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On the root closedness in formal power series rings

Osaka univ. Hiroshi Inagaki

Let B be a r;ng and A a subring of B. For -
a positive integer n, we say that A 1is n-root
closed in B if o is an element of B with ane;A,
then oeA. If A 1is n-root closed for any positive

integer n, then we call A root closed in B.

Brewer, Costa, and McCrimmon ( J. of Alg,58) have

shown that if A is root closed in B then A[X]
is root closed in B[X] by an arithmetical method.
Replacing the polynomial extension by the formal
power series extension we take up the problem: Is
A[[X]] root closed in B[[X]] when A 1is root
closed in B?

This question is not affirmative in general.
But if we impose an additional assumption; B is
integral over A, then the assertidn is true. This
is our main theorem. For this proof the subrings
F,(A,B) introduced by K. Yoshida play an important
role. Indeed A is root closed in B if and
only if Fi(A,B) is root closed iﬁ Fi_l(A,B)

for all i. 1In this seminar we give a criterion of

the root closedness using the subrings F, (A,B)

. and subsets D, (A,B) of Spec A.
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In this paper we assume that A is a noetherian
domain whose integral closure A is a finite A-

module and B is an extensional domain over A.

Proposition. Let C = {a€B; o 1is integral
over A}. Then A is root closed in B if and
only if A is root closed in CnNQ(A) and Q(A)
is root closed in Q(C).

Therefore we may separetely syudy the root
closedness in the case (i) birational and integral

extension of rings and (ii) fields extension.

Case {1)7  tne following is a creiterion of the

root closedness.

Proposition. Let B be an intermediate ring
between A and A. Then A is root closed in B"
if and only if the following conditions are sati-
sfied;

(i) A is seminormal in B,

(ii) for any i and any peDi(A,B), there
exists only one prime ideal P of Fi_l(A,B)
lying over p, and

(iii) the residue field k(p) is root closed

in K(P).
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Case (ii); Let K be an extensional field over
a field k. Denote the separable closure of k
in K by kS and the purely inseparable closure

of k in K by ki'

Proposition. Let K be a finite algebraic
extension of k. Then k is root closed in K

if and only if k is root closed in kS and ki= k.

Theorem. If A is root closed in B, then
A[X] is root closed in B[X]. Moreover if B
is integral over A, then A[[X]] 1is root closed

iﬁ B[[X]].

Remark. In this theorem the condition that B
is integral over A cannot be omitted. Let A =
k[t] and B = k[t,%], where k 1is a field with
char k # 2. Then A 1is integrally closed in B,
so is root closed in B. But A[[X]] is not root
closed in B[[X]]. Indeed let f£(X) = t + z %xd,

2 97
where xj's are elements of k and satisfy that

X, # 0 and 2xn + g{l xen -3 = 0. Then f(X) € A[[X]]
and £(X)2 = £ + 2% X €AL[X]].
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Since A 1is a finite A-module, we have A[[X]]

= A[[X]]. Hence the following is obtained.

Corollary. If A 1is root closed in Q(A), then

A[[X]] 1is root closed in Q(A[[X]]).

Let char A = p > 0. With respect to the p-root
closedness, our problem is easily seen by an arith-
metical method in general. Recently Yanagihara
and Ooishi have informed us that the p-root closed-

ness and the weakly normality are equivalent.
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DOMAINS WITH TRIVIAL IDEAL-TRANSFORMS

Takasi SUGATANI ( Toyama Univ. )

Let R be an integral domain and K be
field of quotients. Let I be an ideal of R.
The ideal-transform of I, denoted by T(I), is
the set of elements x of K such that xI" C R
for some positive integer n. Clearly T(I) is

an overring of R.

1l. - The following facts are well known on ideal-

transforms: Let I be an ideal of R.

(a) If I 4is finitely generated, say a,
RN then T(I) coincides with the intersection

of T(ai)'s, i=1,...,r.

(b) If I is finitely generated, and it
is contained in the intersection of the non-zero

prime ideals, then T(I) coincides with K.

(c) If the radical of I 1is finitely
generated, then T(I) coincides with the ideal-

transform of the radical of 1I.
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In the above statements, the assumptions
are essential; that is, I is finitely generated
in (a) and (b), and the radical of I is finitely
generated in (c). J. Brewer and L. Ramella pointed
out this with non-discrete valuation rings of rank

one.

2. We consider the following conditions on R:

(P): For each principal ideal I # R,
T(I) coincides with K.

(Q): For each ideal I # R, T(I) coincides
with K.

Though these conditions might be too strong,
it is of interest to characterize such domains by

its structure as follows:

R satisfies the conditien (P) if and only

if it is either one-dimensional local or a field.

R satisfies the cqndition (Q) if and only
if it is local with maximal ideal, say m, in which
the following holds: For each non-zero principal
ideal I, there is a power mP of m such that

m” C I.
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3. We remark the followings.

(1) Every Noetherian one-dimensional local
domain satisfies the condition (Q). This was. already

known ( J. Matijevic).

(2) A one-dimensional local domain does not
satisfy the condition (Q) if and only if it does
not hold any of (a), (b) or (c) without the finite-
ness assumptions.

(3) In one-dimensional local domain R,

we have the followings on the ideal-transforms:

If R satisfies the condition (Q), then
T(I) coincides with K for I # R.

If R is a non-discrete valuation ring,
then T(I) is either R itself or K.

(*) If R 1is one-dimensional local domain
which neither satisfies the condition (Q) nor is

a non-discrete valuation ring, then T(I) = ?
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ON THE NUMBER OF BASIC RELATIONS OF
AN IDEAL OF A LOCAL RING

By Junzo Watanabe

Let R=k[X, Y] and A=k[X, Y, Z] be the polynomial rings
in 2 and in 3 variables over a field k, and define the homo-
morphism ¢ : R > A by ¢(X)=XZ and ¢(Y)=YZ. We wish to
determine the third betti number of the A-module of the form
A/¢(a)A, where a is an ideal of R generated by monomials.

In 31 we treat the second betti number of an ideal quite
generally over a local ring in the hope that the investigation
of this § is of independent interest. In §2 we make use of the
results of §1 to express the third betti number of the module
described above in terms of the graph i - deg hi’ where hi's

are the minimal set of monomials of R that generate a.

§1. Let (A, m, k) be a Noetherian local riﬁg. For an.lideal
I of A we define

u(I) = dim Tory (k, A/I) and

v(I) dikaorg(k, A/TY.

Thus p(I) 1is the number of basic generators and v(I) is the

number of basic relations of I. Let m=p(I) and n=v(I).
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Then we have an exact sequence of free modules

A" > AT s A
M F

such that ImF = I. We define the relation module 9£ I to be

KerF and denote it by R(I). To be more specific R(I) is
the kernel:

0> RrR(I) » A" 5> 1 5 0.

It is unique up to isomorphisms. We call the matrix M above

a relation matrix of I with respect to F, or simply a

relation matrix of E. (To épecify F is to specify a set of

generators of I.) Note that the rows of M form a minimal

generating system of the module R(I).

PROPOSITION 1.1. Let I = (fl’ f2,

let 1I' = (f2’ """fm)' Then we have an exact sequence

. fm) with m=u(I), and

0 > R(I') » R(I) > I':f, - 0.

1
PROOF. We may assume
o m
R(I) = {[b, b, b_JeA | i bf. =0}
m-1 n
R(I')= {[b, ...... b TeA | Lbf =01},
Define R(I') » R(I) by [b, bpl > [0 b, ... b ], and

R(I) - 1I' : f1 by the projection to the first factor. Then it
is straightforward to verify these maps (are well defined and)

make the sequence exact.

COROLLARY 1.2. In the same notation as above we have
(I fl) < Vv(I) < v(I') + u(1 : fl).
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PROOF. R(I) can be generated by the preimages of generators
of I':fland the images of R(I'). Moreover the preimage

of a minimal generating set of 1I':f can be a part of a mini-

1
mal generating set of R(I). Hence the assertion is clear.

The next corollary is a restatement of what we have just

said in the proof of Corollary 1.2.

COROLLARY 1.3. In addition to the notation of Proposition 1.1,

let I':f. = (b , br) with u(I':f1)=r. Further let

1 IEEREEE
(0 )
M n'=v(I'")
M =
b1
b2
b.. T
1]
L br J >

where M' 1is a relation matrix of I' with respect to the

generators given and bij are elements of A such that

m
bifl + I bi.f. =0 .

|
Then, regarding M as a homomorphism AT Am, we have
ImMER{I). Moreover if v(I)=v(I')+u(I':f1) , M is a relation
matrix of I with respect to (fl’ f2, cees fm).

PROPOSITION 1.4. Either of the following is a sufficient
condition for v(I) = v(I') + u(I':fl)
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(i) u(I':fl) =1 and I':f1 contains a non-zero-
~divisor. 7

(ii) With a suitable choice of bij in Corollary 1.3,
it is possible to find a non-zero-divisor x which is a non-

unit such that bij e(x) for all i, j.

PROOF is omitted. We remark, however, that (ii) 1is satisfied

for example when I':f1 = I' and f1 is a non-zero-divisor of

-1
(i.e., b..=f. and the others are all 0). Hence bije(fl).

A. In fact in this case r=m-1 and [bij] can be flmm

ii 71

REMARK 1.5. With the same notation as before let M* be the
submatrix of M consisting of the last r rows, and suppose

[q1 4y .- qr] is a relation of (bi)’ i.e., Zqibi=0.

Then since the rows of M* are relations of (fi) it is obvious

that [q1 Qy  --- qr]oN[* , being a linear combination of

the rows of M¥, is a relation of (f,, £ . fm) with

1’ 72°
0 in the first factor. In this sense we may regard M?* as a
homomorphism M* : R(I':fl) - R(I"). Let ¢ be the composi-

tion of M* with the natural surjection:

R(1I")

N

Vi R(I':E) S R(I')ek

Then it is easy to see that

v(I') + u(I':fl) - v(D) = dimkIm¢.
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§2. Let A=k[X, Y, Z] be the 3-dimensional polynomial

ring over a field k. For a homogeneous ideal of A, we define
T(I) = dim Torh(k, A/T)
My 10Tz LK, y
Thus we may write a minimal free resolution of A/1I as
0 » AT L @ L oaw@m A > 0
For example 1t(I)=0 if and only if hd A/I<2
Let R=k[X, Y] and let ¢:R > A be the homomorphism

defined by ¢ (X)=XZ, ¢(Y)=YZ. Let a be the ideal of R

generated by the monomials

a1>a2> ...... >am and
b1<b2< ...... <bm
In this case u(a)=m.

_ oy iy i, i -
Now let fi = ¢(hi) =X Y “Z (di ai+bi) and
I-= (fl, f2, ...... s fm)é.
It is easy to see that p(I)=m. Assume m>2 , and let
=
I (fz,...., fm)A.
Let us consider I':f1 . As is easily seen I':f1 is generated
by monomials, hence this is generated by
{ geA |gfle(fi) for some i=2, 3, ..., m }

Thus I':f1 is generated by the monomials

L.C.Mf(fl, fi) .
gi = f1 , 1=2,3,....,m.

(L.C.M.=Least Common Multiple.)

We want to choose the subsequence of {gi}, so that they form
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a minimal generating set of I':fl. Note that

L.C.M.(fl, fi) max{al,ai} max{bl,bi} max{dl,di}

g, = _ X Y ' Z
i~ - a, b, d
f1 X 1Y 1Z 1
b.-b., d.-d
y t 1zi1 if d.xd, ,
i1
- b;-b,
Y if d.<«d, .
i1
Assume g. , g. , ...... s E. is the subsequence of g. which
i i i i
1 2 T
form a minimal generating set of the ideal I':fl, and consider

their exponents. Then one sees that since bi-?l is monotone
increasing the degree of g; with respect to Z should be

J
monotone decreasing. (In fact if = occurred in the same
direction, one monomial would be divided by the other.) Thus

the indices of g; are determined by the statement:

]
il, 12, ..... , ir is the longest subsequence of 2, 3, ..., m,
with respect to the property that dil-d1>diz-d1> ..... >dir-d1

in which only the last term di -d
T

1 is possibly non-positive.

Note il=2. Also, r=1 if d12d2. This will be illustrated

by the figures below.
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Fig. I Fig. II

o denotes di

(o) denotes di
J

di should be monotone decreasing, and all the di
j j

except di (=the last of di ) should be above dl'
r j

(1) by
induction on u(I) according to the following

We are now able to determine the number

THEOREM 2.1. Let I=(f1, f2, vees fm) and I'=(f2, ..... ,fm)

be as above. Then,
(1) v(I) = v(I") + u(I':£))
(ii) (1) = t(I') + utI':fl) -1

PROOF. We can verify Proposition 1.4. (ii) directly to obtain

(i). (ii) follows immediately from (i) because of Euler-

Poincare characteristic being 0.
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Obviously t(I)=0 if u(I)=2. Hence one sees easily,

by induction, that

COROLLARY 2.2. 1(I)=0 iff the graph i - di has at most one

minimum.

For example, (any part of) the following graph has this prop-
erty.

Corollary 2.2 was proved by a different method in:

J. Watanabe, Counting the number of basic invariants for

G ¢ GL(2, k) acting on Kk[X, Y], To appear in Nagoya Math. J.
Theorem 2.1 in a more general situation has been obtained by

H. Tanimoto, also by-a different méthad.
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