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BUCHSBAUMNESS IN THE FIBER CONES

KIKUMICHI YAMAGISHI

Himeji Dokkyo University

1. MAIN RESULT

Let (A, m) be a Noetherian local ring and F a finitely generated A-module. We always
assume that the residue field A/m is infinite. For an ideal a, we denote by F,(E) the fiber
cone of E associated to a, namely,

Fy(E) =P o"E/ma"E.

n>0

In the ring case, i.e., F = A, there were already given several works on behaviours of the
fiber cones F,(A), especially on the Cohen-Macaulayness of them, cf., see [CZ] [Sh] etc:
Unfortunately, concerning on the Buchsbaumness of them, we had a quite few results, cf.,
see [G3]. On the other hand, however, the behaviours of fiber cones are very different
between the ring case and the module case. For instance, it is well known that the fiber
cone F,(A) associated to a parameter ideal q of A is isomorphic to the polynomial ring
over the residue field A/m, hence it is always a regular ring. But, the fiber cone Fy(F) of
E associated a parameter ideal q of F is not necessarily even Cohen-Macaulay in general;
see Section 3. So, in the module case, the behaviour of the fiber cone F,(E) is much more
complicated.
Motivated these observations, we are here interested in the following problem.

Problem. Let F be a Buchsbaum A-module and a an ideal of A such that [4(E/aFE) < co.
Then, when does the fiber cone F,(E) obtain the Buchsbamness?

We need a few more notation. We define the I-invariant of E, written I(E), as follows:

s—1 s—1 ;
I(E) —2( . )-h(E),
where we put hi(E) := [4(HL (E)) the length of the i-th local cohomology module HE (E)
of E, and we write s := dimg E. Let Go(E) := @,5, a"E/a""'E be the associated
graded module of E with respect to an ideal a and Rq(E) := @,,5, a"E the Rees module
of E associated to a, respectively. We usually write R := Rq(A) the Rees algebra of a and
moreover N := mR 4+ R, the unique homogeneous maximal ideal of R. A parameter ideal
q of E is said to be a minimal reduction of a with respect to E, if g C a and a"t'E = qa"F
for some integer r > 0.
Then our main result Theorem 1 is stated as follows.



Theorem 1. Let E be a Buchsbaum A-module of dimension s > 0 and a an ideal of A
such that l4(E/aF) < co. Suppose that the following two conditions are fulfilled:
(i) the equality I(G4(F)) = I(E) holds:
(ii) a®E = qaFE holds for some minimal reduction q of a with respect to E.
Then the following five statements are equivalent.
(1) The positively graded submodule Fy(E), . is a Buchsbaum R-module.
(2) ait,ast, ... ast forms a USD-sequence on F,(E),, where we put q = (a1,az,...,as).
(3) HR(Fa(E)4) = hi—p forall0<p<s.
(4) HRp(Fa(E) = Jo+[ ] and HR(Fa(E)) =[ Ji_p holds forall1 <p < s.
(5) The submodule mR,(E) satisfies the following three conditions:
(@) HymRa(E)=[ Jo+[ lu
(b) Hp(mRa(E)) =[ Jo,
(c) ifs >3, then

HYYE)  (nel3-p,-1))

[Hy(mRa(E))]n = { (0) (né2-p,—1))

for each 3 <p<s.

When this is the case, the fiber cone Fo(E) is Buchsbaum if and only if HY(Fy(E)) is
annihilated by N, that is, ma’E : a> = maF : a holds.

2. OUTLINE OF THE PROOF OF THEOREM 1

For simplicity, we usually denote by F(E), R(E), G(E) etc. omitting the letter of an
ideal a from our original notation above.
In this section, E is a Buchsbaum A-module of dlmensm s > 0 and the following two

conditions are fulfilled:

(i) the equality I(G(E)) = I(E) holds:
(ii) a®E = qaF holds for some minimal reduction q of a with respect to E:

Then, we begin with recalling the following facts.

Lemma 2 ([N], see also [SY]). The following statements are true.
(1) G(E) is a Buchsbaum R-module such that

[HR(G(E)]n=(0) (n# —p, 1—p)

for0<p<sanda(G(E)) <1-s.

(2) For any minimal reduction of a with respect to E, say v := (by,by, ... ,bs), the
equalities
’E=wE ad (0f|i€e)ENa"E=) bl a" ™E
i€l

hold, where I C [1,s], n; >0 and n € Z.



Proposition 3 ([Y2]). The following statements are true.

(1)
HY(E) (n=0)
[HQ(R(E))}n = { aENHY(E) (n=1)
(0) (else).
@ HYGE)  (n=0)
HRREN = { o™
(3) HA(R(B)) = (0) if s > 2.
(4) If 3<p<s, then
HEH(EB) (ne3-p,-1))
[HR(REN = { [HE (GE)h, (n=2-p)
(0) (else).

Now consider the follo’Wing exact sequence of graded R-modules:
0 — mR(E) % R(E) — F(E) — 0. (1)
Then we have the long exact sequence of local cohomology modules of F(E) as follows:
0 — H&(mR(E)) = H}(R(E)) — H&(F(E) — -
— HR(mR(E)) = HR(R(E)) — HR(F(E) — - . (12)

According to Lemma 2 and Proposition 3, the long exact sequence of local cohomology
modules (}f 2) is divided into several parts as follows:

Lemma 4. The following sequences of local cohomology modules are exact:
0 — HY(mR(E)) > H}(R(E)) — HA(F(E))

— HR(mR(E)) = HY(R(E)) — Hy(F(E)) — Hi(mR(E)) — 0;
and for each2 <p<s
0 — HE(F(E)) — HL(mR(E)) T HEP(R(E)) — 0. (1 4)

Proof. Look for the following commutative diagram of graded R-modules:

0 —— aR(F) —— R(E) —— G(E) —— 0

! H l

0 —— mR(E) —— R(E) —— F(E) —— 0

_3_



Let 2 < p < s. By Lemma 2 and Proposition 3, the canonical map
HE" (aR(E)) — HE(R(E))

is surjective. Hence this implies that oP*! is so.

Proof of Theorem 1. (1) = (2) is obvious. (2) = (3) is shown in the same argument
as in [G2, Lemma (4.6)] using the USD-sequence property. (3) = (1) is already given by
[G1, Proposition (3.1)].

(3) <= (4) Look at the following exact sequence of graded R-modules.

0 — F(E); — F(E) — B/mE — 0. (5 5)
By this exact sequence (f 5) we know that
HE(F(E)y)=[ Ji—p forall0<p<s
if and only if
HY(FE) =[ lo+[ h HR(F(E)=[ lp forall<p<s.

(4) <= (5) By the exact sequences (f 3) and (f 4) in Lemma 4 this is shown in a
routine work.

Moreover it is also easy to see that the fiber cone F(E) itself is Buchsbaum if and only
if ma?E : a®> = maF : a holds. This finishes the proof of Theorem 1.

3. THE FIBER CONES ASSOCIATED TO PARAMETER IDEALS

Through this section E is always a Buchsbaum A-module of dimension s > 0. For a pa-
rameter ideal q = (a1,as, ... ,as) of E, we define the submodule of E, say ©(ay, ... ,as; E),
as follows: '

S
Y(a1,... a5 E) :=Z (a1,...,ai,... ,a5)E : a;] + gF,
i=1

where the hat “on a; means to omit this element a; from the system a,, ... ,as. Usually
we denote it by ¥(q; E) simply. With this notation we have the following theorem

Theorem 5. Let q = (a1,as,...,as) be a parameter ideal of E. Then the following four
statements are equivalent.

(1) The fiber cone Fy(E) is a Cohen-Macaulay module over Rq(A).

(2) mE 2 3(q; E).

(3) pa(aE) =s-pa(E).

(4) ai,az,...,as forms a USD-sequence on mE and mE D> HY(E).

_4_



Proof. The equivalences (2) <= (3) <= (4) are already given in [KY, Theorem 6 in
Appendix].
(4) = (1) Look at the exact sequence as in (f 1)

0 — mRy(E) — Ry(E) — Fy(E) — 0.

Since mRq(FE) = Rq(mE) we can easily to check from our statement (4) that the submodule
mR,(F) statisfies all the requirements stated in (5) of Theorem 1, hence the fiber cone
Fy(E) is Buchsbaum by Theorem 1. Moreover, by the exact sequences as in (f 3) and
(# 4), we also have that I(F,(F)) = 0; cf., see Theorem 11 below.

The last implication (1) = (2) can be shown by the direct calculation.

Corollary 6. Let aj,ag,...,as be a system of parameters for E. Then the fiber cone
Figm ore)(E) is Cohen-Macaulay if ny,na, ... ,ns > 2 and depth, £ > 0.

ng
g2,

Example 7. We can easily construct a counterexample on Corollary 6. Let (A,m) be
a Cohen-Macaulay local ring of dimension d > 2. Suppose that A possesses maximal
embedding dimension, that is, m? = qm for some minimal reduction q of m, see [Sa]. Put
E :=m. Then we naturally have F;(E) = G (A)+(1) as graded modules, where Gy, (A4) 4
denotes the unique homogeneous maximal ideal of the associated graded ring G, (4) of m.
So we have

depthyp Fy(F) =1 < dimg Fy(F) =d,

thus it is not Cohen-Macaulay. Moreover, since ©(g; E) = £(q) and since m? 2 q, we get
~ obviously that
mE 2 E(q; E).

Therefore, this is just the required one.-

4. IDEALS POSSESSING MINIMAL MULTIPLICITY

Here, we try to extend the notion of minimal multiplicity into the module cases. Recall
that, in 1999 S. Goto [G3] introcduced a notion called an m-primary ideal possessing
minimal multiplicity in Cohen-Macaulay local rings. In the case where (A4, m) is a Cohen-
Macaulay local ring, an m-primary ideal a of A is said to possess minimal multiplicity
if

ea(A) = pa(a) +la(A/a) — dim A.

This notion can be naturally extended for Buchsbaum rings. Namely, for an m-primary

ideal a in a Buchsbaum ring A, we say that a possesses minimal multiplicity if

ea(A) = pala) +14(A/a) — dim A — I(A).

Using this new notion Y. Nakamura (in January 1997) succeeded to generalize the Stiickrad’s
theorem in the case where the dimension of given local ring is very small.

However, we need to extend more this notion into the Buchsbaum module cases. Until
the end of this section, let E be a Buchsbaum A-module and a an ideal of A such that
la(E/aF) < cc. We define an new invariant p(a; F) as follows:

p(a; E) := sup{pa(qF) | q is a minimal reduction of a with respect to F}.



Then, we have

ea(E) = eq(E) = l4(E/qE) - I(E)
= pa(@B) +14(E/aE) - pa(aE) — I(E) + Lo(mIE/mqE)
2 pa(aB) +1a(E/aE) - p(a; E) — I(E).

Hence we introduce the following definition.

Definition 8. a is said to possess minimal multiplicity with respect to E if the following
equality holds:
¢a(E) = pa(aE) +la(E/aE) - p(a; E) - I(E).

. In the case where E = A it holds that p(a; A) = dim A, hence this definition is a natural
generalization of the notion for Buchsbaum rings. By this reason, we simply say that a
possesses minimal multiplicity, when E = A. Since the difference between the multiplicity
ea(F) and the lower bound described above is just equal to l4(maE/mqE) + {p(a; E) —
pa(qE)}, this new notion is naturally characterized as follows.

Proposition 9. The following two conditions are equivalent.

(1) a possesses minimal multiplicity with respect to E. '
(2) amE = qmFE and pa(qE) = p(a; E) for some (hence every) minimal reduction q of
a with respect to E.

Let K.(q; E) denote the Koszul complex over F generated by a minimal system of
generators of q in the usual sense. Moreover, Z.(q; F), B.(q; E) and H.(q; E) denote the
cycle, boundary and homology of the Koszul complex, respectively. Since By(q; E) is
contained in gk (q; ) and hence in mK;(q; E), we have the exact sequence

Hi(q; E) — Ki(q; £)/mK,(q; E) — qE/mqE — 0.

According to [Sul, Scl], the Buchsbaumness of E implies that the length of the 1-st Koszul
homology module H;(q; E) becomes a constant value, thus we conclude that

s—1
s-uA(E)——;(ijl) "h(B) < p(a;E) <s-pa(E). (4 6)

Example 10. (1) If E is free over A, then we have
p(a; E) = s pa(E).
Thus, a possesses minimal multiplicity with respect to E if and only if it is so (with respect

to A).
(2) If A is a Buchsbaum ring of maximal embedding dimension, see [G1], then we have

em(A) = pa(m) + La(A/m) — p(m; 4) — 1(A),

_6_



thus m possesses minimal multiplicity (with respect to A).
(3) If E is a linear maximal Buchsbaum A-module, see [Yo], then we have

Pl B) = palmd) = wal®) - 3 (5 ) - 0B)

o\ +1
and thus we get
em(E) = pa(mE) + la(E/mE) — p(m; E) = I(E),

hence m possesses minimal multiplicity with respect to E.

Theorem 11. Suppose that the following three conditions are fulfilled:
(i) the equality I(G(E)) = I(E) holds;
(i) a possesses minimal multiplicity with respect to E; and
(iii) p(a; E) = s - pa(E') holds, where we put E' := E/HY(E).
Then the fiber cone F(E) is a Buchsbaum R-module such that

» _ [ hY(B) —hO(mE) +h%(aE)  (p=0)
EE) = | La([HE(G(E))1—p) 1<p<s)

Proof. By the assumption (iii) we have ua(qE) = s- pa(E’) for some minimal reduction
q = (a1,az,... ,as) of a with respect to E. Since qE = qE’ we obtain

pa(@E") = s - pa(E’).

'‘By Theorem 5 above, aj,as,...,as forms a USD-sequence on mE’. By the assumption
(ii) we have amE = qmkE, hence mR(E') = mRq(E’) = Rq(mE’) as graded modules.
Thus it satisfies all the requirements stated in (5) of Theorem 1 from the USD-sequences
arguments [GY]. Let ¢ : mR(E) — mR(E’) be the canonical epimorphism induced by
the projection £ — E’. Now look at the exact sequence of graded R-modules

0 — mE N H° (E) — mR(E) -2 mR(E') — 0.
Then it is a routine to check that the submodule mR(E) also satisfies sll the requirements
stated in (5) of Theorem 1. Moreover, since Hh(mR(E)) = HL(mR(E')) = (0), we have
the following exact sequence from (ff 3)

0 — Hy(mR(E)) — Hy(R(E)) — Hy(F(E)) — 0.

Thus we easily see N - HS(F(E)) = (0). Thefore, by Theorem 1, the fiber cone F(E) is a
Buchsbaum module.



5. GENERALIZATION OF THEOREM 1

We shall try to extend the assumption (ii) given before Theorem 1 as follows. Let
E still be a Buchsbaum A-module (of dimension s > 0) and a an ideal of A such that
la(E/uE) < co. Suppose that the following three conditions are satisfied:

(i) the equality I(G(E)) = I(E) holds;

(i’) o?E C qaE + HY(F) holds for some minimal reduction q of a with respect to E;

(i) s> 2.

Theorem 12. Under the assumptions (i), (ii’) and (iii) stated above, the following five
statements are equivalent.

(1) The positively graded part F(E)4 is a Buchsbaum module.

(2) ait,ast, ... ast forms a USD-sequence on F(E).., where we put q=(a1,as,...,a,).

(3) BY(F(E)y) = [ 1+ s such that (Y, (F(E) )]z = a? ENHO,(B) and Hb (F(E)) =

[ ]i—p holds forall1 < p < s.
(4) HY(FE) = [ Jo+1 h+1[ Jo such that [HY(F(E)), = o2E 1 HO,(E) and
HY.(F(E)) =] J]i-p holds for all1 <p < s.
(5) The submodule mR(E) satisfies the following three conditions:
(a) HymR(E)=[ Jo+| s
(b) HI(mR(E)=[ Jo;
(c) ifs >3, then

] _[HEYE) (ne[3-p,—1))
[HY (mR(E))]n = { ) (n¢[2-p,-1))

for each 3 <p <s,

Example 13. Let k[[X,Y, Z, a, 3,7]] be a formal power series ring over an infinite field k
and let
B:= k[[X) Y, Z)aaﬁ)’Y]]/(-Xa Y7 Z) n (a)ﬂ)7)'

We choose the following 2-dimensional Buchsbaum ring and its system of parameters:
A:=B/(Z+7)*B, a:=X+ao, b:=Y +.
Consider the next three ideals
(a,b,2)A C (a,b, 0, 8,Z)A C m,

and denote by a one of these three ideals. Then
(1) o® = qa+ HY(A) where we put q := (a,b), and ma = mq + HO(A).
(2) (a® %) Na® = (a?,b%)a, hence the equality [(G,(A)) = I(A) holds.
(3) HY(mR) = (0) for p=1,2.
Therefore, the fiber cone F(A) is a Buchsbaum ring with HY (F,(4)) = [ Ja.
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A vanishing theorem of localized Chern characters
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2 ElELFTEE

UTF. (A,m) T d Ker—F—RBARET D, (WOb, =Ly MERIBAFIRO%
THDERET D, )

Go(A) IEHRAER A-MMBED Grothendieck . A.(A) = &L ,A;(A) X Spec(A4) @ Chow
BHLTDH, Z0EE, HEV—~r - oyFROER 1] I2LY Q~7 MERORE

7:Go(A)g = A.(A)g

b,

F.€e C™(A) &5, Z0EE. xp (M) = S,(-1)€a(Hi(F. ®4 M) I2E>T. x5 :
Go(A)e = QBEEEND, §5 &, F. O localized Chern character ch(F.) = ¢, chy(F.)
MEXch(F.) - 7=xr KL T—BEMIZEE D, 72ZL. chi(F.): Ai(A)g > Q &T 5,

Go(A)e —  A.(A)o
xe. 4 ch(F) |
Q = Q
Z_.T,
T(!\/I) = Td(l\/[) + Td_l(]V[) + -+ TO(A{) (T,‘(Ixf) € Ai(.f-l)Q)
EBECE ERICEVELIC

a

Xe.(M) =" chy(F.)(r:(M))
=0
DRRILT D LMD,
EIAT i>dimM THDHEESEI (M) =085 £A56A TV S (Theorem 18.3
(3)in[1])e LT, RIZ i <dimM 2F7=TRTDO IIFH LT chy(F.) =0 MBFEh
ZETHE xs.(M)=0HEXDDITTHD,



AF—L Y IZX LT, coherent Oy-MEED Grothendieck B % Go(Y) &35, A%
B kizxtL T,

Fi Go(Y) = ([F] | F & support DRFTAS k LLF D coherent Oy-NE )g € Go(Y)g
EBL, dimY =s THDEEIL,

GO(Y)Q =F; GO(Y)Q 2 F_, GO(Y)Q D---DF GO(Y)Q 0
Ll oTWWB,

m: Z — Spec(A) FAXF—LDHTHD LT 5, E:=11(m) LB, ZDLx,
F. € C™(A) ToHUE, Supp Hi(n'F.) C E HLTh i iodf LTHRYT 5, LoT.

&(F.): =) (~1)'[Hi(n"F.)] € Go(E)q
PRIT B,
RBEERTH D,

Theorem 2.1 (A,m) i3+ —% —FHETEEL, F. € C™(A4) &35, 7:Z — Spec(A) I3E
Al alteration &5, E=n"'(m) LB, ZDEE, FABKLIIHL, TD 4 &4

)= 2= 0=
T,
(1) &(F.) € Fuk Go(E)o-
(2) i=0,1,...,k— 1 IZ% LT, chy(F.) = 0 as a bivariant class.
(3) i=0,1,...,k— 1IZH LT, chy(F.): Ai(A)g — Q I% 0 &,
(4) KA k REDOEEDOHRER A-MBE M (2% LT, xr (M) =0 2SEEL,

de Jong [3] DERICL Y., A Ak, BER, T HERMNER LAEHERED
BPEE ThiniL. Spec(A) IXER] alteration %,

bivariant class (2B LT, [1]) ® 17 EBH,

REBETEBRDHEADT U b T A v E2HERD,

Remark 2.2 1. LOFEET, &£ (2), (3), (4) iX. ERI alteration 7 : Z — Spec(A)
EERFRTH D,
£ 5T, &(F.) € Fyy Go(E)g\ Faoto1 Go(E)q 27 k IXTERN alteration 7 0 &
DHITKOT., BEF. e CT(A) ICL>THRED, YROZELETHBM, 0 k iE.
d—k<dmF *%7=7,

2. Theorem 2.1 T, (3) = (2) AL, BIZIE. A = Clz,y, 2|zy.5/(z° +¥° + 2%)

DES RBELRTOLREINH B,
TIEL., EREHEAESHKE X 2 CH(X)g ~ CH,,(X)o 2F=THE., X ©
affine cone A (IZ* LT, (3) = (2) B3AK3LT B,
(2) & (3) DEWVIE, HICE D & FHFENERESHEOEERE L numerical [
EOFVICEEHT D, £2T. ZOBWE, —fRICIIFEICKEVWELEDI S48
AN



Example 2.3 (1) A BEHPERIBER. £721d A EFRIMEETIERIZZ over ring A37F
ET2LETD, ZDE&E, Tk Spec(A) DIERN alteration & Z i, dimE =0
o TVB, LoT, &(F.) € FyGo(E)g &7 0. k=d & LT (1), (2), (3), (4)
DALY D,

(2) F. B35 A—45—0 Koszul BETHD L &, m : Z — Spec(A) (FER] alter-
ation £T2, THE. 1 DERLMECLY Ho(r'F) = 1 Hy(F) THHDT,
Supp Hy(m*F.) = 7 }(m) = E $3KT D, LHL. Koszul BEDKR SIZREAT 54
MIEIZE D 6(F.) € FoGo(E)g BBESICIEATE 5, ZDL ST, BE «°F. OF
FoY—HHEIIKE/ support EF-oTWBHEETH, KXFuxk L D&/ 7225
ZENHB,
bo&—fxIZ F. 7 Example 1.3 ® (3) OFMHFEFXILTNDHLE, Z0OLEDH
&(F) € FyGo(E)g £ B2 TWAH I LHATE 2, (ETIERN)

LoT, 2h60BEAb k=d & LT (1), (2), (3), (4) BHIT 5.

(3) H. ¥ Dutta-Hochster-MacLaughlin ™%k (Example 1.3 (4)) THD & &, TDE&
&, cho(H.) = ch(H.) =0, cho(H.) #0 & 72> T\ %, (Corollary 3.1 Z8) X -
T, EERIZEY &((H) € FiGo(E)g \ FoGo(E)g THDHZ &Mbnd,

(ZDBE. BFER AL X : = P' xP' O affine cone THD, &->T, Remark 2.2 (2)
TERLEA, X ETHEYA 7 /VOFEREL numerical FYEIF—EK L TW5DT,
Theorem 2.1 ® 4 FIHIFRMEIC 25, ZhEfED &, &(H.) € F1 Go(E)o\Fo Go(E)q
REXBHDTHB, )

3 IGH

FEBOEAEZR~RD,

ZDETIE (A,m) 13 d RTBHTES T, ER alteration 7 : Z — Spec(A) ZFFo &
5,

F. € C™(A) o3t LC. cho(F.) 1 (,(~1) ranky F) 5L —EF 5, £>T, d>1
D& &T chy(F.) =0 &725 (as a bivariant class), Theorem 2.1 £ Z &iI2L D, &
? Roberts DEER 6] DIERE 52D EMNTE D,

Corollary 3.1 F. € C™(A) ¢¥5, d>2D& T chy(F) =0 &2,

THUE. d>2 DX E(H) € FaaGo(B)o 2RT I EICLY . EEAELTHERS
3, Example 2.3 (3) TRE&HIZ, d>3 THhoTH chy(F.) =0 LIFIRO22V, d>4
T chy(F.) #0 W THIIRED L ZTAHMOA TR,

Roberts DER (6] X, C™(A) (BT A2HEEIT TR, AF—LLDHLBIHRL
Ry RN FAOBEKICH LTRENATY S, Eid, Theorem 2.1 b, A¥—LEDH
LWARERBNT bR FAOBEEICKH LTEEATE 5, (7272 L. ER alteration ®
FHERRET 3, ) TO—RNLRFEOEREZE XL, Roberts D—AXHIRLEERE DS § FEHA
TE D,



4] DPTR—F —BFRN AT b7 LDH A 7 MI% LT numerical FRHED E & &
T35, Chow #% % numerical BMETH 272 b D% A.(A)g = B.A(A)g £BL,
EENO., [A(A)g=0fort=0,--- k] THBHZLiX, EED F. ec'"( )o@ LT
chy(F)=0fort=0,--,k)] THHZELELERMETH 5D, min{t | A(A)g #0} =5 & T
D, §BHE. chy(F.)#0 %2F7=d F.€ C™(A) BTFET S, T5H& Theorem 2.1424&0
Ex(F) € Faosoy Go(E)g £ DT THB, 755, dmE>d—s—1 %5, 0=
EMLELICKEED

Corollary 3.2 dim7~!(m) > d — min{t | A,(A)g # 0} ALY 5,

Example 3.3 X ##BEFERELEE. AT X © affinecone THD LT 5,

1. CH'(X)q = CHyym(X)o ERETNIE. Au(A)g = AA)g BETD t 13 LTI
32 4.
T . X=P*xPr L&D, L .n>m>1¢FD, 5L . d=m+n+1
THd, ZD&E, CH(X) = CH (o (X) BEILT D, ZhEx AV, d— min{t|

A(A)g #0}=m £R>TWB I ENEHTE S,

ZOHBE, AR (m+1) x (n+1) BEITHIOLTD 2 x 2 IMTFITEES MR
HD, AERFEFNTERSNIATTNTT =T v 775 ELBRABEENE 67&
TORZ77ANRN—IL E=P™ TH 5,

LoT, ZORESREELE~E, Corollary 3.2 OFRERIERITA B,
2L L KDL, EDEIRBESFEHEELBATH ZORERXIERITZ 20

Bididr 2,

XECLEERENIZAd-1KRELT —"NVEHEETHDLETDH, ZDEE, FDLD
\Z A OIER| alteration 7 & 5T dimn~!(m m)=d—1&L72DT EHRIND,

& ZAM, hard Lefchetz ERICEL Y, min{t | A,(A)g # 0} > d/2 BEAESND,
5L, d/2>d-min{t| A (A)g#0} L7253,
Lo T d>3 DHEIT Corollary 3.2 DFRERITHR L TERITIT R 6720,

Theorem 2.1 & support SR E RBFEIZH L TH XKL L MNEATE S, Tk
£y &, KMNEHTE 3,

Corollary 3.4 Y ¥ Spec(4) @FFJ%A’C' Z\ 7 YY) - Spec(A) \ Y I finite &7
5, ok x, dimr (V) < ¢ 7264E. A % LT vanishing theorem MY 5,
(PEY. ARER A-MEE M, N # pd,M < oo, pdy N < 00, £4(M ®4 N) < oo,
dim M +dim N < dim A 2@ iE, 3, (~1)"¢a(Tor (M, N)) = 0 BRI T D, )

’D X D RBREICT L TIX, vanising theorem ML T 5 Z &N TS, A A
(numerically) Roberts ring D& &, HEIDKTMN 1 UTDEE, LW —RIZCELEX
TRVHALES OB OKRITA 1 LTFTOL &,

ENLSA T, Corollary 3.4 DIRE% K14 HIITFET 5,



4 Dutta-Hochster-MacLaughlin O &S GHlIFEDC 5
NWELHEMN?

(A,m) i1 d KT BFTEE. ERI alteration m : Z — Spec(A) BHEET D ET D, & :
Ko(C™(A))g = Go(E)q &+ &(F.) = Z,(—1)'(Hi(n"F.)] TED . (I 2T\ Ko(C™(4))
HC™A) DS T 4= s BETH, 1275, = - TORERIL. BEOELFINS
HTL 2 b0LSMI, BED quasi-isomorphism 726 HHTL 5T LITEE, (2], (7))

Theorem 2.1 (Z X, &(F.) D#kF2 AL, localized Chern character ch;(F.) @
BFROM23TTH S,

Proposition 4.1 d > 0 ¢ $5%, DAL i: E=7"'(m) > Z »oFEIND2BR
RE x4, Go(E)g = Go(Z)p £ B, TDEE, T—ULEDF

Ko(C™(4))g = Go(E)e = Go(Z)e
¥R5, 0Ok E,
(1) ZOFEFEETHD, (PFEV., 1.5, =0THD)
(2) Z\ E ~ Spec(A) \ {m} %56, Zhizz2Fl,

Proof. F.e C™(A) &b, ZDE &,

L6 (F) = S () HF) = S (-1 Bl = (3(-1) ranks F) - [02] = 0

ICE-T (1) Mbord,
Thomason-Trobaugh [7] ® K-Z3#® localization sequence {2 & 9,

- Ki(Z\ E)g — Ko(Zon E)g — Ko(Z)g —_ -
T T T
- — Ki(Spec(4)\ {m})e — Ko(C™(A))a — Ko(Spec(d))e — -

EWVWIERFINH D, 2720, Ko( ) 1. XI bR D Tas T o= BLT D,
d>0THaEDT, aiZ0HTHB, £/, Z\ E ~ Spec(4) \ {m} LRETHIE.
Ky (Spec(A)\ {m})g = Ki(Z\ E)g HRETH D, &HIZ. ZIHEMAFZF—LTHDD
T Ko(Z on E)g =~ Go(E)g & Ko(Z)g = Go(2)g £72Y. (2) BREh D, q.e.d.
DED. Lo (2) DKIRTIE Im(&,) ZARD7HITE. Ker(i,) ZRAT LW LIZ
7%,
LT, Ker(i,) BEBICHETE 5642525,

Example 4.2 2<m<n &£753,

A=Clz;; |1 <i1<m; 1< j < nfe,y/L((zi) £B<. m:Z — Spec(4) FHE—FIT
ERRINTAT TV (xll,:cg,,...,zml)_’C“O)?"D—T vTETD, THE TIIHFELRE
HTHY, Z\ E~Spec(A)\ {m} THDZLhrIN3,



EHIT. ZDEE 4, :Go(E)g > Go(Z)g IR OHTHB I LBHILDOND, THE,
LOBBED (2) I2LY & : Ko(C™(A))g = Go(B)g HEHTH S, E~P™! ThHS
DT,

GO(E)Q = Fm— GO(E)Q D) Fm— GO(E)Q D---D Fo GO(E)Q D) (0)
TR EeTR L T g #

/- LTWD,

X =P xP! &95&, Ax X O affine cone TH5H, ZDL &, CH(X) ~
CHpym (X) 23KSLY % DT, Theorem 2.1 WEHITT N TRETH 5, (Remark 2.2
B, )

Theorem 2.1 @ (1) & (3) PREMEM L W K3 DN D, dmA=m+n—-1ThHBI &I
EE,

o F.c C™A) THH. M FHBER AMET dim M < n THIUE. xp (M) =0
Th b,

en<g<m+n—1EWETENTAD ¢ IZXH LT, KEHET F. € C™(A) H7F
EY D, [dimM < g #FTHBER AMBE M IZHLTE x5 (M) =0 THY,
xr.(N) #0 &7 ¥ ¢ KTOFRER A-MEE N BFEET 5,
(2% 4, Go(B)e = Go(Z)g 12 0 T2 Db TRV LICHE, iz,
7' Z' — Spec(A) BE—ATTERINIA T TNV (211,112, ...,T1,) TOT O—
To7edDE o BHFRIBHETHY, Z'\ E' ~ Spec(A)\ {m} TH3, ==
T.E =7 (m) £¥5, LHrL, m<n ERETHE. Go(E)g — Go(Z)o 1T
0 TR, )

5 TEHEOHA

Theorem 2.1 @ (3) & (4) BNRMETHIDIREENLHLNTH B,

(1) & (2) PRETHD Z L OAREBTH D, Zhid. EBT 3,

(1) = (3) 2sEFAL &£ 5,

7 . Z — Spec(A) IXIER] alteration &5, &(F.) € Fy_x Go(E)g ERET 5, 0 <
s<k &LLI, (ZDEXE, ch(F)=0 %RL7=VY, )

PIXADEATTNTAimA/P =5 L{RET D, DL &, chy(F.)([Spec(4/P)]) =0
ERU 0,

ZIT, Z OBRERIDOBHRABSIAZ—L W T, 71 O W ~OHIBA. W »o
Spec(A/P) ~® generically finite 25 & 22 LR b D& LD, 5L, dimW =5 T
HDHIEILEE,

m D E ~Of|R% 7' : E — Spec(4/m) &£ &L, §5&. localized Chern character @
projection formula {2 & 9 |

m.chy(n*F.) ((W])
= chy(F.)m. ((W])
[R(W) : Q(A/P)] - chy(F.) ((Spec(A/P))



E72%D, TIT. R(W) i3 W OBEE. Q(A/P) X A/P DEETH D LT D, #IC,
chy(m*F.) (W]) =0 ZEEBA T LV,

G. & Ow D locally free Oz-resolution &3, ZZ T, ZIZERAF—LZDT, =
O resolution IIFRTHBHZ LICHE, ZDE &, (W] =chys(G.) ([2])) THDB, DL
&, Roberts [5] {2 & > TFEB STV 5 localized Chern character M A[#REIZ L 0 |

chy(n°F.) (V)
= chy(7"F.)chqe—s(G.) ([Z])
= chg—s(G.)chy(7"F.) ([Z])

2155, 27T, chy(rF.)([Z])) =0 ZEATHIT LV,
T D& & [1] ® Example 18.3.12 (2 LY

Go(Z)e B A.(2)e
Xe-r 4 ch(z"F) |
Go (E)Q =5 A. (E)Q

R TH D, T I T, 77z, Tg/z tX. base regular scheme % Z & LCHE272 Z L ED
V== -oyRETHY (1], INORAETHD, 5 &, BEIEND 12,2((02) = [2)
THhd, £oT,
ch(n'F.) ((2])

= ch(n*F.)rz/z ((Oz])

= Tg/zXxF. ((02z])

= Tg/z (Z(—l)i[Hi(W']F')])
Thh., Zhiz TE/Zf,,-(]F.) E—¥43, REICLD EW(F) € Fyx Go(E)Q THdDT,
7826 (F.) € @i Ai(E)q £ 725, £ I AT,

d

ch(x"F.) (12]) = 3 chi(n"F.) (12))

1=0

T#B, 22T chy(m'F.) ((Z]) € Ag_i(E)g \iEB, £-T. 0<s< kD&, chy(nF.)((2)) =
0 ThdIERDIoT, |
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Hilbert functions and maximal Betti numbers of

Artinian K - algebras with the weak Lefschetz property

EMIE A, Juan. C. Migliore, Uwe Nagel, A=

R=Klxo, x1, ,,, , xa]#E K EDOn +1 EHEZERR, 12 ROFKRA T T/, A=RI
ZIEEMREATIR T Artinian £ 5. §XTO IR LT gfEEHR Xg: AoAm B
ERETBEFIIR2EIDRAD 1R g BFET DL &, AL Lefschetz % %
SEWVWH. ZDLEgDEH AL b1 KAk Lefschetz element 115, &6
2, TNTD1LEdIIM LT gff5EH Xgl: A A BPEF I I 22 L 5%
AD1KRK g BEETDEE, AL LefschetztEx 2L 0 5. ZDHEA L gD X
D7 % b2 1 k% Lefschetz element & V9. 33 Lefschetz £ % % -2 Artinian
BDJ 7 A% WL, 38 Lefschetz % & -0 Artinian BD 7 7 XA % SL ThHHb{. &
ETIE, b 2207 720 Hilbert B% & #1517, A U Hilbert B%% & - Betti
5D T maximal Betti #F1 %Kk ([6]). EE, WIhbEEFI—KT2Z ¢
Bohs.

§1 %M@

RENREAMER (UT, BEIC "R L)) ASRIDEe~Uv MR E
H(A):=dimkA; (i=0,1,2,,,)
THRT. AHQA0:=1, i=1,2,,, &xLTAHQ,):=HAHD-HA,i—-DEBL.
7= s (A):=Max{i| Ai# (0)}3: A @ socle degree, d(I):=Max{i|Li# (0)}% I ® initial
degree,
B i(A):=dimk[ToriR(A, K)};
FAOGHEEORy FH LV,

EE LD EXFAMN Artinian D E X, FoiHLTHB8iw A)=0 (7=7ZL,
Vi<dDE7LIIVi>s(A) TH5.
NDF(AA)=) HADL % ADEALSLVMEHENS. Z0LE, A~ N

HORE) Ry FEINIIROBERMNHEILT S



1+ Zizl {(_l)i ZjeZ 'B"j lj}

F(4,2) = )"

3) LOBFEA»LRy ?ﬁﬁﬂ?ﬁ‘bb)hli BV REAERBRE S, L LKRDOFIC &
I, AT~ L MR E SOy FEIUIMEY AR VES. P20 9 &b
5 4 >DEE D Hilbert Bi%k & Betti #5155 E T 3 :

Hiblert BA%X4+~T 1,'3, 6, 8, 9, 9 —

I O o o NJ 38 |4 |5 |6
o O O 1 2
O O O 2 1
I o NG 38 |4 |5 |6
o o O O 1 2 |1
© O O O 2 1 1
I o 0 NJ |8 |4 |5 |6
o O 1 2 1
© o o O o 2 1 |1
v o NG [3 |4 |5 |6
© O ©O 1 2 (1 |1
o O O O O 2 1 |1 |1

EE2 CxHIMAL L OBENRKMBOI 5 A LT 5. ASCH maximal < v F
¥REbO LI, Foi, jigxtL Ty

Bi(A)= B(B)
(VBEE@) BEIATHEEEFV).

ZZ T, maximal Ny FEINIET 20 ODOFREFBNT 5
D e={R/TIR/T (T HEHREMABNC BT, RIL (727 L, L i3 lex-segment A 7 7 /L)
¥ maximal Ny F#EFI% 2 ([1,6,9]). & 512, {BRMMNIZ D L L~ FEIE (3
7bH 05 (EFES5)) OFHE»LEEMICHETE S ([3,4]).



2) e={RIIRI EARTINIV U AZA VERIDVELIBIELTHD. T4bL,
ZDLEIRBRI DLV FEKEFL2ICHEEM T 50 ((10]), BLeir~r HB
BELORNyFHING TR TEENICHDRESFIETTCIKFHETE S ([2]).
3) ¢={R/I|R/ 1155 Lefschetz % b DT L A F A VBIb L ERUEKTERICR
rERTHD ([8]).

Wiz, 95 Lefschetz # (WLP), 3% Lefschetz £ (SLP) # b 2B OWL 29D fl %
BT 5
1 A=k[xo/1 1% SLP # & .
UT?2), 3), OTIIHEKOFEKE 0 LIRET 5.
2) A=Klxo,x1l/1 1Z SLP b2 ([5]).
3) monomial complete intersection A=Klxo,x1,,,xn)/(x02,x1?,,,xn)1Z SLP % & -2 ([11]).
4) complete intersection A=Kl[xo,x1,xa]/(f1,fz,fs) X WLP & > ([5]).

F1 3 complete intersection X SLP # & -D.

B4 WLP #7220 LT :R=Kx,y,zlc BT {x2xyx2,y3%y22,y2% 23 } THERK &
NAAF7N0 L 225, L ide/r~v hE#% H(A=R/L,1:1,3,3,1,0,0,, % b >
lex-segment A 77 A THD. ZDLE, TATHO1IRK gEAITH LT gx'=0 (7272
Lx iZxnB) THHDOTAIFWLP #bhizizv.

§2 WLPZBEDEROEILANIL ~BEE

2ODEDEH K L IWEHLT, Iimi>mi_1>>mj=2j>0 st

) C+1 +1  +1 )
coEx, B :=('"' J+[”"" ]+.--+(m’ } L. £ 09 =0,
i+1 i j+1

EFS5 a:ao a,az, ZOULOBEMNLZDFETE. aMNO-RTHD LI, a=l
ThY, T_XTHiZ1ICH LT amSar ™ DRIALTHEEEND.

WOEBRIT v L~V FEBOEIED basic result TH D.
EE6 ([7,10]) ao, ai, a2, % 0 LLEDEBHENL2DFETH. 00L&, RIZAET
H5.



1) 3A: BEAOREMR st HAD=a Vi
2) 31LCR (ai=n+1) : lex-segment 4 ¥ 7 /L s.t. HR/L,i)=a; Vi
3) ao, ay, az,,, 1L O0-FITH5.

TR LIEHEREDL ) —EETBOE THRTHL.
EB7 ([1,69]) a:aoay,as, ¥0%Ed5s Z0Lx, a% Hilbert Eﬁ%ﬂl‘b’,)
TRTOR BiZxt LT, BiR/M)Z BiB)AREIIT .

R 8 AIXWLP %% Artinian BT g % Lefschetz element &3 3. A O socle
degree ¥ s £ 5.
1) L Xg: A—ABEEZR6IEXg  Aj—AR b RH TH D, b
wi=Min{j| Xg : A= Aj (T24}
LB &
(1)  HA0O<HAD<--<HAu)ZHAw+1)=--2H(As)>0.
2) 61, WDEI 2 (w<) w<<w<<unZt?.

HAu)=HQA,u+1)="- =H(A,u2—1)>H(A u2) =H(A, ugt+1) =" =H(Aus—1)>
- >H(A um)=H(A,un+1)="---=H(A,8) >0.
3) ¥

(%2) 1, AH(A,1), AH(A2),,AH(A, w), 0,0, —
T AgGADE L~ N TH B,
4) RTEREINDAT T A% ADsocle £
Soc(A):={a€A| A 1a=0}.
ZDEEHLMNIC
Soc(A)C 0:ag,
7272 L Ougi={acA| ga=0}.
5)j€{uz—1, us—1,,um—1, s(AHZH L T
dimx[0:agli=— AH(A,j+1).
FNLAD jIzR LTI
dimk[0:agl;=0.

B9 0L EDEHKDF hi hohi,hs KX LT, KIZFAMETH 5.
Dhxe i~ hE#IZH D, SLP %% -0 Artinian BMREET 5.
iDh&beA~L FEKIZHD, WLP & b0 Artinian BAXHEET 3.
i hid ko (x1) & (x2) O&HfERET, ThbL

(x1) ho=1<h;<:<hy;2 hy,+12-2hs>0,

(*2) 1, hi—ho, h2—hi,,, hy, —hy,-1,0,0, — X O-71.



SEBEODEEEE LOEE 8D DE LV D — i) — i) XA L.
i) — i) L) — D:2200F%HF (1) & (x%2) 2H7THEIhICHLT, Lo
E8D2ALALLIIZ
w<ue<usz< - <um
L3

B 1 S=Klxixe, DA TT7 LD Ji' C J' € - C Jn' T
1) H(S/J1',00=1, H(S/J\',D)=hi—hi_1 (=1,2,,,u1), H(S/Jl =0 (i>uw,
2) length(S/Ji)=hy, (=2,3,,,m)

BBETHDOER L 5T B, Ji=diR EBL. &biC

L=J,+3 ], +m™
i=2

Z :"C‘ [Ji]zu,- = ®12u; [Jl']t -—G}) D ) mz:(xo)xlrnxn) ?%5

TDEEASRIDOEN~V FEEIThIC—EL, WLP #6202 &b 5.

B2 S5HI0Jy C  C JnlCROSEERENT 5.

2" H(S/J t)=h®—h®,_,,

7272 L hO(t):=Minth, hy; } ¢<w), hO®t)=h,; tZwWTH 5.
IDEEA=SRIDEL~L MEKIZThIc—F L, SLP b2 &R bhs. O

§ 3 WLP ZEDEM maximal X v F51

EE 10 1) WLP %#% -2 Artinian B2 A ¢ 75,

jfwe—20E & Biwi(A)= Biw(S/L),

cue—I1SiS D EE Biin(A) = Biw(S/L)+Max{0,— AHAj+ D} XnCi_1,
cjZwtlolE Bing(A) =Max{0,— AHAj+ 1} XaCi_t

ZZT, Max{AH(AY), 0} (t=0,1,2,,,) % E/~UL hBIIZ %D Artinian B S/L (7=7L L
1% S @ lex'segment 1 T 7 /V) O~y FHF% B;(SA)THET.

2) ADEN UL MEEIZHR LT, #K 11X o THRRE N5 WLP %D Artinian Bt 1)
DEDE Ny FHEINTH .

3 LI, ADE A~V KUK LT, #2112 & » THER S 5 SLP % $ -5 Artinian
BT DORDE~ Y FHINZ

@811 WLP % & D Artinian RO~y F4F13, SLP % H O Artinian B TERTE 5H 2

ZOMBENEZE LT, BATERTEHLEFHELTIWAS.
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EHAEMERSOESLREICDOVT
(4R H, AESENE, T TSEES)

Masataka Tomari (H &)

Introduction. ERKEAMER R Lo TEHRINZHFESIL. T D Demazure’s
construction (1] & U TORMIFERR R = R(X,D) LEFBLT. FEHEN [2,8,9
PIIIFFEE 6] DHEENHSNTNS, SE. KEMBED Segre Er Lo 788
DFIBT DHEREZRET D, LUT. EBRE LT k=kB2dDEL. KED
FIRD zero KT kE—HT2HDEL TS, %7z, Theorem 4 LISt TIIEK
M zero THDIEZREL TS, Ry, R % normal graded ring Td 3 & & Segre
EE RiiR, = @nZO(Rl)n ® (RQ),, TE&T S [3]

Theorem 1. R, R,% Cohen-Macaulay E{REY 5. Ry iR, % rational singularity
IZI2B72DITId. RO 3IRENRILT DI ENUE+TRTH S,

(1) Ry HE 2 (Re) =0 2 D HIP (R § By = 0.,

(2) SpecR; — V((R1)+) BL U SpecRy — V((Ra)4) 1d & HIT rational singularity .
3) [Hg;f)ﬁl (Ry) § Hiim P (Rg)]m =0 for m > 0,

Remark. (1) 7%, R;§R; ® Cohen-Macaulay %2 & 5H L. (3) 2%, BAHER
a(RifR2) < 0 IZHIET 35 T &1E. Goto-Watanabe[3] DEEZRZERTH . 4ME.
T.L\ﬁ\‘%ﬁfttﬁfaﬂbftajbi‘ (2) 7, Spech?jRg - V((RlﬂR2)+) @E}Eﬁgﬁtﬁl{ﬁ
RBEHETHBIETHD. ZZEFTHMNEL. RijRy @ rationality 2. Flenner-
Watanabe(2,8,9] DHIEEI DEFELAEASAETHS. £/, (1),(3) IKBELTII.
Goto-Watanabe(3] IZ& . Ry, Ry ® Cohen-Macaulay f£%. normal IZ58%T. %
DTILHLIBRETIELEDTES,

#l. (1) Ry = Clz,y,2]/z®> + 3> + 27 with weight system (21,14,6;42), Ry =
Cls, t,u]/s® + t® + u1® with weight system (15,10, 3;30) IZDWT. ZN5IXES
5b AEERATIIEL. aR) = 1, a(Ra) = 2 THBH. a(RyiRs) < 0 T
HD. RifRyM3IRTABKFEATIRZ T ENDMN B, (2) KIZ. Ry O1HDIC
R3 = Clz,y, 2]/z3 + zy® + y2® with weight system (6,4,7;18), &9 5 &. HE4F
BATIIR<. a(Rs) = 1, THBM. a(RsiRs) < 0 THO. Zhb RafRaht 3K
FEFEIIRDZTEMNDN S,

FIIRITR D Theorem 2 IZL> T (1) Tid. MMHFERITARSZNE, (2) 1
AR RITRS C EhthM B ( see §3).

Demazure £E T, Segre T R Ry 1. RiiRy = R(X)x X, pri(D1)+pr;(Da))
, 722U Ry = R(X;,D;) « pri: X) x Xy — X; 1 projection £ELTW3 (i =1,2
)o Demazure RERDOERIC L ZMIUFREDOHESRH 6] 2 TIC. UTZEHE.

Theorem 2. RiiR; WMUBRIAERHEDIDITIE. KD 2 FEMLILT D I L0556
BT TH5. (1) Ry, R REBITIUFRR. (2) & (p,q) € Supp(D;) x Supp(Ds)



IZDOWTEER
GCD (LP|CI(OX1,;7)|)Lq|CZ(OX2,q)|) =1

BT B. 7275L. Dy =3 ZEV at p KBS %M L, £, p % support KB
v

X1 @ prime divisor V C X1 IZBT % qv OBm/IMAEE EL T,
L, = LCM(qvlpe VC X1) LT3, D; at ¢ ITBT S LyBREKIC. L, =
LCM (gvlge V C X,) &T 5,

LT~ 2 DOMBEIIIIT. R(X, D) XT3 U(X,D) = Spec(R) — V(R4)
DHEBZR/LEDBDTH S,

Segre product IIBER (FICHINES) ONMEHROIFE TIE. BEREICETZH
DEEZENDEIEHN. LOFIICHBESNS L SIT rational singularity &5
HHEIDWTHRLUZBOMRDT IS — M3 BETH BT ENba o7, BT,
rationality & regularity ASADHE, FIIERSOLEBKIIDOWVWTOMERIZD
WTHRLTHD., ROBRICLD, SEBBUCIZNEEL TH BT BED
IEEAEDTI D I BERRIME T 2RIETHD T L DHRTE 2. T7t, BETS log
terminal HFREFJIHTLHED (7] TEXOSNIBUMTEANVWTIERETE 3. LI
TOHRRT, BHEKICLS asymptotic behavior of §,, BT 2EAEEREEAN
TRONI. FEPRR, log terminal HR R k5 = —0c0 £725 Q-Gorenstein 52 S
TH 5.

Theorem 3. Assume the Segre product of normal graded rings R;§R, has only
isolated singularity.( We define x5 = —co when §,,, = for all m). Then:

(1)If k5(R;,) = dim Ry and ks(R;) = dim R, holds, then

Ks(R1§Ra) = ks(R1) + ks(R2) — 1 (= dim Ry R, ).

(2)If k5 (R1) < dim R, and ks(R2) = dim R, holds, then

K.J(RlﬁRz) = K&(Rl) + KJ(Rg) -2 (S dileﬁRz -2 )

(2)'If ks(R;) = dim Ry and xs(R2) < dim R holds, then

ks(R1fRs) = k5(R1) + k5(R2) — 2 (< dim RyiR, — 2).

~ (3)If ks(Ry) < dim Ry and xg(R») < dim R holds, then

ks(R1jRa) = rs(Ry) + ks(R2) (£ dim RyfR, — 3).

CIT, AR (V,p) KMT D L2-BEBEK 6,.(V,p) 1, good resolution 9 :
(V,4) = (V,p) EBNTon(V,p) = dimwl /3, I (m - 1)4,00)) ELTEHES
NZHDTHD, k513 6, ITHIET ZNERTTH S, BHENITIL, ROBHKIH
BT b BT TWEEE N,

Theorem 4. R = R(X, D) %' normal isolated singularity E® % & &, §,,(R) =

S o dim [K};'*l]k E1D.,



B2, a(R) DIEEDN ks LEFTRHEKRTIZIETH S, HEL T, HELD log termi-
nal ® log canonical IZR2HDREDEKDH B E A TH S, TDKR, canononical
module 3L VBEIET 3 divisor class group DHEENBRZEE LS.

base field MEAKDFEIT, ATFMNRILTE I &zH®ELLN.

Theorem 5. R = R(X;,D;), i = 1,2 RENTNAKBAKLER I NTND LT
5. RO BOZLIINFEET 5.

0
!

Z-Di9Z-D> ~ 7

Z- (D1 + Dg)
(04

DiV(Xl, Dl) &) DiV(Xg,Dg) ~ " ) Cl(X1 X X-_))
0 Keri Cl(R13Re) Cl(X1) x CI(X,)
16
Cl(R1) ® Cl(R>)

!
0

ZIT. of BFENTFNEARZ map (7272 L. B @ well-definedness IZIIEF DT
BAWLE), v 13, homogeneous divisorial ideals @ Segre product (X5 % map
# : Div(X1, D1) @ Div(Xa, Ds) — Div(X, x X2, D) 5 BAIEHNS map TH
%, 613 §1T&> T, Div(Xy x Xo, D) DFEERS % kill T 5#EA 5 canonical IZ
EES map TH 5.

Corollary 9. Z C Cl(RiiRs) TH 5. i, Cl(RiiR,) LT ERETH 5.

BAF, Theorem 1 & Theorem 2 MEEBHAE S X 5. §3 Tid, HEOPTHITO,
B {5872 Demazure #RDHEOEREZBREFLAENVEBNET, OMEICIDN
Tid, BEEPomXESEILZEIN,

§1. Isolatedness of non-(P) condition locus of the Segre product: (P) I&
BERRHETH D,

F 9", homogeneous maximal ideal LAZ+ T. regularity % rationality 72 & DM
EDLIREHETTHRIATE20%2EXTHED. Corollary 4 £TT. R(Xi, D;) for
i=12 I DVNTORENSEIED AREAINDNS.

R, = R(X,,D1),R> = R(X»,D5) ZFNEND. normal graded ring ® De-
mazure’s construction &3 5. RiiRs T 5D Segre product ZH5HT.
pri: X1 x Xo — X;

fori=12 ZEENSCOHEZET S,

Proposition 1. D; € Div(X;) ® Q #% T; € Q(R:) 7% homogeneous element of
degree 1 TEXEE>TWV2ET 3. T =T, Tr € Q(R1§R2) 7% homogeneous
element of degree 1 IZ¥f}&59 % Demazure divisor D on X x X = Proj(R1§R») 1
pri(Dy) +pr3(Ds) € Div(X1 x X)) ® Q £S5 HT NS, :



Proof BHIZEME N > 0 1% > T. NK Veronease subring M) wzhzEn
—RTERINTVS, i=1,2 XoT.

(RizR2)™ = RIVIRIYM = £ (R))y ® (Ra)w]

L2, INkD. TITHT S Demazure’s divisor & D ETBE,
1
D = < (ri(ND1) + pri(NDs)) = pri(Dy) + pr3(Ds)

TH 5.

(EEARD D)

Demazure 1] ® EIB—KO#R 8,9 T, FEMICHAWSNS Spec(R) —
V(R+) 2 U(X, D) = Specx (@©kezOx (kD)T*) IKDWTHBEZHUTHE S,

p € Xy, ge Xy LD, EDFRFRIZLD, cylinder U(Xl X Xg,D)(p’q) [ZELTF
DEITHEbEN B,

U(X1 X Xg,D)(p,q)
= Specux, e (BrezOxis (k- (ri(Da) + pr5(D), )

RED Lemma ZHEEN, BEETH 3.
Lemma 2. LQORRT. pe X, T. D, integral D Cartier divisor 73 51T,
RD k-Scheme & L TORBMNELET S,

U(X1 x X3,D)(p,q) = (X1,p) x U(X2, Da)q

Proof. B¥725T f € Q(O(x,,») KM LT, fractional ideals NEES ka(Xx,p) =
Ox,(kD1)p, Ck(X1) 2k € Z IZHMU TR TS, £>T. base field k LD algebra
ELT.

Dkez O}(l x X2 (k . (Iﬂ'f (Dl) + pT;(Dz)))(p,q)
= @rez[*Ox, x x, (kpr} (D2))(p.0) = O, ) ® (BhezO(x,q) (kD 2))

TH 2,
(GEARKDD)

Corollary 3. p € X, T. D, #¥integral Cartier divisor T > T. MDD, X, Mp
Cregular THDERET D, TDEE, ROGKEN, B TRNDHT (P) ITHL
T, ENTHERDID.

U(Xy x X3, D)p,q) W& (P) THBHITIL. U(X,, Do), D%l (P) THB T
EMRETREHETH S,

ZIT. &#(P) I



(1) regular scheme T& 3. (2) rational singularities ZHF DDA TH 3. (3)
Cohen-Macaulay scheme T# 5. (4) Gorenstein scheme T# %. (5) log terminal
singularity T#%. (6) log canonical singularity T#%. (7) Du Bois singularities
T®5. (8) Serre’s condition (Rk). (9) Serre’s condition (Sk).

BRI, BASMTH A D,
Corollary 4. £86 S C X; x X, %,

p € X, T. D7 integral Cartier divisor
TH>T. ™D, X)W p Tregular TH B,
S=1¢(pq) € X1 xX>| 7203
g € X>T. D>7" integral Cartier divisor
THHT. D, XM qTregular TH D

&L, & (P) . Corollary 3 TEATE 2D LT DHEE. KD 2 £HILEE
TH>.

(1) £ED (p,q) € ST. U(Xy x Xz, D)pgy KOWT. %&b (P) HHRIT 3.,
(2) U(Xy, D1), U(X2, Do) RENTH. EET. & (P) BRI T 3.

Proof. (2) 85 (1) 1d. Corollary 3 DR TH 3. #ZEZLDED. pe X; T. D,
7% integral Cartier divisor T#®>T. MD. X; M p T regular THZRE—D&L 5B,
(P LEDB—REBTOEIBREANFET 2,) FEDOR ge X ITHLT, (g €l
725, Corollary 3 1Z& D, U(Xg, Da)g KHMUTHRH (P) ARIUT 5. p & gD
MBEANEZDS L. (2) D U(Xy, D)) KDWTOEENED.

(FEBARDD)

UFTI. LORET. &4 (2)ithbs. EDLSR R(X1, D)) & R(Xa,Ds) @
FEORENIDIUL U(X, x Xo, D) 2AOHENRESIHEHBLTOHL,

9. KROMAIL. Segre product M normality ZiT 2HIZT TIT. [3] TITO
NTWVIRHBTH 5.

Proposition 5. & (Q) Id. tensor product ® & pure subring & & Z#{EITDW
TRENDDHDET S, U(X;, D;) MENTN, BT, &# (Q) ZHT25E
U(X1 x X2,D) IZDWT. & (Q) MERXTHEILT 5.

Ihé, 2<EUHRELEN, EANSKLIAFLLTIE. UTOETOXRZE
M. KDBEYRRENDH D

Proposition 5. & (Q) id. tensor product ® & pure subring & & #:EITD
WTREND DD ET B, Spec(R:) — V((Ri)4) for i = 1,2, HENTN, EHT.
& (Q) 2H7/=97251E, Spec(RifR2) — V((R1ER:)+) KDWT, & (Q) NER
THILY %,

Proof.
7
Spec(R1jR2) — V((R1fiR2)4+) = U Spec(R1iR2)g,@4,-
g1 ® g2 € (R1iRa)k,
k>1



THd., 5T,
(RlﬁRQ)m@yz = (Rl)yxﬁ(R2)92 <& ((Rl)yl ® (R2)92)

£72%. INT. Spec(Ri) — V((Ri)+) = Ug,e(raye k>19pec(Ri)g; DR (Q) 5.
tensor & pure subring (< @) DBIFRT. Spec(RiiR,) — V((R1iR2)4) KEHRT 3,
(EEBA#D D)
ROMGEZEHEZEL T, Introduction ® Theorem 1 DIEAMTE /=T L1273 5.

Lemma 6.. Spec(R;) — V((R;)4) for i = 1,2, B ENFN. rational singularities
ZFFOIDITIX. Spec(RifR2) — V((R1§R2)1) 78 rational singularities 28D T &
NUETRFERHETH 2.

Proof. Proposition 5' & Corollary 4 £ D S. 727 L. rational singularity #%.
pure subring TRAZNS5FIL. Boutot DEETH 0. tensor TRI=N2EiT Elkik
DEEBTHD. BEFILIDPLLILVHRENL?)

(REBA#D D)
§2. The Segre product DI 4FREFITR DB DELE,

LT T LR DRHE (1) R = R(X;, D;) DUSI4FRSIT7/25 for i = 1,2 & KA
RELT. LOEEOEHALEL T, RifR, MINIRERICRIBDEEEEZTH
X3,

(1) £ [6] §3,4 #* 5 Demazure’s construction MIMIAFR S22 B DR %
BOHLTHLS,

Theorem 1.(Theorem (4.1)[6]) Let R = R(X, D) be a normal graded ring. Then
Spec(R) -V (Ry) is regular if and only if for every closed point = of X, the following
four conditions hold.

(1) (X,z) is a “cyclic quotient singularity ” in the sense of (3.6)]6).

(2) The support of the fractional part of D at z is cyclic normal crossing in the
sense of (3.6)[6)].

(3) In the local representation of D, as D, = 2 Vielrri (Ox.2) L(Z_:;T‘:W, (gz)i (i=
1,...,s) are pairwise relatively prime.

(4) The divisor (gz)1 - ... - (gz)s - D generates the local class group Cl(Ox,z).

[6] 5. cyclic normal crossing 7% EIZB T 258 H copy THTWAEFL,

Definition-Proposition (3.6)([5,(5.7)]) Let (A, m) be a d-dimensional Noe-
therian local ring which contains a field K = A/m, and r be a positive integer.
Then the following conditions are equivalent to each other.

d
(i) There is a normal subsemigroup H of (ZZ 0) defined by

d
H={ (s1,--,54) € (ZZ O)d | ZaisiEO ( Amod ) }

i=1



for some d-tuple (ay,...,aq) of integers such that the m-adic completion A" is
isomorphic to

K[[H]) = k(TS ... T34 | (s1, .., 54) € H]),

where T3, ..., T, are indeterminates over k and integral over A.

r—1
(i) There is a regular local overring (B, n) of A with a grading B = @an by
Z/TZ such that B, Cnforn=1,..,7— 1 and By = A. -

We say that A is a cyclic quotient singularity if A satisfles these equivalent
conditions. If r is prime to char(k), then A is an invariant subring of an action
Z/TZ on a regular local ring.

For D € Div(A), we say that D is cyclic normal crossing if the support of D is
d
included in ) V(I3;B N A) for some description of A as above. Here the choice of
J=1

Th, ..., T4 is not unique in general. If A isregular ( or r = 1), cyclic normal crossing
is nothing but normal crossing in standard sense. Also, it will be important that
i(T;BN A) = T;B, where i : Div(A) — Div(B) is as in (2.4)[6]. Hence if D is
cyclic normal crossing, then (D) is normal crossing in usual sense.

(2) AT T, ch(k) =0 25K k LEEINTWARIREE XD, LIT5]
F L7z Theorem 4.1 iZ. complete local ring of cyclic quotinet singularity D&%
ADT. BIPL R ROLIXHSDTIENTE S,

Theorem 1’.(Theorem (4.1)[6]) Let R = R(X, D) be a normal graded ring. Asu-
ume ch(k) = 0 with Rg = k. Then
Spec(R) —V (R, ) is regular if and only if for every closed point z of X, the following
four conditions hold.

(1) O% .z = K[[z1, .. ,zd4]]?/™=%, where Z/m.Z =< p > acts on k[[z1, ..., zd]]
denoted by -~(ai, ... ag) as usual notation.

(2) The support of the fractional part of D at z is contained in {z; - ... ‘zg =
0} N Speck[[z]]%/™=2.

(3) In the local representation of Dz as Dz = 3 y.¢rrr1(0x..) %Z—:)L:V}, (gz)i (1=
1,...,s) are pairwise relatively prime.

(4) The divisor (gz)1 - - - (gz)s - D generates the local class group Cl(O% ). <
OF. |Cl0Y,) I=m. THD.

Lemma 2. R), R, M isolated singularity TH2ET 5. G S C X x Xy &,

p € X, CT. Dy7% integral Cartier divisor
TH>T. D, X5 p Tregular TH D,
S=((pqg) € X xXs5| £z
g € X>T. Dy7" integral Cartier divisor
TH>T. ™D, XM qTregular THD



LT BE,

X1 X Xg -S
={p€ X1 | L,y|Cl(Ox, 5)| > 2} x {g € X2 | L |Cl(Ox, q)| > 2}
C Supp(D;) x Supp(D,)

TH 5.

Proof. TODEE. z € X; T, D; %' integral Cartier divisor TH 5 &T 3, “h
H. Li|CUOx, 2)| = 1 2EET 3EERETS S, | CU(0},.) |= 1 THD. (Xi 1)
I3 regular T 5.

(EHEBHD)

81 @ Corollary 4 IZ& 0. (p,q) & S XML T U(X; x X2, D)pq) = U(X1 x
X2,D)(p,q) TD regularity #5%3 5%, Lemma 2 IZX 0. L,|ICl(Ox, )| > 2, ™D
Lq|Cl(Ox,,9)l 2 2 £72B R (p, q) € Supp(D1) x Supp(Ds) DHEHT 5.

O%x, p = kllz1, ..., 24]]2/m#% 13D, O%pq = Kl[wr, .. we]]?/™Z THO. B
#R73 action ‘:J:DTO/QIXXL(}),q) = k([z1, ... zd, w1, ..., w.]](B/MeB)X(2/maZ) 173
%’o %\

CANLD. (X x X5, (p,q)) A cyclic quotient singularity 1772 5 ADNRE+HE
#id. G.C.D.(my,my) =1 TH53. UTF. CORBEREEERET 3.

Z DRI T,
Cl(O;}lxxm(p,q)) = (Z/mpZ) x (Z/m,2Z) = Cl(Og}hp) X Cl(Og}m)

L3,
D =pri(D:) + pr3(D,) at (p,q) 1. D; at p BLU D, at ¢ ZFHEN.

_ < (Pl)#
(DI)P_; (q1)p (1/1)# at b,

_ (o)
(D'—’)q - ‘; (qg),, (V-’)V at q,

EHEDLIEE, ERMIE X, x X, THERLEBOT, RLDEED T T

&2 Y. D =pri(Di1) + pr3(D2) @ (p,q) T fractional part 3. D, at p L
D at ¢ @ fractional parts ZZNETNEERLWHTH D cyclic normal corssing
72> T3,

LP = (QI)I T (ql)squ = (q2)1 S et (qQ)sz T% D\



G.C.D(Ly,Lg) = 1 2D, LyLyD 5 CUOY  x, (o) = (Z/mpZ) x (Z/my2Z) %
T BBITIL. C.CD(Lym,, Lym,) =1 EB 5 BHRUBETHTHS T EAT <D
ﬁxév

LU EIZE > T, Theorem 2 O (1) ZKRATIEET 23L&, ERLDEL D72 (p,q)
ZEET D TEIT. U(Xy x X, D)(p,q) TD regularity &. BIHER

GCD (Lp|CUOx,,p)I, Lol CLOx, o)) = 1

MBI DEHEENHETE. §1 DERLEHHE T, Theorem 2 DERIIINKD
-3_ <“m ‘50
(Theorem 2 of Introduction. DFEHBH D)

§3. FtEHI

Introduction BNz FHD (2) IZDWT, BEHRMBFEOERZEL, LTI,
AR D MENIZES &, BEIEROWMSOMM, T LT (1], (3],[8],[9) DEAIE
BITD ETVWEERITE D,

Ry = C[s,t,u]/s?+ 2+ t1°, Ry = C[z,y, 2)/z% + 7y + y2> THL T, T
1 Pinkham-Demazure RN Z KD THS. T 51d, non-rational 72 2-dim normal
singularity T® %%, R3iR, |3 isolated 3-dim rational singularity {2725 Z & &R
€.

9, Ry KDWT : EEICEAETNTN, wit(s) = 15, wt(t) = 10, wt(u) = 3
ET2E, BER 2+ 13+ ul® O weight 1d 30 TH5. Lo T, Goto-Watanabe
@ a-invariant 1&, a(R2) =30—15-10—-3=2 &72%, ZDKR, R, id rational
singularity TRWI EAb . EBE, p,(Ry) = S8 (Ry)r) = 1 TH 5.
ZhiE, WHW S, minimally elliptic singularity T 5. Ry = R(X», Dy) with
Xo =Proj(Ry) £EH5HDLTH5,

X2 V& normal 1-dim variety §724 5 non-singular curve 7Z4%, €D genus i
g(Xg) = l((Rz)a(RQ)) =0 & L/T, ﬁgéh%’o

DEIZ, degree one DT in Q(Rs) #BAT, D, 25tEL LS. TITiE, Th =
t/(u) ELTHD. deg(Te) =10-3x3=1T&HD. Ra/tRs = C[s,1]/(s* +t19)
7LDT,

tRy = (s+iu®,t)Ra N (s — 1u®,t) Ry
725, primary decomposition 23X 515, T, prime component (s+ iu’,t)Rs
IZDWTO ramification N((s + 1u®,t)Rs) V&, N((s + iu®,t)R2) = ged{k > 0 |
(R2/((s + 1u®,t)Ra)), # 0} = gcd(deg(s), deg(u)) = 3 LU TEEEND. N((s -
wd t)Ry) = 3 BEKTHS. —H, Ry/uRy = C[s,t]/s*> + t* iZ domain 2D T,
prime ideal uRy IZDWT, 13D, ramification ZFHE LT, N(uR2)=5TdH5.

ER,
1 s 1 5 3 .
Dr, = §V((s +1u’, 1)) + gV((s -’ t)) — gV(u) € Div(X2) ® Q
ERBTENDMOT,



BI#RIC, Ry IKOWT: REICESLETHETN, wt(z) = 6, wi(y) = 14, wt(z) =
7TETDE, BERX 22+ 2y° + 22 D weight 12 18 THB. £oT, a(Rs) =
18-6-4-7=1&712%. ®idD, Rs b rational singularity TZ<, py(R;) =
T I((R3)k) =1 T#H%B. Ry = R(X3, Ds) with X3 = Proj(Rs) £%5bLTH
% 9(X3) = U((R3)a(ry)) =0 TH 3.

DEK, Ty=z/z ELTHB.
zR3 = (z,z)Rs N (2,1‘2 + yS)R:;, TR3 = (z,y)R3 N ((:ZI,Z)R:;)(Q)

72%, primary decomposition 23X 515, THEND ramification 13, N((z,2)) =
4,N((z,22 +9*) = 2,N((z,9)) =7 THD,

Dr, = V(@ ) + V(.5 +49) - 2V (1) - 2V(@,2)) € Din(Xs) ® Q

&5,

ST, R = RyjR3 KDWT : (1) X2 x X3 I non-singular T, ramification 3
M, KOZRTEWITRKZNDT, Theorem 2 12KV, R BIMIKFEETHS. (2)
RyiH, (R)) =0 CH5. TN, Ry OERTOREA 6,4,7 T, a(Rs) = 2
THEIENSESITON 3, (3) Hip,, (Ra)iR, =0 b (2) EREKRICLThH 3,
(4) H3R3)+ (Rg,)tiH(ng)+ (R2) D zero LA EDERSTE, Rs fIAY, degree 1 D&, R, fl
7 degree 2 DHIZDT, HHBT zero ITR->TLET,

Theorem 1 &0, (1),(2),(3),(4) 5, R % 3-dim rational singularity T#2 &
Enbns,

727U, Theorem 5 72 E%E M3 &, canonical module 1 Q-Cartier 1213272 53,
Eid, 2B EIRDIH U rational singularity 12725 EWS T EHHNBEDTH S,
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Monomial ideal @ polarization B89 A
—EE
wIF ik (REEEKRF)

Square-free 72 monomial ideal {Z, & % simplicial complex @ Stanley-Reisner ideal &
LTEHZXDIEMTE, simplicial complex DEEZANTNANASRILBRREAIN
TW5%, Monomial ideal 73 square-free T72\ )& & (ZiX, polarization & FEEN D FEET,
¥ HEDREIRE % square-free 72 monomial ideal DHEICFEIH TERDH I LB TE S,

¥ 2. polarization DEENSITUH L ([SV, p.107)], [DEP, pp.26-27] Z8),

Definition 1 k 138, m (IZEXE k[, ..., z,] ©® monomial THD LT 5,

Qn

= z0l...
m = I} T,

}:‘?—5 (‘: %\' Polar(m) 'C%I,Eitﬁ k[l‘n,(l)lg, ...y T21,Z22, -+ -y Tniy, Tn2,y - - ] (Z’é#ﬂilﬂ?
THERTET &%) ® monomial

Z11T12 """ Tla; " " Tn1Tn2 ' " Tna,
2R,
EZEM O, Polar(m) T square-free 72 monomial T 5,

Definition 2 I # %8, k(z,, ..., 7o) ? monomial ideal, my, ..., m; & I O/INE
X &3 D, I D polarization Polar(l) %

Polar(I) := (Polar(m,), ..., Polar(m;))
Lo TEET D,
Example 3 I = (z3,2%?%) &35 &, I O polarization & (213273, T1Z2y1y2) TH Do

EENPD,

my|my <= Polar(m; )| Polar(m,)
Polar(lem(my, ..., m,)) = lem(Polar(m;), . .., Polar(m.))
Polar(gcd(my, ..., m,)) = gcd(Polar(m,), . .., Polar(m,))

THDHT EHbND, FiC, Polar(l) DEFERT I DAERRITB/NMNI & ofpd, EBRIZIE.
VEREHFPEZZ2VHEBETHAE, FEOERRTEITINVI R —FEBOAND
brd, £l A= ]C[:L‘l, ey In], B = k[.’l?u,l‘lg, ..y T21,T22, -y, Tnl, Tn2, ] EB<



& &, T 1; IC& Y A % B-algebra & & x 41X, B/ Polar(I) ® Taylor resolution (=
®pA L72b DA A/I O Taylor resolution (2725 DT,

Torf(A, B/ Polar(I)) = 0, (1>0) (%)
ThHHI ENbID,
T11 — T12,T12 — T13,...,T21 — T22,T22 — ZL23,.--,Tnl — Tn2,Tn2 — Tn3, - - - (**)

{ZB9 % Koszul complex 73 A @ B-free resolution 5% 25D T, (x) 15, (xx) O
sequence I B/ Polar(I)-regular sequence TH 5 Z & M3,

B/(Polar(]) + (.’L‘u — T12,%12 — X13,...,T21 — Tag,.. )) =~ A/I

72DT, regular sequence TE|> TEDLLRVWWEE2E X 5125 7= > Tl polarization T
BEBEATEZTHLIWNWI &IZhe 5, 7o& 2, KT L depth M7 &1 polarization %
EOTHEDLR, F72, LD regular sequence (1T T 1 IROFKRAAZD T, regularity
R h-vector bE{L LW Z L3 s,

&T., AEIOAHRERR S VR T AT, FFHKiT square-free 72 monomial ideal A3 pure
%> strongly connected 72 simplicial complex ® Stanley-Reisner ideal T 3341220
T, regularity IZB8$ 2 REREZ|ME SN [Ter], TZTIH, FDOEBED S B, pure HEIZ
ERLTEZXTHIWY, Thbb, 2847 LY square-free TIE72 V> monomial ideal T
HBH L&, ZO polarization & J L&, J =15 (J A A D Stanley-Reisner ideal) &
THE, ATV DOpure lZ23THA D

THITBEREL T, KOERERE,

Theorem 4 I ¥ monomial ideal. J I% I ® polarization, A4, B i3 FHFh LEDLIE
RETHDETB L, :

{ht P | PeAss(A/I)} = {ht Q| Q € Ass(B/J)}

THd, (£BD PiESpecADTELTEX, HID QitSpecBNDTELTERS,)
& <2, J 2% pure simplicial complex ® Stanley-Reisner ideal TH5Z & &, A/ ®
associated prime ideals DIRTA—ETH D Z LIZRETH 5,

COEHEDOERDT=DIZ, ETROZLICEEL LD,
I=Ln---nI,

73 monomial ideal @ irredundant f&#&iﬁ%‘ﬂﬁa\iﬁ% (Thebb, AONLED [ 2BV
WTh, BEIZKE2ideal IZ7R23) THBETB L,

Polar(I) = Polar(I;) N - - - N Polar(I,)



ThY. Zhb irredundant Z2EBEHRTITR B,
—f&IZ. my, ..., m, 2 monomial T, m/, m" BEVNIFETH 5 £ 9 72 monomial T
%6 & %\ V

(m'm",my,...,m;) = (m',mg,...,m;) N (M" my,...,m,)

ROT, ZOBREZXEYVIRT Z LICE Y, monomial ideal XTEEHD ¥ TERLINT
primary ideal D BEEH /3 TR S 115,

I=Q1N--NQy Qi IFEEOASFT TAERSNL ideal
% I @ irredundant 7 primary decomposition &35 &
Polar(I) = Polar(@;) N - - - N Polar(Q;,) (% * %)

b irredundant 22 B ERIRIZE D,

Qi = (i}, ..., zir)
&,
Polar(Qi) = (1;1-1‘1 “Tipayy -9 Tiyl o Iiuau)
ROT,
PO]ar(Qi) = m (xilju ey ziuju)

1<jk<ak,k=1,...,u

£72%, - T. Polar(l) X Z OFDITHEN DD ideal DILBEH & LTEREND,

(x x x) DFELDDE Polar(Q;) #. €D prime decomposition TEEZ#|; X b DX, —
AZIZIE redundant TH D25, £ HEER S DEZEY BV Tirredundant 12 L7z & & |
(* % %) 1L irredundant 22D T, % 1 1Zxf L, Polar(Q;) ® associated prime 134272 < & %
— D35 D, Lo T, & iixt L. Polar(l) @ associated prime T, height 7% ht(Q;) &%
LWb DA, D72 &b —DEFET 5, #HIT, £ irredundant decomposition (21,
height A E D ht(Q;) £ bFE L RV E D 2Fideal IFENLRVDT, ZDZ EMnD, E
BAERASD,

Example 5 [ = (2%,2%y?%) &35 &, I = (2%)N (23, y?). > T, £D associated prime
ideals I (z) & (z,y)o —7F. I @ polarization J i& (212923, T1Z2y192) Ts J = (z1)N(z2)N
(z3,71) N (z3,92)0 2T, £ D associated prime ideals I3 (z1), (z2), (z3,v1), (z3,92) T
HD,

A4 BIOFH#RR Y VR AT, FAL, Hodge algebra &, % ® discrete counterpart
(A—D#HE bEH#EIC KBRS NS discrete Hodge algebra) DEMRIC OV THE S &
TW 2wz [Miyl], [Miy2], £DH T, ZLEKED 2 KD Veronese subring 2% Hodge
algebra ##1E% HH. £ @ discrete counterpart @ depth 232 TH 2 Z & b7z, &5



2, core EWIHOBEEZERL., TNEEIZLITLD, £ED n i L. O discrete
counterpart ® depth 230 T& % & 572, Cohen-Macaulay Hodge algebra B7F{E$ 3 =
LERLI, ‘

T DHNTF T, discrete counterpart i3 square-free TIZ22V DT, % D polarization
ZLoTEZRD L, EEDOPHKRTO associated prime NEFET 5 Z L BHEND LD,
H->T, SEIDHERIZE Y., A% E TR LI discrete counterpart IX. height 73 0 >
5 n £ TO associated prime 472 < & b —D3D1IFHOZ L bn s,

A4 [El, n=1DOBIIL, ZDOFID discrete counterpart it Buchsbaum T#h 5 = & %
AT, SEOFRERN G, n > 2 OBEZIE, Buchsbaum 1272 V1822 & BSbhots,

25 30k

[DEP] DeConcini, C., Eisenbud, D. and Procesi, C.: “Hodge Algebras.” Astérisque 91
(1982)

[Miyl] Miyazaki, M.: Properties of the discrete counterpart of an algebra with straight-
ening laws, % 21 EIFMBEFR L VR T AL 169-176

[Miy2] Miyazaki, M.: On the discrete counterparts of Cohen-Macaulay algebras with
straightening laws, preprint.

[SV]  Stiickrad, J. and Vogel, W.: “Buchsbaum Rings and Applications.” Springer-
Verlag, Berlin Heidelberg New York London Tokyo, (1986)

[Ter] Terai, N.: On a certain upper bound for the regularity of monomial ideals, 5 22
EFHBGR Y VR T ABEE 22-32

T 612-8522 FUABATIR L IR SRRARAT 1 SUBBE R FIER
E-mail:g53448@kyokyo-u.ac. jp



Average number of connected components
and free resolutions of Stanley-Reisner rings

NAOKI TERAI

Introduction

The lower bound theorem (see Theorem 1.1) gives not only the lower
bound for the number of faces among the simplicial polytopes, but also the
numerical criterion of the stacked polytopes, if the dimension of the polytope
is more than three. But in the case of dimension 3, all simplicial polytopes
with n vertices have the same f-vectors, more precisely, f; = 3n — 6, and
fo = 2n—4, where f; is the number of i-faces. Hence, we cannot characterize
the stacked polytopes by their f-vectors in this case. For this purpose,
we need a subtler quantity. We introduce the following graph-theoretical
invariant.

DEFINITION. Let G = (V, E) be a finite graph with (V) = n. For
W C V we denote by Gw the induced subgraph of G by W. Let ¢(Gw) be
the number of connected components of ¢(Gw). We define for 1 <1 <n

c,'(G'):-é—) T o(Gw),

wcv, y(W)=i

which stands for the average number of connected components of the in-
duced subgraphs by all i-element subsets W of V.

If G is j-connected, then ¢;(G) = 1for n — j +1 < ¢ < n. Hence, the
sequence (¢1(G), c2(G), .- ., ca(G)) can be considered as a refined concept of
connectedness.

For a simplicial complex A, we define c;(A) = c(AM), where AN is
the l-skeleton of A. For a simplicial polytope P, we denote by A(P) the
boundary complex of P. We define ¢;(P) = ¢;(A(P)).

Using this, we give a nemerical criterion of the stacked polytopes.



THEOREM 0.1. Let P be a simplicial polytope with dimension d (> 3)
and with n vertices. Then:

(1) We have
i—1)("¢
ci(P) < %
2) The following conditions are equivalent:

(
(a)P is a stacked polytope.
(b)e;(P) = G- 1)( )+1f01‘allzwzth 2<i<n-—d

+1,1=12,...,n.

4

(c)ei(P) = % +1 for some ¢ with 2 <1 <n—difd >4, and for

somet with3 <i1<n-—difd=23.

To prove the. theorem we consider a minimal free resolution of the
Stanley-Reisner ring k[A] of a simplicial complex A. By Hochster’s for-
mula (see Theorem 1.2), we have

() tea) =1 = pesstial), 42
where 3;_; ;(k[A]) is the (i—1, 7)-Betti number of the minimal free resolution
of k[A]. Since k[A(P)] is a Gorenstein graded ring which has an Artinian
reduction with the weak Lefschez property (cf.[St1]), we can apply Migliore-
Nagel theorem [Mi-Na] for (1) and (c)=>(a) in (2) if d > 4. (a)=(b) is
essensially proved in [Te-Hi;]. In the case d = 3, to show (c)=>(a), we
need some combinatorial argument using the induction theorem of Briicker-
Eberhard. See §3 for the detailed proof.

In §4, we consider a class of simplicial complexes which are pure and
strongly connected. For this class the following theorem holds:

THEOREM 0.2. Let A be a (d — 1)-dimensional pure and strongly con-
nected simplicial complez with n vertices. Then:

(1) We have
(-
()

(2) The following conditions are equivalent:
(a)A is a (d — 1)-tree.

c(A) < +1,i=1,2,...,n.



—;—L—l+lf0ralliwith2§i§n—d+1.

n—d+1

o
(c)ci(P):(l_l)((—")-{—lfor somei with2 <i<n—d+1.

81. Preliminaries

We first give the definition according to [Br-He], [Hi], [Ho], and/or [Sty).
See those references for detailed information.

We first fix notation. Let N(resp.Z) denote the set of nonnegative inte-
gers (resp. integers).

A simplicial complez A on the vertezr set V = {z1,z3,...,z,} is a col-
lection of subsets of V' such that (i) {z;} € A for every 1 < 7 < n and
(i) F € A, G C F = G € A. The vertex set of A is denoted by V(A).
FEach element F' of A is called a face of A. We call F € A an i-face if
§(F) = i+ 1 and we call a maximal face a facet. Let F be a face but not
a facet. We call F free if there is a unique facet G such that FF C G. We
define A = Up, 4 free face oia 27 and call it the boundary complez of A. We
define the dimension of F € A to be dim F' = §(F) — 1 and the dimension
of A to be dim A = max{dim F | F € A}. We say that A is pure if every
facet has the same cardinality. In a (d — 1)-dimensional pure complex A,
we call (d — 2)-face a subfacet. We say that a pure complex A is strongly
connected if for any two facets F' and G, there exists a sequence of facets

F:Fo,Fl,...,Fm:G

such that F;_; N F} is a subfacet for e = 1,2,..., m. We put A(m) = 20l

Let A; be a (d — 1)-dimensional pure simplicial complex for 1 = 1,2. If
AN Ay = 2% for some F with dim F = d — 2, we denote Ay Up A, for
A1 UA,. We sometimes denote A; U, Ay for A; Up Ay if we do not need to
express F' explicitely.

We define a (d — 1)-tree inductively as follows.
(1)A(d) 1s a (d — 1)-tree.
(2)if Y is a (d — 1)-tree, then so is YT U, A(d).

IfY,,Ys,..., T, are (d—l)-trees7 we-abbreviate AU, T, U, YU, U, T,,
as A ((d — 1)-branches).

Let f; = fi(A), 0 < i < d—1, denote the number of i-faces in A. We
define f_; = 1. We call f(A) = (fo, f1,---, fa—1) the frvector of A. Define



the h-vector h(A) = (hg, ki, ..., ha) of A by

d
S fima(t —1)¢ thd L
1=0

For a simplicial polytope P, we define f(P) = f(A(P)) and h(P) =
h(A(P)).

A stacked polytope is a simplicial polytope which is obtained from a
simplex by successive addition of pyramids over facets.

THEOREM 1.1 (LOWER BOUND THEOREM) (see [Br, Corollary 19.6]
for the f-vector version). Let P be a d-dimensional simplicial polytope with
n vertices. Put h(P) = (hg, h1,...,hq). Then:

(1) We have h; >n—d for1 <i<d-—1.

(2) Moreover, we assume d > 4. Then the following three conditions are
equivalent:

(a)P is a stacked polytope.

(b)hi =n —d for alli with1 <1 <d—1.

(c)hi =n —d for some i with2 <1< d— 2.

Let A = k[zy,2,,...,2,) be the polynomial ring in n-variables over a
field k. Define I5 to be the ideal of A which is generated by square-free
monomials T;,T;, -+ Ti,, 1 <1y < ig < -+ <1, <, with {i1,15,...,%4.} &

A. We say that the quotient algebra k[A] := A/I, is the Stanley-Reisner
ring of A over k.

Next we summarize basic facts on the Hilbert series. Let k be a field
and R a homogeneous k-algebra. We means a homogeneous k-algebra R by
a noetherian graded ring R = @, R; generated by R; with Ry = k. In
this case R can be written as a quotient algebra kzq,zs,...,z,]/I, where
deg z; = 1. In this article we always use the representatation A/I with
A = k[zy,29,...,2,] a polynomial ring and with I; = (0).

Let M be a graded R-module with dim; M; < oo for all i € Z, where
dimj M; denotes the dimension of M; as a k-vector space.

The Hilbert series of M is defined by

F(M,t) = (dimy, M;)t".
i€Z

It is well known that the Hilbert series F(R,t) of R can be written in



the form
ho + hit + -+ + hgt?

(1-t)imR ’
where ho(=1), hy,...,h, are integers with e(R) := hg + hy + -+ hy > 1.
The vector h(R) = (ho, k1, .., hs) is called the h-vector of R.

F(R,t) =

We consider k[A] as the graded algebra k[A] = @5 k[A]; with degz; =
1for 1 < j < n. The Hilbert series F(k[A],t) of a Stanley-Reisner ring k[A]
can be written as follows:

F(k[A] 1)

d .
fiaat

14 E :
i=1 (1 - t)l

ho 4+ hit + -+ - + hgt®
(1-1)e ’

where dim A = d—1, f(A) = (fo, f1,-- - fa-1), and A(A) = (hg, by, .. -, ha).

Let A be the polynomial ring k(z1,za,...,T,) over a field k. Let M be
a finitely generated graded A-module and let

0— A=) — - — P A=) — M — 0

jEZ JEZ

be a graded minimal free resolution of M over A. We call §; ;(M) the (4,7)-
Betti number of M over A. We define a Castelnuovo-Mumford regularity
reg M of M by

reg M = max {j —1| B:;(M) # 0}.
If a homogeneous k-algebra R is Cohen-Macaulay, we have
reg R = max {s| h, # 0}.

The Betti numbers of the Stanley-Reisner ring can be expressed in terms
of the reduced homology of some subcomplexes:

THEOREM 1.2 (Hochster’s formula [Ho, Theorem 5.1}).

lBi,j(k[A]) = Z dimkgj-i_l(Ap; k),
Fcv, ((F)=j

where

Ap={GeA|GCF}



§2. Betti numbers of 2-linear part of free resolutions
of homogeneous algebras

In this section, we consider upper bounds for Betti numbers of 2-linear
part of minimal free resolutions of homogeneous k-algebras. First we con-
sider the Cohen-Macaulay case. More or less, it seems to be known, but we
include it for convenience of readers. (see e.g., [Ei-Go).

PROPOSITION 2.1. Let k be a field, and let R be a Cohen-Macaulay
homogeneous k-algebra with codimension ¢ (> 1). Then:

(1) We have
1
Biit1(R) < i(C.Il), i=1,2,...,c
i

2) The following four conditions are equivalent:
) The h-vector of R is (1,¢).

)R has a 2-linear resolution.

)

¢)Biit1(R) = (°+1) for allt with1 <1< c.

i+1
d)B;i41(R) = Z(z+1) for some 1 with 1 <1 < c.

(
(a
(b
(
(

Next we consider the Gorenstein case. It is just a collorary of the
Migliore-Nagel theorem [Mi-Na, Theorem 8.13].

ProrosiTION 2.2. Let k be a field of characteristic 0. Let R be a
Gorenstein homogeneous k-algebra over k with codimension ¢ and reg R >

3. Suppose its Artinian reduction has the weak Lefschetz property. Then we
have

c
i () < . ,1=1,2,...,c—1.
Biiv1( )—l(z+1> 1 c

Furthermore, we assume thatreg R > 4. Then the following three conditions
are equivalent:

(a) The h-vector of R is (1,¢c,c,...,c,1).
(b)Biia(R) =1(,5,), for alli with 1 <i<c—1.

(c)Biit1(R) = i(iL), for some 1 with 1 <1 < c—1.

83. Proof of Theorem 0.1



In this section we fix a field k of characteristic 0. Let P be a d-
dimensional simplicial polytope with n vertices. Since k[A(P)] is a Goren-
stein homogeneous k-algebra which has an Artinian reduction with the weak
Lefschez property, we apply Proposition 2.2. Then we obtain (1). If d > 4,
(c)=>(a) is obtained by Proposition 2.2 and the Lower Bound Theorem.
(a)=(b) in (2) is essensially proved in [Te-Hi;]. To show (c)=(a) in the
case of d = 3, since the boundary complex of a 3-dimensional simplicial
polytope is nothing but a triangulation of a sphere, we have only to prove
the following:

THEOREM 3.1. Let A be a triangulation of S? with n vertices. Suppose
A is not isomorphic to the boundary complez of a stacked polytope. Then
we have

pantioh <i(7 1),

1+1
for 2 <1 <n—4.

To prove the theorem, we use:

THEOREM 3.2 ( THE INDUCTION THEOREM OF BRUCKER-EBERHARD)
(cf. [Oda, p190]). Suppose a finite triangulation A of S* is given. We get
a triangulation A' of S? with one more vertex, if a vertez of A is “ split
into two ” by one of the three steps (A), (B),(C) shown in the figures be-

low. We can obtain any given finite triangulation of S* from the tetrahedral
triangulation by splitting vertices finitely many times.

VANV R0,

| v

A K &

LEMMA 3.3. Let A be a triangulation of S® on a vertez set V with
n vertices. And let A' be a triangulation obtained from A by (B) in the



Induction Theorem, which is indicated as below.
A N
—~ X

PutV':=V U{p} and W := W'\ {p} forW' CV'.
(1) We have | dimyHo(Aly; k) — dimgHy(Aw; k) |< 1 for W' C V.
(2)dim Ho(AYy; k) = dimp Ho(Aw; k) + 1 holds if and only if W' is one of
following cases;

() pe W', w,z,y,z ¢ W', and §(W') > 2.

(b) z,z€e W', pw,y ¢ W', and z and z are disconnected in Al .
(3)Let n(a); (resp. n(b);) be the number of j-element subsets W' of V'

which satisfy the condition (a) (resp. (b)). Then we have n(a); = (’]‘:f)
and n(b); < (;‘:;1) for 37 > 2.

(4) Furthermore, we assume that A is isomorphic to the boundary compler
of a stacked polytope, and that A" obtained by (B) is not isomorphic to the

boundary complez of a stacked polytope. Then we have n(b); < (;:;) for
j=3.

LEMMA 3.4. Let A be a triangulation of S? on a vertez set V with
n vertices. And let A' be a triangulation obtained from A by (C) in the
Induction Theorem, which is indicated as below.

z Z

Y

'uy
“ VAV,

Put V' :=V U{p} and W := W'\ {p} for W' CV'.
(1) We have | dimy Ho(Aly.; k) — dimgHo(Aw; k) |< 1 for W' C V!
(2) dimg Ho(A4y; k) = dim Ho(Aw; k) + 1 holds if and only if W' is one of
following cases;

(ay)p e W', w,w,z,y,z ¢ W', and j(W') > 2.
(ag)w,z € W', p,u,z,y,¢ W, and w and z are disconnected in Al .



(az)z,z € W', p,u,w,y ¢ W' and z and z are disconnected in Ay, .

(ag)u,z,z € W', pyw,y ¢ W' and u and = are disconnected in Ay,

(as)w,z,z € W', p,u,y ¢ W and w and z are disconnected in Ay

(ag)w,y,z € W', p,u,z ¢ W' and w and y are disconnected in Ay, .
(3)IfW € V satisfies one of the following (by) or (b), then dim Ho(Ay i k) =
dimg Ho(Aw; k) — 1 holds;

(b1)p,u,z € W', w,y,z ¢ W' and v and = are disconnected in Ay,
(by) pyw,y € W, u,z,22¢ W' and w and y are disconnected in Ay,
(4)Let n(a;);, 1 <1 < 8 (resp. n(b;);, 1 < i < 2) be the number of j-
element subsets W' of V' which satisfy the condition (a;) (resp. (b;)). Then
we have n(al)j = (;’:f), n(az)j < (1;:25): 71(03)]' < (7;:2); n(as),- < (7;:3))

n(aq); < n(b1); and n(ag); < n(by); for j > 3.
(5) Furthermore, we assume that A is isomorphic to the boundary complez
of a stacked polytope. Then we have n(az); < (’;:g’) or n(az); < (';:;’)
LEMMA 3.5. Let A be a triangulation of S% with n vertices. And let
A’ be a triangulation obtained from A by (4),(B), or (C) in the Induction
Theorem above. Then:
(1) We have fori > 1,

BussaKIST) < Araea B0 + BossHA) + (" 7).

(2) Furthermore, we assume that A is isomorphic to the boundary com-
plez of a stacked polytope, and A’ obtained by (B)or (C) is not isomorphic
to the boundary complez of a stacked polytope. Then we have for1 > 1,

1

Biit1(k[A]) < Biipr(k[A]) + Bic1:(k[A]) + (n . 3).

8§4. Proof of Theorem 0.2

In this section we consider upper bounds for the Betti numbers of min-
imal free resolutions of the Stanley-Reisner rings of pure and strongly con-
nected simplicial complexes. ‘

In the case of the Stanley-Reisner rings, we can take a class of pure and
strongly connected complexes, which is a wider class than one of Cohen-
Macaulay complexes, to obtain the same upper bounds. Compare the fol-
lowing Thorem 4.1 with Propositon 2.1.



We know that every (d — 1)-dimensional pure and strongly connected
simplicial complex can be constructed from the (d — 1)-dimensional elemen-
tary simplex A(d) by a succession

Ald)=D1 = Dy — - = Ay, |

of one of the following two operations :

(1)Aiy1 = A;Up 27, where = € V(A;), F' is a subfacet of A; and F =
F'U{z}.

(2)Ai41 = (A;Up 2F)(z — y), where z ¢ V(A;), F' is a subfacet of A; and
y € V(A;) such that z and y are separated and F = F' U {z} (cf. [Te]).

Using this, we can prove the following theorem.

THEOREM 4.1. Let A be a (d — 1)-dimensional pure and strongly con-

nected simplicial complez with n vertices. Suppose A is not a simplez. Then:
(1) We have
fn—d+1
Biisa(KIA]) < ( )

1+ 1

¢) Beina(K[A]) = i(*7fF") for alld with 1 <i < n—d.

d) Bii+1(k[A]) i(":ﬁ“l) for some 1 with 1 <1< n—d.
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SEHBEOETEUEO Regularity
Hix E

This paper investigates the Castelnuovo-Mumford regularity of a generic hyper-
plane section of projective curve. Let T' = k[yo, -+, yn+1] be the polynomial ring
over an algebraically closed field k. Then we put Py ™ = Proj(T). Let C be an ir-
reducible reduced nondegenerate projective curve in Py ™, that is, the defining ideal
Ic is generated by elements of degree > 2 in T' and T/Ic is an integral domain of
dimension 2. Let X be a generic hyperplane section of C, that is, X = C N H,
where H is a generic hyperplane of PR . So X is a zero dimensional scheme of
P¥ = Proj(S), where S is the polynomial ring k[zo,---,zn]. Let I and R be the
defining ideal and the coordinate ring of X, that is, R = S/I, respectively. Then
X is said to be m-regular if H}(P¥,Zx(m — 1)) = 0. The Castelnuovo-Mumford
regularity of X C P¥ is the least such integer m and is denoted by reg(X). Note
that reg(X) = a(R) + 2, where a(R) is the a-invariant of the coordinate ring R. The
interest in this concept stems partly from the well-known fact that X is m-regular if
and only if for every p > 0 the minimal generators of the pth syzygy module of the
defining ideal I of X C P¥ occur in degree < m + p.

Now we will describe the definitions of “uniform position”, “linear general posi-
tion” and “linear semi-uniform position” for zero-dimensional schemes. Let S C P
a zero-dimensional scheme such that S spans P{ as k vector space. Then S is said
to be in uniform position if Hz(t) = max{deg(Z), Hs(t)} for all ¢, for any subscheme
Z of S, where Hz and Hg denote the Hilbert function of Z and S respectively. A
zero-dimensional scheme S is said to be in linear semi-uniform position if there are
integers v(¢, S), simply written as v(i), 0 < i < N such that every i-plane L in PY
spanned by linearly independent i + 1 points of S contains exactly (i) points of S.
A generic hyperplane section of a nondegenerate projective integral curve is in linear
semi-uniform position, see [2]. We say .S is in linear general position if v(¢) = i+1 for
all 4 > 1. Further, we note that “uniform position” implies “linear general position”
and that “linear general position” implies “linear semi-uniform position”.

Let C C P¥*! and X C P} be again a nondegenerate projective curve and its
generic hyperplane section. Following Rathmann (8], we will describe a relationship
between a monodromy group of the projective curve C' and the configuration of the
zero-dimensional scheme X. Let M C C x (PY¥*!)* be the incidence correspondence



parametrizing the pairs, a point z of C and a hyperplane H of PN*! such that z is
contained in H. Then M is a P} -bundle over C, so M is irreducible and reduced.
By Bertini’s theorem, M is generically étale over P = (PY*1)* via the second projéc—
tion. Thus the function field K (M) of M is separable finite over K (P), in particular,
K (M) is a simple extension of. K(P). So we fix a splitting field @ for this simple
extension. Let G¢ be the Galois group Gal(Q/K(P)). Then G¢ is a subgroup of
the full symmetric group Sy and is called the monodromy group of C C P}/, where
d = deg(C).

Proposition 1 (See [1,8]).
(i) If char(k) = 0, then G¢ = Sq.
(i) If either G¢ = Sy or G¢ = Ag, then X is in uniform position.

Proposition 2 (See [8]). Assume that N > 3. If X is not in uniform position, then
either of the following holds:

(a) v(1) = 3, and G is exactly 2-transitive.

(b) v(1) = 2, and G¢ is exactly 3-transitive.

(c) deg(C) = 11,12,23 or 24, and G is the Mathieu group.

Now we state our main theorem.

Theorem 3 (See [3,6,7]). Let X C P¥ be a generic hyperplane section of nondegen-
erate projective curve. Then we have

(i) reg(X) < [(deg(X) — 1)/codim(X)] + 1.

(ii) Assume that X is in uniform position and deg(X) > N?+2N +2. If the equality
in (i) holds, then X is contained in a rational normal curve in Py.

(iii) Assume that X is not in uniform position and N > 3. If deg(X) > N> +2N +2,
then the equality in (i) does not hold.

(iv) Assume that X is not in linear general position and N = 2. If deg(X) > 10, then
the equality in (i) does not hold.

Sketch of the proof.

(i) (See [1,2,3]). Let h = (hg, -, hs) be the h-vector of the zero-dimensional scheme
X C PY, where s = reg(X) — 1 = a(R) + 1, that is, hy # 0. Since X is in linear
semi-uniform position, we have hy + -+ + h; > th; for all i = 1,---,5 — 1, that
is, Hx(t) > min{deg(X),tN + 1}. Thus we obtain [(deg(X) — 1)/codim(X)] =
[(hi+ -+ hg)/h] >s.



(ii) (See [6]). Assume that X does not lie on a rational normal curve in PY. Since X
is in uniform position, we have h; > hy+1fori=2,---,5s—2, by [9]. The similar way
of the proof of (i) yields deg(X) — 1 < N2 + 2N, which contradicts the hypothesis.
We remark here the hypothesis deg(X) > N? + 2N + 2 is indispensable because of
an example of a (2,2,4) complete intersection in P3.

(iii) and (iv) (See [3,7]). By the assumption, we have only to consider the case (a)
and (b) of Proposition 2 for (iii), and the case (a) for (iv). What we have to show is
that H(Opy (£)) — H%(Ox(¢)) is surjective, where £ = [(d—1)/N]—1. The classical
Castelnuovo method gives. proof. For any fixed point P € S, we prove that there is
a (possibly reducible) hypersurface F' of degree £ in PY such that SN F = S\{P}.
The details will be described in {3,7].

In order to classify the extremal cases for the regularity, we need to consider the
case N = 2, that is, a generic hyperplane section of space curves. If char(k) =0, X
is in uniform position, and so we have done. Moreover, in this case, there is an ACM
smooth curve C' C P} such that X = ¢’ N H. Thus we describe a free resolution
of the defining ideal Ix over k[zq,z1,z,] by Hilbert-Burch matrix, see [4,5], and get
a detailed information for the regularity of X. This observation comes from the fact
that X is “of decreasing type”, see [4], in terms of the h-vectors.

Question 4 (See [7]). Let X C P} be a generic hyperplane section of nondegenerate
projective curve. Assume that N =2 and X is not in uniform position but in linear
general position.

(i) Is a zero-dimensional scheme X of decreasing type?

(if) If deg(X) is large enough, then does the inequality reg(X ) < [(deg(X) —
1)/codim(X)] always hold?
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AEREDRNEIT, ZEMNEREDE & DERFFE T,
LIF AWXa#:72 Noether BB & T5, ADATTNIICHLIICE>TA T TN DEBA%
F9, T, AMBEMICH Lpdy, MIZE>T M OHREKRTEERT, ABBFBOLE, £
DEIREOHERTNRARTHDZ ENLE ADTERMENENLN LD, RKB|ETIT, HEK
TH MR AMBEOFE,PLRITR A OEMSEAND Z L2 BETH, ER-ET
RDHLDTHD,

EHE 1.1. (A, m) % Noether BEFTER. M 2 HRAEK A-MEE Tdepthy, M > 0 &35,
EROMEEN,LBIFEELT, REBLZLTWA LT3,

(1) NCLCN:ym,
(2) mN C mL,
(3) pd4 N < o0.

InEE, BRAZERBRETH D,

L.BurchiZ & > CZAL & FAERDFER ([Bu, Corollary 1,2]) 2GR IALTWS, LAL, %
TebOHEX, FNEERBRDILDOTH- T, (3) DEMFEZEIREDOKRTOFRMEL, BETER
ERDD LD RMMOFER PHNKRITE (AFIRITS Gorenstein kT, Complete-Intersection
% t. Cohen-Macaulay IKTT72 ) ICEZTH, ENFNICG L TRBOMHESENN
5 (EE24), 2HCIDER LI OMERE 55, F3HT, 2H THEFEREEST
[CP, Theorem 2.3] D—#X{L TH D RDFER LIRS D,

FH 1.2. A% Noether(|Ré Lg% A-EBFITERIND ADATT/NET D, pe Assa A/q

ELpIEAsSA A/ TIBRTHDET D, [=q:p &b, ZDEE, [?#q]l 2 OIERAT
B A XEATH> T2 g4, =qA, THD,



2 TE1.10iH
EH 11 OFERICBNT Key L2 21X, KThH 5D,
8 2.1. (A,m) % Noether BFTH, M & AMBELT 5, N, Lix M O#ESMEEE LN 1T
BRER TH> TRERMIZT T 5,
(1)N§L§NMm,
(2) mN C mL.

oL E, FIREA/m DB N/zN OEFREF L7225 XD BRBRAT T/ m DTz WFET D,
F7z, depthy N >0D & &%, z % N-ERITIZEND,

SEBA. mL € mN £ 9. zy € mL\mN (z € m\m?, y € L) BHFET D, zy ¢ mN L0,
N=Azy+ 5 Az (1+€=pa(N)) 1<, 2D &,

4
N/zN = Az5 @ Y A%

i=1

Thd, EB. abe AL, azy+ Y bz €aN ET5E N CmN END, a b em
Thd, LoTaryecaN 20 LOEMERD, £72, m(zy) CzN LY ATy = A/m T
Hb, > TAMIEN/zN DEFMEFTH D, depthy N > 0D & T m DAERITTE T
TN-EJFTICE Ve BEAD T ik N-ERIGTTE LTEV, O

IR 1.1 DIEBA. #EE 2.1 LYV BEIRE A/m A N/oN OEFRF L 725 N-EAIST z € m 2377
Y5, TLsl
0 N-3N— N/zN -0
LY pdyA/m<co bR VB ARERIRFBRTH 2D, 0
TOEBRLIMNLROFRBRELND,
% 2.2. (A, m) % Noether BFTE. [# ADAT TN Tpdyl <oco £F 5, b LEANE
BIBFTBR TRV BIE, R LD,

(WICIJCT: mBBEEDAT7/NJIIX L, mI =mJ 23 Y LD,
@) T:miE] LETHD,

SER. I = (0),ADE EIBALMN, [#(0),ALT2, EELLEY ml =mJ TRFHER
S, E-T, #Hiom(I:m)=ml TH5DH, £/, pd, ] <oco LVIERIT f € I BAFET
%y, EoTI:mixl LETHD[NR,p.156 Theorem 2|, O



% 2.3 ([Bu]). A% Noether R&ELI%& ADAFTTAT, [=1THh>Thopd, ] < oo &
T2, ZOLE EBEDp € Asss A/ ICH LTRITER A, IZERITH 3,

AL, fEE D p € Assq A/T IRt L, Bk A, 21 LT (A, m) i Noether BATEB T, m <
Assa A/T LIRELTEV, BRI ANG LERITARNWETHER22K0 [ miz ] +ET
D, HICI=TEV T m=1,20meAssy A/ KT 5, £>T AIEREFET
H D, O

AR 2.4 ZZECTTHERTABEAFNKTARICEZ THLELY, $7-BFBAD depth A >
0D & EIIHFRTARE V) &4 H-kTARIC, ERIBFFRL HRFMBICEZ THLEL
V» (H I3, Gorenstein, Complete — Intersection, Cohen — Macaulay 72 &) ,

3 TFHE1.2D:EHA
3. RO 2ODMBEETT,
@7 3.1 ([CP]). (A, m) % Noether BB & Lt =depth 4, ay,ay,...,a, % A-FERIFI &

D0 q=(a1,02,...,a¢), I=g:m &B, ZOELEE B LARERBFB TRV BT
I* = qI B3R Y 320,

o

AL 2250 mI=mqThd, BZmI"=mq" (n € Z) BV I, Lo THEIZIZCq
ThHhoTroml*C > Thd, BBz e PHEN, z=3" ma; (z: € A) Em<,
BEOoaemiZxtlar =" (az)a € m?C q> TH D, qIEAFITERINTNEDT
Far,€qThd, o Thzeqm=1 #ilzeql LY *=ql 2B 3, 0

@7k 3.2 (cf. [CHV]). (4, m) % Cohen — Macaulay BEFE & L q & A D/ A —F —4
TTNETD, I =q:méB, Z0EE, bL P # ql 26iF AZEAIBFRT
emb.dimA/q <1 TH-oTHDOq=qThH5,

GEBA. MRE3.1 LV RETRARERTH S, Lo Td=dimA>0& LTLV, n=emb.dimA/q
clms=(21,29,...,2,) +q &M<, TDEER <1 THD ((CHV, Lemma 3.6]) , EE,
I'=(A)+q &< &, [CHV,Lemma 3.5 12 &0 7y, = 6;;A mod q (1 < 4,5 < n) &
Ty, yn EADBTFET D, MIZA =z +a (6, €9q), zy; €q (1 # ) Thd, =
ITHLn>2&t5E

A = (z1y1 + a1)(z2y2 + a2)
(z192)(z2m1) + ar(z2y2) + az(z1y1) + aran

LD A eql bRV P £QIICRT B, £oTn<1Thsd, BT, ADER AT A—F—
%bl,bg,...,bd <‘:IE?§§5((]>075>???£lqu:(b1,bg,,bd_l,b‘;)’(%éo ?iEO’Cﬁzq'CZ'o
Do a



EHE 1.2 DI, q=(a1,as,...,a;,) Tay,aq,...,0 (L A-EQFIET 5, F= AssgAfq & B
o I=q:p LV AssgA/ICFTHD, q/q] X q/q> @ AT = (A1} 206, 45|

0—q/ql - A/ql - A/q — 0

£Y AsssA/ql CFTHD, EFBICQ € AssgI/ql L DL I? # ql £V TAg # qAg
Thd, BIZpdg # Ag. £oTp C QLAY pDEBAMNSG p = Q THB, #-T
PAy # qAJA, o THESL LY A BEABHECTH D, £-HHE32 L0 94, = g4,
Thd, O
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Abstract

Let X be a curve in P3, I'x the saturated homogeneous ideal of X in the poly-
nomilal ring R = k{z1,22,z3,24), and Br(Ix) = (a;n1,...,Ma; Natls- - -, Natb)
the basic sequence of X. We explain a number of conditions that Br(/x) must
satisfy for an integral curve X, and then compare our results with those claimed
by M. Cook in [10] with the use of a computer.

§1. Basic sequences of curves in P3

We reproduce here some of the results and arguments from [3, Section 1] for the conve-
nience of the readers. For the sake of simplicity, we assume that the ground field ¥ is of
characteristic zero.

Let y1,v2,y3, ¥4 be indeterminates over k, R the polynomial ring k[y1,y2, ¥3, 4], m
the maximal ideal (y1,%2,¥3,%4), Gj (1 <7 <4, 1 < j < 4) indeterminates over R,
K the quotient field of the polynomial ring &[¢] := k[(;j;1 < i <4, 1 <5 < 4], and
21, %2, 23, 24 elements of Ry = K(y1, Y2, ¥3, ya] such that y; = Z;=1 Gizj (1 <1< 4).

Let I be a homogeneous ideal in R of height 2 such that depth (R/I) = 1 and let
Ik := IRk. Then, there is a Weierstrass basis { & | 1 <i <5, 1 <1 < m;} of
I with respect to 21,22, 23,24 (see [7, Theorem 2.12], [8, Theorem 2.5], [6, Theorem
(1.1)]). Let a := min{l| [I]; # 0}. Since depth,p, (Rk/Ix) = 1, we see my = ms = 0.
Besides, m; = 1 and my = a (see [6, Lemma (1.3), Proposition (1.6), Remark (1.7)]).
Put b := ms, for=8&L fi=8 (1<1<a), fap =8 (1 <1< b), and ny = deg(f)) (1 <
Il < a+b). We may assume that the sequence ny,...,n, (resp. Tai1,---,Natp) IS
nondecreasing after changing the order of fi,..., fa (resp. Fattsoos fats) if necessary.
We call (a;71, ... ,76; a1, - - - , Nats) the basic sequence of I and denote it by Br(I) (see
(7, Definition 2.13], [6, Definition (1.5)], [2, Definition 1.4]). Recall that a < n; < ngyy
(see [6, Proposition (1.6)]).



We have
a _ b -
Ix =Rfo® (@ Kz, z3, Z4]fi> @ (@ K[Z3,24]fa+i>
i=1 i=1
as K|z3, z4)-module by (7, Definition 2.2], so that

a b
af;=Gifo+ Y Gifit Y Garisfar (1<5<0)
i=1 '

=1

a b
21 fars = Joatjifo+ Zgia+j1fi + Z§a+ia+j1fa+i (1<5<),
izl

i=1
22fasi = Goatizfo+ Y Giariafi+ Y Gatiatjofari (1S5 D)

with
Goj, Joa+j1, Joatj2 € R,
§ij, §ia+j1, §ia+j2 € K[22,23,24] (1 <1< a):
Gatijs Jatiatjls Jatiati2 € Klzs,24) (1 <4 <D),

where the polynomials appearing above are all homogeneous. Moreover,

Goj € (22,23, 24) K22, 23, 24), Goasj1 € (23, 24) K22, 23, 24, oarj2 =0,
Giatj1 € (23,24) K22, 23, 24), Giavj2 € (23,24)K (23,24 (1 <3 <0D)

1)

(6)

by [7, Proposition 2.5]. Let Uor, Uoz, Us, U, Us, Uay, Us, Us, Uy, Us, Us be matirices

defined as follows:

o
Us= (ga+ia+j2)1gi5b, 1<5<b)

\ Uy =21, U, Uz= leb.“‘ Us, Us=zly—Us.

Let further

L N L A
/\1 = (nyflv"' 1fayfa+1)"'7fa+b)_) /\2 = gl (_,]2 qll ) /\3 =
U21 US U5
Then
:\1/;\2=0

~ - o

Uy = —(QOj)lgjga, U = ""(QOa+j)l_<_j§ba U, = (9ij)15iga, 1<j5<ay
Uz = '_(gig,+j 1)151‘9, 1<j<bs U21 = —(9a+ijl)lsisa, 1<5<by

) ~

Us = (ga+ia+j1)1§i§b, 1<5<by. Us= _(gia+j2)lgi5a, 1<j<by



by (2) — (4). Furthermore,
Xods =0 (9)
and the sequence

0 — Ry(—72 — 2) =5 Ryt — 1, —7i — 1, —7i% — 1) )

X _ _ X
—2 Rk (—a, -7}, —a%) =[x — 0

is exact by [6, (3) of Corollary (3.11)] or [1, Example 2.8], where A := (ny,...,n,),

72 = (Nat1y- - - Marp)-

Lemma 1.1. Let f(y1,y2,ys,y4) be an irreducible homogeneous polynomial in R. Then
f = f(Cuz + a2, Cozn + Caaza, Giazs + Caaza, Claza + (oa2a)

is irreducible in Ik [C)[=1, z2).

Lemma 1.2. With the notation above, suppose that there is an irreducible homogeneous
polynomial of degree a in I. Then, n; <njy1 <m;+1 foralll1 <i<a—1 and

rankg (0, mod (21, 29, 23, 24)) > Ng — Ny. (11)

Let z1, T3, 73,74 denote a system of homogeneous elements of R of degree one such
that R = k[z1, T3, T3, 24). We may think of z;, T4, 73, 74 as a specialization of 2y, zy, 23, 24
at (¢ij) = I', where I is an element of GL(4, k).

Remark 1.3. Assume that the matrix I" mentioned above is sufficiently general. Under
this assumption, 1, Zs, 3, 74 are sufficiently general. Let el, e? (1 <1 < a), € (1 <
L<b), i(0<1<a+b), Ui (1<i<5), Uy (i=12), Uy and X (i = 1,2,3)
denote the polynomials and matrices obtained from €}, &7 (1 <1 <a), & (1 <1 <b),
fi (0<i<a+b),0,(1<i< 5), Uy (i=1,2), Usy, and X; (i = 1,2, 3) respectively by
the substitution (¢;;) = I'. Then { ¢} | 1<i<3, 1<I<m;}={f|0<I<a+b}
- s a Weierstrass basis of I with respect to z1, 73, 3, 74 (see [6, Lemma (1.3), Proposition
(1.6), Remark (1.7)]), ny = deg(f;) for 0 <1 < a+b, and
0 — R(—n? —2) 25 R(—Al = 1,—A2 — 1,—72 — 1)

) R (12)
—2R(~a, -7, —7%) 2 T — 0

is a free resolution of I over R (see [6, (3) of Corollary (3.11)] or [1, Example 2.8]), where

At = (n1,...,nq), P2 := (Nay1, - - -, Nays). We have further
U1 — 111, € MAT(k[Iz,IEa,IEd), U01 (S MAT((IQ,$3,$4)/C[III2,I3,.'114]),
Uo2, Us € MAT((23, 74)k[z2, T3, 74)), Us € MAT((23, 24)k[z3, T4)), (13)
U3 - ZUI].[,, U5 - Izlb, Ugl S MAT(k[ZEg, 234])

by (2) - (7).



Remark 1.4. In the situation of Remark 1.3, let gin(I) (generic initial ideal) be the
monomial ideal in R generated by { in(f) | f is a homogeneous polynomial of I }, where
in(f) denotes the initial term of f with respect to the reverse lexicographic order. Then

gin(I) is minimally generated by 8,287 e ey, 2h (DS oy < plgp <0 <

o) and b monomials of the form xij:v;jz:'j'j (1<7<b, s5<a, tj < g, pse; > 0).
We have a = deg(z?), n; = deg(z8'zh>™") (1 < i < a), and ngq; = deg gy
1 1 T2 ] 1 %223

(1<j<b).

Lemma 1.5. Let I = (f,g) be a homogeneous ideal in R generated by homogeneous
polynomials f, g of degree p, q respectively. Suppose that p < q and that f, g form an
R-regular sequence. Then the basic sequence of I is (p;q,q+1,...,¢+p— 1).

§2. A problem

For a sequence B = (a;ny, ..., Mg Mat1, - - - Natb), PUt

D(B) := Zn - %a(a —1)-b,

a b :
GB)=1+3 %ni(ni =)= nay b éa(a —1)(a—5).

j=1

Let X be a curve in P? of degree d(X) and arithmetic genus g(X). Here, we mean
by a curve a locally Cohen-Macaulay closed subscheme of dimension one. Let Ix be its
saturated homogeneous ideal in R. Then d(X) = D(Bg(Ix)) and g(X) = G(Br(Ix))
(see [2, Remark 1.9]). In this paper we are interested in the following

Problem 2.1. For each pair of nonnegative integers d, g, give a good characterization

of a sequence B = (a;ny,...,Ma;Nat1, - - -, Na+s) for which there is an an integral curve
X in P3 such that B = Bg(Ix), d = D(Bg(Ix)), and g = G(Br(Ix)).

So far, we do not have any complete answer to the above problem. In the subsequent
paragraphs, we will explain a number of necessary conditions for B to correspond to an
integral curve.

§3. Numerical conditions on the basic sequences of
integral curves in P3

Most of the results in this sections can be proved with the use of Lemma 1.2 and Remark
1.3. The exact sequence (12) and the property (13) are intensively used. See [3, Section
1] and [13] for the detail.



Let X be a curve in P3, Ik the saturated homogeneous ideal of X in R, i, 3, T3, T4
sufficiently general linear forms of R, and (a;ny,...,"Na; N1, - - ., Nats) the basic se-
quence of Ix. We have R = k[z1, s, T3, T4].

Theorem 3.1. Assume that X is contained in an irreducible surface of degree a. Sup-
pose further that b > 1 and that there is an integer a’ (2 < o’ < a) such that

ni=n; +1—2 for2<i<ad.
Then ngtp = Ngr-

Corollary 3.2. Assume that X is contained in an irreducible surface of degree a. Sup-
pose further that b > 1 and that there are integers a’' (2 < a’ <.a) and bV’ (1 <" < b)
such that

ni=ni+i—2for2<i<a andneyy +1 < Ngypryr.
Then Natb" 2 Mg’ -

Theorem 3.3. Assume that X is contained in an wrreducible surface of degree a and
that b > 2. Suppose further that there are integers a’, b' (2<a’' <a, 1 <V <b-1)
such that

ni=ni+i—2for2<i<a,ngj=ngp—(b—7—1) fort) <j<b-1.
Then Ngqy = Ny

Theorem 3.4. Assume that X is contained in an irreducible surface of degree a and
that b > 1. Suppose further that there are integers o', V' (2 < a' <a, 1 <V < b) such
that

ni=ni+i—2 for2<i<a, ngpj =mngp— (b—j) ford <j<b.
Then Ngiy > Ny

Corollary 3.5. Assume that X is contained in an irreducible surface of degree a and
that b > 2. Suppose further that there are integers o', b', V' with2 <a' <a, 1<V <
b" < b such that one of the following two conditions is satisfied:

() ni=m+1—-2 for2<i<a, ngyj = nager — (0" =) for <j <V,

() ni=ni4+1—2 for 2 <i<ad, ngqpr-1=ngtpr, 0’ <V =1, noyj = ngypr — (V' —
jg—1) fort <j <V —1.

If nayy +1 < ngqpryr, then ngpy > ngr.

Theorem 3.6. Assume that X is contained in an irreducible surface of degree a and
let o' be an integer with1 <a' <a. Ifny=mn+i—1for 1 <i<d, then ngpy > Nar.



Proposition 3.7. Suppose that X is contained in an irreducible surface of degree a and
thatni=n1+i—1for1 <i<a. Thenb=0 orb> 2.

Corollary 3.8. Assume that X 1is contained in an irreducible surface of degree a and
that b > 0. Suppose further that n; = n, +4i— 1 for 1 <14 < a. If there is an integer b"
with 0 < b" < b such that ngyyr + 1 < Ngtprg1, then b” > 2.

Corollary 3.9. Assume that X is contained in an irreducible surface of degree a and
that b > 2. Suppose further that n; =n; +i—1 for 1 <i <a. Then ngys < nayy + 1.

Corollary 3.10. Assume that X is contained in an irreducible surface of degree a and
that b > 1. Suppose further thatn; = n;+1—1 for 1 <i < a. Then, ngqj # N1 +5—1
for some 1 <5 <b.

Corollary 3.11. Assume that X is contained in an irreducible surface of degree a and
that b > 2. Let b" be an'integer with 1 < b” < b. Suppose further that n; = ny+i—1 for
1<4<a and that ngyy +1 < Naqprgr- Then ngyj # g +7 — 1 for some 1 < j <",

Let F be a matrix and s;,...,s, and ty,...,t, be strictly increasing sequences of
integers. We denote by F (3.3’ ) the matrix obtained from F by deleting all of its
sith (1 <4 < p) rows and ¢;th (1 < j < g) columns.

Proposition 3.12. Assume that X is an integral curve of degree d and that b > 2. Let
the notation be as in Remark 1.3. Suppose that there is an integer p with1 <p <b—1
such that

Natit1 = Napi +1 forp<i<b—1, (14)
U21<1,2,...,p—1>___0’
1,2 1 1,2 1 (15)
Y&y P _ yéy-e s P — _
Us <p,p+1,... ,b) =Us <p,p+1,... ,b) =0,

1,2,...,p—

rank(Us, Us) < 1) (mod m) =b—p<d-—1. (16)

Then d > ng4p(b—p+1).

Proposition 3.13. Assume that X is an integral curve of degree d > 2. Let the notation
be as in Remark 1.3. Suppose that b > 2 and that

1,2,...,b—2 1,2,...,b=2 1,2,...,b—2

Then d > ngyp—1 + Nats — 1 o7 X has an l-secant for some | > ngqp-1.



Proposition 3.14. Assume that H*(Ox) = k and that

1,2,...,b—1 1,2,...,b—1 1,2,...,b—1
R L B

with the notation of Remark 1.3. Let l; (resp. ly) be the (b, b)-component of Us (resp.
Us), L the line defined by the equation l; = I, = 0, and Y := Proj(R/(fo, ..., fatb-1))-
Then, B(Y) = (a;n1,...,Ma; Nat1, - - -y Magb-1), L C Y, HY(Oy) = k, and there is an

ezact sequence

0— OL(—na+b) M% Oy —_— OX — 0. (19)

If further L ¢ X, thenY = X UL and h°(OxnL) = Nays.

84. Cook’s assertion

Let [ be an arbitrary nonnegative integer and suppose that z;, z, T3, T4 are sufficiently
general. With the notation of Remark 1.4, we consider the monomial ideal in k(z1, zo)
generated by

—-1 a— Sj ti Hsits .
{2 g7, gt a0 JU{ el | 1<5 <0,y <1},
and let zf",zf‘—lzg"‘“l,...,zlzg‘,zé"’ (1 £ Ba-1 < Bay—2 < -++ < o) be its minimal

generators. Put (i) := deg(zf“izé’“‘_i) for 1 <¢ < o. In the main theorem of [10],

Cook made the following assertions:
(1) if X is integral, then 1(s) < (i +1) <y(i) +1foralli (1<i< q),
(2) if further o, < a, then oy < (1) <y + 1.

Remark 4.1. Unfortunately, there is an error in the proof of the above assertions (see
(11, Section 4]). But, it seems that we can prove the assertion (1) by our method, when
Q = a.

§5. Outputs made by a computer

Let the notation be as in Section 3 and assume that X is integral.

Remark 5.1. By Castelnuovo’s regularity theorem combined with the results of (9], we
havea <d—1andn; <d—1forall 1 <i<a+b, whered=d(X).

Remark 5.2. gin(Ix) is Borel fixed.



We shall say that a sequence B = (a;ny,...,Ng; Nat1, - - -, Nats) Satisfies Amasaki’s
conditions, if there is a Borel fixed monomial ideal giving the sequence B, and if B
satisfies Remark 5.1, Lemma 1.2, and all the results in Section 3. Likewise, we shall say
that B satisfies Cook’s conditions, if there is a Borel fixed monomial ideal giving the
sequence B which satisfies Cook’s assertions in Section 4, and if B satisies Remark 5.1.

With the help of a computer, we can find all the sequences B satisfying Amasaki’s
and Cook’s conditions respectively. We can find the sequences satisfying both conditions,
too. At present, the number of the outputs seems too big. That is, we are far from
the answer to Problem 2.1. The tables below help us to see how Cook’s and Amasaki’s
conditons differ from each other.

My program is written in C in which only nemerical computations of integers are
carried out. The sequences we get by this program do not necessarily correspond to
integral curves in P3, because Amasaki’s and Cook’s conditions are not sharp enough.

(d,g) | Cook | Amasaki | both (d,g) | Cook | Amasaki | both
(26,100) | 1 1 1 (3,0) 1 1 1

(26,99) 2 1 1 (4,0) 1 1 1

(26,98) 3 1 1 (5,0) 3 2 2

(26,97) 5 2 2 (6,0) 4 3 3

(26,96) 6 3 3 (7,0) 9 7 6
(27,109) | 1 1 1 (8,0) | 20 12 12
(27,108) | 2 1 1 (9,0) | 48 34 30
(27,107) | 2 1 1 (10,0) | 111 98 86
(27,106) | 3 2 2 (11,0) | 250 225 187
(27,105) | 4 3 3 (12,0) | 570 500 400
(28,117) | 1 -1 1 (13,0) | 1380 1173 920
(28,116) | 1 1 1
(28,115) | 3 2 ) These two tables show the numbers of the ba-
(28,114) | 4 2 2 sic sequences which satisfy Cook’s or Amasaki’s
(28,113) | 5 3 3 or both conditions.
(29,126) 2 2 2 If g is close to the upper bound 1+ d(d —
gg:igzg g i i 3)/6 of the genus of a nonsingular irreducible
(29,123) 5 9 9 curve in P?® not contained in any quadric sur-
(29,122) | * 6 3 3 faces (see {12, Introduction]), Amasaki’s condi-
(30,136) 1 1 1 tions seem stronger than Cook’s. But, in general,
(30,135) 2 1 1 both of the implications “Amasaki=-Cook”and
88’12;; § , é ; “Cook=>Amasaki” are false.
(30,132) | 5 4 4




candidates for generic initials

basic sequences

(3,0,0) (3;4,5,5;7)
(2,2,0)(1,4,0)(0,5,0)

(1,3,3)

(3,0,0) (3;4,5,6;6,6)
(2,2,0)(1,4,0)(0,6,0)

(0,5,1)(1,3,2)

(3,0,0) (3;5,5,5;5,6)
(2,3 0)( ,0)(0,5,0)

(2:2,1)(1,3.2)

(3,0,0) (35.5.,6:5,5,6)
(2,3,0)(1,4,0)(0,6,0)

(2,2,1)(1,3,1)(0,5,1)

(4,0,0) (4;4,4,4,5;6)
(3,1,0)(2,2,0)(1,3,0)(0,5,0)

(0,4,2)

3,0,1)(1,3,2)

(4)4)4»5)514)6)

4,0,0)
3,1,0)(2,2,0)(1,4,0)(0,5,0)
(1,3,1)(0,4,1)

(
(
E
(3,1,0)(2,2,0)(1,4,0)(0,5,0)
(
(
(

(4:4,45,5:5,5)

(4,0,0)

(3,1,0)(2,2,0)(1,4,0)(0,5,0)

(1,3.1)(3.0.2)

(4,0,0 (4;4,4,5,6:4,5,6)

(3,1,0)(2,2,0)(1,4,0)(0,6,0)

)
)
(3’0)1)(1’3)1)(0)5)1)
(4,0,0)
(3,1,0)(2,3,0)(1,4,0)(0,5,0)
(3,0,1)(2,2,1)(1,3,1)

(4;4,5,5,5;4,5,5)

This is the table of the basic
(10,9)
that satisfy Cook’s conditions.

sequences with (d,g) =

Among them, only the four se-

quences

(3;4,5,57),

(3;5,5,5;5,6),

(4;4,4,4,5;6),

(4;4,4,5,5;5,5)

satisfy Amasaki’s conditions.
Here, a triplet (s,t¢,u) indi-

cates the monomial z§zizy.
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On CM-dimensions of modules

Ryo Takahashi

1 Introduction

Throughout this note R always denotes a commutative noetherian local ring with unique
maximal ideal m and k denotes the residue class field R/m. All modules considered in
this note are finitely generated.

We consider a numerical invariant ig of an R-module, that is, igr(M) € N U {oo} for
an R-module M. For example, if we take the projective dimension pdp, the Gorenstein
dimension (abbr. G-dimension) G-dimpg and the complete intersection dimension (abbr.
Cl-dimension) CI-dimpg as the invariant ig, then it is easy to see that the following
conditions hold for the associated property P of local rings :

1) Ifigr(k) < oo, then R satisfies the property P.
2) If R satisfies the property P, then ig(M) < co for any R-module ‘M.
3) If ir(M) < oo for an R-module M, then igr(M) = depth R — depthg M.

Note that the property P in the conditions should read “regular” for the invariant
pdg, “Gorenstein” for G-dimp and “complete intersection” for CI-dimpg. See [1] as to the
G-dimension and [2] as to the CI-dimension.

The main purpose of this note is to provide a new homological invariant for R-modules
M that we call the Cohen-Macaulay dimension and denote by CM-dimgM. The key to
do this is to consider a “quasi-dualizing” module that defines duality for the module M
but not necessarily for any modules.

In Section 2 we shall make precise definition of the CM-dimension. We will prove
that if R is a homomorphic image of a Gorenstein local ring then the condition 2) holds
for P =“Cohen-Macaulay”. And we show that the other conditions are true for general

local rings without any assumption. Furthermore, we will have the inequalities for an
R-module M ;

CM-dimpM < G-dimaM £ Cl-dimgM < pdgpM.

If one of the invariants is finite, then the equality holds in its left.



2 Cohen-Macaulay dimension

Let (R,m, k) be a noetherian local ring. In this section, we define the Cohen-Macaulay
dimension (abbr. CM-dimension) of an R-module, and provide several properties of the
CM-dimension. We will observe that the CM-dimension shares many basic properties
with other homological dimensions.

Definition 2.1 Let M, N and C be R-modules. We call C a quasi-dualizing module for
N if it satisfies the following conditions (where (—)¥ = Homg(—,C)).

a) The natural homomorphisms R — R¥Y and N — NVV are isomorphisms.
b) Exth(C,C) = Exti(N,C) = Extih(NVY,C) =0 for any i > 0.

We define the Cohen-Macaulay dimension of M, abbreviated CM-dimgM, as follows : if
there is an integer n such that the n-th syzygy module Q%M of M has a quasi-dualizing
module, then CM-dimpM is the infimum of such n, and otherwise CM-dimpM = oo.

First of all, we will observe the relationship between the Cohen-Macaulayness of R
and the CM-dimension of R-modules. To do this, we use the following result, which had
been called “Bass’ conjecture”, and proved by Peskine-Szpiro, Hochster, and Roberts

(cf.[3, Remarks 9.6.4(ii)]).

Lemma 2.2 If R has a non-zero finitely generated module of finite injective dimension,
then R is a Cohen-Macaulay ring.

Theorem 2.3 (1) If CM-dimpgk < oo, then R is a Cohen-Macaulay ring.

(2) Suppose that R is a homomorphic image of a Gorenstein local ring. If R is Cohen-
Macaulay, then CM-dimgM < oo for any R-module M.

PROOF. (1) Put n = CM-dimgk. Since CM-dimgQ3k = 0, O}k has a quasi-dualizing
module C, and Exti(Q%k,C) = 0 for any i > 0. Therefore, Extg(k,C) = 0 for any
i > n, hence idrC £ n < co. By Lemma 2.2, we see that R is Cohen-Macaulay.

(2) Since R is 2 homomorphic image of a Gorenstein local ring, R has the canonical
module Kg. It is well known that K is a quasi-dualizing module for any maximal Cohen-
Macaulay module. For a non-zero R-module M, it is easy to see that Q3 M is maximal
Cohen-Macaulay where n = depth R — depth M, hence CM-dimgM £ n < c0. O

Remark 2.4 Inthe second part of the theorem, the assumption that R is a homomorphic
image of a Gorenstein local ring is necessary. In fact, it is known that there is a factorial
Cohen-Macaulay local ring R which is not Gorenstein [8], hence R is not a homomorphic



image of a Gorenstein ring. In this case, the residue class field k of R is of infinite
CM-dimension. To prove this, suppose that n = CM-dimgk < co and let C be a quasi-
dualizing module for 0"k. Then we have Homg(C,C) = R and idgC < n < oo as in the
same proof as Theorem 2.3 (1). Since R is factorial, we easily see that C is isomorphic
to R. It follows that R would be Gorenstein, contradiction.

Our next goal is to prove the CM-dimension satisfies the analogous equality to the
Auslander-Buchsbaum formula, that is, for an R-module M, if CM-dimgM < oo then

CM-dimgM = depth R — depth M.
For this purpose, we begin with studying the properties of quasi-dualizing modules.

Proposition 2.5 Let C and M be R-modules and x = z,,z,,--- ,z, be a C-regular
sequence. Then the following conditions are equivalent.

(1) C is a quasi-dualizing module for M.

(2) x is a regular sequence on both R and M, and C/xC is a quast-dualizing module
for M/xM as an R/(x)-module.

PROOF. By induction on r, we may assume that x = z € mis a C-regular element. Let
us denote the reduction rnod z by (—) and (=) = Homg(—, C).
(1) = (2): We easily see that z is a regular element on R, M,.and MY, since

R HomR(C' C) and M = Homp(M",C). Applying (=) to the exact sequence 0 —
M 3 M — M — 0, we have an exact sequence

x

0 MY S MY N0, (1)

where N := Exts(M, C) = Homg(M,C), and Exti (M, C) = Extf'(M,C) = 0 for any
©> 0. Applying (—)Y to the exact sequence (1), we have an exact sequence

0=+ M5 M — Exth(N,C) = 0, (2)

and Ext%(N, C) = Extg'(N,C) = 0 for any i > 0. It follows from (2) that M =
Extp(N,C) = Homg(Homg(M, C), C). Thus, we see that C is a quasi-dualizing module
for M as an R-module.

(2) = (1): Since z is a regular element on C, we easily see that z 1s a regular element
on CV, MY, and MVV. Applying (—)" to the exact sequence 0 =+ C 5 C — C — 0 and
noting Ext7!(C, C) = Ext, %(C,C) =0 for i > 0, we have an exact sequence 0 — CV 5
CY - ExtR(C C) — 0, and Exty(C, C) = 0 for i > 0 by Nakayama’s lemma. Since
Extx(C,C) = Homg(C,C) = R, we have R = CV. Note that this isomorphism is induced



by the natural map f : R = CV. Put N = Kerf and L = Cokerf. Since z is a regular
element on CV, we have N = Kerf = 0 and L = Cokerf = 0. Hence Nakayama’s lemma
implies that R = CV. Applying ()" to the exact sequence 0 = M 5M - M->0
and noting Extiy'(M,C) = Ext(M,C) = 0 for 1 2 0, we have an exact sequence 0 —
MY 5 MY — Exth(M,C) = 0, and Extiy(M,C) = 0 for ¢« > 0 by Nakayama's lemma.
Applying (—)V to the exact sequence 0 — MV 5 MY — MY — 0 and discussing similarly
to the above, we have an exact sequence 0 — MYV 5 MYV — Exth(MY,C) — 0, and
Exth(MY,C) = 0 for any i > 0. It follows that MY = Exth(M,C) = Homg(M,C)
and that MYV = Exth(MV,C) = Homg(M",C). Therefore we have M = MYY. Note
that this isomorphism is induced by the natural map f': M — M"Y, Put N’ = Kerf
and L’ = Cokerf. Since z is a regular element on MY, we have N’ = Kerf' = 0 and
I' = Cokerf' = 0. Hence Nakayama’s lemma implies that M = MVV. O

Proposition 2.6 Let C be an R-module such that Homp(C,C) = R and ExtR(C,C) =0
for any1 > 0. Then,

1) C is a quasi-dualizing module for C. In particular, CM-dimgC = 0.

(3) We have AssC = Ass R.

(1)
(2) C is a faithful R-module. In particular, Supp C = Spec R, and dimC = dim R.
)
(4)

Let x = z,,z,, -+ ,z, be a sequence in m. Then it is an R-regular sequence if and
only if it is a C-regular sequence. In particular, depth C = depth R.

Proor. (1) Trivial

(2) Let @ € AnnC. Then the multiplication map C = C is zero map. Since
Hompg(C,C) = R, we see that a = 0.

(3) By (2), we have Ass R = Ass Hompg(C,C) = SuppC N AssC = Ass C.

(4) We use induction on r. When r = 1, the assertion follows from (3). Suppose r > 1.
By Proposition 2.5, C/z,C is a quasi-dualizing module for C/z,C as an R/(z;)-module.
By induction hypothesis, we see that z,,- - ,z, is an R/(z;)-regular sequence if and only
if it is a C'/z,C-regular sequence. O

Proposition 2.7 Let M be an R-module with depth R < depth M. Suppose QM has a
quasi-dualizing module C. Then C is also a quasi-dualizing module for M.

PROOF. We prove it by induction on t := depth R = depthC. Put N = QM. There is
an exact sequence

0> N—o>F—>M=0, (3)



where F is a free R-module.
Suppose t = 0. Applying (=) = Homg(—, C) to (3), we have an exact sequence

0-MY > F 5N L0, (4)

where L = Extp(M,C), and we have Exty(M,C) = 0 for any ¢ = 2. Applying (=) to
(4), we get LY = 0. It follows from Hompg(L,C) = 0 and from depth C = 0 that L = 0.
Hence we have an exact sequence

0= M= F'— NY 0. ()

Applying (—)¥ to (5), we see that M = M"Y and Extiz(M",C) = 0 for i > 0. Thus, C
is a quasi-dualizing module for M.

Suppose t > 0. Since depth M 2 ¢t > 0, we can take z € m which is R-, C- and
M-regular. Let (—) denote the reduction mod z. By (3), we have an exact sequence
0+ N — F — M — 0. Proposition 2.5 says that C is a quasi-dualizing module for
N as an R-module. Therefore, it follows from induction hypothesis that C is a quasi-
dualizing module for M as R-module. Using Proposition 2.5 again, we see that C is a
quasi-dualizing module for M. O

Now we can prove the Auslander-Buchsbaum-type equality for the CM-dimension.
Theorem 2.8 Let M be a non-zero R-module. If CM-dimgM < oo, then
CM-dimgM = depth R — depthp M.
In particular, depthp M is not bigger than depth R whenever CM-dimgM < co.

PRoOOF. We use induction on n = CM-dimgM.

Suppose n = 0. Then M has a quasi-dualizing module C. Put t = depth R and
take an R-regular sequence x = z,,z,,--: ,z,. Proposition 2.5 and 2.6.4 imply that it is
a C- and M-regular sequence and C/xC is a quasi-dualizing module for M/xM as an
R/(x)-module. Thus, we may assume ¢ = 0. Then, since depth C = 0, there is an exact
sequence 0 — k — C. Applying the functor Homg(Hompg(M, C), ) to this, we get an
exact sequence 0 — Homg(Hompg(M, C),k) - M. Since Homg(M, C) # 0, we see that
Hompg(Homp(M,C), k) is a non-zero submodule of M with depth zero. It follows that
depth M = 0 = depth R. '

Suppose n = 1. By Proposition 2.7, we have depth R > depth M. On the other hand,
we see that depth R = depth QM by induction hypothesis. There is an exact sequence
0= QM — F — M — 0 where F is free, hence depth M > Min {depth R, depth QM —
1}. Thus we get depth M = depth R — 1.



Suppose n > 1. Our induction hypothesis says that CM-dimgQM = n —1
depth R — depthQM. In particular, depth R > depthQM. Since depth M
Min {depth R, depth QM — 1} and depth QM 2 Min {depth R, depth M 41}, we see that
CM-dimgM = n = depth R — depth M. O

v i

It is known that the following inequalities hold for any R-module M.
G-dimgM < Cl-dimpM < pdgpM,

and the equalities hold to the left of any finite dimension. We can show the CM-dimension
is less than or equal to the G-dimension.

Theorem 2.9 For an R-module M, we have
CM-dimgM £ G-dimgM < Cl-dimgM £ pdgpM,
and the equalities hold to the left of any finite dimension.

PROOF. We only prove the assertion on the leftmost inequality. There is noth-
ing to prove if G-dimgM = oo. Suppose n = G-dimgM < oo. Then note that
n = depth R — depth M. Since G-dimgQ™M = 0, Q*M is reflexive and ExtR(Q2"M, R) =
ExtR((Q"M)*,R) = 0 for i > 0, where (—)* = Homg(—, R). This implies that R is a
quasi-dualizing module for "M, hence we have CM-dimgM £ n < co. By Theorem
2.8, we have CM-dimgM = depth R —depthM =n. O

Let (R, m, k) be a Cohen-Macaulay local ring which is not Gorenstein. Then we have
CM-dimgk < oo and G-dimgk = co. Of course there are a lot of non-Cohen-Macaulay
rings on which the CM-dimensions of some modules take the different values from the
G-dimensions.

Remark 2.10 Let S be a local ring such that it is not Cohen-Macaulay and that S, is a
field for some p € Min S. Put R = S[[X,Y]}/(X,Y)? = S[[z,y]}, and C = Homs(R,S).
Then we easily see that R is not Cohen-Macaulay and C is a quasi-dualizing module for
itself, hence CM-dimgC = 0. Moreover, we can show that G-dimgrC = oo. To prove this
by showing contradiction, assume G-dimgC < oo, hence in particular G-dimg,C), < co.
We will show that if S is a field then the R-module C = Homg(R, S) has infinite G-

dimension. Since zR = S, we have an exact sequence
0S5 R— R/(z) =0 (6)

of R-modules. Since R/(z) is Gorenstein, we see that Homg(R/(z),S) = R/(z). Hence,
applying the functor Homg(—, S) to (6), we obtain an exact sequence

0> R/(z) > C—>5—-0 (7)



of R-modules. Suppose G-dimgC < co. Then G-dimgC = 0 because depth R = 0.
Therefore the sequences (6) and (7) give the following equalities for any 7 > 0.

Exti(S, R) = Exti¥(R/(z), R) & Exti*(S, R)

Therefore we have the equality of Bass numbers;

W(R) = w3 (R) (i > 0). (8)
On the other hand, there is an exact sequence

0—-m—R—>S—0, (9)
where m is the maximal ideal of R. Noting that m = Soc R = §?, we have
Ext(S? R) = Extiy'(S, R),

hence

2u'(R) = (R (i > 0) (10)

By (8) and (10), we see that u*(R) = 0 for all > 0, which implies that R is Gorenstein,
contradiction.
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$BED CM-KTIZONT

SEIOBRBEOATITHFH_ LA LBRRE L OXRAHETH S,

MBEDOK KT Gorenstein KITEIL, TOMBEHEMT BT TR, BFBICE
WTik, EORRETOEICLY, BOBBAITETTELLTHLEERFRERD—DOT
%, TLTINLORERIT, FRALZSBELEDZTHAEIZE THESL, B0
RRPEPN TN D, SEOHRE TIIMBEZER L7z Cohen-Macaulay KT %, HH284
BELEORTHRBICE CHRT 2 E2RA 5,

(R,m,k) 2X—FZ—RAR LT 5, modR 2FRER R-MBELEDORTELE L,
D*(modR) 2 H R ZEBGLEORTHRBL TS, . H# X = (- = X 5
X" = ---) € D’(modR) IZxtL, X @ kR s(X), TR i(X), §8 a(X') ZZnENUTF
DEDTEET D,

s(X):==sup{n |HX')#0},
i(X) =inf{n | HM(X) #0},
a(X') :=s(X") —i(X).

T IT, modR DXHEKRE, D*(modR) ORFLEDHT { X' € D(modR) | X =0
FEs(X) =i(X) =aX) =0} 25275 RLA—RTHZLIZLY, modR X
D¥(modR) DFEMIMABEAR LTV Z LicHET 3,

D*(modR) 1281} % Cohen-Macaulay KT % EHT 272 DIC Oz T 5,

E#1. C € D’(modR) 2 guasi-dualizing TH 5 &1, R 3 RHomp(C',C") &3 2
LEERT D,

#2. R BH&HX dualizing complex I quasi-dualizing T %,

E# 3. quasi-dualizing complex C* € D*(modR) iZxf L. A(C) BREB X € Db(modR)
T, ROZODEKEEH =T HOLEDRT BT SEE T 5,

1. RHomg(X", C") € D*(modR),
2. X' =2 RHomgp(RHomg(X", C), C).

R4, AC) 1. REZEDZAETH S, BIC X € DX(modR) 2 pdpX < oo 25
X €eAC)THD, £ T, RAFKODZLEZFRLTVE,

FE5. X € D'(modR) # G-dimp X' < o0 25 X' € A(C) TH,



& T, BAT T Cohen-Macaulay Ktz 8T 2D, LDOEHIT X € D*(modR)
2 X €modR D& &2k, MBEICER L7z Cohen-Macaulay Rt & RUE CRITNIT 2 S
RV, T T, MBI L TEE L7z Cohen-Macaulay KITIZBWTHEZ LTWBEKROA
BICERT 5,

@E6. M € modR IZX L, M ® Cohen-Macaulay k3t CM-dimg M BHRTH B7=
HOYLE+ZEHFIZ. M € A(C) %##7=F quasi-dualizing module C € modR »HEET 3
ZETHD, ELTIDLE CM-dimg M =sup{ n | Extj(M,C) #0} TH 3,

TORERLY, $BKD Cohen-Macaulay KT T DO L D IZERTHORERTH B,

ER7. X € D'(modR) iZxt L. X' € A(C) %477 quasi-dualizing module C' € modR
BHFET DL E, X @ Cohen-Macaulay IRt CM-dimg X' BERTH 2D L EEHET S, *
LTZDL* CM-dimg X' % s(RHomg(X",C)) TED 5.,

FE8. CM-dimpX < oo D& &, X' € A(C) A&7 F quasi-dualizing module
C € modR 1Z, #19. KHHEIIZE—2L 3B, LrL, @4&10. &b
s(RHomgp(X",C)) OfEIX X € A(C) 23 C THhhiX, TOBRY FiTEoFiIclkE Y,
VW% Auslander-Buchsbaum BOZRE 41232 L B¥bhd, Tk, EHE11. LY,
G-dimp X' < 00 261X CM-dimp X" = G-dimg X' <00 THBEZ L bHEIDH NS,

9. R % Cohen-Macaulay & L, K % R @ canonical module ¢35, L. Me
modR 2 G-dimp M < oo 261E, M € A(K) > M € A(R) TH 5,

81 0. C € modR % quasi-dualizing module & L, X' € A(C) ¢¥5, D&%,
s(RHompg(X", C)) = depthR — depth X" TH 5,

EEBA. depthX" = i(RHomg(k, X))

i(RHompg(k, RHomg(RHomg(X", C), C)))

i(RHomg(k ® RHomx(X",C),C))

i(RHomp(RHompg(X", C), RHomg(k, C)))

i(RHompg(k, C)) — s(RHomg (X", C))

depthC — s(RHompg(X", C))

= depthR — s(RHompg(X", C)) o

I

Cohen-Macaulay ¥kt & Gorenstein ¥t HB§ 572912, Gorenstein Rt D EH &k
_THEL,

E®/1 1. X € D(modR) ¥ X' € A(R) D&%, X O Gorenstein K5t G-dimp X~ #3
FRTHDLEERT D, TLTINLE, G-dimg X' % s(RHomgz(X',R)) TE®D 5,



E#1 2. X € D(modR) IKH L, s =s(X), i=i(X) &L, F=(-o 1Yy
Fro ..o F 18 F 500500 -)% X ORNEESMET S, ZOLE, X
(o Fe? Y F 500 < )[~1] TEEL. X' O truncation LR, i,
O X & 71X XL, triangle 7X° — F* - X BEETIZ LxET 5 (2T,
F* i3, sEEOHEBME F° T, 32T 0 THS complex), L, a(X)>07%25b
X, BRIV, s(tX)<s=s(X) THY, —HIOD trangle £ Y. i(+X)=i(X)+1T
b5, ((X)=s(X)—aX)<s(X)=35,i(F*)=s(F)=s THDHZ LITEETS,) L
TeHBoT0<La(rX) <aX) THY, a(r™ X)) >0, a(r"X") =0 425 n BEET S,
ZDEZE, oX % X [i(m"X)] (EmodR) TEHEL. X @ trunk module & L5,

M1 3. a(X) =025 oX 2 X[i(X)] THY, a(X) >0 25T 0X Zo(rX) T
bB, £, 0X = Coker(F' 3 FY) T 5,

B 4. £ED X € D'(modR) IZx L. ROBXBRIT D,

OM- dimp 0X' = CM-dimg X~ + i(X").

ZOMERERTAOIC—oBERRAET S,
#HE15. CM-dimp X' < 0o Z54E, 0< CM-dimp X" +i(X) < depthR Th 3,

B, CM-dimp X < oo &Y, X' € A(C) 725 quasi-dualizing module C € modR 257F
ET D, ZoLE,

i(X") i(RHomg(RHompg(X", C),C))
i(C) — s(RHompg(X", C))
—CM- dimn X.

LieBoT, EOFREERRILT D, Eik,

v

depthR — CM-dimz X° = depthX"
= i(RHomg(k, X))
> (X)) —s(k) =i(X).
L7e3>T, HEOFREENRRILT B, O

&1 4. 0. C € modR % quasi-dualizing module £ 35 &, A(C) iZ. R 2 &L=
BEENS, X € A(C) CHBILE oX € A(C) ThH T LERETHSD, Lidis
T CM-dimp X' <00 ThHDHIZ & s CM-dimgoX <oo THDHZ LIIFAMETH D, LLTF.



X',0X € A(C) & L. OM-dimgoX = OM-dimp X' +i(X') TH 5 Z & % a(X') BT
BRMETTRT, a(X) =00k X,

s(RHomg(X [i(X")],C))
s(RHomp(X", C)[-i(X")))
s(RHomg(X", C)) +i(X")
= CM-dimg X" +i(X").

It

a(X') >0 DL &, CM-dimg X [n] = s(RHomg(X [n],C)) = s(RHomg(X",C)[—-n]) =
s(RHomgr(X',C)) + n, i(X'[n]) = i(X) —n &V, CM-dimg X'[n] + i(X'[n]) =
CM-dimg X' +i(X") TH2H b, s(X')=0 & LTIV, X O truncation 7X" & D &,
a(tX’) < a(X') 2> triangle X' — R®" —» X' e d, DL &, s(RHomg(X",C)) =
CM-dimp X > CM-dimg X" +i(X") > 0, s(RHomg(R,C)) = CM-dimgR = 0 £V
CM-dimp 7X' = s(RHomg(rX",C)) = s(RHomg(X",C)) — 1 = CM-dimg X' — 1, —%
i(rX)=i(X)+1 &Y, CM-dimgoX = CM-dimgo(7X") = CM-dimg 7X" +i(7X") =
CM-dimg X" +i(X"). £ T%HR CM-dimgo X' = CM-dimg X" + i(X") BRI T D,

#16. D % R ® dualizing complex ¢ 3%, ZD L&, R Cohen-Macaulay TH 5
D DONLE+5 %X CM-dimp D' < 00 TH D,

}E84. R 4% Cohen-Macaulay @ & %, D' X canonical module T& Y. D*(modR) = A(D’)
THDHhH CM-dimg D' < 00 THhD, HiZ CM-dimgD < o0 &35, (D) =0 ITIE
HLTEL L, 0 < CM-dimg D' = depthR — depthD" = depthR — dimR < 0 &Y
dim R = depthR , L72235T R % Cohen-Macaulay T 3, O

DEDZ bzxlde, ROERPRILT D,
EE17. RAR R L, KIIFMETH D,

1. R 7% Cohen-Macaulay BT Y. Gorenstein BOMRERUETH D,

2. FED M emodR iz L., CM-dimp M < oo TH 5,

3. CM-dimgk < 00 TH 5,

4 FEED X € DH(modR) Kk L., COM-dimp X' < 0o T 5,

5. D*(modR) = A(C) #7277 quasi-dualizing module C' € modR ATFHET 2,
6. dualizing complex D' € D*(modR) B#FEL, CM-dimg D' < 00 TH D,

IEB8A. 1. < 2. & 3. 1%, MMEED Cohen-Macaulay RITTTORBE TR LTV S, 5. = 4. = 2.
AL, 2.4 BAE14. EVRYITD, £, 3 2RETD L, k€ AC) 2D



quasi-dualizing module C 23#E7 5, D& &, s(RHomp(k,C)) <00 &V C ik, AN
W idrC < 00 TH DM 5, canonical module 2725, &-T, D*(modR) = A(C) T
HY, 3.=5 BRILTD, BHEIT. [3] £ Y. dualizing complex BIFEET B HDOLE
+T53%405 R 23 Gorenstein BROBRBR THHZ L BHONTVD, TOREERL6.
XY 1.6 THdZ LBbr3d, o

EE1 7. OFREFRMEIZEVT, Cohen-Macaulay ¥Rt % Gorenstein KITIZ B X ¥ 3 7=
BEICIRORERENELI TN S,

EE18. BAR RICx L., KIXFETH 3,

1. R 7% Gorenstein BTH 5,

2.EFED M emodR iZxt L, G-dimg M < 0o Th 3,

3. G-dimgpk <00 TH B,

4. £BE® X € D’(modR) iIZxf L. G-dimgX < oo ThA,

5. D*(modR) = A(R) TH 3,

6. dualizing complex D' € D*(modR) B3F#EL, D' 2 R Th 3,

T, EBRT. BT, R4IZ CM-dimg X BHBTHHI L % X € A(C) 2H72F
quasi-dualizing module C € modR B’FHET H & EHE LTz, ZHICHEELT, EE1 7. OF
fE%&#% CM-dimp X' BEETHS Z L Db YIC X € A(C) £ 577 quasi-dualizing
complex C' € D*(modR) RHEET D Z LIZNX D L ROFHERNE LN,

EE19. RFR RIZx L., KIZFRETH 3,

1. R %% Gorenstein ROEREHTH 3,

2.EBD M € modR iZxL. M € A(C') ##7-% quasi-dualizing complex C° €
D*(modR) BTEET B,

3. k € A(C") Z#47=7 quasi-dualizing complex C* € D*(modR) 27T 3

4. £EBD X € D’(modR) L. X € A(C) &7 quasi-dualizing complex
C' € D*(modR) NFHET S

5. D*(modR) = A(C") %% 7=7 quasi-dualizing complex C* € D*(modR) ZN'?ETZ)

6. dualizing complex D' € D*(modR) 2T 3,

ZE20. EH19. 03 BLV 5. BT D quasi-dualizing complex C' %, FDAHK
FTEHERICIED Z L5, T dualizing complex D' TH D= & Rbhd, i, —RIC
D O¥ a(D') i3, 8 R © Cohen-Macaulay defect (dim R—depthR) 2% L\ \= & 8&bh
T2, TNHDZ Lh b, BD Cohen-Macaulay-1% 1322572 HIZ#% 5 quasi-dualizing



complex [TMBEDIITPRE LTV D, —fD quasi-dualizing complex C* & C" »bH bh
5 A(C) DERIZOWTHL, Christensen @ [2] IZBFEh TV 3,
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{2000), 2517-2552.
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Remarks on CM dimension

EEmE_
il e::kcae=d

UTF (Rm) L d RTDBFRET D, ARER RMEE M (x5
CIRITDEZE#2F > T, Gorenstein, CM & WHIBOMEIZMETA M
DRATEEZLTHD,

EE1 (1) BFROMOBIER R— R« S BNROSLM4E+ &
&. R @ G-deformation of grade g &VV5 Z &12F 5 :

(2) R — R m E=HIL,
(b) S — R i3 grade 2% g @ perfect 224,
(c) Ext4(R,S) = R M0 I,
(2) ABRER R IBE M (Z2WT, £ CM' KRit, G KT 2RO &
IILEET D,

CM'dimgM := inf { pds(M ®r R) — g |

{EL.R — R« S T.R « § i perfect of grade g }
G'dimgM  :=inf{ pdg(M ®g R) — ¢ |

{EL.R = R « S % G-deformation of grade g }

ZDEE, CM KRxé G KEizEhEn CM k. G KRkt
DHEEEELFEDL, —ZBIITRDOFERDHKNIT B2 & nbmd,

GdimpM < G'dimgM, CMdimgM < CM'dimgM
FEOHRRBER RMBE M IZH LT, RKOZODEXNHHEIND,
F# 1 CMdimgM = CM'dimgM

F3 2 GdimgM = G'dimgM



—fT, P2 > PR MEITHIOT, ZI T, TR 2 2RE
L5,

G'dim {22V Tit, kD Z & A New Intersection Theorem % - TEE
BATE 3,

Ml 1 RSFMRD?S G R ARD R #E M B»EFEETHIE, RIT
CMRTHSD,

Licio T, PR 2 0OKROTFAR 3 B3 D,

FHE 3 RIFMR®D G KEVBARD R MEE M HEETIUE, R X
CMBRTHD,

FE 1 ROENAHDDREDOL E TRHFRINPELWVWI EZAHTHI L
MTED, LAaL, 1RTDEETTEATERLIAEHAZANDL 2V,

(a) R #% quasi-Buchsbaum TH 2B &,
(b) R DEZATH1DHKEE,
(c) M DREIN2ZLUTDHE,

ROFE4BELWE I RBEAIR RIZHOVWTIE, PRI BIELWE
Enbhnd,

FH 4 M BESHRO R MEERZ BIE, Exth(M,R) #0 THD,

1RTDEZTEIZIDOFRDIERZIITE S22V, FRANZITT
HAFTELWEELLNS,

IOTE 4 EEZ DD, BIR (Rm, k) L TROBARE
®BE2E2D,
pr: Exth(k,R) — Hdﬂ(R)
RM CM B LI, pp iTHHETHY, £<IZpp#£0 THD, —ARIZ,
pr#0 THBH LI RBFR RICHOVWTIHTHR 4 TIELV, pp=0 &
ROB[ETR R bBELHD,



w1 (1) R, = k[[:c,y]]/(zy,yz) ¥4 PR, =0 THd,

(2) Re = k[[z,y,2,w]])/(z,y) N (z,w) DEE pp, =0 THBHM, Ry=
Rg/(y—w) GC’)b"CGi PR3 75 0 &fct}:)o

(3) 3W,ITD normal domain Tppr=0 225 HDMH5, ERIZ, +
7 VHEEST,

R=klz,y,2)/(z> + y* + 2°) { Klu,0]

ERLS L, pr=0 &5 £ Macaulay?2 2> THN DD = &
NTE B,

fIRE 1 pp #0 L RDER R #HEIHT &,



o DB RRAER & 725 e D—5AF

(A condition for the finite generations of kernels of derivations)

BE X

ok
%

ZIERB FOMMITEEENAVIIIFES LTS, ZOEAD—DIZEL~LEDE
14 BT T A REID, ZEXBREOMAS OB L LTRERENILEWVWI ZERHD. &
FIERFNTTRY, FERBREOWSOKIE, —RICIFRER LRV, £Z
T, BREREOHESRGZET ZENEBEL RS, ZOREETIE, FEXRLOH
SORENERERE DT DD—DOD+HEHEEEXD.

UTF, kIREICEEEORL TS, R EREACHLT, kREER DA A
i D(fg) = D(f)g+ fD(g) BWETD f,ge ATONWTHKI IO E, A LD k#sL
W)L kBN MVERV CARRFLT,

VP ={feV|D(f)=0} (1.1)

LB VR ADKBAREDOLEEITIE, VPRV 0k BoREERDZEICER
T5.

kx| = k(z1,. .., 2] & k £O n BEHEERR, klx, x| = kg1, .., Za, 27, 25
Pk EOnEHo—F U KERBLETD. B/ ITN P22 € kx,x7 E, N7
Fva=(ay,...,an) €Z" FAWVT x* EXRT.

XC, D% k[x]| EOFETRV kO ETD. ZHud k(x) £EO kBB
ETXD. FALRIUEE D TRY. 22T, k(x) 1T k[x] ofE&EELT5. D IdREHS



E-T

0 0

(1.2)

n

DEITRED. EHIL, v—FUBEKX D(z)z;! DE/ ITNITEIL(1.2) OFDE
FLOHDHILET, D=3 D;DEIITTES. 12721, m IZEDEEKT,

s mB z,0
D;=x (n,la z -I-nmazn ), (1.3)

ki €k, D D;=0%T5hH. M=Z"NY7 R(6-6,) ¢BE, {x*|aec M}k L&
BT B k(x) DWSEE k(M) £45. Z0O& X, trans.deg k(M) 1X, Z 0B M DR
EELW. 2L, —MRIZ k OILKRE K I LT, K @ k EOBEKE% trans.deg, K
LELZLITTD. k(xX) D KBS D %, & fek(x) LT D(f) =x5D(f) &
RBEIICEDD. THE, DKEM)) Ck(M) L#25. Tibb, D it kM) EDk
WoyrEL. £, FEO EEHI MAERV C k(x) IZ# LT, VP =VD 35Y
MO, ERE, fek(x) LT, x4D(f)=0 & D(f) =0 IRMETH 5.

2 IHER

ROFEBHE~X DERRTHS.
SEE 2.1 transdeg k(M)P <1 72 561F k[x]° RERERTHS.
EE 21 0D%RELT, ROHEFH®ED

%22 06,...,00 BR" DHD 2 KRTT 74 VEHEMIEENTNS R 5IF, k[x]°
HHEBERTHS.

HB RELY M OBEIT»EH 2 THB. LoT, transdeg k(M) <2 L7235,
LB, k(M)P =k(M) LIRETS. +5&, transdeg h(M)? <1 L7425, EBE,
b U trans.deg k(M)P = 2 7261, FEK k(M)P' C k(M) BXSBEREHERB. fEo
T, D2 k(M) ETETHS. Tt k(M2 = k(M) LW RECFETS. D2



trans.deg k(M) <1 ThB. k(M)P = k(M)P 25, TE 2.1 £V k[x]° iTHBRE
MTH5.
K(M)P = k(M) OHREITIE, %ROME 24 L9 kx]° OFBREEELHES. O

2TO T LT D(z;) € k[z1,...,7i1) £725 & &, DIZ=F (triangular) THD
LW, FERELTOIEHLT, D) B €/ ITMI k OREBT IR LER22TVD
Lx, DIFE/ITATHBEVD. #lxiE, D. Daigle & G. Freudenburg [2] IZX 5

k W5
0 , 0

LI B
T Ozs 0z, 19z,

HEA»DE/ITATHD. Sbitn=5 D&%, (21) TEHRESN kX 13F
[RARK TR, ZOBE, 6,...,0m BERT S R* OF 7 4 VEHHZEMOKTIIS T
»H5.

n=4 D& EITIE, KO LMY L.

(2.1)

F23n=4Dcx, DRZAMOE) ITARLITEXD RERERTHS.

B DME/ITATHBIENRLmM<4,RD. blm=47261E, D(z)=0
TH5. s=1,/D(x;) £BL. TBL, DRI=ZAENL, sckix] > D(s)=1¢&
7%, WwxIZ, [3, Corollary 1.3.23] & ¥ k(x| XHBERTHS. bL m<4i2bid,
81y b BBD R ©2RTT 7 4 VEHEMAEET S, £oT, %22 XY k)
HAERERTHS. O

% 23 OEREOFTTIHEBIZ, kxP B7niEn 4 DOTTERTED VI LR
S. Maubach [6] 2SR LTWB Z & #H8RT 5.

T, Z¢/M FRULABRVOT, BEEROBH Z METHD. by,...,b, € Z7
, N0 ZY/MIZBITAEN ZY/M O ZEEERDEOICED. THE, T
£ BB k(x] = @,eq0 kx|, BEED. TITE[x], 1, Z"/M BT 5% b
DBEZELLRBEIRaC Ly BEDDIE/ IT NV X 2EBERT Dk XT FVE



LE,

k[x]” QB klx (2.2)

i€Z?
DR ILD. T,
M' = {i e Z°| (k(M)x*®)? = {0}} (2.3)

ERL. INTZ° OBRETHD. 0=g€ (k(M)x®)P 2EFEDOTETE. T35,
k[x]? = k(M)Pg N k[x] (2.4)

BEELOID. TNEEPDBEDIT, £ ¢ € kix]P #FEICES. T5&, g/ge
k(M)P L7235, £oT, ¢ € k(M)Pgnklx] THB. #iT, g € k(M)Pgnklx] £ 5.
T5&, g €kx], L%25. D(g)=07Enb, ¢ ckx]? THs. LoT (24) BKY

YASN
B 2.4 k(M)P = k(M) 72 b k[x])” RERERTH .

BB RELY
k%] = €P klx], (2.5)

ieM’

BEYD. £oT, kx]° =k[{x* |[a€ S} £72B. 127L, S=(M+{i-b|iec
M'})NZx" &3 5. Gordan O#HRE 10, Proposition 1.1.(i1)] £ v, S ix Zso" DFIR
ERREBIYHTHD. #oT, k[x ] TERERTH . a

UTTRER 2.1 2R T 2. k£ 280 k(x) OEHE L &, L ERENIMS 725t
91,9 Ek(X) BEBIZE D, TLT, kx| Ok BHREK
A= B (Lgt--gr nk[x]) (2.6)
' (i1yeenrir ) EZT

IZDOWTEX S,

%R 2.5 transdeg, L <1 25X A ZHAREKTHS.



HEE 2.5 AT AR, COMBEERELTCERE 21 277, ¢,...,c, EM D Z
HELTE. £1<i<riZfLT, 0=g € (k(M)x=P)P 2&D. ¥5&, (22) &
(2.4) £

kP = P (R(M)Pgr g7 Nkx]) 2.7)

(i1,0emyir JEZT

RED S0, g1, .., 0r B k(M) EREEITI THB Z LIBERITHNSE. 5T, Zh
1 k(M)P EREEIRSITH S, REL Y trans.deg k(M) <1 ThB. WZIZ, #
BE25 LV (27) HERAERTHS. -7, EE 21 BTANE.

HEE 25 DR, T, k BSREOBAELREL TH—RIEEZRDRNI L EFT.
k% koREBAEEL, L=Lak kix]=kx]®k LB 75,
A® k= @ (L(g} - g ® 1) Nk[x]) (2.8)
(i1yeenyir )EZT ‘
LRBIEBDND. Ei, AQk WEBERZOITA BERERLLRDILD, &
SITHEIDOND. HoT, k BREMBAED L S ITHEEZTEIETITHD.
LIAT, L=k(w) £%25k5%wel %D LnTED. EH, bLL=k7R
5if trans.deg, L =1 THD. Lo TYa—uw—0ERELY, LiTk EOREBHEKE
725, EWIRR uu eklx] &, w=u/u £RDEIIED. TDLE, EEDEN
SHEA pe kx| LT, pAu—Fu 2EIVEDLS2 L ek IFDnEr 1 OLF
ELRWS CLICEETS. £, bLERD B, ckiTRLT, pHu—pFu & u-pFu
BFHEIZED o2 biE, pitu & W EEAELEVTDHILITRD. THIL, vk
u BEWVWETHHIEIZTFTRETS.
AHIBEOBEFRILER Dy, ..., p € k[x] ZEHBITBENT, FiXHLTHD (ai,---,a:1) €
Z' #RAWT, l
g [[p;* €k (2.9)
=1

LTED. ZIDLE, B IR LTu—pu DB p; KE->TEIVEIGND X572 ek,
u—pu ek b Bek, BIUO»PHRD kL oEHEEE B LB, 5 Bk



BIREA THS. LERLIETHSERETIHIMAB D LT, —BHERD = &
724, W E7itu— B (B € B) DETOBMRTA, pr,... p OECEESS L {RE
TED. RERD, u— fu OENETE, o R u—fu (8 = 8) PEENRT L5
2VDT, BIZEFTZXREMIMIDULERRZDLTHSD.

% BeBIZXHHLT,

u —,B’U.' ! —b3 ;

o’ Hpj €k (210)
J=1

ERRBEIT (bg1,. . bp)) €Z HED. TUTHRAELG: ZEXZT — Z! %, ¢((e5,0)) =

Smibpie 2 6((0,e:) = So5_ aije} BT L SICEDD. ZIT, {e;]|B€ B},

{ei|1<i<r}, BEU{e)|1<j <1} 1E, ENENZE, 77, BIV Z OEREEE

¢T3, LT,

S ={(ba) € Z® x Z" | ¢((b,a)) € Z5o'} (2.11)

EBL. SR ZE X7 OHBERES¥ETHD. By 28 xZT - k(x)* %

B((b)ses (@) = ] ( - "“’) o (212)

AN
EEDD. TNRBORRELERD. F7 (ba) € ZB x 2T I LT, ((b,a)) € k[x]
& (bya)e S HRMETH 5.

HEES R ERTOARMANES S CSELD. ZOLEYS) B ARERTHZ L%
T, EDTDITERTO (iy,...,i,) € ZT X LT, EEICL o7 f € Lgh--- g Nk[x]
B, (S) BERT D kNI MEMICEEND Z L2 FEITLV. f=hglt ... gir &7
Dhel#%&%. 5L, D cgeZ & ack BEELT,

i=1

h=aH(“‘,5“> (2.13)

Bek u
LB, EE, hitu/d KOVWTO k FOEBEETHY, k ITRKMEETH .
f=a]] <u-_uﬂ) gl (2.14)

BeB .
BIU

w= 1] (“‘f“) | (2.15)

Bek\B u



R IDLE, Bek\BRHLTe>0&R2D, bIT0<t < cilXLT
(u/u)tf € kix] BEEV DT E&FT. ZIT, c=) peppts LRV TDOZLE
ETNIE, $(S) DERFT S ks MVERIC f BEENDT LR, KOLIIZLT
TED. Bek\BIHLT >0 ,RBDT, M itu/u IKOVWTD c KEZEERXTH
5. ¥£1z, (wu)f € 9(S) LieblcdDUBEHLSEML, (u/v)'f eklx] £edT L
ThD. EoT, P(S) BERTD kX PRI K IXEEND. f=Nf IEhb,
W(S) DAERRT S k=7 MVERIC f BEEND T LIRENT.
BEK\BIHLTcp=0 Lok l{RETS. DL X, (u—fu)s DEBEDHHETF
iXhg? - g DR TESSND T LiERV. EE, u—pu' &, TRER Y, u—F (= F)
BIEOq,. .., 0 BEWCETHD. ZOLE gl gy €klx] EMD, ¢5>0 &7%25.
51z, f 3 [Ipenp(u—Bu)? TEIDEIND Z L BHNB. (213), (2.14) £V

W) f =f H (u— Bu)"s (2.16)

Bek\B
Thd. LoT, 0<t<c T LT (u/u)f €klx] BRRVID. LLELD, HEEITEE
BREhiz. O
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On tensor products of k-very ample line bundles

Kazuyoshi Takahashi and Hiroyuki Terakawa

1 Introduction

Let X be a complete algebraic variety over an algebraically closed field k and £ an
invertible sheaf on X. Then for any 0-dimensional subscheme Z on X, we can consider
the restriction map ez 7 : H°(X, L) = H(X, L& Oz), which fits into the exact sequence

0 — HY(X, JzL) — HO(X, L) Z3 HO(X, L@ Oz) — -+,

where Jz is a defining ideal sheaf of Z in X and Oz = Ox/Jz. L is said to be k-very
ample if the restriction map e, z is surjective for every 0-dimensional subscheme Z of
length(Oz) = k + 1.

The notion of 0-very ample corresponds to the notion of “generated by the global
sections”, and the notion of 1-very ample corresponds to the notion of “very ample”.

If £ is 0-very ample, then H°(X, L) defines a morphism ¢y : X — P(H(X, L)*),
which is an embedding precisely when L is 1-very ample. More generally, if £ is k-very
ample, then by sending (Z,0z) € X+ to a subspace H°(X, JzL) of HY(X, L), we
obtain a morphism

or : X¥H s Grass(k+ 1, H(X, £)*),

where X¥*1is the Hilbert scheme of 0-dimensional subschemes of X of length k£ + 1 and
Grass(k+1, H°(X, £)*) is the Grassmannian of all subspaces of H°(X, £) of codimension
k + 1. F. Catanese and L. Goettsche ([2]) proved that the above morphism ¢y is an
embedding if and only if £ is (k + 1)-very ample.

The purpose of the paper is to show the following theorem.

Theorem 1.1 Let X be a complete algebraic variety over an algebraically closed field
and Ly, Ly line bundles on X. Let a, b be nonnegative integers. If L, is a-very ample
and Lo is b-very ample, then L1 ® L5 is (a + b)-very ample.

First we give a ring-theoretic interpretation of the notion of k-very ampleness in §2,
and we show that the ring-theoretic claim (Claim 3.1) in §3 implies the theorem. Finally
we investigate the socle in an Artinian ring to show the claim.

2 Preliminaries
Let Z be a 0-dimensional subscheme of X. The support of Z, denoted by |Z|, is the

underlying topological space of the reduced scheme Z.4. The length of Z is defined to
be the dimension of the vector space I'(X, Oz).



2.1 k-very ampleness and Artinian rings

Let Z be a O-dimensional subscheme of X of length I and |Z| = {z1,...,z,}. Assume
that Z is defined by the ideal sheaf J C Ox, and then Ox/J = [[_, Ox../J.. and
Y i1 UOx 5,/ Tz;) = L. First note that the restriction map

er,z F(X,ﬁ) — F(X,,C@Oz)
factors through [];_, Ls,, that is, we have the following commutative diagram:

rx,cy 25 I L.

ec,zl l"c.z

F(X)‘E@OZ) H::l ‘CI-'/‘ZD."C-T.':

where pc |z sends s € I'(X,L) to (sz,,.-,5z,) € [[i_; Ls;. Here note that 7,z is
surjective.

Let Az = [[i2y Ox:i Vz == pr,z/(I(X, L)), and let Jz be the ideal of Az such that
Az/Jz =1'-, Oxz:/ Tz From now on, we choose a suitable section of £ and fix it in
order to identify []i_; Ls; with Az and J[;_; £,/ T, Lo, With Az/Jz respectively. Note
that this identification is not canonical.

Then we obtain the following.

Lemma 2.1 e; z is surjective if and only if V; + J; = Az,

Proof. If ez 7 is surjective, then for any element a € Az there exists a section s € I'(X, £)
such that m¢,z(a) = ecz(s). We have mzz(a — pgz/(s)) = 0, and a — pe,z|(s) € Jz.
Therefore Vz + Jz = Az.

Suppose that Vz + Jz = Az. It follows from the above diagram that, for any section
t € I'(X,L® Oz), there exists an element b € Az such that 7. z(b) = t. Since Vz+J; =
Az, we can write b = prz|(s) + f for some s € I'(X, L) and f € J;. Then

ec.z(8) = mc,z(pez)(s)) = mr,z(b— f) = m.5(b) =t
Therefore e, z is surjective. 0
From the definition of k-very ampleness and the above lemma, we obtain

Proposition 2.2 With the above notation, L is k-very ample if and only if Vz+J; = A,
for any 0-dimensional subscheme Z C X of length k + 1.

2.2  k-very ampleness and finite sets

Let S = {z1,...,2,} be a finite set of  points of X and let Z be a 0-dimensional
subscheme of X with the defining ideal sheaf T C Ox such that |Z| C S. We may



assume that |Z| = {z1,...,z:} for t < r. Consider the following commutative diagram
(with the identification noted above):

F(X’ ﬁ) ﬂ) H§=1 OX,z.' & H:=1 OX,:;

eC,ZJ{ l"rL,Z i”S,Z

F(X, L® OZ) H::l OX,za/II-' _ H::1 OX,I.-/Izn

where Z,, = Ox 4, fori=t+1,...,7 and prg 5 is the projection. We define

prs: T(X, L) — [ Ox:

=1

by sending s € I'(X, L) to (sg,,..-,5z,) € [[1=; Ox,z;, and then prg ;0 pe s = pr iz

Let As = [, Ox 4z, Vs = pr,s(I'(X, L)), and let T be the ideal of Ag such that
As/I =T1.-, Oxz:/Zs;. Then we obtain the following lemma by the same argument as
in the proof of Lemma 2.1.

Lemma 2.3 With the above notation, ec z is surjective if and only if Vs +1 = Ag in
Ag.

In the above lemma, note that As and Vs do not depend on the O-dimensional
subscheme Z but on the finite set S.

3 Proof of Theorem 1.1

Let Z be a 0-dimensional subscheme of X of length a +b+ 1, |Z| = {z1, ..., z,}, and let
J C Ox be the defining ideal sheaf of Z. Put A =[]]_; Ox, and let J be the ideal of
A such that A/J =[]l_, Ox4,/ Tz, and then

Z(A/J) = i@(@x,xi/Jz;) =a+b+1.

i=1

Let prz) - I'(X, L;) = Afor i = 1,2 and pr,ec,, 2 : I'(X, L1 ® L2) — A be the maps
defined above. Then we have the following commutative diagram:

PLy12|1®Pc,y,|2|
—_—

I(X, L) ® T(X, Ls) A®A

mult.l lmult.

I'(X, L, ® Ly) _— A,

PLy1®Lq,|Z]

where each mult. is the multiplication map. Hence we obtain

Vi, CV, (3.1)



where Vi := pr12(I'(X, £3)) for i = 1,2, V = prige,121((D(X, L1 ® Ly)), and WV, is
the set of all elements such that ). uv; (u; € V4, v; € V).

Since L, is a-very ample, ez, » is surjective for any 0-dimensional subscheme Z' cZz
of length a + 1, and from Lemma 2.3, we see that V; + I = A for any ideal I of 4 such
that £(A/I) = a+1. Similarly, V41" = A for any ideal I’ of A such that £(A/I') = b+1.
In order to prove that £, ® Ls is (a+ b)-very ample, by Proposition 2.2, we have to show
that V + J = A, hence V}Vo + J = A from (3.1). Therefore it is sufficient to prove the
following claim.

Claim 3.1 Let (A;,my, k) be local rings, let A = []i_, A; be the direct product, and let
Vi, Va be k-vector spaces contained in A. Assume that A contains k and Vi + I = A
(resp. Vo +1I' = A) for any ideal I (resp. I') of A such that £(A/I) = a + 1 (resp.
L(A/I') =b+1). Then ViVa+J = A for any ideal J of A such that £(A/J) =a+b+1,
where V1V, is the set of all elements such that 2o uiv; (ui € Vi, v € V).

Proof. We prove the claim by induction on a and b.

Let 1; be the identity element of A; for ¢ = 1,...,7. We identify 1; with the element
0,...,0,1;0,...,0) € A. Then 1,,...,1, are orthogonal idempotents of A, that is,
17 = 1; for each 4, 1;1; =0ifi# j,and 3 1, =1,

Assume that a = 0. If I is an ideal of A such that £(A/I) = 1, then I is of the form

IT=A; X XAy Xxmy X Ajyp X - X Ay
for some i. Since Vi + I = A by the assumption, there exist v; € V;, m; € m;, and
¢i € [[;4 Aj such that v) +m; + ¢; = 1;. Hence we obtain v; = 1; — m; — ¢;.

If J is any ideal such that £(4/J) = b+ 1, then V, + J = A by the assumption, and
in particular we may assume that 4; C V, + J for any i.

Now we show that ViV, +J = A. To do this, it is sufficient to prove 4; C V;Vo + J
for all <. By the above assumption, we have

’UlAi C ’Ul‘/z + 'Ulj, and ‘UlA,; = (].1 —m; — C,)A, = Ai
since ¢;A; = 0 and 1; — m; is a unit in A;. Therefore we obtain
A= unA; C nVa+unJ CcViVe+ J.

Similarly we can prove the case b = 0.
Next assume that @ > 0 and b > 0. Then the induction assumption is:

(A1) ifa' <a,b" <b, ' +b <a+b,and J' is any ideal of A such that
{A)J") =d +b +1, then ViV + J' = A. _

This is equivalent to the assumption:

(A2) if J" is any ideal of A such that £(A/J") < a+ b+ 1, then ViVs + J" = A.



Indeed, there are nonnegative integers o', b’ such that a’ < a, b < b, a' +b' < a+ b, and
£(A/J") = a’ + b + 1. From the assumption (A1), we see that ViV, + J” = A. We will
use this assumption repeatedly. ,

Let J be an ideal of A such that £(A/J) = a + b+ 1. Now we write A (resp. m)

instead of A/J (resp. m/J) for simplicity, and we show that, if £(A) = a + b+ 1, then
V1V = A. To do this, we recall the definition of the socle of A. The socle of A is defined
to be the sum of all the ideals of length 1 of A and denoted by Soc(A4).
Case 1. Assume that dimy(Soc(4)) > 2. Let n;, ny be any two distinct minimal ideals in
Soc(A). Since £(A/ny) < a+b+1, it follows from the assumption (A2) that V;Va+m, = A.
For any nonzero element z of ny, there exist elements v € V4V, and y € n, such that
v+y = z. Here note that v # 0 since n; Nny, = 0. Let n’ be the ideal of A generated
by v. Then £(A/n') <a+b+landn' =A-v=k v C WV, since v=1z —y € Soc(A).
Therefore by the assumption (A2), we obtain

A=VVe+n' =WV

Case 2. Assume that dim,(Soc(A)) = 1. Then A is a local ring and has the unique
minimal ideal n. Since £(A/n) < a+b+ 1, by the assumption (A2), we obtain

iVa+n=A

It follows from (3, Theorem 221] that A is a O-dimensional Gorenstein ring. For any
ideal a of the 0-dimensional Gorenstein ring A, we obtain (0: (0: a)) = a by [1, Exercise
3.2.15], and

£((0:a)) =£(A/a) and £(a) =£(A/(0:q)) (3.2)
by considering the length of composition series.

Let b, c be any ideals of A such that b D ¢, £(b) = b+ 1, and £(c) = b. From (3.2),
we obtain £(A/(0 : b)) = b+ 1 and £(A/c) = a+ 1. By the assumption of the claim,
Va+(0:b) = A, and for any element z € (0 : c), there exist v, € V3 and 2z € (0 : b) such
that vy + 2z = z. Similarly, V; + ¢ = A, and for any element y € b, there exist v; € V;
and w € ¢ such that v; + w = y. Then

vV = (y —w)(z — 2) = yr — yz — wr + wz = TY.

Indeed, yz € b-(0:b) =0, wr €c-(0:¢)=0,andwze€c-(0:b) Cb-(0:b)=0.
Hence we obtain

(0:¢)-bCWViVs (3.3)
Moreover (0:¢) 2 (0:b), and then (0: ¢) - b # 0. We obtain

nC(0:¢)-b (3.4)

because n is the unique minimal ideal of A. Therefore by (3.3) and (3.4) we obtain
n C V1V,, and then
A=VVa+n=W.

This completes the proof of the claim, hence Theorem 1.1. O

We obtain the following corollary inductively.



Corollary 3.2 Let X be a complete algebraic variety over an algebraically closed field
and Ly,...,Ly line bundles on X. Let ay,...,am be nonnegative integers. If L; is
a;-very ample fori=1,...,m, then L1 ® --- ® Lo, is (a1 + - - - + a,)-very ample.
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452 A (D minimal Hilbert-Kunz multiplicity
EH fig— - EL -

CDFEETII, 1997 4 (Fr 10 ) OFHRIRGR Y YKV U 4 (BE) 10T, B —1E
A L 72 minimal Hilbert-Kunz E#EE (multiplicity) & V) BERIZOWT, EATLIZE -
7cEIE % BB L, Gorenstein JBFTER, BIFR AR EOGEICE DR E LFHEHKR LA
49 5. minimal Hilbert-Kunz E¥E &, 44F 8 B DL T Conference T Huneke »*
SEFE L 7 rational signature & i3, Gorenstein FETIRICH L TIZ—HT 545, T HITE
RHMBEHRIrOAEITNIDDOTH S,

FRICHT O 2WBR Y, ROFRESE - AREEZ VS L (A,m k) 3B p> 0 DREEL d Kk
D=5 —BERE L, k ZEBRKE T5. E512, A 13#H (reduced) T F-finite (i.e.
AVP IERRAER AMNBE) LIRET A, #, A i excellent TdH 5 ([Ku2)). Fe: A —
A(aw a?) (ZZIZ, ¢ =0p®%) % Frobenius D e MDERHEL, TNZHL T, A% A
Lo andT & cAEERT. 2, T3 mERLFTLVEL, M= (a9]aec])A
EBL AL, ADEDRAERFICAEIN2VWTOLAEERT.

1. minimal Hilbert-Kunz EEEDEE

BAIZV L ODBFOREE Biit ).
la) MBICXFT S tight closure ([HH1)).

M % AMBETS. BARZEAICLS AMBE A4 M 13, ROFAM 4 = 4 %
BLT, AMBEL AT IENTESD, Sk F(M) ERT. FS(M) © AMEEE L
TOERIR, d’/(a®@m) =da®@m THXHNAE. T72,aQbm =ab? @m IJIEET S
&, ARER A-INEE M 175 (a;;) TEESNAER A™ — A™ ORBELTHR
biMd L&, Fi(M) 375 (of) TEEENABER A™ —» A™ ORBUIEL V. HIC,
F§(A/I) = AT LT 5.

N % M ® A#5MEEE+5. N9 = ker(F§(M) — FS(M/N)) L8k, N9 =
Im(FS(N) — F5(M)) Thb. 512, FS: M - F4(M) = A@s M (m— 1o®m) &
EFEDD. z€MIZXFLT,

TE€N} <= 3JceA’st. cFe(z)€ NJ[\‘,],] (Vg = p®)
L&D, N D MIZBIT% tight closure Ny, &E#T 5. Ny /N = (0),/ CEEL
E9. £, AFTIV I O (BED) tight closure I* (¥, I £—3HT 5.
1b) FIERIM ([HH1HH2)).

A DEEDATT IV I P tightly closed (i.e. I* =1) Thb L) TR FIERIR
(weakly F-regular) &£\»9). A DEEORALPHFIERTHH L &, A ZFERITH A
EE).EED ce A% I LT, ABREIER A— AYP (aw cV/Pa) A7 split R BT TH
e &, AZEFIER| (strongly F-regular) TH b L\ ). Eq FFIRME k OAFTEE L
THEE ANGFFIER (resp. MFIER]) THhoH I L &, RIAFETH 5.

OFf= U Ou=0) (resp. (0)5,=(0).
MCE4
M:f.g.A-module



—fRIZ, A DR FIERIZ 51F (59) FIERITH 5725, WIdRMBRTHE. LI LEd 5, A
ns Q—Gorenstem DEXT MEOHMSII—HT LI ENHMOENTWES.

1c) Hilbert-Kunz £ ([Kul,Ku2,Mo)).
ADm-HEER ATFTTNVIIFLT, egg(I) = lim

eax(I) % I ® Hilbert-Kunz EELE ).
PR S D Hilbert-Kunz EEE#5HE T IS, ROERIZBEN TS 3.

Fact 1.1 ((WY1, BCP]). (4,m) — (B,n) ¥ BATEHD module-finite 2K E L,
Afm=B/n LREYT 2. 2 ODEHOEEDILALEE N L BLE ADEED m-

(q]
lﬁ‘% DR R E

HFEL 7T TIH LT, enx(l) = eHKT(IB) DD IO, #17, B FERIBHED k&
3, enx(I) = li(%—m) Thb.

tight closure & Hilbert-Kunz EREORGRE, BRO L EEFEOBRIZMUTV S, E
B, I CI %% miFA 77 VOFIEZER LY. b, T =1 %513 e(l) = o(I') Th 5
B, A OEHL A BERHOL &, ZOMSRIT 5. THUH LT, Hilbert-Kunz EHERE
kow'ﬂi KAL) LD,

Fact 1.2. (cf. [HHI, Theorem 8.17)) I CI' * m-#¥EHE A FT7 IV DFI LT 5.
(1) (I/)* =J* 7:C Bci, eHK(I) = eHK(I’) "Ci)z.)
(2) ABFEXTPOHMZOE, (1) O DL .

1d) relative Hilbert-Kunz S#fE.

ADEARFROL & mHEEA 77N [ LT, enx(l) = l4(A/T) Th 5. iz,
RE1DAFTLDOE| T cI'izxt LT, eHK(I) — eHK(I') =1Thsb. ZOHLGIZELH
BRREZREMTS. ZRE2FELBNLLDI, ROBALEAL LS.

Definition 1.3. rel. mgk(A) := inf {eux (I) — eux(I') | I C I', 14(I'/T) = 1} % rela-
tive mimimal Hilbert-Kunz E#E & 7).

ROUBEIIESIEEHENS.

Proposition 1.4.

(1) 0 <rel. myk(4) <1.
(2) A ERIBATER <= rel. myk(4) = 1.
(3) A:FFIERITRV = rel. mpk(A4) = 0.

Proof. (3) 5RY. A NBFEMTEVEILET S, &5 miERAFT b [ 5
HoT, I+I* Thhb ZDL& ICI'CI* T, lA(I’/I)- 1 %5 b D%EML, Fact
1.2 & U,eHK(I) =eHK(I’) %ﬁ‘é tﬁﬂ:, rel.mHK(A) =0 %?EFZ)

KIZ, (1),(2) ®RB7DIT, rel. mpk(A) > 1 ERETH. A 13 excellent T, §3F EH|
W %, Cohen-Macaulay TH 2. I3, J % A DTG A—F L FTNETHE, eHK( ) =
e(J)‘"lA(A/J)'Cﬁ)% if:,ﬂiiﬁib %"Fm>1"93x. eHK(m)<eHK( ) lA(m/J)—l
¥12, enx(m) =1 TH 5. (WYL, Theorem 1.5] & ), A BIFRIBETH L. O
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Proposition 1.4 @ (3) D HIZIE LW & B9 2%, Q-Gorenstein D4 (Corollary 3.4
ZH) ARV T, —fRIISRBRTH 5.

EZAHT, eg(l) BED L) REXED 5 52, L) HBEIIERYLHETH 57,
ROMEILZ OFFEIZEE LT b (Proposition 1.4 ).

Problem A. A #§5F EBILBrERE L,

(1) rel. mu(A) DfEZ KD S &
(2) rel. mpk(A) = eax(I) —eax(I') E R ABATTIVOXRT ICI' A RETZ L.

Z D72®\Z, minimal Hilbert-Kunz EEEDRATEA L, FOEAME L W OHPHA
NTHh LS.

le) minimal Hilber-Kunz E#E ([Wad]).

Definition 1.5 ((Wad]). L % A-M#E L, N C M % L OFBRLER A 85 NE T,
lA(M/N)<oo 25b0DETH. ZDL X,

La(Mla)
e (N, M; L) = liminf AML /L)

e—0o0 q
EBL BRI, L=FEa, M =8So0cs(Es), N=(0) £LT,
mux (A) := enk ((0), Soca(Ea4); Ea)

% A O minimal Hilbert-Kunz E#E LS.
Soca(Ea) DEBTT (D 12)% 2 £§HEE, Az =Soca(Ea) 2 A/m TH 5.

Az —— Eiq > u

l Lol

Afmld =F5(Az) —225 F§(Eq)31Qu
F§(Az) - F5(Ba) D812, (A2)ld = A F§(2) = A/ anng F§(2) 2% Lwps,

(1.6) mpx (A) = liminf ————4~ lA((Az)[Q] ) — liminf la(A/anng F3(2))

e—00 q e—00 qd

% 5. m[‘” C ann 4 FA(Z) ‘i eHK(A) Z mHK(A) %ﬁ( :_t ‘:(\E%
T4 12, rel. mux (A) = muk(A) DE LD LD b D & BIE LT 545, —Iz 357
57\, L%;\L, REFERTHI ENTES.

Proposition 1.7. rel. mpk(A) > myk(A).

Proof. ABTMELTEV. ICT I4(I'/) =118 L, I'=T+aA, maCI &
ECZENTES. Matlis duality £, [0:gI]=[0:g ']+ Au, muC[0:p '] &L &
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CTENTELY, a-[0: |00 R, (LELOTEEEORLELT> ) z2=au & T
5. ‘
ST, cat €19 LIRET B &,

cF§(2) = cF§(au) = catF5(u) € IWFS([0 :5 1)) = 0.
£ 5T, 19 : a9 C anng F§(2). #-C,
a(I'@/1y = 14 (A/19) : 09) > 14(A/ anny FS(2))
8%, Wiz ¢* TH> T, limit £8LS &, epx(]) — enx(I') > muk(A) %185, &5

\2, inf &R, rel. mpx (4) > muk(A) 2185, O
RODEFT, Gorenstein BATERDHA 21, Proposition 1.7 TESMHY T2 2 & #7517,

2. Gorenstein BFFIR®D minimal Hilbert-Kunz S8

COEHTHFIEHE, (A, m k) ZEEH p > 0 O Ffinite 24— —BHREL L,
d:=dmA>2 &B<.

b L, A% Cohen-Macaulay % 51, A D)X A—%— g = a1, ... ,ag KHLT,
HE(A)=limA/(aM) THB. Dk k),
Fg: Ha(A) — Ho(A)  (b+ (e}, .. ,a})] = b7+ (a}7, ... ,a"))
EEZERT, FS(HL(A) X HI(A) LABTIEMNTEL. TNEHVT, A A Gorenstein
BERTBRDEEZ, rel. muk (A) = muk(4) 2R€9. LVFEL L, ROFEELEHT 5.

Theorem 2.1. A % Gorenstein BFTEREFETSH. TDEE, pdyA/J <oco T A)J
A% Gorenstein TdH 5 & ) ZEBED m-EEFA 77V J (BIXIE, 785 A =5 L FT7 L) 2
*f LT, eHK(J) — eHK(J : m) = mHK(A) DR Y LD, f—f‘b:, rel.mHK(A) = mHK(A) T
H5.

Proof. £, J DINTGA=S A TFTTVDHEREZD. By = HE(A) D socle DER
Tx z=[b+J LEFLE, F5(2) = b9 + JW).

ST, cFs(2) = [cb?+J] =0 LIRET AL, HHBEKM n PHFELELT,

cb¥(ay - ag)™ V9 ¢ (a7?,...,a}"), Tabb, b€ (al,...,a)) = Jlal,

& o T, Proposition 1.7 DAL &b T, J : b7 = anny FS(z) &1, eHK‘(J) -
eHK(J . m) = mHK(A) %?—%5

RIZ, J A pdy A/J < oo T A/J 7% Gorenstein TH b L) %k m-WEFEA FTLVDOHEE
BERDL. JIEENDENTIA—=FLFT Vg% 12D,

eHK(J) - eHK(J . m) = eHK(q) — eHK(q : m)
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TR LV ZHUEEREMITIE, Vraciu 12 & A corner power @ well-definedness ([V,
Proposition 3.5)) 559 45, BT O RIS A VERLTEBI Y.

qC J 7225, BREZES A/q— A)J "db. Thx ZhFhOBRNEHEGBROBO
SHCILRT B &, (A)J, A/q 133512 Gorenstein W X)) '

0o A=Fj— -« 2A™ A Alqg—0
(2.1.1) 5| | | et
0o A=F3— -+ - A" — A A/J—0

D&Y TRAXEHBL. COFPLEPND ARBEBERF, - Fy 5 fETEESN
TwhiE, J=q:0 LEFA. L=J:m L' =q:m &BL,
q:(q,6L)=q:6L=(q:6): L=J:L=m
7275, (q,6L) =q: (q:(q,0L)) =q:m =L %1% 5. Frobenius power ¥ Hl> T,
(q9), s9rlely = L'19) %98 5. (2.1.1) = Peskine-Szpiro BIF % fi¢1E, A/qld RU* 4/
DR/NEHSBEFESNLNS, Jd =qld . 69 TH B, Eo T,
Jb. pla = (qlal; 59y . plal = glal ; (qla)) gaplaly = gldl . r'lal

%185, 45 L=J+aA L' =q+bA L EFHE, J a0 =gl pa &2 Y,

oL/ 7@y = 14(A) T %) = 14(A/ql0) : b9) = 14(L9/gla]y
2135, KOLEFRIIINADLHES. O

3. BHEHE A D minimal Hilbert-Kunz £ E

T, k=k #ABBBAEL L, p=—char(k) >0 #F$, d>2 * BAREKE L, G
% GL(d, k) DHEREFEET, pseudo-reflexion x EF 2 VbDETH. 72, (p, |G]) =1
CRET A, GIIRZ PV V = k2 CHRIERL, F0OERIR k LOSERIE
S =k[zy,...,zq WCIREND. TDELE, S O G-AELEHE

S¢={feS|gof=f(9€G)}
X S DXREATET pure BIBETHS. n = (z1,...,24)S, m = nNS¢ LBE,
A= (S%n, ma=mA EEZ5SL, (A myu) i3 Q Gorenstein %5 F ERIFATEET
»H5. ‘

COEOEEMIEII DL ) LEFEES L FORTIRD minimal Hilbert-Kunz E#E %
HETLILETHL. ORI, rel. mux(4) 2FERTH L. MEDLD B=S, tB
. AD mEELTFTTLVOXRT TCT (I4I')I)=1) 52 5. A— B it pure 722
5, I=IBNAX:T. $oTC, I#1 »5,IB#£I'B Thb. $i2,lg(I'B/IB) > 1
T, B ZIEEBIBRERIEH» 5,
eHK(IB) —eHK(IIB) _ lB(I,B/IB) > _L

|G| Gl TG

enk (1) - enx(I') =

%185, BEoT, rel mux(A) > é CHb. 7, LORET, I(I'B/IB) =1 L%k b

R7 I CI AL, EEORUNEZ L. BBELDIH, — KD G I LTINLS
BRTE#RBOTAHEREON TRV, ROEEZIEHTLIENTE S,
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Theorem 3.1. EFE®D A 124 LT, muk(A) 2185,

1
Gl
Remark. D A4, BT LT, ek (4) = ﬂ?((;f) ToHb. T2, pa(B) 1& B D 4-
mEEE L TOBNERTOBH 52 5.

LUF, Theorem 3.1 DFFBAD T Y 54 ¥ 3 8<_TWnZ ),
Step 1. G C SL(d, k) DA

DL &, SO HoT, A i Gorenstein THb. a,...,a0€ SC #AUKE m + 5
DHERNT A= —=FREL, J=(a1,...,aq)SC EBL. DL &, S/JS 1E Artinian
Gorenstein JRW 2, z € Sym_1) &, 2+ JS 7% Socs(S/JS) % HEMTH L HICHD T &
WTE5,

Fact ([Wal, Theorem 1la]). z € S

INERBONE, 2+ JSC 1E Soc(SC/JSC) R EMTHIEDDHD. 612, JA -
ma = (J,2)A4, JSn:nS, = (J,2)S, 705,

1 1
eHK(JA) - eHK(JA : mA) = EIA(S,,/JS“) - @lA(Sn/(J) Z)Sn)
_ Ll JSn:inSe) 1
“let TS ) T
5. 7€o T, Theorem 2.1 7*5, myk(A) = ﬁ 135,

Step 2. —fxDHE

H=GNSL(d,k) B &, HIZ GOERBAEET, G/H 3REAETH L. S512,
r=|G:H|, B=(8)ngn &8 &, Bt A= (5%, D cyclic r-cover TH 1, Step 1

»5, myk(B) = I—Il?l THb. EBE, B & A O canonical cover, T%2bb, Ky A %
A DIFYENNEE (canonical module) & L, KS) = K4 @ symbolic i-th power &5 & X
KD =fA%D fe ADBFELT,

B=AoKso KPP ok V-1 =1

EESZEDTESD ((TW] BE). |G| = |H| x r 12EE 34U, Theorem 3.1 DI K
? Theorem 3.2 DFEBRIZIFEE SN 5B,

Theorem 3.2. (A,m) «IEfE# p > 0 ® Q-Gorenstein Cohen-Macaulay IFH L T
5. T7z, r =ord(cl(Ka)) LB E, A D canonical cover ZXkD & H 12FT .

B=A®Kato KPP @@ K{ ™1, (2L, K = fA,t7f=1).
ZDLE, (r,p) =142 B » Cohen-Macaulay &IRETNIE, KA 7o -

mHK(B) =T: mHK(A).
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Remark. Theorem 3.2 DFE5 DT T, B ix Cohen-Macaulay % & (£, Gorenstein T
5 ([Wa3] £88). .

PUF T, Theorem 3.2 DB XA VS, TOEBRDIAD D12, KD Lemma % if
BHLLS.

‘Lemma 3.3. n=mB+ 3~} K(i)ti EBLE,

(1) Es(B/n) = HY(B) = @iz HL (Kt
(2) Az=Socs(E4) LT 5L &, Socg(Ep) = B - zt.

Proof. (1) i n = vmB & E® Remark #58H 5. (2) £BD 7011, ot €
Socg(Ep), T bbb, kxS TRV,

Claim. 1<i<r—1,a;€ K %512, 2 € ker(HL (K 4) = B4 25 He (K(H))
EB, EERH 0 - Ka 25 K¢ — kY 0K, — 0 25547

0 = HE-Y (K)o Ba-L(KGH oK 4) — HE (K q) 5 HE(K0HY),

TIT, BOO%ESE, K{TY 5 MOM AMBOEMEFTHE 2 L2 bt

, Az = Soca(HE(K ) 7255, HEYKG™ JaK4) £ 0 #R€1E Claim 4
aKA = KA [ MCM Aﬂﬂﬁ@}{. alKA Gimé 1@@%9’]47‘7»'(%0
ord(cl(Ka)) =7 &0, K¢t £ 0K, THhHo. kOLEREIADSES. O

=i AN
Nl
A ?’“ w .0“

I/\

LLIF, Theorem 3.2 DA% 52 X 5.

A 1& Cohen-Macaulay BFTBWZ, =1, ...,20 ¥ A DT A—5—FETBE
&, BEq = Hi(K4) = lig KA/z["]KA Th5. é 6k A ¥ Q-Gorenstein 1[E3 & T,
K(") 7S MCM A-DNBE7ZH 5, 2 € Ky % Soca(Ka/zKa) DEBITET S & &,

F5(Ea) = HE(KY) = lim K /2l K4

P
Fj:Ea—=F5(Ba) ([z+2Ka] - [27+ 2K ()

LHBTIENTES (L UL, [Wa3] £88). Lo,

q (al g (@)
(3.2.1) mpyk (A) = liminf 4 HAYSTH, /qd
e—00 ;.U_[q]K,(L‘q)

THhbH. 612, Lemma 3.3 25, zt 1t Socp(Ep) ¥ &M T 545

) 29t9B + gl B d
(3.2.2) mHK(B) = ell;n;.lo lA <—W> /q
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Thb. Bk Z)rT REMHEE (i, KiT e = kOd) 7500 (322) 10,

r—1 (@) o o la) gr(i+a) '
_ . ZqKA +zl9 KA d
(3.2.3) mi (B) =) im La < BIGE) ) / 1
=0 z A

THY, LEESE, ¢=1 (modr) &R T q(p-M) ZTEZEZTH kv,
£i(0<i<r—1)1SHLT, 4, 0£a; € K¢ 25D, o fh LEINDROERF
EZz25.

JA+zOKY o 2K + gl KGO

0 —K . C,— 0
! gl K9 gl gt !
l linj. iinj. : J,
K(q) . K('H-CI)
0—X, oy 1 o vy ¥g— 0
K zl K

FEEZHEHT 5121, KD Claim 2 S 21X L.
Claim. lim lA(f 2 _ Jim ZA(C)

e—00 q e—00 q

=0.

Y, Y, = K{)(@KP + KT = K{TY ik 04 A2 %22 L,
dimKSH)/aiKA <d-17%25, lim lA(?:Q) =0%f/b. 72, (¢ =1 (modr)
€—00 q
IZEELT)

l K(Q) [q]K(Q)
lim Ay /f Al - enk(z) - ranka Ka = egx(z)
e—00 q
: lA(K(Hq)/E{q]K(H-Q)) i+l
Jim A A = en(a) - ranka KG = en(z)
£h,0< lim%< lim lalXq) _ = lim ZA(§Q)=0 155, —5,
e—00 q e—00 q e—oo @
c, = 21K + gl K§;+q> _ z"Kﬁf) .
a; 294 + g[q]K(H"’) a;29A + quX) n Q[Q]KSH)
B 2K )
49 KD A (gl gD . 44
a;z9A + 29[K ' N (2K Z)]
K

wA+ (KY N (zag§D : z9))
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2T, mdkY ¢ KO 0 (@dx {0 20) 2200,
14(Cy) < La(KY /0 A+ mlU KDY = 14(K§ Ja;A @4 A/mld)
/) N o= > .
1B 5Y, ELREIBROEEAT, lim % =0 Wz, Claim "§ 272, (3.2.1) RV (3.2.3)
2o, kKOBEENELNE. O
FED L9 7% canonical cover B ##0 & ) 25 FIERIZF/AERIIEF ERITH L Z &

BabNTnD, 72, ADSRFEAIZS5IE, B %) Thb ((Wald] ZH). 512, B 13
Gorenstein T# 5. Theorem 2.1 & Theorem 3.2 ¥ b€ T, R%#H

Corollary 3.4. A % Q-Gorenstein 55 F IERI %2 BFrEIH & L, r = ord(cl(K4)) < o0 &
BEBBI, (rp)=1 EET S L &, muk(4) >0 TH5. HFIZ, rel. mpx(4) >0 T
H5b.

4. Segre ¥ minimal Hilbert-Kunz B

BB, Bk LD 20D ERIRD Segre & A = R#S = klz1, ...,z |#k[y1, .., ys)
(2 < 7 < s) D minimal Hilbert-Kunz EEEDFEFEICOWTHNATE .

R, S, A DFNEFNROFROBAA F7 V% mn, M ETHE X KOBEEHHK Y L.

Fact 4.1. ([GW])

(1) dimA=7r+s-1.

(2) M=m#n =D, Rn ® Sn.

(3) KAgKR#Ks.

(4) Ea=H§(Ka) 2 klzyt, o o gkl 05

Es % (4) % BLTRAEE, 2 = 1#1 75 B4 O socle XERTH. TDLE, AD
minimal Hilbert-Kunz EEE ZROR & (1.6) Z AV THETE 5.

Theorem 4.2.

1a(A/ anna(F5(2))
0<ay,...,a, <g—1

=#{ (a1,...,am,b1,...,bs) €Z7T* | 0< by, ..., b <g—1
ar+--+a-=by+---+0bs

s+l _ g2

Example 4.3. A = k[z1, z2)#k[y1, ... ,¥s] WCH LT, muk(4) = GED
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(BC]
[BCP]

([GW]
[HH]1]

[HH2J
(Hu]
[Kul]
(Ku2]
[Mo]
(PS]
(TW]
(V]
[Wal]
[Wa2)
[Wa3]
[Wad]
(Wyi]
(WY2]
(WY3]

(WY4]
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Index of Rationarity of cyclic quotient singularities
(BR EX - BAKE - REEWRFHER)

1. %.

graded ring @ a-invariant (X [GW] ICL W EES N, HFECEELRLEL LTHEX
REZATEDN TS, LA L, a-invariant HKEDOH T HIZE o TEboTLE S,
BT DEDH—ROEFIZL Y a-invariant DELFRLEE L LT F-pure EEEFBOARL
& index of rationarity a(A) BEES Nz, (ZHiE., —BROERBHRICESNS &
BoNd, ) ZO2OOFRERIL, R=k[R,|,F-pure ring CHN RS2 H > L i—%
T 5, AEIOFHE T, KEFEFREED index of rationarity I DWTEET 3,

2. Index of rationality DEH & F#EE.

%9, index of rationarity * &7 5,

E#. (A m)% F-finite normal local domain TEDE$ % p> 0 &4 5,

(1). D% D =adiva(f) (f € 4,a € Q) DEID Q-divisor £ % & &, ord(D) := aord(f)
LEET D, _

(2). ([HW]) D # effective Q-di\{isor £ D, DL E, (A D) F-pure & i3,

inclusion i : A — A((q — 1)D)7 2% A-module homomorphism & L T split +5 = & T
H5,

(3). (Index of Rationarity)
a(A) := —Sup {ord(D)|(4, D) #3 F — pure, Sing(A) C (D D& %)}

HAEE T, a(d) IOV TKREbNE> TV S,

(1) a(A) < 0 & At strongly F-regular

(2) a(A) > —d #> A A regular & a(A) < —d + 1

(3) HHEEHEITH LT, a(A) < —k 7> J C m 25, minimal reduction 72 & (%,
md—k cJ

(4) A= k[A,] #3 F-pure graded ring TILYLHR A% E 072 51F, a(A) = ofA)

(5)*1:(,75%’—?25)%%‘ a(A) = ~1/6

SEIOEBEDOERERIT. KTH B,
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FE. AR (.. ad)v@sﬁzéhéﬁ@(&?r«m%(al,---,ad) LB, )
DFERARET 5, 0L,

k
s = min{zailai > 0,(6;1)..., e’ ) € G}

i=1
afa&‘qmz_g
BT, d=2D& %, ofd) = -2

n

Bl. (1) GCSLEk) oLx, G={(ee)la+b=0modn} £2BDT, afd) =
-1.

@)G~(1m®&§ a(A) = -%
w)c_(1m@a% a(A) = g _é

EE@%%@\ d > 3 T, FIXIEROBEZBINH D,
11 . e
@)Gz%ﬂLMJS@t%\MA%»T?&:éﬂ\tﬁ@%mﬁu\wﬁ+2=w
<55,

FEBAD 712, F-purity & toric ring IZBI L TORERE B TEL,

@il (([HW]) (1) (4,D) 7% F-pure ® & & [D] A3 reduced divisor (7%, [D] ®
BRI DOREN 1 TH D, ),

(2) (A, D) # F-pure D& &, T XTD effective Q-Weil divisor D' £ D IZ*xtL T,
(4,D") % F-pure,

(3) A %% normal toric ring & L. D % reduced toric divisor & 2%, €D & &, (4, D)
2 F-pure,

E3# D proposition (& RO DEEBZE L
D=>"E;. {BL. % E;ii toric divisor T E; = V(A/p:), htp; = L.
4. (A, D)2 F-pure ThHarZ L&
i®@l:E— E®4A((q— 1)D)7

2% injective (E iZ A @ injective envelope, ) AAFEE L VD FEEMNS, D({BL. [(¢—-1)D] =
diva(u), u € A)ICXE LT, (4,D) 25 F-pure Th B Z & &, uzt ¢ KO /xWKP (AL, 2
X Ka/XKa @ socle. B L, K(q) = {11 - zb|b; > g, for all 1} ) MFEME, cyclic quotient
singularity @ K4/XK4 @ socle (3R TE X 615,
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#%8. A % simplicial toric ring & L, X := (2™, --,2™) % A ® monomial sysyem of
parameters &35 ({EL, z™ =] ---z]hd)

FOLE, Kg/XKa D socle id z := g™ ™ T D AN D,

B o= 3% Rogmi #B A CHIET D cone T 5, 7= Ryoni & 0 D dual
cone £¥5, TDLE, <myn >=0foralli#jRDT< L ,;mjn >=07Th
B, 4. Ky = {zlc€z”, <cni>>0foralli} 20T, ;f- = 2l ™ ¢ Ky E e
y=z"€my £HB< &, <a,n;> >0 for some i.

LizhoT, y% € Ky, T7ebb, muz C (X)Ka. 2T, zidsocle DERKTE 72
5. (GEBA¥R.)

EEOA. [(¢—1)D) =diva(u), u € A) & T2, £lc. ZOHEX = (zF,---,z})
M ADsop &b, ZDOLE, WEICLY Ka/XKy @ socle & z =112z L7225,
wi=T g% EB< &, uzt ¢ KO /xUKY & b, < g—1foralli iAFEE, L-T, KDL
IR UuDTREu=0™ -z EEZXDH, g™ € ATHD Ny i3&\K, BL, TZTaz™

3 multi index T, ZOLE, a(A)=—limq_,wﬁq‘l, LB, A (68, e € G

mh & o™ e ARDTYL aymy; = an,forall 1, ¢; € 2, forall j £725, F7c,
SN my <q—1forallj &725, DL X,

Nq d d
nN <nZQ<ZZaszJ_(Q"1)ZaJ'-
i=1j=1 i=1
L7=h-> T,
Nq< (Q—l)z J
ngq

LoT, Wil% qTHE>TqgTlimitx &2 &,

— 4 q.
—a(A) = lim Ny < lim (4-1) %5 = z"':laJ.

g—o0 q q—o0 nq n

Tbb,

d

a(4) > —==11 %

- n

d=2D%F o Tik, KETTRT, (GEFAE)

3. 2RI DT

d =222V TRTEHIZE A D maximal ideal IZ X W 2K N IHFBEEET D, 0 C
R? % strongly convex rational polyhedral cone & L. 7% % ® dual cone T, A = k[rNZ?%| &

RBELDETD, $lo. mi={gy|n=rg>r > - >7,=0,0:=5 <8 < <Sp =7}
% m O minimal generater £ 5, £N & &, BAIH L TRO L I RRFVBERTE D,
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. P(4) =UZ, {HH+1IH=(ri,si)} EB<, Fio, Ver(P(A)) & P(4) DTES &
&Lt 5,

B, Gi=- uaa#a oL,
P(A) =1, Uly Uls,

{E.L/\ll = {( y)|$+5y=8,fﬂb\OS$S1},
b = {(zy)l2z+2y=8 ML, 1<z <3},
s = {(zylsr+y=81MEL.3<z<8}.

Ver(P(A)) = {(8,0),(3,1),(1,3),(0,8)},

WIZKEEE G = l(1, DIZOWTEKRORELX E&HT 5, £9. G D primitive element %
n
E&ET D,

&% G= l(l,l) ET D, EDEE, (e2,eh) % G O primitive element &1L, & A
72 @”n)@ﬂJ)eGKﬁLTB\@m=ﬁaﬂfﬂﬂﬁﬁt&6bﬁ&w5@§
W,

WEL {(us, w)l(ep, ey € G, (e, e%) 1E G @ primitive element.}U{(n, 0), (0,n)}, fBL,
Up>up > >u =1 1=ty >v > >y =1L FLTEDELE, GO primitive
element (ZBFHREEZRD L S ICEET B,

BHE. P(G) = Uy {QiQrn|Q: = (us, )}

KEEELTBEL,

E.  P(G)N 2%, 12 G @ primitive element 572 5EATHD, £2. BHLMIC
P(A), P(G) iZW K O DEEROMES TH 3,

XD L&, P(G) = Plk[z,y)""0) 3355 v s>, L. (n—1)I'=1mod n.

e, EED .(e‘,’l,efl) eGIZRLT, s ye A%DT, a(n—1)+b=0modn.
. (n = DI = 1 mod niZXf LT kfz,y]/r0n=d = kg, y]/~0) ApE 0 SLo DT,
P(G) = P(k[z, y]/~1).

IDEE, d=20LEDFEFERTIDIC, P(A) D¥ER az+by =n & VerP(G)U
(1D, (& Dl(ensef), (eh e0) € G} O (T2 55, P(G) = Plkfa,y1"0) DT (a,)
7)“‘_5(“1'_‘;(“1'}'4575: &%To 1

F7o. (=1l = 1 mod nIZxt LT klz, y]/ntn=h) = [z ] /mW) 2o DT, G o= ;(l,l)

tGH:%@n—Dwﬂm%En&lwo

UTTZOXIGERDI-DIC, Elfxr+ 5,
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7’L,l€f ZZO DT (n,l) 1 (‘_’_Té %@&% 2’)0)/\§ﬁ— *l'@i Wj‘(kob‘f%
295, £,

1 .
’Tlizbl— 1 = [[bl)bZ)b&'”be”)(bu22):
by — I
by — oo — 5
no_ 1 .
m——aq— il = [[01,02,03,"',ae]]y(ay22)
a9 —
1
aa—_ e —— —
Qe
%%ﬂ%n?qgjwﬁﬁﬁﬁﬁ&Téo%mk%‘#ﬁﬁﬁ@mawﬂﬁg(uz»

0)1)" : ,T+ 1)) (avv:ﬁwﬁ/’/) (V = 0)11' c ye+ 1) %&Tiiiéo

{ (iovjo)kO) = (nyo 1)) (ilvjl)kl) = (ly 17 l)v
(iu+1:ju+11 kp+1) bp( ;17.7;4) k ) (iy-—l)ju—h kp-—l)

{ (a()wBO)’YU) = (TL,O, 1)) (alnglyfyl) = (l) 1) 1))
(au+1;,8u+l>7u+l) = au(amﬁuy")’u) - (iu.—lxjp—-lx ky—l)

ZOLE, 0,b,>2LVRBEZD,

’io>’i1>"'>ir+1=o, a0>a1>~~->ae+1=0,
Jo<h < <Jrp1=mn, Po<Bi < < Per1=mn,
kh<k < Zkp=n—-I, n<n< <Y1 =1

v BT BRI L 0 ka8 B

iyt (n—1)j.=nk, o+ lﬂu =nvy,,
iy—lj/.z - i#j}l—l =n, au—lﬂu - au,Bu—l =mn,
k#—lj/-t - kyjp-—l =1, 7B — YBv-1 =1,
ZHic ko,
fwhekhwoyfwm€A=khma
%@&%\20®ﬁ%&% 1CBI L CHOB7 duality DTFIET B, TAUEE, ARRE
IZ& 3,
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T, (K) kOBAREEH ,d BEET 5.

ZL————[[d1+1,2,~--,2,d2+2,~-,dm_1+2,2,---,2,dm+2,2,--~,2]],

l - N —
c1—1 cm—1—1 cm—1

n

— =2 ....2 29242, 2, Cme 2,2,---,2, ¢ ]

n—1 (220422 502t Cm-1+ cm +1])

di—1 da—1 dm—1

ROEBDRNIW DN DERET D,

~| 3

:[[dl+1)2y"'r27d2+2y"')dm—l+2127”'721dm+212)"‘)2”
—_ ——— ——

c1—1 Cm—-1—1 : ¢ cm—1

- DESBERLT L, TOLE,

~13

A A
/J,(/\) I=1+ZCJ', l/()\) = Zdj,fﬁ.l/\ Cp = O,do=0.
j=0

=0
BT, ROBREEHLERET D,

i(:u') = 7:#—1 = 1y, ](,LL) = — Ju—1, (1 <p< .U'(m)),
av) =a,.1 —a, B):=0,—PFu, (1<v<rv(m)-1).

TDEE, I LD,

(1)i(1) =0y, j(1) =5,

(2) i(p) = avprer),  J() = Buay,for 1 <A <m—land () +1 < p < p(A+1),
(3) a(v(m) +1) = iym)-1,  B(m) +1) = Jum)-1,

(4) a(v) =i, BW)=junfor0<A<m-—landv(\)+1<v<v(A+1).

ANEBHOYER PPy & NEBOTESL Q) = Ty, Jun) ERD, 4)ICLV Z0*E
B P\Pyyr DFERT B (1u00), Juny) E78De ET2, (2) £

T Bun) + Ju()u(n)
= 1) (Jur) = Ju(r-1)) F Jun) (Gur-1) = Tu(x)
= Ju(Nu(r-1) ~ Tu()Ju(r-1) = -

[d=2 D & = DL ‘
SDERNG PA)NDLTOEERIL. ax+by =n ENT D, BL. (e,e) €G.
Lo T, ROFLFEER ((z,y)|az + by = n} BFET D,

{@ ez +by=n}NP(A)N{y==z}#¢
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IDEE, EBOHEAD e =a,a0=bk &b, BIL. vk LTIDRERDOEES L -

TR, TEOREFEIETES LRV d=20FFNREI L3,
CEOEEDIERCLY, — RO AIZONWTH {2 =29 =~ =14} LD 5 P(A)NZE,

DOFEARIEI B, -

4. d>3IZDO2LWTOFEE

%MK%%@d:3@&%@&%MM:0wTEELTB<OG=%#LHJ®KﬁLT\

{z=y=2}N{Tz+ 9y +62=34}NP(A) # ¢ &£72D, £LT, u& LTz’ z'z zyz’
2 11
DEOHELBE, a(d)=—d2t2_ Mg,
34 17
ROV TIR T Ui b2V, 724 S b s & Bbha,

4. P(A) MO Z T Z = {TL, e = c} N P(A) £ 725 b D% P(A) DES LIES
kit s,

%.G:%ﬂjj)t#éo%®&%\PUU®WQH

Zy = {z+2y+3z=5}NP(A),
Zy = {2z+4y+z=>5}N P(A),
Zy = {3z+y+4z=>5}NP(A).

LB E D, a(A) i P(A) DES (z) =2, = - = 24} L5 D P(A) DR H3E
BIZ2-TL 2, TNE2ETOEBRDIERICLY d> 3 IT20 TROERTFREMS-ON
ERIRE D 7200,

B B o ===z} E5ED B P(A) NOETE

< 1
{Zai$i=cn|ceN(ez‘,~-~,eﬁd) EG;;(al,---,ad)

i=1

d .
PIFET B, TDE X, ald) = ==t %

cn
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CORRESPONDENCE OF MULTIPLIER IDEALS
AND GEOMETRIC TEST IDEALS

SHUNSUKE TAKAGI

1. INTRODUCTION

Recently it turned out that there exists a relation between multiplier ideals and
tight closure. Precisely speaking, it was proved that some algebraic statements
established by multiplier ideals could also be understood via tight closure, for ex-
ample, Briangon-Skoda theorem (see (BS], [HH1}, [La]), the problem concerning the
growth of symbolic powers of ideals in regular local rings (see [ELS], [HH3]), etc.
The purpose of this paper is to give an interpretation of multiplier ideals via tight
closure.

The theory of tight closure was introduced by Hochster and Huneke [HH1], using
the Frobenius map in characteristic p > 0. In this theory, test ideals play a central
role. On the other hand, multiplier ideals, for which we have the strong vanishing
theorem, are fundamental tools in birational geometry. Hara [Ha3] and Smith [Sm)
independently proved that in a normal Q-Gorenstein ring of characteristic p > 0, the
test ideal coincides with the multiplier ideal associated to the trivial divisor. Since
the real worth of multiplier ideals is displayed in considering pairs, we attempt to
extend this result for a pair (R, A) of a normal ring R and an effective Q-Weil divisor
A on Spec R.

2. MULTIPLIER IDEAL

First we recall the definition of multiplier ideals.

Notation. Let R be a normal domain with quotient field K. A Q-Weil divisor
D onY = SpecR is a linear combination D = Z:=1 a;D; of irreducible reduced
subschemes D; C Y of codimension 1 with rational coefficients a;. The round-up
and round-down of D is defined by [D] = 3"7_ [a;]D; and | D| = Y"i_, |a:|D;. We

also denote
R(D) = {z € K | divg(z) + D > 0}.

Definition 2.1. Let R be a normal domain essentially of finite type over a field of
characteristic zero and A be a Q-Weil divisor on Y = Spec R such that Ky +A is Q-
Cartier, where Ky is the canonical divisor of Y. Let f : X — Spec R be a resolution
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of singularities such that Exc(f)+ f;*A has simple normal crossing support, where
Exc(f) is the exceptional divisor of f and f;'A is the strict transform of A.
(1) The multiplier ideal associated to A is then defined to be

J(Y,A) = H(X, Ox([Kx — f*(Ky + O)])).
(2) We say that (Y, A) is Kawamata log terminal (or kit for short ) if 7(Y,A) D R.

Remark. (i) The above definitions do not depend on the choice of a desingulariza-
tion f: X =Y.
(i) When A is effective, J(Y,A) is indeed an ideal sheaf. However in case A is
possibly ineffective, it is generally not a submodule of R but a fractional ideal
sheaf.

Example 2.2. (1) When R is regular and A is any Q-Weil divisor on Y = Spec R
with simple normal crossing support, then J(Y,A) = R(—|A]).

(2) Let Y = C* with coordinates z1,...,7, and A = divy(z}* + -+ + z%). Then,
(Y,tA) is kIt if and only if min{1, 377, 2} > ¢.

(3) Let Y = C¢ with coordinates =y, ..., z4 and A = divy (2§ 4 -+ +2%1). Then,
J(, 4 A) = (z1,...,%a).

7 d+1

The following propositions are the most important local properties of multiplier
ideals.

Proposition 2.3 ([DEL)). (1) (Restriction Theorem) Let Y be a normal Cohen-
Macaulay quasi-projective variety, A an effective divisor on Y such that
Ky + A is Q-Cartier, and H a normal irreducible Cartier divisor which
is not in the support of A. Then
. J(H,Alg) € I(Y,4) - Op.
(2) (Subadditivity Theorem) Let Y be a smooth quasi-projective variety, and A,
and A, be any two effective Q-divisors on' Y. Then
T, 01+ 0,) CTIY, A1) - T(Y, Ay).

Proof. (1) Let f : X — Y be a resolution of singularities such that f*(Ky + A +
H) + Exc(f) has simple normal crossing support. Put f*H = H + 5" a;E;, where

H is the strict transform of H, F;’s are irreducible reduced exceptional divisors of
f and a;’s are non-negative integers. By the definition of multiplier ideals,

JY,8) = f.Ox([Kx — f*(Ky + A)])
J(H,Ale) = flg0p([Kg — flg" (Kr + Alg)T)
Thanks to adjunction formula,

Kg=(Kx+H)g Kg=(Ky+H)lg.
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Therefore,
— fla" (Ku + Al) = (Kx — f(Ky +A) = > a;E))
Since f*(Ky + A + H) + Exc(f) has simple normal crossing support,
Lfla" Ky + Alw)] = |F*(Ky + A+ H))lg

Let B := [Kx — f*(Ky + A) — 5 a;E;]. Since Blg = [Kgz — flz (K + Alg)],
J(H,Alg) = flg.Oz(B|g). Hence it suffices to show that

fla.05(Blg) = f.Ox(B) - On.
Now we consider the following exact sequence.

0— Ox(B— H) = Ox(B) = Oz(B|z) — 0.

Since B — H = [Kx — f*(Ky + At H)], by local vanishing [La, Theorem 4.2},
R'f,Ox(B — H) = 0. Thus the map f.Ox(B) — f|5,05(B|z) is surjective, that
is, fl7.0n(Blg) = £.Ox(B) - Ox.

(2) We use the following claim.

Claim. Let Y; and Y, be non-singular quasi-projective varieties and A; and A,
effective Q-divisors on Y; and Y, respectively. Let p; : ¥ x Yo — Y7 and p, :
Y1 x Y, — Y, be the first projection and second projection respectively. Then

J (Y1 x Yy, 01" Dy + p* D) = py T (Ya, D1) - py 2 T (Ya, D).

Proof of claim. Let p; : X; — Y; be resolutions of singularities such that pu;*D; +
Exc(p;) has simple normal crossing support for 7 = 1, 2. Then, putting X := X; x X,
Y =Y xYyand D :=p;*Dy 4+ pa* Do, p:= pg X o : X — Y is a desingularization
such that ;*D + Exc(u) has simple normal crossing support. Hence

J (Y1 x Yo,p1"D1 + pa* D) = . Ox ([Kx — ' (Ky + D)J).
Let ¢; : X7 x Xy, — X, be projections for i = 1, 2.

X <~2 X =X, x X, 2> X,

llil lu=#1 Xp2 l#z

Yi<"—Y =Y x ¥, Y,
Note that
(W' D] = [@1" 1" D1 + [g2"p2" D2) = q1" | p1" D1 + q2™ 2" Do)
Since Kx — p*Ky = qi*(Kx, — m1*Ky,) + @2*(Kx, — 12" Ky,),
[Kx — " (Ky + D) = " ([Kx, = 1" (Kyy + D1)1) + ¢2" ([ Kx, — p2" (K, + D2)1).
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Therefore, by the flat base change theorem,
J(Y1 x Yy, p1" Dy + pa" Dy)
= (01" Ox, ([ Kxy = 1" (Ky;, + D1)]) ® 2" Ox, ([ Kx, — 2" (Ky, + D)]))
=p1" 1. Ox, ([ Kx, — " (Ky, + D1)]) ® p2" 112, Ox, ([ Kx, — 2" (Ky, + Ds)]1)
=p,"J (Y1, D1) ® p2"J (Ya, D2) ‘
=p1 ' I (Y1, D1) - 02 T (Y2, D)
O

Let p: Y = A <= Y x Y be a diagonal embedding. Since Y is non-singular, p
is a complete intersection. Therefore it follows from the repeated application of the
restriction theorem that

J(Y, D1+ Do) = J(A, (p1*D1+p2"Dy)|a) € T(Y X Y,p1"D1 + pa*Dy) - Oa.

By the above claim, J(Y x Y,p1*D1 + p*Dy) - Oa = J(Y, D1) - (Y, D,), which
establishes the assertion. O

3. F-SINGULARITIES OF PAIRS AND A-TIGHT CLOSURE

First we briefly review the definition of “F-singularities of pairs.” Let R be an
integral domain of characteristic p > 0 and F' : R — R the Frobenius map which
sends = to zP. Since R is reduced, we can identify F' : R — R with the natural
inclusion map R < RY?. R is called F-finite if R — R? is a finite map.

Definition 3.1 ((HW]). Let R be an F-finite normal domain of characteristic p > 0
and A an effective Q-Weil divisor on Spec R. Then (R,A) is said to be strongly
F-regular if for every nonzero element c € R, there exists ¢ = p® such that c/9R —
R((g — 1)A)Y/4 splits as an R-module homomorphism.

Hara generalized the notion of tight closure to that for pairs, which is called A-
tight closure. Using the A-tight closure operation, we introduce the geometric test
ideal for pairs which is a generalization of the notion of test ideal.

Definition 3.2 (Hara). Let R be an F-finite normal domain of characteristic p > 0

and A an effective Q-Weil divisor on Spec R.

(1) Let M be an R-module. Then, the A-tight closure 038 C M of the zero sub-
module in M is defined as follows: z € 032 if and only if there exists a nonzero
element ¢ € R such that cz? := cF*(z) = 2®c=0in M ®g °R((¢ — 1)A) for
all ¢ = p® > 0, where the notation *R((q — 1)A) denotes R((g — 1)A) itself, but
viewed as an R-module via the e-times Frobenius map F*¢: R — R((q — 1)A).

(2) When (R, m) is local, then the geometric test ideal T(R, A) of R is defined to be
7(R, A) := Anng(0%,), where Ef is the injective hull of the residue field R/m.
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When A = 0 and R is Q-Gorenstein, the geometric test ideal coincides with the
“usual” test ideal which is generated by (A-)test elements. However even if Ky + A
is Q-Cartier, the geometric test ideal may not be generated by “A-test elements.”

It is easy to see that the A-tight closure operation satisfies properties similar to
those of the “usual” tight closure operation. Here we only give the following lemma,
which is easily proved by the same arguement as in [Hal, Proposition 2.1].

Lemma 3.3. Let (R, m) be an F-finite normal local ring of characteristic p > 0 and
A an effective Q- Wezl divisor on Spec R. Then (R, A) is strongly F-regular if and
only if T(R,A) =

Proof. Assume that (R,A) is strongly F-regular. If z € 03", then there exists a
nonzero element ¢ € R such that ¢cF*(z) =0 for all ¢ =p® > 0. Let

¢! : Homg(R((q — 1)A)Y9, R) — Homg(R, R) = R

be an R-module homomorphism induced by the R-linear map R AN R((g—1)A)Ya
for each ¢ = p°. Since (R, A) is strongly F-regular, ¢{° is surjective for all qg=7p°>
0. Since the R-module homomorphism cF°:E = E®g°R((q — 1)A) which sends
z to cz? is the Matlis dual of d) , ¢F® is injective for every ¢ = p® > 0. Hence
z = 0. Conversely, suppose that 03* = 0, and fix any nonzero element ¢ € R. If z
is a nonzero element of the socle (0 : m)g of E, then there exists ¢ = p® such that
cFe(z) # 0. Since (0 : m)p is an one-dimensional R/m-vector space, we can take g
which works for every z € (0 : m)g. Then cF* is injective on (0 : m)g. Since E is
an essential extension of (0 : m)g, cF*® itself is injective. Taking the Matlis dual of
cFe, ¢\ is surjective, namely (R, A) is strongly F-regular. O

Example 3.4. (1) When R is a regular local ring and A is an effective Q-Weil
divisor with simple normal crossing support, then 7(R, A) = R(—[A]).

(2) Let R = k[[z1,...,z,]] be an n-dimensional complete regular local ring over a
field k of characteristic p > 0 and A = divR(md -+ z%). Assume that
p is sufficiently large and let ¢y = min{1,} ., & 7} Then, (R,tA) is strongly
F-regular if and only if ¢ < t.

(3) Let R = k[[z1, . .., z4]] be a d-dimensional complete regular local ring over a field
k of characterlstlc p>0and A =dive(z{™ + -+ + 2%™). If the characteristic

p>d+1, then 7(R, 75A) = (a:l,...,md).

The Restriction Theorem and Subadditivity Theorem for “a-test ideals” are in-
formed to the author by Hara [HY]. The following result which corresponds to
Proposition 2.3 are obtained by entirely the same argument as [HY]’s.

Proposition 3.5 (cf. [HY]). (1) (Restriction Theorem) Let (R,m) be a com-
plete Q-Gorenstein Cohen-Macaulay normal local ring of characteristic p > 0

— 120 —



and A an effective Q-Cartier divisor on Spec R, that is, A = divg(y) for
some positive integer T and nonzero element y € R. Let ¢ € R be a nonzero
divisor such that R/zR is normal and y ¢ zR. Then, letting S := R/zR,

T(S; AlSpecS) - T(R,A) -S.

(2) (Subadditivity Theorem) Let (R, m) be a complete regular local ring of char-
acteristic p > 0, and Ay and Ay be any two effective Q-divisors on Spec R.
Then

T(R, Al + AQ) g ’T(R, Al) . ’T(R, AQ)
Proof. (1)We identify Fs with (0 : z)g,.
“ Claim.
032 N Es C Opg %=

Proof of Claim. First we will look at the Frobenius actions on Ex and Eg. Since
R is Cohen-Macaulay, we have the following commutative diagram with exact rows
for every ¢ = p® (See the proof of [HW, Theorem 4.9]).

0 Es Er

lFé lzq_1F§

0—>E5®5e5—>ER®RcR

Ifé€e Oﬁ N Eg, then for some nonzero element ¢ € R, cF§(€) = 0 in Eg Qg
*R((g — 1)A) for all ¢ = p* > 0. We write ¢ — 1 = kr + 1 for integers k£ and 7 with
0 <1 <1 —1. Then there exist a nonzero element ¢ € R such that ¢’ ¢ =R and
dzI7 Y *Fg(€) = 0 in Ep ®g °R. Hence, by the above diagram, c'y*F§(¢) = 0 in
Es ®s°S, so that ¢FE(¢) = 0in Es ®5°S((q — 1)Algpecs) for all ¢ = p* > 0. Since

¢ ¢ TR, it implies that € € OEL;IS"”S ) O
Since R is complete, by [Ha3, Lemma 3.3}, we have 0%} = (0 : 7(R, A))g,. Thus
7(R,A) +zR
(0: m)0;,5?z =(0:7(R,A)+zR)g, = (0: ——mR—)Es

= (0 : T(R,A) . S)E5~
In light of the claim, 7(R,A) - S = Anng(0 : 2)g:a 2 7(S, Alspecs)-
R
(2) Fisrt we consider the following claim. :
Claim. Let R = k[[z1,...,z,)] (resp. S = k[[v1,...,¥Yn]]) be an n-dimensional
(resp. m-dimensional) complete regular local ring over a field k and Ap (resp.

Ag) an effective Q-Weil divisor on Spec R (resp. SpecS). Let T = R®,S =
k([Z1,- -, %, Y1, - - -, Ym)]- Then

7(T, Ar ® S + R®y As) C (T(R, Ar) ®i.7(S, As))T.
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Proof of Claim. It suffices to show that

0;3(: REOLSTROAS) o OEI;R ®k Es + Er ® O*EASS,

but it is clear since Er = Er ®; Es. g

Let p: T = R®R — R be a diagonal map. Then 7' — T/Kerp = Ris a
complete intersection, so it follows from the repeated application of the restriction
theorem that 7(R, A; + Ay) C 7(T,A; ® R+ R ®; Ay) - R. By the above claim,
T(T, 01 @ R+ R®x Ag) - RC 7(R,Ay) - T(R, Ay). O

The- following thoerem generalizes [HW, Theorem 3.3], which states that strong
F-regularity implies klt. Its proof is somewhat complicated, so we omit it here. We
refer to [Ta] for the proof.

Theorem 3.6. Let (R, m) be an F-finite normal local ring of characteristic p > 0
and A an effective Q- Weil divisor on Y = Spec R such that Ky + A is Q-Cartier.
Let f: X =Y = Spec R be a proper birational morphism with X normal. Then

7(R,A) C HY(X, Ox([Kx — f*(Ky + A)])).

4. MAIN THEOREM

To state the main result, we will explain the meaning of the phrase “in charac-
teristic p > 0.”

Let R be a normal domain which is finitely generated over a field k of characteristic
zero and A an effective Q-Weil divisor on Spec R such that Ky +A is Q-Cartier. Let
f X — Spec R be a resolution of singularities such that Exc(f) 4+ f*(Ky + A) has
simple normal crossing support. Choosing a suitable finitely generated Z-subalgebra
A of k, there exists a finitely generated flat A-algebra R4, an effective Q-Weil divisor
A4 on Spec Ry, a smooth A-scheme X4 and a birational A-morphism f4 : X4 —
Spec Ry, such that Kg, + Ay is Q-Cartier, Exc(fa) + fa*(Kgr, + A4) has simple
normal crossing support, and by tensoring k over A one gets back R, A, X and
f X — Spec R. Given a closed point s € Spec A with residue field k = x(s), we
denote the corresponding fibers over s by f. : X. — Spec R., A, etc. Then the
pairs (R,, Ax) over general closed points s € Spec A inherit the properties possessed
by the original one (R, A).

Now we fix a general closed point s € Spec A with residue field k = x(s) of suf-
ficiently large characteristic p > 0. Then we refer to the fibers over s € Spec A4 as
“reduction modulo p > 0,” and use the phrase “in characteristic p > 0” when we
look at general closed fibers which are reduced from characteristic zero to charac-
teristic p > 0 as above.

Now we state our main result.
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Theorem 4.1. Let (R, m) be a normal local ring essentially of finite type over a
field of characteristic zero and A be an effective Q- Weil divisor on' Y = Spec R such
that Ky + A 1s Q-Cartier. Then, in characteristic p > 0,

T(R,A) = J(Y, A).

Proof. We need the following two lemmata. Lemma 2 is proved by essentially the
same arguement in [HH2, Theorem 3.3]

Lemma 1 ([Ha2]). Let (R, m) be a normal local ring of dimension d > 2, essentially
of finite type over a perfect field x of characteristic p > 0. Let f: X — SpecR be
a resolution of singularities and D an f-ample Q-Cartier divisor on X with simple
normal crossing support. We denote the closed fiber of f by Z. If (R, m) is the
localization at any prime ideal of a finitely generated k-algebra which is a reduction
modulo p > 0 as well as X, D and f: X — Spec R, then e-times Frobenius map

Fe: Hi(X,0x(—D)) = Hz(X,Ox(—gD))
is injective for every ¢ = p°.

Lemma 2 ([Ta, Lemma 3.5]). Let R be an F-finite normal domain of characteristic
p > 0, A an effective Q-Weil divisor on Spec R and M an R-module. Let ¢ €
R(—Aeq) be any nonzero element such that the localization R, with respect to c is
strongly F-regular, where A .4 is the reduced divisor whose support is equal to that
of A. Then there exists some positive integer n as follows: z € 0}2 if and only if
c"29=0in M ®°R([(¢ — 1)A]) for all g =p° > 0.

Thanks to Theorem 3.6, it is sufficient to prove that 7(R,A) 2 J(Y,A) in char-
acteristic p > 0. Let f : X — Y = Spec R be a resolution of singularities such
that Exc(f) + f,'A has simple normal crossing support. Take a nonzero element
¢ € R(—Aeq) such that R. is regular, where A4 is the reduced divisor whose sup-
port is equal to that of A. Let A’ = divg(c). Then there is a rational number
0 < e < 1 such that [f*(Ky + Q)] = [[*(Ky + A + €A’)]. Take an f-ample Q-
Cartier divisor H on X which is supported on the exceptional locus of f such that
LF(Ky +A+eA)—H| = [f*(Ky +A)]. Set D=H — f*(Ky + A +eA’) and we
may assume that. Exc(f) + f7*(A + eA’) has simple normal crossing support again,
replacing f suitably. By Lemma 1, in characteristic p > 0, the e-times Frobenius
map

Fe: Hy(X, Ox(f*(Ky + A))) = Hz(X, Ox(=qD))
is injective for every g = p®, where Z is the closed fiber of f. On the other hand, let
&+ Hy(R(Ky)) = Hz (X, Ox(f*(Ky + 4)))
be the Matlis dual of the natural inclusion map

J(Y,A) = H'(X,O0x([Kx — f*(Ky + A)])) < R,
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and
8. : HA(R(q(Ky + A + €A'))) — HE(X, Ox(—qD))
the natural map induced by an edge map of the Leray spectral sequence
Hi(HY(X, Ox(af*(Ky + A+ eA))) = HFP (X, Ox(qf (Ky + A + eA))).
Then by the Matlis duality,

R
ker(6) = Hompg. < Ak ) Anan(R Ky ))J(Y A),

. R([Ky — ¢(Ky + A +eA")])
ker(é.) = Hompg < HOX, Ox (TKx £ qDT)) Er
= ANNye (rig(ry +ateay) H (X, Ox([Kx + ¢D])).

We obtain the following commutative diagram with exact rows for every q = p°.

0 — ker(6) Hi\(R(Ky)) ——"——> H§(X, Ox(~D)) —>0
| |~ |~
0 — ker(8,) —> HE(R(q(Ky + A + eAV))) == H$(X, Ox(~qD)) —> 0
Take any element { € HA(R(Ky)) \ ker(8). By the above diagram, £9 ¢ ker(d,). We
fix the positive integer n in Lemma 2. Then for sufficiently large g,
H(X, Ox([Kx + g(H — [*(Ky + A+ eA))]))
Ce M HY(X, Ox ([Kx + a(H = f*(Ky + A))1)).

Hence

"N ¢ Anngg iy +ay) H (X, Ox ([Kx + q(H — f*(Ky + A))).

If¢ e OH“(R(K > then by Lemma 2, ¢"¢% = 0 in Hg (R([¢Ky +(g—1)A])). Therefore
"¢ =0 in HE(R(q(Ky + A))), and this is a contradiction. It follows that

O3 (rixy ) S Ker(8) = Anngg g, J (Y; ),
and by Matlis duality (see (Ha3, Lemma 3.3]), 7(R,A) 2 J(Y, A). O

When A = 0, this theorem implies the results of Hara and Smith. Recently Hara
conjectured that in characteristic p > 0, the “a-test ideal” coincides with the adjoint
ideal (see [HY]) and the above theorem is closely related to his conjecture.

As a direct consequence of the main theorem, we get the equivalence of klt paus
and strongly F-regular pairs.

Corollary 4.2 ([HW, Conjecture 5.1.1]). Let (R, m) be a normal local ring essen-
tially of finite type over a field of characteristic zero and A an effective Q- Weil
dwisor on' Y = Spec R such that Ky + A is Q-Cartier. Then, (Y,A) is kit if and
only if (R, A) is strongly F-regular in characteristic p >> 0.
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WDZER 12 = QI BRI OM ?

A - BT %R AR

1 #FHIC

COHRETIR (A4m) T > THBRA T 7NN m TH DX D72 d RILD Noether BFFEZEEL,
RTHTSTIRWIRD Q = (a1,a2,...,0)) BEBADNT A=Y —AFT7NEL, [=Q :m&BL.
LUF 1995 FicFER S N7z A. Corso & C. Polini DRDFERNE T ETHETESINE VWS HE
EERNKLTS.

T 1.1 ([CP)). PR AN Cohen-Macaulay T HBMNER TRWESIE, HTEX 2 = QI
N ASAVASR

L DIEREIZH 5 DFEREBRRTHBL< &, B’ AH Cohen-Macaulay D& &L, HL 2 QIS
&, ARBTIERITH ST, pa(m/Q) <1 &7, HXQ = QMRS ([CPV]). T ZTpa(*)
BEBTOEKZRL, QRBAT7IVQ OBMAZET. ZOFRIIMLT[CPV] THADH TS
ABNZEEATEHR TABA SO DTH BN, F23EAHMEBHRS ORI AT B BIRK
E BRKS) OHEINRTLOC, BETIHIARERINMNRDERIZBOITR> TN S,
LINLTEMS, socle A T7NV I =Q : midQ s RNERBLTRERAT7INTIRENE
uMA I DEIBER? = QI MR THONEEIEOERIIEKREL THLMATA
). HIZIEER A 2% Cohen-Macaulay T/ & ZIAAR D BRI 20N E NI ENITHT
ﬁiﬁff&éﬂﬁ_%ﬁﬁﬂ'@iﬂbﬁb WEDERICATS B A BEATIEREWL EWSRENED
EIAAEBRTEDONENI N BRELTVWAINE TH 5. PEEMFEICERTATET
HLDTIEAEFMIIE < LT 2N, ZORETIIULD & D aFEHZERZRD=DD
BACHMUTERL, BONLELORBEEZRBLTBELWERD, B, TOHEOSE
chiEEI3BEIC (GHL), [GH2), [GHI] KD ESTWADT, BEBINZW.

M 1.2. ) ATT7NI=Q mMNQ LTETHI-DDHEREEZRD L.
(2 ICQTHOBERATTIVID QIZBT S reduction number

ro(I) =min{0 <n € Z| " =QI"}

ZHEEEE K.
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(3) B8 AN Cohen-Macaulay TIRWHEICHHEET 5L 578 ([CP], [CPV]IZHINT 2) EE%
Bln.

2 W\DICQ&mmBMm?

BADHBASFT hm CETBEEEE o(A) = (A) KE>TET. OBETRIHEN
W EIROBERTH B.

TH 2.1. e(4) > 17125, ICQTHA.

111}

FRIE U TERRBELS FETH A, TOEBRICEFIIBEZEAZMT TR EZ N,
BERIERROFEETDH 5.

REEAIZ

# 2.2 d=dmA>0THo>TmIZmQ 5, e(A)=1THh5.

SEBR. KRITdWZBETAIRMETIALLD. £Td=1DHEEEAD L, Q= (¢;) DmI € mQ
THHOT, TUOHEN SR Q = ml = () BHED. TITB = AJH(A) EBWIE (2T
THL(A)WRMAFREOY—%2KT), & BIX1KTD Cohen-Macaulay BATERTH D Ta; 1
B-3#ERFTH B0, mB-IB = a,B= BMESN5. BIBER BOWMKA T 7 )V mBI3a¥T
HBHDT, BIIIEERIEZD, FKe(4) =¢(B) =12MED. KIZ, d > 1 TH>T, BRLXDERIT
d—1ETELVERELELD. TOEEMIEmQ THAINETLfeEmIZE f¢mQ ERDBLD
BRI, FIIAT7IVQ ODB/NERFDO—ETHEIMNS, Q DERR ay,ay,...,a0 ZEOBZT,
f=as €MIMEDIADERETES. TITRC = A/laAZRDIT, QC = (ag,4a3,...,a4)C
THoTIC=QC :mC TH5B. —AHT, ag € mI THDT, ag mod a; AITERC D/NT A
T —AF TV QC DW/NERFD—ETHBME, mC-QCIIEXEENT, mC-IC € mC-QC
MELDIID. BT, dICBITARMEDOEELD e(C) =1 TH DI EMNFEY, e(A) =1TH5
ZEEfF5. O

STEE(21) DFHATH DM, d=00EEE, PRSEDBBAIETRNVNOTICALR
D, IF7NVIIEETHOT, [ICQERDBIEMNMD. d>0LRETDE, BE(22) M5
ml C mQ ARV, BITHE B = A/HS(A) WCER mB-IB = mB-QB ARV IID. B B Ok
AFT7 NV mBIRPRLED—DIEBRFEEUDT, TOERELDATFTT7NVIBMNQB LT
BTHDHILEERFED. BT, H(AWRANTELAREETHLDT, ICQMRED. EiZd>0
TdH > THE AN Cohen-Macaulay TH2 LRETIUL, FX 2 = QINRESIDTHB. £,
ml =mQ THENS, PCQTHo>Tml2C Q> THAD. BT, e e PIIMNTz=", v
(z; € A) EVWIFICERSIND. aemETHE, ax = E?zl ai(az;)) € Q* TH Y, aj,ay,...,aq
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MWAFERFITHDZEND, az; € Q (L <i < d) DBV, 7, € [ THBIENHMS. BIL
I*=QI T#H5. LAL[CP] & [CPV] DEEEDIHTHS.

Bt A7 Cohen-Macaulay T/RWHEITILZ TITBANZZEEHIIHREL /2. KDL DI, e(A) >
1 TH>TH, FX P = QIR ULIBWANEFET D05 THS. ZOFATIIEBORTIZ
TH2. BREDFEZRIZHSZNDT, BRTTHRAKOHZIED Z ENEEND.

Bl 2.3. R=k[[X,Y,Z]] (k\3F) 2EHFEBEL, A= R/(X3, XY, Y?-XZ) EBL. dimA =
1, e(A)=3TH5. BADNTAIY—AFTINQ=(2) TODVWTIHI=Q+(2%,y) TH> T,
P=QI TR®ZM, I*=QI+ (1) # QI &ERD. Bl ,y,z 3FRETX,Y,Z DA FT )
(X2, XY, Y?*~ X2) 2 ET 5 reduction #ET.

COFIICIIBAETH I —EERTH I EITRDN, MA=K[X,Y,Z])/(X%, XY, Y2 - XZ) 8
Buchsbaum TH 2 EWHFEEIIFHIZET 5. Cohen-Macaulay BICWZVIEWEFEBTH >
TS, ICQTHENELEST L =QI THHERBERWERD &, [N rg(1) ZHIH
LU TWBDMLEFRV. Buchsbaum BFFRICDOWTREDESNIZHEENH 2D TINEKE
THRET 2N, EEMITKBEROBETHS EED.

RS T HOCELWERIETESDILROFEETH 3.

T 2.4. d=dimA > 2 TH> TE AL Gorenstein BFFBDERMETH S EREL, BIZ
Assh A = Ass ADREDILD, BIBEX dimA/p = dMTRTDp € Ass AITDVWTHED LD
LIRETD. TOLERADNRTA—Y—Fay,az,...,0; DRICRORGEHZTHOND
{EBH—HMEETS.

(1) a1, az,...,a4 & AT strong d-sequence 727, BB, TRNTOEK I <i<;j<d&
n;>1(1<i<d)iRLTER

ny n2 M-ty .  mi TS __ ( m1 N2 i )
(a7*,a32,...,a7") : af a;’ = (af',ay?, ..., 7") 1 4]

MWELDILD.
(2) @ =(al*,a3?,...,a}%) VK. TONTA—F—AFT7IVQIX, TRTD1I<i<dIZD
WTn; > 20 DIMDRD, BIERX 2= QI 2T

COEBNRT I, WU TRVWEEOBABENICII AR EH—EE (EROERTIE,
HERIZZ) , EX P2 = QI BWETIIBNIA—FI—1TFTINQMNEENTNS. AL,
BEZSNERFBRIZEDEIBATTINQNEDL SNERITEETNTVANT, FEHS
NTIEVY.
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3 BuchsbaumZznDiz&IZ(E

STENTIIFEEZIR A W Buchsbaum B TH BB HITB AT EICL LS. Buchsbaum B
ZDOWTIE, ROEENEAHNTHS.

FIHE 3.1. A3 Buchsbaum BB TH DT, d=dimA >0, e(Ad)> 1 THIERETS. TP
EE, BAOWMARDEINT A=Y —Fay,a,...,a0 THLTH, 1F7NVQ = (a7, a3, ..., a7%)
BEX PP =QI&W2d. Bln>1(1<i<d)TH>T, PLdb—D2En >2ThHD
HbDETS.

CDFEBREFEE24 DEWVIE, EE24MTRTOn IX2LUELETHEEREL TWBDITHL
T, EE31TEn >2 &R203DREH—DHNUELNEIAHS. W, TORE
TRUITIERE 3.1 3L Ly (cf. #12.3) .

INZRAWSIEBICROBERNEENS. (B, by c R% ¢ =b mod fPREXDLI|
D, J=(f"a,a...,a5)R:n &EBLE, BMRATIAI? = (f*,a1,a9,...,04)-J THDN5,
BARNTH ' =QI &7&6 LERFZENLTHS.) #Ho>T, HED Buchsbaum)%}’ﬁ%mf
W, WEEB/NTA—F—AFTT7IVQ IR U THNTER 2 = QI MLV IID.

% 3.2. (R, n)1d Buchsbaum BB TH B EREL, dimR=d+1(d>1) TH>T, e(R) > 1
BEBHBDERETS. f e n BBBRODNIA—F—FRO—EEL, Bn > 225, &
DEE, RILd D Buchsbaum BFTEE A = R/f"A WTI, WAIBENSIA—F—AFT )
Q@ = (a,as,...,a )k}ﬁbv('{) EHX 2= QIMEDILD.

A 78 Buchsbaum )%'Fﬁfg'f% LB, TE&E

r(A) = sup La(l@: m)/Q)

QX ADRIA—FI—AFTIV

WSHEREEEZED (BL L) I MHRINDOEIEZET) , £X

d-1
()= 3 () + st
=0

MELILD ([GS]). fBLU hi(A) = £4(HL(A) TH>T, K; 5Elk{b A DEXEMBEERT. 2T
TQERADNIA—I—ATTNELI=Q :mETHE, BT L(I/Q) <1(A) TEH?
M, EL(I/Q) MERTH D 1(A) ITEIETHEIIESRN. ULMLAMNS, a,05,...,00 &
Buchsbaum TR A D/XT AT =% ETEHE, TONTA—I—FRITHLERN > 1 &K
DEDITERIENTED (f. [GS) @ n; > NEHMAETEDIER R 1 <i<d)ZEoT
Q = (al',a3?,...,a}") EBFIE, TOATTIVQITH U TIAE ¢,4(1/Q) Misd EFR r(A) IZF
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i%ﬁ‘%». BL, ZOBENDBNNITA—F—Fay,a,,...,a DED FITHH> TET BT &1,
HEEZETHEETHA.
FRRICETA2HDIZDWVTILRDEEMNE L.

T 3.3. Al Buchsbhaum RFIERTH ST, d=dimA >0, e(A) > 1R2HDEEL 0
EERADNRT AT~ FT I Q WER r(A) = £4([Q : m]/Q) FWATRSHE, B3I = QI
BRI, BLI=Q:mTH5.

ROF, BDICRAT [CP), [CPV] DEBAFMRIT B0, —DOBAEEA TS &
BiENS.

% 3.4. Al Buchsbaum RFIIRTH>T, d=dimA >0, e(A) > 1 BE2HDEEERL b
LHBERD/NTA—I—AT T QITH U TAER £,4((Q : m]/Q) 2 Q DI FITHS 7z —
EDEZEEDE5E, FEDNTA—I—AF7INQIHMUTER 2= QI MDD, AL
[=Q:mé&T 5. '

Cohen-Macaulay T7&V> Buchsbaum BFFRTH > T, LOHR34AD [EED/SSA—F—
AFT N QIHUTRER £,((Q : m)/Q) 41 Q KMBRN—EDEEEB) 1054 (C) %
WETHDE, TRTOKTL (> 0) KHLUTHRETS Z &I THS. LrLRNs, Zo
FEC)RP=QI THAEHDTHEETRBD>TH, BDERKETIIRZV., EBE, KDL
72ERYERY 7T Buchsbaum BATERIZEH (C) 22 IRV ERWVA, BARNDTNTOD/NT A—
F—ATT7NQIRMUTER? = QINVKDIMDONSTH 5.

A=K[X,Y,Z,Wl/(X,Y)N (2, W) (k:1{§)

Buchsbaum FFIERTH > T, TRNTDONTA—Y—AFT7IVQ ML TER I? = QI &5k
NI/ HOOEHEMIL, RELDSNTWaEWEREDN 5.

4 #¥YIC
FDITIRAR=F 2.3 ITHWTIE, ROFIENEL W,

il 4.1. &HN)
(D) TaemBBADNNTA=F—1251E, Q= (a) THLTERI? =QINKDIID.
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2)p = (z,y) £T5. Tbepnm?Z2EOTa=0b+z&EBTE, NTA-FY—AF7)
Q= (a) ITHLTI, BT I*#£QILI°P=QI*MERDILD.

COREOFENSHETAICIEHEVICEBENTH VBT S EITESN, ROEENEL VMM
HENZW., (BEBTH S EIFTENI ETIEAW.) EHikzF-Nz5E13, 2EkEIN
7z,

P28 4.2. (1) B8 AW Buchsbaum BFTRTH 225, Q C m? ZHZTITRNTD/NT A—
Z—ATT7N QI UTERI? = QIMNKDILD.

(2) MDD FICBRAWXDWTIE, HIEERNMNFEELT, QCmV 2T INTD/NT
A—=F—AFF7INQIHMUTERI? = QI MV ILD.

BUFLCE &, BAIREOI—H (4)A, TRTD0<i<d=dmAIx U THRER
THDEIBEAREZND.
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Gorenstein graded rings associated to ideals

Shin-ichiro Iai
Hokkaido University of Education

1 Introduction.

This is a joint work with S. Goto. In this paper we will give a characterization of Goren-
stienness in the graded rings associated to ideals having higher analytic deviation. In
what follows, let A be a Gorenstein local ring with the maximal ideal m and dim A = d.
Assume that the field A/m is infinite. Let I(# A) be an ideal in A of height s. We
write £ = A(J) := dimA/m ®,4 G(I) and call it the analytic spread of I. We define
R(I) = A[It] C A[t] (t is an indeterminate over A), R'(I) = A[lt,t] C Alt,t7'], and
G(I)=R'(I)/t7*R/(I). Let ad(I) := £ — s which we call the analytic deviation of I. Let
J be a minimal reduction of I and r;(I) the reduction number of I with respect to J.

Suppose that a;,as, - - , ag is a minimal system of generators for J satisfying the following
two conditions. '

(x) JiAq is a reduction of T4, for all g € V(I) with s =htsq < £.
(#%) a; € qif g € Assg A/J;i )\ V(I) forall 1 <i <L

Here let V(I) be a set of prime ideals in A containing I and J; := (a;, ap, - ,a;) for
0 <1< £ By [GNN2], 2.1 there always exists a minimal system of generators ay, as, - - - , ag
for J satisfying conditions (*) and (#*). Then we denote by

r;(I) = max{ry, (I3) | g € V(I) andht4 q = i} for any s<i< L

We put r; = 1;(I) for short. Our ideal I is said to be generically a complete intersection
if r; = 0. Let a(G(I)) stand for the a-invariant of G(I). We say that I is height unmixed
if all associated prime ideals of I have same codimension. With this notation our result
of this article can be stated as follows.

Theorem 1.1. Assume that I is height unmized and depth A/I™ > d — s — n for all
1 <n < ad(l). Then the following conditions are equivalent.

(1) G(I) is a Gorenstein ring with a(G(I)) = —s.
(2) ; <i1—s forall s <i<{andr,(I) < ad(l).

If ad(I) > 2, we may add the following.
(B)ry=0,1;<i—s—1foralls<i<{ andr,(I) <ad(l) — 1.

As a consequence of the theorem, we have
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Corollary 1.2. Assume that I is a height unmized ideal with s = 2 and depth A/I™ >
d—s—n forall1 <n <ad(l). Then the following conditions are equivalent.

(1) R(I) is a Gorenstein ring.
(2)r; <1—2 forall2 <i<Landr,;(I)<ad(l).
If ad(I) > 2, we may add the following.
(3)ry=0,15;<i—3 forall2<i<{, andr;(I) < ad(l) - 1.

Many authors have studied the Cohen-Macaulay property of the associated graded
rings of ideals having higher analytic deviation. However, in almost all the cases we
recall, the Cohen-Macaulayness of the ideal I is required. As far as I know, the following
result is the best one that does not require such condition.

Theorem 1.3 ([GNN2], Corollary 6.5). Assume that depth A/I™ > d — s —n for all
1 <n<adl), <i—sforals <i<¥ andry(I) < ad(l). Then G(I) is a
Cohen-Macaulay ring.

It seems then natural to ask when under the same hypothesis in Theorem 1.3 the ring G(I)
is also Gorenstein. Our main theorem shows that in the situation, G(I) is a Gorenstein
ring when [ is height unmixed.

Throughout this paper (A, m) is a Gorenstein local ring with dim A = d and assume
that the field A/m is infinite. We denote G(I) simply by G. Let I = mG + G,. We
denote by Hi;(*) (i € Z) the ! local cohomology functor of G with respect to 9t. For
each graded G-module E, let [E], stand for the homogeneous component of E of degree
n and let a;(F) = sup{n € Z | [Hiz(E)]. # (0)} (i € Z). We denote by K¢ the graded
canonical modules of G.

2 Proof of Theorem 1.1.

The purpose of this section is to prove Theorem 1.1. To do this, thanks to [GNN2], we
may assume G is a Cohen-Macaulay ring. Then we obtain the a-invariant formula:

a(G) = max{r;—t | s <1< L} U{r;(I) - ¢}

(cf. [U]), so that we may assume a(G) = —s and r; = 0. The Cohen-Macaulayness of G
induces the elements a4, ..., a; is a super regular sequence. Therefore we may also assume
s=0.

In the rest of this section we throughout assume that our height unmixed ideal I(# (0))
is generically a complete intersection with s = 0 and G is a Cohen-Macaulay ring with
a(G) =0. Let a = (0) :  and let A = A/a. We have INa = (0) and hence a, is A-regular
element (see [GN], 2.1). Since I is height unmixed, Kz = I. Let Q (4) denote the total
quotient ring of A. We consider a commutative A-algebra

B:= IA :Q(_A) ITA
that is finite as A-module. We have depth A = d because depth A/l >d—1and I = A

Therefore the ring B is a maximal Cohen-Macaulay A-module of dimension d (see [AG],
2.2).
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We put T = G(IA) and S = G(IB) for short. Look at the natural exact sequence
0 >A—B —B/A—0.Let C = B/A. Then dimC < d — 2. Since I4 = IB, we get
the exact sequence

0T 5SS —C -0 6]
of graded G-modules. Moreover we have the exact sequence
0—a—=G ST —0 (1)

of graded G-modules by [G\J] 2.3. We note Kg = IB and hence htg, IB, = 1 for all
maximal ideal n in B. Let A denote the m-adic completion of A. Notice that A ®, S
[1}-, G(IB;) is the direct product of associated graded rings Sj := G(IB;) of ideals IB;
(w1th positive analytic spread) in Cohen-Macaulay local rings B;, which are finite as
A-modules.

Claim 2.1. S is a mazimal Cohen-Macaulay G-module.

Proof. We apply the local cohomology functors Hiy(*) (i € Z) to the graded exact se-
quences (f) and (##). Then we have the resulting graded exact sequences

0 = Hi (T) = Hin(a) = Hin(G) = Hx(T) = 0
and . .
Hp' (T) 2 Hp(a) (i<d-1)
of local cohomology modules from (ff). Therefore for any integers i < d — 1 we get
Hin'(T) = [Hiz (T))o and a(T) < 0 because Hiy(a) = [Hiz(a)]o (see [GH], 2.2) and
a(G) = 0. And by the resulting graded exact sequences
Hip(T) = Hin(S) = Hw(C)  (i<d-1)
and
Hon(T) = Hin(S)

of local cohomology modules from (f), we have Hi;(S) = [Hin(S)]o for any integers i < d—1
and a4(S) < 0 because Hiy(T') and Hiy(C) are concentrated in degree 0 for all 1 < d — 1
(see [GH], 2.2) and a(T) < 0.

Now assume that S is not a Cohen-Macaulay G-module. We put ¢t = depth < d.
Because A ®4 Hi(S) = @7 H oq(57) as graded A ®,4 G-modules, we can find 1 <

j < n such that (0) # Hfm o ) [HA® om(Si)lo. From [KN], 3.1 we obtain that
a(S;) < at41(S;). However this is impossible since a;(S;) = 0 and a,41(S;) < a1 (S) <
0. a

Apply the functor Homg(*,Kg) to the graded exact sequences (f) and (ff), and we
get the following commutative and exact diagram:

0 » Kr —=— Kg —— Homg(a,Kg) —— Exty(T,Kg) —— 0
1 [
0 y K y Kg » Cokere*op* —— 0

l
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of graded G-modules where Kg denotes formally Homg(S, K¢g). We put X = Cokere*op*.
Notice that Homg(a, Kg) is concentrated in degree 0 (see [BH], 3.6.19 and [GH], 2.2).
Therefore we get X is concentrated in degree 0. Now let w = {w;}icz stand for the
canonical I-filtration of A ([GI]). Then we have I'*! C w; for all i € Z and Kg 2
D,>q wi-1/w; as graded G-modules. Because A/wy = [Kglo = X there exists an ideal F
in A such that X @ A/F.

Claim 2.2. I =F.

Proof. We have I C F because I Homg(a,Kg) = (0). Assume I C F and choose p €
Assg A/I'sothat I, C F,. As I is height unmixed, we have ht p = 0. Since I is generically
a complete intersection, we get p 2 a, and hence S, = (0). Therefore [Kg], = [A/F), by
(0) = Ks, = [Ks]p- We have K¢, = A, because I is generically a complete intersection.
Thus A, = [A/F],. Therefore I, = F,, which is impossible. O

Since I = F, we get the exact sequence

0 —=Ks 2Kg —A/I =0
of graded G-modules. Then we obtain the following.
Claim 2.3. a(S,) = —1 for all mazimal ideals n in B.

Proof. Since [Kglo = A/wy - A/I and wy 2 I, we have wy = I, so that [Kg]o = (0).
Thus a4(S) < 0 (see [BH], 3.6.19). Let n be an maximal ideal in B. Then S, = G(IB,)
is a Cohen-Macaulay ring with a(S,) < 0 because aq4(S) > a(S;) = a(S,) for some j =
1,2,...,n. Furthermore thanks to a-invariant formula we get a(S,) > r;(/B,) —1 > —1
(recall that htg, IB, = 1). O

Claim 2.4. depthB/I"B >d—n forall1 <n <.

Proof. We will prove the claim by induction on n. Let n = 1. By the depth lemma applied
to the exact sequence 0 - 1B — B — B/IB —0 we get depth B/IB > d—1,as IB = I A.
Let n > 1 and assume that depth B/I""'!B > d — n + 1. By our standard assumption
stated in Theorem 1.1 we see depth I"™'/I"™ > d — n by virtue of the exact sequence
0 — ™Y/ I — AJI" — AJI™Y — 0. We have [™"1/[™ = [*~VA/["A = [*"1B/I"B
because I Na = (0) and IA = IB, so that we get the exact sequence 0 — I*~1/I* —
B/I"B — B/I"'B — 0. Then from the inductive hypothesis on n it follows that
depth B/I"B > d — n. O

Claim 2.5. The graded G-module Kg is generated by elements of degree 1.

Proof. Let n be a maximal ideal in B. As A(IB,) < ¢, we get depth B,/I"B, > (d —
1) =n+1for all 1 < n < ad(IB,) by Claim 2.4. Since G(IB,) is a Cohen-Macaulay
ring with a(S,) = —1, it follows from [GNN1], 1.1 that Kg, is generated by elements
Qf degree 1. Then we obtain that Kg is generated by elements of degree 1 (recall that
A@aS=TTL,S)). 0

We take a minimal reduction J(C JB,) of IB,. Then 1,5, (IB,) < r3(/B,). Thanks
to the a-invariant formula, we get 13(IB,) < a(S,) + A(IB,) < £ -1, and hence ‘B, =
JI®'B,. Therefore I'B = JI*'B.
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Claim 2.6. If£> 2, then r,(I) < £— 1.

Proof. Because £ > 2, I°A = JI*"'A, as IB = IA. Then I* C JI* ' + q, so that we have
It = JI*! since INa = (0). ' a

Claim 2.7. Assume that £ = 1. Thenrt,;(I) =0 if A/I is Cohen-Macaulay.

Proof. We have IB = JB, as £ = 1. Because A/I is Cohen-Macaulay, so is A. Then
B =A, and hence I = J. a

We now come to the proof of Theorem 1.1. (1) = (2) follows from a-invariant formula:
a(G) = max{r;—i | 0 <i < £} U{r;(I) — £}. (3) = (2) is obvious.

(2) = (3): Thanks to a-invariant formula, we get the condition (2) is satisfied if
and only if a(G) = 0 (recall that G is Cohen-Macaulay). Hence it is sufficient to prove
that £ > 2 and a(G) = 0 imply the condition (3). By claim 2.6 we get r;(I) < £ — 1.
Take an integer 1 < ¢ < £. We must show that r; < max{0,i — 1}. We take q € V(I)
such that htqq = 2 and r;(I) = 1y, (I;). We may assume I, # (0). Notice that I,
is a height unmixed ideal with hts I, = 0 and 1o(I;) = 0. So we have A(I;) > 0.
Considering the exact sequence 0 -+ Kg —Kg — A/I —0 of graded G-modules, we see
[Ke,Jo # (0), so that a(G,) = 0. Take a minimal reduction J(C J;) of I,. If A(1;) > 2,
then ry(I;) < A(Jq) —1 < i —1 by Claim 2.6. Therefore we get r; < i — 1 because
1j(Iq) < r3(lg). Suppose A(Jy) = 1. Then we have r; < ry(J;) < a(Gq) + A(J;) = 1 by
a-invariant formula. Hence we may assume 7 = 1. Then A,/I, is Cohen-Macaulay, so
that rj(J;) = 0 by Claim 2.7. Thus we get r, = 0.

(2) = (1): Recall that K = I. Using Claim 2.5 and [HSV], 2.4 we obtain Kg = G,
because S is a Cohen-Macaulay ring. Therefore we have the exact sequence

0—=2G4 =Kg —A/T =0
of graded G-modules. Look at the homogeneous components

0 — A/wy = A/I —0
0— I/I? = wyfw, — 0
0— 12/13 b wl/wg g 0

of above, where w = {w;}icz is the canonical I-filtration of A ([GI]). By induction on
i, we see that w; = I**! for all integers ¢ > 0. In fact, we have wy = I. Let i > 0
and assume w;_; = I'. We note that w; DO I**!. From bijections above we obtain that
/I 2 w;_y/w; = I'/w;, and hence the natural surjective map I'/I**! — I/w; is
bijective. Thus w; = I**! for all 7 > 0. This means G is a Gorenstein ring.
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The supremum of the difference between the
multiplicity and the tight closure of parameter ideals

S EEE

1 FX

FRE BB & ORERAFEICE D2 HDTHS.
(R,m) 8 p> 0 OF—5 —FFER, [ € mBERAITT7IVETD. [0 = (a7 |ac])
AL g=p°, R°=R\ |J p TEL, " TI D tight closure %, ¢/(R) TR O 2B
pEMin R

THDEEERTODETD. §H5E, NTA—FI—AT T ) q it L THEIT,

Cr(R/q) 2 &(R)  and  £p(R/q) > Lr(R/q7)

MDD TW5S,

FIT e(R) & Lr(R/q") & EHANTRNERND BDES S M e 1S BEHE R
U, ZOREICH L TROBENESNZ, CHIERED-FHICKDFEZEENIC
BRLIEZHDTHS.

FE 1.1 ([GN1)). R EFED Cohen-Macaulay RFTERDUERZUET equi-dimensional
BHEDETSD. COEETRTDNTA—F—AFF )b q KL TE eg(R) > La(R/q)
MREODILD. 51T, R M unmized DEE, HBNTA—=F—1FTT7IVT, 5 e(R) =
(r(R/q*) MR DILTHE, R & F-rational, Cohen-Macaulay RFTRTH D, > TIXT
DINTA=F =TT IZH LU TEFPVREILT 5.

COEBID, ETOREVBETHDIN, NTA—FATTI q KEB e(R) -
(r(R/q*) MIEATH D EMREIND. TITIDEDRDFNITDONTHEATAHL
5. %ZT ‘

s(R) = supeq(R) = Ea(R/a")

EBE COMOEREC DV TEATHE. LLASNTHDLSIT, sup, La(R/q) —
eq(R) MEFIC/2 5B FLC BTH 5. s(R) WERE M BEMS FLC Iz 4eb (X
i, AL T 7 VS CRFE T E RV EEEHD X 57) TE WA 5 Z LA
NWTHBINEVNSHETH 5.

Lr(q"/a) = (eq(R) — €r(R/q")) + (€r(L2/q) — &(R))

L7 EITEEINE, R 2 FLC D EEd s(R) OB FIEE sup, lr(q*/q) EDEET
H2ENPONB. TUT sup, lr(q*/q) PEFGRMEE L TROBRNFO NI
*The author is supported by a Grant-in-Aid for scientific Research Japan.
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FI 1.2. R % excellent T equi-demmensional I2BFERET &, KD 3E&HIRABETHS.
(1) sup, £r(q*/q) < 0.
(2) f£E®D p € Spec R\ {m} ITK L T R, 13 Cohen-Macaulay, F-rational.
(8) R1& FLC T, £r((0)5y 5 < 00-

bBAAIDEE s(R) bEBETH .

s(R) MWEMRETL B BEHHEMRISN SN 1ORN, BELEEFEABHDEL
TROBERNES NI,

T 1.3. R 3 excellent 2HFTERT AssR C AsshRU {m} Z#dTHDETSH. L
s(R) WHERARSIXRD2DDES C & F IE—HK7T 5.

- C ={p € Spec R | R, {& Cohen-Macaulay} \ {m}
- F ={p € SpecR | R, I& F-rational} \ {m}

BATEEN FLC THhHHEITIE, EE 1.3 DEHED s(R) NEBEOLE+IFEEFLE
BOTNWBHZENER 1.2 K09 M5. BRD FLC TIRWHETH, EH 1.3 D&M
M s(R) WERBUEOBLETHERZTHAD ZEETFRLEZVNEZMB N> Tz
RETHD. AMEETIE I VR TLDEZITHEBNUEZER 1.2 DIFHELENTETE
THoERE 1.3 DIHDOHZEZRL T I LIZT 5.

2 T 1.2, 1.3 DFEE

WS DNDEMMN S1ED S, £THRDIT)NIFERDOFHER ([K]; Corollary 1.2) IZ &> THEEK
p D excellent FFTERIZHEITIER p @ Cohen-Macaulay RFTERDMERMBRIZ/IED T L& E
BLUTHL. BRI R OS5 A—Y—F a1, az,..., a4 (dim R = d) KA LT,

{R/(a?)ag: "'vad) S 'Jd R/( n+1 n+1, ag+1)}

WA ZERZL, TOMERIT KB IS E0 - HL(R) £785. ROITFT7IV K,
%, R/(a}, a3, ...,a?)R 105 HE(R) NEADD BAROEMN K, /(a}, ], ...,a5)R £725 KD
E5. §35&, {R/K, Y R/Kn i1} i%%@?ﬁ‘iﬁ‘ftf&é'}%n‘ﬂ#%f&b Z DRRIE S
30 HE(R) £722 DT, lim R/ Ky = U5 B/ Kn = H¢ (R) &%é‘i’%@’$73"(%5 FriZ
ai,ay,...,aq M USD- 5’]%7’&'3‘&%@1 USD-51dD \/Ionormal Property (cf. Theorem 2.3 of
[GY])© J:V) K, & £(a},d3,...,a7) —HTH. T

E(al,a3,...,ay) := Z((a’f, Lar, .., ab)al) + (e}, a3, ..., a}),

EU7%k. if:, %$®7C® q= ((11, a2, ...,ad) DEE Z(q) = E(al, as, ..., ad) &% <Y
5. R 4 p D Cohen-Macaulay RFTER OUER B4 T equidimensional D & F 1, tight
closure @ Colon Capturing Property (cf. [HH]; Theorem 7.9) ICX 2T X(q) Cq* £72%
TEMREINTED, {(a?,a}, ..., a})*/S(a}, a}, ..., a})} DEZIRMFEZZT. T DIRMN
RIEDWTRDI ENPRILT B.
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8 2.1. R 1L excellent, equidimensional, 8 p DRATERETSH. R DINTA—F %
ap,ag,...,0q 7b§ USD-?U%K—,E@_&%,

Oy = U (01, a3, -, 03)"/5(al, 035 -, ag).
w(R)

n>0

THD. BT ()} PEINARE LB BETHEM
sup{¢r((af, a3, ...,a})*/Z(a}, a3, ...,ay))} < oo

LBl ETHS.

#EE 2.2. RII FLC RFMREL q=(a),09,...,a4) ENXNTA—F—ATTIETSH. T
DEZHEDOER n >0 ITx L,

eq(R) — Lr(R/q) < €(ap,az,..ap) (R) — Lr(R/(al, a3, -, a3))
&35,

CORE 2.2 &0, RINFLC DL E s(R) DEBEZEFANRDITIZUSD-FIN 572 5/85
A—5—FEBNEFHTHEBMDND. RO FT IV IIHUT, UT) = U, 1 : m”
EEE, IN% I O unmixed component & LR, R DIEDF a1, ay, ..., a; B

(a1, a9, ...,a;)R : aiv1 C U((a1,a9,...,a;)R) (0<13<s)

ZW72TRF a1, ay, ..., a, 13 filter regular sequence TH D EWNS . LLEOEEOTF, FEH 1.2
DELAZE A S, COBBOFEHO—ERITIIL 7z —ICHATH 5o ENHBHT &
L THL<.

EH 1.2 DFH. (1) = (2): T RII FLC &725. EE NIA—FLFTI q I

XU, ‘

Cr(q"/q) = (Cr(R/q) — eq(R)) + (eq(R) — Lr(R/q")), (x)

THO, BH 1.1 & eg(R)—Lr(R/q") WIHEATHD I ENEX TV DD Tsup,{r(R/q)—
(R))} BERMEZEY. ZHE RMWFLC THE I LEEKRT D (f [CTS])

p € Spec R % p # m EEWUE, R, I3 Cohen-Macaulay TH 2. R, » F-rational &72%
ZEEED. ;k_ThtRp—d lt{}iﬁb‘(c]:(/) INTGA—E— 47_7}1/11{—((11,0,2,.. )
Z qg-1 = (a1,09,.,04-1) Cp LIBDEDIITEWMB. N =sup,{lr(q*/a)} EBTI, H_%@
n>0IIZHLT

mYq;_ € m"(qa-1 + (af))* C a1 + (af)

L 725, Intersection Theorem 12k mVgi_, C qao1 THY, g Ry = quiR, &7
5. tight closure ERATLE DRI —MRICTIIEA RN LN, EXT d—1 D ssop
THERSNIZA T 7 INTDWTI tight closure & BFT{L & DFHAIEZR DILS (e, [N];
Proposition 4.4) q3_ Ry, = (qa-1Ry)* £72%. K2 TINTA—=F 1 F 7 ) q4_, R, 13 tightly
closed £750 R, % F-rational &75% Z EMMES.

(2) = (3): RMFLC &% DLW, dimR>1 &RELTEW. R 2 R/\/(0) TE
EMWATRIEHHERELTEN. £, fo, fa B RDONTA—F—FRETEH. ZDEE
R[1/f;] % F-rational 72D T Vélez D#&R ([V]; Theorem 3.9) &V, & {ITDVWT f; D
HIENFD/NT A—5 — test element £7/8D. Ko THAKEWn Ta=(f2, fF,.., fHR
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EBTE, a3 mBEREATTNTHD, FEDNNTA—F—AFTT7IVIHLTal* C T
EHMIZY. 4, (a) = a1,a9,..,00 BINTA—FRTUSDFNIEIRTODEES. (R FLC
ROTTAULARE) B 21 £ D, (0 5 = im(@)"/(@) EBOTa(0)y 5 = (0)
3%, T (0)5 ) 7 Eéﬁ[‘ﬁ’cf%%g%%%@"é
(2) = (3): (%) £ D $(R) < 0o ZVAITEL. Hl 22 £0/8TA—5— 1 FT ) q O
EKHR a1, a0,...,09 W& USD-F1&E L THW.

4 qC U(qq-1) +agR C B(q) C g* ITEET L

eq(R) — £r(R/q*) Lr(q*/ U(ga-1) + aqR)
Cr(g*/2(q)) + Lr(2(q)/ U(q4-1) + agR) ,

< Lr(q"/2(q)) + £r(E(a)/a).
THsd. T TRADERIT ay,a,,..., a9 W filter regular sequence 72T EFIHFMNS

d-1
ED. T 51T Lr(2(q)/q) = Z <Cj> (r(H: (R)) (cf. [G]; Proposition 3.6) 23EX VLB,
BE 21 L0 q*/S(q) C (0) ERBDT, s(R) < oo HEED. 0

LUF, R 13425 p O Cohen-Macaulay RFTERDUER TG EE LER 1.3 DitH %z 5
AB.

##8 2.3 (GN1; Lemma 3.2). R13 AssRC AsshRU {m} Z#i/zdLT2D. ZD&E
F:={peSpecR|htgp >1=depthR,, p#m}
I3EREESTHD.

EH 1.3 DFFHA. C C F 2B idLW. peSpecR Z p#m T Rp 7' Cohen-Macaulay
E7B5HbDETS. V(a) C SpecR % R D non Cohen-Macaulay locus & 9°%. fca\p
&L, PeMaxR[1/f] &N, Rp i Cohen-Macaulay TH Y htp P =d—1 &£725.

Claim 1. P DJT ay,as,...,a4_1 C filter regular sequence 2723 HDINEND.

Cliam 1 DFFBH. d=1 DEZFRIWN. d>2 T2, BATTINOES F 2 @B 23 T
RKDIEHDETSE. COEEEED Qe FIIMLTPZQ THA. £IT

wueP\(UQu( U @

QEF Q€EAssh R

EENE, AssR/a R C Assh R/ayRU {m} 23K D ILD. £ take p; € Assp R/a,R %
pp#m &ERDHDOETDE depthR,, =1 THY TN htppy =1 ZEKTS. Lo T
dim R/p; = dimR/a;R TH D p; € AsshR/a;R. TOWMODHMNS ) RS 1 O filter
regular sequence &75%. BUT#DIRTHFHIIE > T claim 135E5. |

ZTZIT N =3s(R) &£&BL. RDIL ag Z a1,....84-1,08q0 BWINTA=F =% ERXDLD
IZ&B &, a,...,a4-1,aq 13 filter regular sequence 27X L TWA I EICEETS. [ =
(a1,a9,..,a4-1)R EL J=T+a}R EBL. TH&

Lr(R/U(I) + aZR) — Lr(R/J*)
es(R) — Lr(R/J*)
N

Lr(J*/ U(I) + a3 R)

IA T
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FOoTHED n> 0 IZHLTmN* € mMJ* C U(I) + a}R. Intersection Theorem IZ&
D mNI* C U(I). Colon Capturing Property I2& 0D I* =U(I). $2& U()p=IRp T
HD, —H I"Rp = (IRp)* BLDILDDT, IRp I3 tightly closed £78%. K> T Rp 1

F-rational &72 D EHEMNUED. a
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Generation of lattice ideals

#IRE FO3C

TITH, AEORK Y VRV ATHRELEABOEL DL TOMRE
BIi5. 2T, AEOET —<HROMELELD 2 L THB.

f9%8. I % lattice ideal, f;,...,fs € I % binomial & 3%. ZD& &, \»>

I=(f1,--,fs) FE7=E I=+(fi,.--,fs)
MY ILDOH?

EHZOHAIL 1 SUEIZH IR . ZORMERBOMICLBRETD L, &
TEXEREENETL S, #HlzE, ROEBREFOLHI>RHOD 1 >THD.

Theorem 1 simplicial almost complete intersection lattice ideal {3 set the-
oretic complete intersection. {8 L, lattice ideal 7% simplicial THD &%, £
@ height & @ U toric ideal &, €D ideal 3 simplicial semigroup ring
AERTHILETHD.

ZDFERIE, 2001 & 7 A D Grenoble IZHBITHBIRESTRER LI,

F7o, TOFEERIT simplicial TRWER D LRV EHHON TN S,
[1, Prop.5.22] o &huid,

I = (X11 X022 — X12X21, X11 X253 — X13X21, X12X23 — X13X22)

{Z set theoretic complete intersection {272 %72V > non simplicial semigroup
ring DERATTNVTH5.

1 HEAXEIF

Z Z T, lattice ideal (ZBITAEHREB IR D.
N ZEE k 2KE L, A=k[X,,..., XN, B=kXE, .. XE T 5.
ZN¥ DI v = (v1,v9,...,un) WAL, X° CTHEARX X['X)2 - X 250
bTbnET5. ZN OFBSMEV ICHL, TRTH1-XY (veV) &)
HORIEXTERENDBOATTNI %EX, ADAFTNMIV)=JNA
% V ICfHhE L7= lattice ideal &V, BRI VKPRV IS LMD,
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(1) lattice ideal I(V) iZ XV — X¥ &\ O HDEIEKX ( ZH % binomial &
W) TEMSND (w-veV).
(2) htI(V) = rankV.
Wt I(V) = ht I(V) @4 B.

(3) A @ binomial ideal I 73 lattice ideal T 57=HDYLE 4y Sk,
X1, Xa,...,Xn BF =T A/I L non zero divisor £ 7252 &L TH 5.
{B L, binomial ideal & 2, binomial TAERKENT-A F T /L.

Proof. I 73 lattice ideal ™ & &, & X; A% non zero divisor (2725 Z &
TG, FZ, §TD X; A non zero divisor £ 32. V ={v—-w:
XV—-Xvel}l &BL. VT ZN OBSMEET, B6AZ, I C vy »
FXIL. ¥£72, binomial f A3 [(V) ICBT D& &, HHBIAR M MBTEE
L, MfelThod RELY, fel 9, I=I(V) i lattice ideal.
Q.E.D.

(4) KIZFME. ZD & &,V % positive £ V5 (|4, Lemma 1.1]).

(a) HDIEDHE ay,0a,...,any DBFELT, V i Ker(ay,ay,...,an)
IEBEND.BL, (a1,0s,...,an) X ZN 6 Z ~DE.

(b) V @ 0 LADTITTRTIEDS ERDESE E HIZHD.
(c) I(V)C (X1,Xa2,..., XN)
(5) KIXFME. 2w & &, I(V) # toric ideal &V 5.
(a) ZN /V 7% torsion free
(b) I(V) BEAFT 1

V A3 positive T I(V) BFRATTNDEE AJI(V) 1T 7 4 L ¥BERITRS.

LUF, 2RIZ V 78 positive TH D LIRETSD. $£7-,v € V IZXTL, binomial
F)=X""" —X"" LEHETE. ZOL& AFTADERIC OV TR
Y3,

Proposition 2 ([6]) (1) I(‘/) = (F(UI))F(UZ)y)F(vs)) 7)‘52‘9 Mok
E,u; eV ((=1,2...,5) 7m0V =) Zy BHEII.
(2) chark=0 & &, JI(V)=I(V).

(3) chark =0 D& &, I(V) = \/(F(v), F(v2), ..., F(v,)) %2513,
V=) Zv Th5.
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AEADEBE. (1) v; € V IZBH. HLDEMFKICHNS Grobner base &

Buchberger 7 /VI Y AL TERT D E, TNHETAT MF(w) (w €

YIvj) EhHbbahBd. . veV OLE, F(v) @ leading term % Grobner

base DEETHI-TW&, TOXRFEEEZD L, v FTORBIIHOLEDND w

TEREND Z LOBDMBECEEN, LB oTve Y Zv;, 225,

(2) kE#REPAGLIRELTIV. 61, JI(V) = (V) &&67‘:&)0)%%
D%, JIV)®@aB=1(V)®4 B 2D T, B LTEx 3. BEIE,

[2, Corollary 2.2]) CiEAE»TH 5.

B)W =T Zv; £5<. BEMT, W C V BEL. LT, [(W) C (V) T

H 5. radical & &g,

\/(F(Ul)""aF(vs)) - \/I(W) c \/I(V)

LEdsoTIREL (2) &9, IW)=I(V), &> T W=V #25. QED.

Ezample chark > 0 ®& 4%, (2), ( ) W ERARSL. chark = 3, V = Zv,
v=(3,-3) &5, oL (V)= (X} - X3), VIIV) = (X,

Note chark=p>0 D& & (2) ICEALTKRMEKYID. HD s> 0 »7F
LT,

JIWVY =1 (1-)1;1/) ,
ferZl, sV={vez" :pveVv}

Note chark=0 Dt &, (3) LV KROBERE XD ([6]).

I(V) = (F(w),...,F(v,)) <= I(V)=(F(u),...,F(v)),

772U, r =rankV.

2 FRR

Definition vy, ...,v, € ZV ¥4 5. wh(vy,...,v,) & (F(w),..., F(vs)) &
BUEHTERSNIA T T O height OF/IMEET 5. & Bk, SRAARIC
h(vy,...,vs) BROE D ICEET 5.

h(vi,...,vs) = max{s — wh(vy,...,v,) + 1, h({vj};er) + h({v;}j¢1)}
BL,TiEAL,...,s} DFXTDZETZ2 proper set &<

FEHLD, A(vy) =0 ARY I
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Ezample

N + - - 0 -~
R -+ 0 - -
N 0 - + - +
- 0 - + +

V1 V2 Us
Uy Vg2 V3 V4 7Us

h=1

=1
Il
)

Theorem 3 ([7, Theorem 1.6]) v;,...,v, €ZN &L,V =3 Zu;,,
r=rankV, J = (F(v1),...,F(vs)) £B<. EHIT, V B positive D & &,

(0) h(vi,...,vs) > s—T.

(1) h(vy,...,vs) =s—1 7>> J @ minimal prime ideal ® height 734~
Tr 0k, V= /I(V) BL.

(2) &5, J @ embedded prime ideal HIFELIEWVEE, J = [(V) #
BK3L.

Proof. p % J #&%r prime ideal £ $%. H L,p 1 X;,..., Xy OWT
NbLEERVEE p it B ® prime ideal MEIXRLIZRZDZDT, (V) &
. (2T, htp>1) —H, p BEH X; OWFRArEELLE UTOE
HEBRTDAT TN M+ (W) BEET D,

M = (Xi)ier, WCV, ( U SUPPU> nNT =9,
veEW

ht M + I(W) = htp.

ZOLE WMAIW) >s+1—h(vy,...,vs) B b L, A(vy,...,v) <
s—r ERETDHE, MM+I(W)>r+1. £ZT,p % J+(X;) © minimal
prime ideal &35 & htp<r+1&RDFE. LoT, (0) Bt

RIZ, p & J ® minimal prime ideal &%, (1) DEEMNK I LD & &,
htp =7 TRIFNERGRW, LizA-T, LOEKLIY, p IEXK X, 28
LIERTERLLT, I(V) 2885 %x2\0. bbb, Vi=/IV) &
z 5.

S5 (2) DEEMRY Lo L F, J @ associated prime X 3~<T minimal
DT, B X; #81 J O associated prime IZFE LAV, Thbb, X;
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i A/J E non zero divisor. £ T, J ¥ lattice ideal T, I(V) (2% L.
Q.ED.

Remark
(1) r <2 FHE>N-20&&, 2RIT J ® minimal prime ideal ?
height {Z3 <X Tr {ZF L.

EIBAODIERE. r=1 D EXTAR. r=N-1 D& &L, J D minimal
prime ideal ® height 1¥ N 721X N — 1 T, height /8 N D& &,
maximal ideal (Xi,...,Xn) (2729, minimal Ti372v>.

r=2 (I N -2 DL, KETT.

J %&T prime ideal p {22V T, htp > 7 7#>D p A3 height r
DM+IW) BoALF 7N (EROEAPITHTEZH0)
FEERVWEE p I I(V) ED.

TOFRIZEIVEREZS. Q.E.D.

(2) v1,... v DBS—RIMILT, bt (F(v1),...,F(v,)) =1 BRYILDOEE,
J = (F(‘Ujl + v, + 0+ Ujs))1$~’S".151'l<"'<J'=S" :‘_‘ﬁﬁfi‘, A/J i
Cohen-Macaulay ([5, Corollary 2.6)).

(3) vi,... v BB DE &, J = (F(v1),...,F(v,)) P minimal prime
ideal 123 _Tvy,...,v, DERPDOHFF L VIRETE D4, embedded
prime ideal I(ZIRE TEAR2WIZ &EBHOLATWD ((8]).

Ezample wvy,...,v, € ZN,V =3 Zv; % positive of rank r,
J = (F),...,F(v,) &F5. KA

(1) s=r D& E,
h(vy,...,v.) =0 <<= J=I(V).

(2) s=r+1DE&E v+ +v,=03g<r+1) 25,

E(Ulj"'yvr-}—l)::! — J=I(V)

EORRLD, KEZXD.
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Corollary 4 V #% positive of rankr & T 5.

. . _ Juy,...,v. €V,
(1) I(V) % complete intersection =
h.('Ul,...,'U,-) =0.

Svl,...,vr“ evV;

H Viy--.,Upr = 1‘

(2) I(V) 7% almost complete intersection <= (v1 +1) ‘
v1+"‘+vq :0,
(Jg <r+1).
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ROOT SYSTEMS AND LEXICOGRAPHIC GROBNER BASES

HIDEFUMI OHSUGI

INTRODUCTION

The present paper is a brief draft based on a joint work with Takayuki Hibi. Let
A C Z" be a finite set and let K[t,t7,s] = K[t;,t7,... ,tn, 1%, 5] denote the
Laurent polynomial ring over a field K. We associate each a = (ay,...,a,) €
Z™ with the monomial t®s = ¢§'---t2*s € K[t,t7!,s] and write Rg[A] for the
subalgebra of K[t,t!, s] generated by all monomials t*s with a € A. Let K[x] =
K[{zq; a € A}] denote the polynomial ring in }(.A) variables over K and I4 C K[x]
the kernel of the surjective homomorphism 7 : K[x] — Rg[A] defined by setting
m(zy) = t%s for all @ € A. The ideal I 4 is called the toric ideal of the configuration
A.

Fix n > 2. Let e; denote the i-th unit coordinate vector of R*. We write A}_;,
B}, Ct, D and BC{ for the set of positive roots of root systems A, _;, B,, C,,
D,, and BC,, respectively ([3, pp. 64 — 65)):

Al ={ei—ej; 1 <i<j<n}
Bf={e;;1<i<n}U{ei+e;;1<i<j<n}U{e—e;;1<i<j<n}
CH={2;;1<i<n}U{ei+ej;1<i<j<n}U{e;—e;;1<i<j<n};
Dif={ei+ej;1<i<j<n}U{e;—e;;1<i<j<n}

BC = B+ UCH.

Let, in addition, &+ = &+ U {(0,0,...,0)}, where ® = A,_;, By, Cp, D,, or BC,
and where (0,0,...,0) is the origin of R™. In their combinatorial study of hyper-
geometric functions associated with root systems, Gelfand, Graev and Postnikov
(2, Theorem 6.3] discovered a squarefree quadratic initial ideal of the toric ideal
Iz+ of K:_l. Moreover, for any subconfiguration A of A}_;, the configuration

n—1 .
A= AU(0,0,...,0) possesses a regular unimodular triangulation ([7, Example 2.4
(a)]). Stanley [8, Exercise 6.31 (b), p. 234] computed the Ehrhart polynomial of the
convex polytope conv(Kf{_l). Fong [1] constructed certain triangulations of the con-
figurations B (= conv(D;)NZ") and conv(C;})NZ" (= BT?: ), and computes the
Ehrhart polynomials of conv(B;) and conv(C;). The triangulations studied in [1]
are, however, non-unimodular. Motivated by their results, Ohsugi~Hibi [6] found re-
verse lexicographic squarefree quadratic initial ideals of the toric ideals I B> I &t and

I5+. Moreover, Ohsugi-Hibi [5] discussed subconfigurations A= Au{(0,0,...,0)}

of Bf U C{ which possesses a (regular) unimodular triangulation (i.e., I 7 which
posseses a squarefree initial ideal). Hence, it is natural to study the same proplems
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as above for [+ where ® C Z" is one of the root systems A,_;, B,, C,, D, and
BC,,. (Then, I+ is not generated by quadratic binomials if n > 6.)

1. SQUAREFREE LEXICOGRAPHIC INITIAL IDEALS
Let ®+ C Z" denote one of the configurations A;}_;, B, C}, D} and BC}. Let
K[A}_,], K[B}], K[C/], K[D;] and K[BC;] denote the polynomial rings
KAL) = K[{fijhzicj<al,
K[B:] = K[{yi}lsiSn U {ei,j}1§i<j§n U {fi,j}15i<j§n],
K[CF] = Kl[{aihsiza U{eiihizicicn U {fijhcicical,
KDyl = Kl[{eijhzicjzn YU {fijhsicisnl,
K[BC]] = K[{ai}icicn U{uihi<icn U {eihicicizn U {fijh<icicn]
over K. Write m : K[®*] — K[t,t7%, s] for the homomorphism defined by setting
7r(a,-) = t.‘?S, W(yi) =18, 7r(e,-,j) = tit]’S, ﬂ(fi,j) = titj'ls.
Thus the kernel of 7 is the toric ideal Ig+.

First, an explicit initial ideals of I AY_ generated by squarefree monomials of
degree < 3 will be constructed. Let <., be the lexicographic order induced by the
ordering of variables

fn—l,n > fn—?,n—l > fn—2,n > > fl,2 > f1,3 > > fl,ny

and let <., be the reverse lexicographic order induced by the ordering of variables

fac1a > frnoon > facon—1 > - > fa3 > fin > - > fia > fio
Then, the reduced Grobner basis with respect to <je; (and <) is as follows.

Theorem 1.1 ([4]). The set of the binomials
fiefin — fikfie 1<j<k<Y,
fiifik — foir1fivrks i+1<j <k,
figFerrrfrrre — fisrrfivrgfre i+l<j<k<f-1,
is the reduced Grobner basis of the toric ideal I At with respect to both <., and
<rew, Where the initial monomial of each binomial is the first monomial.

Second, we discuss the existance of squarefree initial ideals of the toric ideal I+
where & C Z" is one of the root systems B,, C,, D, and BC,. The similar
argument as in [5] plays an important role in the proof of Theorems 1.2 and 1.4.

Let <f,. be the lexicographic order induced by the ordering of variables

a; >as > >a,
> fn—l,n > fn—2,n—-1 > fn-Q,n—l > > fl,2 > f1,3 > > fl,n
> €n—1n > €n—-2n-1 > €n—2n-1 > > €1,2 > €13 > > Cln-

Theorem 1.2. The initial ideal of the toric ideal I+ with respect to <j,, is gener-
ated by squarefree monomials.
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Let <%_ denote the lexicographic order obtained by restricting <, to I{[D}].
By the elimination property of the lexicographic order <f,,, we have the following
corollary froin Theorem 1.2.

Corollary 1.3. The initial ideal of the toric ideal I+ with respect to <¢_ 1is gen-
erated by squarefree monomials.

be
lex

We now consider the root systems B, and BC,,. Let <
order induced by the ordering of variables

be the lexicographic

A > a9 > - > an

> €n—1,n > €n—2,n—1 > €n—2n—1 > > €1,2 > €1,3 > > €1,n
>Y1>Y2 > > Un

> fn—l,n > fn—2,n—1 > fn—?,n—l > > f1,2 > f1,3 > > fl,n-

Theorem 1.4. The initial ideal of the toric ideal Igc+ with respect to <o s
generated by squarefree monomials.

Let <!, denote the lexicographic order obtained by restricting <%, to K[B}].
By the elimination property of the lexicographic order <., we have the following

lex»
corollary from Theorem 1.4.

Corollary 1.5. The initial ideal of the toric ideal I+ with respect to <t 1s gen-
erated by squarefree monomials.
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GENERIC A!-FIBRATIONS OVER DISCRETE VALUATION RINGS

TERUO ASANUMA AND NOBUHARU ONODA

1. INTRODUCTION

Let (R, 7R) be a DVR (i.e. discrete valuation ring) with the quotient field I = R[r~!]
and the residue field R/mR = k of characteristic chk > 0. A commutative R-domain A
is called a generic A’-fibration if

AQr K = KU,
So if A is a generic A'-fibration, then A[r~!] is a polynomial ring in one variable over
R[r71).

It is interesting from a geometric (and an algebraic as well) point of view to consider

a k-algebraic structure of the “special” fiber A/7A of a generic A'-fibration A. In most

cases such a special fiber dose not necessarily a polynomial ring. However under some

mild conditions the reduced ring (A/7A)eqa (= A/VTA where v/mA denotes the radical
ideal of the ideal 7A) induced from the the special fiber A/mA has a polynomial ring
structure. Precisely we have

Theorem 1.1. Let A be a finitely generated generic A-fibration over R. Then we have
the following:

(1) If A is normal and VT A is prime, then there ezists a finite field extension k;/k such

that

A/VTA =K.
(2) If A is normal and chk = 0, then there ezists a finite set {k; | i =1,...,s} of finite
field eztensions k;/k such that

AIVTA = (ky x -+ x k)W,

(3) If chk = 0 and A is generated by two elements over R, then there exists an Artin ring
L such that

A/rA =Ll
Example 1.2. The condition “normal” is necessary in Theorem 1.1, (1), (2). If we set
A = R[z,77%z% 7 'z(r%2? - a)] ‘
= R[X,Y,Z]/(n®Y = X*,7Z - X(Y —a),XZ — 7Y (Y —a), 22 =Y (Y —a)?)
for any element a € R, then A is a generic A'-fibration such that
ANNTA=KY, Z)/(Z2 - Y (Y —a)?).
Example 1.3. There exist examples of generic A'-fibrations A satisfying the condition
in Theorem 1.1 (1) but A/mA are not polynomial rings for any ch k > 0 as follows. Let
A = Rlz,n 2 77%%)

= R[X,Y,Z)/(X?-7Y,XZ - Y* XY - 1Z).
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Then A is normal. We will show that A/ A is not a polynomial ring. Let B = A/m A,
and suppose that B = L[T](= L!!). Then
B/n(B) = (L/n(L)T] = K{X, Y, Z)/(X*, XY, Y%, X 2),
so we can find a € k such that
X(T —a)=0mod (X XY,Y? X2Z)
Since T — a is regular in (L/n(L)?)[T], we have X = 0 mod (X%, XY,Y?, X Z), which is a
contradiction.

Example 1.4. There exist examples of generic A'-fibrations A satisfying the condition
in Theorem 1.1 (3) but A/m A are not polynomial rings in case of ch k > 0 as follows. Let

A = R[z", 7z +1™]

= R[X,Y]/(Y” —a"" X — X).
Then
Alr™Y = K[z, 7z + ™).

Notice that ) -

K[z" 7z +2™) = K[z"" 1z + 2™
for any ¢ =0,..., e, because

o =77 (nx + ™) — (7)™ € K[z*™" 7z + z™).

So A[n~!] = K[z], and hence A is a generic A'-fibration. On the other hand A/V7A =
k[X,Y]/(Y?™ — X™) is not a polynomial ring. In particular A/7A is not a ploynomial
ring.

Conjecture 1.5. Theorem 1.1(2) holds also in case of the residue field R/7R = k of
characteristic chk = p > 0, in other words we can delete the assumption that chk = 0
from Theorem 1.1(2).

For the details on generic A*-fibrations see [3].

2. ProOF OF THEOREM 1.1 (1)

In this section we give a proof of Theorem 1.1(1).

Let (V, P) be a valuation ring (which is not necessarily a DVR) of a rational function
field L(t) over a field L. Let Vo = VN L and Py = PNV, We fix these notations
throughout this section.

In [4, pp.139-140] Nagata proves the following;

Theorem 2.1 (Nagata). Let k; be the algebraic closure of ko = Vy/Py in V/P. If V/P
is not algebraic over kg, then there ezists y € V such that V/P = k,(7) where § (mod P)
is trancendental over k.

For the proof of Theorem 1.1 (1) we extend Theorem 2.1 to the case of polynomial
rings as follows;

Theorem 2.2. Let A = V N L[t] and let k, be the algebraic closure of ko = Vo/Py in
V/P. If V/P is not algebraic over ko, then

(1) ky is finite over kg.

2) A/PNA=k
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Let v: L(t) = G be the valuation corresponding to V, where G is the additive value
group of v, and let vy: L — Gy be the restriction of v to L. Given an element a € V, we
denote by @ € V/P the residue class of @ modulo P.

Lemma 2.3. Let z be an element of V such that Z is transcendental over ko. Then there
exists y € V such that L(z) = L(y) and t is integral over L[y].

Proof. Write z = f(t)/g(t), where f(t),g(t) € L[t]. Let n = deg f(t) and m = deg 9(¢).

Case 1. (n > m) We can choose f(t) to be monic, and ¢ is a solution of the equation
f(X)—9(X)y=0. Soset y = 2.

Case 2. (n < m) Set y = 1/z and apply a similar argument as Case 1.

Case 3. (n =m) Let the leading coefficients of f(t) and g(t) be o and g, respectively.
If v(a) > v(B) (resp. v(@) < v(B)), then replace z by z — /B (resp. 1/z — #/a) and
apply Case 2. A ‘ ' O

Among those elements y € V such that § are transcendental over kg, we take y to be
one with minimal degree n = [L(t) : L(y)]. We may assume that t is integral over L[y] by
Lemma 2.3. Now let V, = vn L( ) Note that V is the valuation ring of the valuation
vy obtained as the ca.nomcal extension of vy. Namely vy is defined by

vy(f(y)) = min{ve(a) | a runs over all coefficients of f(y)}

for f(y) € Vo[y], so we have V, = Vy[y]p,p,- Notice that the value group Gy of vy is equal
to Go.

Lemma 2.4. Let
M= (L+Lt+ -+ Lt""HNV.
Then
(1) Llt,y) NV = Mly};
(2) V = Mlylp (= My] ®vepy) Volv] roty))-
Proof. (1) It suffices to show L{t,y]NV C M[y]. Let h be an element of L[t,y]N V. Since
n = [L(t) : L(y)] and ¢ is integral over L[y], we have
Lt,y] = L[yl + Llylt + - - + L[y}t" ",
because L[y] is a principal ideal domain. Hence h is of the form
h:h0+h1y+-~-_+hmym
for some m > 0 and
hoy... hpm € L+ Lt + -+ + Lt L.
We choose h; so that
v(hy) < v(h,)
for all 0.< 4 < m with 7 # j. Therefore h; h € V for every i = 0,...,m. Note that
h; h € V and
(L(t) : L(h:h7H)] < n— 1.
Thus h,~h;1 € k; by assumption. So-if we set _
B =hhi' = hoh;' + hihi'y + - + hohyly™
then

B = hoh,j—l + hlhj_lzj + .+ hmhj—lgm
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is well-defined as an element of the polynomial ring k;[7](= kgl]). The coefficient of 3
of B is 1, and hence 3 is a nonzero element of k;[g], which implies 8 € V*. So we have
hi(t) € V for i =0,...,m, because h; = hf~! € V and v(h;) > v(h;). Thus h; € M, and
h € M(y], as required.

(2) It is enough to prove V' C M(y]p,,). Let 7 € V. Then r is written by r = fg=! for
some f € L[t,y] and g € L[y]. Replacing f and g by af and ag, respectively, where a € L
such that vy(g) = —wvo(a), we may assume g € Vj[y] \ Foly] from the first. Then

f=rgeVnlLltyl,
and therefore f € M[y] by (1), which complete the proof of the lemma. O
Corollary 2.5. (1) k; = M(= M/P N M).
(2)[Nagata] V/P = k(7).

The corollary immediately follows from Lemma 2.4 (2).
We now proceed to the proof of Theorem 2.2.
By ramification theory of general valuations, we have

(V/P:Vy/P)) < [L(t) : L(y)] = n.
On the other hand V/P = k(§) by Corollary 2:5 and V,,/ P, = ko(7), so that
ks + ko) = [ka(3) : ko(@)] = [V/P: Vy /R <,

which proves (1). For the proof of (2), we first show that A is transcendental over kq.
Since [G : G, is finite, say m, for any h € L(t) we can find an element ¢ € L such that
v(ch) = 0. So if we write y = f(t)/g(t) with f(t),g(¢t) € L[t] and GCD(f(t),g(t)) = 1,

then

yr=f@O)"/9(®)" = af(t)"/ag(t)”
for some a € L with v(ag(¢t)™) = 0. The asuumption that § is transcendental implies
v(af(®)™) =0, so af(t)™ and ag(t)™ are both well-defined. Furthermore at least one of

af(t)™ and ag(t)™ is transcendental over ko, as claimed.
Next we show that

yMyln A C yA.
Let
yw € yM[y] N A.
By the defintion of M([y], we have g(t)‘w € L[t] for some large £. So, the equality
9(®)*yw = f(t)g(t)w
implies that
w = g(t)*w/g(t)" € L[t],
because yw € L[t] and GCD(f(t), g(t)) = 1. Note that w € V and we have
we LNV = A,
S0
yMy|n A CyA.
We turn to the proof of (2). Since
MCACMy|=M+yMy,
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and
yMylN A C yA,

we have

MCACM+yAC Myl (2.1)
Taking the residue of the equation (2.1) modulo P, we see

ki CACki+gAC kg), (2.2)

because M = k; by Corollary 2.5. As is mentioned above, A contains a non-constant
polynomial, say

hyg) =a+arf+- - +and™
where a; € ki[g](: = 0,...,m) and a,, # 0. Then it is easy to verify that the equation
(2.1) implies

a+ @+ ang™ € A
Continue this process m — 1 times to get

Um-1 + am € A.

So we have § € 4, and 4 = k;[g], which completes the proof of (2).
Now we have Theorem 1.1(1) as a special case of a corollary of Theorem 2.2.

Corollary 2.6. Let A be a generic Al-fibration over R. If A is normal and the radical
ideal VA of the ideal TA of A is prime, then there ezists a finite field extension k,/k
such that
A/VTA =k

Proof. Set @@ = v/mA for short. Since A is normal, we have

A= A[?T—l] N AQ = L[t] n AQ.
Notice that Ag is a DVI, and we can apply Theorem 2.2 to get the corollary. O

3. PrROOF OF THEOREM 1.1 (2)
Theorem 1.1 (2) follows from Theorem 1.1 (1) and the following

Lemma 3.1. Let A be a finitely generated normal generic A'-fibration over R such that
VA is not a prime ideal. If chk =0, then A/TA contains a non-trivial idempotent (i.e.
an element e € A/mA with e = e* e # 1). '

Our proof of this lemma is very complicated and we omit it here. For the precise proof
of Theorem 1.1 (2) see [3].
4. PROOF OF THEOREM 1.1 (3)

In this section we give a proof of Theorem 1.1(3).

Lemma 4.1. Let (R,mR) be a DVR with the quotient field K of ch K > 0 and let F(X,Y)
be an element of a polynomial ring R[X,Y] = R®. If

K[X,Y] = K[F(X,Y),G(X.Y)]
for some G(X,Y) € R[X,Y], then we can choose an R-automorphism of R[X,Y] so that
F(o(X),0(Y)) € R(X,7Y].
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Proof. Let
a: R[X,Y] — R[X,Y]
be an R[X]-endomorphism of R[X,Y] defined by a(Y) = 7Y. Then by Corollary 4.7 in
(2] we can find a finite sequence ¢y, ..., ¢, of R-automorphisms of R[X,Y] such that
F(X,Y) = grags- - pn10¢n(X),
where ¢1a¢s - - - dp_10:¢, means the composite as R-endomorphisms of R[X,Y]. Put
H(X,)Y) = ¢ra¢s- - pp_1ad,(X) in case n > 1, othewise H(X,Y) = X. We have
F(X,Y)=¢(H(X,7Y))
So if we take ¢;' as o , then
F(o(X),0(Y)) = H(X,7Y) € R[X, 7Y,
and we are through. O
Theorem 4.2 (Abhyankar-Moh-Suzuki). Let K be a field of ch K = 0 and let F(X,Y)
be an element of a polynomial ring K[X,Y] = K@, If
K[X,Y)/(F(X,Y)) = KU,
then there exists G(X,Y) € K[X,Y] such that
K[X,Y]=K[F(X,Y),G(X,Y)].

For the proof of Theorem 4.2 see [1] or [5].

Now we prove Theorem 1.1(3). Let A be a generic A'-fibration over R which is gener-
ated by two elements over R with ch K = 0 as in Theorem 1.1(3). Then we can fined an
element F(X,Y) € R[X,Y] such that

A= R[X,Y]/(F(X,Y)).
Since A[r~!] = K and ch K = 0, there exists G(X,Y) € K[X,Y] so that K[X,Y] =
K[F(X,Y),G(X,Y)] by Theorem 4.2. Especially we can find such G(X,Y) in R[X,Y]

and therefore apply Lemma 4.1 to get an R-automorphism o of R[X,Y] satisfying the
condition

F(o(X),0(Y)) = H(X,nY)
for some H(X,Y) € R[X,Y]. Thus
A2 RIX, Y/(F(X,Y)) = Rlo(X),0(Y)]/(F(o(X),0(Y))) = RIX,Y]/(H(X,7Y))
and hence
A/mA = R[X,Y]/(H(X,0),7) = k!
as required.

REFERENCES

[1] S. Abyankar and T.T. Moh, Embeddings of the line in the plane, J. Reine Angew. Math. 276(1975)
148-166.

[2] T. Asanuma, Polynomial fibre rings of algebras over noetherian rings, Invent Math. 87(1987)101-127.

[3] T. Asanuma and N. Onoda, Generic A'-fibrations over discrete valuation rings in preparation

[4] M. Nagata, Kakantairon (in Japanese), New version (Shokabo Book Store)

[5] M. Suzuki, Propriétés topologiges des polynomes de deuz variables cmplezes, et automorphismes
algébriques de lespace C?, J. Math. Soc. Japan 26(1974)241-257

— 167 —



Facurty oF EDUCATION, ToYAMA UNIVERSITY, 3190 GOFUKU, TOYAMA-SHI, 930-8555, JAPAN
E-mail address: asanuma@edu.toyama-u.ac.jp

FAcuLTY OF ENGINEERING, FUKUI UNIVERSITY, BUNKYOU 3-9-1, FUKUI-SHI, 910-8507, JAPAN
E-mail address: onoda@edu00.f-edu.fukui-u.ac.jp

— 158 —






11B19H
19:00 ~ 19:05
19:10~19:40

19:50 ~ 20:35

118208
9:00 ~ 10:00

10:15~11:05

11:20~12:00

13:20~13:50

14:00 ~ 14:40

14:50 ~ 15:20

15:40 ~ 16:20

16:30~17:20

19:10~19:40

19:50 ~ 20:20

20:30 ~ 20:50

F23EAMBRIBRYCRY YL - TAY T A

("
HVWEDLFEER
WE RAE (EBRBHK - BEER)

Buchsbaumness in the fiber cones

AR G- NEE: )
HROFHR

()
I AIZ (REHILIA - B)

A vanishing theorem of localized Chern characters

RHE BN (HEK - #EER)

J. C. Migliore (Univ. of Notre Dame)

U. Nagel (Univ. of Paderborn)

0 M= (RigK - H)

Hilbert functions and maximal Betti numbers of
Artinian K-algebras with the weak Lefschetz property

HEF (&RX - H)
ERREAFEAOE 7 LRIZOWVT
(AR %E, FEERE. 2L THEEYR

BlE A GREEEKX)
Monomial ideal ® polarization {ZB3 2 —EF&E

FH EH (EBEX - UEHEF)
B/NEHDEED 2-linear part & 75 7 OFHERER S
BiEE (FiEkk - B) ’

ST IR O BFEEEIRT D Regularity 220V T
B K (BK-®#I)
SRRTABRZ MBI L 2ROEHNBEOHEIZOWT

fews EE (LBX - #F)

On the basic sequences of integral curves in P3
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