(e.g, k[N"] = k[z1,... ,2,]), then B is a simplex. Foraface F € L, set |F| := FNH
to be the face of B, and |F|° := rel-int(|F|) its relative interior. If A C L is an order
ideal (i.e., if ;G€ L, F > G and F € A, then G € A), then |A| := Hrea IFI° is
- a finite regular cell complex.

For a Z"-graded k[Q]-module M and a € Z", M, denotes the degree a component -
of M. Let *Mod be the category of Z"-graded k[@]-modules. Here a morphism f
in *Mod is a k[@]-homomorphism f : M — N with f(M,) C N, for all a € Z".



We assign an order ideal A C L to the ideal Ix := (z? | a € @ and supp(a) ¢ A)
of k[Q]. Set k[A] := k[Q]/Ia. Clearly,

kAl = {

If A #0,{{0}}, then dimk[A] = dim |A| + 1, where dim |A| is the dimension as
a cell complex. When k[Q)] is a polynomial ring, k[A] is nothing other than the
Stanley-Reisner ring of a simplicial complex A. (If k[Q)] is simplicial, A can be seen
as a simplicial complex, and |A| = [[pcn [F|° is homeomorphic to the geometric
realization of A as a simplicial complex.)

Definition 2.1 ([7, 8]). A Z"-graded k[Q]-module M is squarefree, if the following
two conditions are satisfied.
(1) M is finitely generated and Q-graded (i.e., M, =0 for all a € Q).
(2) The multiplication map M, 3 y — zPy € M., is bijective for all a,b € Q
with supp(a + b) = supp(a).

k ifa € Q and supp(a) € A,
0 otherwise.

The Z"-graded canonical module Kyg) of k[Q] is a squarefree module. In fact,
Kyjq) is isomorphic to the ideal (z* | a € Q with supp(a) = R»oQ) of k[Q]. The
quotient rings k[A] (in particular, k[Q)] itself) are also squarefree.

If M is squarefree, then M, = M), for all a,b € @ with supp(a) = supp(b). In

fact, since supp(a) = supp(a + b) = supp(b), we have M, & Maip = Mp.
- Let Sq be the full subcategory of *Mod consisting of all squarefree k[Q]-modules.
For M € *Mod and a € Z", M (a) denotes the shifted module of M with M(a), =
Maysp. If M,N € *Mod and M is finitely generated, then Homyq)(M, N) has the
natural Z"-grading with [Homyqg)(M, N)]a = Hom«yoa (M, N(a)).

Lemma 2.2 ([8, §4]). (1) Sq is a thick abelian subcategory of *Mod (i.e., closed
under kernels, cokernels, and eztensions in *Mod).
(2) Sq has enough projectives and injectives. An indecomposable projective (resp.
injective) object in Sq is isomorphic to

Jr:=(2* | a € Q withsupp(a) D F) C k[Q]

( resp. kIF] = K[Q)/(z* | a € Q with supp(a) ¢ F) )
for some F € L. And both proj. dimg, M and inj. dimg, M are at most n for
all M € Sq.
(3) The projective object Jr is a Cohen-Macaulay k[Q]-module of dimension n.
And

Homyq)(Jr, Kkiq)) = (2* | a € Q such that supp(a) V F' = R»Q),

where supp(a) V F' € L is the smallest face containing both supp(a) and F. In
particular, Homyg)(Jr, Kkq)) is squarefree again.

For derived categories, we use the same notation as [2] (unless otherwise spec-
ified). In particular, for 2 module M and an integer i, M[i] means the complex
+-+=30— M —0—--- with M at the (—i)'® place.



We have the canonical category equivalence D*(Sq) & D} (*Mod), and D*(Sq)
can be seen as a full subcategory of Db(*Mod).

Next, we study R Homyq(M*, Kyiq)) for a complex M* € Db(*Mod). Here
RHomyq(M*, Kyq)) is the “RHom” as complexes of (non-graded) k[Q]-modules.
But if each H*(M*) is finitely generated, RHomyq)(M?*, Kyq)) has a natural Z"-
grading, and defines an object in D?(*Mod). In fact, if P* is a Z"-graded finite
free resolution of M*, then RHomyq)(M®, Kyq)) = Homy ) (P*, Kijq)) and each
Homj ) (P*, Kijq)) (= Homyq (P, Ki(g)) ) has the Z"-grading.

The next result follows from Lemma 2.2 (3). See [10, Lemma 2.4] for detail.

Lemma 2.3. If M* € D (*Mod), then R Homyq)(M*, Kiq)) is in D§,(*Mod)
too. In particular, Ext};[Q](M *, Kijq)) is squarefree for all 4.

3. SHEAVES ASSOCIATED WITH SQUAREFREE MODULES

Let M be a squarefree module. Take some a(F) € Q Nrel-int(F) for each F € L,
and set Mp := M. If F,G € L and G D F, [8, Theorem 3.3] gives a k-linear
map ¥, : Mp — Mg. These maps satisfy ¢¥p =1d and o} 5 0 ¥ = ¥ for
al HOGDF. Set

Spé(M) := H |F|° X Mg.
FeL
Let m : Spé(M) — B be the projection map which sends (p, m) € |F|° x Mg C
Spé(M) to p € |F|° C B. For an open subset U C B and a map s : U — Spé(M),
we will consider the following conditions: -
(x) mos =Idy and s, = o p(sp) for all p,g € U such that F := supp(p) is
contained in G := supp(q). Here s, (resp. s,) is the element of Mz (resp.
Mg) with s(p) = (p, s) (resp. s(q) = (g, 5,))-
(**) There is an open covering U = Uxen Ux such that the restriction of s to U,
satisfies () for all A € A.

Now we define the k-sheaf associated to M on B, denoted by M+, as follows.

The sections M*(U) of M+ over an open set U is

{s]s:U — Spé(M) is a map satisfying (+) }
and the restriction map M*(U) — M*(V) is the natural one. (That M is actually
a sheaf is obvious.) For a point p € |F|°, the stalk (M*), of M* at p is isomorphic
to M. So Spé(M) is the etale space of the sheaf M.
Let ¥ C L be an order filter of the poset L, that is, F € ¥, G € L, and

G D Fimply G € ¥. Then Uy := [[pcy |F|° is an open subset of B. If M
is a squarefree module, then the submodule My := @aeq,supp+(a)ew M, is also

squarefree. Moreover, the sheaf (My)* is isomorphic to jj*M*, where j : Uy — B
is the embedding map.

Example 3.1. (1) Let A C L be an order ideal, and j the embedding map from
the closed subset |A| = []pc, |F| to B. Then the sheaf k[A]* is isomorphic to
Jskja|, where k5 is the constant sheaf on |A|.



(2) Let Jp be the projective object in Sq associated with a face F' € L. Then the
sheaf (Jp)™ is isomorphic to jik;,., where j is the embedding map from the open
set Ur = [Iger, oo |GI° to B. Note that

Rn—l, if F= RZOQ’
Ur = Ri_l = {(yh s ,yn—l) € R™! | Yn—1 2 2 0} if F 7é RZOQa {0}’
B l:={(y,... ,Un1) ER* |} y2 <1}, if F={0}.

For a topological space X, Sh(X) denotes the category of k-sheaves on X (i.e.,
the category of ky-modules).

If M is a squarefree module, M-, denotes the submodule @aeQ 0} M, of M.
Then Ms is squarefree again, and M+ 22 (Mso)*. The functor (—)* : Sq — Sh(B)
is exact, but neither full nor faithful. The degree 0 component M, causes this
problem. Let Sq, be the full subcategory of Sq consisting of all M with M, = 0.
It is easy to see that the functor (—)* : Sq, — Sh(B) is fully faithful.

Theorem 3.2. If M is a squarefree k[Q]-module, we have an isomorphism
HY(B,M™*) = [HF(M)]o for alli>1,

and an ezact sequence

(3.1) 0 — [HY(M))o = My = H(B, M*) — [HL(M)]p — 0.

In particular, if M € Sq, then H(B,M*) & [HEY(M)]o for alli > 0.

Proof. As usual, let T, : *Mod — *Mod be the functor defined by I'n(N) := {y €
N | m*y = 0 for n > 0}, and I'(B, —) : Sh(B) — vect;, the global sections functor.

Let I* be a minimal injective resolutlon of M in Sq, and consider the exact
sequence

(3.2) 0= Tu(I*) = I* = I*/Tu(I*) = 0

of cochain complexes. Put J* := I*/T'(I°). Each component of J* is a direct sum
of copies of k[F] for various {0} # F € L. Since k[F]* is the constant sheaf on |F|
which is homeomorphic to a closed ball, we have H*(B,k[F]*) = H(|F|; k) = 0 for
alli > 1. Hence (J*)* (& (I*)*) gives a ['(B, —)-acyclic resolution of M*. It is easy
to see that [J*]o 2 T'(B, (J*)*). By [4, Theorem 2.4], I* coincides with the Q-graded
part @,coll*]a of I*. Thus we have [H*(Tw(I*))]o = [H*(T w(*)]o = [HL(M))o-
So the first and the second assertion follows from (3.2), since [H°(I*)]o = My and
Hi(I*)=0foralli>1.

Remark 3.3. Let M bea ﬁnitély generated Z-graded module over S = k[zy,..., -’Cn]~
Then we have an algebraic coherent sheaf M on P! = Proj(S). Like our functor
(=)*, if dimy M < oo, then M = 0. Moreover, it is well-known that H*(P*~!, M) =
[HEY(M)]o for all ¢ > 1, and

0 — [HY(M))o — My — H°(P™}, M) — [HA(M)]o = 0 (exact).

So Theorem 3.2 gives an analogy between Proj and our (—)7.



Recall that we chose a(F') € QNF for each F € L in the previous section. By the
graded local duality, the Z"-graded k-dual of H: (M) is isomorphic to the square-
free module Extz['Q"](M , Kig))- So to determine the Z"-graded Hilbert function of
H: (M), it suffices to know [HZ (M)]_a(r) for each F. Since Theorem 3.2 deal with
the case when F' = {0} (i.e., a(F) = 0), we may assume that F' # {0}.

Theorem 3.4. Let M be a squarefree k[Q]-module, and j the embedding map from
the open set Up = [[;-r |G|° to B. If F # {Q}, we have

H(Up,j*M™*) = [Hf:l(M)]_a(F) for alli >0,
where H(—) stands for the cohomology with the compact support.

When k£[Q] is a polynomial ring k[N"] = k[zy, ... ,z,], Theorems 3.2 and 3.4 gen-
eralize a well-known formula of Hochster ([1, Theorem 5.3.8]). See [10, Remark 3.6].

4. RELATION TO POINCARE-VERDIER DUALITY

Since the functor (—)* : Sq — Sh(B) is exact, it can be extended to the functor
(=) : D*(Sq) — D*(Sh(B)). If M* € D(Sq), we have R Homyq(M*, Kiq)) €
Dj§,(*Mod) by Lemma 2.3. So there is a bounded complex N*® of squarefree modules
such that N* = R Homyq)(M*, Kyq)) in D*(*Mod). We denote (N*)* € D*(Sh(B))
by RHomyq)(M*, Kyig)*. Of course, R Homyq)(M*, Kyq)™ does not depend on
the particular choice of N* up to isomorphism in D?(Sh(B)).

For a locally compact topological space X of finite dimension (e.g., a locally
closed subset of B), D denotes a dualizing complex of X with the coefficient in &,
see (3, V. §2]. In this paper, we frequently use the isomorphism Dy, = 5'D% for an
embedding map j from a locally closed subset Y to X, see [3, V. Theorem 5.6]. If
X is a manifold (with or without boundary), we have the orientation sheaf orx of
X with the coefficients in £. In this case, we have Dy = orx[dim X, see [3, V. §3].

Lemma 4.1. With the above notation, we have the following.
(1) OoT B = (Kk[Q])+~
(2) Let Jp be the projective object in Sq associated with a face F € L. Then
RHomSh(B)((Jp)"', OT‘B) = Homk[Q](Jp, Kk[Q])+.
(3) If M* € D*(Sq), we have an isomorphism
RHomsps)((M*)¥, orp) = RHomyq)(M*, Kyq)*
in D*(Sh(B)).
Proof. (1) Let kg. be the constant sheaf on the relative interior B° of B. If j :
B° — B is the embedding map, then orp & jikg. by [3, VI. Proposition 3.3].
(2) Recall that £xtg, 5y ((Jr)T, orp) is the sheaf associated to the presheaf which
sends an open set U to Extgh(U)(j*(Jp)’f,j*orB). Note that j*org = Dfj[-n +1] in
D*(Sh(U)). By the Poincaré-Verdier duality ([3, V. 2.1]), we have

Extg, o) (5*(JF) T, j%ors) = HX U, 7% (Jp) )Y,



where (—)V means the dual k-vector space. For any open neighbourhood V' of p,
there is an open set U with p € U C V such that U NUp = R** or R}™. Then
H{(U,j*(Jp)*) 2 H{(UNUp; k) = 0 for all i # n—1. Thus Eztg, 5 ((Jr)t,0rpe) =0
for all 4 # 0. Hence we have RHomgy(p)((Jr)*, ors) = Homsnz)((Jr)*, 0rB).

Recall that (Jg)* is the constant sheaf on Up and orp is the constant sheaf on B°.
For a point p € B, the stalk Homsys)((Jr)t,0r)p at p is nonzero (equivalently,
Homsn(g)((Jr)T,0rs)p = k) if and only if there is an open neighbourhood U, of
p such that U, N Up C B°. With the same notation as Lemma 2.2 (3), the latter
condition is equivalent to the condition that supp(p) V F = R50Q. So the assertion
follows from Lemma 2.2 (3).

(3) Let P* be a projective resolution of M* in Sq, that is, there is a quasi
isomorphism P* — M* and each P is a direct sum of copies of Jr for various F.
By (2), we can compute RHomgus)((M*®)*,0rp) by (P*)*. So we have

R’HO’ITLSh(B) ((M')+, OTB) & ’Homgh(B) ((P.)+, OTB)
Homjg)(P*, Kijq))*
R Homyjq)(M*, Kiqy)™-

1R
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The normalized Z"-graded dualizing complex of k[Q)] is a Z"-graded injective
resolution of Kyg)[n]. But since k[Q] represents an (n —1)-dimensional polytope in
our context, here we will consider a Z"-graded injective resolution of Kyigj[n — 1],
which is a non-normalized dualizing complex.

Let wia) be the @Q-graded part of a minimal Z"-graded injective resolution of

Kijgn — 1]. Then

4.1) Wig 10— w0,
wi= @ HF,
FelL
dim F=—i+1

and the differential is composed of the maps ¢(F,G) - nat : k[F] — k[G] for all
G € L with dimG = dim F — 1, where ¢ is an incidence function on the cell
complex B =[]z, |F|° and nat : k[F] — k[G] is the natural surjection.

For an order ideal A C L, set wy) := Homyg)(k[A], wyg). This is a complex of
squarefree k[A]-modules with

via= € KkF).

FeA
dim F=—i+1

Note that (an injective resolution of) W} is & non-normalized Z™-graded dualizing

complex of k[A] in the derived category of Z"-graded k[A]-modules.

Let Sq(A) be the full subcategory of Sq consisting of k[A]-modules, that is,
M € Sq(A) if and only if M is a squarefree k[@]-module whose annihilator Ann (M)
contains I5. We have D?(Sq(A)) 2 D§  »)(Sq) = Dgya)(*Mod), and D*(Sq(A))

can be viewed as a full subcategory of D®(*Mod).



If M* € D*(Sq(A)), we have R Homyg)(M*, Kygyln—1]) = R Homyja)(M*, wiia)
in D°(*Mod) by the local duality. In particular, R Homya)(M*, wy;s)) belongs to
D§,(a)(*Mod), and we can define R Homyja)(M*, wiia)* € D*(Sh(B)).

If M € Sq(A) and j : |A] — B is the embedding map, then Supp(M*) C |A|
and j,j*M™* = M*. Since j.(= ji) : Sh(]A|) — Sh(B) is an exact functor in this
case, it can be extended to the functor j, : D*(Sh(]A|)) — D*(Sh(B)).

Theorem 4.2. With the above notation, for M* € D*(Sq(A)), we have
RHomsn(ap (5" (M*)*, Diy;) = 5*(R Homgga)( M*, wipa)™)

in D*(Sh(|A])).

Proof. In D*(Sh(B)), we have the following isomorphisms.

JeBHomsna) (5°(M*)", Diy))

JeRHomsn(a) (5 (M*)*, 5D )

RHomsyp)(Juj*(M*)*,D3)  (by [3, VIL Theorem 5.2))

RHomgygy((M®)*,orgln —1])

RHomyq( M*®, Kygln — 1])*  (by Lemma 4.1 (3))

RHOIII[;[A](M., w,:[A])"'

Hence j*RHomsh(lAD(j*(M')“’,D[‘A,) = R Homyy (M',w,:[A])"’. Applying j* to

the both sides of this isomorphism, we have the expected isomorphism. O

R
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Corollary 4.3. With the above notation, we have Djy; = jf(w,:,[m)"‘.
Proof.
Dl.Al = RHOTnsh“AI) (k|A|’ Dl.Al) = j* (R Homk[A] (k[A], w,:[A])"') =3 ]*(w;[A])+

O

Next, we study the Cohen-Macaulay property of k[A]. If dimk[A] < 1, then
k[A] is always Cohen-Macaulay. So we may assume that dim k[A] > 2. When k[Q)
is a polynomial ring, the next result is a well-known theorem of Munkres.

Proposition 4.4 (c.f. [4, 9]). Let A C L be an order ideal with d := dim|A| > 1
(i.e., dimk[A] =d+ 1> 2). Then the following are equivalent.

(2) k[A] is a Cohen-Macaulay ring of dimension d + 1,

(b) Hi(|A; k) = Hi(|A],|A| = {p}; k) =0 foralli<dandallp e |A|,

(c) H(Djp) = 0 for all i # —d, H'T(|A[, D) = 0 for all i # —d, 0, and

H°1“(|A|,D|'A|) =33
In particular, the Cohen-Macaulay property of k[A] is a topological property of |A|
(i.e., depends only on the topology of |A| and char(k)).
In our context, the notion of a Buchsbaum ring is natural and important.

Proposition 4.5. Let A C L be an order ideal with d = dim|A| (so dimk[A] =
d+1). The following are equivalent.



(a) k[A] is a Buchsbaum ring.
(b) H'(Djp)) =0 for all i # —d.
(c) H, (|A| [A| {p}; k) =0 for alli < d and all p € |A|.
In particular, the Buchsbaum property of k[A)] is a topological property of |A|.

If |A] is a manifold (with or without boundary) of dimension d, we have D}, =
orald]. And k[A] is a Buchsbaum ring of dimension d + 1. By Corollary 4.3,
we have j*(Kia))T = orja), where Kyja) := Ext:[a‘f ' (k[A], Kxiq)) is the canonical
module of k[A].

If (A, m) is a Buchsbaum local ring of dimension d + 1. Assume that A admits a

canonical modules K4. Then [6, II. Theorem 4.9] states that
Hi(K,4) = Homu(HE"2(A), E(A/m)) forall2<i<d,

where E(A/m) is the injective hull of A/m. We will see that this duality corresponds
to the Poincaré duality in our context.

Assume that k[A] is a Buchsbaum ring of dimension d + 1 (thus dim |A] = d).
Then we have

(4.2) [H:n( (Kk[A])>0 )]o [Hd—1+2(k[A]>o )V]O foralll1<i<d+1.

(When 2 < i < d, this is just a Z"-graded version of [6, II. Theorem 4.9]. We leave
the case when ¢ = 1,d + 1 for the reader as an easy exercise.) By Theorem 3.2,

[Hi((Kkap)>o) Jo = HH(|A], (Kiap)*) = HH(|A], orjay)
and .

[HE 2 (K[A]s0) Jo = HH(|AL Kja) 2 HH(|A]; k)
for all 1 < i <d+1. So (4.2) also follows from the Poincaré duality

HY(|A|, ora)) 2 HI(|A]; k)Y for all 4,5 with i+ j = d.

Note that |A| is an orientable manifold (i.e., a manifold with k5, & or|a|) if and
only if k[A] is a Buchsbaum ring with (Kkja))>o = k[A]se. In this case, (4.2)
corresponds to the most familiar form of the Poincaré duality. We also remark that
if |A] is an orientable manifold of dimension d then dimy[Hy 4+1(k[A])]o equals the

number of the connected components of |A|. When |A| is a connected manifold,
|A| is orientable if and only if dimg[HE (k[A])]o = 1. In this case, Kija) = k[A].

Let Sq, (A) be the full subcategory of Sq consisting of squarefree k[A]-modules
M with My = 0. For a while, let M* be an object of D®(Sq, (A)).

By the local duality and Theorem 3.2, we have
[Extify) (M°, wia)) ] = [R™'Tn(M")]o = R'T(B, (M*)*) = R'T(|A], 5*(M*)").
On the other hand, we have Extgg(lAl)(j*(M’)“‘, Diy )Y = RT(]A], 5*(M®)*) by
the Poincaré-Verdier duality ([3, V, 2.1]). Thus
(4.3) Extiqap (57 (M°)F, D) = [Extia)(M*, wia))lo-

We can give another proof of (4.3). Let P* — M?* be a projective resolution
of M* in Sq. Since M* € D’(Sq,(A)), we may assume that each component



of P* is a direct sum of copies of Jr for various {0} # F C [n]. If F # {0},
then Supp((Jr)*) = Ur = R" or R} and Extg} 5 ((Jr)T, Dy) = H{(B, (Jp)*) =
H:(Ur;k) = 0 for all 4 # n — 1. So we can compute Extgh(B)( (M*)*, Dg) using
(P*)*, and we have the following.

Extgyap (77 (M°)*, Diay)

Extéh(B)( (M*)*, Dy) (by [3, VIL. Theorem 3.1])
Extgy p)((M*)F, org[n — 1))

H'(Homsws)((P*)*, (Kg)In —1]))

H'([Homyq)(P*, Kxgiln —1])Jo)  (since P* € D*(Sq,))
[EXtZ[Q]( M*, Kxqln —1]) o

[Extia) (M, wiia)) Jo-
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K 28H00&EL L, (A,mK) 20 RTRFARTK Z2Lb0DETH. n
TADRY PVERELTORTEERT. x: A— End(4) & K OERAIRE
LT3, Thhbac AL E, xalX lafEFE#) 2XT. AIXFFRED
b, xalX, (BEEnLD) IF—o0EAEZ L. (o PDEEENO S aem
) TOEIRFTFNOY a VF UEERIT, EEEK n D5E (Young diagram
LESTHLERWV)TEREND. Thbb, nOFEIn=n+n,+---+n, I3,
xa DY a VFABERH, RE¥E n;, OV arZ BRICOBT A EE2RT
HLDETE. WoRTNIE, ni>ne>--->n, £T53.)

n DHEIDERIZLIEFEZROFIZEATS. T2bb, n=n;+ns+
oot (ZOHEEY, EERT) En=mi+me+---+m, (Yo2T3) &
nD2ODHEETEEE, V=Y, &1, )r<sERiT(2)r=5Td
D, Lib, y=mfori=1,2,---,j-122n;>m; £25ILTH5.

aEM®DHIL, FOVaNF U IBEERELEOEKRTREOLOE, A
D—BRTEEIZLIZTE. (m OBNERRE LD, ZO—RAR—REE
ZEAE, ZTOBRT—RTICRoTWS. ZTUEREEMICIIMELSTY
ZEER, BbRrALHERATAZRENRYDOIREZETS.)

EROEETMAT, A= @i Az REMN&E K-REETD.(ZDEIIT
EQLE, BICA #0213, A=K EFEETEH, HTLH A= K[4)
TR<THRW.) ADe A~ NEEK, h; :=dim4; 1X, EE#n O5HE%
Ex53. Thbb, n=hy+hi+--+h. HKBETHE, KEIDIEI
T~_E&x 5.)

ADBRLT7Y =V (SLP) & L=Vt (WLP) 2ROKRIZES
¥ 3.

EE1 A=, A 2 ERDOL> R K-RELT5.

o A M55 V7:/I‘y'ﬁ%ﬁo =4 —kit ge A1 7)§??EL'C, Xg: Ai -
Ay M full tank #E3. (7270, i=0,1,--,c—1¢55.)

e ABNBL 7L =VMERED. o —KkKN ge A BEELT,

ch—Zi : Ai — Ac—i
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BEBEIZRZ. (7ZL, i=0,1,--,[c/2] £T5.) ZOBAE, gD
TEE, LIVIVUTEED

A D—RTED Y a VF NEHER B E-T, SLPITROBIZESMTT NS,
EE 2 2¥OLBIIRETHS.
(1) A 1% SLP %#-.

(2) AD—BTZ gLTDHLE, xg OVaLVFUBERILELND
DRENORAE, (EFEZEETHIE) A De~v MBS —ET 3.

GEBR ABSLP 2oL &E, AD—BRTIIV IV =VYRTHDB. —RIC
E2T, M eEnd(V) 2MERBERLTIEE, M OV a V& ZER
i¥ dim KerM*,i=0,1,2,--- TRES. LZ28, ABSLP%2bb, ge A
N7y Y TTHIE, BT

dim Ker (xg%),i=0,1,2,---

i, TOREZREDL A DAV FEKERE SOIEICE R HDI—F
T3. ZhT, (1)= Q) RExk. EHAOERGEE. GEHK)

B3 A=Klz,y)/(a%y!) LB, ZDLE, EAUL MBI
(1,2,3,3,2,1)

Thd. ZHEREIDEIZRORNPZT, 12=34+3+2+2+14+1 &0

SNENER/D. —FH, BITOVaNF U ABERITI2=6+4+2 THY,

ZDZODHENIRXTHS.

FEH 4 A=Q_ A ETVT 4V KRELTH. ok, kD254
FETHS.

(1) AESLP % .
(2) $RTD j>01I22WT, Al2]/(27) X WLP &% -.

ST Y —BR sl, OMBEDOSEEE D LHET.

T DEED SLP READRALRRBICRD. e 2T, ZOEERES &,
HERDOEBRITND) £THOELERXBIISLP b2 2L T(EEDE
BIRTD) ETHOREZXBRIIWLP £2b2) ZLIIRMETH S Z &b
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5. 73))0‘:’ %éSEXA=K[l'laz%"'axn]/(fl’f%"'afn) 7b§WLP%ﬁ%'
L2b SLP 2 izofc b $25E, ZOEEILLY,

A= K[$1,$2,"')znaz]/(flaf2)"'afmz]) (aj)

(CHIEELZNE) A WLP 282N LIcRBh b, - OEBIEE
EE (EE12) OERICDREEHEE R R

EHES5 (1) KuEEL, M3, K CEBSNTRILT5. J% (k%=
AE)MEBETHOV a VU ZRERLETD. MDBJOERTHD LI,
M (¥4 MBTFTHY, RAROV LS EORFHLT
JE—BETEHLDEED.

2) p% K FORBEIBYTTE L, M % Klp) EOFFRIETS. ac K &
BLE, M BT, pit a #RALTELNBTHE Moo LB

S 6 1751 M = (a;)) HROMEES LT 5.
1 M EhELESATRITHD. (EoT, HARSET~TE.)
2. a;j € {p,q,0}. %=L, p,qg REWIZERD 2 ODXF.

3. ay=p=j=i+l |
L MOBTEFIE b, Bx1o0p a1 50 LAEER,

M E’ MP-—)I,q—»O 0)%}%&@_5 M”=Mp—)0,q—>1 &Z'g_é :0)&%, &0)7[:
EENRILTD.
rank (M’ + AM") > rank M

L. AMZ K EORETRET 5.

SRR, M OB#Er L35, ATM (1TFIE RD) OfmIE, HREe £1 &7
% p,qPEBEXTHD. (TRTOqRpEOELIIMETEINHTE.) MO
ROMNMTINT, ZDOITHIRR, g KB L THRRKREEZFEOLDOE S ¢T3, S
DODRFDIH, det S IZHET2p L g e RENRp BLIUFREHRg LW
5T EIZTB. ¥z, SERUITEFINGRD pM' +qM" D/NMTHE S &
T3, SIBTEIFENRp,q LRACMNEDp,q% ' DEERR pg LED
ZEiTTB.

A=gq/p LEBXE, pM'+gM" & p TEINIE, M' + AM" 12729, pid 11272
D, IZANTRDDITER, XENLpDHoMEICHET S 1 2488/
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21 &P, FENR qOH-TABICHET 5 A 2 XEHR A LR (S
bp TEY, M+ AM" D/MTFIERD. 127FL, HEOEORLEE 2
7. ) 8T, SITBIZAENR1Z2HE-T, AFIOTRTOTEBT - &
EEXD. (DD, [AFHLT, BFOFTTMRB. )Z0L &, KEHE )
REHELPEEZT RV EBEHITbNS. fE-T, XEMAR 1 2
DL, EREHLAMNILZTO L L, RBRC, KEMR N 2SI, S
AD=RALNREFRNESICTE S, (FEHR1DYS, BVATICHS
LD, FITICqEEERVWILICERTS. 2O LEZELT, H0F|
BRTITERTHER Y. ) SEIL, FENRqEE-TRVICHS q 218
T ERERHEA R TLRY. ZORR, FEENRqELTHETI N
TED. TITIFIRE LT, detS’ DEEEIZ detS IC—FT5 2 & b
5. (GEBI)
Fl. EEICEO RWVIERITR WA ?

ERRDOMEEIT, ROLD 2BIXENTEER. M %, n A\OBFLRAKOX
FOROBEGITIIE RS, 2L, lq) & IBBEEOTEM) 25X, [p)
I TBOSHEIEDOTTREME ) 2RT VD ETB. Thbb, BENRgTHD LT,
“ADEERRIHVEVICHEEL T LN EEX TS, —F, BIEN)p
ThDLid, HoDOEABICHBRIELERETIERNT, TOZADKKLE
BRI ENTVS. BRB0OTHE L&, ZAX RIBTER) L1
JETTD. Fi, BRRE Tgl & Tp) OWThOBEYL T#ETx3) L=
5. IDEFITTE HRBOMLEDEDEREIL, M OMETHS. (b
LAA, [—R—FHIE| 2BETHHb0LTE. ) ZOEEErLE52 ¢
295, BEOCHEAOEEZERICILEEE, BABRMENOTLEREIENTE 2
DH. ZRIE LD, MM DRESFIZERNS p,q DEERD ¢-IRED 5 HD
BERETHDZ LBRBEHDONRD. LIAT, ROZEBEATES. (20
ZLERICANTEL &, LROEHADE Fi22 5. )

RRBOEEDD v TVEED, TORN, BEEEOHEOKEEK
T DL BREABEDRFIILE—EY L. Thbb, ™M
DEZZEND p L ¢ DEARD Y S, BAD ¢-kEE2HSLD
W E—oThB.

DVBHBRLTLE ok, EETICRT.

LR LIBY, Valy EZER (OF) i3 Young diagram THREN 5.
BEERE Y a V¥ VEREF TR TTHOEEIL, Young tableau THE
5. $72H5, Young diagram DFEICEEE DT B LIRS AR, fix
T %KD Young tableau &1 5.
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2[3[4]5]

T =

|(OO’)’—'
-~
oo

BT Bz L BT

an

OB, 1351 J = (a;) BT 2B V5L, UTO®EDY
x5, |

~_ J 1 ifjis next to the right of i in T,
%=1 0 otherwise.

Uoit, EEOESRFITBEXTTE2TFIbBEY a V&V EERL
FFEOREZR-T. ROKIIEREINDTHE LEITFIOVarF U EZ
BEREVI LTS, (CRLATHRATS. Lrl, —ROFEELE-
72X FLTH5.) £3 LED Young diagram ZEH LES RS AESLT
fHi} 3. (Z® X 5 72 Young tableau % T TK7T.)

3[5
[T]2]4]6

(OOO\ll

InLE, VarFUERER (a;) BRORICERT D.

s = 1 ifj is next to the right of 4 in T,
“ 0 otherwise.

BI7TT=T(531 £+5. ZoFHET=T7(1,1,2,23) L25. Zhic
SIS LY a VE VEEERIIROITFITH S.

K

0

o
(e}

O O OO0 OO0 O|o|+—
O O Ol o)l o|o|o
O O OO0 O|lo rolo
O O Olo Ol O|o|o
O O OO0 HO Oo|o|o
O OOl OO0 O|o|o

O O OO O|C
O O Ojlo Oojo o+~
O O O|C O+ O|O
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M(n) THKRE n (Déﬁ'ﬂﬁ%iﬁ' (A DEEZRDNIT End(4) 13247
ﬂﬁanu LEDEL, Mn) OBBIZEOEE, End(V) CERTS.) %
BEH/ F:M(n) - M(sn) &

F(M) = diag(M, M, - -, M)

S

TEEL, sEaIV—LES. £k, BRAEER G: M(n) - M(sn) 2T
DRRIZEEL, sESf VT LA a v LS.

EE 8 (M) &iE, M D (ij) By my; &175I my;E, CEXHBITHALI 3,
K sn OITFITHS. 7L, B, ix s ROBAATHI.

SE:B—&sE4/7V—/a/HHETb5
M(sn) DTE M = (MJ)) LEX, (k) 270 v 7 DES, (ij) £HH
DEELES T LitTd. REL, (k),(ij) OB< BEE, KOVFRIT
HBETH.
(@)1<Lk<s1<i,j<n
(b)1<Lk<n1<4j<s

D%V, M(sn) DR BYOBRTT ny 7T EX b B, —oi,
sXsD/IMTFNE1Tay b L, SR BOT ya /b330, b
5=, nxnO/MTFIELI Ty b L, BB sBOTyarnbi
DHbDETHD. ZOTRFEEXD] £HZ L%, {RIT “hat operation”
EREEDEN, E-o& VW IRBEDRDEIICEETS. Tihbb,

(M(U)) o M= (M(kl))

J € M(n) 23, MFEATHNDT a v F o E— FE%T&%H?&DM/awﬂ
VEBERERDILICERLLY.

(Am) ZEETEBYVDOK-REL L, A—- B 2FBYEHEILKEL, C=
B/mB &% 5. dimA =n,dimB/mB =s £<.

Ci%, KEDOX7 MVERT, TOEE {&,8, &} DEKIE, BO
AEDBHEETHS. LedoT, V=_e,e, &) &ETHIE, _7
NZERE LTORE

V®A—)B v®a— va

BR/OND. 1eV EERELTIWV. 4%, —oREZ*EELTEE, B
L V®A%Z, &5iZ, End(B) & End(V® A) &, X7 FZERE LTH
—8/T5. EbiL, ALV OEEZBEELZEEIE, End(B) = M(sn),
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BEIV, End(4) = M(n) £Ex2b0L¥5. BREER A - B 13,
End(A) - End(V ® 4) 2518 Z7. ZhIIATHTERLL, sEaE—
F :M(n) - M(sn) TH 5.

A C M(n) £¥5%&%, Comm(2 M(n)) T Commutator algebra &%&
T. TRbb,

Comm (2, M(n)) = {M € M(n)|¢M = M¢ V¢ € 2}
(UITEICEATEN, Comm 131 ZHBEHREITRD. ) T, &I

EETD H Weyl 8] DEZEES. A CMn) &T5&%, sAL A X
M(sn) DUTOHESEEERT.

M
Y 0
%A= . |M € A},
0 M
Mll M12 ot Mls

Moy Moy -+ M
le-_‘{ 21 22 ”2s |Mij€Q[}.
Msl Mm2 Mss
TDLE, RO ENRYIID.
i 9
Comm(F(A), M(sn)) = (xA)s

ZZiz, F(A) R, EH@Y, £4 {diag(xa, -, xa)la € A} ZRT.

SEH. & LE X UL, Comm(x A End(A)) = xA BANE. b, X hL
SR T AT Rl e B, (BEF)

%10 A= @ A NSLP 2ROLL, y ¥ AD—EELETE. ZOL
X AQEERSE<EY, Ao End(d) EEESAREL, S5, xy
U NF VB EERICEL L RTE D,

B, ANSLP2FOL &, xy 2Va VS UEBERTRILDO
EEXBEZ LIIMEICTES. (bb, HEAMELLEIRERTIIRN)
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TOEEOCESZMHIRAT, E_EERICETILLEETHS. 0
EZBRICANT, RO ADHHZEEOEKRT] (lag) #E 2 LS.

A=0:4"D0:94°D0:41>---20:42D0:y>D0:1=0

ADETILZ D flag ZHRoOND, xy %, ValFUEEERICEEX, L
Y, 2% (Toy s E¥E=A8| TBLIENTES. 0K, AR
7oy rn, EEZABTRNZIVDITER, 20z 2%, A B SLP
EROZLDLEBMICRES. (GEHEK)

BLELNTWBEY, BL 7 =UHBIIT VY LVBETRESNS. B1b

BE11 AL CH, BLT7V=UERETERE, AQ,C bRL T =Y
HEHTD. g€ A, he Oy BENTROL 7V =Y T THIL, gQ1+1Qh
BAQrC DLVT7L =Y THDH. ER:HBL7 V=V, TV ILET
REINL2WV.)

IOEBEROFRII—MRILT . ZOMEANREREEODENTHoT-.

EHE 12 ABR2K FORERLTS. A— B 2REEE> FHEF LT3,
(B 13 A L finite free TH5.) A DBRAFTT7V%Em &L, C = B/mB
LEL. TDLEROENHKILTS. .

AL CPRELVIZYV=VEETSH. = BIERLVIV=IUH%EATS.

AHOBRy c AZADLV T =YTEL, xy B, VarF U ABERICK
BLICADEE (filj =1,2,-,n}&&EB. £EL, n=dmA ThH5.
C=B/mB LEE,s=dmC &¥3. beB LTHLEbecC T, b0
BRZBERT. 2€eB2ZBC O VIV2VYTERBLICED. HY
ZMVCBT, B=VomB23bDLL, ZOEE {efi=1,2,---,s} &
{Eli=1,2,,5} BxZOV ISV EERCRD L5 ITL D, ROTHRN
XzeEZ3.

A % End(4) 5 End(B)
3 I
M@®) 5 M(sn)

KIZL, BEFMORENL, LEROEER2HE-TTEIR—ETHS. KE
FEADOFiF, EFLd, TTREELE sEa—Thb. 5T, F(A)
3, ECEEBLEESE2ED L, s(xA) THB. ZnLx,

Comm(F(A),M(sn)) = (xA),
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ThD. ZhiE, AEITREZEY THD. BOTEALaIa—bFIN
5, xz € End(B) Dn&%5. —F, C®A b M(sn) LR—HETED
Mb, x(Z®1) #M(sn) DILEBEXDIERTEDDER, xz FZOER
(LIZEHELE) TR TWBZ ERLNS. (ZZIT, ER10ZMED.) #o
T, +o—&iR 2 LD L,

rank[x (z + Ay)] > rank[x((Z) ® 1 +1®y)]

HEE6 LV b»b. (ZZIiZ, BEOEARHZOTL IV LBEAZMAS.
EDDzE yld, BOTERTWA. 2T, x(z+My) i3, End(B) DT T
5. AODZIICOR, yiTADTTHY, FELRENL1Z2T VI —
T3ZLT, CQADTERS. #-T, x(z®1+1®y) i&, End(CQ 4)
DIEEEZD. YHLHDBEED sn ROTFITRESND.) L ZAT, SLPIX
FUYNETRENE DD, rank(x(Z®1+1®y)) iX, B D CoSperner £
2225 T3, (l72L, K-fi# D CoSperner &5 DI, b/~L &
B TEEREEL LTHHETE S x| OBREOKKRETHD. ZII3, 1
K-RBEO—KRAZEHL. ) - T, ZOFESFIE, BHWLP 2H-2ZL%
Zk+5. Lal, £<RAKIILT, Blt)/(t) (Vk) B WLP 2822 L A5
BAcx3%. 2¥%b, B% B =B[t]/{tf) TEEEZXTH, A—- B i3EA
ELTHat L, EDT 7 A4 "= CIiZClt]/(t*) \CBEE DB DR, Zhb
KR L LTSLP &>, 1225, B IIWLP 28b, EE4/»6 B OSLP
BHED. (GEAK)
FE12%ED) LIROFRBINVEATES.

8l 13 R = K[z1,%0,--+,7,) 2ZBRELTS. EHEOREKII1 LT 5.
si(@y, e Tn),d = 1,2,0,n B i REFHHFRETD. r ZEERETD.
I% si(z},25,--,20),i=1,2--+,n CERENDROATTNETH. TD
L&, A=R/I TRV 7V =VEE LD r=1720, AT A B Weyl
BICLA3LTERETHY, EZHFEEOaFRErF—RLLTEREND. r=2
75, B, BOWeyl BIC L ARFERRTHD. I, ADELIRT, AD
LTV ERER, WML NEEEEOL DX, BLT VY
HEHO.

S A=A, LEX, n ORMETERTS. t ¥FEKL L, BREK[H] - A

¥t oz, LEETDHILICAIXK[])/(t™) O finite free extension (272,
ANt A, ThD. LoTEBREDEEELS. (EFHK)
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WHEN DOES THE SUBADDITIVITY THEOREM
‘FOR MULTIPLIER IDEALS HOLD?

SHUNSUKE TAKAGI AND KEI-ICHI WATANABE

ABSTRACT. Demailly, Ein and Lazarsfeld [DEL] proved the subadditivity theorem
for multiplier ideals, which states the multiplier ideal of the product of ideals
is contained in the product of the individual multiplier ideals, on non-singular
varieties. We prove that, in two-dimensional case, the subadditivity theorem holds
on log-terminal singularities. However, in higher dimensional case, we have several
counter-examples. We consider the subadditivity theorem for monomial ideals on
toric rings, and construct a counter-example on a three-dimensional toric ring.

INTRODUCTION

Multiplier ideals was first introduced in the complex analytic context in the work
of Demailly, Nadel, Siu and the others, and they proved a Kodaira-type vanishing
theorem involving these ideals. Multiplier ideals could be reformulated in a purely
algebro-geometric setting in the terms of resolution of singularities and discrepancy
divisors, and nowadays those ideals become fundamental tools in birational geome-
try.

Demailly, Ein and Lazarsfeld [DEL] proved the subadditivity theorem for multi-
plier ideals, which states the multiplier ideal of the product of ideals is contained in
the product of the individual multiplier ideals. This theorem itself is very miraculous
for commutative algebraists, and moreover it has several interesting applications to
commutative algebra and algebraic geometry. For example, the problem concerning
the growth of symbolic powers of ideals in regular local rings (see [ELS]), Fujita’s
approximation theorem which asserts that most of the volume of a big divisor can
be accounted for by the volume of an ample Q-divisor on a modification (see [Fu]
and [La]), etc. However their proof of the subadditivity theorem works only on non-
singular varieties over a field of characteristic zero, because their proof needs the
~ Kawamata-Viehweg vanishing theorem and the fact that the diagonal embedding
is a complete intersection. Hence we investigate when the subadditivity theorem
holds on singular varieties which admit a resolution of singularities. The multi-
plier ideal associated to the trivial ideal defines the locus of non-log-terminal points
of Spec R. Therefore, on non-log-terminal singularities, the subadditivity theorem
fails. Conversely, in two-dimensional case, by using a characterization of integrally
closed ideals via anti-nef cycles, we show that the subadditivity theorem holds on
log-terminal singularities which are not necessarily essentially of finite type over a



field of characteristic zero. (In this article, assuming A is Gorenstein, we give the
simple proof of Theorem 2.2).

Theorem 2.2. Let (A,m) be a two-dimensional Q-Gorenstein normal local Ting.
Then A is log-terminal if and only if the subadditivity theorem holds, that is, for any
two 1deals a, b C A,

J(ab) C J(a) T (b).

However, in higher dimensional case, we have several counter-examples to Theo-
rem 2.2. See Example 3.1. So we investigate the subadditivity theorem for monomial
ideals. The multiplier ideals associated to a monomial ideal are characterized by the
Newton polygon (see [HY] and [How]), and it is easy to calculate those ideals. We
expected that the subadditivity theorem for monomial ideals holds on all toric rings,
but unfortunately we found a counter-example on a three-dimensional toric ring (see
Example 3.2).

1. MULTIPLIER IDEAL

Notation. Throughout this article, let (A,m) be an excellent Q-Gorenstein normal
local ring satisfying at least one of the following conditions:

e (A, m) is essentially of finite type over a field of characteristic zero.

® (A,m) is two-dimensional.

First we recall the definition of multiplier ideals. Refer to [La] for the general
theory of multiplier ideals.

Definition 1.1. Let a be an ideal in A. By [Hi], [Lil] and [Li2], there exists a
resolution of singularities f : X — Spec A such that aOx = Ox(—F) is invertible
and )7 | E; + F has simple normal crossing support, where Exc(f) = Y0 E; is
the exceptional divisor of f. Then the multiplier ideal® associated to a is defined to
be
J(a)=J(A,a) = H(X, Ox([Kx — f*K4 - F])) C 4,

where Kx and K4 are the canonical divisor of X and Spec A respectively. In par-
ticular, A is said to be a log-terminal singularity if 7(A) = A.

Remark 1.2. (1) Multiplier ideals are independent of the choice of a desingular-
ization f : X — Spec A.
(2) Log-terminal singularities are rational singularities.

The following basic properties of multiplier ideals immediately follows.

Proposition 1.3. Let a and b be ideals in A.
(i) faC b, then J(a) C J(b).

Lipman [Li3] calls this ideal the “adjoint ideal.” However Lazarsfeld [La] uses the term “adjoint
P!

ideal” in a different sense. To avoid the reader’s confusion, we adopt the term “multiplier ideal”
in this article.

-22-



(ii) J(a) is integrally closed. Moreover J(a) = J (@), where we denote by @ the
integral closure of a.

(iii) Suppose that A is a log-terminal singularity. Then a C J(a). Moreover, if
a is an ideal of pure height one, then J(a) = a.

Proof. We will show only (iii). Let f : X — Spec A be a resolution of singularities
such that aOx = Ox(—Z) is invertible and Exc(f) + Z has simple normal crossing
support. Since A is log-terminal,

J(a) = HY(X,0x([Kx — f*Ka — Z])) 2 H'(X,0x(-Z)) = &.
Since codimy (Supp J(a)/d) > 2, if a is divisorial, then we have a =@ = J(a). O

Demailly, Ein and Lazarsfeld proved the following theorem, which is called the
subadditivity theorem.

Theorem 1.4 ([DEL]). Let A be a regular local ring essentially of finite type over
a field of characteristic zero, and let a and b be any two ideals in A. Then

J(ab) € J(a)J(b).

Remark 1.5. Demailly, Ein and Lazarsfeld use the Kawamata-Viehweg vanishing
theorem, hence the condition that A is essentially of finite type over a field of
characteristic zero is necessary for their proof. :

2. TWO-DIMENSIONAL CASE

In this section, we investigate when the subadditivity theorem holds in two-
dimensional case. The following characterization of integrally closed ideals is quite
useful.

Theorem 2.1 ([Gi], [Lil]). Let (A4, m) be a two-dimensional rational singularity, and
fizx a resolution of singularities f : X — Spec A with E := f~!(m) the ezceptional
divisor on X. Let E =Y _;_, E; be the irreducible decomposition of E. Then there is
a one-to-one correspondence between the set of integrally closed ideals I in A such
that IOx is invertible and the set of effective f-anti-nef cycles Z on X (i.e. Z>0
and Z - E; < 0 for all i). The correspondence is given by IOx = Ox(—Z) and
I =HX,0x(-2)).

Using the above theorem, we obtain the necessary and sufficient condition for the
subadditivity theorem to hold.

Theorem 2.2. Let (A,m) be a two-dimensional Q-Gorenstein normal local ring.
Then A is a log-terminal singularity if and only if the subadditivity theorem holds,
that is, for any two ideals a,b C A,

J(ab) € J(a)T(b).
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Proof. In this article, for the simplicity of the proof, we consider the Gorenstein case
only. For the general case, refer to [TW].

If the subadditivity theorem holds, then J(A) C J(A)?. Thus J(A) = 4,
namely A is log-terminal. So we will show the converse implication, that is, we will
prove that for any two ideals a,b C A, J(ab) C J(a)J(b) when A4 is a log-terminal
singularity. By Proposition 1.3 (ii), we may assume that a and b are integrally closed.
Let f: X — Spec A be a resolution of singularities such that aOx = Ox(—F,) and
bOx = Ox(—Fy) are invertible and Exc(f) + F, + F; has simple normal crossing
support. By Theorem 2.1, F, and F}, are f-anti-nef cycles on X, which is not
necessarily supported on the exceptional locus of f. By the definition of multiplier
ideals, denoting by K the relative canonical divisor Kx — f*K4 of f, we have A

J(a)J(b) = H(X,0x (K - F,)) - H(X,Ox (K - R)),
J(ab) = HO(X, Ox(K - Fa - Fb))
Here, for every cycle Z on X, we denote by ans(Z) the f-anti-nef closure of Z ,
namely the minimal f-anti-nef cycle among all cycles on X which is not less than
Z. Since A is a rational singularity, the product of integrally closed ideals of A is
also integrally closed [Lil]. Hence J(a)J(b) and J(ab) are integrally closed, and

by Theorem 2.1 again, J(a)7(b) and J(ab) correspond to the cycles ans(F, — K)+
ans(Fy — K) and ans(F, + F, — K) respectively. Therefore it suffices to show that

(2.1) anf(Fa - K) + anf(Fb - K) < anf(Fa + By — K)
In order to prove this, we prepare some notations. We can assume that the residue
field A/m is algebraically closed. Then the morphism f can be factorized as follows.

X=X, % X, 2 D X B Speca,

where f; : X; = X;_, is a contraction of a (—1)-curve E; on X; for everyi=1,...,n
and fo : Xo — Spec A is a minimal resolution of Spec A. We denote bym: X = X;
the composite of fiy1,..., fn and by m;; : X; — X the composite of fi+1y--¢fi- In
particular let g; := m; 0 : X; — Spec 4, and let K; be the relative canonical divisor
of ;-

Claim. For every f-anti-nef cycle Z on X,

ang(Z-K)=Z-K+ Y w/Es
TiuZ -E;=0

Thanks to the claim,

ans(Fo— K)+any(R—K)=F,+F-2K+ Y =B+ > n'E,
Ty Fo-E;=0 T Fyp-E;=0

ay(Fo+ h-K)=F,+FR-K+ Y  w'E.
- T u(Fa+Fp)-E;=0

-24-



Since K = Y7 m*E;,

- ang(Fu+ R—K)—ang(F, - K)—ang(F, - K) =K - Y 7E; > 0.
Ti.Fa'E,'=0 or 7I',‘.F1,-Ei=0

Therefore the assertion follows. Moreover the equality holds if and only if all E;

satisfies m;, F, - E; =0 or m; . Fy - E; = 0.

Proof of the claim. We prove the claim by induction on n. There exists a non-
negative integer o such that Z = m,_1*(m,-1,Z) + aE,. Note that & = 0 if and only
if Z-E,=0. Since K = K, = mp—1*Kn—-1 + Ey,, we have
Z-K= 7rn_1*(7r,,_1*Z - Kn—l) + (O[ - l)En
(1) the case where a = 0.
Since (Z—K)-E, = —E,*> = 1, we have an;(Z—K) > Z— K+ E,,. Moreover
since

(Z K +Ea) - mIBs = (Mn-1.2 — Kno) - Ty, B

i
foreach: =1,...,n—1, donoting A,_; := ang,_, (Mp-1,Z—Kpn—1)— (Tn-1,2—
K,_1), we have

ang(Z —K)=ang(Z—-K+E,)>Z - K+ Ep+ Tp_1*An-1.
Here ’

(Z—- K+ Ep+mp1*An-1) - E, =0,
(Z=K + En+Tn1*An-1) - m By = ang,_ (Mn-1,Z — Kn1) * T2, E; < 0
for each i =1,...,n — 1. Hence by the induction hypothesis,
ang(Z - K)=Z - K+ Ep+Tp_1"An_1
=7Z-K+ Z " E;.
TiuZ-Bi=0

(2) the case where o > 0.
Then

(Z-K) T E; > (Tn-1,Z — Kn_1) - M1 B;
foreach i =1,...,n—1. Therefore ans(Z — K) > Z — K + Tp_1* Ap—;. First
note that

(Z-K+7p1*Ap 1) - Ep=(a-1)E =1-0a<0.
IfE, m1E; =0, then
(Z - K +7mp—1"An-1) - mi By = (Tn-1.Z — K1+ An_1) - 7r,,_1,,-:1E,-
=ang, ,(MnZ — Kn-1) - Tn-1, E;
<0.
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On the other hand, by the definition of a, the condition E, - mir1E; # 0
implies 71,7 - 1,7 E; < —a. Hence if E, - m,1E; # 0, then by the
induction hypothesis,
(Z -K+ 7'l'n—l*An—l) ' ﬂi:lEz'
=(7Tn—l*Z - Kn—l + An—l) * Wn—l,i:lEi + (a - l)En * ﬂi:lEi
=(7T’n-1*Z —Z"rn-l,j*Ej) . Wn_l,i;lEz' + (a - 1)En . Wi:lEi

Ti.Z-E;#0
STn1,Z - Tpo1, E; — B + (a—1)E, - T E;
<o0.
Thus

ang(Z-K)=27 — K+ mp_1*An_;

=Z-K+ Y w'E.
TinZ -E;=0

O
O

Remark 2.3. If A is a two-dimensional non-Gorenstein log-terminal singularity, then
the relative canonical divisor K is not an integral divisor. In this case, ans(Z —[K])
is complicated and an analog of Claim in the proof of Theorem 2.2~ —~ —

ans(Z-[K))=Z~[K|+ > =B,
[Kil=f:*[Ki-1]+E;

TiwlLog=

does not hold any longer (see [TW, Example 2.4 (2)]).

Example 2.4. (A;-singularity) Let A = C[[X,Y, Z]]/(XY - Z?) and a = (22, y, 2),
where z, y, z are the image of X, Y, Z in A. Then

\7(0) = (x,y,z),
j(uz) = (Is,yz, zZ’xy’ Yz, ZZJ).

Therefore J(a%) C J(a)%. Indeed let fo : Xy — Spec A be a minimal resolution
with the irreducible exceptional curve F, and f; : X — X, a blowing-up of X at
a point on F. Let f: X — Spec A be the composite morphism of fo and f;. Then
Exc(f) = E1 + F', where E; is the exceptional divisor of f1 and F' is the strict
transform of F. The ideal a corresponds to the f-anti-nef cycle F, := 2E, + F',
and we have any(F, — K) = Ey + F’ and ang(2F, — K) = 3E; + 2F". Therefore
- 2 ans(F, — K) < any(2F, — K).
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3. HIGHER DIMENSIONAL CASE

In higher dimensional case, we have several counter-examples to Theorem 2.2.

Example 3.1. Let A =C[[X,Y,Z,W]]/(X?+Y*+ Z*+ W®) and m = (2,9, z, w),
where z, y, z, w are the image of X, Y, Z, W in A. Then A is a Gorenstein
log-terminal singularity, but not a terminal singularity. Therefore J(m) = m. If
J(m*) € J(m*F)J(m') holds, then J(m") = m" for any positive integer n, in
particular m? is integrally closed. However £ € m2 \ m? since z2 € m%. This is a
contradiction, and hence the subadditivity theorem fails on A.

Now we investigate the subadditivity theorem for monomial ideals. We expected
that the subadditivity theorem for monomial ideals holds on every toric ring, but
unfortunately we found a counter-example on a three-dimensional toric ring.

Example 3.2. Let M = {(z,y,2) € Z° | 35z +28y+20z =0 mod 41} be a lattice,
= (Z20)® C M @z R a cone and A = k[M N o] C k[z,y, 2] the cyclic quotient
smgulanty of type 1/41(35,28,20). We consider a monomial ideal

I = (g0, y*10 2410 28yz %52, 2%y2®) C A.

Then we will prove that J(I2) ¢ J(I)?

First we will show that %327 € J(I?). Let P(I) be the Newton polygon of I,
that is, the convex hull of {(410, 0,0), (0,410,0), (0,0,410), (8,1,1), (4,6,1), (4,1,8)}
in M@zR = R3 Then note that for every positive integer n, by [HY, Theorem 4.8]
and [How], 2°°2° € J(I"™) if and only if (a+1,b+1,c+1) is contained in the interior
Int(nP(I)) of nP(I). Since (10+1,3+1,7+1) = g;g(s 1,1)+331(4,6,1)+22(4,1,8)

and 3;; + égé + gg; > 2, by the above characterization of multlpher ideals associated
to a monomial ideal, :1:10 327 is contained in J(I?).

Next we will show that m1°y327 is not contained in J(I)2. If z1%327 € J(I)?, then
there exist lattice points (p, ¢,7), (s,t,4) € M such that (p,q,7)+(s,t,u) = (10,3,7)
and (p+ 1,9+ 1,7 +1),(s+ 1,t + 1,u + 1) € Int(P(I)). Since the three points
(8,1,1),(4,6,1),(4,1,8) lie on the plane 35z + 28y + 20z = 328, by the condition
that (p+ 1,9+ 1,7 +1),(s+ 1,t + 1,u + 1) € Int(P(I)), the lattice points (p,q,r)
and (s,?,u) must satisfy that 35p + 28¢q + 20r > 328 — (35 + 28 + 20) = 245 and
35s + 28t + 20u > 245. Moreover by the assumption (p, q,r) + (s, t,u) = (10,3,7),
we know that (p,q,7) and (s,t,u) are obliged to be (8,1,1) and (2,2,6). However
(2+1,2+1,6 + 1) is not contained in Int(P(I)), because (2 + 1,2+ 1,6 + 1) =
-2(81,1) + ;g;(4 6,1) + 21(4,1,8). This is a contradiction. Thus x1°y3z7 ¢

J(I)2

Question 3.3. Let A be a Gorenstein toric ring and a,b be monomial ideals of A.
Then

T(ab) € T (@) T (6)?
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Some special configurations of points in P"

REEA
(MEX REFR)

Geramita & & Shin K & O EFHE (6] DF 25, skew-configuration D
Hilbert B3%%, Betti 5%/, conductor 23 2ROFEREHET 5.

1) K-configuration ®—f&{t T % skew-configuration ZE&ET 5. K-
configuration D¥-A& & F#RIZ, skew-configuration O & /L~ b BEE L
Ry FHFNELTINEER (fF8 4.2, €& 43) HPRILT 5.

2) H % 2-type vector (d1,da, . ..,dm), 72 Ldip—d;i 22, THETD
0 &R5T D 1-diferentaible O-sequence &3 %. Z® & %, H % Hilbert B
iz b0 P? 0 S5 413 skew-ci-configuration Th 2 (EE 6.5) . TD
SEFHRETHOR L LTEREXXDO LA~V NEEREH .

3) Eblz, EE 6.5 DIHAL LT, 2) 0&HEHT HEZE/LIL M
izt o P2 O AEED conductor TR THRET D (EE6.7) . T4
i%, Sodhi ®EHR [12, Theorem 18] DILETH 5.
§1. Hilbert BA%{, Betti 5, Conductor

X={P,...,P,} P} OEREOEOEE LT3 (272 L K I2REBIE
TEHII0LT D). XOATTNET=Ix= @izoIi CR= K[Xo, ... ,Xn] =
DizoR; TRT. XOFREER%Y A= R/I = ®i>4; B
L H(X,Z) = H(A, 1,) = dimK Ai = dimK R/L - dimK Ii (z = 0, 1, .- ) % X
D (AD) Hilbert %V 5. £ F(X,\) = F(4,)) =Y HX, )X
% X D (AD)Hilbert B L\ 5.

38 1.1 X O Hilbert SIS DB s [CBET 5 E THREIZEML,
ZFO®IIAEs 2L B. T72bb

HEX,00=1<HX 1)< --<HEXo-1)=HX0)=---=s.
Do % o(X) &2K<.
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° ,Bij = ﬂzj(X) = ﬂz](A) = dimK[Torf(A, K)]J X0 (A @)Bettzﬁﬂ&
Wi, A DRESHENB BN R '

O—-Fn>Fpay—>- > F—-R-A-0
ET3 & F= @jezR(—j)ﬁ“ ThHD.
EE 1.2 Betti BFIA R E 1T Hilbert BAEITR E 5. T7hbb,

FX A=Y 1+ ZL(II((_—;)); E’EZ ,\ﬂ.-,-).

e QA ZADLER, A2 AD QA NDERLTS. ZnLx, Q(4) =
oL, K(t), A2 el K[t] THB.

C=Cx:={a€A|aAC A} = AnnsA/A
% X D conductor £V ). Orecchia K [11] (2 &Y
Cx = oL tXPIK[t,]
BRI 22T
dx(P;) := Min{dégf |FeR: EKR st. F@) ';e 0, F(P;) = 0Yj # i}
ThHd. VWO
dx(P1) < dx(P) < --- < dx(P;)
THhdEIZRP,...,P,ORFEDITBZLITT 5.
AR 1.3 XePOHRBEORDES, PeX LT3, ZDLE,

, H(X, i 0 <i<dx(P
H(X\{P}’z)={H§X,i§—1 ide<(P)X( )

Thd. »xiZ,
dx(P) = Min{i | H(X\{P}) <H(X, )} <o(X) - L

§2. FIE

§1 THEE L7z & 91T, Betti HFI B HE IELZE D Betti #5% 1 - Hilbert
BEII—ERICIRESD. LML § OfF 5.2 THLR S & 512, U Hilbert B
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#¥% b0 Betti BFIOMIT, —BIT—ENICRE DO TIIRL, FREY O%
AERRIVED.

R [ U Hilbert %% & -2 Betti #FIDOM &2 TRD L.

Z O % 1 %kt Cohen-Macauly BN 7 7 AZERLARM 5, 1 IRTD
reduced REBD 7 7 A TE X\, %7, Hilbert BAZICBIT 5K D FACT %
BVWHES.

O-sequence NDEH ,
1) ENEHKa &ilcd LTRO & ) 2 ZERRAI—BHICEET 2:

am (0 )+(”§"_‘1”)+..-+("§?) ).

EEL, n)>ni—-1) > >n(j) > j>1Th3.

a<i>=<n§il—lil>+<n(i-—il)+l)+...+(n§jl-iil)

LR ER, FTRTOI>0IZRLTO™ =0 &B<.
2) 0L EDEHEN 572585 ag, 01, a0, -+ B¥ O-sequence THDHEX

(1) ag = ].,
(i) a1 <a> (Vi=1,2,...)

BRI TEEERZND.
3) {a;} 25 0 KFTD 1-differentiable O-sequence TH S &1,
Aao = l,Aal, ees ,Aa,- =0; — Qj-1,- .-

% O-sequence THY, Ag; =0 (Vi >>0) THDHLEZW 5.

FACT ([7), [10], [13], [14], etc.) n ZEDEEK L §5. RDIDD T T AT —
BT 5.
Heea = {{HX )}izo [ X CP"}
Hhom {{H(R/I,i)}i>o | I C R: hom. ideal s.t R/I: 1-dim. C-M }
H {{a:}izo | 0-dim. 1-differentiable O-sequence}

.

ET, AL & HICBetti FINCET RN T RAEEXLD.
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& 21a={a;}eH (m=n+1)ITHLT

Bred(g) = {{:Btj(x)} l XCP" st H(Xa t) =a Vt}
Brom(a) = {{B;(R/I)}|ICR st. R/I: 1-dim. C-M, H(R/I,t) = a; Vt}
Bl Brea(a) ZREE L.

FEE 2.2 WL Brea(a) C Bhom(a) THD. F72 2] T, {B;(0)} €
Bhom\Bred ERDPDROFEEZTND.
0 — R(—8)* — R(-17)'®* »— R(—6)® @ R(-5)*
— R(—4)%® - R(-3)% - R(-2)" 3R> A0

IDELE,aF171111 » TH5.

§3. K-configuration

lex-segment 1 7 7 /L'#% maximal Betti #7512 b 22 LIZR< LTV
5 ([1), 9]). ZDEEND, Bre(a) & Bhom(a) i maximal Betti #51% b 5,
BWET—ET DI BN D. TieFaid, [3] 128V T, maximal Betti 71
ELORARREED T T A B L.

n-type vector DEHE

1) dZIEEDEHLTD. T = (d) % 1-type vector LS. (T) =0o(T) =d
EB<.

2) di<--<d,ZEDEELTD. T =(d,...,d,) & 2-type vector &\
5. a(T)=u,0(T) =d, £B<.

3) Ti,T2,..., Tu Z (n — 1)-type vector (n > 3) T, o(T;) < a(Tir1) (1 <
i1<Su—-1)E2HTHDETD. T=(T,...,T.) % n-type vector & \»
5. a(T) =u, o(T) =0(Ty) £BL.
K-configuration MDEZ

1) T = (d) %# 1-type vector £3%. PL DERZ dEDORESX % typeT
D K -configuration &\ .

2) T =(Ti,...,Tu) % n-type vector (n >2) £3°3%. X C P* 2 typeT D
K -configuration T 5

& IXy,...,3X, C X: subsets, JH;,...,3H, C P*: hyperplanes s.t.

(1) X=Uin X
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(ii) X; € H; @ P1: typeT; ® K-configuration (Vi)
(iil) Vj <4, X; DEDRD H TEENRR (Vi > 2)

K-configuration @ Hilbert B8%k, Betti 51, conductor {¥9 T, n-type
vector DEETHBRTHZ LN TED (LLTOME 4.2, EE 4.3, B 44T
BOT (en,.. . e) = (L,...,1) EBFEE. BLL [3], 8] B8). %7
K -configuration 1, ™ & 7 {Z Betti #5 & conductor (ZB§ L T bound % &
zB.

ER 3.1 ([3], [8]) Va € H IZxf L T, a % Hilbert B8%iZ % - K-configuration
X BUPHEETS. &512, R U Hilbert Bk a 252 Y IZH L T,

1) Bii(X) = B8;(Y) Vi, j.
2) dx(P) < dy(Q:) Vi.
§4. skew-configuration
XCPiZHLT
o(X) := Min{i | H(X, ) < dimg R;}
L. EbIZ, X 2E&Tr hypersurface V IZx L T,
ay(X) := Min{z | H(X,:) < H(V,)}
<.
skew-configuration DEH

X C P 28 degree (ey, ..., e,) @ skew-configuration TH % (7272 L u > 2)
& 3X,...,3X, C X: subsets,
3V,,...,3V, C P*: hypersurfaces of degV; = ¢; (Vi) s.t.

1) X=ULX

(i) X C Vi, a(X) = e (Vi)
(i) Vi <i, X; DEORS V, LEEREN (Vi>2)
(iv) o (Xt){" o(Xiy1) S oviyy,(Xia) (Vi<u-—1)

& 4.1 K-configuration i degree (1,...,1) ® skew-configuration TH 5.
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il 4.2 X = U, X; % degree (ey,...,e,) © skew-configuration & 3" 5.
Z D& &, Hilbert BEIZE L CROIMEEENSKILTS.

HX,t) = H(X,,t) + HXy_1,t —ey) + -+ HX, t— (e2 + -+ + &)

EE 4.3 X = U, X, % degree (ei,...,e,) ® skew-configuration, Y =
Ul X &5, 20L&, Betti HFNCE L CROMBEER SIS 5.

0—+D,—-+—-D; >R—-R/Iy—0,
0=2& —»---—2& >R R/Ix, =0

=
0=>Fp—=--—=F—>R—->R/Ix—0,

=L
Fir=Di(—e,) & &1/R(—eu), Fj =Dj(—e) ®E; (2<j < n)

i 44 X = U, X; % degree (ey,...,e,) O skew-configuration &3 5.
DL x,

1) dx(P) =dx,(P) + €1+ +en (PEX; (i<uw)
2) dx(P) =dx,(P) (P€X,)

§5. skew-ci-configuration

XCP*#Clay,...,a,) PEERXThHD L, k= (F,...,F) 2%
THRE a; DBFERXE,BENDLEEND. ZOLE,

a(X) = Min{ay,...,a,}, o(X)=a;+-+a,—n+1

Thd. Ebig,
(5.1) dx(P)=a14+---+a,—n, VPeX
ThHb.
skew-ci-configuration D€ &

X = UL, Xi % skew-configuration £ 9°%. &X, RELRXTEND &
&, X & skew-ci-configuration TH D L\ 5. £, & X, 5 Cl(aq, - - -,am) T
»H% L &, ZD skew-ci-configuration %

X= OCI(ail, <+ in)

i=1
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&n<.

52273 X O Hilbert B33, Betti $%1, Conductor I L <HHNTNHDT,
FRE 4.2, TR 4.3, £ 4.4 2# 2T, skew-ci-configuration @ Hilbert B3%%,
Betti %5/, conductor IIEIZFETE 5.

Bl 5.2 P2 D 27 Eh 572 BERD skew-ci-configuration Xy, ..., Xs (& <IZXs
iX K-configuration) %, 3<X T U Hilbert B8%k

1361015192224262727 —

2HoI Latbhs. (RET 5 2-type vector 1 (1,3,5,8,10) THD. 0K
520 1-differentiable O-sequence & type vector DRI OWTi[4], [5] &2
ET SV, ) 72, 2h b0 Betti $51 & conductor ZFHET 2 L RO LI IC
2%,

1) X; = CI(3,3) UCI(2,9)
e 0 - R(—11)® R(—8) — R*(-5)® R(-9) > R— R/Ix = 0
o C = (§K[ts])° ® (3K [ts])'
2) X, = CI(2,2)JCI(1,5) UCL(2,9)
‘e 0= R(-11) ® R(—8)® R(-T7)
— R*(-5)® R(-7)®R(-9) = R— R/Ix—0
o C = (K[tz))* @ (§K[ts])® @ (12K [ts])*®
3) X3 = CI(1,1) UCI(2,4) UCI(2,9)
e 0 — R(-11) @ R(—8) ® R(-6)
— R*(-5) @ R(-6)® R(-9) > R— R/Ix -0
o C = (HK[t]) ® (t5K[ts))° ® (83K [ts))™®
4) X, = CI(1,1) U CI(1,3) UCI(1, 5) U CI(2,9)

e 0 — R(-11) ® R(—8) ® R(~7) ® R(—6)
— R*(-5)® R(—6)® R(-7)® R(-9) = R— R/Ix =0
o C = (tK[t)) @ (t3K[t2])* ® (§K[ts])° @ (82K [t5))"®

5) X, = CI(3,3) | CI(1,8) U CI(1, 10)

e 0 — R(-11) ® R(~10) & R(—8)
— R*(-5)® R(—9)® R(—10) » R— R/Ix =0
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o C = (83K[ts])° © (11K [ta])® @ (3K ts])™°
6) Xs = CI(2,2)JCI(1,5) |JCI(1,8) U CI(1, 10)
e 0 > R(—11) @ R(—10) ® R(—8) & R(-7)
— R*(—5)® R(-7) ® R(-9) ® R(—10) - R — R/Ix — 0
o C = (BK[t2])* @ (13K[ta])° @ (13K [ta])® © (K ts])"
7) X7 = CI(1,1) U CI(2,4) U CI(1,8) | CI(1, 10)
e 0 — R(—11) ® R(-10) @ R(—8) & R(-6)
— R?(—5) ® R(—6) ® R(-9) ® R(—10) - R — R/Ix = 0
o C = (t1K[t:]) ® (5K [ts])° @ (thK[ta])® @ (3K ts])"
8) Xs =CI(1,1)JCI(1,3) U CI(1, 5) U CI(1, 8) U CI(1, 10)
e 0 —» R(—11) ® R(-10) ® R(—8) ® R(—7) & R(-6)
— R?(—5) ® R(—6) ® R(—7) ® R(-9) & R(-10)
—+R— R/Ix—0
o C = (t1K[t]) ® (BK[t2])’ @ (3K[ta])° © (5K [ta])® ® (12K [ts])*°
%X, Z @ Hilbert Bi% % H 0 REEIE, £D 818 Y @ skew-ci-configuration
T THBHIENRD §6 DEE 6.5 NHbNnD.
§6. $¥37 Hilbert ¥ %3 D P2 O RKE DR
@l 6.1 2-type vector T = (dy,...,d,) (7272 L u > 2) IR LT, KIZFE
Thd.

(i) TiZx9 5 0-dim.1-differentiable O-sequence i, 2 FELRX Cl(a, b)
O Hilbert BA%TH 5.

(11) di+1—di=2 (VZS’U—].) ’C“&)é
ZotE a=ub=d+u—1Tdh%.

EH’ 6.2 2-type vector T = (dy,...,d,) 7 ci type vector THD &%, u=1
E o> di+1—d,‘=2 (V’LSU—I) ThdEEEZND.

EE 6.3 2-type vector T = (di1,---,dimyy--«»dr1y- -y rm,) & T{ED 2-type
subvector T(l) = (dl]_, oo ’dlml)y .. ,T(r) = (dfl, e 7d1'm,-) Bhot=& %,

T=UW>

=1
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ENT, TE T OHELEND. £ TTH T 28 ci type subvector
Thb e, U, Clla;,b) &, TDOHFEIZKIET B skew-ci-configuration &
WY.L, a=my, by =din +my — 1 (Vi) THD.

#l 6.4 T=(1,3,5 OufEETXTRDDL,
(1,3,5), 1,3)Je), 0.5, UG

L.

B 6.5 T = (dy,....dy) & 2-type vector Tdiy1 —d; > 2 Vi<u-1) &
+3. 72, X CP? & T iZ®5T % 1-differetiablbe O-sequence % Hilbert
e b o EES LTS, DL %, X I skew-ci-configuration THY, ZZ
TEET 5 skew-ci-configuration 13, (ROBITHRTLO) T DEIVEFED
ST =L, TO (72721 T X ci type vector) IZRET 5 HDTHD.

%l 6.6 T = (1,3,5,8,10) DHHAET, Z D type subvector 2% ci IZR2bD%
FRTKWD, EHREIZHIET B skew-ci-configuration ZFHET D LKRO LD
2% (Xy,..., X 136152 Db D). WxIZ, EE 65 &Y

1361015192224 2627 27 —
% Hilbert BBz b o XX, il 5.2 D 8BV 71T THDHZ L BH0D.
1) T=(1,35U@E,10) & X
2) T=(1,3)UG)UGB10) & X,
3) T= 1UEG, 5)U(8, 10) & Xj
5 T=0UBUG)UE 1) « X,
5 T =(1,3,5)U®B)U10) & X5
6) T =(1,3) UG UG U0 + X
7) T =) UB 5 UE U1 < X
8) T=1)UR UG UE®U1) « Xs

XE 6.7 ME 44, (5.1), EHE 6.5 #EXIE, EE 6.5 O 1-differentiable
O-sequence % Hilbert BI$0iZ % -0 P? 0 £ & D conductor 3N TRKD D Z
ENRTES.
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FENT & B DITHL
AR OB L P

& L{E%, takayama@math.kobe-u.ac.jp
. 2002411 A6 B
sk L BR ORI IHEAVERA S LB S B, T TRROFRSFO

ABESMFEXE D-MBEOT NI XACBLT, ‘B L RRORI” &
BAL, bOETRBROTRLZEOENTS.

1 ERH
1.1 BEHERT

RS =¥ 1; R—BOFTIIV->EI CERESNIBER

¢mm=Lm{Zwﬁwﬁﬁﬁﬂmqu
i=1

3 ARBSMEKL LS 22T A= (a;) REERERY LTS rank 22d O
FHIT, §; HERETHD. ABRTEROMLTHRARE A-BRHE
K% (7213 GKZ-BEMHERR) & L& B mMus RIS EROE
TEH RS FERARTHD. ZOMHFERREADILICLY, FEK
BSMEEOSESERMELBE I LN TES. ZOFBARIT, 1980 F
%34T Gel'fand, Kapranov, Zelevinsky 2 & Y BA STz, SBIT A-1B5
MROEPTHRIICEVRFEE bOFERRS (k,n) BFBRARTHS.
I OFBRRRIL, THEOFR “FH BYMEL THHLIKEV2F7/40D

TRichHobnd.
#l1.1 L1
A(g 1 5) 8=
DLE,DELTt =0%EM Lt,=0%2EADOERELDL, dup
X, '

exp(z1ty + Tataty + Tat1tD)t P ;T
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D ty,t WETBu—5 VBEO 71t DR (BE) © 2rV/-1)? ki
B. il p=2,g=20L &%

¢4, = (2rV=1)*(z5 + 22123)

LBRMERISER 23,
HUTF n BEROBDERRER

D=K(z1,...,7n 81, .-, 0n)

#%225%. ZZTK=CT
T;T; = T;T;,0;0; = 0;0;,0;x; = x;0; + 0y
B RS FRAR
lHef=---=lnpef=0, {;€D

El,... by TEREND D ODEATTNI=D {4,...,tn} R8T
%. D IZBEOEMICKRO L 5 ITERTS.
z; ¢ F(z) = z;F(z),0; ¢ F(z) = g—i

M 1.2 8171 = 1101 + 1, 3127% = Z%a1 + 2z5.

M 1.3
: n=2 I=D-{8, - 1,82 +1}

FRDZEMIT e®siny & e®cosy THEROLHND.

Hl 1.4 20, e z% = az® BRDT,
. I=D-{28, e, yo, — B}

DfEIE 199 ThB. LV —BiiE

el(Paq)1£2(paQ) % D,q @%ﬁ?‘\k*}"é (Ps':‘h’) % e1,£2 O#iﬁglﬁxk‘?—é

L, gPiy® H v
I= D N {ll (zazv yay), z2(31:6:2, yay)}

NI DOETHS.
ZOBIEPEMB X DI, REFRAROERILLORIE THOFERAR O
EFBIZERTERZ LHBL.

ETFF AX dxn, (d<n) THY, BEITFIL LTrank A d THD
LIRETS. Iy % A TEE5 (affine) toric ideal £ L LS. DEY Iy I,
K[0] = K[3.,...,0n] DA FTATHY,

8% —-0°, Au=Av, u,veN]
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TEREND.
BeKI LY, [y BLT

Zaijziai_ﬁja .7=171d
i=j
(46 — B, 6; = 7:0) TEMEND D DEAFTVEELD. Tivk Ha(h)
LEX, ARBBTATTVE LS.
BB RS DW= T FERE KRR RERTEET 5 &, Ha(f)
L%,
111

B15 A=<0 s

) nEE, Ha(B) 1

8105 — 02, 716, + 7202 + 7303 — B1, 7202 + 22303 — B2

TEREND.

#l 1.6 http://fe.math.kobe-u.ac.jp:8090 (OpenXM/Risa/Asir Online)
T B b ARBRAROERTEMAENTED (RBIOT FLAR
05 LEET A, EHERE 30 BORREH D).

AS: hypergeometric_gkz([[1,2,3]], [-1/21)
HA:
[[6%x3+dx3+4*x2+dx2+2+x1*dx1+1,-dx2+dx1"2 ,dx3-dx1*dx2,-dx1+dx3+dx2-2], [x1,x2 ,x3]]

“hix A= (1,23), 8= (-1/2) DLED Ha(B) 1T 62303 + 42202 +
21161 + 1 &

-0, + 6?, 83 — 6,0-, —0,05 + 62

TERSNTNBZ L EEKRTS.
20 H#HRE EORBLMBEOHEIL, EC - OFETRSNE.
u)ﬁﬁ&#4a»a=#4¢woﬁ&&&L§m%Lﬂﬁ%u%ﬁ?é
(2) D-MBEOER L EA LT 5.
1990 R &V BB E AT T 55 3 OFESHR L L FEHEEIBZTW
3. TAITRSTMS FEREHERELIIT AT Y XAOBRICED G
B k) RERICEITL, & LI EBSMEROMEERRLFETHD. T
OFER, E0 (1), (2) PHERTSH 5.

B4 DR L\ 5 DITESEROKAN LR 2O TEAVAELY (&
E5). I 2 TIEESIERTR, (2) DOHEROFIET, Ha(B) R LIV

1.2 BEEOXRTEITLIFTI7Y
KRO—HORELEATS.

0rd(y0) (z%0%) =u-a+v- B, u,v € R u+v>0 1)
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t= Z(Q,B)eg Capr®0P €D LB LE,

ingy.)(0) = > Ca,pTE? (2
ord(y,v) ()=uva+vs8, (a,B)EE

EL,u+v=00¢EX (=0 &BL.
R HEAR I 5, holonomic TH S &1, in(e,1)(I) @ Krull KITH n
THAHIEELEEETS.

TE 1.1 (REETOEFRER)
D;é Izt dimin(oyl)(I) >n.

BE 1.2 Hy(B) 1 holonomic.

% 1.1
dimy () K(2)[€]/K(2)[€] in(o,1) (1)
% I @ holonomic rank & XU rank(I) &&<.
I %% holonomic ® & & rank(I) IXEMRTH 3.

EH 1.3 (Kashiwara E#O%5172354) Homp(D/I,0°) (I OERIEH
OB ) O C HBBERE LTORFTIX, C™ D generic point T rank(I) iZ
LW,

H,(B) @ rank IZ2WTIRKRDO L S 2BERRHS.
EH 1.4 (Gel’fand, Kapranov, Zelevinsky) I4 # Cohen-Macaulay 72 6
rank(H 4 (83)) = degree(I14) = vol(A).
B 1.5 [9] Ha(B) # regular holonomic D& &, HED w € R® IZX LT
rank(H 4 (8)) = rank(in(—w,u) (Ha(8)))

7
vol(A) < rank(H(B)) < degree(in,, (I4) + A8 — B)

K[dy,...,00) PATTN I ZEETS. w~w' € R” (weight OFME) &
ing(I) = iny (I) TEHET 5. BIR ~ 12X D weight OZEH R™ OHE% T
OIVITFT7 7 ERE.

111 1 1
A=]1 10 -1 0},
011

-1 0

#l 1.7
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ImtA®

®1 Sv7Fo7rv

I TROTTEREND .
—'(’9235 + 0,03, 3§ — 020,

FUTFT7URERD T DOKKKTT cone Bb2-TWD (B 1 SHE).
degree(I4) =4 TH 5.

EE 15 07 VLTT7 7 v ERVEERAOBKEE BN T 5 DIITREOR
EEHET A0, BETHS Y. ZOEBROTHIEHALRD LR, [9]
D2EBLV I EOLSMNRE DERIZTOVRENTVAER, TAT 471
WETH . BEESERICER L TREMOKRTICET > REXZEAL,
BRNSRTRAME OREXEERTS.

EEBORTORBIZONTIE, [0 D 4 ETELITHLIERLTVS.
2002 &£ ? Laura Matusevich ® D-FRIZEXHA THRVOTRATE R
V. ZOBXTIE, T4 + (8;) 75 codim 1 @ associated embedded prime %
BoBAIT, rank 25 vol(A) KV KEL 2B /NT A—FODREEHEMITT
w5,

2 EE

D/HA(B) & D/Ha(B') BV oREM & OEERNZIETHS. B
Bz L bnsEEL LT,

-8 : D/Ha(B - a;) — D/Ha(B)

hBE DERENRSND. 8; & Ha(f - a;) DERT S D DEAFT IV
21 10E LIS ATEET 5. ABSMARARORMMEL, FEEC
L0, KROL> RSN,
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EE 2.1 (FHERE (8])) 7 & A DIED cone D face LT 5.
(B-NoA-Z(ANnT)NT

(8 -NoA-Z(ANT)NT
BFRTD face 7 1220T modZ(ANT) THLOT L, D/H4(f)
D/H4(B) BRETHEBE+HEMTHS.

3 MEK, PEE
3.1 HEfF

A % gkz-rational &%, A-discriminant Dy #3%€ ./ I 7 ATRL, 1o
Ha(B) %5 BITIVWLT, 582 Dy THIEERMERZ L. & 2T,

1010
A=|01 0 1|, B=(-1,-1,-1)
0110
DLXE,
1
T1%2 — T3T4

IE0BN Dy KELWEEBMERDOT, A gkerational TH3.
Ao, Ay,..., A 2 2T OEREBLT5. Zid D Cayley configuration %K
DOEBELTEERTS.

A= ({eo} x Ao) U ({er} x A1) U---U ({er} x 4;)

TITe 327! OREEETHS. IVITAF—F Y, A; ORTH
[I| AED & &, A i essential THBEWS. ZZTI X {0,...,r} DEE
DERFEETHD LT 5.

%% 3.1 (Cattani, Dickenstein, Sturmfels, 2002 [1])
A 7% ghkz-rational TH B DI, A 7° essentially Cayley configuration (25
KYRITEHENEDD) K T7 4 VRAETHS L EITRB.
KORITERL LW ERIE, =& 20T,
101

0
A= !

O b
1

- O O
=
o = O

I¥ essentially Caylay configuration 7223, A-BHRMRALEXT D IIT, BE
DITRERFTHD. ThER EZOHEHDBDOFD A 2725,
Ker A ORFEMN 1 DL E A % circuit & L5,
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B 3.1 [1] AN circuit D& ¥ conjecture IXTEE L.
& 517 Cattani, Dickenstein IR DOEEEZRILR L.
B 3.2 dimKer A =2 2 n <7 T conjecture IXIELVY.
(ZEH: [9] D 34 Hid7= V) (BEAE). MIAE. )

#l 3.1 A, x A, 7 essentially Cayley THH DI, p=q DL ETDH.

3.2 FHERRAE 0 ABRFAHFER

£ D Mgk D/I DIEE OB LA RER~DOHIR (BROFHRLEL) THD
N3 EBSFRARRZOBROERESL S CTRTORTHRERRRE
& %, D/I % regular holonomic & &5 Z £123 %. Regular holonomic
O#EAIT, Deligne, Kashiwara, Kawai < Mebkhout 72 12 & 9 1970 FR7%>
5 1980 EROIMHIZH T TEFE SN, D MBEOKIROBEIZ, D ME D
BROILHDI AL ook, £OEMIC L Z3EREX Oaku [3] IZX
Y 1990 ERDEITITH -2 DN T, D MBOHEFEOERL 2o, TO
Hic ) OFBEIZOVTIHL, Oaku 12 & BAME [4] B2 LF< 2oEEIC
BEATWNS.

£E 3.3 (3B, 1991) A ® Q-row span B (1,...,1) EBLRE (I, #R
KA T T ARD), Ha(B) ¥ regular holonomic TH%.

Regular holonomic TRVWHEAED, THRERRRE D SBETHD.

F18 3.2 [, BEKRA TTATROWEZBIE Ha(8) HERED 8T8 LT regular
holonomic TRV .

RHEERESL b A BEMRIIE OEXNHMBER EZRT TV,
L I BFREROBREESET THRVON (HELTEABVRVO
<H) BAETHD. RIRERIIMOBEHEC L > THEANTHS.

3.2.1 slope

Slope li?ﬁﬁi##i)f—i% bW FRAROEFNRTEETHS.

$£® 3.4 (Mebkhout) M #% regular holonomic 2B, slope DEEIXZET
H5.

Slope & iHANEHALLY. LIEbL 1 EROL EOBREBILS.

b
b-a

ordp(z°88)

ordy (z°8%)
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LBL. BMSERR L BEABNTZEE, ZRbDOED (BLEM) B & L
T L @ Newton polygon # E& 1 5.

—E#HDHANE, Newton polygon @ slope ZIRDBZ &8, 2L LD D
BLRATy7ThHD. BBlEt=00FY TUTOL S 2BOBRREMEE
HO.

exp(Q(E)t*(1+0(t), z'/P=t

Newton polygon IZZHR Q @ leading term #®REJ % (Fabry, 1885).
1 3.2 Td L; iIZ® LT Slope IF—2DHTH 5.

L =23+ (c +2%)8, +1
IZ%f LT Maple ® DEtools '3 L RDEEES.
with(DEtools); L:=x"3#*dx~2+(x+x~2)*dx+1;
formal_sol(L, [dx,x],T,x=0);

6
1-T+0(T)

2 2 3 4 5 6
[T exp(1/T) (1 +4 T+ 18T + 96T +600T + 4320 T + 0(T )), T = x]]

s-Gevrey formal power series:

Clizlls = {f = 3 bea* e Ca]}| 3 (Tf’)’;jz" & Clz}}
k=0

k=0
Ir*)(L) = {[f] € C[[=]],/C{z} | Lf € C{z}}
Bl 3.3 L=2%9, +1, f =Y o o(—1)kklzF+! € C[[z]],
Lf =z € C{z}.

BRMRERILO D &, Ramis X slope BAKRD & 5 LR ETHELRE
boC LE b E BT LI [7] (1978, 1984).

B 3.5 1/(1—s) 2 L O slope THBLE+HEMHIT

Irr) (L) /Irr<*(L) # 0.
ordp(z®88) = b
inp(z°8%) = b-a
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Grobner £EDHEREZ AV &, slopes 1 L @ Grobner fan DEEIZXFE
T5. DL CEZDL, EEKEOEBEAD slope ERDL I ICEETE 5.

F=(,...,01,...,1), V=(0,...,0,-1;0,...,0,1)
LLT, L=pF +4qV, of(I)=inp(I)g,s—e, £BX<.

E® 3.1 M =D/I £T5. ROFKEHETLER —p/g %, 2, =01C
WoTD 0BT B (HBTH) slope & X 5.
&ft: /oL(D) B F 22\ Th V IZ2WWTH homogeneous TRV 2B
DL & weight L = pF + ¢V %X I @ Grdbner fan DED EIZ$H 5.
[780] G=smi1_gk=z([[[1,2,4,61],[1/211);
[[12#x4+dx4+8+x3*dx3+4*x2*dx2+2+x1*dx1-1,

-dx2+dx1°2,-dx3+dx2"~2,-dx4+dx2*dx3 ,dx2+dx4-dx3-2],

[x1,x2,x3,x4]]
[782] smi_slope(G[0],G[1], [o,0,0,0,1,1,1,11,[0,0,0,-1,0,0,0,1]);
[[2,[0,0,0,-1,2,2,2,3]]]
RE:

A= (11027“'-)“")

LB, ZDLE Hy(B) T2, =0 ICHR>THERZ LD, Hy(f) Pza=0
IZF-T®D,0 TO slope R L.

%E 3.6 [2]

1. Slope:l:,.:O(HA(rB)) = Slopez,.:O(H(l,an-l,Gn)(ﬂ))

2' S]'opez,,=O(H(l,a,._1,a,;)(ﬂ)) = {_a“"—l/(a’n - a'ﬂ—l)}
LT DA, EED B iz LT regular holonomic TRVWOTFHA 3.2
ITIEEL W,

slope ZHETB7ATY XL OBECEATS &, HERICLDHER
LT (FHET), EATE 5. TORKRIT M.Hertillo (2 & Y 2 L-I3>—#&{L
ENTWBLIATHA.

Slope IZ2WTHWANATFERSHS.

3.3 HHE%SMRE dual D-ME

M % holonomic 2% D = D, M@ L35 & &, Exth(M,D)®@w™ # D
@ dual & L&

T ew ! i, B D-ME% £ D-MBE~ERTIEFTHS. AR
1%, 7k %iZ L€ D, N = (¢(D)\D Dt &, Nowl 13 D/(Df*) Th5. =
T, =Y aaprd® DEE

= Zaaﬁ(—l)lmapz"
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LEHETB. £ 13 L DR adjoint LFFEIND.

B34n=1TLa)=28—-c BT). D/(D-£) @ dual I D/(D-
(-28; —a—1)) ThB. i z= & 2771 THIHH, DS ODEED
FrE (RTVTEEDE), AEBK T &5,

34 3.3 (Bl 1999)
I4 % Cohen-Macaulay ® & &, D/H4(B) ® dual D-module i3 D/H4(-B+
¢) KAETHSD. T T c FELITBATEL S M.

HER2ESTRO LI LTHATES.

#l 3.5 A=(1,2).

Ha(B) =D - {f1,£}, s = 2.8, + 2220, — B, £ =08} — &2.

ZOBAROTAHREREXD.
p “ D — o0
1 12
o— D & D
4 4

0 — D/ 2 D/(®) — D/&) — 0

F=>DfFD total complex & & B &, D/Ha(B) ® BRZEIT/Z>TND
DT, COBEMENLEEEREETS. 00, TOBBASRLY,

Ext(D/Ha(8),D) ~ (—(t1 +2)D +¢D)\D =: M

THY,
M @w™! = D/(D(z18: + 2220, + B +1) + DY)

L5,
W 3.7 A M circuit D& ¥ conjecture IZIEL V.

I4 7% Cohen-Macaulay TRWERHIL 2D B BTTS 31EA5. FE: Z
DXH7 B ERESTL.

SHEEAQKBIE 3.1 HBSMERRT S [5) OTAVTY XABLURE
BHESS Tsai-Walther D7 VT Y X5 [11] FAVWT, REIZHEE.
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3.4 Special function

Aﬂ%ﬁﬁﬁﬁﬁtbf“wmﬁﬁmmm”kwiéﬁ55ﬁ?wmm
function & VY9 »bITiE, Gauss ORSMEKNE I THH LI, BANRE
EHRN DBRY LEBRVE Wit FMBAORARER T, KIKHIRED
FEENR I DY gENREDAEDIND I 572 THBZ ki3 “special
function” THBEDDOLEEHTHS. A mamrRR, ma Rl
CHF o Y LEERBVANHRY L. Z A RERTHERR S DOFRE
HRBHTVSE, bo &?ﬁ*\"ciﬂxb\kﬂiﬁttﬁﬁllﬁjiﬁit%f&)é ki
ExRVTHAI. At 2 BT b RIRAMOREN & < bhd i TRY
OT, HEREKL XEFVZRV. & BICHFESLETHS.
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UNMIXED INITIAL IDEALS AND CASTELNUOVO-MUMFORD
REGULARITY

NAOKI TERAI, HIDEFUMI OHSUGI AND TAKAYUKI HIBI

ABSTRACT. Let A = K[z;,...,2,] be the polynomial ring over a field K and
P C A a homogeneous prime ideal with no linear form. Let reg(P) denote the
Castelnuovo-Mumford regularity of P and e(A/P) the multiplicity of A/P. It will
be shown that if P possesses an initial ideal with no embedded prime ideal, then
the regularity of P satisfies the inequality reg(P) < e(A/P) — codim(4/P) + 1,
where codim(A/P) is the codimension of A/P.

INTRODUCTION

Let K be a field and A = K][zy,... ,z,) the polynomial ring in n variables over
K. Let P C A be a homogeneous prime ideal with no linear form. Write reg(P) for
the Castelnuovo-Mumford regularity of P and e(A/P) for the multiplicity of A/P.
In [2, p. 93] it is conjectured that the regularity of P satisfies the inequality

reg(P) < e(A/P) — codim(A/P) +1, (1)

where codim(A/ P) is the codimension of A/P.

Many papers in algebraic geometry and commutative algebra discuss the topics
related with the inequality (1). However, the conjecture itself is widely open in
general, except for limited special cases considered in algebraic geometry (e-g-, [4],
[8]) and in commutative algebra (e.g., [5])-

The main purpose of the present paper is to show that if P possesses an initial ideal
with no embedded prime ideal, then reg(P) satisfies the inequality (1). See Theorem
1.3. It then turns out to be an exciting research problem to find a reasonable class
which consists of those prime ideals P C A such that P possesses an initial ideal with
no embedded prime ideal. Note, however, that the inequality (1) is automatically
satisfied when A/ P is Cohen~Macaulay. Thus we are interested in those prime ideals
P C A having an initial ideal with no embedded prime ideal such that A/P is not
Cohen-Macaulay. Such a prime ideal will be presented in Examples 2.1 and 2.2. We
refer the reader to, e.g., [9] for fundamental materials on initial ideals.

1. PURE AND UNMIXED MONOMIAL IDEALS’

Let A = K[z,,... ,z,] denote the polynomial ring in n variables over a field K.
An ideal T C A is called pure if all minimal prime ideals of I has the same height.
An ideal I C A is called unmized if I has no embedded prime ideal.

For example, the ideal I = (23,z2) N (z1) is pure, but not unmixed. The ideal
J = (z1,72) N (z3) is unmixed, but not pure.
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We will associate each monomial u = z%z32---z% belonging to A with the
1 T2 n ging

squarefree monomial

ol
uP® = 291715 *T1a;T21%22 " T2y " " Tp1Tn2 * * * Tpa,

in the variables z;; with1<i<nand1<j<a;.

Let I = (uy,...,u,) be a monomial ideal of A, where {u;,... ,u,} is the minimal
set of monomial generators of I. Then fix a polynomial ring B over K such that
all monomials u®”,... ,ut’ belong to B and consider the squarefree ideal 17! =
(W2?,... ,ur) of B. '

It is known [10, p. 107] that, for monomial ideals I and J, one has

(In Jyet = [Pt geel,

Even though the following Lemma 1.1 is {10, Theorem 1.2 (ii)], we give its proof
which will be required in the proof of Lemma 1.2.

Lemma 1.1. If I C A is a monomial ideal which is pure and unmized, then IP* is
pure.

Proof. Let I = NQ, denote the irreducible primary decomposition of I. Since I is
pure and unmixed, all prime ideals belonging to I have the same height, say = h.

Let Qi = (2)},... ,2p?) with 1 < p; < --+ < p < n and with each ); > 0. Since
I = N, Q' and since
onl = ﬂ (zmil) Tpaizy - -+ ’zp"‘i")’

1< S50 1SR <A
it follows that 17 is pure, as desired. O

Let I C A be an ideal which is pure and unmixed, and write A for the height of I.
We say that I is strongly connected if, for any minimal primes P and P’ of I, there
is a sequence of minimal prime ideals

(P=)Po,Py,...,Po(=P)

of I such that height(Pi_; + P,)=h+1foralli=1,...,m.

Lemma 1.2. Let I C A be a unmized monomial ideal and suppose that /T is pure
and strongly connected. Then I* is pure and strongly connected.

Proof. Since v/T is pure, it follows that I is pure. Then Lemma 1.1 says that I7° is
pure. Let b = height(J) = height(v/T) = height(17°).

In order to see why I? is strongly connected, let P = (z;,...,%;,;,) and
Q@ = (ka5 -+ »Thye,) be minimal prime ideals of I*'. It follows from the proof
of Lemma 1.1 that P' = (z;,,...,2;,) and Q' = (zx,,...,Zx,) are minimal prime

ideals of v/T. Since VT is strongly connected, there is a sequence of minimal prime
ideals

(P,=)I%’fqr"7fﬁ(=:Qq
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of /T such that height(P._,+P!) = h+1forv=1,... ,m. Let P, = (zi,»- -, Ti,)

and P, = (i,;15-- - > z;,,1)- It is clear that the sequence of minimal prime ideals
P = (@i -+ »Tinin)s (Birts Tizins -+ » Tinin)» (Tia1y Bighs Taiy - » Tin )
cee 7(1;1'11)"' 71:2');1) = POaPl, P27 ey Pm = ($k11a"~ axkhl)a
(zkﬂy ceey -’th_ll,zkhth), (a:k:la coo 3Tk 01 Thp_ylh1> Ikhlh)7
cee a(zk1ln' .- ’zkhlh) =Q
of I satisfies the condition for I** to be strongly connected. O

We now come to the main theorem of the present paper.

Theorem 1.3. Let A = K[zy,... ,zn] be the polynomial ring over a field K and
P C A a homogeneous prime ideal which contains no linear form. Suppose that
there is a monomial order < on A such that in(P) is unmized. Then

reg(P) < e(A/P) — codim(A/P) + 1.

Proof. It is known [7, Theorem 1] that \/in<(P) is pure and strongly connected.

Since in(P) is unmixed, Lemma 1.2 guarantees that inc (P)P° is pure and strongly
connected.
Now, by virtue of [13, Theorem 3.2], it follows that

reg(ine (PY) < e(B/inc(P)*) — codim(B/in< (PY*) +1,
where B is a polynomial ring with ing(P)P C B. Thus
reg(P) < reg(ing(P))
reg(in<(P)"*)
e(B/inc (PP — codim(B/in<(P)) + 1
e(A/ine(P)) — codim(A/inc(P)) +1
¢(A/P) — codim(A/P) +1,

as desired. O

[ VAN | B VAN

Remark 1.4. Let geom-deg(A/I) (resp. arith-deg(A/I)) denote the geometric de-
gree (resp. arithmetic degree) of A/I, where [ is a homogeneous ideal of A. Consult
e.g., [1] for the definition of the geometric degree and arithmetic degree of A/I.
I C Ais a homogeneous (but, not necessarily prime) ideal such that inc(I) is
unmixed for some monomial order < on A, then reg(l) < geom-deg(A/I). I, in
addition, I is pure, then reg(I) < e(A/I). In fact, it follows from [6, Theorem 1.1},
[3, Theorem 3.8] and [11, Proposition 4.1] that

reg(l) < reg(in<(l))
arith-deg(A/in<(I))
geom-deg(A/in<(I))
geom-deg(A/I).

IN A
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2. EXAMPLES

Let, as before, A = K|[zy,... ,z,] denote the polynomial ring over a field K and
P C A a homogeneous prime ideal with no linear form. It is a simple fact that the
inequality (1) is satisfied if the quotient ring A/P is Cohen-Macaulay. Thus we are
interested in prime ideals P C A, for which A/P is not Cohen-Macaulay, such that
P possesses an initial ideal with no embedded primes.

Example 2.1. Let K be a field of characteristic 2. In [12, Theorem 20], Terai
succeeded in constructing a homogeneous prime ideal P of the polynomial ring
A = K|z,,... ,214] such that (i) the quotient ring A/P is not Cohen-Macaulay,
and (ii) with respect to a reverse lexicographic monomial order <., on 4, the ini-
tial ideal in.,,,(P) is generated by squarefree quadratic monomials. (In particular
ine,,,(P) possesses no embedded prime.) The prime ideal is generated by 42 qua-
dratic polynomials and Krull-dim A/P = 4. Moreover, A/in,.,(P) is isomorphic to

the polynomial ring in one variable over the Stanley-Reisner ring of a triangulation

of the real projective plane.

We do not know if there exists a prime ideal P of the polynomial ring A =
Kl[z1,... ,zn) over a field K of characteristic 0 such that (i) A/P is not Cohen-
~ Macaulay, and (ii) P possesses an initial ideal which is generated by squarefree
quadratic monomials.

We conclude the present paper with an example which was discovered by Laura
Matusevich.

Example 2.2. Let R denote the affine semigroup ring generated by the mono-
mials ty, 1183, 8113, t1ts, titats, taiats and I C Klzy,. .. ,T¢) its toric ideal. Then R
is not Cohen-Macaulay and I is generated by the binomials z} — zizs,23zs —
ToTe, T3Ty — T1Te, T1Ts — TT4, T1T4T6 — ToTL,TaTe — T3T5 and z2z3 — 3. Let
<,e, be the reverse lexicographic order on K[zy,... ,z¢] induced by the ordering
Z; > T3 > T4 > Ts > Te > Tp. Then the initial ideal in.,.,(I) is generated by the
monomials 23, 2375, 2324, T1Ts5, T1Z4%6, T2 and z3z3, and its irreducible primary
decomposition is inc,.,(I) = (z1,23,23) N (23,4, 25) N (23,25,26). Thus ing,,,(I)
is unmixed. (The authors are grateful to K. Yanagawa for informing them of this
example.)
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BNV R OFEARIBIZRTT 5 2 A=Y DR FH O

— Ak

RARFRFGEZF AR FER

2H K

1 F

KZFE A2 K LOZBEXR, [ 220BEETS. AL FOB 4BEES 13,
FRAEKCMCLIZRL, ADKBYIRE MNABERER»EES L 0TH
5. CORBITHL, KEIL1958 FITHD TREET L [9]. 1990 £ 2 A— (Paul
Roberts) I&, Zh & I3BIORFEOH LORAIZRERLE [10]. Z0HEE T A—Y
DROVE—BACL, BEORFASERIHES 5 & 27T BELVBEIL 3] 258),

U, K RRICERFEORLT B, K[x] = Kloy,...,20] # K £Om EHEER
R, KXyl = KXy, ..., 5] % K[x] £O n ZESERBLT 5. K[x| BH 54
D: K[x|ly] = K[x]ly] &, {EB® f,g € K[x][y] 2 D(fg) = D(f)g + fD(g) %=+
£E, Kix]ly] £O Kx] A5 THBEL WS, ZDex, D Ok

K[X][Y]D ={f e K[x]ly] | D(f) = 0} (1.1)

R} KX|ly] © K[x] BOREL25. KHETIR, & D(y;) 25 10, .., 2, 10OV CTOEIE
AERDLE, D 2EREEAMOLER, /o, BER g8 ...q0m 2 b b 13,
N7 Mva=(ay,...,am),b=(b,...,b,) ERVTERTH x%y® LET. L2 5TE
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MAYDES {8/0y1,...,0/0y.} 13, KXyl £ K[x] WAREDRT Kix| MEOEE
LB, TREES L, EAEERMS D IBELRE,...,0, € Ly" IKL2T

0 0
D=x" 31 4 e (1.2)

LERTED. ZOMHOR K[X|yl® 1%, 1 RTMER G, = SpecK[s] o Kx][y] ~
OB K[x|ly] = Kxlyl®x Kls] &, i=1,...,mj=1,...,n iZHLTai = 25,9 =
yi+xb @s LD EICEDRL L EDFRRIR K[x|[y]% L% L.

BlxiE, n=m+10LE

0
O0Ym+1

+oe gt — (21 Tm) (1.3)

it K[x|ly] LOEREERMS THS. [2] OF T Deveney-Finston X, e A=YV DK
Bt m=3t>2 a5 Kxly]?™ LS LW LERLE. A BEEER Y
DREIE—BILL, m>3,t>2 25 Kx|[y]™" 1t K EERERTRVI L EZRL
tm.$ﬁﬁm,@m@%@—ﬁ@gxiﬁﬁﬁ%D@&@ﬁﬁéﬁﬁ%%ﬁ?a

2 FHR

B ikt Ley =60 LED, HEIHLEOE kBAE ; LB 4, n24,
m>n—1%¢L, &bic, ABENERD1<i<n-1¢ 1<j<ndid;>0 EHLT
LRETD. BIXiE Dim PHE, jEm+1R0Ee,; =t+1, TRLSHT ;=12
RBEDTIOREIHLENTND. DL,

1
€1n
= : 2.1
K min{e}; [j=2,...,n—1} (21)

LEDD. E6i, i=2,...,n—1¢k=3,...,n-1IKXAHL

Mki =1 min{max{eﬁ,k, 63,k}7 0} (2.2)
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LEETD. B k=3,...,n—1ICRHL, u,... u FFREKETHET 1 KRS

,

U+ -+usp=1

Juzn w20 (i=2..,n-2) (2.3)

n—2

Zmin{e;,l,eidﬂ}uj +m; >0 (i=2,...,n—1)
\ j=1

B Lons B, ZOLERBRY 0.

BE21n>4m>n-1¢75. &b, £EOERB 1<i<n-1&1<j<n
Me, >0 BMITLEETS. TOLEE k=3,...,n—1 CHLT, Lans # R™?
CAEERTIE, KX|y)® 12 K FEBRER TR,

n=4 OBBIZBEALRHEFRGERELND. n=4m>3DEE, =123/ LT

&=6&(D)= min{e} ;, €, } 0

LEDD. BL, jkiHERED {1,2,3}\ (i} DTLT 3. € el 6, >020T, =
NITEHETH 3.

TR 2.2 n=4m>3 &L, £FEDELRAS 1=1,23%¢ 5=1,2,34n e::,j >0 2
TERETS. ZnLx
&(D)+&(D)+&(D) <1 (2.5)

26T K[x][y]® iX K EHEBRER TR,

B 22 3ESEMTEELEH T DD, (1-6&,8) B L3 DRRERBZ LD, TR 2.1
ERONTZORELLTHELNS.
Dim KHLTIHRDBEYIALD. t=1,m>4 DBEBFLVERTHS.

R23n=m+1LTD. ZOLEM>3,t>2F R m>4,t=17201F, K[x]y]>

i3 K ERBRAER TR,
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TOROIEAOEBIIRNDEY THB. m=3,t >2DEXI, &(Dym) = 1/(t+1)
(i=1,2,3) RBOTER 22 LVH#>. m>4t=10DL &, k=3,...,m-1ITHL
THRO LS ZEDTub = (uk, ..., ub ) B Ly OFREERD. j=1FRiE k=7+2
DLEDUE LW E 12 EL, TRLSMNI U =0 LT B BT, EE 21 LV,
£i,j IR, 6; PROBSEBICBERALbOE f; LBE, LT = xSiy—xTiy
LEDD. ZhiE KX|lyl® oxTHs. EXBERMS Dym OHE, R 23 &Y
mz3¢22itmmz4¢=1&6&meﬁmMﬁﬁiﬁﬁtw.—ﬁt:O
D % i Weitzenbock DEBL D K[xly]>" RABAR THS. EB, 0% K[x|
E Ll o LDm CERTES. (t,m)=(1,3) OHERBEICE T, K[|yl

'm,m+1

RLP» (1<i<j<4) B, (5,5,k) =(1,2,3),(2,31),(3,1,2) iZxT2
2,]
Tiy? — 2TTkYiYa + TiTRYiY; + TiTiYiYk — T3Y5k (2.6)

DA IRTT K[x] EAERTEBZLATENKE 5. UELY, Dm O KX]ly]™"
MOSERAERIZZR BB ETHHA L.

3 FEXROEA

COETIIERE 2.2 OERERNS. EE 21 OFFAFELAENCRLEA, &ERid
BHICRD, TOHEE L Tn=4m>3¢L, BRB2EEDi=1,2,3¢ j=1,2,3,4
el >0 2METLRETS. ER 2213, ROWE 31, 3.2 MOBESZITHED.

#E 3.1 K[x|ly]® oLDxh, x% LW HOBERERLR. EL, | REEY
a € Zyo™ IIHDD 3ODEABETELT 5.

HB 55 F e K[x|[y]° REROBER x%y, #FomceT5. 5L, BER x x4y
# D(F) icBh5. D(F) =0 20T, TORKIFTHS. #Z, F OHHEEN
x?y? # xoyl TR LT, xoxfyit RETRVEET DYYY) KBhD. 20X 572

-59-



B x¥y" 13, xoxiygf™ (i = 1,2,3) KBORB. HELY i = 1,2,3 K LT
€ <0 Db, TRIXAEERHD. FiX KX|ly] DRARDT, ThidFETHE. &
2, AL F it xoy, 2&-R0. o

TEAD S 2 BRFRIIDOFEL ERT IROBER, THOBLTHTHS.

i 3.2 (25) PRV IO LRETR. o % min{e} |, e},} UEDEHKLTE. ZnL
&, BleZyTXHLT

X°z5Y; + (ys OWT I KKRBOZIER) (3.1)
DROTR KX|y]” WEEND. L, a € Zy™ IEHDD IS DRANETEL TS,

UTF, ZomEETRT.

K[x,x7!] = K[zl,...,mm,zl‘l,...,a:;l],K[x,x‘l][y] = KX, x [y1,9,¥s,v4] &8
<. D Kfx,x7[y] £O K[x, x| %% D C B RICHBETE B2 LIt ET 5. | &
FRTLEDRT Ky = K[, v2,93,v4] D K A7 ML Kly], &8<. &
f=2ezs My’ € K[y] XL T, f O supp(f) &

supp(f) = {b € Z* | A, # 0} (3.2)

LEDD. a€Zm & 1€ Ly KHLTK BHE L : Kyl » Kx, x| @x Kly], %,
E-IEK y" & x“'y” L:E#: &’Gibé ZZT, b= (bl,bQ,b3,b4), a = a+Z’.‘ bj€4’j

j=1
45, Kyl Lo®S E %
0 0 0 0
=t o+ — 3.3
Oy Oy, Oy Oy (3:3)
EEDD. KlylF ik
B =Ky = y1,y3 ~ Y1, — v1] (3.4)

EEDILICERT D (R K[Y]° =B t%23). %1€y K3 LT B, = BNKy),
ERL. FBL, EERDa€Z™ & feB ITRHLTL(S) iF Kx,x Yy]° c&h
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%. KB, Dotk =1t o (Elkpy,) BRYIDDT, D(rh(f)) = =Y(E(f)) =0 &7
5.1=123ZRLT, REFEELL:R*>R %

li((bl, bz, b3, b4)) = (bj + bk) min{egd, €§’k} - (bz + bj + bk)€2,4 (35)

LEDD. BL, jk iEE2S {1,2,3}\{i} DELT5.
B 32 IIROBECRETS.

fif 3.3 FME 32 ODREDTT, & 1€ Ly ITHLT

(i) (0,0,0,1) € supp(F). |

(i) FEED b € supp(F) i 13 (b), lo(b), l3(b) + @ > 0 &¥7=F.
kW= F € B BEET 5.

ROLSIZLTHE 3.3 1WA 3.2 B EIT 5. 71 (F) 1 (3.1) OBO Kix,x [y]” %
THdZ <‘:le 'é‘Z) -, ra(F) DIEEDED Z1, T3, T @%7)=}'Fﬁf*ib%’> k%ﬁé
PONEEL. EREOLE, xl,xz,zs%aifxwﬁé&érﬁ;ﬁx % tle (F) i8S
k5 K(x|ly]® OFABONS. Tl (F) OEBOBIERIT, b= (by, by, bs, by) € supp(F)
Ld = Yo b ICEoTxVsgy? LEIFA. i = 1,2,3 KR, jk 2HEREB
{1,2,3}\{i} L& T2L, o OF i ky a iT

a; = by€l, + boeh o + bs€h g = b€l ; + bl — (by +bo + bs)el 4 > 1;(b) (3.6)

&%, REK (3.6) L&H (i) £V, r;g(F) DEEDED 11,19,73 DEVHATH
DI LBanD. BT, HE 3.2 BREES.

22T, UTCRBE 33 REERT 5. B ZERICL 5. supp(F) 2¢ (0,0,0,)
BEH, TLITEED besupp(F) B U(b),l(b) >0 27T F e B 2k0&ES% F
EEDD. i=1,2,7=0,..., L TRLL((0,0,5,—5)) 2005, (y—ys) i FiZg
ENB. LoT FRETR. 2T besupp(Fy) Bls(b)+a > 0 Zlt Fy € F 5
BETDHZ L 2THERAE 33 DEARZTTT5. TITRVERETDE, F OET
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FIZHLO(F) = (d,e) € Zyo* RO LI ITEES. Li(b)+a<0 &~ Tbe supp(F)
DEARTOFTRADLDEZ d LT3, ZTLT, EA4HEHSH d THB supp(F) O
DEIEADPTHRRObDE e LTH. 3T, FED (dy,e1), (dp,e0) € 22 TR L,
dy <dp 7213 di = dyy e < € DEFIT (dy, 1) < (dpye0) EEDD. THE, “hid
Z* LIt 2IEFFBMREEDD. ERO he FIZHLOF) X 0(h) £7:5 F e F 2324
ZLT, OF) = (de),s=l—d—e L. O(F) DEELY (by, by, e, d) € supp(F) &
785 bi,by € Zyo BFEL, U3((by,bo,6,d)) +a <0 BT, ZOF&END, FER

0> smin{eg,l, eg,z} - (- d)5§,4 +a (3.7)
NEBLNE. F % Kly,p) EOSEREBolk & 20 y2d ORME f L5 5.
fiRE 34 HDuec K\ {0} ITRL, f=ulyp—y) L73.

’EB f Ly, 90 IKOVTO s KERRAZDT, f=ugyi+umnyd ™+ +uys (u; € K)
LREB. TOLE, =15 KA int (5 it Dusy = 0 BRI L, =R
Y MIZRV i BHoTe T D, TNTH uing,u; 13, BER i lys—iHyeyd gigs—iyeyd

CBTDHRETHD. ThEh oy ys g, vitys~hygyd™ @ F 1203 2455
Zo,w &L 75, BF) KBTS yi-lys iysyd OFE pix

p=iu+ (s —i+Lui1 + (e+1)v+ (d+ 1w (3.8)

E725. FEBENL EF)=0Tdbd. £oTpu=02473. 1=, e DERMEE
Do=0THd REXY tu;+ (s—i+LDui #0 Ehbd, w#0 Thd. T4bb,
supp(F) E b= (1 —1,5—d,e,d+1) 8. L2L, B7) &&<1,6,,6,>0 %Y
la(b) + a = (s — 1)min{e},, €3 ,} — (1 —d - ey +a (3.9)

= smin{ef;, €55} — (1 — d)ej  + o — (1 — &) min{e ;, €35} (3.10)

FATHD. Zhid d ORKEICFETS. #IC, w+ (s —i+ Dui, =0 BL2TH

i=1,...,s IR LTEYID. ZhTHEIIRESNT. O
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HEE 3.5 BULREEEp 2BEL,
9= (2 —4)(ys — v2) " P(ys — ) (3.11)
DEDEEDT b iE L (b), () > 0 2T

M reRIIHLT, b(r)=(r,l—d-r,0,0) £BL. T5& L(b(p)) >0 2T
BRROEBE p BEETD. 20O p BEEGEHLTIEETT. £7, supp(g) 1

{b(p),b(p—1),...,b(p — 5)} + Z50(-1,0,1,0) + Z50(0, -1,1,0) (3.12)

WKEEhBZ LICEETS. i =125 L 1((-1,0,1,0)),4((0,-1,1,0)) IZFHEARDT,
L(b(p—7)) RERTHBZERi=1,2 j=0,...,s KRHLTRBEIV. RE BT
Lb(p—4)) > 0 REABLHTHS. Lbp-s)) >0 2EETRRAOEE & L 5. ' > s
FREEEREET 5. n=(1-d1-8&)0=(1-d& B E, i=12 KHL
Lb(w)=0&7%2%. £oTp,d DEDEND, v —1<p<Lv,v2<p—s<v+1¢&
BB, TNED S >u—u— 2 BEED. Eio, (25) ED 1-& — & > & BV IO,
—%, o =a/min{e},,e§,} LB L, BT7) o (I-d)&>1-d—et+d BROLND.
o> min{ed,,ed,} EHb of >1 Ths. ZhbORERMND,
S>> —v-2=(1-d(1-&-8&)-2>(1(—-d)é—2 (3.13)
>l-d-e+(d-1)+1>2l-d-e—-1=s-1 (3.14)
DD, 5,8 IXBEROT, Tt s >s #BKTS. Lo THEIIRINE. O
G=ug(ys— ), H=F—-G £BL. £ED b € supp(G) 1L ¥ € supp(g) & V" €
supp((ys — y3)%¢) OFATRE S, i = 1,2 XL L(¥),L(0") > 0 2DT L(3) >0 T
55, LoT, EED be supp(H) L), b(0) >0 2HET. SbiT, d<IEhb
supp(H) X (0,0,0,1) #8%. £»T, F-GeF ThHD. LML, GOEDHLDY
O(H) < O(F) 3> O(H) # O(F) £%25. Zhix O(F) DBRUFFETS. #ic, &
TD b€ supp(Fp) B l3(b) +a >0 &= T Fye F RFETSH. TN THE 3.3 1375
i, EE 2.2 OFERIIET L.
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4 ARERIZLHED-HOEE

B®IZ, (1.2) ORO—ROERBERMS O K[x|[y]° ﬁﬁﬁﬁﬁiﬁiéfmt&)m—
AREEERTD. m<2FhiEn <2 X (myn) = (3,3) OHAITIE, Kx][y]°
B LD e bz Lo T K[x] EAERTE 5205 Khoury ORRARH S [3] (n < 3
D& EDRMRAERMER (7, Corollary 3.3] 225 b 5).

(m,n) = (3,4) DFEITITRABER Y 322.

BE 4.1 (m,n) = (3,4) £¥5. ZhTh {1,2,3},{1,2,3,4} DEEOE#R 0,7 =3t
L 2 i#j &k BFELT ey o <072 o(k) = 7(5) BRI IO LEET 5.
IOLE, i=1234 THLER] <KL <4BEEY, Kxy)® it K[x] trp,

(i=1,2,3,4) TARTE?S.

EHE 22,41 &V, (m,n)=(3,4) D& &0 K[x|y]° 0BEBRERMEOREIZ, £To
i#FJIHL €, >0 BMYID, SHITE(D)+&(D)+6&6(D) >1 ERBEEERN
TRELE.

FE 42 (mn) = (3,4) £LT5. £TD i # j IZxL €; >0 BRVIL, 6T
&1(D) + &(D) + &(D) > 1 THHUT Kix|[y]® iz K LEBERKETH B,

IOFEIZ, D 1<r<s<3EHLED),E(D)>1 RBIFELV. £, Z08B4
K[x|[y]” 13@% 7% LP, Y K[x] EARTE 3 [8]. &(D),&(D),&(D) <1 D&
&, KRBT LV BEMIC25. &(D),&(D),&(D) < 1 %W L22R S £ (D) +£&(D)+&5(D)
BEPBBRACIIGES LI D #RLICRVBLZ TV L, KXy 2£RT5
DICLERZTORIE, THIELTRY Z<KHEALTW LFRLTVS. H28 Tt
N Dy OHBE, i=1,2,3 XL &(D13) =1/2 TH 3.
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GENERIC A*-FIBRATIONS OVER DISCRETE VALUATION RINGS

NOBUHARU ONODA, S. M. BHATWADEKAR, AND TERUO ASANUMA

1. INTRODUCTION

Let (R, 7R) be a DVR with residue field k and quotient field K, and let A be an integral
domain containing R. Then we say that A is a generic A*-fibration over R if

AQ®r K =g K[X,X_I],

where X is an indeterminate. In other words, A is a generic A*-fibration over R if there
exists an element z of A such that z is transcendental over K and

Rlz,7" /2] C AC K[z,27] (1.1)

for some v 2 0. Generic A*-fibrations over R are closely related to generic A!-fibrations
over R. Recall that A is said to be a generic A'-fibration over R if

A®g K =g K[X],

namely, R[z] € A C K|z] for some z transcendental over K. For generic A!-fibrations
we have the following theorem (cf. [1]):

Theorem 1.1. Let A be a finitely generated normal generic A'-fibration over R. Then
there exist finite field extensions ki, ..., k. of k such that

AVTAZ (ky x - X k) [X).

Note that A/v/7TA =, (A ®r k)rea- Thus the above theorem means that if A is a
finitely generated normal R-domain such that the generic fiber is a line, then geometrically
the closed fiber is a collection of disjoint lines. The purpose of this note is to give a
corresponding result for generic A*-fibrations. Our main theorem is as follows.

Theorem 1.2. Let A be a finitely generated normal generic A*-fibration over R. Then
there exist finite field extensions ki,..., k. of k such that A/V/7A is k-isomorphic to one
of the following three rings:

(1) (k> -+ x kr)[X];

(2) (ky x -+ x k) [X] % k[X, X7Y];

(3) (k1 x -+ x k) [X] X K[X,Y]/(XY).

Example 1.3. Let
A=R[X, 7' Xfi(X) -+ f-(X), 7/X],

where f1(X),..., fr(X) are polynomials in R[X] such that f;(X) := fi(X) mod 7R[X] €
k[X] is irreducible with f;(0) 3 0 for each 4 and ged(fi(X), fi(X)) =1for i # j. Then A
is a normal generic A*-fibration over R. Let k; = k[X]/(f:(X)) for each 1.

(1) If v =0, then A/V7TA 2 (ky x -+ x k,)[X].

(2) If v =1, then A/vVTA =4 (k1 x -+~ x k)[X] x k[X, X71).

(3) If v 2 2, then A/VmA = (ky x -+ X k»)[X] x k[X,Y]/(XY).
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Example 1.4. For a subset ¥ C Z x Z, we set
RIS) = Rl X7 | (i,4) € 5,

which is an R-subalgebra of K[X, X~!]. Let a, 8, A, u be nonnegative integers such that
A2 1,(8,p) # (0,0) and A/a 2 p/B. Then we set

Ala,8,00) = {(5,5) € Zx Z | Xi+j 20, pi+ 5 20}, (1.2)
We write
Afe, A) = Aa, B, A, 1)

if Ma=p/B. Let A = A(a,B,\, 1) and let A = R[A]. If 4 > 0, then A is a finitely
generated normal generic A*-fibration over R. Let o, f1, A1, 41 be nonnegative integers
such that ged(ay, M) = ged(Br, p1) =1, A e = A/ and p/B = pa /By Let

y=zM/r and z=7"/z".

For an element f € A, we denote by f the residue class of f in A/v/7A.
(1) If \/a = p/B, then

A/VTA =k[g, g7 = kX, X7,
(2) If A\Ja > /B, then
A/VTA = k[g, 7] = k[X, Y]/ (XY).
Remark 1.5. If p =0, namely if
A={(,j))€ZXxZ|X+aj20, j20}

in the above example, then A = R[A] is a finitely generated normal generic A'-fibration
over R such that

A/VTA = klg) = k[X).

Remark 1.6. Let A; = A(az, b1, M1, p1) and Ay = A(ag, B2, A2, p2) be the sets defined in
Example 1.4, and let A = A; N A;. Then we have A = A(e, 5, A, p) for some «, 8, A, i,
and R[A;] N R[A;] = R[A].

2. PRoOOF oF THEOREM 1.2

In this section we assume that A is a finitely generated normal generic A*-fibration
over R. Thus there exists an element z € A satisfying (1.1). We fix such z. Let 7 be the
number of minimal prime ideals of 7 A, and write

VviA=PN---N0F,
where each P, is a prime ideal of A. Then, letting V; = Ap, for i =1,...,r, we have
A=K,z )nVn.-.nV,

because A = A[r~] N Ap, N--- N Ap.. Note that each V; is a DVR of K(z) dominating
R. We denote by v; the valuation of K(z) corresponding to V;, and by ¢;V; the maximal
ideal of V;.
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Lemma 2.1. Suppose that (P,N---NP,)+ (Psy1N-+--NP) = A, where 1 < s <. Let
Ar=Klz,z ' |nVin---nV; and 42 = K[z,z7 N V,y NNV,
(1) Ay and Ay are finitely generated normal generic A*-fibrations over R.

(2) A/VTAZ AJVTAL X Ay//TAS.

Proof. We give a proof only for (2). Let =P N---NP,and J = P,;;N---N P.. Then
vTA=INJand I +J = A, so that

A/NTA AJT x A)J.
It thus suffices to show A/I = A;/v/mA; and A/J =% Ay//7A;. Let Q; = t;V; N 4, for
1=1,...,s. Then we have
VTA =Qin---NQ..
Let a € I and b € J be elements such that a + b = 1. Note that
A =Kz,z7 b7 NnVin.-..NV, = A b1,

because b ¢ P; fori < sand b € P, for ¢ > s. It then follows that PAD™ = Q;A;[b7] for
i £ s. In fact, since Q;A1[b7*] is a prime ideal of A;[b™!] = A[b~1], we have QiA1b7Y) =
piA[b~1] for some prime ideal p; of A. Then

Di = piA[b'l] NA= QiAl[b—l] NA=Q;:NA= F,
as claimed. Hence
IAR™) = (RADP™Y = () Q:Ailb7,
i=1 i=1
which implies
IA[b-l] ﬂAl = Ql n---N Qs = \/7I'A1.
Note that TAb~!]N A = I, because [ = /T and b ¢ I. Therefore we have
A/l C A//mAy CAPTY/TADBTY. (2.1)
On the other hand, since a+b =1 and a € I, it follows that b := b mod I = 1, so that
AT/ TAR™Y) = A/L. '

Hence A/I = A;/+/mA; by virtue of (2.1). Similarly we have A/J = Ay/+/T A3, which
completes the proof. O

Lemma 2.2. Suppose that = 1 and let B = K[z]NV;. Ifvy(7) = X\ and n(z) = q,
then we have

A = Bn*/z").

Proof. Let y = z*/m®. Sincev;(y) =0, wehavey € Band y~! € K[z,z~YNV; = A. Thus
Bly™'] C A. Conversely, let f be an arbitrary element of A. Then y"feKzlnV; =B
for a sufficiently large integer n, which implies f € Bly~*]. Thus A C Bfy™Y]. O

Let A = A(e, 8, ), p) be the set defined in (1.2). Since z is transcendental over K, we
have a canonical isomorphism

R[A] =g R[7'z | (3,5) € A].
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So, in what follows we identify R[A] with Rlriz’ | (i,5) € Al, so that R[A] is an R-
subalgebra of K[z,z71].

Corollary 2.3. Ifr = 1, then A/vVTA =4 ki[X] for some finite field extension ky/k or
A/VTA = k[X,XY. Moreover, A/vVTA =% k[X, X7 if and only if A = R[A] for
some A = A(a, A).

Proof. Let B and y = z*/7® have the same meaning as in Lemma 2.2, and let y; =
oM /7 where a;, A are nonnegative integers such that ged(aa, A1) = 1and Ay /e = Ao
Since y = y7* for some m > 0, it follows from Lemma 2.2 that

A= By =B

Let C be the integral closure of R[z,y] in its quotient field. Then we have C C B and
C = R[Ag], where

Do={(i,)) EZXZ | N+ajZ0,j=0}
Recall that
C/V/nC = klg) = k(X]
(cf. Remark 1.5). Let Q = V7B and Qo = QN C. Then Q and Qo are prime ideals
satisfying P, N B = Q, where P, = v/7A. Note that v7C C Qo because m € Qo.

First suppose that v7C = Qo. Then ht(Qo) = 1, and hence Cg, is a DVR dominated
by Bg = V4. Thus Cq, = Bg. Since C[r~!] = Blr~!] = K[z], it then follows that

C =C[rY)nCq, = Blr']N By = B.
Therefore we have
A=Cly™"] = R[4],
where A = A(a, )). In particular A/P; % k[X, X~!] (cf. Example 1.4).
Next suppose that v7C # Qo. Then C/Qo is a finite fleld extension of k, so that

71 = vy mod Q € B/Q is algebraic over k. On the other hand, by Theorem 1.1 we have
B/Q =4, ky[X] for some finite field extension k;/k. It then follows that § € k;, and hence

A/Py=(B/Q)l§™"] = B/Q = ki[X].
We have thus completed the proof. d

Lemma 2.4. Suppose that 7 = 2. Let B = K[z)NViNV; and C = K[z NV NVa.
Then the following conditions are equivalent.

(1) A/v/TA has no nontrivial idempotents.

(2) Both B//7B and C/v/7C have no nontrivial idempotents.

(3) A= R[A] for some A = A(a, B, A, ) with Ao > p/B.

(4) A/VTA =4 k[X,Y]/(XY).

Proof. It suffices to prove (2) = (3). By assumption we may assume that
B=K[lz|nViCV;
and
C=Kiz' NV CW.
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Let v1(z) = o, v1(m) = A, v2(2) = B and va(m) = p. Set y = & /7* and z = 78/z#. Then
v1(y) =0, and hence y € K[z] N V; = B. Similarly we have z € C. Since y € BCV,,it
follows that

UZ(y) = :3/\ —ap g 0)

which implies A/a 2 /6. Suppose that the equality holds. Then va(y) =0, so that y is
a unit in V5. Let f € K[z,27!|NV; be an arbitrary element. Since

y'feKzInV, C Vs

for n > 0, it then follows that f € V3. Thus K[z,2"!]NV; C V5, and hence A =
K[z,z7']N V4. This contradicts r = 2. Thus we know that A/a: > u/B. Let Q; = P, N B.
Since P, =t;V1 N A and V7B = t;V; N B, it follows that Q, = v/7B. Let D = Rlz, ],
which is a subring of B, and let Q' = Q; N D. Then ht(Q’) = 1. To see this, note that
D/vVaD = k[g] = k[X].

Hence if ht(Q') > 1, then f(y) € Qi for some f(X) € R[X] such that f(X) := f(X) mod
mR[X] is an irreducible polynomial in k[X]. Since B = K[z] N V; C V4, it then follows
that f(y) € V4, ie., vy(f(y)) > 0. Thus, letting a = f(0), we have a € 7R, because
v2(y) > 0. Hence f(0) = 0, and therefore f(X) = X. This implies y € Q,, which
contradicts vi(y) = 0. Let E = R[A], where A = A(e, 8, )\, 1). Note that E coinsides
with the integral cosure of R[z,y, 2] in its quotient field. In particular, we have E C A,
because R[z,y,2] C A and A is normal. Let p; = P, N E and p2 = PN E. Then
ht(p;) = 1. In fact, since dim E = 2, if ht(p;) > 1, then p; is a maximal ideal, so that
E/p: is a finite extension field of . Hence D/Q’ is also a finite extension field over £,
because D C E and p; N D = P,N D = @'. This contradicts ht(Q') = 1. Thus E,, isa
DVR dominated by Ap, = V4, and hence E,, = V1. Similarly we have E,, = V,. Since
Eln~'] = K[z,z7Y], it thus follows that

E=E[r ' NE,NE, =K[z,z"NVinV; = 4,
which completes the proof. O
Lemma 2.5. Ifr 2 3, then A/vV'7A has a nontrivial idempotent.

For the proof of the above lemma we need several preliminary lemmas. So, instead of
Lemma 2.5, we will prove the following lemma for generic A!-fibrations over R.

Lemma 2.6. Let
A=K[zlnVin-.-nV,

be a finitely generated normal generic A'-fibration over R, where T is the number of
minimal prime ideals of TA. If r 2 2, then A/V/mA has a nontrivial idempotent.

Proof. Replacing A by A ®pg JA%, where R is the completion of R, we may assume that R
is complete. Let B = K[z]N Vi and @1 =tV N B. Then Q; = /7B and B is a finitely
generated normal generic A'-fibration over R. Note that A C B and P, = @, N A. Since
B/Q1 =4 k1[X] for some finite field extension k;/k, we know that B /@1 is integral over
A/P,. Now, suppose that A/v/7A has no nontrivial idempotents, so that

P+(PRN---NB)C M
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for a maximal ideal M of A. Then there exists a maximal ideal N of B such that @; & N
and M = NN A, because B/Q is integral over A/P;. We will show that ht(MB) = 2. In
fact, if ht(MB) = 1, then MB C @1, because 7 € MB and V7B = Q:. It thus follows
that

MCMBNACQ,NA=P,

which is a contradiction. Consider local rings A; and By, and note that Ajs is dominated
by By. Since ht(MB) = 2, it follows that /M By = N By, and hence length, By /M By
is finite, because B/N is a finite extension field of k. Moreover Ay is excellent, so that
Ay is analytically irreducible. Therefore, by Zariski Main Theorem (cf. Theorem 37.4 in
[2]), we know that Ay = By. However this can not be the case, because the number of
minimal prime ideals of mAy is 7 > 1, while /7By is a prime ideal. This completes the
proof. d

Now, Theorem 1.2 is an immediate consequence of Lemmas 2.1, 2.4, 2.5, Corollary 2.3
and Remark 1.6.
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Gorenstein M AB (DT

A BT (BLAEEAREHER

2001 FORIHR TITONZHFFEERIZH VT, Huneke i3 [ Gorenstein Bt AB ="
THB5?) EVSHEEHE L, E741T Jorgensen & DB [5] IKBWT, R #
Gorenstein ABRD & &, EBDOHRAR R-INEE M, N iZxf L, Exty(M,N) =0 (Vi > 0)
& Extp(N, M) =0 (Vi > 0) BEMEIRZS Z L #R LTS, 25T, =0 AB RO
BEELSRTHD LHETRBRCTLEETSN TS finitistic dimension conjecture
LRRBHDZENDbND, I TIOHETIE Huneke Jorgensen & i3E 5 FEEH
5 AB RE7223%, Gorenstein BD AB #I DWW TEELTH 5B,

1 Introduction
ZDEEZEL T (R,m, k) % noetherian local ring £ § 3,

ZOETIX ABROEHEL 5%, AB B & finitistic dimension & DBHES, BOER
£3 X O* Complete Intersection # & AB 1t & DESEIZ Sl \CORRERNT 5,

BE11 ETRVERAR RNEE M, N 21t L. Pr(M,N) 2L TO L 3 iCED B,
Pr(M,N) = sup{ n | Ext}(M,N) #0 }
2R RIZX L. FP(R) 2UTFO L3 I2ED 3,

FP(R) = sup{ Pr(M,N) | M,N € modR, Pr(M,N)< 0 }

E% 1.2 FP(R) BSHRTHSES ABBL L5,

—HRIZ M OSERT PAM = Pr(M,k) THY. Sbic M DHERTHHERR 1T
PdM =Pr(M,N) (YN € modR) TH B4 5, Pr(M,N) it M OHEKTOHETH
DLEXD, £, B R O finitistic dimension FPd(R) i,

FPA(R) = sup{ PdM | M € modR, Pd M < oo }

EEESNTNBDT, FP(R) b7 FPd(R) DILETHBZ L E2 5, ZDOBH%T. AB
RITFLTE S N7 finitistic dimension conjecture ASELIT LTWBARTHS, 4. RIXw
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#:72 noetherian local ring 72D T, HERTHHRLMEEITH L £ DOEIL Auslander-
Buchsbaum formula 225 Z &N T& B, L7zd>T, FP(R) > FPd(R) = depth R
THDHIENRDLNY, ROZEMBHKILT D,

il 1.3 R PERIEFRZOIE. RIZABRTHY, FP(R) =depthR TH 3,
RIZ R # Complete Intersection ® & IZOWTHTHB,

@il 1.4 [1, Theorem 4.2] M, N 2HMRAER R-MEL TS, bL. Cl-dimM < oo,
Pr(M,N) < oo 7251 Pg(M, N) = depth R — depth M Téh 3.,

ZOMBELD, RO ENREMND,

% 1.5 & R 7% Complete Intersection 251X, RIiZAB&ETH Y, FP(R) =depthR T
H2,

Complete Intersection 23 ABIRTH D Z &ML D T, KiT Gorenstein Bix AB
BTHD5»? &\ 5 Huneke AHEL=BBEICRKNR DL, ROETIORBEIZOWT
EZTH%,

2 The AB-ness of Gorenstein rings

Z DETIZ Gorenstein RO AB HIZ DWW TE XT3, Gorenstein D AB HD¥
EEL LTROBERBRZ LN,

EHE 2.1 R % Gorenstein ring £ 3§53, Z0O¢ &, KIIRAETH 3,
(1) Rit AB BTh2,

(2) Pr(M,N) #ERTH 5 HBAR R-MBEDE M, N (25 L, Pa(M, N) = depth R—
depthM TH 3,

(2) Pr(X,N) BHEMRTH 28K Cohen-Macaulay B X ROHRAER R-MEE N i
*TL\ PR(X,N) = 0 —C“&éo

(3) Pr(X,Y) 2R TH B#EX Cohen-Macaulay MEEDHE X, Y IZH L. PR(X,Y) =0
Thd,

EI-I;

B (2) = (1) EHELVELD,
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(1) = (3): 0<Pr(X,Y) = p< oo & RBMEK Cohen-Macaulay ME D X, Y 27
EY2LIRET D, 4 RIiX Gorenstein ring THBH 5 G-dimX =0 THBDT, X O
complete resolution

0> 1)) 8

F F—=—F,
.

X

0- o
1 P, 2

BHFETD, ZZTEEH « L. X; = Imd, LB & Ext} (X, Y) =
Bxti(X,Y) (n, n—i > 0) Thanb, EROEOEH n IH L Pr(X,_n,Y) = n
BELT B, ZHUE R A ABBRTHEZ LILRT B, LEHR-T, Pp(X,Y) < oo &b
T Pr(X,Y)=0 Th3,

(3) = (2): L N 28X Cohen-Macaulay MBER HiE (3) LV RILTNBDT,
N 38X Cohen-Macaulay MEETARWET S, N @ Cohen-Macaulay approximation
0=2P=Y—>N—20%LB, ZZT, Y i3#BK Cohen-Macaulay MEETH 0. P j14t
ERTDARTH D Z LICEET S, REL Y., Pa(X,N) < 00 7o Pr(X,P)=0< o0
THBOT PR(X,Y) =0< 00 Thd, LEN>T Pr(X,N) =0 Thz,

(2) = (2): L M 248K Cohen-Macaulay MEE & i3 (2) EVEZLTVWBDT,
M 38K Cohen-Macaulay MEETHR WV ET 3B, M O finite projective hull 0 — M —
P> X—>0%&5, ZIT, X 3K Cohen-Macaulay MEETH V. P IZHERTNA
FRT depthP = depthM 2H7=LTWBZ EICART B, RELD. Pr(M,N) < 0o %>
2 Pg(P,N) = depth R~ depth P < 00 THBDT Pp(X,N) =0 < co T3, == .
depth P = depth M < depthR &V, Pg(P,N) >0 TH 325 Pr(M,N) =Pg(P,N) =
depth R — depth M T 3, O

ZDEERLY R A Gorenstein AB BD & &, FP(R) =depthR Th3Z L by,
& BT Gorenstein BD AB M EREH D 512 134 Cohen-Macaulay MBEDHE 2 LT
WZ b3,

il 2.2 R #{EE D noetherian local ring & L. M, N #&MRAR R-MEEL+5%, 7=
Te€EmZR M, N L¥ERFLTE, DL Pr(M,N) = Pg(M,N) Th 3, 7=
L. (5)=(-)®rR/(z) TH2,

;B F*:--- > F; - F; > 0 % M ® R-free resolution & L. F* = F* ®rR/(z) &7
%e 2 X R M LHEFERF2OT F* i3 M © R-free resolution Thd, LoT. &
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Eoioxl,

=l
=

1M 1w IR IR

Exti( H!(Homg(F*, N))

Hi{(Homg(F* ®& R, N))
Hi(Homg(F*, Homg(R, N)))
H:(Hompg(F*, N))
Exty(M,N)
Z)gﬁii—g_éo J:OT\ PE(M,N) = PR(M,J_V) T&)éo
Ti3ER N LFEFERFROT, 0 NS3N-N-=0IT exact THD, £ZZTUTF
® long exact sequence A32>F B,

y

0— Homg(M,N) = Homg(M,N) — Homg(M,N)
~ ExtL(M,N) 5 Exty(M,N) — Exti(M,N)
— Exti(M,N) 5 Exth(M,N) — Exth(M,N)
— Extd'(M,N) 5 ExtZ(M,N) — Extd{(M,N) —...

Lo THLOBEL Y Pr(M,N) =Pr(M,N) Th 3,

EE 2.1 LM 2.2 &Y. Gorenstein B2 AB 7 E ) h & DD B2 DITIT regu-
lar sequence T#|-> T artinian ring PHEICREI RS ENTE S, £ LT, artinian
Gorenstein ring DB FIIILUTOREREZB TNV 5,

EE 2.3 R % Gorensteinring £ 52, bLm*=02b X RIZIABRTH S,

HBAm=0DLE, RIIERZDOTRILTNS,

m*=0,m#0DL& R OMEFIZR DO m=SocR (Xk)DO0RDTRIZ
Complete Intersection THd, £-T%H 15 LY RiZ ABETH 3,

md=0,m?#0 D&%, RIX artinian Gorenstein ring 720D T, R-MIEEA projective
THDHT L L injective THDI L & free THDHZLIIFMETHDZ LICEET S, ZC
T, ROEH (x) 2523,

(¥) Pr(M,N) BERTHDEEDHRER R-MBEDCHE M, N IZHL, M $72iI N ®
I AR Eb—FId free TH D,

bLURM (x) 253201 RITABBLRBOT, UTFRIE (+) £H7ERVET
5, TbH, EHb b free TRVWERER R-INBE M, N T, Pr(M,N) BERTH S
bOBRFEETDLRET D, £o. RERD M Dsyzygy 2L 52 & T, Pr(M,N)=0
LTED, M=M@®F,N=N®G (ZZ T, F,GIZfree T, M',N' i free sub-module
RV LEMSELTHEL & Pr(M,N) =Pr(M',N') THBDT, M,N it free
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sub-module 2R/ ELTEWY, ¥ M O G-REIZ 0 THE»H, MIiHird3
free module F IZEHIAHT, M Cc mF Th 3, LoT. MM Cm3F =0 Thahb
mM 1% k-2 MVERTHB, LizRoT, ROFZLFIR LN B,

05k =M=k -0 (1)

ZIT. a=dimymM THY, biz M DIB/NERRZOBTH B, N ICBILTHREEIC
LT,
02k N-okl=0 (2)

¢ = dimymN THY, d 13 N OBNERROKETHBEELFINE N B, (2) &w,
Extp(M, k%) 2 Extd(M, k) (1 > 0) BF/HI. M O betti number 2B L T
dfi(M) = cfi1(M) (i > 0) BRIZT B, Li=dsoT, (b LUERLEBIZ M O syzygy &
EDTBLZET) Bu(M) = (d/c)"b (n > 0) 2T B, Z 2T, & Bn(M) 1T 0 THRVES
ROT, c<dDDcldd DR THB, LisdioT, b= Bo(M) < By(M) < - (M) <
- THD, bOBMYE LY, M D syzygy LB L. 0 QM >R 5> M—>0Th
%o 4 R I3 artinian Gorenstein ring T %235 (=)* = Hompg(—, R) IZ exact functor
THD, L7eB>T, 0= M* = R — (QM)* — 0 iZ exact TH Y. (QM)* ORB/NAERE
ROEIT D THD, 22T, (1) R (2) L FED exact sequence & & 5 &,

0=k > (AM)* 5k >0 _ (3)

(e = dimem(QM)") THY. 7 Pa(N*, (WM)") = 0 ToHBML. kLRI LT,
eSOBR/OEND, —FH, 3)IT (=) 2LBE. 0k = QM — k¢ — 0 0. QM
DBNESEROBIL e ThB, LIEN>T, e= QM) = Bu(M) > Bo(M)=b v,
b=eTHY, c=d,a=b2REh3B, LoT. 02k = M- kb —0,8,(M) =b
(n>0) &Y. k O betti number 23+ E+2 - &< R A Complete Intersection T %
ZeEBDPB, LEN->TH 15 LY RIiT AB BTha, O

EOEBOEHRIZBNTHThOEE S Complete Intersection IZJ&% S €TV 3 28,
BEDH—RECEZLTOEREOERRET, »B3ELOERTHAD mé = 0 &7
Gorenstein ring T Complete Intersection T2V\b DAFEN B L 1 SEELD, mi=0
%72 Gorenstein ring T Complete Intersection TZV>% D237 KEABHBZ LN
Do bHAATNLDBRITEME (x) 2HIZLTNE, FLEEOEATIZ. RB m? +£0,
md =0T, &l (x) BRI ERVE X T, free TRVERAR R-NEE M T, UFD%
BBl T bOREET R 3T LT3,

(1) 05 k> = M — k* — 0 X exact Th 3,

(2) M @ betti number 3£ T b Th 5,
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(B) M D syzygy iZ. 0 QM - RO 5 M >0 THV, 0> kb= QM — kb = 0 28
exact TH D,

LidoT, ROBSEENDE b-L(R) = QM)+ (M) = 4b £V, 4R) =4 Th
5, TDOI EHH R A artinian Gorenstein ring T m® =0 D& &, ((R) # 4 26T
IRl (x) BBIT L RDRB,

R 7% artinian Gorenstein ring Tm3 =0 22 4(R) =4 DL &, TOHD X 5105kt
() BAILERVBIDH D, LHrL, m3 =022 4R) =4 ROITEIEME () 2L &
RODHMRE D BT ON T2 THRN,

Bl2.4 k2E L. R=klz,y]/(z%y?) &5, ZDOL &, RIT artinian Gorenstein ring
T (2,y)* = (2y) #0, (z,9)’ =0 2> UR) =4 Th 3, M =R/(z), N=R/(y) £B<
&L M, N i3 free T2L, Pgr(M,N)=0 Th?,

Bl 2.4 T, k Z—MD noetherian local ring ¥ LT M, N IINEKRTHNERT,
Pr(M,N) =0 ThB, ZOZEnb M2 N ORHERTABBTS Pe(M,N) =0 &
RBBNITEL SAHDZ BB,

& Xk
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On vanishing of local cohomology modules and the
Lichtenbaum-Hartshorne theorem Part I

Filgr  FogE  (REILRZFERZERE B ARFEFRERD)
R T (FUKRFEXRFEREANERER)
5 - (AIUXFEFE)

UTHIHOR2VWAEY RIITBRX—F—RE2XTHOETH. I,J
ZFROATFTTNVEL, M % (LT LLERERLTRY) RMELT 5.
RDOEH72 M DRHESEEZD.

Iiy(M)={zeM|I'zCJz (r>0)}

BRIHDB I, I (M) T8 M OS5 RNETHY, 1,13 R
MEEDOEAD R MECE~DEZTEIMMELERFLEDD. Iy D i K
AEREFE H ; LEEERT. J=(0) OBEITIT H, ; ZBFO TI2Y
A= eFOoRFafrEnd—BF HHIZ—HLTWDZ LIZEET 3.

LT, Bxbohic RMEE M IZHL, Hi ;(M) B2V 2OBRET 502 &0
5T LITONTER LTV EEOF/FT = RE R U—MEE HI(M) O
B Spec(R) DEARDES V(I) DAIAEE - BTHHEEICEDL 2 ikt
LT, Hi ;(M) OB

W(I,J):={peSpec(R) | " CJT+p (*r>0)}

&5 Spec(R) DERSEE DAARRY - BMHIEEIZE D> T 5. W(I,J)
I specialization THU7&EATiIH 523, 47T L b Spec(R) DR E
ETERVWILEEELTBEL.

il 1 ROFHIIFRETHS.
(V) Iry(M)=M
(2) Min(M) C W(I, J)
(3) Ass(M) CW(I,J)
(4) Supp(M) C W(I,J)

R 1 ORMESE%W7-3 R MEE M % (I, J)-torsion NEE & FES.
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B (2),(3), (4) PRMEMITE S

(1) = (3) &FT. EBO pe Ass(M) 2L 5%, p=Am() Cz €
I1s(M) B33, 20L&, FE,S I' C Am(g)+J = p+J (r 2 0)
B ST, (3) BFLY L.

Wiz, (4) = (1) 2=, EEO s € M 2L 5. REH D Min(Rz) C
Supp(Rz) C Supp(M) € W (I,J) 2RV 2. Min(Rz) = { p1,---,ps}
PR, TorE, £1<i<sHLIEC T+ (Bt 20) £725.
LoTtmtid e tty, EBLE, TPC T+ (p1---ps) BRY L. —F,
VA(Z) = p1N---Nps 2p1-ops BB (pro--ps)* € Ann(z) (u > 0)
285, Bc, I* C J+ Ann(z) £729 (4) BV 2. (Q.E.D)

22z MICHLT, KOEHFIIRMETHS.
(1) S FI’J(M)
(2) Supp(Rz) C W(I,J)

Wl 3 ROFHIIRETHD.
(1) Ir,s(M) #0
(2) Ass(M)NW(I,J) #0

HE (1) = (2) 27T RELY, Ass(M) 2 Ass(I7;(M)) #0 TH 5.
I1;(M) & (I, J)-torsion 72D CHE 120 W(I,J) 2 Ass(I'rs(M)) #
B0 0. BT, Ass(M)NW(I,J) #0 &725. K, (2) = (1) 277
RENS, Rjp— M 2> I'CJ+p (3r > 0) 2%72F p € Spec(R) &
rnb. ZoEE 0+41 eI (R/p) = Iry(M) L7206, (1) BELY
2. (Q.E.D)

@8 4 p € Spec(R) IZxFL,

I1(Er(BJR) = { SR )

HEA ET peW(W,J) DL &L, Ass(Er(R/p) = {p} S W(,J) &,
@B 155 I ;(Er(R/p)) = Er(R/p) 285%. WiZ p ¢ W(I,J) ©
& &1, Ass(Er(R/p) NW(I,J) = {p}nW(,J) =0 &, E3H»D
I'1 ;(Er(R/p)) =0 2%5%. (Q.E.D)
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WE5 (1) M2 (I,J)torsion D& &, % E A (I, J)-torsion T 3
£27% M ODARG#E B BEETSH. #-TELIL, H (M) =
0(%i>0) Th3.

(2) (a) Hj,(I1,(M)) =0 ("i>0)

(b) Hi;(M/I15(M)) ={ Z}J(M) &f ::g;

(3) I1y(H, (M) = Hj ;(M) (i > 0)

88 (1) I1/(E(M)) = @yew(r,s) E(R/p) I Hom=®LEM)e) 736578 4
XVR/LND. E°=T1,;,(E(M)) £BL. ZOLE, 250 M >
E° - M'—0 2%85%. M* 23 (I,J)-torsion Tdh 5 Z & ZR8iE, Z0fE
FrBRVIRT Z L TR T (B = E 2%7=3 E* BMEh 5.

—RIZ, FEDO RMEDELRFI0 - X =Y - Z =0 LT, Y 2
(I J)-torsion TH D7D DMBE+LFMEE X, Z 23 (I, J)-torsion TH 5
ZETHD. T, Supp(Y) = Supp(X) USupp(Z) LEnEE 1 » 53
D. BUZ, My 23 (I, J)-torsion 12725 Z L B 5.

(2) (a) %, I'iy(M) 23 (I,J)-torsion THEZ L &, (1) 1oBLR5.
(b) 1%, E2F1 0 = I1y(M) > M — M/T1;(M) =50 &, (a) 2685
ns.

(3) Hj (M) DEHREZEXBZLTHLNS. (Q.E.D)

EE 6 M 2HMBER RMELTS. 0Lk,
inf{ i | H} ;(M) # 0} = inf{ depth M, | p € W(I, )}
DALY 3D,

ZOEEIL inf{ i | H{(M) # 0} = grade(I, M) = inf{ depth M, | p €
V(I)} DR E VR B.

SEBA n = inf{ depthM, | pe W(I,J)} &R . pe W, J) 2 5L,
n < depthM, = inf{ i | p;(p, M) # 0} b5,

I (B(M)= @ ER/p)*®M =0 (i<n)
peW(I,J)
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Lizd. #uc, Hi ;(M) =0 (i<n) &2 inf{i| Hj ;(M) # 0} > n 8
Y L.
WIZ, HY ;(M) #0 2Zo~Y. LROBEREY,

I y(B*(M)) = (0—--- = 0— It j(E*(M)) = I'1;(E"(M)) = =)

Lo TWNABRZ LIZEETA. LER-T, ROZLEFING 7D AHRERN
NS AIRVASN

0 — HP,;(M) — I1,(EM(M)) — Ips(E™H(M))
4 ) {
i) ES Bry D EMR(M)

Ker(d®) = Im(d"!) C E"(M) RABMILATHS = LICEETHLIT,
HP (M) = I1,;(E"(M)) N Ker(d") # 0 %13 5. (Q.E.D)

SET7 (Rm) ZRARLL, M 2 FRER RMELTD. Z0OLE, K
DEBIZFETHD.

(1) M % (I, J)-torsion TH S.

(2) Hi (M) =0 (¥ > 0)

B (1) = (2)iF, ABE51) TRLE. (2) = (1) &TY. N=M/I1 (M)
L L, BES3) XY, Hi;(N) =0 (i>0) BEYID. N#£0 &K
ET5. meW,J) &Y, inf{ depthN, | p € W(I,J)} < depthNy, =
depthN < oo D3FV 3>, EE6 &V, inf{ depthN, | p € W(I,J)} =
inf{ i | Hj ;(N) # 0} %25, Hj ;(N) # 0 (% < depthN) &2 F/E
BELB. LoT N=0Ths. T4bb, (1) 8FEk. (Q.ED)

% 8 M AEBAR RMET, J C VAmM Th3EEETS. 20
L&, Hi (M) = Hi(M) (%) %859 2.

BB EY(M) = @yesuppny E(R/P)HCM LEFS. B4 LY
I'1,5(E (M) = @yesuppanynw,n ER/p)EM £725. RELY, J* C
Ann(M) (3s>0) ThH3.

Supp(M)NW(I,J) = Supp(M)NV(I) LEETS. ZThnRELNI,
It ;(E{(M)) = T(EY(M)) () &7V, MEPTRED. UT, ZOERE
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Y. VI) CW(ILJT) 2235 (2) AL, (C) KOWT. £ED p e
Supp(M)NW(I,J) 2L B&, Ann(M) Cph>I" C J+p (r) TH 3.
%oTJ"gﬁ+pgAmwﬁ+pgp&téﬂ&peVUﬂ=VU)
Th5. (Q.E.D)

EE 9 (Rm) ZRFABELL, I+J 1 m-primary 4 7 7V, M I35 B
AR RMETHDLETE. L&,

sup{ 7 | Hj ;(M) # 0} = dimM/JM

SRR Y 3D,
ZDEEIL sup{ i | H:(M) # 0} = dimM DIEEIZ 2> TN 3.

’lBl n=dimM/JM &35<. [+ J 7 m-primary T3 = & &k ",
Hi (M) =H: (M) BBV I>. EoTI=m & LT,

Hi ;(M)=0(>n) % n BT 3RMETTT

n=00DcE MBS XY [ ;(M)=M 27EE+S. £BD e M
#&%. Artin-Rees DHREL Y, )M NRz C Jz (s > 0) 235 b 3.
0=dimM/JM = dimM/J*M 55, w'M C J*M (r > 0) &2 5. #
W, mc CJPMNRzCJz &2V, z € T g(M) 30035,

n>0DEE:M/Tn;(M) 2 M LBEEHZBZLT, Ims(M)=0
ELTEWY. EBZi>n 2BVEET . H. (M) #0 LRET3.
REE5(3) £, Ty (Hi (M) £ 0 Tho20, RBE3ED J+p 25 m.
primary L7225 X572 p € Ass(HE ;(M)) BEETS. $-RALLAE3
£Y, fEED q € Ass(M) IZ# L J + q % m-primary TIR2WVWOT, £
BD g€ Ass(M) IH LT p g q 725, —F, LED q € Min(M/JM)
WCRLTp g qBRYILD. RERLIF pCqe Min(M/JM) %#1-4
O BFETDLRETDE, J+pCqBRIID. J+p it m-primary
Ehb,q=m &729, dmM/JM =0 285, ZhiEn>0 THBE - &
WZFESS.

ZOLTpiFED q € Ass(M) N Min(M/JM) KbEEhiRNE &
Bbpote, #oT, M LOFERFTHO M/IM D ssopiz??
T €pBEND. ELINO0 > M D M = MzM - 0 6, 52
5l Hi {(M/zM) — H (M) 5 H: (M) 283, RMECRELD,

m,

H_j(M/zM) =0 25, z 13 Hi (M) EOkBRFE%25. =it
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T €p € Ass(H: (M) THDZEWTFETD. 8T, Hy ;(M)=0 &7
5. BBk, Hi (M) =0 (% > n) BREL.

BR&®IZ HE (M) #0 277, T2£50—> JM - M = M/JM — 0
M, £L51 Hr (M) — HE,(M/JM) » HYNJIM) 2185, ERO
BWRrb HYY(IM) =0 THd. —7F, MESH»DL Hy ;(M/IM) =
HE(M/JM) #0 ToH . #iz, H (M) #0 Th 5. (Q.E.D)

S Xk
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ON VANISHING OF LOCAL COHOMOLOGY
MODULES AND THE LICHTENBAUM-HARTSHORNE
THEOREM PART II

KAZUHIDE KAKIZAKI, RYO TAKAHASHI, AND YUJI YOSHINO

Throughout this note, we assume that all rings are commutative and
noetherian. Let (R, m) be a local ring, and J be an ideal of R. In this
note, we shall observe the relationship between H,f% ; and Hb.

Suppose that R admits the dualizing complex Dy. We denote by
K the canonical module of M, ie. Ky = H®*(RHomg(M, D})),
where d = dim R and t = dim M. Here we consider the uniqueness of
the canonical module of a module.

Proposition 1. Let S — R be a surjective homomorphism of noether-
1an local rings admitting the dualizing complezes Dy and Dy respec-
tively. Then, for a finitely generated R-module M, there is a natural
isomorphism

Ext}(M, D3) = Ext}(M, D),
where ¢ = dim R — dimgpM and b = dim S — dimgM. Hence, up
to isomorphism, the canonical module of M regarded as an R-module
coincides with that of M regarded as an S-module.

Proof. Since S has the dualizing complex, we see from [6, Theorem 1.2]
that there exists a surjective homomorphism from a Gorenstein lo-
cal ring T into the ring S. Let us put r = dimR, s = dim§,
t = dimT, and n = dimpM = dimgM. Then one easily sees that
D¢ = RHomz (S, T)[t — s] and that D} = RHomy (R, T)[t — r]. Hence
we have

RHomg(M,Dg) = RHomg(M,RHomr(S,T)[t — s])
= RHomg(M,T)[t — s
2 RHomg(M,RHomy(R,T))[t — 9]
= RHomg(M, Dy[r —t])[t — 5]

RHompg(M, D3)[r — 3.
Thus, we obtain Exty™"(M, Dg) = Exty " (M, D). ]

Let M, N be finitely generated R-modules. We set
and
AsshpM = {p € AssgM | dim R/p = dimgM}.

Recall that for an integer n > 0, we say that M satisfies the condition
(Sr) provided depthp M, > inf{n,dimg, M,}.
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Theorem 2. Let R be a Gorenstein local ring of dimension d, J be
an ideal of R, and M be a finitely generated R-module of dimension t.
Suppose that AsspM = Asshg M and that M satisfies (Sp41) for some
n>0. Then

HY(Ka) & HE(M, R)
forall0 <i<n. '

Proof. Since a module satisfying (5;) also satisfies (S;—1), it suffices to
show that H:™(K)) & HS™™(M, R).

Note that gradegM = d — t. Take a maximal R-sequence y =
Y1,Y2,°** ,Yi—¢ in AnngM. Replacing R by R/yR, we may assume
that t = d.

Let S = R x M be the trivial extension of R by M. Since S is
isomorphic to R@ M as an R-module, the canonical module K5 of the
ring S is isomorphic to Kr @® K as an R-module. Hence we obtain
the natural isomorphisms of R-modules

Hy™(Ks) = Hf "(R)® HY "(Ku), and
H}™(S,R) = Hy ™(R) @ Hy ™(M, R).

Thus we have only to show that HY"(Ks) & H4™(S, R).

Note that
H%™(S,R) lig ¢ Ext ™(S/J*S, R)

lim ¢ Ext§"(S/J*S, RHoms(R, S))

lim Exté"(5/J%S, D3)

Hj™™(D3).

On the other hand, there exists a chain map HY™(Ks) — H4™(Dg)

induced by the augumentation Kgs = H%(Dg) — D§. We consider the

following spectral sequence.

Ef* = Hj(H*(Dg)) = H5"*(D3).
Claim. dimpExt%(S,R) <d —n — g for any ¢ > 0.

If this claim is true, then HY(H?(Dg)) = H5(Ext%(S, R)) = 0 for all
integers p,q with p+ g = d —n and ¢ > 0. Hence the above spectral
sequence degenerates, and we will have H4™(H%(Dg)) = H™(D3),
as desired.

So, in the rest, we shall prove the claim. First, we show that S
satisfies (Sp4+1) (as an R-module). For this, take p € SuppgpS. We
want to prove that depthg S, > inf{n +1,dimg,S,}. Note that S, =
R, ® M, as an R,-module. If M, = 0, then S, & R,, so the desired
inequality actually holds. Suppose M, # 0. Then we have depthg S, =

inf{depth Ry, depthg, My} = depthp M, > inf{n+1,dimg,M,}. Since
dimg, S, = dim R,, it is enough to show that dimp, M, = dim R,. Put
7 = dimp, M,. Then there exists a saturated prime chain py C p; &
- C p, = p with AnngM C pg. As pp € MingM C AssgM =

R IR
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Asshg M, we have dim R/po = d. Note that R is catenary because
R is Gorenstein. Hence we see that dimR/p = d — r. Therefore
dimp, M, = dim Ry, as desired. Thus S satisfies (S,41).

Suppose that dimzExt%(S, R) > d—n—q for some g > 0. Then there
exists p € SupppExty(S, R) such that dim R/p > d — n — q. Hence we
have Ext% (Sp, Rp) # 0 and htp < n+ g. Therefore it follows from the
local duality theorem that H;‘;:_Q(Sp) = Ext}, (Sp, Ry)¥ #0. Thus, we
obtain depthp S, < htp — ¢ <'n. On the other hand, since S satisfies
(Sn+1), we have depthp S, = dimg,S, = dimR, = htp. Therefore
we must have ¢ < 0, contradiction. This contradiction proves the
claim. a

Let R be a Gorenstein local ring of dimension d, J an ideal of R,
and M a finitely generated R-module of dimension ¢. Then it is easy
to see that dim Ky =dimM =t, AssKy; = Assh Ky, and that K,
satisfies (S2). Hence by the above theorem, we obtain

H'.t]—i(KKM) = Hj_i(KM) R)
for 2 =0,1. On the other hand, the following proposition holds.

Proposition 3. Let R be a noetherian local ring having the dualizing
complez Dy, M be a finitely generated R-module of dimension t. Then

Hj(Kx,,) = Hj(M).

Proof. Since R has the dualizing complex, Ris a homomorphic image of
a Gorenstein local ring by [6, Theorem1.2], hence sois R := R /Ann M.
There exists a surjective homomorphism ¢ : A — R such that A is a
Gorenstein local ring of dimension t. Put a = ¢~(JR). Replacing
R,J by A,a respectively, we may assume that R is a t-dimensional
Gorenstein local ring. Then note that Ky = M* and K Ky = M*,
where (—)* = Hompg(—, R). Let us denote by f the natural homomor-
phism from M to M**, and set K = Kerf, L = Imf, and C = Cokerf.
It follows from [1, Proposition2.6] that K = Ext}(trM, R) and C &
Ext%(trM, R), where trM denotes the Auslander transpose of M.

Here, we claim that dim Ext}(X, R) < t—i for any finitely generated
R-module X and i > 0. In fact, take p € Supp Exth(X, R). Then we
have Ext"R’ (X, Ry) # 0. Since R, is Gorenstein, we see that i <
dim R, = htp. Hence we obtain dimR/p =d — htp < d — i.

It follows from this claim that dimK < d — 1 and dim C <d-2.
On the other hand, from the short exact sequences

0-K—>M-—-L—0 and
0—=L—-M*—C-0,
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one obtains the following two exact sequences.

HYK) — HYM) — HHL) — H¥*(K) and
Hj“l(C) — H"}(L) — H}(M**) — Hf;(C).

Since the both sides of these sequences are zero, one sees that H¢(M) =2
HY(L) = HY(M™). |

Combining the isomorphism given in the above part of the proposi-
tion with that given in the proposition leads us to the following corol-
lary.
Corollary 4. Let R be a Gorenstein local ring of dimension d, J be
an ideal of R, and M be a finitely generated R-module of dimension t.
Then

Hj(M) = H}(Kyu, R)

Theorem 5. Let (R,m) be a Gorenstein local ring of dimension d, J
be an ideal of R, and M be a finitely generated R-module. Then

Hj(M, R)" & L (M),

where M denotes the J-adic completion of M.
In particular, if R is complete, then

HY(M,R)Y = T s (M).

Proof. Set S = R’ and N = M”. Note that S is a noetherian ring
and N is a finitely generated S-module. Since N/J¥*N = M/J*M for
k > 0, we have

Hj(M, R)" (lim xExt}(M/J*M, R))"
Lim T(M/J* M)
Lim I (N/J*N)

lim N/J*N
N.

REmirn

We would like to show that the image of the above composite map
f: HYM,R)¥ < N is isomorphic to I3, s(N).

Let y € Imf. Applying the Artin-Rees lemma, we see that (JS)"NN
Sy C (JS)y for some r > 0. On the other hand, it follows from the
choice of y that the image of y in N/J*N belongs to I'y(N/J*N) for
each £ > 0. Hence we have m*y C J"N for some s > 0. Thus we get
m’y C J'NN Sy C Jy, that is, y € I'n s(N).

Conversely, let y € Iy j(N). Then m*y C Jy for some ¢t > 0. Hence
we have mtky C J*y C JEN for any k > 0. Therefore for each & > 0
the image of y in N/J*¥N belongs to I;(N/J*N), which says that
y € Imf. O

Proposition 6. Let R — R’ be a surjective homomorphism of noe-
therian rings, and let I, J be ideals of R. Put I' =IR' and J' = JR/,
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and let M' be an R'-module. Then, for any integer i, there is a natural
isomorphism

H} ; (M) = Hj, (M)
of R'-modules.

Proof. For any integer ¢, set T%(—) = Hj ;(—). We shall check that
T* is the 4-th right derived functor of I'p . Tt is clear that TO(M') =
I’ y(M') for any R-module M’, and that there is a long exact sequence
0 — T°L') = TY(M') —» TON") = T*(L') — --- for a given short
exact sequence 0 - L' - M’ — N’ — 0 of R-modules. So we have
only to show that T*(E") = 0 for every R’-injective module E’ and every
integer ¢ > 0. Since T maps direct sums to direct sums, it suffices to
prove that

T(Ep (R /p) =0

for any p’ € Spec R’ and any i > 0.

Fix a prime ideal p’ of R’. Note that there exists an ideal a of R such
that R’ = R/a. Under this isomorphism, p’ is isomorphic to p/a for
some p € SpecR. Put X' = Ep/(R'/p"). Since I'1;(X') = I'n p(X'),
we see that X' is (1", J')-torsion if p’ € W(I’,J') and that X' is (I, J')-
torsion-free if p' ¢ W(I’,J'). If X' is (I',J')-torsion, then we have
THX') = H} ;(X') =0foralli > 0 (cf. Part I), as desired. So suppose
that p’ € W(I’,J’). Then p ¢ W(I,J). Take an R-free resolution
F, of R' and set X = Eg(R/p). As the R-module X is injective,
one sees that the complex Homg(F,, X) is an R-injective resolution of
Homp(R', X) = X'. Because p ¢ W(I,J), we have I'7 ;(X) = 0. It
follows from this that the complex I'; ;(Hompg(F,, X)) is a null complex.
Consequently we get T(X') = H;} ;(X') = H'(I'1y(Homg(F., X))) =0
for every 7 > 0. ]

From the above propositions, we can prove the following corollary,
which is essentially shown in [7]. We should note that it holds without
assuming that the local ring R is Gorenstein.

Corollary 7. Let (R,m) be a local ring admitting the dualizing com-
plex Dy, J be an ideal of R, and M be a finitely generated R-module
of dimension t. Then

~

Hy(M)" 2 L s (Ku)?).

Proof. Since R admits the dualizing complex, there exists a surective
homomorphism ¢ : § — R such that S is a Gorenstein local ring ([6,
Theorem 1.2]). Set a = ¢~!(J) and e = dim S. Let us denote by n the
unique maximal ideal of S. Then, applying Corollary 4, Theorem 5,
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and Proposition 6, we obtain the following.

H5(M)" '= Homg(H;(M), Er(R/m))
Hompg(H:(M),Homg(R, Es(S/n)))
Homg(H; (M), Es(S/n))
Homs(HZ(Ku, S), Es(S/n))
Foa((Ku)®)

Tn,g ((Bn)%)

T (Kn)?).

1R 1R 1R R R I

O

This corollary actually gives not only an easy and explicit proof of
the Lichtenbaum-Hartshorne vanishing theorem but also another proof
of a special case of the Peskine-Szpiro intersection theorem.

The Lichtenbaum-Hartshorne Vanishing Theorem. Let R be a
noetherian local ring, J an ideal of R, and M a finitely generated R-
module of dimension t. Then the following conditions are equivalent.

i) Hy(M) =0. _
ii) dimR/JR+P > 0 for any P € AsshgM.

Proof. Replacing R by ﬁ, we may assume that R is complete. More-
over, arguing along the same lines as in the first part of the proof of
Proposition 3, we may also assume that R is a- Gorenstein local ring of
dimension t. Then one obtains H%(M) & H5(Ka, R) = I'm y(Kum)Y by
Corollary 4 and 7. Hence we see that the condition i) is equivalent to
the condition that Ky is (m, J)-torsion-free. It follows from Part I that
this is also equivalent to the condition that Ass Ky N W(m,J) = 0.
Noting that Ass K = Assh M, one sees that this is equivalent to the
condition ii). ‘ O

Corollary 8 (Peskine-Szpiro). Let R be a noetherian local ring of
prime characteristic p, and let M, N be finitely generated R-modules
such that M ®g N is of finite length. Suppose that N is cyclic. Then

dimpM < pdgN.

Proof. Replacing R by ﬁ, we may assume that R is complete. Since
N is cyclic, it is isomorphic to R/J, where J = Ann N. Moreover,
since M ®g N is of finite length, it is easy to see that Ann M + J
is an m-primary ideal of R. Hence we have Supp Ky C Supp M C
W(m,J). Therefore the R-module Kj is (m,J)-torsion. It thus
follows from Corollary 7 that H3(M)Y = Inmj(Km) = Ku #
0, where t = dimM. On the other hand, since from definition
HY(M) = lim Exty(R/JP, M), we have Exty(R/J¥I, M) # 0, so
t < pdpR/JF, for e > 0. Since [3, Exercise8.2.9] yields that
pdrR/JP1 = pdzR/J, we see that t < pdg N, as desired. O
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We end this note by stating a conjecture, which actually holds in the
case when the ideal J is generated by an R-sequence.

Conjecture 9. Let (R, m) be a complete Gorenstein local ring of di-
mension d, J be an ideal of R, and M be a finitely generated R-module.
Then

o~

i (MY = Hy(M,R)”
for any integer 3.
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G-dimension 0 OMEIZDNT

TEHE
il 2

1 Introduction

G-dimension ®#E&1% Auslander and Bridger [1] {2 &> TEA S,
£ DHERADON TV BIZHH2b 5T, G-dimension BAHRZM
B x REHICER L & O 23X 72, 583X Yoshino [8] T, Z
DEIRMBEEEL SABRTHZERRED—DL L, B, HD
BAITIDERE T A—F—% &1 X 572 G-dimension 0 DEBEKIMED
REEOKEHRTE 5, AR/ T 8] OBBREZRAAIVY,

% L R 7% Gorenstein BFTEZ 51X, R MEN G-dimension 0 Z b
SUBEA45EMEIEF A maximal Cohen-Macaulay B L 725 Z & TH
3, fE->T. Gorenstein & _F® maximal Cohen-Macaulay /N DE A
725 DEMEN, —EDE LD G-dimension 0 DMFEDETHHILY
BLEMBETAOIXERTHSD, T, G-dimension 0 DIFEEZEEL
k5L auETHD, LLenRS, G-dimension 0 DINEEDERHRY
REZERTDZLO/RLE LT, HBHEEITIE. G-dimension 0 DA
HOBBERERMEDOEOLSE L LT contravariantly finite TRV
ZERFRENTLED, ZOEKT,. G-dimension 0 DfIFEAS maximal
Cohen-Macaulay MBEDRE 2R L ITEZ X b2V,

G-dimension DTESE & B2 MHEIZOVWT §2 THEE T 5, L ICEER

EE L LT, (R,m) 2 Artin BFFRT m? = (0) 279, HDVIEL bo
& —f%891C R % Cohen-Macaulay local ring with minimal multiplicity &
+ 575, R _EICIZBE BMEELISMT G-dimension 0 OMEEIZRVEWV D
TEMEHTED, FhAYE, RICHERFIL LT, BRAFIECHFIR
(R,m) Tmd=(0) #METHbDEEXD, §3 TiE, ZOLIZ2FEH
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&’ R BEHBE TR G-dimension 0 DMBELFEO-DOLELLL2E 2
D, RELIZVWRIZ, ZOLIRBIEIAE o V-—MIL—EYVTHEZ &
DEERATE %5, 7220 b, R I1X Koszul K& TZ ? Poincaré #&$. Bass
#&%. Hilbert B2 L IZI—BEMNIEE->TLE I,

§4 TITEIT Artin SETER T nontrivial deformation ##F2F &% E
2B, ZOLEITIX, AT TEXMLESRHFITEB TRV G-dimension
0 DIBERTFET DDO+HEHFIILR2D, B EIZ, 20X 5%
BRRIEIROLOIBRFELTVWERLOIES :R=5/fS. L S i1
KIED Cohen-Macaulay local ring with minimal multiplicity T f IZ&k
BB 2D0HFRFTHD, b, ZOXIRPORETIIFHFEICEK
B2 G-dimension 0 DEEEMMEOREEDERE T A —FX —2E T
BB TES (§5) . §6 TiX G-dimension 0 ODMEDER LT L b
contavariantly finite TR2WZ L DIEAZ &5 2 5,

2 Preliminaries for G-dimension

UT. (R,m,k) iZ7T# Noether BFTR T, ZITEX DT TOME
ITERERE T3,

Definition 2.1 R-M& M BROEE%F=3 & &, M ¥ G-dimension
0Z2bDEW),

(1) B#72B#H M — Homg(Homg(M, R), R) IXRE,

(2) ExtL(M,R) =0 for all i > 0.

(3) Exth(Hompg(M,R),R) =0 for all i > 0.

THIERDO L S R BEMENPLRDIELIIVBH DL LRALTH S,
Fo:-- -5k, —F, 1> o>k >F—>F ;5.

7272 L. Homg(F,,R) H5ELT. M = Coker (F; — Fy) B3V D, T
D5ELF| F, DZ &% M @ complete resolution &9,

Definition 2.2 R-M# M LB n I LT, £EOFE n I O—ME
Q%(M) # G-dimension 0 #H2& &, M i¥E4 G-dimension n & %2
LWV, G-dimpgM Sn ERT, bL. ZOXDREH n BAHFEELRV
72 51E, G-dimgM =00 &XKT,
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BITHEL 725 G-dimension DB % Auslander-Bridger [1] 2255
T2,

Proposition 2.3 (1) b L G-dimgM < oo ZbHiE G-dimgM =
depth R —depth M TH %,

(2) BFE R I L TROEHIEFETH 5:

e R iX Gorenstein B TH 5,
o TRTOMEE M IZx LT G-dimg M <00 £725,
e G-dimg R/m < oo.

B)zemMAREMOESDOLOKERFREIE, G-dimg M =
G-dimp sz M/zM 2HY 3,

(4) z € m # R EDOKERTT oM =0 T2 01, G-dimg M =
G—dimR/,R M +1 BT 5,

Proposition 2.4 (R,m) BEFTER T m? = (0) Z#7= L. #>> Gorenstein
BTRVWET D, ZDEE, R _ED G-dimension 0 DMEEIZTNTEH
METH 5, ’

PROOF. M %EEE#X R MET G-dimgM =0 £33, complete reso-
lution #ZxT M ZHEMNBTEDRALI LA TES, ThE M CF
453, bL, ze€ M—mF 237dbiiE, Rz X F O, Thox
Mo, BREFE2%, M ZEEHEEELLOLELL, TOLEE
M=RERoTLED, 2T, MCmF LRELELD, m*=(0) 72
Mo, ZOLEICE MM =0Thd, Thwwx, M =R/m T T
2 BR, (M ITEBERED,) #RE LT, GdimgR/m=0 L7229,
Proposition 2.3(2) #*5 R X Gorenstein R&72>TLE 5, B

Corollary 2.5 (R,m) 7% minimal multiplicity % %-> Cohen-Macaulay
BFTRT. Gorenstein BTR\WET 5, ZDL &, R ED G-dimension
0 DMEERXTRTEHEMETH D,

PROOF. M % R MEET G-dimgM =0 L{XET %, Proposition 2.3(1)
X Y. M % maximal Cohen-Macaulay M TH 5 Z LIZEET D, &
BB R DNRFA—F—Fz Tazm=m? LR2Bb0O%BMY, RO M
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TENEN R/zR. M/zM #RTZ LT 5, R TREOBRATT
NWD2RIFIOTHDZ LITEREL LD, —F T, Proposition 2.3(3) &
D, G-dimgM =0 Thd, £oT. M iIBH RMETHB, r =
dimk(M ®r k) = dimk(H®§k) (BL. k= R/m) EBNT,. MO
minimal free cover & % &,

0N->R 5 M-0,

L2BH, T@r RBIAETHZ, EbIZ, 22T ToF(M,R) =0 720
T, N@rR=0TRITEARL, BRLLTN=0885h, Th
Wwx MR L7223, R

3 Local rings with m?® = (0)

Theorem 3.1 (R,m) % non-Gorenstein FETHR T m® = (0), m? # (0)
BRI LT D, MEDODHIZ, RIIR/m LEEREEL 28T LT3,
& bIZ, r=dimyHompg(k,R) LB, R LIZIZBEBHTRWME M T
G-dimpM =0 L 2D bDOBFET D LRET D, 20L&, KOZ &
DRI T B,

(1) RIBARICERREROBER=ROR &R, b, 7L,
Ry =k, dimgR;, =7r+1, dimgR,=r TH?, &<XIZ. R D
Hilbert series iZ. Hg(t) = (1+1¢)(1+rt) T, 2 (0:gm) =m?

Lia,
(2) EOREATIT T R 1% Koszul %k & 720, Z® Poincaré series iZ
RTEZHN B, )
Felt) = a0 =mp

(3) R O™ Bass series IFIRTHE 2 b D,
r—t
1-7rt

Bg(t) =

(4) R £ G-dimension 0 DINEE M i3 BRICKEMEEOEEZFO,
bL M PEEMBEZERMRFCEE2VAEL, M X2 BORE
5 LIRETZ 20 bbb M=Me M, £EEns, ZIZT,
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b=dimyM, LB &, bix M OR/NERTOEE T, dimeM; = rb
MY LD, LI, Lr(M)=b(l+7) THD, EHIT, M IEK
DEDBEBESEERD

.o+ R(-n—-1" = R(-n)* = --- > R(-1)) > R* - M — 0.
PROOF. M IZBHE TRV RMET G-dimgM =0 ¢T3, HLERDE

MRTE L >T M BEENTHS LRELTRY, ERREBICHTT
75, HROERITS LA, LT [9) 2BBLTIEE N,

(B1E) T mM=0LRDBILETT,

(B2B) w = dimExth(k,R) (1 2 0) LBV T, a2 b 22 ap =
buiyy (1 2 1) BERIT DT EETT,

(£38) M*=Homp(M,R) LEVT, SRy =r>—1& (M) =
Lr(M) BTTS, ‘

(BaB) ERa=rb 0 pg=rlpy=rF—r1(i21) 257, &
<1z, Bass series IZDOWTIRKRD L HIZ725,

Bg(t) = Z,uiti =r+ 2:(1”""'1 —ri N =

i20 i1

r—t
1-—rt

(B58) MiXbEOTTERINDEDT, KOLIRTELINEH D,
0 OM = R - M =0,

TITOMIEIM DELVVO—ThD, ZNLE, mQM =m?Rb &

RBZEETT,

(B6E) QM bTE bBEOTTER SN, EHILERdim, m/m? = r+1
230 dimg m2 =7 BRILT B LETT,

(B7E8) RPBRC k LORBMNEROWEER=ROR &R, &8
B, Ry & k,dimgR; =r+1,dimRy =1 &RBHZLEETT, EHIT,
M b BRICKEN & RABOHEM = My M, #8b, dimgM, =b,
dimyM, =71b & 725,

(58 E}) WEkft& RIMBE M XKD & 5 2B O linear free resolution :
EHEOZLETT,

o= R(-n=1" 5> R(-n)* = --- > R(-2)’ 2 R(-1)) » R* > M =0
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&I, ROFEXDLIALT D

i b (i=17),

dimy, Tor®(M, k); =

imy, Tor;*( )i {0 (%)

(B9 EEOEE i L j LT, B = dimg Torf(k,k); LEL &
&, ROEXPBHKILT 5,

l4r+r24--+rt (1=320),
0 (otherwise).

EITREMER R 13 Koszul RETH Y. £ D Poincaré $EIT

1

Felt) = i e =79

TH D,
UEDEBRIZE > THAIIKRT 5, B

4 Local rings with nontrivial deformation

LAFCiX, Artinian 2ERKRERE*EX 5, T7bb. RIIZERR
DERATTMCEDHEKBT, R = k[Xo, X,..., X, )/ EEEN3,
L. BEE X; OREIZ1 T, [ BZEFERATTATHD, UTF. m
BBRKEFRAT TNV (Xo, X1y, Xr) BRTS

Definition 4.1 &k Artin /R#Z R % nontrivial deformation % %
2 L%, IERTT d DFIKR Cohen-Macaulay REE S & § OFKIERIF|
fisfoy-os fa Tdeg(fi) 22 22 R = S/(fi1, foy.--,fa)S £LRDBONBTF
ETHREEZVD,

R 73 nontrivial deformation % #F2 & &1Z1X, Theorem 3.1 TEX7-4
HRIMETHZIENY TRFTDEHETHRH B3, EBRICKRD
EEBRILT D0, ZOERITONTIL [9) BB LT EIW,

Theorem 4.2 R &% k EOFRKER T, Gorenstein BTN LT3,
& bIT R iX nontrivial deformation # b2 L{RET B, TDEL &, KD
FFRIRETH B,
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(1) R EiiZ B E TRV G-dimension 0 DIBEAXFEL, m® = (0) 2
FX3LS B

(2) R @ Hilbert series X2 r 2 2 ILX>TROLIICEXD
s, '
Hg(t) = 1+t)(1+ Tt)

(3) minimal multiplicity %#-> 1 )kFT® Cohen-Macaulay & RKEKR
S L. ZOREMN 2OFRERAT f BH-oTe RES/fS RS
na,

EbiT, & (3) b L TiE. FEED RMEE M IOV TROERD K
A ARV

G-dimg M = Cl-dimg M =pdg M —1 (£ o0) (4.1)

Example 4.3 FEDES r 2 2 122" T Theorem 4.2 DEEFETHZT
BUIFEET D, T2& i,

Xo X1 Xp -+ Xpo Xo )
X1 Xo X5 -+ X - Xo

S= k[Xo,Xl,...,X,-]/Iz (

L4+3L. S 7 Cohen-Macaulay ring of dimension one T, minimal
multiplicity 22 Z L2 RBDIIH LY, f EZD S DEEDKE2
DT (#£0) £ LT, R=S5/fS LEFIEX,

Example 4.4 Veliche [6] IXRkD & 5 2fl& & X T,
R =kl[z,y, 2, w]/(z?, zy— 2w, zy —w?, Tz—yw, TW—1°, TW—YZ, TW— 2°),
L LT, RIMEMEBROZLINZE>TEET D

(Z I) ( y-z) (z z)
w oy -w 2 w oy
> R? — R? y R M =0

7

- R?

ZokE, G-dimg M =0 %2 Cl-dimg M = o0 BEITH, md= (0)
MERILT B DT, Theorem 3.1 12X > T R IIFEHNIT Koszul RETH 5,
LA L. Theorem 4.2 Iz&#iE. R iX nontrivial deformations % #7-72
WZ EnRbnd, '
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5 Continuous family of modules of G-
dimension 0

UTTik, S 2%k k EO 1 RFTDEK Cohen-Macaulay KIET.
minimal multiplicity Z&F2bD L5, &5iT, fiI S OKREMN 2D
FRERITT, R S/fS &153,

Theorem 5.1 R IZEEDEHY T, 0k IIREBEL TS, VER

DREL1DOMHEEE, dimV =r+1¢T5, &BICPV) TV £
DREZEMERT, T2bb, PV) 12V O 1 KTOBHRSZHDL
ETHD, ZDLE, P(V) OETRVERSES O & R M(p,n)
(272U (p,n) € OXN) BROZHEEZHTEIICE B ENTEB,

(1) & M(p,n) ZEBEW R-MET, ZORNERTOBEEKIL 1 THB,
(2) fEB® (p,n) € O x NIZH LT, G-dimg M(p,n) =0 Tk 5,

(3) bL (pn) # (p,n') € OxN 2B M(p,n) & M(p,n') 133ER
HTh 5,

Proor. FERAO#IREE 5% 3,

(1) £9. ROKF1IDOFRTzeV Taon=n2 (ZELnik S
DERBRA TTVERT) 2T HORDB, P(V) OBSES O,
ERODEICEETS :

O1={[z] €P(V) |z €V, zn=n?},

KL, [2] Tz CARSNS k E1KED V OBAEMERS, 0
LE. OB P(V) DETRVEEATHEZ L EE B,

(F28) [z] € O T LT SMBE M([2],1) 2RO E 5152 B,
M([z],1) = S/S.

ToLE, M(a),1) RERE RABETHY. G-dimg M(z),1) = 0 A
BT HILERS,
0 TRVWE z€V #EELT,

0 = 0:\{[z]},
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LE<, THIEB(V) OETRVEEAETHS, T (g,n) € Ox N Kkt
LT. RME M([z],n) EROFELFNZL>TERT D,

R(-1)* =225 R" —— M([z],n) — 0,

EEL. @, 1EnxnfTFIT, 2¥OEOHLDOTHB,

z z \
( T z O
| vz (5.1)
0 2.
\ z)

(B3B) 2TD ([z],n) € O x NIZ2WT, G-dimg M([z],n) =0 &7
5 LETRT,

(B4E) M(z),n) BEEMTHBZ L BT,

(B5E) &#&“IZ. L (z],n) # ([&),n) € Ox N 22 biE, M(z],n) &
M([z'],n') &5 L&, B o ,

6 Modules of G-dimension 0 are not con-
travariantly finite

— R DBEHR (R, m) IR LT, R-mod THBAER R MBELEDORT
B%. G(R) T G-dimension 0 DIFLEDOKTEERT,

G(R) = {M € R-mod | G-dimg M = 0}

ROFMHEETFH-T L E. G(R) I¥ R-mod DE B & LT contravariantly
finite THB L5,

(*) £ED M € R-mod IZx LT, 5225 :

0 » Y » X —— M > 0, (6.1)

NETET B, =7 L. X € G(R) . EED G(R) BT BMBENID
M ~DEED RERNSHIL 1 2 EBT 5,
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ZOF&71:X - M % M O G(R)-approximation & H1 5, % L.
R 7% Gorenstein 272 51X, G(R) 13 maximal Cohen-Macaulay modules
D2TERDOT, 21 1L >T. G(R) 2 contravariantly finite T 3 =
EBMBENTVS, $72bb, R 2 Gorenstein 72 &iF. EEDMET
G(R)-approximation % b, —f#IZit, G(R) ix contravariantly finite
TRWZ LAREB,

Theorem 6.1 S ZEBAK k LD 1 RTD Cohen-Macaulay F Kk
BT, minimal multiplicity 2> ¢33, z % S DBAA ST n O
minimal reduction, $Rbbrn=n? BEVISLIRTETS, —D
& R=5/1%S LB L. RMEE Kk i G(R)-approximation % #7-
720N,

PROOF. TEBZIEMAT 370ICEME (x) W= T52250.

0 Y 5 X Sk — 0, (6.2)
BIFET D LRET 2, ZDOFiT minimal THB LRELTEN,
T X ZEFENNEOER X = @, X0 LAMLTHL, G527
(6.2) ® minimality &9, & 7|xe : XO - k BEARBEL TRV &
ZEE L TB<, Theorem 3.1 I Lhif, +_TOHMEE X 13 s & mn
HOMEZRHDL, LEBoT 1 bERKRE 0 OFREGTHD, ST.
XO=R(1<igu), &b, XD (u+1<5< n) X B BMETRV
&%, Theorem 3.1 IC&>T, X 3RS EMEEL LT X0 X189 X,
tREN,

dimg Xo =u+ Z sj, dimg Xy =u(r+1) + Z s, dimg X, = ru,
J=u+l Jj=u+l

£72%, 122U, 5 12 XU OB/IMNERTOBEE TH B, 7 bEKRTH-

b, Y bREMEMBETY =Y, 01 0Y, L4220, (6.2) BB H®D

L5223,

n n
dim; Yy =u+ Z s;—1, dim Y) = u(r+1)+ Z rs;, dimg Y5 = ru.
Jj=u+l j=u+l

(6.3)
Theorem 5.1 DFEH & F#HIZ L T, R M8 R/zR IX G-dimension 0 T
DIEBBEHIHD D, KB, RO X 572 complete resolution 238 3,

-—~9R—Z23 R343R —.
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EROME [7] 1L LT, Exth(R/zR,Y) =0 £ RBDT, ZABLK
DREAT & MBEL LTOELFIREBS,

Y —Y Y — .-

ZDFNDO—DDREFHZHD D LIRDE 572 k N7 MVERFDELS
BRoND, '

~
o

~+

0 » Yo — Y —— Y,

L=RoT, (63) &Y.

n n
(u+ Z sj—1>+ru=u(r+1)+ 2 TS,

j=u+l j=u+l1
HBWNI., ThERERROEXEES,
(1-n)(> s)=1
j=u+l

rb s, bEEOEETHE,L, ZHIIRTETHS, ZhIZE>T
(6.2) DL S BRELINIFELLRNI LB, B

ZE XM
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FBAR5T L Solomon £ —H EH 2
Fil &

Cline-Parshall-Scott 1%, A%EE & U Lie REORBR M b&m 7 =4 FE2DERH
RS SHE L, EKZhETAF U REEZ BV THET 25 IC8EBIRAM (§2.5) 2EA
L7z [CPS1,2]. EBEERBIITLVTF o REDERFZOBADL O HEKE S, Dlab-Ringel
B BT & UTBAICHE SN T3 [DR1,2,3]. —FERORTRRICBV T, FTRE
1- 3315 3 ER{LOBA O IEFTHIFLIM TdH B overorder, overring(§1.1) DBV E
EAREE R 2. A O overring T I BAIC lat A DHSE latT B/ oN5%,
DR BRMICERLT 3EIT LY rejection &1 5Bl (§1,§2) /oD, &KiF,
rejection I3 BBREA order DHFFEICHRAN AV biveas [11,2,3][Rul 2], £ DOREEIL
Drozd-Kirichenko-Roiter ¢ Bass order O [DKR] I3} % 1 A rejection (§1.3) &, =
F-FEEIC L B A BEEE T order ~D 4 A rejection (§1.5) DFSAICH B [HN1,2,3].

XD BB D—iL, INBEDEIESR [AS2] PEANID RS &, EEEAEL rejection
REFECBER LTV IELEETAECHY, bHI—20BMIL, EDGHAL LTIO
DENLNANTEHEVEBEICHEELE X 3ECH S [[4,5). FHIL 30 4ERTIC M. Auslander
REA LT AF L REOERBERTICETEHOTHY [AL], b5 HFHIX 25 FaNic L
Solomon A3 A L 7= order ® Solomon £ — 4 BA¥IZBET 2 D TH 3 [S1,2]. —RMD
BR G 2V Z D 2 DOREENR, rejection #BLTERL T 30 THS. #L2RDEN
BROBRLDOTHY, 0RTE LREOFTHRERLTVD. 1ETKERO L, 2
ECHEPHRV, FRA 3BT, EBR4ETAVLOND. : -

1 RIEDHF 0 R DR
{order A ® overring} {(TAFrREADRIRR }

{lat A @ rejective Zp5>E } | {mod A O rejective F5H }
N N
{lat A D7 rejective F5E } | {mod A DF rejective #57H }

! $
Solomon NE_F#8 RERTOFRME

5 i3, Solomon ¥ — # B#k L Ringel-Hall REDEIRER~D. i, TRBAMR
Ugln) & TDEBRKREMEROH 5K %, &5 order ® Hall RE&2RVWTHERKT S [I7).
ZhiXRingel (2 & 3 A,_; BEFHOBRICEL BET 5 [R2][Lu][Sc][As].

T CRMBIIETEMEZERTAILOL TS BAIIKLTJy TA D Jacobson
IBEFET. modA (resp. prA) THIBAR A-INE# (resp. HRRAMSE A-INE) OB %
=+, TAFUREACKL, () : modA < mod A T duality 2F¥. 7, IEEC
iZxt LTindC TC PEEMNRNZOREELEEZRT.

1 The detailed version of this paper will be submitted elsewhere. .
2 ARBITE 5 EREE L BEFRORRRAEELOMEETMECELLLOTY,
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1 overorder & rejection

REWHIR—FZ—BHRL LK 2Z0fELT5. RAEKA D Rorder THD L
i, R-MBEE LCHBERKEN THEELEKT D [CR. Z0O, MTARK K-
¥A:=AQrKOHHBELHIZEND. R-order A EDOME L 3 A-lattice TH D
Lit, RMBEL LCHBAERFEN THAELERT 5. Alattice DB % latA TR
()* = Hompg( ,R) i¥lat A & lat A® ORI duality 5 % 52, in A := (pr A®)* & A5t
A-lattice DB & FE5.

UTZDETIE, R ZHERMERE T2, EFRH2H1E LTI (R K) = (2, Q)
=0 (k[[z]), k((z))) 23 B. Z DFflat A IZBWTIE, EEESAICEE Y % Krull-Schmidt ©
EERRTITSE. BELA=AQr K B¥EMTHILEETS. THLIatAIIBITD
Auslander-Reiten FIOHEEEENBKILT 5 [A2][Ro2]. A ® Auslander-Reiten quiver &
2A(A) THRTEICT S [ARS][Y]. Zhitind(latA) EREELTHFMAI 77 THD.

1.1 €% T #8310 R-order £75. I A A D overorder ThH5LiI, ACT C A
BRI THE. LYV —fRICT B A Doverring THDB LI, ADHBATTVIITHL
TA+D/ICT C A/IBRITDE. ZhboOk, BRBZREREA - T IIEXER
WEIE 1T — latA 238 latT i lat A OFRHHHE L B2 SN 5. KT ind(latT) 13
,ind(lat A) DELHER L B2 END. Do(A) TA D overorder £EEDRTHRE, O(A) TA
O overring 2D RTEEERTEILTS. O(A) LO¥IEF C ZROKRICEET D
L;eo) (=1,2) T/ LT CTy &, Ty DA~DEERLZ T} ERTEFIC, A D
HESL LT, CT,ARIT2ELERT S, Z0OK, I~ ind(latT) 2 2 R51E, JB
Fa s 8 0(A) — 2nd0eth) 2 5 % % [13]. ¥£72 8% B & LIS overorder & #7-
72> order Z#EX order & FE4.

128 (DA:=(f §)CA=MK) (n>0) B L, HREFRE 0(A) =
Do(A) IIRDO#KIZ2 D (BEDHBn=2L L) :

(2 %)
U._1 o
(%) < (&%)
U 6]
a=(% 5) c (R E) c(fB)
RI5T % ind(lat A) DBHERITROBITR .
{@)}
n
{B.®} > &)
n n

{B).@)@) > ()@ > {6}
2 A=A,:={(z,y) ERxR|z—y€JZCA=KxK (n>0) LB &, ¥I&
S O(A) = Do(A) U{0 x R, R x 0} 13k D#RIZ#2 5. (RXRC R0 &V IREILE
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FEAH DD, L1 OMITEY Rx 02 AKEIER LEBRx K #EXTWAEILE

=

~—"

0XR
U
Ay CApy C--ChACA C A=RxR CRxO0

RI57 % ind(lat A) OBHEEIIRORICZD.

{0 x R}
n

A;(0<i<n) A;(0<i<m) A, A2 A Rx0
Rx0 o) Rx0 5.--2¢ Rx0 D Rx0 »D 0xR} > {Rx0}
O0XR 0XR 0xXR 0xR
V4550 5 <+ 5%, & overring @ Auslander-Reiten quiver EHNTHD L, RO
#1z Dynkin diagram D; [ RIC2 2.

0xR

[ ]

A(An) iy
o M 22 o 8 2%

OxR

(]

A(An-1) b
A1 A A Rx0
i — SR — S ¢ = e

OxXR

L]

A(A2) it
: : A A Rx0
¢ = . = e

OxR

(]

A(A1) it
A Rx0
01 4:> [)

" 0XR Rx0 Rx0 OXR
Qi(Ao)=( E) c’) ), Q[(RxO):( ('.) ), A0 x R) = C.) )

(3) R := K[[e?]] ROA = A, := R+ Re** C A:=k((x)) (n20) LB &, S )EFF
£ D(A) = Do(A) ITRDOERITIZD.

A, C A1 C--CACAICA
2R3 5 ind(lat A) DESEEIROKITZD.
{As}Yo<i<n D {Aitogicn-12 -+ D {Ag, A1, A2} D {Ao, A1} D {Ao}

£ overorder ® Auslander-Reiten quiver ZEF WV TH# 5 &, IROFRIZ Dynkin diagram
A PRI B,

Ap-
A(An) ooyt o228 2V
An- A A A
A(An—1) PP S~ =)
An) o= Vo
A
A(Ao) QO

-105-



@) & (3) KBV TRKEVDIL, AA,) 225 A(A) ETLRTOBW-TVHETS
3. I (1) KBV Th, BYVEI EN"oDorder I C T ZBATITY, £4&
m«mrg&mammgulo@ibméb&w.:@ﬁ%umov%&ﬁﬁé&m@
SRVDEDR, TRESHT IACKROBSZEATD

1.3 ind(lat A) DEHES S D> B, 5 overring (resp. overorder) ['I2L Y S =
ind(lat A) — ind(latT) & 723 b D% rejectable (resp. strictly rejectable) & FE5
[11,2,3]. %%, T~ ind(lat A) —ind(latT) %2 B3R O(A) A5 Tind(lat A) O rejectable
MANES LK) ~DIEF 2 ROLEREE LS. T O, EORRITROD Drozd-Kirichenko
= . %8 [DK1|[HN2] i & W B & 5.

(1 A rejection) A % R-order £ ¥ %. X € ind(lat A) Xt L, {X} 73 rejectable T
BUNEFSEMEE, X eprANinA ERDZETHS.

= Ui Bass order DERICEWTHEICEETH S [DKR][Ro1][HN1,2]. Bass or-
der A 7B XV > TH overorder DFI A = A, C Apoy C --- C Ao T #(ind(lat As) —
ind(lat A;_1)) = 1725 bOBELZERSH 5. FIC A(A) 13 Dynkin diagram 234 L
BERSDD (eg. [W]). EBE 1.2 OFIiL Bass order ® 5 b 3RFIEEX TN HOEA, &
N S AV E. . TR AN

1.4 ¥l rejectable HAEESITE LT, BOFTEELTAHAS. A% 1 RTEME
BADERIL Y] LT B, A DMSE R AFAELT A i3 Rorder 2725 [DW). A, :
HX, YI/(X 4 Y2) DA, A 1.2(2) (n 55%) 71 12(3) (0 78%) O Bass
oler L B RSB . T TAE Dy KX, Y]/(X" 1+ XY2) THBLDE L, n
¥ = 2m+1 DEEFED (BEROBLIHERLTHD). O, HIEFRES O(A)
EROEIZ2 B, (2 2T QIFHEKX order, T; X Ag s HOBEMBERRTHY, A iE D
1 B i B A5 D F/)s overorder I2725.)

T'm c Tm-1 c - C T2 C 1§
U

U U - 6]
QxTm C QXDm-oy C -+ C OxT2 C QOxIh ¢ Q
V] U U U
A C Am (« Am-1 c - C A2 C M

A(A) RO 2 5. (EF2A—RLTEY, X, 1315 3 lattice TH 3.)

Q A T'm-1 Xm-1 X3 I '
Nt YN N Y N/ N XN
Am A1 Am—2 A3 Az A
AN T 4 \X 4 \r .'1/ N & \1‘2 & \Xz «/
NN NS N NN
A% Amo1 AL, As A3 A
P ONC /N XN N NS
Q A Tm-1 Xm-1 X3 T
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LI, 21(A;) OEALZIBRR TV EILT 5. ALEL13D1 & rejection & AV 2EH
<&, A(An) I AA) BB {A} DHBRVICROTICZD.

Q Tm-1 Xm—-1 X3 Iy
N NSNS N/ N XN
Am Ay Am—2 A3 A2 A1
Arm) T /7 \x,,./ \rm_1 N Ve \F2 7/ \X2 7/
N oY NSNS NN LY N
AL, Am-1 A2 As Az =
o ' \r _»1/ \x _»1/ N ' \X3 / \r1 rd

WA r) BAAR) B4R T T EROEKOBIRD.

Tm = AL

N NS NN YN
A Am—2 A3 A2 A
Armt) 0 LN # N ' \1“2 e \Xz 7/
N N N/ NN
Am-1 AL o A3 A3 A
YO, N S ONL S NS
Tm-1 Xm—1 X3 IS}

AT 2(Amms) H A(Amoy) 35 4 i”i“ v X e b0ERY, ER4A

m-1 > AL

Folio TN . BB 6(Ag) RO A(A;) IR T ORISR S

T

Q Ty
NN\ N
A2 Ay A
A(r2) T, 4 \Xz 4 A1) @ s
NN N
A3 A A
' \F1 ' o rd

1.5 ZZTCTHAREMLLT, 4 EFOF- TV DRI TH A 5 22 ZHIZIE
ElpAH Y, 1.3 D1 Arejection DEFELL LT, ROBREENRKILTS. o

(4 Arejection) A% R-order, 7 % Auslander translate, S = {P, X,Y, I} % ind(lat A)

P X
DESEALTE. bLSKAN) KBNT | i (BLPeprAT€inh, P= 1)
Y -

1 3% LTWiE, S X rejectable TH 5.

1 /& rejection 23 Bass order {ZXf LCEAINThoT= D & I, 4 A rejection ITHRR
BRI EF order DERICHVTEFANTH DA, TITR Zhel ki fmhey ((DK2][HNS3)
B]B). EiL@BHIC—IC, ind(lat A) DEBESES S NE X b=k, S B rejectable
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»EE Ta(A) % SRR L7z quiver] DB HRED, S DIMTITES & bRVWERS
2%, BT, T DI quiver DEETES BT A ENTHE TH S (— R rejection)
11,23, =2 CHEZNEEBT 55, 16 10 LOFIEET TR

1.6 B [I1] S % ind(lat A) OBHES LT 5. S A&/ rejectable ThdLiF, ST
£ ¥ 15 rejectable MAERIL, S L ZEBRDHRTHHELTD. D, SNprA BT
SNinA lF—RE D RZENRIND.

5T, S % ind(latA) OHEHEATHS <4125 bDLTEH. ZOK S DIB/INTRER
rejectable T 3 LE+ &L, SBETFOVTAHPORE LTWBETHD. ZIT,
{P}:=SnprA RV {I} = SNinA BT (1) #31.3 ® 1 A rejection TH Y, (12)
P8 1.5 D 4 S rejection THD.

W o

(2 T

®) pe®, ab< 2

@  s—ee¥ a<e

6 2R, porrab<s
(6) f(f—b))o——):—»i ab<2

7 f——)o(a—b))o—)i ab<2

(8) f—+o—+o(-“—>b)£ ab<2
@ e8P0 P=rX,ab<3

0) 5—¥eR.CN x-rra<3

S
(11) " P=7[,X=7X

Xe
« —

(12) t

Pe — o

— 0~
v
1
Q
~

1.7 TAFUREDEEREETS. A2 TNVF U AE, S % ind(mod A) DESTRE
L ¥5. 55 ADEKET = A/IICEY S = ind(mod A) — ind(modT) & 72 58, S %
rejectable & FES. T OB 1.5 Tilki~7c—#% rejection (1 K4 A rejection ZE1r) A&
CEDEZCRITS. COBEN 2EICRIT EROERLO—DOOBETHS.

2 MEDIEL, rejective HHBRUERRRY

BT CIRASICH 5722 R Y ¢ T, ¢(X,Y) THom(X,Y) 2L, f € C(X,Y)
kgeclY,Z) DA% fg € C(X,2) TRY. AXEBLT, C DEWHE C ITFICFKRE
< ARLEREERRFCELTAL TV b0L TS T X €CITHLT, add X
< X OERMOERETFLEL VRS c DB BEERT. X ¢ OMEERTTHD L,
add X =C LR BETHB. ZOETH, RIIZHREBRMERE T 2.
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01 EE [ CDAFTTNVETS. BB, FEOXY €C Rl T e(X,Y) OF
SEIX)Y) REZLNTREY, FEO f € cCW,X), g € I(X,Y), h € cY,z) ®
&% fgh i I(W, Z) wEENnBH LT B OB, RI&E /I B ob(c/I) = ob(C) BT
c/D(X,Y):= (X, V)/I(X,Y) (X,Y € O)ITEVEREIND.

feIY,X) B X 0F -ERTHD L, C(,Y) 4 I1(,X) > 0BEETHIEEE
wi5. EBEOX €CHE [FEElE bR, [ REERERTHD LES. BRI, E
[SERRUEARER bERIND.

IEBLOMEE X [AS2] CHEASNELOER, £< DEERFINPFEETD. J, TCP
Jacobson BEXET. BB J X CPATT VDB, EED X e CERLT J(X, X)
NEC(X,X) DBEDEHERTD Jacobson BEEEZ AR BOTHD. —Fc DS E
CTHL, [C] T PRER% factor through 3~ &N B C DA FTNERTEL
T5.

2286 (1)A %ﬂ&%ﬁ*—&—ﬁfﬂﬁm#%ﬁo%w ¢ L, CMA % maximal
Cohen-Macaulay A-MBEORTEET 5. 5L modA DAFTVICMAE, EREE D
HIRAR L 725 (Auslander-Buchweitz 25 [AB]).

(2) & D R-order (resp. FAFURED) AMTR LT, Jaa i3 lat AD (resp. Jmoda I3
mod A @) EEE bERERBRATTVETRD (Auslander-Reiten 25 [ARS][A2] [Ro2]).

2.3 8% AAMBAERLY b, ROBEEEAT S, c ORSEBC BE rejective
ohE LI EED X € ¢ RESE [CHERLf € CY,X) b o EERTD. IO
B Y e o BSRRIIT 5. FARHITE rejective b F3 s h, EMOLE rejective THDHFF, B
IZ rejective & FEE. Z DTEFRIL [13,5] DEHRLFETHD.

T 2.4 DEBT, rejective 5y BOBEEIS overring NEAFBERIOICERELD
DTHHENRNHB. —F, K rejective F BT LTiRZED & 5 RRERIIZERIT
B UEE< , rejective BB L ¥ bBHITES SphD. TOENIEL AEIRBV TR
YR B, B, -BE RN 0EEE C Tk LTI, rejective moEC 2R&BEC/C %
AVWTREMT2ERTE, TLH LS5 ik~ 7= —f% rejection BEHIZ/RLND [13].

2.4 &8 [13) (1) A % R-order £ 2F, C = lat A DERSYE C' 75 rejective T DLE
4y ZfEIE, 5 overring T IR LT =1atT LRBETHD.

() AEBT VT LRl L+ B8, ¢ = mod A DESYE C' 4 rejective ThAIVETHE
Bz, HARKBO = A/TITRHLTC = modl L RBETHD.

(0)@) PUFRICEN T, X € ¢ OAENE Homy(,X) —» X, ZEAZX =
(T @y X)™* THEADBND.

9.5 Cline-Parshall-Scott I= &> CEASHT wEREREEEET 5 [CPSL]

ABTFAFUREE LIEAOARAT T VETD. IBADBEATTINTHDL
i, 12 =1 e prARTIIA = ORARITAE. ANERERETHDH LR, 0=InC
Io1 C - CIy=A7Z2WEAA F7A0F (BiEH) T, EEOn 0<n < m) xR L
T I /I, B AL, DBEATTVERD LOREET HE O, BEEREREL LT
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gldimA < 2m — 2 BT 5 [DR1]. EETAFREALHL, A PERERETH
ZEL mod A RN EEY = NE R TERRETSH S [CPS1).

MEFERED 1 KT L LT, Koénig-Wiedemann 723 A L7 i8R order 5 5
[KW]. R-order A M ¥E#&{x order TH D LT, A DEZEE e T ele BHEK order & 729
AJAeh BNERIERE L 25 bORFET 2FE. ZORRIRY gldimA <o DRRILT 5.

2.6 £F IMEECICH L, BYBEODFIC =Cn CCm1 S - SC=CH (DL
~D) Hrejective {TH B L 13, FEDOn (0<n<m) R LT Jg, fiens] = 0 BSALL
B3 Cosr B C D rejective B THHELBHET 2 [I5]' . TIT Je,/icayy) [$2.1°T
F% S FISE Cp /[Cosa] @ Jacobson BETH . TABITE rejective HHERS
., BB DI rejective 84 % EIZ rejective i & [E5.

B %1 1.2(2) BT (3) D overorder DFI A, C Ap_y C -+ C Ao 2 bix, BRI rejective
GlatAg C--- Clat A,y ClatA, BELD. LML 14D overorder D A, C A1 C
o C A HBELBSEIatA C - ClatAny ClatAn XA B E b rejective TIEXZRV.
(&H Jp. jo = 0 BT EARUY) LU Reorder A ICHBET 3B latA R, 71 F
LR A ISR 5B mod A IT1E, VWO T A%< O rejective EATFET 2FE
341 RU45 TRETHS Y. ZOEERELTRENREEZRIT.

9.7 ROEEIC & 0, MEBEOH rejective $47° b 13 B A EREREOBMEH I L L
BERSDS. H2iT, Auslander-Smalo @ preprojective 5% [AS1] & AV T Dlab-Ringel
2SHERR L7 Auslander A3 D& /=84 [DR3) 1T, & rejective FHEL TV BENGDD.

HE MEEC BMEERT M 285 T = (M, M) BT AT RETHS LIRE
T5.

(1) B {C' : C DA rejective BIBT Jo =072 b0} = {I:TOBEATT
AMYBRC o I o= [C)(M, M) ITE D B2 BB,

(2) bLC 250 ~DF rejective 0 = Cm € Cm-1 € - CC=CHEETHRED
(2, T HRRE 0 = [Co](M, M) C [Coot) (M, M) C - C [Gol(M, M) = T BRI
R# &2 5 [I5]. BT gldimT < m 23ERILT 5 [18].

3 7LFURBOERRRKT

TOETIEA TERITAF I REERTELT 5. pdp X TX € modT DHERTT
2%+, 0= T — Io(T) = L(T) = L(T) = - -- T T-MBET ORMAFHBERTE
v+ %. T ® dominant X5t % dom.dimT := inf{i > 0 | pdp Ii(T) # 0} TE® 3 [T]. &
kT & M BETIT, D Auslander I & 5 H 82 ER 2B 5 [A1][ARS].

3.1(Auslander ®i5) 7/ F U AREA T #ind(mod A) < oo Wb ODOFKHE
REEE, TAFUARET TeldimT < 242 dom.diml’ > 2 T L OOKEBRE
' ﬁwFﬁﬁ l:é$%ﬁ§#ﬁj—é ﬁm&i/& = I= EndA(GBXemd(modA) X) &Ul" = A=

U C ORI [I5] TEA BREbO X D ETFROMN, (5] KB TORRHIAVLATRY, 2Hb6%
BRATRETHD. ZOET[I5] OERERITIIHRLARV.
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Endr(L(T)) THZ b5,

- oL A ERRRE L FT, —+T #% Auslander R¥(& 5. TEREHEE &
W5 RERA MR L, [Auslander ¥ P kT w O—RERR R OXIEERT
BREVHDTHD. :MiTzv%Mﬁ&@%ﬁ%ﬁb:ﬁwf%%i%&MJ*C% n,ZZ
6% @ Auslander-Reiten 25 [ARS] A4 U= 2V 2 B, E7c Auslander-Gorenstein 2
LD 5 duality 12 B LTV 2 OER [16], FRHICOVWTIHRAY LW,

BAZEEEL LT, LROTIRBVT I —REgRARER D—REWEE & 5 A TR,
APBVRRROEEZFOA R LRVES ) D2 FIXTERED Auslander-Reiten

=% QR &5 THIRTT Auslander-Reiten B’ BEFE LRWVES A2 ED—
S>nOFEE LT Auslander 1T TgldimI' < n #3> dom.dimT > 2 72 B &HEDOREH &
LT, REKRTLWVD AR ROBICEA LT (AL

3.2 TAFURE A ORBRTE repdimA = infgldimC iz kY EDH. TITL
FFAF RN D B, dom.dim T > 25>2 Endr(Io(T)) 5 A & ZRERIEIC2D 1 NQE=S
%81 <. Auslander FEICKDOEFHZHERET L. #OERCREREH LV G (1)
DEREFRITHS.

£ (1) rep.dim A = inf{gl.dim Endy(A®A*® N) | N € mod A}.
(2) ABERERETHD VE+ i rep.dimA < 2.

(2) DEKR TREKTIE A REDIEBRERE, DEAL TN 7] BEADITE
2 EBEKTICELTHLN TV HFISS 120 (e.g. 3.5). EDREN—2E LT,
SH KT b HEORE 1 V—REERER] & B LTWBERHDOHE LI (3.6).
FrELETRLIC ERRNT T L CHREEARE LDOORENPY EEATIN
B BB (e.g 36.2). THIXES THETOME 3.3(1) bR E CRAERE SO
R, ZOEQBMIZENEERT 5ECH D [I5]. &Y —f#1=, Ringel- LD F18 3.3(2)
BEBRTS. M=AoA LBLECLY,33(2) 2 3.3(1) BRED (2.5).

3.3 fE [X2)() EEROT VT RS ARt LT rep.dim A IZHRRD ?
(2) BFEDOT VFREA BOEEDO M e mod AR LT, HDNE mod A MTFEE
LT, Endp(M & N) ZERERE2 507

3.4 B 3.3(2) REHATH AT 2TILD ¥, M%E&DmodA DESECT, B
rejective & 2 LOREHRTUIIZY. Thid34l DEBIZLTERSh DR,
IR E T B (15 2 3.3(1) 1X3.4.2 DR HRER S, 2.7(2) £V rep.dimA DIER
(A, End, (A @ A%))-TEEA © A DESEBIRVERIND.

3418 AETAFURELTS. EEDO M € modA KHLT, My := M,
M1 := MpJenaat) & Mn LB LHHRERMICHLT My = 0L72%B. TR,
Cn = add @7 M, LBLL,0=CnCCm1S"C o X Co M 0~ rejective #4

%52 5. %IC Endy (@5 M) HEEEREL 2.
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342 % ARTAFURELETE. ZTOBEENM € modAKHLT, HSN €
mod A RFEFE LT, Endp(M @ N) BEEEARKIC 2D, FiCrep.dimA HERTHD.

35 FRBERTICELTHADNTVEREREN L ODETD.

(1) gldimA <1 %7k J; = 072561, repdimA <3 [A1]).

(2) A 75 selfinjective 72 &1, rep.dim A i3 A ® Loewy length ERB X2V (AL ,

(3) A & T #5efk k EDR#72 D, rep.dim(A @ I') < rep.dimA + rep.dim " [X1)].
#1Z rep.dim To(A) < rep.dim A +2 [FGR].

(4) rep.dim A IRBROZERETHE [X2].

(5) A 75 special biserial {i¥72 5%, rep.dimA < 3 [EHIS).

3.6 BE TitAETAFURELELZED LI, £8 {repdimA} X E DR
DI B ThHAD DD ?3.5 DREIC, oD 7 7 AD A D rep.dimA <3 B TENR
INTVWAD, Z< & Rouquier IZ & Y rep.dimA = 4 & BHIMBE % b B LA,
rep.dim A > 3 &R BBNIRRDRNPRODP DRI

4 fin.dim A T finitistic X7t sup{pd, X | X € mod A, pd, X < oo} &% 7 [B]. &<
BB DRARRRNEE & LT, finitistic KT T4, BID MERO T VT AR findim A < oo
BEETOTIIANNR?] LVIbORHS [Z]. TRIEFLUTFREOE OFERY—
REZ BT BRMBRBMEOF THIR Y ENFETHS. S TEF Igusa-Todorov R
DRKFEVER R LT IT].

3.6.1 B8 T2 7 AFLRETgdml <3725bDETD. ZOR, EEDOPeprl
1%t LT A := Endp(P) i fin.dim A < co 73

ZHEVEBIC rep.dimA < 37251 findimA < 0o L RDEHTHY, finitistic ¥
ORI ERKTE AV BERERD. BT, 3.5(5) £V ROFR &S [EHIS].

3.6.2 & A 7% special biserial i#72 1%, fin.dim A < oo 23 FK3L.

3.7 order DEBRRT R L BBEBTER, A% Rorder & LA=AQr K e
L {RETS. Auslander #F5D 1 KITTARIZ Auslander-Roggenkamp 2 & Y F 2 b7
[AR]. 4, A DRBRFTZ rep.dimA := inf{gl.dimEndp(A® A*® N) | N € latA} IC
LTy EETS. o, A RERERE (ie. #ind(latA) < o) ThHHILE+HEHI
rep.dimA <2 TH 3. EHIT, ROKIT 3.4 DOELIARRILT B [18].

3.7.1 ®® A% R-order, M €latA LT 5. :

(1) My = M, Mpi1 = MpJEada(My) cC M, LEBL. ZoEHD m BEELT,
Co=add @' M LB ECn CCn-1S - CCIECo 1B C ~ DA rejective Sz 5
%, BIZ A D 5#IE overring T IR LT Cr =1atl' & 725, %2 Enda (D M) 13¥
/= order £ 72 5.

(2) 3 N € lat ABFEL T, Ends(M & N) IS order 1272 5. KT rep.dim A
IXERTHS.
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3.7.2 F& EERTOBRTREUATOLD wEHET 5. REEBRAENR,
A % R-order & L lat A % A-lattice ohIBET S (51). A ODRBRRTE rep.dim A :=
inf{gl.dimEndy(A®A*®N) | N € lat A} I & 0 EET D, T O, rep.dim A [ZH RS ?
POXOREERY D BHP? ’

4 Solomon £—4%BE#

UTFR#%2Zb L RpEERLLZ, & 5. R-order A lz%t L, Z® Solomon £—%
B (o (s) = So(A: ) i XV EBEND. ST To BEREHTHY, L 17 ok
£FTAT(A: L) <o02D b D2k EB< [S1]. T DR () iXRe(s) BHHREFHIE
I3 523, éqzﬁaﬂﬁﬂi‘ﬂ@ﬁl:ﬁ@ﬁ&ﬁéﬂé:%ﬁﬁ% Xi.5. Solomon ¥ —% %
12 %fE D Dedekind ¥—7% s n—LEEL TS, R=2D%HE, A =12 O A
LB LAA T AR = pprime Cr, BRRALT D [S1]. A % Gorenstein order OBEE
SRR R T AERHON TS (G]. #% < Bushnell-Reiner i< Solomon ¥—%
By BT, REEDERRITN LTiREL Abh T3 (L] REEERA FTNOE
ESRARZE S, —R O order IZX LCEBECHI LT [BR1,2,34].

B 24 Gy, (z) (8) = Mt (g (ns—i) IKE L. &Y —f%iz, Hey i% A DX overorder I
LT, O dekind B — 5 Bk AV CEIE LT (BR2JS2). — {p: prime | 4 4
T,} I3EREERDT, G L& PENTEREORAICIS VT LARAZY. UTTH
FREFRARDBIIL, R=1, DOBEDHED.

o —fEc, LT TR 1ELRAKRIC R PeEEEAERE LK 22 OBEE TS 2
LROESELICH Lp =#k PERTHD LB AFTMED B RRICIERICR L
P —FEEEERTIOBERTHD.

41 s£% LU F A% Rorder & L, KRE A= AQr K B¥EMTHD LIRETS.
() TBIF ()®r K :latA— mod A 25+, BESABO AMBV XL, (V) TV O
thp full A-lattice (BN Adlattice LTLCV, KL= V L7255 0) &0t HIEFE
&rET. ~ TANMBORBEERTH, Ea(V) := £a(V)/ = I Jordan-Zassenhaus DE
@ 1 0 ATRES T [CR]. XTL,M € a(V) 1K L, Solomon i

sat—4sE%  Z(LMs)= 3 (L:N)T

NCL, N=M
nxnOE—2T0  Zr(V;s) = (Z(L, M;8)) L ezaqvy (5= #2,(V))

LHFgE LTz, i Za(V; 8) DSEITHIE M (z[p~*])) DF OB A 2R (Mobius
inversion) C7& L7z [S1]. #iZ Z(L, M; 8) X Q(p~*) KA. BB [S2) DHTHRDZ?
OFRBERHELE. .

4.2 98 (1) ADHEKorder T IZH L, Z(L, M;s)/Zp(V;s) € Z[p~*] THD. (Zr(V;s)
E1x1973ITHB.)

(2) det ZA(V; S) AR Hi(]- - pa.;—b;s)—l (a,- € N>o, b; € N>0) ThH5b.

% — 8 (1) ®771% Bushnell-Reiner I~ & D ¥—r S ERVCHEASHE BRI L
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HLEZ T8 (2) OFIF, A BEER (gldimA = 1) T & 5 % 51723561Z Denert [D] IZ
DR AR A, RS CREEROE E Thol. ST TRER—D A K LT
det Zx(V; s) AR S X, BT (2) BIE LWEERT (14

R R R - R
43P WA=(% & B DR CA=MK),Vi=Ma(K) LB T3
Jr Jr Jr R
LADEIF PITHLT EA(V) = {Pi}lﬁiﬁn DY TH. T:=p~° Izt L,
(p T Ra I
ZA(V;S)=(1—T")‘1( oo ??)
-1 me? TR e ]

TRV detZa(V;s) = (1-TM) 1 2%"5.
(2) An % 12(2) Dorder & L, T = p~* LEL. ThE EA"(A) = {Ai}0_<_1'§n MEALT
%. B2 Zy, (4;8) 1
1—2T+(p+1)T2—2pT3+(P2+p)T4—2p2T5+p3T5 T—2T24+(p+1)T8—2pT4+p?TS T?-2T3+pT* T3
(1—T)‘2 ( pT—2pT2+(p2+p2T3—2p2T4+p3T5 1-2T+(p+1)T2—2pT3 +p2T* T-2T24pT3 T2

T2-2p2T3+p3T4 pT—2pT2+p°T? 1-2T+pT? T

? (@*-p*)T? (p?-p)T? (p-1)T 1

ZHIITOEFER 2T L,

1-2T+T? 0 0 0

(1 _ T) -2 pT—2pT2+(p2+p2T3—2p2T‘+p3T5 1-2T+(p+1)T2—2pT3+p?T* T-2T24pT% T2
p*T2—2p>T3+pT* pT—2pT2+p?T®  1-2T+pT> T

(p*—p*)T® (p?-p)T? (e-1DT 1

p0ziuiE (1 g, (a ) ) RELY. BT det Zng(4; ) = det Z, (4 §) BRI T 5.
FHENZR T det Zy, (4;5) = det Zp,(V;8) = (1 — T)2%%5.
(3) A % 1.2(3) B order & U, T e p-* LB T8 T, (4) = {AdJogien HRIT
5. BT Za (A 8) X
1=-T+pT2—pT3+p2T4—p?T5+p3T® T—T24pT3—pT4+p?T5 T2-T3+pT* T3
(1 _ T)—l ( pT—pT2+p2T3—p?T4+p3T3 1-T4pT2—pT3+p?T* T-T?+pT% T )

p?T2—p?T3+p°T* pT—pT2+p°T3 1-T+pT?
TS p2T?

-3

T

ZHIATOERERZET L,

1-T 0 0 0

(1 _ T)"l pT—pT2+p?T3—p2T4+p>T> 1—T4pT2—pT3+p?T4 T-T2+pT% T?
p?T2—p2T3+p3T* pT—pT2+p?T%  1-T+pT2 T

p3T3 p2T2 T 1

L) ZThix ( i ZAZ(OA; ) ) IE LV, BT det Zy, (4; 5) = det Zy, (A4; ) BRIALT D,
REEOER T det Zy (A;s) = det Zyp,(V;8) = (1 -1)7" &%H5.
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Lol (2) BOR (3) THB & 5 1e, LIZLIE A 0 overorder 07 BU V5l det 2 (4;9)
BEETADICAVIENHRKD. —BITIXZEOLD B WINIHFEET B L IR
L#sL, overorder D RWIIO—LTHD (2.6) 7 rejective EE DV ITAW BER, &
THRHIEEUTTRS. '

4.4 DT [4) 128> . Box 0T 7 m—F OEX, Solomon ¥—Z % lat A DES
Bt LCEERTAECHD. lat ADHIBCIXL, £4(V) (resp. EA(V)) PTED OB C
TEEND bOLVREBHEEE g(V) (tesp. F(V)) EETECT D BEILZA(V;9)
DINTFFIE Ze(V;8) = (Z(L, M;8))LMeTe(v) cEDD. —BROHSE CITR LT,
det Zo(V; s) 1% 4.2(2) ORIC2 B L RIRD 2. Ll 4.6(2) TRAE I, ADHLHE
* overring T 2R LT, c 2B latT ~OF rejective 8 (2.6) BEFET H2D 1T det Ze(V5s)
PR HERTE, B2 4.2(2) OHICRDEVIND. — K520 EHRcOBIELT, K
D A5 ORIV e mod ADDEEZHAB Oy DD, Z OB ZA(V;s) = Ze, (V; 5) DL
T BOC, det Za(V;s) b 42(2) OHE LTV BEBADD.

4.5 ig A % R—Order, Ve mod A & L, Cv = add ®X€ind(la.tA), XCVX EE< L. ZD
B, 35 A OHEK overring T i LT, Cv 26 lat T ~DF rejective ERHFET 5. T
Endp(@xeinacy X) HHERLS order & 75,

4.6 TEBEEHARD. A=T, 4; ZEM K-REA; ~OBRETD. e, B A; DEAL
55, T; % A; DF O e;A DRBKX overorder LU, 0=, T ¢EL. 5 BEMA-INEEE
L, G; ZER T;-IngEe 45 &, (Sj)i<j<r (resp. (Gj)i<i<r) {Z Bt A-HNEE (resp. HEMET-
MEE) OREEOFLEREREERXD. X € mod A X L 1;(X) T X OBERFFO S;
d)iﬁg%i I/, q; ‘= #Endr(Gj) = pdim"EndF(Gj) (1 Sj < ’I’) kﬁ< .53 & q; = Pj
DBRIZEBLT—ETHD. »

B A% Rorder &L,V emod AITH LTV, := v/si (1<j<r) LBL.
(1) Z OFRRADBEILT 5. %= Solomon N FBIXIELW.

- 1i(A T (ST
detZa(Vis) = J] I1 (- g v)-#easen),

j=1 n=0

(2) C % lat ADESET, HDA oK overring T W% LT ¢ 7B lat T ~D 7 rejective
GEREET LD ETE. TOBRABRIT D
r Li(V)-1 -
detZe(Vis) =] II (1—g o) #en.

j=1 mn=0

4.7 UTT46 DEAOEEEEXS. wEOEr =105 AVEMTHD LIRE
L, S:= S1, 1= Iy EOq:=q LEL. ®’iZ,V € mod K RUL,M € SR(V) Wz %t
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LT@L:M):=(L:LnM)-(M: LnM)?EEL. CORESRERFHTHY,
(L:M)-(M:N)=(L:N)&#ry. RO4LT] BRESWCREND.

471 EEDON clatAitL, HBFHEIN LA (V) 2 R0 T, EEDL,M e £4(V)
R LTRERBL T HbOBEET D.

BY - (b)~! = (Homa (W, L) : Homu(N, M)) - (L: M)A

4.7.2 ROBEERBEL, 43(2) BET Q) DEEE—RILTS.

BE ¢ C ¢ ZA rejective OB 2 2RE L, indc—indC' = {X} THB LT 2.
COEXCVERELTEEDV e mod AIKKLT, HDNAITIIB LEETHICHF
ELTRABHILT D.

(-0 2e(vig) = B P @) o)

- - CfIFIB & Cit, EED L € T (V/X) it LT By = bf RV Cxeryer =
(X:Y) ThHY, BOESIE0 THEHOTHS.

4.7.3 B 4.6(2) DWEE F rejective P lat T =Cn C--- CC1 C G =C L5 5l
P HEICEY, &indCy & indCpyr B—PDTT LvEbRWERELTHRVE
BB, m =0 DEE4.6(2) BRILT HFN, (Hey DARDELEMRHEITHEEL) B
LWOTEET 3. ¢ =0 R LT46(2) BEILTND LIRETD. TR, CIZH
LTH 4.6(2) BERITB2EER, VORS BT 3 RMETTRT. TOBIC4T2EHND
%, det(l — C) = 1 BRILT 2 EEEB L TH<.

det Ze(V; s) “2* det Ze(V/X; 5 — UX) /I(A)) - det Ze: (V5 5)

W/Xx)-1 - _ u(v)-1 -
= H (1 - qn-l(A)(s-l(X)/l(A)))—#ﬁc(S") . H (1 _ qn—l(A)s)-#nc,(s")
n=0 n=0

l(V)-l y n—l(s(v) s n
= H (1- qn—l(A)s)—#Sc(S Y-#Ee1 (™)
n=0
W(v)-1 B
— H (1 _ qn—l(A)s)—#Sc(S")

n=0

Krull-Schmidt DB L D #8(S X)) + #80:(S™) = #Ec(S™) L2 2EE A |

5 Solomon £ —% E# & Ringel-Hall i3
= O TiX Solomon ¥ —# B & Hall REDEIR WHWTEETS. BURERRE
EESHER, k 2 RISE, K 2@fkL L, p=+#Fk REBRTHB ERETS. A% R-order
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LU, A= AQr K D¥EMTHD EET . AMBEX,Y, ZIHL, Fxz CY DESY
ﬂBﬁW TW ~ VA 73)“’3Y/W ~ X & f:é{)@éw%ib, F}(’Z = #_’F}éz € N_>_0U {00}
LEBL. finA TREFRD A-MEEOERED R TEEEZRT. Al finitary #0T, Hall
ﬁ# H(A) 75§, (UX)XeﬁnA %EEL:;@OE 2 Z—ﬂﬂﬁb:ﬁ% uxuz = ZyeﬁnA F%Z'UIY b HI:E”
bAEC LY EESNS [RY. H(A) EELLT %o rEOBERT [R1).

Wie Hall REDEEIC & 0 H(A)-MBEORERRT 5. V € mod AW L, (UL)LeE,(v)
(41) 2 EEICHEOBHH L-NEE My(A) TET. ux € H(A) P My(A) ~DIERZ
uxun = Lpegav) Famur (M € (V) REVEETDE, Myv(A) B H(A)-INBEZ 5
+. Zh® Hall @& MESEICTD.

5.1 T:=p~°, H(A) = lim n>0H(A)®zZ[T]/ (T RO My (D) = My () @z2{T]]
L@ L, L) ZBRC My(A) ERT 2. $— #4751 b Hall REDOBRDBKRTE X
bh5.

SF 2= Cyemn tx ® (#X) 7 €H(A) LEL. SO, B 2([T])- 0B Fhv (A) ~
0 2 OHERIEE — 81751 Zp(V;8) L LV X BND.

B M e EA(V) ITHL, KROHELYERBPRED.
‘z cuM = z uxup ® (#X)_s

XefinA

- Y we ¥ Fh#”

LeSA(V) XefinA
= ) up ® Z(L, M;s) 1
LEEA(V)

5.2 &% order O Hall R¥ & U(gh)

LI [I7) 12%E 5. order A #SE{RHI &1 gldimA = 1 £ 22ETHoT. A= Ap
% n EOEASZ - OKE quiver & L, EADES % A TKT. order A RABTHDL
i, & ARHED R DORERX order RETE LT Ta(Q) = {(zi5) € Ma(Q) | 755 € Jn for any
i>jEA AEAREIRPELTD. ZORq = #(Q)Jq) LEBL. AT order ¥
BEEHTH Y, P2 TORE order LD & 5 72 order DEMICFAR TH 5 [CR].

LITF, AiZ A RO order Y4B, K0 € Mg ITHRL, BEMES; = Sn € finA R
EEBD. EFEj > 0L, B & j OEBEMMES; € finA T top NG THDH
OBBEEL, (Sij)uenexN B A0A DEEHMELGEEX5. —F, I Tn B4 E
PEskERTEICTS. Bb, IOTAEA = (1laghedhs .. )ien, DERICR SHLD.
M) = @ jyeaoxN Sif LESELEY, SEEM=M,:T1->finA2B2.

EED A v € LI L, Hall SR L FHIND ¢ € Z[T) T, EB D ABD order
ARH LT P, ) = #h(an) BT D & OREET B [Gul. = OEE—# Hall 3%
H(A) 73, (ua)rem PEE<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>