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Basic sequence and S. Nollet’s 0

Mutsumi AMASAKI Faculty of School Education
Hiroshima University

Abstract We compare the criterion for the integrality of two-codimensional sub-
schemes of projective spaces obtained recently in a general form by S. Nollet with that
for the integrality of two-codimensional Buchsbaum subschemes obtained many years
ago by the present author. The main point is that the function 6x Nollet defined in
his paper is exactly the same as the sequence w appearing in our theory, which is a

subsequence of the basic sequence of Ix.
§1. Two-codimensional even linkage classes

Let £ be an even linkage class of purely two-codimensional closed subschemes
in P™. Then there is a reflexive sheaf M on P™ having no direct summand of the
form Opn(l) such that

(i) H"'M()=0foralllcZ,
(i) X € £ if and only if there is a Bourbaki sequence

0—P— M(~hx)®Q —Ix — 0,
where P and Q are direct sums of line bundles on P™.

Let X € L. Given relatively prime homogeneous polynomials G € Ix and
H, the ideal Iz := (HIx,G) defines a two-codimensional scheme Z € £ such that

hz = hx + deg(H), which is called a basic double link via G and H (see [BBM],
[M-DP], [N1]). Let ho := min{ hx | X € £ }. Then an element of £ with hy = hy is
called minimal (see loc cit). We define £ := { X € £ | hx — ho =1 }. The property
stated in the following theorem is called Lazarsfeld-Rao property (LR-property for
short).

Typeset by ApS-TEX



Theorem 1.1. ([BBM], [M-DP], [N1]).  An even linkage class L of purely two-
codimensional closed subschemes of P™ satisfies the following conditions.
(1) Let Xo, X; be minimal elements of L. Then X} can be deformed flatly into
Xo through subschemes all in LO.
(2) Given an X € L, there is an X' € Lhx ~ho | which is obtained by a finite
number of successive basic double links starting with Xo, such that X' can be

deformed flatly into X through subschemes all in Lhx—ho.

In fact one can choose P° and Q° so that every minimal element of £ has a

Bourbaki sequence with P = P%, Q = Q°, hyx = hq. Note that the converse to the
assertion (2) of the above theorem also holds by [R]. To state S. Nollet’s remarkable

theorem, we need some notations. Let X € £. First we set
so(X) =min{ I | [Ix], #0},
su(X) =min{ I | [Ix/(fo)], #0, fo € [Ix], x) } »
ty(X) =min{ | | 3f; € [Ix], such that ht(fo, f1) =2},
hx =hx —ho , |
e(X) =max{ || H" 2(Ox()) #0 } .

Denoting dim [E], by ¢g(l) for a graded module E, we define functions vx (1) : Z —
Z,nx(L):Z — Z¢o and 0x(l) : Z — Zq as follows:

vx (1) = A", (1) — : admissible character [MP-D]) ,
x 0

0 0
= A1 (1) — A"pry, (I - hx)  (see [N2])

6x(1) = (1) - (l - Sg(X)) n (’ ~solXo) - ’”‘) (see [N2]) .

mx(l) = 7x () = 1x, (L~ hax) + (l) B (l—hx>

Here Zy = {0} UN. The functions nx and 6x are nonnegative and vanish for all but
a finite number of | € Z. We define 6x to be connected about [a, ] if it satisfies the
three conditions below.

(i) If 6x(c) > O for some integer ¢ < b, then Ox (1) > 0 for all ¢ < I < b,



(ii) If 6x(c) > 0 for some integer ¢ > a, then Ox(I) > Oforalla < I < c,
(i) Ox (1) #O0foralla <1< b.

Theorem 1.2. (Nollet [N2,Theorem 5.8]).  Let L be an even linkage class of purely
two-codimensional subschemes of P™ and Xo be its minimal element. If X € L is not
minimal and integral, then

(1) 6x 1is connected about [so(Xo) + hx,t1(Xo) + hx — 1],

(2) so(X)<e(Xo)+n+1+hx.

Let hy = min{ hx | X € L, s1(X) =t1(X) }.

Theorem 1.3. (Nollet [N2,Theorems 4.7, 4.9 and 5.11)). With the notation as
above, let Xy be an element of L such that fle = hq, 51(X1) = t1(X1). Suppose

that X1 can be deformed flatly into an integral scheme with the use of its Bourbaki
sequence. If X € L satisfies the conditions in the preceding theorem, then X can also
be deformed flatly into an integral scheme with the use of its Bourbaki sequence.

§2. Basic sequences

Let E be a finitely generated graded R := k[z1,...,z,]-module (r = n + 1).
There exist a finitely generated graded k[z;, . .., z,]-submodule El!l C E and a finitely
generated graded free k[z;,. .., z,]-submodule E® ¢ F for each 1 <1< r+1such
that
(i) EW = E, Eir+ll = g+
(i) El = FE® @ Bi+1 a5 k[z;,4,. .., z,]-module and
(i) =B+ C (zi44,...,2,) B9 @ B+

for all 1 <4 <, if and only if

(ry.. . zig1)E g z; C U(xrw--;xi+1)E pm
1>1

for all 1 <4 <7 (see [A4]). When this is the case, the structures of E® and El are
uniquely determined up to isomorphism over k[z;, ..., z,] foreach 1 < i < r+1 by the
conditions (i), (ii) and (iii). Assume that zy,...,z, are sufficiently generally chosen.
Then the submodules as above always exist. Denoting homogeneous free bases of
E® by el (1 <1< my), we define the basic sequence Bgr(E) of E to be the sequence

(a'; A%+ ;a7+!) made of the nondecreasing sequences of integers Ai* (1 <i < r + 1)



such that 7* = (deg(e}), ..., deg(el,,)) up to permutation (see [A4]). In case E®) =0,
we understand 7! = 0.

Let I be a homogeneous ideal in R of height p > 2. Then there is a finitely gen-
erated graded torsion free R-module (1) having no free direct summand, satisfying

H.(MI))=0forr —p+1<i<r—1, which fits in with an exact sequence of the
form
0— Sp-1—Sp2— -+ — 51— SodNI) — 0,

where S; (0 < i < p—1) are finitely generated graded free R-modules. Note that N(I)
is determined uniquely by I. First we itemize some of our recent results concerning

the basic sequences of homogeneous ideals.

Theorem 2.1. ([A5]).  Suppose that IP! = C ® D with a finitely generated graded

free k[zp, ..., z.]-submodule C and a finitely generated graded klzp, ..., z,]-submodule
D having no free direct summand. Then D = M(I) Pl gs klzp, ..., z.]-module.
Corollary 2.2. ([A5]). Suppose Br(I) = (a';n%-.-;a™1), Bp(M(I)) =
(5% 5. Then 7P = (@W',4P) up to permutation with a suitable sequence
of integers W' and 7' =7 for allp+1<i<r+1.

Theorem 2.3. ([A5]).  Let p > 2 be an integer and let I and J be homogeneous
ideals in R of height p and p — 1 respectively such that J C I and R/J is Cohen-
Macaulay. Suppose that z,,...,z, is R/J-regular. Then em(R/J) > en;/(I[P]) >

em (NP, where m’ = (Tp, -, xr)k[Tp, . ..y 2]

Corollary 2.4. ([A5]). Let fi,..., fo—1 be homogeneous elements of I which form
an R-regular sequence. Then [[°~] deg(f;) > em (IP)) > e (MI )[p]), where m’ =

Tpy .- Tr)k|Tp, ..., z:]. In particular,
P P

min{ L[| [Ii #0, 1€ Z } > e(zy, o ykiz) () > e(a,. oz (UI)P)
ifp=2.
Theorem 2.5. ([A5]).  Let I be a homogeneous ideal in R of height p > 2 with
Bgr(I) = (a*;n?;... ;artY), Br(M(I)) = (%%9% -+ ;4™). Denote by @' the se-
quence of integers satisfying (W', ¥P) = AP up to permutation (see Corollary 2.4).
Then there exists an ezact sequence of the form

p—1 '
0—S-1— - — 85 —85 — <@R(—ﬁl)> ©R(-w)eNI) —I—0
=1



with

(5 C e (@ ()

Si=| @ R(-~'-i)'i/ | eR(-w'-j)' i’ & | PR-F -j+1)1
l=j+1 ~ . =5

for1<j<p-1L

Remark 2.6. Given a graded R-module M, it is not known what conditions should

be imposed on @’ for a sequence (Ai'; A% - - - ;A7) to correspond actually to a homo-

geneous ideal I with the property M(I) = M(—h) (h € Z) except for the two cases

(a) p =2 (see [A3]) and (b) Buchsbaum case with p arbitrary (see [A2,8§5 — 7]).

For the case p = 2 more is known. The next results correspond to Theorem 1.1.
Given sequences of integers B = (al;--- ;@ --- ;@t) and B = (/Y- ;8% ;a't),
we define a relation B £ B’ to mean ¢t = ¢’ and Ai* = #/¢ up to permutation for all
1< <t
Theorem 2.7. ([A3]).  Let M be a torsion free graded R-module of rank > 2
satisfying HL7Y (M) =0 and R’ = k[z, ..., z,].

(1) There are unique integers o, A > 0, o, a unique sequence of integers B8 =

(B1,---,0\) and a unique graded free R-module Fp such that
R(-B)@Fy =R(--1)o MY |
there exists a homogeneous ideal Iy € R of height two with

Br(In) £ (058 + 0, Br(MP(=0))) , 9M(In)=M(-0).

(2) The basic sequences of homogeneous ideals I € R of height two satisfying
N(I) = M(—0) for some h € Z are characterized by the condition :

{ Br(I) = (a+v;w, B + h, B (MP (-h))) ,

v>0, BZU-{-U,u'1=(w1,...,wv),ija—l-v(lSjSv),

where we may assume with no loss of generality that W is nondecreasing. In

particular @ = (@, 8 + h) up to permutation with the notation of Corollary

2.2. Moreover I has a Bourbaki sequence of the form

10— R(—w—1) @ Fyr(—h) — R(—a— v, ~@0) @ M(~h) — I — 0.



Now we can clarify with our vocabulary what the function fx is. The next

results show that considering 6x is the same thing as considering the sequence 1.

Proposition 2.8. Let M be a reflezive sheaf on P™ having no direct summand of
the form Opn(l) such that H*"1(M(l)) = 0 for alll € Z and let M be the graded
R-module @, H*(M(1)). For a two-codimensional scheme X C P™ lying in the

linkage class L represented by M, let w = (wy, ... ,Wy) be the nondecreasing sequence
of integers associated with the saturated homogeneous ideal Ix of X as in Theorem
2.7. Then

Ox()=#{jlwj=1,1<ji<v} foral leZ.

Proof.  Let Xo be a minimal member of £. Then o = hy, so(Xo) = a, so(X) = a+v,

hx =h —iLo, and we may assume [x, = I;. With the help of the two exact sequences
(2.8.1) 0 — Fr(—ho) — R(—a) & M(—ho) — Iny — 0 ,

0 — R(—w —1) @ Fy(—h) — R(—a—v,—0) @ M(=h) — I — 0 ,

we see
n l—a—-v l—a—hx
nx(t) = A" ora)(1) + ( 0 ) B ( 0 )
I —so(X I —50(X0)—h
— An+1<PR(-w)(l) + ( (())( )) _ ( 0( 00) X) ‘

Therefore

Ox (1) = A" opay(l) =#{j|wj =1, 1<j<v}
by definition. O

For the rest of this paper, we work with a graded Buchsbaum R-module M with
Br(M) = (p'; g%+ ; &™) such that HL,(M) =0forj =0, 1, r—1 and HL (M) =
R/m(—w’) for 0 < j < 7 — 1. As is well known, M = @;;2 Syz%(R/m)(—w?)
(see [G]). Let N, := @j_l_wii:q’ a<i<r_2 Syzf(R/m)(—wlj). Let further Wy := { d +
J | [H,Z,(M)]daéo, Jj<r—1} We have

min{ ¢ | Ny #0} =minWp , max{q|N,#0}=maxWy, ,

max Wy

M= @ Ny, Br(N)=(@"eq,...,qq,...) see[Ad(43)],

g=min Wy



so that ' = (¢™™Ne) i Wy, <g<max Wy, - Besides, min{ | [Nq]l #0}=qif N;#0
and min{ I | [M] , #0} =min Wy. Since M is Buchsbaum, we know by [A2,885,6]
that

=10,
o= g (’” ; 2) LR(HIYL(M))

Moreover
o =min(7* + o) = min(i' + o)

=min{ ¢ | Ng#0}+0=minWy +o .

Let £ be the even linkage class represented by the sheaf M on P" associated with
M. For a minimal X, € L, therefore, we have

so(Xo) =min Wy + 0 .

To determine #;(Xo), note first that (2.8.1) becomes

(2.9)
max W max Wy,
0 —s @ R(—q— o)™ Ne _, R(—min Wy, — o)® @ Ny(—0)
q=min W, g=min Wy,

— Iy — 0.

Looking at this sequence carefully, one finds that all elements of [I M]l are divis-
ible by the determinant of R(—max Wy — o)20kNmexwy Nmaxw,, (—o) for
! < maxWy + o, since [Npax WM(—O')]l = 0 for all [ in that region. This deter-
minant is of positive degree, so that ¢1(Xy) > max Wy, + 0. On the other hand I M

is generated by [I M]max Wasto in degrees > max Wi + o by (2.9). Hence

t1(Xo) = max Wy + o .

Pinally we go on to ¢(Xg). Using the exact scquence

j-1
0 — Syz%(R/m) — /\ (R(-1)") — Syzg{l(R/m) —0,



one finds [H;(Syz{%(R/m))]l =0forl > j—-7 1< 35 < r— 2, therefore
[Hr (Ng(—a))], +o_r = 0for all I > q. By this observation, it follows from the iso-
morphisms H" 2(Ox, (1)) = H"(Ix, (1)) = [Hy *(Ix,)], and the exact sequence

0 — Hy M (Ix,) — P Hi(R(=q—0)™™*Ne) — H (R(~ min Wiy — o) @ M(~0))

with M(—0) = @I, Ny(~0) that

H"2(Ox,(max Wy + 0 —n—1)) £0,

H"3(Ox,(max Wy +0 —n)) =0 .

Here, in case max Wy = min W)y, we use the fact that rankr(N,) > 1 derived from
Hé‘(M) = 0. Thus
e(Xo) =maxWy +o—-n—-1.

For any X € L, since so(X) = so(Xo) +v and hx = h — o, we obtain

e(Xo)+n+1+hx =maxWy + 0+ (h—o0)
>maxWy +oc+v>minWy +0+wv

=a+v=s(X),

which means that the condition (2) of Theorem 1.2 is always satisfied in the Buchs-
baum case.

At this point we can compare the conditions (1) and (2) in Theorem 1.1 with
those in our old results below on the integrality of two-codimensional graded Buchs-
baum rings. We define a sequence of integers z = (z1,...,2;) to be connected if

z21<ziy1 <zi+1lforalll<i<t—1lort=0 (ie. Zisempty).

Theorem 2.10. ([Al], [A2]). LetI be a homogeneous ideal in R with dim(R/I) =
r — 2, depth,, (R/I) = c¢ such that R/I is Buchsbaum with H},(R/I) = R/m(—),
@ = W,....v]), ¢ < j < r=2), Bp(I) = (@ha%-0770), @? =
((@+5+ 1)(1;2) Je<j<r—2 , W ). Denote by Umax and umin the mazimum and the
minimum of U := { l’/lj +i4+1]c<j<r—2,1<1<v; } respectively.

(1) If R/I is integral, one of the following conditions holds.



(2.10.1) r>4,c=r—2 andthe sequence T:=1w is connected (see [GP)),
(2.10.2) r=4,c=1,nl=2,v=0,vu=1,vi>1,

(2.10.3) r>4,0<c<r—2,ni>3,

r—3 2
v—nl—g <T )v~>u — Umi
— 11 ] J = “Ymax min

j=c
W1 < Umin » Umax — 1 S w, and the sequence W 1is connected .

(2) In the case char(k) = 0, these conditions are also sufficient for the existence

of a two-codimensional Buchsbaum prime ideal I with B(I) = (7')1<i<r—c.

With the notation of the above theorem, let X = Proj(R/I), M = N(I). Then
Hi(M) = HLYR/I) & R/m(-71), @9 = 09~1, Wy = U and h = 0. Hence
hx=l~z—~ﬁo=ﬁ—o=—a,

so(Xo) +hx =minWy + 0 +hx = min Wy = unin
t1(Xo)+hx —1l=maxWy +o+hx —1=maxWy — 1 =upax — 1.

Thus the necessary conditions in Theorem 1.1 coincide exactly with those in the
above theorem, except for the case (2.10.2). This exception comes from the following
fact. If r = 4, M = Syz%(R/m), then a curve X7 in the sense of Theorem 1.3,
satisfies Br(Ix,) = (2;2%;2), [H:‘(R/le)]o = R/m and it cannot be deformed into

an integral curve with the use of its Bourbaki sequence.

Remark 2.11. In the Buchsbaum case, the basic sequence of X is as follows.
(1) Bgr(Ix,) = (xa%a,...) if max Wy = min Wy,.
(2) Bgr(Ix,) £ (a+v; @, Br/(M)—min Wy +a+v) with v = max Wy, —min W),
w=(a+v,a+v+1,...,a+2v—1)if max Wj; > min Wy,.
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Stanley KD#R [10, Theorem 4.2] i & D #iHiZ Gorenstein sequence h = {hg = 1,h; =
3,1k, 0,0,. ..} (R #0) WHERRTE 5. X1, IRD sequence b = {h;}

h: 1, 3, 6, 10, 13, 14, 14, 13, 10, 6, 3, 1, 0, 0, 0, ...
Ah: 1, 2,3, 4, 3 1, 0, —1, =3, —4, =3, —2, —1, 0, 0, ...
1, 1, 1 1, 0

1 0 0, —1

A?h , 1, -1, =2, =1, -1, -2, -1, 1, 1, 1,
A3 : , 0, =2, —1, 1, 0, -1, 1, 2, 0, O,

bl i

) 07

&, M TH D, ZD sequence Ah B3HL |s/2] F T O-sequence TdH 5 D T Gorenstein
sequence TH 5. WZIZ, R=klz,y,2] (ZZTIZ, k: fFR{) D homogeneous ideal I T,
A =R/l = @30 Ai H* Gorenstein T b, 7D Hilbert function H(A) = {H(A,1)} » h
THDEINDONFET .

72, R/I & Gorenstein Artin BTH 5 & &, BOFM =L DER [11, Corollary] 12 &
D, I DERTORNOMEL p(1) 13 ULOFHTH S Z EMbM5.

CITHE, ZD2OD#FROEE L LT, “Hilbert function A% ideal D4 BT O MHEIC &
OBREQHREEZZ2DKEAIN T Lo fEEEZ 2.

fFI&8 . Gorenstein sequence h = {ho = 1,hy = 3,...,h,0,0,...} (hy # 0) IZXF LT,
{w(I) | R/I: Gorenstein, H(A) = h} %3K¥ L.

RIED Y v ROT LT, BEORBICRO Z E & iFNA 7z

FEFE . Gorenstein sequence h = {ho = 1,h; = 3,...,h,,0,0,...} (h, # 0) IZH LT,

a(h) =min{i | h; < < 2 ;-i )}, (k) = 2a(h) + 1,
v(h) =~ fmin{Ashi,o}’ p(h) =min{n € Z | n:odd, n>v(h)}

Gor(h) =?I C R| R/I: Gorenstein, H(R/I) = h} =E#HT 5.

EE . h={hy=1,h =3,...,k,0,0,...} (h, # 0) % Gorenstein sequence &4 3.
(1) I € Gor(h) 1T LT, p(h) < p().

(2) p(h) < n < T(h) EHITHM n IKH LT, u(l) = n AH7T I € Gor(h) NHE
T5.



B %M, “a(h) A% upper bound TH BN 7 TH-1-.
F. 1€ Gor(h) i LT, pu(l) <u(h) WERALT 5.

& Z A, Diesel Ki3, [1, Theorem 2.1] D#EETEH A {F > TLOEHETFEE, T TIC
[3, Theorem 2.3, Corollary 2.6, Theorem 3.3, Corollary 3.4] ®HF TEERAL T 7z ( 4 HiZ
M= RAEICHZ TWIcE&EE L), 72/, 40 [8] TH 57z Gorenstein ideal D
3, R TH - O THREI R TNV EET. ZOREETIH, (BHHOHMETEEY
WEOER B OHRBIZFICIETOLEE) WL DHIDFHEDOFT, ZOHKD
TURMNIA VBHATE LS EBVET. HFLLI LI B 2B T 0.

% 7z, Migliore 5 8 BIZBWZESC [5] I bBIDFETH VRN SN THE LI,

2 Pure configuration ¢ ideal M0
LEOBITE, alh) =4, B(R) =9, v(h) =4, u(h) =5 DT,
{u(I) | I € Gor(h)} = {5,7,9}
THb. 22T, 1€ Gor(h) Tu(l)=571,9 ERB I 2ZnThBRLTALD.

R = k[z,y,2) % P2 OXREEREL, PP OBERBEOEAN LB EHEE X O ideal %
I(X) T£Y.

T8 (OPORUAEREOANSCHMAEES X ITHLT
d e
I(X) = ([I(z = b;2), JI(v—=¢;2))
j=1 j=1

EMF B E X, X % basic configuration of type (d,e) EWVH. T I T, bj,c; I3RLD kDIt
THb. TDLE, X =B(d,e) EnL. HHMNIC B(d,e) & complete intersection TdH 5.

(2) X i UT, RD 4 DD %A% B 723 basic configuration B(dy, e1),. .., B(dn,em)
FET 5 & &, X % pure configuration £ : (1) e > -+ > em; (i) B(di, &) N B(dj, ¢;)
=¢ if i #j; (i) X = B(dy,e1) U - UB(dm, em); (iv) @(B(d;,€:)) D o(B(diy1,€i41)) for
alli=1,2,...,m — 1, where ¢ : P?\{(1,0,0)} — P? is the map defined by sending the
point (z,y, 2) to the point (y,2). TD & X, X =UT, B(d;,e;) EnK.

.

X1 o X2 o X3 . X4
o o o o o o
o o o o o ] o o
o o o o o o o o o o©o
o o o o o o o o o o
o o o o o ©0 o o o o o o

X, = B(1,6)UB(1,4)UB(1,3) UB(1,1), X, = B(1,6)UB(1,4)UB(2,2),
X5 = B(2,5)UB(1,3)UB(1,1), X, = B(2,5)UB(2,2).



FHOFHICHBLMBOFT, EICEERLLOERNBZ I LT LET.

BE L XY 2PLOABEOENSKBEST, XNY = ¢ 2 XUY W% basic
configuration THABbDETHE, I(X)+ I(Y) i & 3 O Gorenstein ideal TH 5.

MEBR. X NY = ¢ o Ass(R/I(X) + I(Y)) = {(z,y,2)} THB. ©wZIT, I(X) + I(Y)
DRIIE 3 THB. Fi, exact sequence: 0 — R/I(X)NI(Y)— R/I(X)DR/IY) —
R/I(X)+ I(Y) — 0 25 long exact sequence: --- — Hom(k,R/I(X)@ R/I(Y)) —
Hompg(k,R/I(X) + I(Y)) — Extx(k,R/I(X)N I(Y)) — Eztyx(k,R/I(X)® R/I(Y)) —
- R1BB. NS Hom(k,R/I(X)® R/I(Y)) =0, Homg(k,R/I(X)+1(Y)) #0,Z 5
iZ Extly(k, R/I(X)NI(Y)) 2k 23bh D, &> T, Homa(k, R/I(X) +I1(Y)) 2 k. qe.d.

fi®8 2. pure configuration X = U™, B(d;,e;) DERTOMEMEIIp(I(X)) =m+1 THo-
T, Hilbert series (%
1 — %) (1 =A%)

(1=A)

ThB. 1l vo=0,vn=d+ +d(i=1,....m—1) &T 3.

PO ) = 3w

=1

. k DT by,c; T
I(Blded) = (fi= T (e=b2), 6= [[v-c2)
J=vi—1+1 j=1
BT HONDHB. I 54T,
hi=fy--f; forall i=1,2,...,m
EBL.ZDEEIX) I’
{91, 92h1,93h2y - - s gmhm—1, him }

T minimally IZEKINDE Z E0¥D0 5.

R D Hilbert series iZ2W T, m ICET3/RMETIHERTS. m=1 0L XT, WS
M
(1= X4)(1 = A=)

F(B(dy,e1),A) =

(1=
Thb.
m>10Lx, ¥7
m-—1
I( U B(dh e’i)) = (gl7g2h1> ) )gm—lhm—Zy hm-—l)-
=1

—13-



gi € ng f;@'c,

I(U:’LKIB(dH 6,’)) + I(B(dma e'rn)) = (glnghl) e )gm—lhm—27 hm—l) + (fmagm)
= (fm)gm7 hm-—l)

Thb. £k

0 — R/I(X) — R/.I(T@l B(d:, ) ® R/I(B(dmyem)) — R/(frs s hm1) — 0
o

F(X’/\) = F(R/[( U B(di7ei))”\) + F(R/I(B(dmaem)):)‘) - F(R/(./;rngmahm—l)) )‘)

=1
S 51, fEDIRED S
m-1 mol (] )1 — A
PRI Bldiye),)) = 3 A a Z(A)3 :

1=1 =1

%85 {fm>gmshm-1} DS regular sequence Tdh 5 = LI EETHIL,
F(R/I(B(dm, em), A) = F(R/(fm,gm: bm-1),))
(L= X)L =2em) (1= Mdm)(1 — Am)(1 — Avm—1)

(1-X)3 T
_ Avm—1(1 — )‘dm)(]. _ )\em)
B (1-X)3 :
JZO'C, d' |
F(X,)) = g)\v;_; (1 —()\1 '_)(i); Y .)'

q.e.d.

Bl. wI(X)) =5, p(I(Xs)) = 4, p(I(Xa)) = 4, p(I(Xs)) =3 THB. ¥z, TNTD
i=1,2,3,4 K LT

1 =20 = X3 4+ X6 4 )7
F(X;,\) = T

= 1+43X+6)2+ 1003 4 1344 4 140% 4 6 14N

TH5. WZIT, X1, Xs, X3, Xy 13F U Hilbert function, 1,3,6,10,13,14,14,... 2.

& 3. X C B %% 7% pure configuration X = U7, B(d;,e;) & basic configuration
B=B(de) KHLTY =B\X ={PeB|P¢gX}EBL. CDEE e=e O
A>3y di o, p(I(X)+ I(Y)=2u(X)—1=2m+1 Th 5.



EEEH. k @7—5 bl)'-')bdaclv")ce <

e

I(B) = (l:Il(fE —biz), [[(y — ciz))

1=1

ZHITHONEETS. 51T, X CBHOT,

vy €y

I(B(di,e:)) = (fi,0:), where fi= T[] (z—b;2), g = [[(y — ¢;2)
J=vi—1+1 J=1
ERELUTEO. fropg =Ty, 1z —bj2) EFL. Fi2, 0 2<i<m) % g = glg; 5
TbDET B e=e DD d>YT,d; HOT,Y bE7 X & basic configuration O
HF U pure configuration TH 5. WA ICHIEE 2 DIEMM S, [(X) & I(Y) RFhZh

A={g1,0201,95F1f2s- - Gmfr fmets 1o fm}

& B={91,9mfms1, s fms1 foms - s Go Frmtr fn -+ fay frmsr fm -+ fo}

T minimally IARS NS ERDD, X SIHEBIET, [(X) + (V) 12 AUB T
minimally IZEKINE I ENERATEL. ANB=¢ ILEETS. g.e.d.

EE. WE 3, —BICKROBTKILT B: X C B %#7:9 pure configuration X =
i1 B(d;, e;) & basic configuration B = B(d,e) I LTY =B\X ={Pec B|P ¢ X}
LB TDEE p(I(X)+1(Y)) = 2min{pu(I(X)),s(I(Y)} =1 Th 3.

Gorenstein sequence h = {hg = 1,h; = 3,...,4,,0,0,...} (h, # 0) iIZf LT, sequence
b= {bi}, 7:7:[4 bi = h,‘ (0 S 7 S I_.S/QJ), b,' = hl_s/2j (i Z LS/QJ + 1), 7‘& h ﬂ:ﬁl‘ﬁ‘l bf&
differentiable O-sequence M3 &2 F 5.

®WE 4. h={ho=1,h =3,...,kh0,0,...} (hs # 0) % Gorenstein sequence & L,
b= {b} & h MK L7 differentiable O-sequence &3 5. & 5(2, pure configuration
X =UZ, B(d:, &) 13 b % Hilbert function i 26D &ETA. d=s+3—e,e=e &
. ZDEx,

(1) d>X,di, 7B, X C B AH7:F basic configuration B = B(d,e) DWEIET 3.
(2)Y=B\X &6 & HR/IIX)+IY)=h THA.

FEBA. [7, Lemma 3.1) X XLV TX 3. q.ce.d.

Bl (1) LOBITIE s=1174DT,d=11+3-6=8,e=6. WA, Y, = B(8,6)\X; &%
C & I(Xy) + I(Yh) € Gor(h) v ou(I(X) +I(Y1) =9 TH 5.
(2)d=1143-6=8,e=6 LD TY, = B(8,6)\ X, &H < &, I(X,) + [(V2) € Gor(h)
Du(I(X)+ (V) =7 TH 5.
(3)d=1143-5=9,e=5ZDTY, = B(9,5\Xs EH &, I(Xy) + I(Y3) € Gor(h)
Du(I(Xe) +1(Ya) =5 Th 5.



3 Gorenstein sequence h [ZftB# U 7= differentiable O-sequence b % Hilbert func-
tion [C® D pure configuration DAL

CDAY DFFIL 24] MR LT B, ZZTR, P LB STLHET s 2MEEES
7z sequence A*b D} REEZT) HKT 3.

b: 1, 3, 6, 10, 13, 14, 14, 14, 14, ...
Ab: 1, 2,3 4 3 1, 0, 0, 0, ...
A%: 1, 1, 1, 1, -1, -2, =1, 0, 0, ...
A%: 1, 0,0, 0 -2 -1, 1, 1, 0

) P

B Z 57z Gorenstein sequence b & A KITDEEL n 1<% LT, b % Hilbert function 124
B, ERICOMEEAY (n+1)/2 TH 5 pure configuration X ZHEKTHITHIME 3,4 h oK~
D Xd Gorenstein ideal VK TE S, EZAN, — i H(X)=b%xHkd X C P?
X LT
©(b) = = min{A%;,0} < u(I(X)) <E(b) = (k) +1
i>0

DD ILD T EDHND (cf. [2,9]), n DIEIZ L - Tid b % Hilbert function {2 %> pure con-
figuration 72132 X THHKTEA V. HIZIE, h: 1,3,6,10,11,10,6,3,1,0,... (u(h) =
5,E(k) =9) #EZ 5. TDEE, b:1,3,6,10,11,11,... (u(b) = 4,7(b) = 5) THBDT,
n=T9 120 TEHIEL W, n=5 DHEARJWHETHS. n=5 DFEFRBROLHL
XY ZEhE X0, FIRRD UVEHLOTI I TREBILTOKEEET. X @ Hibbert
function % 1,3,6,10,13,15,15,... TH 5.

0o O 0 o
0 O o0 o
0O O O O
o e e o
o o o o
e o o o
e o o o

X

LU, (BIZE) n OFEDY upper bound T(h) = 2a(h)+1 D EXIEHEFL L. DED,
b % Hilbert function IZ& 5, RO B(b) = (B(R) +1)/2 = (k) +1 TH 5 pure
configuration X IZIV D THHETEXS. 20 X FRO L HICHEKTS. A% izob

"7 | non-positive a(h) <1

ThH->T, LA =0ThH5b. 3T, A%; OREHLD 1 0K (\0>b olh) i) &, %
* D negative T4 %2 —1 OMEAIDFEEZ 12 EXDMEBIZ, TA%, =0 L5 2 &6
—¥7 5. LOBITIE, FIEESO 1 OfEKIT 4 ETH - T, H#FEHS D negative H4rid,
A%y = —1,A%s = =2 = (=1) + (—1),A%; = —1 ZDT, -1 ORI 4 THB. £2
T, 1 IOV TREREDNS WADS, -1 KOOWTREMOKENHMSRAT, 1 & —1
DMAEMES. oM, MOMEEIZ o(h) HTHB. LOFITIE, A% =1 & Albg = -1,
A =1 & A%s=—20 -1, A%y =1& A?y=-20 -1, A%3=1& A%y =-10D



LI AHMTES. ZIT, ROEIUT 50N ORBEEZ LS. B3 RCEET 3.

Livo bid'
LA+ A4 N3 24208 )6
(1—))2
(1—A6)+(A—A53+(AZ—A5)+(A3—X‘)
1-2AH(E=X9 ! _(1A)—2 AE =X | A=A =A%) (=AY =AY
B I Iy (Y R (o v

EROXDOLGFO N DR AL ->TET, X; = B(1,6)UB(1,4)UB(1,3)UB(1,1) A4
5. LOEE WE2D6 p(I(X)=4+1=5, F(X,)) = Do bX, $7b5 H(X)=b
DHEND SN B, —fRIZ, n OFEM upper bound T(h) DBAR DO LS KNS, b
Dn OEIDOTH, IFEALEDHER Tino b\ OMBEEZL THRTE 5. 55 Flic
£%5 (EOGBRFIROHRAIL, I TREBLET) ROSEEEZZ LS.

Livo biX'
(1=28) + (A =A%) + (A2 + A% — A% — \¥)
TESYE
I (P BN P U (P O B P G (P
(1= - T a-ap

FULIIC, BREORDDFO N DREAEE->TET, X, = B(1,6)UB(1,4) UB(2,2) %
5%, CO&&, WME2H05 p(I(X) =3+1=4, HX) = b LD SIS, X, TH
hid,

Yivo biX .
(I =X =)+ (A2 A=A =)0
= (1= )2
_ (1= -9 42 (L= A1 = )%)
(R R R (R S

UEokiz, 5Z 5hic Gorenstein sequence EHEFKTTOMEE A D R ODFDEX 3
D Gorenstein ideal {3 I(X) + I(Y) DD ideal THRKTE . [5) DF THHBRSHATH
X, RO KD TMBEIIEKENEB VTS

%8 (cf. [5]). R =k[z,y,2] DEX 3 @ Gorenstein ideal 1T D#M(9IC link T3 220
ideal DFITERINBE D ?

4 Weak Stanley property

EFE (cf. [12]). A =D Ai,As # 0 % Artin graded ring &9 3. KOWE% DL &,
A ¥ weak Stanley property % &2 &0V 5: (i) A @ Hilbert function {Z unimodal Té 3.
(i) & g € Ay T, TXTD 1 X% LT, k-vector space homomorphism A4; 3 f — fg € Ay
N injective ¥ 72id surjective £ 5 S DONEET 3.



EE. (1) [12, Example 3.9] 25, iZ & A & D Gorenstein B2id Weak Stanley property %
DI ENDNE
(2) 4E [8] TH Shiz Gorenstein BBOHIIE, 3~ T Weak Stanley property % & .

A%, ROLHUMEEAEZZ THE20.

fi#8. I % R =klz,y,2z] DB X 3 O Gorenstein ideal &9 5.

(1) R/I i3 weak Stanley property % &2 ?

(2) B U, R/I ¥ weak Stanley property % &> & &, I 138{HIC link 35 2 DD ideal
OMTRINBD?
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BRDWRTT & B4 DB EIC DU T
BWREE -8 K W

1 [FLE&HIC
kDMK, ANk EARERTHD LD R THDETH, DL X,
(x) dim A=tr.deg, A

EWVWOBEN I BN TS, ZOBMRIZOWT, Tk EAMRARL] &5 &45139 L
TER, ZORBEER->TWARRICE LT, #lxiE, 2,14 RENRHB, 25L,
INOIIEEDT 7 4 VES DGR, HDVNIELEDT 7 4 VBONKA T T MILE B
RFTROE TR EHR > TND, T T, EXBREPEEHLL, LrbELoT 70 8B
DEBRA T T ML DRIROEMPBRE VI FHEITTLTEZ L,
THIZOWTIRAERDZ DY VRO ATHELX LTCWE, 22T, ROZ LI
DN TIRRARTz '

o TDHRADLHERLIEDT, EDOZLIZONT;

o TDRGMATNOPDI L (=AY ULTELZY, RKEEOLD) |2
DT,

2 td, A DEE

b EARRARR] EWOREFERITTUCEHE () 2EX D L&, ED X5 RESE DR
BREEEZTLNES D Dy, EWHRERAE LD, ZDZ L1220 T, [1] @ Theorem
20.9 LV KOFEXDBHEY IO Z EBRHBNTND ¢

dim A < tr.deg; A.
W-T, BUR (x) EZXBD L&, A OBBIKREE LT
min {tr.deg, A | k: A ® subfield}

EEZXDILNERESD, FIT, TOEE tdA EEL ZLIZTB,

RUTRDZLid, EDX D7 A DESE kTR LTER td A =tr.deg, A MY LD
EBHID, LWSZETHD, bolitlL{ED &, LOR/MEIX A D maximal subfields
OITLEIUTEVD, EDL 5% A O maximal subfield k WX LT tr.deg, A IXI—7E
72AID TOZ EWZOWTHRDOMBEEFIZEE L L S,



e 1 k,¢13& Bl quasi-local ring (A, m) @ mazimal subfield TH Y, tr.degy, k < co
ThdHETDH, ZDOLE, trdeg, A=tr.deg, A DKL T B,

EEBA. K, 13 & BIZ (A,m) © maximal subfield THEM D, A/m ik L DELLDEIZ
bREBTH 2D, 1#->7T, tr.degyn, k = tr.degyn, £. £oTC, tr.deg, A=tr.deg, A. Q.E.D.

Bl 1 RDOKES7% DVR A BFET S -
Vn e N IZxtL, 3k(n) © A O mazimal subfield s.t. tr.degy,y A=n. #->T, M8 1 &
D, n#m= tr.degk(n)nk(m)‘k(n) = 00.

BRI, kR X, Xy o, Z 13k EOBETHDZ LD, K = k(X1 ..., Xa, ),
A=K|[Z)z) LI, AX DVR, K i A @ coefficient field TH Y, trdeggy A=1 T
$B, TIT, e N FLB, Vie NICHL & = X; + XppoZ EBE, kv+1) =
k1, s 6ns o) EBITIE, k(v+1) 1L A D coefficient field TH Y, tr.degy,y A=v+1
THDZ LDHmnd,

R DOEREE XD ETid tr.deg, A< oo THD LD REHE k izoWTEZIUT
LW, ZTDEE, KIZXTD A OESEOEA L L TKREEXD !

def )
Sk(A) = {€: AD subfield | tr.degyn, k < oo}

LT, tde A = min {tr.deg, A| € S(A)} LB, TDtd A 2EXDHNtdA &
DBRNRLTVOT, ZZIZFEERET D, T72bb, tdA=tds A THB L% A O
S EIZRL, 2253 S(A) DFT, HEVIFDETE XLV, LD OAEEAR
MeEXHTHB,

b, ZDtdi A & dim A OBRIZOWVWTEZ TN Z izt 5,

LT, AER, kidtrdeggA<oo THDHLI A DEHETHB LT 5,

3 td, A DFEFE

Vm e Max A IZRLTEkCAC A, THDEDD, tde A > tdy A DBIRET D, F
T, —IZ

tdy A = max {tdx An | m € Max A}

BRI B7E5 50y, 2005 BEENA U B,
ZAUZDWTIIRD = E R0 5,



BE 1 A D quasi-semi-local domain THhb & &, RBKITD :

tdx A = max {tdx A, | m € Max A}.

ZEA. Max A = {my,..,m,} &5, 3¢: A @ subfield s.t. tr.degin, k < 00 I\ T
tdy A = tr.deg, A. Z® £ IZxFL,

u = min {tr.deg, A/m | m € Max A}

ER<, FIREHLIY, Vm € MaxA IZx LTz, modm,...,z, modm 2% ¢ F#K
B THDE D% A O 21,00 BPFET D, 75, Vm € MaxA 125t LT
Uy, .z Nm = (0). 2T, Uzr,....2.) € A E22V, 2y, 2, 1T ¢ EREAGIINT
2D, $BE, L DEFEPD u=0.%-7T, Im e Max A s.t. tr.deg, A/m = 0. T/
b5, tdkAztr.deglAm=tdkAm. Q.E.D.

semi-local TIXRW—RDBEIIRL Y L0 E 5 AR TH B,

4 dim A =td; A DY LD
L dim A = tdy A DRV SIOHIE LT, 4ERNTKRDEER LT-,

BHE 2 AlddmA=td A THBLIREIETHY, X1, X, 1T A LOEETHS
£ D, ZDEE, Xy, Xy THERENZATHBED ST L b ARRAR TR A i
* M Lhud, dim AIM] = tdy A[M] BRI B,

RFIZ, M Ot Xy,..., X, OHBERIINY 26720, M31 THhBETE, 0k
&, 3m € Max A IZ2W\WTdim A =htm &THIE, (M,m) »5biEBHEE dim A[M)
DEATFTTNLOFINENRS,

T D%, B 2] £ 4 26, BT 2] BT IZWED Z ERGhoTz, Lo
L, LOFEENEZRIZZSTmbi}TiERL, m DOBERREINdm A O A DFEA
TTNDFIREx ST, EER dim AM] OEMKEI2EA T T LOFIMNENLS &0
SFIRBELDFIENILH B,

5 catenary T - universally catenary 1 & OBE{%

FX dim A= tdy A LBHRDH HMHE L LT catenary 4 + universally catenary #23
%7, catenary YEIZBI L CidkayRmE 3,



EHE 3 A M noetherian THY, Ym € Max A (IZ2WT dim A,, = tdy A,, THB &
T3,
ZDEE, WIIFMHETH B,

(1) A : catenary;
(2) Vm € Max A,Vp € Spec A s.t. m D p IZDWT, KRBT S :

(a) dim Am/pAm= tdk Am/pAm;.
(b) dim Ap’: tdk Ap,'

(3) ¥p,q € Spec A s.t. p D ¢ IZDWT, dim A,/qA,=tdi Ap/qAp, PKILT B,

RIZ, universally catenary IZB8 L TIIIRNET7RE 5,

i 2 A 2% noetherian THY, Vp € Spec A IZ2\Tdim A, =tdy 4, TH B LT3,
IDELE, A LOEEDOESY X = {X,...,Xa} ETHUL, VP € Spec A[X] IZ2W\T
dim A[X__]p=tdk A[K]p ﬁiﬁtﬁ'@_5°

ZhzFALT, ROFEEIFED,

EH 4 A B noetherian TH Y, Ym € Max A IZ2WT dim A, = tdx A, THB L
T35,
ZDEE, RIIRETH B,

(1) A : universally catenary,

(2) A L essentially of finite type THD & 5 IEED local domain B {29V T dim B =
tdy B D3RI T D,

T, FE 3 D (2) IZBIL T, noetherian local domain A (2 2WNTKD 2 SDEAt:
EZ XD,

(L)  VpeSpecAIZ2OWT dim A, = tdy Ay BEKILT 5 ;
(R)  VpeSpecAIZ2W\WT dim A/p = tdy A/p DERIT B,

ZIUZDOWT, ROMBERTZ ENTE B,



iRl 3§ (L) 1298 (R) 1T K WBINEIET B, Eim, & (L) 1 &
2D (R) IS TR FEET B,

TN Y SLDERMIZOWVT, 7, RO [3], Appendix, A1, Example 2 IZ&H L
£,

Bl 2 Ym >0 1Z2WT, ROEEEZFZT dim S = tdi S, THB L D 72 noetherian
local domain S,, WTFIET D,

e m =0 =-S5y I catenary 72753, universally catenary TIE72\> ;

e m>0= 5, I catenary TiX7z\>,

WoT, TH 3 -ME 2 - TH 4 XV, Ipe MaxSo[X] WXL So[X], DRIHEDH &
2%,

BHIZOWTIE, Ym > 012X L S BERIOBIL 225 Z EAFHFUT K > THeD D &
nd,

catenary 40 descent |2\ T, KHBIRED,

EHE 5 A, R ¥ noetherian domains THY, RC A THD LT3, kit R DEHETH
Y, Vm € Max A IZX LT dim A, = tdy A, THDET B, EHIZ, Vp e Spec R, Vm €
MaxRst. m 2D p IZXL, 3P,Q € SpecAst. P2 Q,PNR=mQNR=p &725&
KET 5, (

ZDEE, AW catenary 726, R b catenary TH D,

tH L, A2 R L integral, 2\ X A # R E faithfully flat THB4R 6, FEHEOSE
HEDRENTE-SND, €->T, ROBHBERY DT EBNTITHMNB,

% 1 (A,my,...,m,) I noetherian semi-local domain TH Y, local domain (K,m) %
dominate L T2 &F 5, £ED 1 1ZDVT A/m; iX K/m O finite algebraic extension
THDHERET D, [ =Nmi,S =K+1 B, ZDLE, K OENSE k I2OWT,
ERED i 1T L dim Ap, = tdx A, THY, A D catenary TH B LTI, KIS
T 5,

(1) htmy =--- = ht my,;

(2) S 1% catenary TH 3,



EBD 1 1Zx L dim Am, = tdg Am, DALY LD LWV REZ EDOFRD LT & &F
DFET AT &1, (3], Appendix, A1, Example 2 2553033,

ST, TH 5 DM EKCRCARBODTECA LLELE, kNREBEIZLT
EE 5 Ok ICHYETHILOMENDZA b, ZHUIBILT, ROFIITKERRERE 5
ZTWBEHITES,

Bl 3 WOEMEMTI-T L 5% DVR A R WFIET D : AL R D finite extension ThH
D, Q(A) IX Q(R) @ Galois estension ThbH, L1b, trdeg, A< oo THDLIWA
D&HD coefficient field L {Z-OWT R DA% £=LNR L34, trdeg,R=0c0 &
2%, BEENTIE, Bl1ro/oND,

& 3
[1] R. Gilmer, Multiplicative Ideal Theory (Marcel Dekker, New York, 1972).

[2] R. Gilmer, B. Nashier and W. Nichols, The prime spectra of subalgebras of affine
algebras and their localizations, J. Pure Appl. Algebra 57 (1989) 47-65.

[3] M. Nagata, Local Rings (Interscience, 1962).

[4] N. Onoda and K. Yoshida, On noetherian subrings of an affine domain, Hiroshima
Math. J. 12 (1982) 377-384.



Purely inseparable k-forms of affine plane curves

5 A=lisyid
EILR #E

EHELK/k & BB p >0 DEDIEKR, B 2 k—R#ET 2. k—RE A ITDONWT, &
BIEDIK AQrk M By k 2 K—EREIZR 2L E A% B D K [k-form £\ D, FF
2k &k ORBIBAE YL Uiz & B Ok/k-form 2HIZ B @ k-form £\W5, 7= k'
(resp. k*) % k O purely inseparable closure in k (resp. separable closure ink) £ §25&
& B D ki/k-form (resp. k*/k-form) ZHIZ purely inseparable (resp. separable) k-form
L3,

LAIFIZH 2 & 512, nontrivial 72 (i.e. B & k—EEIZR572\) B @ k-form DL
T 5, _
#) 2 B £ LT 1ZEHD Laurent polynomial k[z,z7}] X %, A &

(1) A=Kz, y)/(*+y*=1) (p#2,V-1¢Fk),
(2) A=k[z,y)/(z*+zy+y*=1) (p=2,2>+z+1F k[z] '(Ei‘ﬁ""]),

1

(8) A=k[zP,z+az™?] (p>0,a € kP —k),

B ¥, $T B D nontrivial 72 k-form T (1). (2) & separable (3) {& purely insep-
arable Td %o

EFE 3 B D affne k-algebra (i.e. k L finitely generated) 725 & & B @ k-form A iED
I affine k-algebra (2725025, finite Galois extension k'/k WFELT. AL B D
K [k-form &72%, L<HBNTNWBEDICK & k OHREE ky DEELT, K /k 2
separable, ki/k 1% purely inseparable ¥ TE %, ZDLE K C k &M TRODEH
e>0 %K /k D exponent LW\ exk'/k=e LE, £IT

ex.A = min {ex.k'/k |K'/k {Z A D B D k' [k-form 72 % finite Galois extension}
EBNT ex. A% A D exponent &V Do
FHO X A DS B D purely inseparable k-form 72 513 exponent ex.A &
ARk? "= BRy kP
EETROOER e >0 TH Do

e

FRETIE, B p > 2 DKk L2 DD THERINEIIVIVIRIT 1 D geometrically
reguler 73 integral domain B @ purely inseparable k-form OEERE (EH 5) ZED £



T2, £ZOHEKRISARL LT, k L1 EBEERED kform O#E (%6) &
HEFIZONWTERARZN, T T B W geometrically reguler & ISERORBILK K /k 12
DT B®y k' 1 reguler domain 27225 Z & TH %,

5 4 k 2ERIESOK. B% B= klz,y)/(f(z,y) = 0) TEHZRI N7z k-affine ring &
T3, COLEERD ge BIIHN LT ds(g9) € B % Jacobian

. of 0z Of/0y
ds(g) = de <6g/ax ag/ay)

TEHT B L d; € Homp(B, B) I& B O k-derivation T do FIAERDEDIEA k’/k
IZDWT B ZHRREFT B = K[z,y]/(f(z,y) = 0) D k-subalgebra £ 2L & d; I
B' @ K -derivation IZ unique IZHILRCE 50 TNERUAES df TE T,

TE S5 k& F8p>2 OERE B %
B = k[z,4]/(f(z,y) = 0)

TEHRI N geometrically reguler 73 one dimensional affine k-domain ¥ %, D&
& k-algebra A BLUEE e > 0 IZDWTRD 2 DDEMIFETSH 2.
(i) A iX B D purely inseparable k-form T ex.A < e\
(ii) M AER
2uds(u) +udf(v) =1 (%)

DfF u,v € k*"[z,y] (C B ") BEAELT
A KRy wPu,w?) (g= (p°+1)/2)
Zli=9,
LTOEEDIHAN S, A=B B, EHESDOFM (il) 2H=T uv BHoT
B = k[27, 4", v®v, w7 (¢= (p°+1)/2)

ETED. XA AERX (x) O u,v ITEES ORHFO T TCORICHEETEI L
ICHER L THEL s B DEMHF geometrically reguler i —f&iZid, &5 T EMTERN, =
CZEp>2DLE aek? —kRBTalZDWT f(z,y) =22+ —a £BL L
B = k[z,y]/(f(z,y) = 0) iZ reguler T& % * geometrically reguler Tid7 <. F/=LiL
DWATTIRROBE u,v BFEELRN,

k £ 1Z¥® polynomial ring k[z] DIERED separable k-form i trivial T %, WX
k[z] DIERD k-form iZ purely inseparable & 7235,

6k ZIEM p>2 Dk k[z] 2 k L 1EEOD polynomial ring £ 3%, k- algebmA B
KUVBH e >0 IZDVTRD 2 DDEFIEHETH %0



(i) A I& k[z] D purely inseparable k-form T ex.A < e,
(ii) #ARER

20t +w' =1 (%)
OfF u,v € k¥ *[z] BFEALT
4 = k[2?", v, w? (¢ = (p°+1)/2)
Z2li/=9. CIT U, W i EzIlLD u,v DBEEOHIEH DT,

LOWBHRE, (++) DIEEOR u,v ERDESIZLTEZ 5NB. £ u € k(]
%

u=ag+az+...+a, 22772 (a; € k* "[z7))

LRI N=ERD separable %2 polynomial (i.e. GCM(u,u') = 1) £ 2, TD u lZDW
. 5T be b [oP] BEELT

w=b+az+2 a1z’ +... 4+ (p— 1) ta, 2Pt
eB<E w=0 (modu) &b, FITHERD c€ kP [zP] I LT
v = (uPc+w)u?

ETDL u,v TROD D, FEEROBIZOLS RTINS,
p=3 D& EFIFIFIC

u, VIZHS AR (x) O <= u=a+bz,v=c+dr

ZZT
a b 3-e; 3
(C d)esmk %)
B b =D,

EHRT LO2x 2175 M LBNT M BEW e IZL>TEE S k-algebra ke, M) %
k{e, M) = k[z*, (a + bz)%(c + dz), (a + bx)(c + dz)7] (¢= (3°+1)/2)
TEHET 2,

% 8 k-algebra A BELUEE e >0 I DVWTDOED 2 DDFEFIXIXFETH %,
(i) A X k[z] D purely inseparable k-form T ex.A < e,
(i) 2 M € SLy (k3 °[z%)) DEEELT A X ke, M) D2 D =D,



EFEZ 9 e>0 ZEELTBNTLEDRID (i) 2/~ k-algebra A DEEYER F, T
BIERIE M — ke, M) IZ& D EADBRLRER

SLo (k¥ "[2%]) — F.

HELND, COBEIE LA 1 TRV, ZOB&EDEISRIIND SL(E %) W
DRIEBIRE ~ TH BT TibB M, N € SLy(k[+3]) I2DNT

M ~N < ke, M) 2 k(e, N)
9%,
fBR8 10 LORIERER ~ 2 EEMICH =2 Lo

e =10k EZEMHEBHR ~ ITRDLSIZH =% 51D, 0% k¥ [z] D k" —automorphism
bl RN
oz)=az+f (0,f ek, a#0)
ZD o 2T

[0] = (; 2) € GLy(K*7) C GLy(K* ' [z?))

T L D5 [o] 2 EHT B £

M= (Z 3) € GLy(k* ' [2%)

WXL T o DIER M %

onf — (U(“) "(”)) € GLy(K* ' [2%)

o(c) o(d)
THE 11 M,N € GLy(K ' [23]) DWW TCWRIZFHET S 3.

(ii) L € GLy(k[z%]) BLV K [z] D k3" —automorphism o DIELE LT
o@)=az+8 (0, ,a#0)

E9BLE
M = aL°N[o]

ERIN B,



CORER, 2L 21X F. DBEIL k D perfect TRITHIE k DBEULEH B 55D
P2 LXICF OEEZEDENEEZELN,

%6 XDIEH p> 2 DIk k _£D polynomial ring k[z] D k-form A IE—#HIZ & L3
DOTLTERTNT NS, KX 3EHD polynomial ring k[X,Y, Z] 1*5 A ~D sujection
¢ DEFET B0 ¢ D kernel & A DEF ideal £\ 5o LT ¢ %

(-3
X 2P Y - uv, Z — uwf

THE 5 surjection & Lz ED A DEFH ideal # P £ LT, P DERTcERDZ, &
ZT e, v®v,w? XK 6(ii) THEAONEHDTH %,

FY w07 € ko] ICHERT 2, W2 27 2 X LRAE v BLT v T kXD
515:_&87250 COZEAERBHEDOEDZNZN U BLUYV LBV TROEELZE 2,

EI 12 kD ideal P IZDWNT
P = (Y'-UZZ*—VY,Y"'Z-UV)
= rad(Y?” — UV, 2% — UVY)
WD =D, FFHIZ P IEDRIT set theoritic complete intersection & 7250

P 78 ideal theoritic complete intersection T& 2D & D PIZDONWTIL, & @%% »
H5bo '

EHE 13 LTERINE P ICOVWTRIZFIE,
(i) P & ideal theoritic complete intersection,

(i) Alx k L2207 CcERMEIN D,
ROEEIZE LTI k DIFED 2 DHEITONTHRD 72D,

EH 14 k1B p> 0 226295, ZOD L ERIZFENE,
(i) Al k L2DDmTERTINTND

k[z] @ purely inseparable k-form T ex.A < e\

(ii) 7° DT o; (i=1,..,n) BELELT

A k[:v"e, ag+z+ oz + ...+ ap2™]
A N
(iii) #85> A—INEF Qu(A) D° free TH %o

p > 2 DFAEITIE. BEKIC A-NDEE Qu(A) 2 free THEIDPEIPERE EZHNT
FARDZEMTE, ZORKRO(A) D free TRVWBIBEET 2, TROBEMZENIZN
Z I3, affine line @ {EE®D k-form & (3RIT) D space curve TdH b, BIZZF DIRDIT
plane curve TRWHIDSSH %, ‘ :

2% 1 DHITTH <,



Bl 15 {EBDT a; € kP "[27] (i=1,..,n) IZDNT

u = T

W = l14+a 2P 2+ ...+ a2 2
EBLo TBL u,v T HER (xx) OETHZI0 6. RO6KD
A = k2", uP, wf] (g= (p°+1)/2)

EBIHE A k[z] D k-form T Do FBIZ k[2P] ICALRW o; BEFEETIEAE Lk L
2 DD TEBT R,

U EDFEEEE NS LIZL D, k[z] D k-form OREEPHERICOWTIXL < DPo
TETNW3, FIZIEROBENIZD 12D,

% 16 A BERIEBD k[z]) D k-form LT 32, T2 & WRITFHE,
(i) A= Ek[z]
(ii) A® A & UFDs

ZDHIZ klz] D k-form D k—HORREEL UTERINTRTOBESZ ST L
WTEBH, ZHIDNTIRROEERIOT B,

LITEH 5 O CAENIC AN EBB L VERIZOVWTRRTHEL, 52607
integal domain A IZDWT, qt(A) T A DBEEERT I LIZT %,

EE 17 128 p > 0 D integral domain DILK A/R DS IRD 3 DDEM:

(i) A/R : finite as an R—module,

(ii) BHADILK qt(A)/qt(R) D5 purely inseparable Tdh > T. FDILRIRE %
[at(A) :qt(R)]=p* &9 2 & AP C RC A,

(iii) #85> A—INBE Qr(A) DEIRH],

ZWi)=9 & & quasi-Galois extension W\ D,

E£®D e % exponent £\,

EF 18 {F8 p > 2 D integral domain DILKR A/R IZDWNWT, 2DDIC u,v € P B
FELT

A= R[u*v,w] (q=(p"+1)/2)
LERBDZLE A/R I u,v € R TEHRIN (2,1)—type D Z/p-grading structure
EHDOLWNWD, TIT p® i qt(A)/qt(R) DILRIRETH %o

EE 19 k ZIE p > 2 OEBEME. A/R & k ERIT 1 D affine domain DILKE T %,
ZDLE, RD2DODEFMHIIXEMETH 5o

(i) A/R X exponent e D quasi-Galois extension T3H> T\ Qr(4) @4 RP " X RF° DV
D=2,

(ii) A/RITEWIZER u,v € RP° (i.e. RP° @ ideal (u,v) & unit ideal) TEZINT=
(2,1)—type D Z/p°-grading structure & H D,



B 7 geometrically reguler 7% one dimensional affine k-domain 72 5I¥. B @ purely
inseparable k-form A \ZXf LT, R = k[A"] (e = ex.A) &BIFE A/R IZ exponent e D
quasi-Galois extension 1272 %0 BIZ B D k £ 2 DD TCERINTWIIUE, EF 19(i)

PIRD Do DT LEMNWTERS BRI NS0

930
BIMHEE3 190
BILRZEHEFR
G araliayd

e-mail asanuma@edul.edu.toyama-u.ac.jp



Hodge Algebra OHFRO M & Rz —kDH b
@D Grobner E2KICEA T 2 —F K

B Fe5A (REBHBFR)

FE

Hodge algebra ® H1 THIZE R 7 graded Hodge algebra I B Tid, straightening
relation ZDRTEEZTVWS. T2D5, EEOTEAEREOD straightening relation
DEAIC & T standard monomial @ linear combination ICHFEE¥ 3. INid graded
Hodge algebra (213 & %D monomial order ZE# T & T, straightening relation & X
AEEBELIXE XL 5N/ monomial ZZFNL D H (ZD monomial order IS LT) /&
V) monomial @ linear combination CHEERT I LIIR>TVWERE5THD (Hl 11 &
M) . Grabe [G] i& Hodge algebra @ EF % monomial order IC L2 HDIZEE LT3
(B 9ISH) B, COZhS5EINE, graded case ICRNIE Hodge algebra D EH
O—LITR>TNWS.

—# T, straightening relation 282 D RF & 5 X 12 & 572 Hodge algebra DSEHE T
2ILHHENTVS [T], M. COHBAKKEIBAA, EFH I TV (GH-2) 2H k-
9 &£ 5 7% monomial order REFE LRV LIRD.

# Z TAFTIlE, Hodge algebra OZE#F % monomial order (C X2 DI LT L /=4
, [DEP] T#i L 5N T\ % & 57 Hodge algebra O—RFMmM L T ETRIT 202 %
5.

> I

1 Grobner basis

H={hy hy... hn} ZEHBREETHD LT 5. HED monomial &1F, TS ... han
(a; € N) OFEOERARR “D” DT LENWS. o; =0 THNFE, W ITHBLTHRN.
Monomial DR &iZ, LHAROHEE L AKICERINS. Ideal of monomials & i,
H® monomial »»5R2E/YXT, M €3, L:monomial = MLeSEHAETHDDZ &
2S5, TIZEFENI2V monomial DT &%, LICB L T standard % monomial £ VvS.
LORTT, hOTORICL>TEHZILDTERVNHDEID gencrator LIEE. Hilbert
OEEEE LD, TO generator DEBIIEFERTH 2 Z & hbh 3.

ADR (22T, BPRBLEESHAEZRHPAMTHI2IDOEEK TS L
23%) T, HP ADHAEATH 5L &, HLED monomial A{*AS?--- ko AR
DEEZDBEY, ADTLEID2HBEOUTTHTL 2D, context THMTE3H0D
CHIfFL, DACRALESZFESI LT 5.

Monomial order & &, monomial 2EDEFICERINEZIEFET, (1) m, ny, ny,
monomial T ny; > ny THNIE mny > mny, 2)m#1 THNE m>1, D 2%H2H
TN L EWS. Hilbert ORERKEEDISRVBDHS.



#%E 1. Monomial order 3B /NERHtEH=T.

X=A{z,...,z.} BEXEXOES, S=B[X]=Blz1,...,z, | ZA[E B LO%\E
KRB L, X LD monomial £FDE ST monomial order >SHEF>TWVWB LT 3. &

EBHE2.9€S(g#0) ML, g=bmy+bma+---+bm, (b € B, b; # 0, myl&
monomial, m; >my > --->m,) LT BHLE,

It(g) = bymy, Im(g) :=m, le(g) := by
CERTD.

PUFLESS, g1, ..., gl le(g) =1 2B =T SOTTHBEL, G={g, ..., 9.}
LB ZOLs,

EE 3. feSLTH. he ST, hIZEHND monomial T XTED Im(g;) THENT,
»D,
h=f-3figy  fi=0FkE Im(fig;) <Im(f) (i=1,...,1)

BARET f, ..., LESHELETDILE, hE fO GIIBT % remainder & 5.
YbAA, —MICIE remainder T—BRICHREZDITTIRRVD, ROBHKILT S.
HE 4. FBOD fe SiEPiaLd—Dremainder 2 D.

S, &,y XL,
m;; = 1t(g;)/ ged(Im(g:), Im(g;))

eBLL, RPEBLT 5.
FE 5 [ SOAFTFNVC, g, ..., €EITHBLTHE, WIRABTH 3.
1) (1) = t(gr), ..., 1t(g:)). =72 L, W(I):=(t(g) | g € T\ {0}).
2) IOERDTD G BT {EED remainder i 0.
3) I=(g,...,q:) T, SOEBDTD GIBIT 5 remainder 1 — M.
4) I=(g1,...,9) T> &4, UT myjigi —mijg;® G BT %5 % remainder (3 0.
5) {m + I | m % monomial T, m ¢ (Im(g1), ..., Im(g:))} & S/ID B-free basis.

6) {m+I|m i monomial T, m ¢ (Im(g1), ..., Im(g:))} C S/I& B E—RM3L.



R, 1)=>2) felThD fOGICET S remainder THNIE, hel. YL AL#0
THNE, 1t(h) € I =(t(g1), ..., 1t(ge)) 2D, 1t(h)EH 3 Im(g;) TEIDYINB. &
NiE b D GICBET 3 remainder THBHI LIIKRTS.

2)=3)felTHHLTHL, RELHMBEAILEID [~ fig: =0 BH=T f, ...,
eSS HEETIDT, I =(q1,-.-, 9t). —H> h1, hg PLBHIT f €S D remainder
THHETBE, hy—hy €I T, hy —hy & by — hy © G IZBI3 B remainder DT,
hy —hy = 0.

3) = 4) mjig; — mijg; @ remainder & m;;g; ®—2D®D remainder TH H, 0 & my;g;
®D—D® remainder. Remainder D—BM» 5, mjig; — m;;g; DIERED remainder i 0.
IoTHEL IV EmERS.

4)= 1) K(7) 2 (It(g1), ..., t(gs)) ELTFEEEL.

g= Zfigi, lt(g) & (1t(g1),---,1t(g1))

EAHETEIIR fi,..., i € S OHT, m:=max{lm(frg1), ..., Im(fig,)} DBDDEH D
BLY, I5LEZOLIBRHDOOFT v :=max{j | Im(f;g;) = m} DBINOHDE L B.

Im(g) < m, lm(g) ¢ (Im(g1), -- ., Im(g;)), m € (Im(gy), ..., Im(g;)) DT Im(g) <
m. o T u < v, Im(fugu) =1m(fog,) Z2H7ZT u BEFEETS. TOL & Im(f,g,) &
lem(lm(g,),1m(g,)) TEI D YIN 2 DT, 1t(f,9,) = bnmy,g, &H 7= F monomialn & b€ B
BEETS. TTTREDS

MyypGu — MuyGy = Z hi.(/i, lm(}'zgt) < Im(7n’uvgv) (7 =1,... 71)
BAET hy, ..., h,eSHEND. COLE
g = Z fzgz + bn (mvugu — MyyGov — E higi)

DELE ¢, ..., KOWTEHLEHDOZ

9= f:
LThiE, TOERRE v FRE m ORNMEICKRT 3. :
1) = 5) my, ..., my D (Im(qy), ..., Im(g;)) CEENRVWHEZ S monomial T,

bymy+---+bm; € I (b; € B) THNE, (RED»S bymy+---+bm; =0. $R-DE b; =0
(Vi). &2 Tmy+1,...,m+T1 & B E—=RMELTHS. KT F = {m|m L monomial
T, m ¢ (In(g1), ..., m(g,))} £BE, S=BF+1THBL%ERT. BF+ICS T
HHLL, BF+IIEBEhRWVW ge S OHT Im(g) PRNDHDE LS. Im(g) € F T
B, ¢ :=g—1lt(g) £ BFE ¢ ¢ BF+1,1m(g’') <Im(g) £ D Im(g) DR/
KT%. Im(g) ¢ F THHE, 1t(g) = bnlm(g;) A 7/=9 monomial n, FF i, BLY
be BRBFEHEL, ¢ :=g—bng; L BFEEKICFEHETS.

6) = 2)fe I T, hD» fODOGIEATS remainder THNIE, h € I. FZT
h=bmy+-+bms (b€ B, b#0) TN, my,..., m, i& modulo I T B E—&
MMRDT, s=0. $RDHB A=0.1



‘)

—I, MEBHOBERE w: Z7 — Z ¥ monomial m =z -2 IH L, w(ay, ..
@) & w(m) LTI LIZT 3. Monomial DARIEE MICH L, ROEHETS.

EHE 6. MEHOERAE w:Z" > ZTmne M, m>n=wm)>wh)Z2&HrdTsdD
Z, MET>LEET 5 weight & XK.
#& 7. Monomial DIERDOERES MIIH L, MET>EEBET S weight lZHHET 2.

t2FRARETEL, vk
{m|mid®» 5 ¢;lCEHN S monomial} U {1,zy,...,2,}

ET>LBET D weight THBHETSH. SOOTRWITg=bymy + -+ bm, (b € B,
b; # 0, m;iZ monomial on X) IZxt L, S[t] Dg%

g = Zta_w(m')bﬂni
KEDEHETS. 27U a=max{w(m), ..., wim,)}. £, SOALFTF)V Jicx L,
SHloAF7IVI%

J:=(3]g9€J\{0})
WELhERTS. COL S,
EIHE 8. B[t] LOSERRS = S[t] = (B[t))[X] L 2D, ..., ¢ BLUZDOAF7 NI
FEE 5 OEREEHET. Bl =(4,....5)TH5.
i8S, F:= {m | m & monomial T m ¢ (Im(g1), ..., m(g,))} £B<. Im(g;) = lm(g;)
ROT, FIZ S/ITBNT BE—RMIATHS. {>T, FiE S[t,t7/IS[t, t71] e BW

T, Blt,t7 | E—RMITH B.
ICTT, oo tEg 2 H =T ST O BT -HEER L THIE,

o(IS[t,t71]) = IS[t, t71]

BOT, o LR
S[t,t™Y/IS[t,t™Y] ~ S[t,t~")/IS[t,t7!]

%Z induce ¥%. COREBICXD FOETIEXEDELI B, 7" @ unit DT~ DI
BBOT, Fid S[t,t71/IS[t,t™Y) = S/T@py Blt,t™"] K BWT B[t,t7] £— I TH
%. B[t] C B[t,t™'] 2 DT, FiZS/Ii<BWT Blt] E—WMLTHB. U LT, EHE 50
6) PRI TBHIELEDLPS. 1

2 Hodge algebra O E&ZD —#%1b

COFHTIIREOREREAWT, graded Hodge algebra OB % —&t3 5. 7,
EE5D5)ICHEBEL, ROEHEETS.



E% 9. BIZWER, Al B-algebra, HiZ A DEREIES, i ideal of monomials
on H, >i¥ HE® monomial order TH2&9%. AP BEH, &, >ICB7 3 (GH)-%
hEHZT LI,

(GH-1) {m | m &TIZB L T standard % monomial} iZ A @ B-module & LT D free
basis 272 9.

(GH-2) n HXD generator TH NI,

(10) n = Z b,‘m,',n, b,’ € B, m,',nw: monomial T Min <N

EAETHERADEFET 5.
D2EHDPRILTHILTHD.
EHPSWSPRE ST, (GH)-%ME base change TREZN 3.

5] 11. A X graded Hodge algebra over B generated by H governed by & T % ¥ 4 3.
HORICELICBSEMIFITCH={h, ..., '}, hi >h;j= 1> 3, PERDIDISITL
TBL. ATBI IR ZOFESIFTICEIT 3 reverse lexicographic order 2> & 3h
i, Al BEH, &, >3 (GH)-ZMzdsk7.

(10) DHEALH$RTO0 (empty sum) TH 5 & &, A discrete Hodge algebra 223 (Z

O% A, monomial order SIXEELRW) . AN BEH, S, >ICBT % (GH)-f&2 &

=9 & &, Mind 3 discrete Hodge algebra & Ag, TRT I LIZT 3.
EHIMLEEREBIREDLIS.

T 12. ADBLEH, S, >ICBY 2 (GH)-ZM2H2$LE, BLEO 1 EHEHERE B[t
FH, T >IcBY 2 (GH)-b &A= ¥ B[t]-REAT, BOFEEOHEK u it L

A/(t) = Ag, Allu—t)~ A

EHREL, A=A @A G - FRBIETA =B, HOTB LUt & REKIEDF KT,
BELODELETS.

(he

DT EPH, RBDOPS.

£ 13 ([DEP, Theorem 6.1] £88). B noetherian ring T»HhiF, dimA =
dim Adis- .

FBR. A BL W Ayl BEEEFHET, (GH)-Z4E base change TRE=NZDT, B
3R TH B L LTI,

A= {{hiy oy ki } CH | (hiy -+ hy,)" € 2 (Yn > 0)}

L BiFiE, AL simplicial complex T, Agis/V/0i& Stanley-Reisner ring B[A] (272 5 .
g = {hila ey hid} fﬁA@?k;UE’%X).%) facet ‘tbétjn&i, h,‘l, ey hidtﬁﬁﬁ‘b



monomial {& 3T standard I8 %. 2T hy, ..., by, & AITBWT BE algebraically
independent (72 % DT,

1 = > 1T = 1 = 1 B
dim A Per}{ldzian)&)tr.degBA/P_d dim B[A] = dim Ag;,.

—%, FE 120A3%K BEERERT, t BLU 11—t & Blt]-free module AICBIF 3
non-zero-divisor TH %. ¥, ADEBOHWNEA FTZIVPITHL, ()+P C A®A®- -
ROT(t)+P#A. £oT

dim Ags = dim A/(t) = dim A — 1 > dim A/(1 — t) = dim A. '

UFTIEARCIRA=ADA D, Ay=B, IOTERBIEDFRIT, &H=TNR
BEFTeEATNWE LTS,

H L.® monomial 2D EEIT (1) degm > degn, £/=i& (2) degm = degn Tm < n,
ODWITNDPHBEYLDLELI m > nTHDILERTNIE, > [ LD monomial order
5. 2RL, degid ACBIBZRBERTIDLTS. vk '

{m|X O&% % generator n KN L, m=nEkdm=m,;,JU{l}UH
FTSLBET D weight THDELT DL,

FE 14. [;'= ¥ 13 monomial T w(m) Zij EBITE, LEADATFPNT, Iy =
ADL D ---ThHh, ADideal D filtration T : [y, D1 DI, D WiREHI=T.

1. HA = Il .
2. nnzo In = (0).
3. {L}nen & {(HA) }nen R CATHZ £ 5% T 5.

4. TCEH XN B extended Rees algebra B = A[t™!] @ @,>1 Int" & B[t™'] L (GH)-
Sl EBET. 2EU, H3ho "0 € Lo Mis kb B & RICBHAL.

5. ITEHI N5 associated graded ring Grr = @50 In/ Loy1 & Agis EARIZTR 5.
%7z, {m|m & standard monomial T w(m) > j} & I;D B-free basis IZ7 % .

BEBR. LA TFTTNUNTHBHIERUISH. (10) KBV Tdegm, = degn RDT, wd
EHZDPS,

w(n) < w(m;,) (Vi,n)
THHILHbhb. ZOZrl, ADEEDH (10) ODBEREOER I L > T standard
monomial @ linear combination (C&¥ 2 2”5, {m | m & standard monomial T
w(m) >3} B ;D B-free basis K25 T e DBDD L. ElIhh s, 123 3EEBID
»5.



W4 BRT. REBIFB he HDG W& h*THE L, S5 2 monomial & *%
HFTRTILICTE. BER (10)ICLD

(15) nt = bt memin)

ROT, R Bit™'] £ (GH-2) ##7/=F. 7=, F*:= {m* | m & standard monomial} @

#&7tld standard monomial (2 B[t,t™!] @ unit 2372 DRDT, F*aiR®B[t—1]B[t,t_l]

KBWT B[t t7 ) L—RMZTHB. #oT FIUIIREBNWT Bt™!] L~ KM TH 3.

&z, L;DeH {m | mi& standard monomial T w(m) > j} @ B-linear combination ¢

KEBTLMS, ROTH F*O5TD B[t~)-linear combination THEXNB I L BDH» 5.
51 Grr(A) = R/tTIRTH BT L L, (15) KBVT, w(n) —w(m,) BEICATH

S5ZLnobirs. 1 .
ZDIEDPE, EEBIIRPVIS.

% 16 ([DEP, Proposition 5.1] £8). 1. Ag?* reduced ring THNIE, A & re-
duced ring.

2. a € AP modulo HA T non-zero-divisor THNIL, « & A 2BV T non-zero-

divisor.

SERR. 1 XBAS M.

2. a D Grz(A) BT % leading form % a* & T, a*id modulo H Ay, T non-zero-
divisor IC72%. L > T A DHBED 5, a*ld Ay D non-zero-divisor TH 5. ®>T, «
I& A @ non-zero-divisor. I

7, H={h, ..., h,} BT % Koszul complex 2 K,(h;—), Koszul homology %
Ho(h;—) TR,

E# 17 ([DEP, Theorem 7.1] £8). degh; = w(h;) IS & D Ay D grading ZEHT
hiE, &3 U Hy(k; A) O filtration {F'} TROZEEZH =T EDONELET 5.

1. FO = Hy(h; A).
2. Njso F7 = 0.
3. FiJFit13 H;(k; Agis); D subquotient.
SEBR. EH 4 BIUZQIAHADESEES . TLRT
0— RS R—G—0

(REF BT IRBCERTS. £, G := Giz(A)) KLY, RD LS 1 Koszul
homology @ exact sequences G 51 % .

Hi(k*; R);— Hi(h"; R)o— Hi(k™; G)o
Hi(k*; R);— H;(h*; R);— Hi(h*; G,
Hi(k"; R)s— Hi(h"; R),— Hi(h*; G),

(18)



Hi(h*;R)o = Hi(h; A) TH BT LICHERL,
F? = Im(Hi(k" R); — Hi(b" R); = - — Hi(k™; R)o)

EBL WS DI {FI} i Hi(h; A) O filtration T, FO = I;(h A) TH 5. £7, i/ [itt
(& Cok(H;(k"; R);j11 — Hi(h"; R);) D¥RAREROT, REF5 (18) KL b Hi(k™;G); =
H;i(h; Agis); D subquotient T#H 3.
RICNF =0%&5F. N=Nt7H(L;R) BL< &, Krull ® intersection theorem
Z&h
rN =0, r=1 (mod (t7"))

EH1Tr e RVFEETS. rOOROHERAENE « THEYE, a=1 (mod HA) RO T,
£ 1612 KD ald A D non-zero-divisor I8 %. &£ 2T rid Alt, 1] @ non-zero-divisor i
2D, $¢>TRD non-zero-divisor TH 5. #>T N = 0. NFICNRDT, NI =0.1

% 19. BPADO L SBHAIR S = Blzy, ..., r,] LOMEEL LT Betti number % B:(—)
TRYEE, ZilXHL, Bi(4) < Bi(Ags)-

% 20. Agis» Cohen-Macaulay(Gorenstein) THNIL, A &% 3.

&5 Xk
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MULTI-REES f{#®» COHEN-MACAULAY M#iZ2oWT

A ER

R R FHEEE

1. BX

(A,m) % d-RICD Noether BFTER, [ % ADATTNETAH. r RIEEKEL, T
® r X multi-Rees {4 & &

R(I;r) := A[lty, Its, ..., It,]

TEHZEIND ARBOZLETEH. T Ty, ty, oy tr A EORETE L7,

r=10k &I, B2 R(I) LEL, ThIEED Rees UM 52w, DT, A

FTNVTEBCHDbLRVIRY, I (| pewi&fifiazeicds. o
pEAsshA

W, dmR(I) =d+1 WO FEHLERETHY), 20L& dmR(;r) =d+r &

%ZoTWA, KIRFTIE, T multi-Rees fLED Cohen-Macaulay P12V TR T

TELVEERS. TTHOLNTWAEEL LTI,

# & 1.1 ((GH], [HHR)).
(a) R(I) %% Cohen-Macaulay 3R CTHNIE, FED r > 01233 LT, R(I;7) Cohen-
Macaulay 38 T» 5.
(b) R(I;r) % Cohen-Macaulay TH UL, FED s > r IZxF LT R(I®) ¥ Cohen-
Macaulay T 5.

FRTIELOGEDOHIIONWTRRTHAIZVWERS . DF D, H 5 multi-Rees 1%
¥ R(I;r) 7°—BE Cohen-Macaulay THIL, EALEHEDD & T, b & D Rees 1t
# R(I) ® Cohen-Macaulay A &N 557 F721%, Rees EL R(I*) ® Cohen-
Macaulay 2> 5, V22 multi-Rees {4 R(I;r) @ Cohen-Macaulay A &EH» 1 %
PEVRHIDBDTH 5.

RN H, T OWEBEIE—#IIIBIL Lz v, REIZET 58012, multi-Rees 1
D homological ZFETITTHH D, RITMHE) T LI H2ROEHRZFIHLTHL

EH 1.2 ([HHR]). A OXRTT% d L ¥5. ZOL &, EEK r 24 L TRIZFEMET
H5.

(a) R(I;r) % Cohen-Macaulay 3%.

(b) [Hi;(R(I))n=(0) foralli<d+1andn ¢ {-r+1,..,—1}.

(c) [Hiy(GU)))n=(0) foralli < d and n & {~r,...,=1}, 22 a(G(I)) < 0.

Typeset by ApS-TEX



ZZT M i3 R(I) DK% graded 47 7 )V, G(I) i& associated graded ring &
5. a(G(I)) & GI) D a-invariant ZERL, TNIIROFKICERINL B DT
& %; graded R(I)-IN#E X 12X L, a;(X) := min{n|[Hi;(X)], # (0)} LEE, $iC
a(X) = adimx(X) ERRTEIZTA.
B 1.1, X 1.2 POFEHIHED. T, € 1.2 £V, H 5 multi-Rees 1
$A% Cohen-Macaulay Td 5 Z & &, Proj(R(I)) #% Cohen-Macaulay A ¥ — 25D
, % a;(R(I)) WETH B Z L EHFME (A »° Gorenstein IROEREUE LW EIRE
LT) LD,

#] 1.8. A % Buchsbaum 3}RT, 2 < depth4 < d k&%’é@bt I %85 A—%—

A7 T nE ENE, R(I) 1% Cohen-Macaulay Tid7%\Wa5, r > d—1 124 LT R(I;r)
i1 Cohen-Macaulay T& 5.

Bl 1.4. k 245 A =k[[X,Y, Z]) /(XY - 22), I = (X%, Y%, XZ,YZ)A LT 5. =0
L&, EAL r> 011X LTYH, RI;r) 13 Cohen-Macaulay & 72 ) 1572\ %%, s > 2
123t LT, R(I®) {3 Cohen-Macaulay T® 5.

Z D &) ITFT2 D DRIBICIE— IR BN D B D7EH, WL b DFEMEIRE L
TROFRDVEL NI
FH 1.5. A 2% 2 RIt Cohen-Macaulay RPFTIRT, I "EIEDAT TV TH AL
&, RIZFMETS 5.

(a) % r T3 LT, R(I;r) »° Cohen-Macaulay R.

.(b) R(I) #* Cohen-Macaulay 3%.
SEH 1.6. I i¥ 3 KkJC Cohen-Macaulay RFTHR A DATT7TNVET 5. I D% m-
WEEATTNTHAED, F7213FKIR A/I % 1 XJt Cohen-Macaulay ZR& % o> T\
LA, RIZFMETH 5.

(a) 5 r IZxt LT, R(I;r) #* Cohen-Macaulay 3z.

(b) R(I) %»% Cohen-Macaulay 3.
FH 1.7. depthG(I) =t £ LT, kD (i) F724% (ii) 2IKET 5.

(1) an(G(I)) <0 foralln=t+2i<d

(ii) an(GI)) <0 foralln=t+2i+1<d
BL i 3EH CoLZRIFETH 5.

(a) 5 r 123 LT, R(I;r) #* Cohen-Macaulay %.

(b) &% R(I°) %% Cohen-Macaulay %.

LOEHOIRERZ DL 1o LHELICCWHDTIZH A0S, RDBELREAL LT,
RDFBxF5
F 1.8. depthG(I) >d—1 %561, RIFEMETH 5.

(a) 5 r I3 LT, R(I;r) #° Cohen-Macaulay .

(b) &% R(I°) »% Cohen-Macaulay 3R. .

2. W

 OECIE, EH 15, 16, 17 OEBE 5L, S hbOEREFTOI, AX)
(X 13 A LORET) OF v —FEFBLT, FRE A/m BERELREL T
v, PIF, R=R(I),G= G(I) EELZELEL,RE ﬁlﬁﬂaA[t] (Diﬁﬁ}fgt&%
Ay



& 2.1. A3 Cohen-Macaulay 38T, 1 ¢Z \/(0) £+ 5. b L ¢t =depthG < d, 7
51F a; < Q41 ThHb.

AEB. no > apyy EEB. ZODLE 2 OOHE [H () — [HU Y BR)]wyr &
[Hyf (R)lnts = [Hif ' (R)lg 50, 72, [HIF (Ry)lnss — [HE (R)]nagr #F
SR V) ZEERVT, [Hy(G)n = (0) 5 5.

## 2.2. A& Cohen-Macaulay 32 C,dim A/T < 1, a1(G) < 0, depthG > 0 LR
BT 5. acIWIDERTESIE ot 1d G-ERITTS 5.

. X =[(0):gat] £T5. THREVnIZDNT, X, = (0) THDZ L ITHEET

B. Hiy(X)=> Hi(Xa) DT, Hiy(X) = (0) 6 > 2) #185. F7= depthG > 0
n>0

L0, Hy(X) = (0) ThHa. 4, B HY (X) - HL(G) #% 5D T HL(X) = (0)

BUED. LoT X =(0) TH5A.

il 2.3. A3 Cohen-Macaulay TdimA >2 £ ¥5%. dimA/I <1 & L, depthG >
d—1,&La(G)<1-d &§5%. ZDLE G ¥ Cohen-Macaulay Td 5.

RERA. d ISR BIRMEE. d =2 £ 5. depthG > 1 TH5A. b L, depthG = 1
25, a1(G) < a2(G) < 0 &V, G-IERIE %% at € R DT 5. 52475
0 — G(-1) - G — G/atG — 0 &V, i HY(G/atG) — Hy(G) %15 5.
a1(G) < -2 &0, HY(G/atG) = (0). #IZ, depthG > 2 %18 5.

d>3 D&, depthG > 2 T a1(G) = —c0 & V), G-FEBI & % 5 at € R D ELET
%. B =A/(a) i d—1 KJG Cohen-Macaulay 32T, dim B/IB < 1, depthG(IB) >
d—2,a(G(IB)) =a(G)+1<2—d &2 ), JFHEDIREIZL Y, GUB) ix Cohen-
Macaulay. #IZ G #% Cohen-Macaulay T& 5.

COMEP S, EH 1.5 XEBIZRES.

#i# 2.4. A % 1-KJC Cohen-Macaulay 38, I 13 A DA F 7 L TR AJT 7% 1-
KTC Cohen-Macaulay &5 0DL T 5. b L, a(@) <1 %5 G IE Cohen-
Macaulay T» 5.

A TZ\/(0) D&, DL, depthG =0 %5, #E 21 X0, a)(G)=0 &% 5t
TTHo. L Loah s, BRZEDRALR G, — G i, AR HY(G,) = HY(G) *
DT, ZHRFE. I"# (0), ' = (0) &5 5. r >0 £ LTI, [Hi(Q)],
Hy(I') ThHY,01(G) <1 EBBIEDPL, r=1. B, G2 ATDL Zhid
Cohen-Macaulay T 5.

EH 1.6 DFE. I PERL mERAF 7 VOB4E. J % I O minimal reduction
&9 B8, ry(I) < max{a;(G) +i[0 <i <3} WY LD Z LR FEELTH L ([T)).
R(I;r) %* Cohen-Macaulay ¥ IRET 2 L, ry(I) <2 ThHA. i, I"ting = JI*
(Yn>2). & I’NJ = JI 222 NiE G %% Cohen-Macaulay & 7% ), R % Cohen-
Macaulay &% 5. 4, J BEAFICER SR TVEOT, [[] L0, I2nJ = JI %
7.

A/I %1 K3E Cohen-Macaulay RO R(I;r) 4% Cohen-Macaulay & K& 5
. a1(G) <0 TdepthG >07%2NDT,acl % ERTEENT, ot € RIT G-FHITETH
bh.B=A/(a) LBE,beI % IBOLETLLRBLS1CEH. G=G(IB) LBE,
G %% Cohen-Macaulay THh % Z & 2 R¢IE+5TH 5. G o8 Cohen-Macaulay T7z
WERET H. b L depthG =0 % 51, ao(G) < a1(G) <0 TH N, ao(G) = —c0 &



BOFIET S, depthG =1 LRETH. ZNL &, a;(G) <0 THh, #E23 X1,
btid G-IERITEE 2B, Tbb at, bt 1 G-TERIFIE 2 5. C = A/(a,b) LB &, &
id 1 RIC Cohen-Macaulay BT, C/IC % Cohen-Macaulay T, a;(G(IC)) <1 T
bhH. LoT, HBE24 XY G(IC) ¥ Cohen-Macaulay, #ic G % Cohen-Macaulay
b,

Fi 2.5. »5 s> 013 LT, R(I®) #° Cohen-Macaulay L RET 5. DL X%
L a;i1(G) <022 a;i(G) >0 %2512, a;(G) < ai41(G) Th 5.

A 4, 1(G) <0 &0, EBD n > 0 KK LT, [Hiy(Ry)lns1 — [HL,(R)], &
Hagte s, 2k, AR [Hi(Ri)lntr & [Hy(R)las1 &0, [Hi(R)], = (0) %
{75, 4, 0:(G) >0 & ai(G) > aia(G) EPFFAMITRI 5726 F 5L, n > 0;(G)
i LT, Bt [Hiy (G)ln — [Hyf (Bl (2 [Hy (R)lags) %% Y, 3 7:44¢
[%glum]m = [Hyf ' (B)lns #$%. 2, [Hiy(G)ayey = (0) 2751,

SEHE 1.7 OFEB. R(I°) %% Cohen-Macaulay 7% 51F, R i3 Ry 128 LT generalized
Cohen-Macaulay. 2%, [Hi/(R)]l, = (0) foralln <« 0and i < d+1 T 5

COZEHD [Hiy(@)n = (0) foralln < 0Oand i < d A5V 2 5. F72—fic
[a(G)/s] = a(G(I°)) HHILD, a(G) <0 BHEH. H L, & 0;(G) <0 (i < d) AW
AT I LhLEE, 8 1.7 0 (1) $7213 () 2IRETIUE, W& 25 L1
RIESN 5.
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Equi-multiple 721 57 V% center IZ L7z
blow-up THbLN B~ a—L—kizonWT

BB FiZ (kurano@math.metro-u.ac.jp)
RIS K B HFH=E

1 F

(A,m) BX—F—RFRET D, AXF—LDH 7: X — Spec(A) BRAELREFHT
X # Cohen-Macaulay (& RO RFTERD Cohen-Macaulay) THDH L E, 7 ik A Dva—
L—1t (Macaulayfication) TH 2 &5 Z LiZT D,

BEbPoTWB~va—L—fkiZid., X = Proj(R(L)) T»Y. L » equi-multiple
(hts L = dim G(L) ® A/m) 24 FT NV Th 3 bDOBE (JIMKOREFORSE [5) TI.
THRRBRVWH), IEL, 22T R(L) = A[Lt] C Alt] i A AT 7V L 2T 5
Y—ZABTHB ET5, HlxiX, Brodmann BHEH L TWAHH (JIIFKOMI [5] Tk, FE
AR BT 3), Spec(A) @ non-Cohen-Macaulay locus ORI 1 LT TH D
1%, equi-multiple 24 F7/IZ XD blow-up Tva—L—{tB/FLND Z L BAERATE
Be ESHIT, BB a—L—{LIZHKEZREOEX oNITTHLHBEEKIED tight closure DGR
#f# oz~ a—1—1t (Huneke-Smith [6], Aberbach [1]) . equi-multiple 72 77 iZ
£ % blow-up L7225 TW3, '

AT DOFEOBFFRD BHIX, equi-multiple 721 7 7/ % center IZ L7 blow-up TH LN
% A ¥ — A0 Cohen-Macaulay HEZEIT L. 1T X o T, tight closure OEFHP~ a2 —
VLIRS o T OPRASIT 22 Lich 5, #LLIE, 4] B3R,

BT, ROZ & & s TRET 2,

(A,m) % Gorenstein RFTBROMUFIUMGT, dmA=d+s &T%5, L& ADATT
NT, hty L=dimG(L)® A/m=d >0 (2% Y. L% equi-multiple) ZF=FbD LT
%o

TIT, z,..,2 €A%, AJLORFA—F—RLRDBEIICMD, (dmA/L=s
WER, T0LEE 2z1,...,2, 18 ADRFA=F—RO—WRDZLBDLND, )

2 Equi-multiple 724 77 J)LIZ& % blow-up O—f&H

ZOETOHRLADBEMIX, EOWRIET, VW2 Proj(R(L)) # Cohen-Macaulay {272 % 7>
ERRDZLTHD,



Equi-multiple 24 F7/ViZ X 3 blow-up D&% 4 DA1IZ. blow-up @ Cohen-
Macaulay tHEO—MRERICET 2 EELZ L TEL,

BE1I% ADAFTNVETS (equi-multiple IHRELAV), R(I)4 = @nsoR(I)n.
G(I)+ = ®n>OG(I)n &js< o - \_T #(&ig (i 7‘; j: ﬁ(ﬁﬂﬂﬁ) T ‘M-;d. LT T ‘i%o)
n KERBAEEDT bOLT 5, £k, M % R(I) © (E—o0) FWERA FT L+
B, ¥V, M=mR(I)+R(I)y THB, RD 8 >D&HhEEX5,

(1) Proj(R(I)) iX. Cohen-Macaulay,

(2) NCM(R(I)) CV(R(I)4)e T27EL, ZZT T,
NCM(R(I)) = {P € Spec(R(I)) | R(I)p is not Cohen-Macaulay}

t¥. R(I) ® non-Cohen-Macaulay locus & L. V(R(I)y) = {P € Spec(R(I)) |
‘PO R(I)4+} &BL,

(3) m>0 & i < dimA KHLT, Hi(RU) k. R(I)™ THA5,

(4) i < dim A TH5B &=, Hi(R(I)) IZ finitely graded TH B, 2%V, HRED n
EBOT [Hi(R(D)], = (0) Th.

(5) Proj(G(I)) i&. Cohen-Macaulay,

(6) NCM(G(T)) € V(G(I)4).

(1) m>0 & i<dimA LT, Hi(GI)) &k GI)™ THZ3,

(8) i<dimA THD L&, Hi(G(I)) i finitely graded TH 2,

RS-
B) = (4) = (1) <= (2) &= (5) == (6) <= (7) = (8)

BRI 5,
EHIT, ABERTT, I ADOEOWNEATTNVIZHEENRW ERET I,
(1) 25 (8) LT XTRETH 5,

TDLE, RBRRILT D,
EE 2 EORBEOTT, KiXFME,
(1) Proj(R(L)) ¥% Cohen-Macaulay,

(2) KO (a), (b) BRILF 5.
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e AN E¥p > 0 OB EZBTUEMABERL TS, . 1,y X A DRTA—F—
RO—ET, THhHITT T test element ([3] BR) LRET D, &b, d>3 LT3,
I=(y,...,9), L=T1" &<,

(6] ® Lemma 3.1 iI2&k2 L, ZOLEEBOBRE n KXt LT LM = "L = (I")* #
BRI L., 412 L i equi-multiple THh 3,

TDLE, RBRILT D,

FRE T L%, i 4 0% () 25t (r=1,9g=TALLT,)

A2, fhid 4, HiKE 7 ICL 2T, SORBT, Proj(R(L)) 75‘§ Cohien-Macaulay T
LZAN, FEOERE n L, i=1,...,s XL T,

L"C L™z = (I")" 320 = ((y1,- -, 9a))" 320 = ((v1,---,9a)" = L"
BEESIL (Y1, Uy 21y ey 20 12 A DRT A= —FTHY, ZHICKH LTEE 6 %145
O 2T 21X A/L™-ERITHEZ LB¥bMND, ZOZL IV, 2z ITTRTOIFAEK

n K LT L0/ L BRI E 2 5,
IOZEND, EHICKNERTE 3,



EH 8 s =0,1 THDHL&, Proj(R(L)) & Cohen-Macaulay, (s =0 D& xix, [6].
s=1o&&i, (1], [4])

Fix, EH 8 TiX. Rk A/m IREMBAG L FUET 2 B3RV, K. [4] OfF
L appendix Tik, s=0,1 DB HIZEDREEZ LRWTY —RER R(L) DRFTaFRER
U-RPHEEN TV, ThEERAE, ER 1 JVEDLICEER 8 AHT 2,

SE 30k

[1] 1. M. ABERBACH, Arithmetic Macaulayfication using ideals of dimension one, preprint.

[2] S. GoTo AND K. YamaAGisHI, The theory of unconditioned strong d-sequences and
modules of finite local cohomology, preprint.

[3] M. HOCHSTER AND C. HUNEKE, Tight closure, invariant theory, and the Briangon-
Skoda theorem, J. Amer. Math. Soc. 3 (1990), 31-116.

[4] K. KuraNO, On Macaulayfication obtained by a blow-up whose center is an equi-
multiple ideal,
K. YaMmaGisHI, Unconditioned strong d-sequences and local cohomology of Rees and
associated graded modules (appendix), preprint.

[5] T. KawAsAKI, On Macaulayfication of certain quasi-projective schemes, preprint.

[6] C. HUNEKE AND K. E. SMITH, A tight closure approach to arithmetic Macaulayfi-
cation, preprint.



BEFIRD COHEN-MACAULAY 1t

JTEE A
LR

1995 4E 11 A 21 H

1. 75

AFRIZE [9, 10] DHBEDBFH TH 5. Noether A ¥ — 24 X D Cohen-Macaulay
L IR AHEEES Y — X TYH Cohen-Macaulay AF —LTHEHNDEEH. =
DRI 1978 4F Faltings [4] 12X o TEA SN, R F 7B bk % b D Noether
REDUES A * — & O Cohen-Macaulay 1t % % ® non-Cohen-Macaulay locus %%
AL RITLOBRER L7, b 55 AR SN IE Cohen-Macaulay 1t TH b, MEFEE
B 0 DR EORYEBRE L EIZ oW TREESBEOEESH ST, L
#* L Faltings %% Cohen-Macaulay b &2 #8 L 72 513 —UERIKGE RS, FEE
BORIZHEHTA. I T Cohen-Macaulay {EDFFZEIZ—E DA F — L DIF RS
RHEICIRIDEEZDOND.

Z OAfiZ b Cohen-Macaulay ki3 Cohen-Macaulay T2V EETBR OIS [5, 13] %,
BOH AR DFELEIZE T 5 Sharp OFHE [2, 3] 2 L2 b BE L% < DORFZEE OBk
Z5\WT &7, &A T Huneke-Smith [8], Aberbach [1], BEEFZDOMELH 5. +2
T#H.1& non-Cohen-Macaulay locus %% 2 kKJCDFF Cohen-Macaulay 1L B+ 5 = &
ERARDIEREH7-. '

EE 1.1. A Z PO LEAERZRED Noether B, X% 2D LOWESREAX - L LT 5.
Z DR X3RRI d 2 FD [7,p. 283]. b L

(1) X D non-Cohen-Macaulay locus |8 42 RTT

(2) d(p) + dim {p}Z X D non-Cohen-Macaulay locus - TRETHIER

2 51 X1& Cohen-Macaulay (L% #D.

b L X ® non-Cohen-Macaulay locus 258 41 RKTG7% 513, S (2) 3 H T L
TWa. > TZDOEHEIT Faltings DHEREEZSATWVS,

AR TR DO D FFTERD spectrum |Z5EE % > T, % Cohen-Macaulay {b.®
BEOBMEZ RS, LT (A, m) % d RIC Noether BT T MK O b D L
$ 5. —f%IZ Spec A ® non-Cohen-Macaulay locus (ZBIEA & 13RS v, LALR
SHUREDIFIET B 2 51X ENIIAESETH H. £ 2T s T XD non-Cohen-Macaulay



locus DRTZRTIDETH., SHLIETOERFpIIdimA/p =d %+ &K
ETH. ADVPGHEEER ERFO—NE> THER 7 7 £ /35— 134T Gorenstein—2*5 =
Hid A % unmixed ERET HZ & L L THA. Noether BETERD Cohen-Macaulay
L2 KT 5125725 T unmixed ZHAEIRET 5 HEND 5D T ORERIAFE
Kb DOTIERW,

2. SCHENZEL DEH

Z DEITId Cohen-Macaulay (bt TERE 2% &1 % £ Schenzel DEIIZ DV Tk
N5,

EFE 2.1. HRAER AME MISFLTATT NV a(M) %

dim M1 .
a(M)= T[] annHL(M)
i=0
TEDS.
D*% A DERPBOH LG L T 5 L
dim M -1
a(M)= T[] annH *(Hom(M,D"))
i=0

TbHb. IhhbdimA/a(M) <dim MAb2 5. Fi: H-4D®) iZvbw 5 Fik
MEETHY, A unmixed THDI LIZHEET S & ZD support iF Spec A & —F ¥
5., £oT

d-1 .

V(a(4)) = |J Supp HH(D*)

=0
i3 Spec A @ non-Cohen-Macaulay locus & =33 5. &< IZs = dimA/a(4) TH
D, s=0T#®5Z k& AW generalized Cohen-Macaulay TH 5 = & HSFETH 5.

ROEHIL 1979 4F Schenzel [11] IC L o THRH &N, BITHEBBHIT L o TR

h7z [12].

T 2.2. MEERER ANBE, 21, ..., 2,2 FDNFA—F—RETHL
(ml,...,zi_l)M:zi g (a:l,...,xi_l)M:a(M) (1 sz Sn)

Schenzel ¥ DEF ZFEH L7z & %13 homological FHEANDIEH % AFHICEB VTV
1289 THL. EIHD Cuong FZDFEEEAVT A LICEE d—5 D us.d Fl[6] 2°
FHETHILERL. TobL ADOBF/INT A—F —F 1z, ..., 2% a(4) DF
PHEbEusdFlE%b, HidI % Cohen-Macaulay bD7=0IfFB D L& 2 72,



EHIHELLCEIL ADNT A —FR%
{x3+1,...,md € a(A);
z; € a(A/(Tiz1, ., 24)) (1< 3)
BT LIICE B ERDVEIALT 5.
T?EE;JA. 1) EEOEEE ny, ..., na& T, .., TaPEBRITT LT P, ..., 2}

2) q= (Tsq1,...,7q) EBLEEEDOEE M ny, ..., ng, n 1T LT, ..., oM
T A/g" ED dF.

(2.3) 1x Cuong D52 7= p-standard /X7 X —% —RDEHRZH LEZXT2DDT, #
BOL) BEFGR1DTHS.

(2.3)

3. COHEN-MACAULAY {LDHER;

ZDETIE s =0, 1, 2 D Spec A @ Cohen-Macaulay LK T 5.

s =0 OB, BT~/ X 91T A T generalized Cohen-Macaulay TH ), Z Dl
Faltings ® Cohen-Macaulay 1t DB F7 5138 [5], Schenzel [13], &8 - LLUE [6] 12
o THEEREIN:. Thbba, ...,008 ADNNT A—% —RETHEE HDHIE
ERnBdHoTa?, ..., 20T usdd &b, £ L TProjAlzTt,. .., z75¢t] I& Cohen-
Macaulay A ¥ — At %5, 7272L 22 TtIINETR.

RiZs>1DHEEZD. 31, ..., 1542 (23) 2T ADINTA—¥%—FK, q=
($s+1a v ,.’17d), B = A[q/xs-i-l] & E < .

s =1 OO Faltings ® Cohen-Macaulay {b DHERIL 3 ERFEFIZHN 5.

Step A. 71, ..., Tl LD BWREXRREL T

(3.1) HPHI(B)=0 (q=0%7lp<d—2)

(3.2) H, (B) 3B BRAER BN

#RT. SZTn ik BOBAAFT V. (f(z1,22)B = VRBIEES MIZE b1
(3.3) (22,22 Ha(B) =0 (3n> 0) ‘
Bbinb,

Step B. (3.1)«(3.3) #* 5 Proj B[z}t z3t] 7% Cohen-Macaulay A¥ —LTHH I L %
RY



Step C. N5 DHMEE B = Alq/z) DHTE L Alg/as), ... , Alg/za) I b FREIAT
2\, b7z Cohen-Macaulay 2 % — 5 %131 &% T Spec A D Cohen-Macaulay
tz%5.

£ ZTHIE us.d FIOEHZHVT Step ADITEHERVE L. T4bb

Step A’. s> 1D, 1<k<s&T5hHt

(3.4) HYHL, o (B)=0 (¢=03F7idp<d—s—1)
(3.5) Hiy,, . o (B) \ZHBRAERK BhnE

(3.6) (Tktg-1y- - ) HY,  o0(B) =0 (g<s—k+2)
b,

FiZ k=5 BT (3.4)-(3.6) 12 (3.1)-(3.3) L 2o Y THA. 15T Step B,
CEHAEDLETRIEONS.

EHE37.s>1DLE
X = Proj A[(z,, ..., %a)(Zs41, - - -, Ta)t]
LB L
depthOxp,>d—-s+1 (pe XIIHR).
2 s =1 OB X & Cohen-Macaulay 2 ¥ — A,

UTs>2&9%. §5& Step A'id Step ALLEDOIEHR%E L7253, 2 T Step B
DIEAZRDE L TERIEONA. ‘

Step B'. C = Blz,1/x,] $7213 Blz,/7,1]) LEBEL. [ 2 COBKATTNVET S
£(3.4)-(36) Tk=s5—1,s LBV D25

(3.8) HiHG, | ..p(C)=0 (g=03F7dp<d-s)
(3.9) (Ts—1,... ,xd)H(lm,_h“_’zd)(C) =0
Bhohb,
2612
(Tgy. ., Ta)(Tst1y- -, Tq) : (zs-1)
® reduction ZEE L T
(3.10) Hi, oo (C) \HBRAR OhnBk

THHZ L%BE.
€T CIZ Step BE#EA LT s =2 DEED Cohen-Macaulay {LAESN B, 74
bbb



EIE 3.11. s > 2 D%

<

X =Proj A[(ze-1,...,%a)(@s, - - ., Ta)(Ts41, - - -, Ta)t]

BEiJiX
depthOx,p, >d—s+2 (pe XI1ZFA&).

F#1Z s =2 OB X1 Cohen-Macaulay A ¥ — A

ZD&LHIZStep A’E 2[AD Step BIZ & o T s =2 D Spec A D Cohen-Macaulay

LD TE/:, Thdh s> 3 DRFD Step A’E s [@®D Step BIZ & 5T Spec 4 D
Cohen-Macaulay {b2STE L DTVt Bbhs, 2%

F18 3.12. s > 3 DEF

[y

11.
12.
13.

X = PI‘Oj A[(.'L‘l, Ce ,xd) _ ($s+1, . ,.’L‘d)t]
Cohen-Macaulay A ¥ — L ThH 5 S,

REFERENCES

- Ian M. Aberbach, Arithmetic Macaulayfications using ideals of dimension one, preprint, 1995
- Yoichi Aoyama and Shiro Goto, Some special cases of a conjecture of Sharp, J. Math. Kyoto

Univ. 26 (1986), 613-634.

» A conjecture of Sharp—the case of local rings with dimnonCM < 1 or dim < 5,
Algebraic Geometry and Commutative Algebra in Honor of Masayoshi Nagata, 1987, pp. 27-
34.

. Gerd Faltings, Uber Macaulayfizierung, Math. Ann. 238 (1978), 175-192.
. Shiro Goto, Blowing-up of Buchsbaum rings, Commutative Algebra: Durham 1981, London

Math. Soc. Lect. Notes, vol. 72, Cambridge Univ. Press, 1982, pp. 140-162.

. Shiro Goto and Kikumichi Yamagishi, The theory of unconditioned strong d-sequences and mod-

ules of finite local cohomology, unpublished.

- Robin Hartshorne, Residue and duality, Lecture Notes in Math. vol. 20, Springer-Verlag, Berlin,

Heiderberg, New-York, 1966.

. Craig Huneke and Karen E. Smith, Tight closure approach to arithmetic Macaulayfication, 111

J. Math. (to appear).

- Takesi Kawasaki, On Macaulayfication of certain quasi-projective schemes, preprint, 1995.

» On Macaulayfication of certain quasi-projective schemes, Ph.D. thesis, Tokyo
Metropolitan University, 1995.

Peter Schenzel, Dualizing complezes and system of paramters, J. Algebra 58 (1979), 495-501.
» Cohomological Annihilators, Math. Proc. Cambridge Philos. Soc. 91 (1982), 345-350.
, Standard system of parameters and their blowing-up rings, J. Reine Angew. Math. 344
(1983), 201-220.

192-03 FRANEFHRAR 1-1 HFEHMIL A HEFKE

E-mail address: kawasaki@math.metro-u.ac.jp



NOTE ON GRADING INTEGRAL DOMAINS *

Ryuaki MATSUDA

Department of Mathematics, Ibaraki University

A torsion-free cancellative commutative semigroup (written additively)
S 2 {0} is called grading monoid. This is the same saying that .S is a
subsemigroup2) {0} of a torsion-free abelian group. This is also the same
saying that S is a subsemigroup 2 {0} of a totally ordered abelian group.
A more proper name is wanted for grading monoid. By a graded integral
domain @sR;, we mean an integral domain graded by a grading monoid
S with the assumption that each R, is non-zero. The semigroup ring D[S]
of S over a domain D is an example of graded integral domains. General
refrerences on grading monoids 5, S-graded domains and semigroup rings
are [7] and [3]. Let f = > a;X* (a; € D and s; € S) be an element of
D[S]. The a; have been regarded more important than the s;. But both
are equivalent in some aspects. Therefore giving various definitions of
terms in ring theories for grading monoids may be of some conveniences.

Cohn[2] defined inert and strongly inert. Thus we define an extension
of domains D C F to be inert if whenever 0 # zy € D for some z,y € F,
then zu,yu™! € D for some unit u of E. We define D C E to be strongly
inert if whenever 0 # zy € D for some z,y € E, thenz,y € D. Let I be a
grading monoid with submonoid S. Then I' is called extension semigroup
of S, and S is called simply subsemigroup of I'. We define S C T to be
inert or strongly inert analogously.

In [1], Anderson-Anderson investigate different ways to regrade ®sR;.
Among other theorems, they proved the following,

Theorem 1([1]). ®sR, C PrR, is strongly inert if and only if S C T

is strongly inert.

It would be very interesting to determine necesary and sufficient con-
ditions for ®sRs; C ®rR, to be inert[1].

*Z D/ — b id Kobe J. Math. 12 (1995) IZEE SN/ FAZ DRI DOBEHTT .



The quotient group {s; — s, | s; € S} of S is denoted by q(S). Let
T € ®sh,, with = 21 + -+ + z,, where 0 # z; € R,, for each 7 and
s; # sj for 1 # j. Then the subset {s;,---,s,} of S is also called support
of z, and is denoted by Supp.(z). Let I, I, be subsets of q(.5). Then the
subset {z1 + z, | z; € L} of q(S) is denoted by I, + I,. I+ ---+1 is

denoted by nl for I C q(S). The subset {a € I | I; + o C I,} is denoted
by (I3 : I1);. The subset {t € S| R; contains a unit of ®sR,} is denoted
by S©.

Lemma 2. Assume that ®sR; C @rR, is inert. Let I, I, be
non-empty finite subsets of I' such that I; + I, C S. Then we have
(S : II)F(O) + (S . 12)1"(0) 5 0.

For the proof, we choose F, Fy € ®rR, such that Supp.(F) = I,
Suppe(F3) = I,. Then FiF, € ®sR,. Hence we have Fyu, Fyu™! € @R,
for some unit u € R,, of ®rR,. Then oy € (S : I;)po) and —ay € (S :

12)1“(0)-

An element « of an extension semigroup I' of S is called integral over
S if na € S for some n €N. Integrally closed and integral closure are

defined analogously.

Lemma 3. Assume that @sR,; C ®rR, is inert. Then S is integrally
closed in T.

For the proof, assume that 0 # «; € T is integral over S. We have
nay € S for some n € N. Choose 0 # = € R,,. We have ®sR, 3 1—2" =
(1—2z)(14+2z+---+2""). Hence there exists a unit u € R,, of ®rR,
such that (1 —z)u, (1+2z+---+z" Hu~! € BsR,. Then it follows a; € S.

Lemma 4. Let f, g be non-zero elements of sk, and set | Supp.(g) |
= k. Then we have k Supp.(f)+Supp.(g) = (k—1)Supp.(f)+Supp.(fg).

The proof is analogous with that of [4, 6.2.Proposition]. Lemma 4 is
the semigroup version of ”Dedekind-Mertens Lemma”.



An additive homomorphism v of a torsion-free abelian group G to a
totally orderd abelian group is called valuation on G'. The subsemigroup
{z € G| v(z) > 0} of G is called the valuation semigroup associated with

V.

Lemma 5. Let {V) | A € A} be the set of valuation semigroups on
q(T') containing S. Then M, V) is the integral closure of S in q(T').

The proof is a modification of that for domains for grading monoids.

We may conjecture that almost all multiplicative ideal theories hold
for S[5]. Furthermore it is expected that ideal theories of S are simpler
~ than those of domains. Therefore we may say that investigating grad-
ing monoids may also be of preparatory for theories of domains in some
aspects. Is the conjecture right? It does not seem easy to answer the
question of what "multiplicative ideal theory” is.

Lemma 6. Assume that S is integrally closed in I'. Assume that
(S : Ii)pe) + (S & I2)pe) 3 0 for every non-empty finite subsets I, I of '
such that I; + I C S. Then ®sR, C ®rR,, is inert.

For the proof, assume that 0 # F Fy € @sR; for some Fy, F; € ®rR,.
We have (m + 1)Supp.(F1)+Supp.(F2) = mSupp.(F1)+Supp.(F1 F;) for
some m €N by Lemma 4. Let {V) | A € A} be the set of valua-
tion semigroups on ¢(I') containing S. We have (m 4 1)Supp.(F;)+
Suppe(F3) + Vo = m Suppe(F1)+Suppe(F1Fy) + V) for each \. It fol-
lows that Suppe(F1)+ Suppe(Fs) + Vi =Supp.(F1F;) + V) C V) for each
A. Lemma 5 implies that Supp.(F;)+Supp.(F3) C S. By the assumption,
there exists oy € (S : Supp.(F1))po with —ay € (S : Supp.(Fy))pwo). We
choose a unit u € R,, of ®rR,. Then Fiu, Fou™ € @sR,.

Lemmas 2, 3 and 6 imply the following,
Theorem 7. The extension ®sR;, C @rR, is inert if and only if S is

integrally closed in I' and (.S : [1)p©) +(S @ I2)p©) 3 0 for every non-empty
finite subsets Iy, I; of I such that Iy + I, C'S.



Theorem 7 was reported on Colloq.Res.Ins.Math.Sci., Kyoto Univ.910
(1995),55-59 without being putted well in order.
In the case of the semigroup ring D[S], S coincides with the units

U(S) of S.

Corollary 8. The extension D[S] C D[I] is inert if and only if S is
integrally closed in T' and (S : Il)U(p) + (S : I)ur) > 0 for every non-
empty finite subsets I;, I of I' such that I + I, C S.

The conditions in Corollary 8 for D[S] C DII] to be inert is indepen-
dent of D.

Let f = ey X* 4+ -+ + a, X% € D[S], where 0 # a; € D for each
i and o; # «; for 1 # j. Then the subset {ai,---,a,} of D is called
support of f, and is denoted by Supp.(f). Let I;,I; be subsets of the
quotient field q(D) of D. Then the subset {2122 | z; € L;} of q(D) is
denoted by I;I,. II---I is denoted by I™ for I C q(D). The subset

{z el| Lz CL}is cilenoted by (I3 : I1)r. The units of D is denoted by
U(D). D—{0} is denoted by D*. Let E be a domain with subdomain D.

Lemma 9. Assume that the extension D[S] C E[I'] is inert. Then
we have

(1) (S : Ii)uay + (S : I)ury 3 0 for every non-empty finite subsets
I, I, of I' such that I, + I, C 5.

(2) (D : L)y - (D : L)y > 1 for every non-empty finite subsets
I, I, of E* such that I I, C D.

The proof is a modification of Lemma 2 for domains.

Lemma 10. Assume that the extension D[S] C E[I'] is inert. Then
we have

(1) S is integrally closed in I'.

(2) D is integrally closed in E.

The proof is a modification of Lemma 3 for domains.



Lemma 11. The four conditions of Lemmas 9 and 10 are sufficient
for D[S] C E[I'] to be inert.

The proof is a modification of Lemma 6 for domains.
Lemmas 9, 10 and 11 imply the following,

Theorem 12. The extension D[S] C E[I'] is inert if and only if the
followings hold.

(1) S is integrally closed in T'.

(2) D is integrally closed in F.

(3) (S : L)uawy + (S : L)y > 0 for every non-empty finite subsets
I, I, of I such that I, + I, C S. ,

(4) (D : h)uw) - (D : I)uw) > 1 for every non-empty finite subsets
I, I, of E* such that I, C D.

Corollary 13. D[S] C E[S] is inert if and only if D is integrally
closed in E and (D : I)ug) - (D : I)us) > 1 for every non-empty finite
subsets I, I, of E* such that I;I, C D.

The conditions in Corollary 13 for D[S] C E[S] to be inert is inde-
pendent of S.

Theorem 14. The extension D[S] C E[I] is strongly inert if and
only if D C E is strongly inert and S C T is strongly inert.

The proof is similar with the aboves.
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1 Introduction

Let (R,m, k) be a complete Gorenstein local ring, and let M be a finitely
generated R-module. The following exact sequences are known to exist :

0-YE— XE™M M0, (1.1)

0 MEyMu xM_ (1.2)

where XE, XM are maximal Cohen-Macaulay modules and Y%, Y2 are mod-
ules of finite projective dimension. The sequences (1.1) and (1.2) are called
a Cohen-Macaulay approximation and a finite projective hull respectively. If
XE and Y& (resp. XM and Y) have no direct summand in common, accord-
ing to the inclusion map appeared in the sequence (1.1) (resp. the projection
map in the sequence (1.2)), we say that it is the minimal Cohen-Macaulay ap-
proximation (resp. the minimal finite projective hull), which exists uniquely
up to isomorphisms. We may assume henceforth the minimality of (1.1) and
(1.2), omitting common summands if necessary.

On researching Cohen-Macaulay approximations, there arises a natural
question: If Xpr =2 Xy, Yir 2 Yy, do two modules M and N share any com-
mon property? We discuss the problem within the framework of the theory of
triangulated categories that consists of the category of Cohen-Macaulay mod-
ules, that of finite projective modules, and that of finitely generated modules
over R in this case. In addition to above two exact sequences (Cohen-Macaulay
approximation and finite projective hull), in the section 2 we construct an-
other exact sequence “original extension” which is the dual of the other two.
The notion of original extensions enables us to consider two R-modules with
Xu 2 Xy, Yir & Yy as two elements of an R-module Extyp (Y™, QL(XM)).



Since QL(YM) 22 Yjr and Qk(XM) = X/ up to free summands, this is an
answer to the above question.

Section 3 is a short note about three types of invariants with respect to
these three types of sequences, which the author could not talk about at the
Symposium.

We had to omit many part, so please see [4] for details if you are interested
in this theory.

2 Original extensions

Definition 2.1 For a finite R-module M, an original extension of M is the
ezact sequence

0-XS5MePSY -0 (2.3)

with a Cohen-Macaulay module X, a free module P, and a finite projective
dimensional module Y.

An original extension (2.3) is called minimal if it satisfies the following condi-
tions:

1) A Cohen-Macaulay module X is stable.
2) There exists no common summand with P and Y through (.

3) For any original extension 0 - X' - M @ P’ — Y’ — 0 of M, linear
mapsa: P — P,b:Y — Y and ¢: X — X' exist and make the
following diagram commutative.

0 - X' - MeP —-Y — 0

E TG [s (2.4)
0 - X - MeP —- Y — 0.

Theorem 2.2 For an R-module M, there exists a minimal original extension
of M.

proof) We shall show how to construct the minimal original extension, though
we don’t write the whole proof here. For the minimal projective hull (1.2) of
M, take a chain map ups, : Inre — Gum. such that H_i(up.) = up for the
minimal free resolutions Ipse(—1) of Y™ and Gar,(—1) of XM. ’

0 - M S yr o XM o0 |
| £t (25
Ingo(~1) M5 Gara(-1)



The exact sequence of the complexes
0 — Gpe — Cone (up,),(—1) = Ingo(—1) — 0
induces the exact sequence
0 — QF(XM) — Cokerd,,,, —» Y™ — 0.
And we have Coker dupo = M @ Gy from the split exact sequence
0 —H_;(Cone (up.),) — Coker dgone (uaredo Imdeoone (upre)_; —0
]ﬁ[ Cone (ure)—222Gy 4
since

H;(Cone (up.),) =

Cokerup =0 (i=-2)

Kerupy &M (i =—1)
0 (otherwise)

Consequently, we obtain an original extension of M
0= QXM S MaGy_, SYM 0. (2.6)

After omitting a common free summand of Gpr_; and Y™ from (2.6), we have
an original extension (2.7) of M satisfying the conditions (1) and (2) of the
above definition.

0= QXM L MmePrPS 2M 0. (2.7)

It remains to check the property 3) to see the minimality of (2.7). Suppose
there exists another original extension of M

0-Xx"SMeP Sy S0 (2.8)

We shall show the existence of maps that make the diagram (2.4) commutative.
On the proof, we may assume X' is stable. It follows from the following
commutative diagram

0 — X &% MeP - YV - 0
i I )
0 - ¢ & MeP - Z - o
where X' = C' @ V with a stable Cohen-Macaulay module C’ and a free

module V, and Z’ is of finite projective dimension because of the induced
exact sequence 0 -V — Z' - Y' — 0.



Let Go(—1) be the minimal free resolution of Qz!(X").

— Gy — G_1
/ N
X' Qz'(X)
/ N
0 0

Put F, := Fy;, ® P', where Fys, is the minimal free resolution of M and P/,
is a trivial complex :

P, . P = P
(0 — th) (-1 — st)

We can take a chain map @, : G. — F, such that Ho(mow,) = & by the
following method. We obtain the map as W, = Tp7o D Tpro. First zp, : Go —
F, is naturally induced by the composite map & @ X' LM &P - M;
Typ-1 = 0 and Ho(7ozare,) = m. On the other hand, we define a chain map
Tpe : Go — P’y as zpg 1= {pdgy, zp_; := Hompg(z, R) and zp/; := 0 to have
Ho(m0zpres) = Epr where £p is the composite X' S M@®P - P and z is the
map that makes the following diagram commutative:

HOIIIR(G_l, R) & HomR(P’, R)
f I

HOmaEr ) yom n(P', R).

Hompg(X', R)
The exact sequence of complexes
0 — F, — Cone (@).(-1) “S" G.(~1) — 0,
brings the exact sequence of homologies
0— M — H_;(Cone (w),) — Qz1(X") = 0 (2.9)

because H;(Cone (w),) =0 (i # —1).

We claim that the above sequence (2.9) is the minimal finite projective hull
of M. By definition, Qz'(X") is a stable Cohen-Macaulay module, so it suffices
to show that H_;(Cone (),,) is of finite projective dimension. Truncations
o:F, > 1F,and 1 : G, — 70G, induces a surjective chain map Cone (W,)s —
Cone (ToWs)e as in the diagram (2.10)

0 - F — Cone(w), — GJ(-1) — 0
o | [reen (2.10)
0 — mF, — Cone (o) — 70G.(—1) — 0.



More precisely, we get the following commutative diagram whose rows and

columns are exact.

!
Cone (Tow)o

Il
Fr © Go

l(di‘li’o)

(tl) Cone (0)_4 Cone (Tow)-1
0 —- G, —5 Il — Il - 0
RoG_, F
ld’—l (dpq-1) l l
Cone (0)_9
P = I 0
PI
; ;

Giving the —1-th truncation and taking homology, we get the sequence

0—>G_1

i Coker dCone (@)g
2l

H_i(Cone (w),) ® P’

—  Coker dcone (row)g — 0.

(2.11)
Since the bottommost row of (2.10) induces the exact sequence of homologies of
the complexes (2.8), H;(Cone (1ow),) = 0 for i # —1 and H_;(Cone (10w),) =
Coker deone (rom)y = Y'. So the sequence (2.11) tells us Qx(H_1(Cone (0),))
Q%(Y") up to free summands, which implies that H_;(Cone (),) is of finite
projective dimension, hence is isomorphic to Y.

As v
v~ ) Y 1=-—1
H;(Cone (0),) & {O i=t 1’
and v 1
N\ i=—
H;(Cone (row),) & {0 imt -1
we have isomorphisms of complexes
Cone (We)e = Ipe ® Tw,,
Cone (ToWe)e = I's®Twrs -



where I37,(—1) is the minimal free resolution of Y™, I',(—1) is that of Y,

while Tw, and Tw-, are the direct sums of trivial complexes.

Adding these split morphisms to the rightmost rectangular of (2.10), we

have the following diagram.

I, > G.
N /
Ivo(-1)®Tw, = Cone (),
l)\. l J‘G i l'r.
I'noTy, = Cone (ToWd)e

/ N
I’. > T()G.

Notice that u, here is nothing but uz,.
We have the diagram
0 - G, — Cone (upmd)e(-1) — Ip(-1) — 0
I 1 e
0 —» 7G, — Cone(vs)e(-1) — TI'(-1) — 0

The topmost row of (2.13) induces the exact sequence

0 — Hy(nG,) — H_i(r—1Cone (upm.),) — Hoi1(m-11m,)
dl Al ‘ adl
QL(XM) MeG., YM

which is (2.6) by definition.
The bottommost row of (2.13) induces the exact sequence

0 — Hy(reG,) — H_1(Cone (v'.),) — H(I's) —
2 2l 2l
X' Mo P )

which is (2.8) from the basic property of the mapping cone.

(2.12)

(2.13)

0,

Our task is now to explicitly describe the maps between each pair of mod-

ules in (2.6) and (2.8), which we will omit. (q.e.d.)

Notice that (2.6) is itself minimal unless M includes a Cohen-Macaulay
module as a direct summand.! While the minimal original extension of a

stable Cohen-Macaulay module C is as follows:

0-C=C—-0—-0-—0.

Remark 2.3 The minimal original extension of the direct sum M & N of
modules 1s the direct sum of the minimal original extension of M and that of

N.

" 1This is obtained through discussions with Dr. K. Kawasaki and Dr. K. 'Yaﬁagawa..:"



Theorem 2.4 The minimal original extension of an R-module M is unique
up to isomorphism. In other word, if two original eztensions of M; 0 — X —
M&P—-Y -0and0— X' > M®P —Y' — 0 are both minimal, linear
maps a, b and c in the diagram (2.4) are isomorphisms.

Let 0 = X - M @P — Y — 0 be an original extension of an R-module
M that is not necessarily minimal. We observe that

X 2 QL(XM) up to free summands,

and
0-Gyu_1—=YMpP oY S0

from the argument in the proof of Theorem 2.2. For a given Cohen-Macaulay
module X and a finite projective dimensional module Y, each element of
Exth(Y, X) corresponds to a stable module M with the property X, & X
and Yy = QL(Y) up to free summands.

Any non-minimal Cohen-Macaulay approximation or finite projective hull
of M is a direct sum of the minimal one and a trivial free complex, though
it is not always the case for a non-minimal original extension. Meanwhile, for
certain type of modules, a non-minimal original extension includes the minimal
original extension as a direct summand.

Lemma 2.5 Let 0 > X > M ®P — Y — 0 be an original extension of an
R-module M. If Extp(Y,R) =0, then Y 2 YM up {0 free summands.

3 Invariants
Definition 3.1 For any Cohen-Macaulay approzimation of M
0-Y—-X—->M-—0,
put ep(M) = u(Y) — w(X) + p(M), eF' (M) = ep(Q% (M)) for i >0, and
e%(M) = (M) — w(M).
For any finite projective hull of M
0-M-Y - X0,

Put wg(M) = p(M) — p(Y) + ,u,(X) and wh(M) := wr(QL(M)) fori > 0.
For any original extension of M

0-X—->MeP-Y -0,

Put up(M) = p(X) — (M & P) + u(Y), and uh(M) := w(QL(M)) fori > 0.



Notice that those invariants are uniquely determined by M independent of
the choice of a sequence. In addition, the following are straightforward from
the definition.

1)
e(M ® N) = (M) + ei(N)  for i > 0.
e’ (M) = e (M) fori+j=4+7, 1,55 >0.

And moreover, ek (M) = 6% (M) where §'(—) denotes Auslander’s delta-
invariant.

2)
wh(M & N) = wh(M) + wh(N)  for i > 0.
W (M) = wi' (M) fori+j=1+7, i,35,4,5 > 0.
3)
ue(M @ N) = v (M) +ub(N)  for i > 0.
uf (M) = w7 (M) fori+j=14+7, i,j,i ' >0.
Remark 3.2

Br(M) = wi(M)+ep(M)
B (XM) = up(M) +wh(M)
BRI(YM) = e (M) + up(M)

where i > 0 and f} denotes the i-th Betti number. Moreover, f°(YM) =
BO(XM) + e%(M), which is well known. So we put ug' := B°(X™) for conve-
nience.

Example 3.3 If M is a Cohen-Macaulay module with codimension r, that is,
Exth (M, R) =0 for i # v, we have

(M) = eR—i(M ‘),
wh(M) =uf i (MY) for0<i<r

and . .
uH(M) = wi " (MY) for —1<j<r—1.



Let n: L — M be a homomorphism of modules, and let F, - L, Fpsq -
M, IL.(—I) —> YL, IM,(—].) —» YM GL.(—-].) —» XL and GM.(—l) — XM be
the minimal free resolutions. We first take a chain map np, : Fr, — Fy, with
Ho(n.) = n, then two more chain maps ny, : I, — Ip. and ng, : Gro — Gure
induced by the next diagrams.

L — M XL-—>XM

l 1 !
Yt - vyM L - M

S
mmee Cokern 1= -1
H;(Cone (n4)s,) = { Kern 1=0
0 i#0,-1

10Cone (n,) is a free resolution of the module Coker dgone (n,),- With respect
to the invariants of this module, we have the relations between those of L and
M, which is an extended version of [3] Proposition 3.4.

Lemma 3.4 Under the situation as above, the following formulae hold.
1)

eh(Coker doone (np),) = €n' (M) +e*(L)
—rk(np, ® k) + rk(ng, ® k) — rk(nr, ® k)

for n > 1. The lefthand-side of (3.14) is e} (Kern) if n is surjective,
while it is el (Cokern) if n is injective.

(3.14).

eX(Coker dcone (np);) = €r(M)+e (L) +1k(ngo®k)—rk(n;o®Fk). (3.15) -

The lefthand-side of (8.15) is €% (Kern @ Fayg) if n is surjective. If n is
injective, it 1s eR(Cokern) and

e%(Cokern) = e%(M) +rk(ng_; ® k) — rk(n;_; ® k).

2)

wh(Cokerdoone (np);) = wht' (M) +wh(L)
—rk(nppq1 ® k) — rk(ng, ® k) + rk(nr, ® k)
for n > 0. The lefthand-side of (3.16) is w(Kern) if n is surjective,
while it is wi* (Cokern) if n is injective.

3)

(3.16)

uh(Coker deone (npy,) = vkt (M) + u(L)
+rk(nppi ® k) — tk(ngpyr ® k) — tk(ny, ® k)

for n > 0. The lefthand-side of (3.17) is uk(Kern) if n is surjective,

while it is ut*(Cokern) if n is injective.

(3.17)



We use this method especially on the lifting problem. Let R := S/zS with
a Gorenstein local ring S and a non-zero-divisor z. For an R-module M, the
relation between invariants of M as anR-module and those as S-module is
described via Eisenbud operators Or,, , 0r,,., and Jg,,. with respect to S, z.
(For the details of the lifting theory, see (2] and [5]. )

Corollary 3.5
eg(M) = e?l(M) + e'ILi_l(M) - rk(aFMn ® k) + rk(aGMn ® k) - rk(alun ® k)' )

WB(M) = (M) + W (M) ~ 1k(Bpy @) ~ k(D6 ® ) + k(B ).
W3 (M)=u (M) + ™ (M) 4 1k(Opy 1 © K) — k(D6 ® ) — k(01 © ).
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1 Intrqduction

Throughout this note, the word “ring” will mean commutative noetherian ring with 1.

Let R be a Gorenstein local ring. M. Auslander introduced the notion of §-invariant
6r(M) for a finitely generated R-module M. It is defined as the smallest integer u such
that there exists an epimorphism X @ R* — M with X a maximal Cohen-Macaulay module
which has no non-zero free summand. In the studying of é-invariant, Ding [10, 11, 12, 13]
studied the notion of index. The index of R, denoted by index(R), is defined as the smallest
positive integer such that ég(R/m™) > 0. He compared index(R) with the generalized
Loewy length £{(R) of R, which is defined as the minimum of the Loewy lengths of R/xR
for all systems of parameters x of R, and he conjectured (and proved for some special cases)
that index(R) = ££(R) in general (see (2.7) and (3.1)).

In this note, we first remark that the generalized Loewy length is not stable even under a
finite étale extension, but stable under completion (section 3). We need at least to assume
that the residue field of R is infinite to study Ding’s conjecture.

Next, we prove that the minimal Cohen-Macaulay approximation, which is indispensable
when we study é-invariants, of a finitely generated module M over a Cohen-Macaulay local
ring R is preserved by an extension by a Gorenstein local homomorphism R — S under
the assumption Tor(S, M) = 0 (i > 0) (4.3). If R is Gorenstein moreover, then the higher
delta invariants are also preserved (4.6).

This unifies two known important cases: the flat case and the case S = R/zR with z
both R-regular and M-regular. We note that many of the notion and the results on flat
morphisms have been generalized to the situation of finite flat dimension ([4], [5], [3]).

Let (R, m) and (S, n) be Gorenstein local rings, and ¢ : R — S a local homomorphism
of finite flat dimension (i.e., the flat dimension of S as an R-module is finite). Recently,
the second author proved the following.



Theorem 1.1 [18, (3.7)] Let ¢ : R — S be as above. Then we have
index(R) < index(SS).

a

This can be seen as a sort of flat descent (generalized to the finite flat dimension context).
A good property ‘index < n’ of S is inherited by R for any n. In section 5, assuming S
is R-flat, we prove index(S) < index(R) - ¢4(F) (F := S/mS), which can be seen as a
counterpart of the theorem above. This is our main theorem.

Furthermore, this inequality shows that if the closed fiber F' is a regular local ring, we
have index(R) = index(S) as might be expected.

We cannot expect that the fiber ring F = S/mS has a small index even if S has a
small index. This can be seen by the following example: R = k[[z']] C k[[z]] = S, where
t is an arbitrary positive integer. However, if S is artinian, then we have an inequality:
(R) + LL(F) — 1 < 2(S) < ¢(R) - ¢4(F). This will be proved in section 6 for artinian
rings which are not necessarily Gorenstein.

2 Preliminaries

Unless otherwise specified, we assume that (R, m, k) is a Cohen-Macaulay local ring with
the canonical module K. By R we mean the completion of R with respect to the maximal
ideal m. For an R-module M, M denotes R ®z M. For a proper ideal I of R, we denote
the associated graded module @,,, I'M/I**'M by Gr; M. Let (S,n) be a local ring, and
¢ : R — S a homomorphism. We say that ¢ is local when ¢(m) C n.

Proposition 2.1 Let R be a Cohen-Macaulay local ring, X a mazimal Cohen-Macaulay
R-module, andY (resp. Z) a finitely generated R-module of finite injective (resp. projective)
dimension. Then we have (a) Exth(X,Y) =0 fori > 0.

(b) Torf(Z,X) =0 fori> 0.

Proof. (a) is noted in [19]. (b) is a slight generalization of [17, (2.6)], and follows easily
from [8]. 0

Let M be a finitely generated R-module. A sequence of finitely generated R-modules

(2.2) i-yLxL Mmoo

is called a Cohen-Macaulay approzimation if X is a maximal Cohen-Macaulay R-module,
Y is of finite injective dimension, and the sequence is exact. The Cohen-Macaulay approx-
imation (2.2) is said to be minimal when X and Y have no nonzero direct summand in
common through f. It is said to be right minimal when g is right-minimal, that is, for any
non-isomorphic map ¢ : X — X, we have go ¢ # g.

The next lemma and its corollary seem to be well-known, but we state them with proofs.
Complete case (which is essential) is found in [20].



Lemma 2.3 Let
A=0o-ovLxLM-o

be a sequence of finitely generated R-modules. Then, the following conditions are equivalent.

rmin A is a right minimal Cohen-Macaulay approzimation of M.

min A is a minimal Cohen-Macaulay approzimation of M.

—

rmin A is a right minimal Cohen-Macaulay approzimation of M.

—

min A is a minimal Cohen-Macaulay approzimation of M.

Proof. 1t is-easy to see that Aisa Cohen-Macaulay approximation if and only if A is a
Cohen-Macaulay approximation. Thus, the problem is the minimality.

rmin = min. Assume that X = Xo® X; and 0 # Xo CIm f. We define p : X — X
by ¢(zo + z1) = z; for 2o € Xo and z; € X;. Then, we have go ¢ = g, and ¢ is not
isomorphic.

min = min. See (4.3) below.

min=> rmin. We may assume R = R and A = A. Assume that ¢ € Endg(X) is not
an isomorphism, and g o ¢ = g. We have X # 0, and hence M # 0 by minimality of
A. We set A to be the sub-R-algebra of Endg(X) generated by R and ¢. Note that A is
commutative, and is module finite over R. As ¢ preserves the kernel of g, we may and shall
regard Y and M as A-modules so that f and g are A-linear. Note that ¢ € A acts as an
identity map on M. By Nakayama’s lemma, ¢ is not contained in the radical of A, sirce
o(M) =M and M # 0. As p is not a unit in A (since ¢ is not an isomorphism on X), we
have that A is not local. It follows that A has a non-trivial idempotent, say e # 0, 1, since
R is henselian. With replacing e with 1 — e if necessary, we may assume that the image of
e in A/(1 — ¢)A, which is local, is a unit. As e acts as an automorphism on M, it is easy
to see that Xy := Im(1 — ) = Kere is a non-zero direct summand of X which is contained

in Im f.
rmin=> rmin Assume that ¢ € Endg(X) is non-isomorphic and that g o ¢ = g. Then,
¢ is non-isomorphic and go ¢ = §. ' |

Corollary 2.4 Let M be a finitely generated R-module. Then, there exists a minimal
Cohen-Macaulay approzimation of M, uniquely up to isomorphism.

Proof. A Cohen-Macaulay approximation of M exists, see [1]. Removing non-zero common
direct summands through f if any, we obtain a minimal one from this. The uniqueness
of the right minimal Cohen-Macaulay approximation is shown by a standard comparison
argument in [1]. O

For an R-module M, we define the f-rank of M, denoted by f-rankg M, to be the number
max{i| R’ is a direct summand of M}.

Definition 2.5 Let R be a Cohen-Macaulay local ring with Kg, andlet 0 - Y —» X —
M — 0 the minimal Cohen-Macaulay approximation of M over R. We define the §-
invariant of M, denoted by §pr(M), as f-rankr X. And we define indez of a Gorenstein



local ring R, denoted by index(R), as the integer min {n|égz(R/m") # 0}. For a non-
negative integer n, the §-invariant of the nth syzygy Q%(M) of M is denoted by §%(M),
and we call it the nth §-invariant of M.

Proposition 2.6 [10] Let R be a Gorenstein local ring and M(# 0) € mod(R). Then

(a) If pdg M is finite, then 6g(M) = p(M)(> 0), where u(M) is the minimal number of
generators of M.

(b) If M—N—0 is ezact, then §g(M) > 8r(N).

Next we define the generalized Loewy length.

Definition 2.7 Let M be an R-module of finite length. The Loewy length of M, denoted
by £€r(M), is the smallest integer n such that m™M = 0. We define the generalized Loewy
length of R, which is also denoted by ¢¢(R), is the minimum of all integers £¢r(R/(x)),
where x is a system of parameter of K.

3 Remarks on generalized Loewy length

Remark 3.1 Ding proved that index(R) < £¢(R) for any Gorenstein local ring R [11]. He
conjectured that index(R) = €4(R) for arbitrary Gorenstein local ring R. He claimed that
the conjecture is true when the associated graded ring Gry R of R is a Cohen-Macaulay ring
[12]. He also claimed that the conjecture is true when R is gradable and depth Gr, R >
dim R — 1 [13]. These are certainly true when R/m is infinite.

If we drop the condition on the residue field, there is a counterexample to the conjecture.

Example 3.2 Let £ = F,, and K = F,, where F, is the g-element field. When we set
S =k[[z,y]], f =zy(z +y) € S and R = S/(f), then we have

4 = V(R) > (K ®; R) = index(K ®; R) = index(R) = 3.

Proof.  As the rings in consideration are hypersurfaces, we have that indices equal to
multiplicities [10], and we have index(K ®; R) = index(R) = 3. Let w € K\, and set
z =  —wy. Then, we have /((K ®; R)/(z)) = 3. Hence, we have ¢/(K ®; R) = 3. As we
have ¢{(R/(z — y?)) = 4, we have £{(R) < 4.

It remains to show that £¢(R) > 3. Assume the contrary. Then, there exists some R-
regular element z € m such that m® C (z), where m = (z,y)R. We set 7 = max{i|z € m*}.
It is easy to see that r < 2.

If r = 2, then zR is annihilated by m?, where R = R/m*. Hence, we have

3= lR(R/mz) > IR(RZ) Z lR(ITISR) = lR(ms/m4) = 3.

This shows zR = m3®R, and hence z € m3. This contradicts to r = 2.

Consider the case r = 1. Take any preimage ¢ € S of z. With letting an appropriate
element in GL,(k) act on S, we may assume that { = z—g(z, y) with g € ((z,y)S)? without
loss of generality. As R/(z) is a hypersurface, it suffices to show that Ig(R/(2)) > 4 to



lead a contradiction. When we set R’ = S/((), then R’ is a discrete valuation ring, and
R/(z) = R'/(f), where f = z§(Z + §) is the image of f in R". On the other hand, we have
g€ (z,y)R, 2+ 7€ (z,y)R and Z = g € ((z,y)R')%. Hence, we have f € ((z,y)R')* and

we have I(R'/(f)) > 4. ]

As we have seen, generalized Loewy length is not stable under a finite étale extension.
However, it is stable under completion.

Lemma 3.3 We have £0(R) = ¢/(R).

Proof. If x is a system of parameter of R such that £{(R) = £¢z(R/xR), then we have

0U(R) < eL3(R/xR) = ter(R/xR) = £4(R). So it suffices to show £6(R) < £¢(R).
Let n = ZE(R), and take a system of parameters (2, %>, - -, &4) C R such that m"R C

(21,23, -+, Z4), where d = dim R. Then for each %; (i = 1,2,---,d), we can choose an
element z; € R such that z; — #; € m**t1R. We claim that m™ C (21,22, -+, z4). In fact
since m"*R C (Z1, %, ...,%4) C (21,22, ..., 2s) R+ m TR, we have

m"R - ﬂ(((lll, T, ... ,l?d)R + m"“R) = (fl?l, Zo,..., .’Ed)R
>0

Hence, we have

~

m" =m"RNRC (¢, s,...,2) RN R = (z1,Z2,. .., 24)

as desired. O

4 A Gorenstein homomorphism and minimal Cohen-
Macaulay approximations

Let ¢ : R — S be a flat local homomorphism of Gorenstein local rings. If 0 - Y — X —
M — 0 is a (minimal) Cohen-Macaulay approximation over R, then sois 0 - S ®zr Y —
S®rX — S®r M — 0. In particular, the (higher) é-invariants are preserved by this
base extension. In this section, we generalize this to the context of morphisms of finite flat
dimension (4.3), (4.6). The case S = R/xR with z both R- and M-regular ([2, (5.1)], [21,
(1.8)]), as well as the flat case (|21, (1.5), (1.7)]), has been well-known.

First, we introduce the notion of Gorenstein local homomorphism (see [4]). Let ¢ :
(R,m) — (S,n) be a local homomorphism. We say that ¢ is a Gorenstein local homo-
morphism if ¢ is of finite flat dimension (i.e., f{dg S < 00), and uh = pi'* for some s and
arbitrary i > 0, where u% = dimy, Exth(k, R) is the i-th Bass number. Next, we define a
Cohen factorization which was introduced in [6].

Definition 4.1 Let ¢ : (R,m) — (5, n) be a local homomorphism of local rings. We say ¢
is factorizable if it can be decomposed as ¢ = o7 with 7: R — T flat and T'//mT a regular
local ring, o : T' — S surjective and T a complete local ring; often we shall refer to such a
situation by saying that ¢ = o7 is a Cohen factorization.



It is known that if S is a complete local ring, then there exists a Cohen factorization (see
(6, (1.1)]). Let ¢ : R — S be a local homomorphism, and ¢ = o7 its Cohen factorization.
Then, ¢ is of finite flat dimension if and only if so is o [6, (3.3)]. Note also that, if ¢ is
module finite, then we have

fdgr S < 0o <= Torf(S,R/m)=0fori >0 <= pdpS < oco.
By [4, (4.2),(4.6)], ¢ is Gorenstein if and only if so is 0.

Lemma 4.2 Let ¢ : R — S be a local homomorphism of Cohen-Macaulay local rings. We
assume that fdp S < o0o. Let X be a mazimal Cohen-Macaulay R-module. Then we have
Tor®(S, X) = 0 fori > 0. We also have S ®g X is a mazimal Cohen-Macaulay S-module.

Proof. We may assume that S is complete. If S is R-flat, then the assertion is obvious.
Consider the general case. Take a Cohen factorization ¢ = o7. As the lemma is true for
T, we may replace ¢ by o, and we may assume that ¢ is surjective. Now, the vanishing
Torf(S, X) = (i > 0) is (2.1) (b). As for the last assertion, the same proof in [18, (3.1)]
works. a

Proposition 4.3 Let ¢ : R — S be a Gorenstein local homomorphism of Cohen-Macaulay
local Tings, and M a finitely generated R-module. Furthermore, we assume that R has the

canonical module Kg, and Tor?(S,M) =0 for alli > 0. If0 - Y L X = M =0 is the
minimal Cohen:Macaulay approzimation of M over R, then the sequence

(4.4) 0o 5@rY 22, 5@, X - S@rM -0

is the minimal Cohen-Macaulay approzimation of S ®g M over S.

Remark 4.5 When ¢ is surjective and S = R/I, then, for 7 > 0, we have Tor(S, M) = 0
(i > r) if and only if depthg(I, M) > pdp S —r (depth sensitivity of perfect ideals, see [9]).
In particular, the Tor-independence assumption Tor?(S, M) = 0 (i > 0) above is equivalent
to depthz(I, M) = pdg S. Generalizing this to imperfect case, the second author proved
the following, which we only state the result here: Let R be a (not necessarily Cohen-
Macaulay) ring, I an ideal of R of finite projective dimension, and S = R/I. If M is a
finitely generated R-module with M/IM # 0, then we have

sup{i| Torf (S, M) # 0} = sup{pdy, 5, — depthg, My |p € supp(M/IM)}.
Corollary 4.6 In the proposition, assume moreover that R ts Gorenstein. Then we have
(4.7) f-ranks(S ®g X) = f-rankg X.
In particular, we have 63(S Qg M) = 6%(M).
Proof.  The equality (4.7) follows from the proposition and [18, (3.1)]. As we have

Tor?(S, M) = 0 (i > 0) by assumption, we have Q%(S ®r M) = S ® (M), and we have
6%(S ®r M) = 63(M). ]



Proof of Proposition 4.8 Since it is sufficient to prove that

0—->.§'®RYMS'®RX—>S'®RM-*O

is the minimal Cohen-Macaulay approximation of § ®g M, we may assume that S is
complete.

We proceed in several steps.

(step 0) Note that Tor;(S, Kg) = 0 for i > 0 by (4.2). We have that S ®r Kz = K,
since ¢ is Gorenstein ([4, (5.1)]).

(step 1) Since Tor(S, M) = 0 for i > 0 by assumption and Tor/(S, X) = 0 by (4.2), we
have Tor?(S,Y) = 0 for i > 0.

(step 2) We show that S ®g Y is of finite injective dimension over S. First note that a
module Y is of finite injective dimension if and only if there exists an exact sequence

(4.8) 0-L,8B,.," ... 23L,%8Yy >0

such that I; is a finite direct sum of K (j =0,1,...,n).
As the modules in (4.8) are Tor-independent of .S by (step 0) and (step 1), the sequence

S®R¥n

S®RPn— S® S®
0-—)S®RIH—)S®RI1I_1 R. 1 . R¥1 R¥0

S®rly —— S®rY — 0

is exact.

Here S ®r I; is a finite direct sum of Kg by (step 0). Thus, we conclude that S ®zY is
of finite injective dimension as an S-module.

(step 3) We know from (step 2) that S ®g Y is of finite injective dimension. Since
S ®gr X is a maximal Cohen-Macaulay S-module by (4.2), and (4.4) is an exact sequence
by Torf(S, M) = 0, we have that (4.4) is a Cohen-Macaulay approximation of S ®r M
over S.

(step 4) Next, we show that the canonical homomorphism

(49) S ®r HomR(KR, Y) — Homg(S ®r Kr,S ®r Y)

given by a® f — a-(SQgf) fora € S and f € Homp(KEg,Y) is surjective. As this is obvious
when S is R-flat, we may assume that ¢ is surjective (consider the Cohen-factorization of
) so that S = R/I for a proper ideal I of R of finite projective dimension. Note that

(4.10) 0o I®rY =Y 5 S®zY -0

is exact since Tor*(S,Y) = 0, and that Tor(/,Y) & Tor® (S,Y) = 0 for i > 0.

Let F be a finite free resolution of I. Then, as we have that FrY — I ®rY is
quasi-isomorphic and that each term of F @z Y is of finite injective dimension, we have
that the injective dimension of I ®z Y is finite. From the exact sequence (4.10), we obtain
an exact sequence

Homg(Kg,Y) — Homg(Kg,S®Y) — 0 = Exth(Kgp, I ®rY)

by (2.1) (a). This shows that the map (4.9) is surjective.



(step 5) By an argument similar to (step 4), we also have that the canonical map
(4.11) S®RHomR(X,KR)—)Homg(S®RX,S®R KR)

is surjective.

(step 6) Lastly, we prove that the sequence (4.4) is minimal. Assume the contrary. Then
there exist 0 € Homg(S ®r X, S ®r Kg) and 7 € Homg(S Qg Kg, S ®rY) such that
00 (S ®g f)or is the identity map of S ®g Kg.

By (step 4) and (step 5), we can write ¢ = 3, a;,(S®r0;) and 7 = 3 b;(S®gT;) for some
o; € Hompg(X, Kg), 7; € Homg(Kg,Y) and a;,b; € S. As we have 00 (S®g f) o7 =1id,
we have S Qg (>, Zj a;ibj(o;0 fo;)) =1in Homg(S ®r Kg, S ®g Kg) = S. This shows
that, at least for one (z, 5), we have that o; 0 f o 7; € Homg(Kg, Kg) = R is not contained
in the maximal ideal m, because ¢ is local. This shows that ¥ and X have the common
direct summand Kpx through f, and this is a contradiction. O

5 Main theorem

Our main result in this note is the following.

Theorem 5.1 Let ¢ : (R,m) — (S,n) be a flat local homomorphism of Gorenstein local
rings, and F' = S/mS be the closed fiber. Then we have

index(S) < index(R) - £(F).

Proof. We proceed in two steps.

(step 1) We first prove (5.1) for d = dim F = 0. Let f = ¢/(F) and 7 = index(R). By
definition of Loewy length, we have nf C mS, and it follows nf” C m"S. Since there is
an epimorphism S/nf" — S/m"S =2 S ®r R/m", we know that §5(S/nf") > 65(S/m"S)
by (2.6). But (4.6) shows §5(S/m"S) = ég(R/m") > 0, and this shows that index(S) <
index(R) - £(F).

(step 2) Next we prove (5.1) in general. Let f = £4(F). Then we can find a system of
parameters Zy, s, ...,%q € F such that £4(F) = ¢(F), where F = F/(Z1,%3,...,Z4)F.
We set S = S/(z1,%3,...,24)S, where z; is a preimage of Z; (i = 1,2,...,d), and define
the local homomorphism 1 : R — S as the composite R % 5§ — 5, where the second arrow
is the natural map. Then z;,z,,..., x4 is an S-regular sequence and ¥ is flat by Corollary
of Theorem 22.5 in [16].

By (step 1), we have index(S) < index(R) - £(F). Thus we know that index(S) <
index(S) < index(R) - ¢£(F) = index(R) - £(F) by (1.1). O
Corollary 5.2 Let ¢ : (R,m) — (S,n) be a flat local homomorphism of Gorenstein local
rings and F' = S/mS a regular local ring. Then we have

index(R) = index(S).

Proof.  This is clear because of (5.1), (1.1) and the fact £/(F) = 1. o
In what follows, k denotes a field.



Example 5.3 Let r and f be positive integers, and set
R=K[X])/(X") C S = K[[X,Y])/(X",Y).

Then, S is R-flat, and the closed fiber is F' = k[[Y]]/(Y). Then index(R) = r, index(S) =
7+ f — 1, and £4(F) = f. Therefore, we have index(S) < index(R) - £{(F), and equality
holds if and only if r =1 or f = 1.

Example 5.4 With the same 7, f and R as in (5.3), we set S = k[[X,Y]]/(X", X - Y /)
E[[Y])]/(Y*"). Then, S is flat over R, and we get F = k[[Y]]/(Yf) and index(S) = fr.
Therefore, we have index(S) = index(R) - ¢{(F).

Example 5.5 Let A = k[[t, X,Y]]/(X",tX —Y/), with 7, f > 0. Then, we have Spec A =
{m,p}, where m = (¢, X,Y) D p = (X,Y). Then, we have index A = l{(A) =7+ f — 1,
and index A, = €{(A,) = fr. In particular, index and generalized Loewy length are not

upper semi-continuous when r, f > 2. They are not lower semi-continuous in general,
either. When we set 4 = k[[X,Y]]/(X? — Y?), then we have index A = £{(A) = 2 and
index Q(A) = #(Q(4)) = 1.

We say that a Z-graded k-algebra R = @D, R; is homogeneous when R is generated
by finite degree one elements over Ry = k. The Hilbert series Hgp(t) of R is defined by
Hg(t) = Y5 dimy Rt € Z[[t]]. Tt is known that Qg(t) := (1 — t)?Hg(t) € Z[t], where
d = dim R. The degree of Qg(t) is denoted by s(R). In [15], a graded analogue of §-
invariants, indices, and generalized Loewy lengths are discussed. Herzog [15] proved that
for a homogeneous Gorenstein k-algebra R, we have index(R) = s(R)+1 = £{(R), provided
k is infinite. This result is generalized by Ding in [13].

Example 5.6 Let R and F be Gorenstein homogeneous k-algebras. Then, S := R ®; F
is flat over R with the fiber F', and we have index(S) = index(R) + index(F) — 1.

Proof. We may extend the base field k if necessary, and may assume that k is infinite
by (5.2). Obviously, we have Hg(t) = Hg(t)Hp(t). The equality follows from this and
Herzog’s theorem. g

6 Loewy lengths of artinian modules

In this section, R is a local ring which is not necessarily Cohen-Macaulay. Let I C m be
an ideal of R. We set G = Gry R, and let 9 denotes the graded maximal ideal of G. As
for G-modules, we only consider graded ones. The Loewy length £{g(H) of an artinian
G-module is the smallest integer n such that 9™ H = 0 (if one prefers local rings, then he
or she might consider Gop). For an R-module M and m € M, we denote the initial form
of m in Gry M by inf(m).

Lemma 6.1 Let M be an artinian R-module. Then we have £8g(Gr; M) < 2lg(M).



Proof. There exists some z,...,z, € m such that in;(z;),...,in;(z,) generates M. We
set £0(Gr; M) = s+ 1. Then, there exists some 1 < 4;,...,4, < 7 and m € M such that
ing(z;,)---ing(z;,) - inf(m) # 0. This shows

ing(z;, - z;,m) = ing(z;,) - - ing(z;,) - ingy(m) # 0,

and hence z;, - - z;,;m # 0. O

Lemma 6.2 Let M be an artinian R-module. If I = m, then we have £lg(Grn, M) =
2p(M). ‘

Proof.  Assume that 9°* Gr, M = 0. Then we have m*M/m*t!M = 0, and hence
m*M = 0. From this and (6.1), the result follows. a

Proposition 6.3 Let (R,m) and (S,n) be local rings, and R — S a flat local homomor-
phism with the artinian closed fiber F = S/mS. For an artintan R-module M, we have

(M) + 86(F) = 1 < 05(S @ M) < £0g(M) - L(F).

Proof. Weset k = R/m, R = Grpn R, M' = Gry M and $' = GrpsS. The graded
maximal ideals of R’ and S’ are denoted by m’ and n/, respectively. Then, §' & F ®; R’ is
flat over R’, and we have an S’-isomorphism Grns(S®g M) = F @, M'. We set f = £4(F)
and r = £lg(M). Then, we have

(n/)f+r—2(F ®k Ml) D) nf—lF R (ml)r-—lM/ 75 0
by (6.2). Hence, we have
ZZS(S ®R M) Z Zesl(GI‘mg(S ®r M)) > f +r—2

by (6.1), and the first inequality follows.

As we have
an(S®RM) C m’(S@RM) =0,

the second inequality is obvious. O
Corollary 6.4 Let R — S be a flat homomorphism of artinian local rings with the fiber

F. Then, we have
LUR)+ LU(F) —1 < £4(S) < LUR) - LUF).

Examples can be found in section 5.
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§1. Preliminaries

We recall basic definitions and properties in commutative ring theory
and in combinatorics. Refer to [Hi;] for further information. See also [Bu-
He], [Hiz] and [St;] as gereral references.

(1.1) Let A = k[X;, Xy, . .., X,] denote the polynomial ring in v-variables
over a field k, which will be considered to be the graded algebra A =
@D.>0 An over k with the standard grading, i.e., Deg X; = 1 for each .
Let Z (resp. Q, N) denote the set of integers (resp. rational numbers,
non-negative integers). We write A(j), j € Z, for the graded module
A(j) = ®nezlA())]n over A with [A(j)], := Any,;. Let I be an ideal of
A generated by homogeneous polynomials and R the quotient algebra A/I.
When R is regarded as a graded module over A with the quotient grading,
it has a graded finite free resolution

0— PA=)™ 2 B PA—j)P AR —0, (1)
jeZ J€Z

where each @;cz A(—j)%7, 1 < i < h, is a graded free module of rank

0 # Xjez Bij < oo, and where every ¢; is degree-preserving. Moreover,

there exists a unique such resolution which minimizes each f;;; such a

resolution is called minimal. If a finite free resolution (1) is minimal, then

the homological dimension hd4(R) of R over A is the non-negative integer
h and B; = BA(R) := Tjez Bi; is called the i-th Betti number of R over A.

(1.2) All partially ordered sets (“poset” for short) to be considered are
finite. A poset ideal in a poset P is a subset I such that « € I,8 € P and
B < a together imply B € I. A clutter is a poset in which no two elements
are comparable. A lattice is a poset L such that any two elements « and S
of L have a greatest lower bound o A 3, and a least upper bound a VvV 3. A
subposet P of a lattice L is called a sublattice of L if both a A S and a V 3
belong to P for all @, 8 € P. We say that a lattice L is distributive if the
equalities a A (BV7y) = (aAB)V(aAv)and aV (BAY) = (aVB)A(aVy)
hold for all «, B, v € L. The following theorem is very importamt in lattice
theory. See, e.g., [St2, p106].

Fundamental theorem for finite distributive lattices. For every
finite distributive lattice L there exists a unique poset P such that D = J(P),
where J(P) is a poset which consists of all poset ideals of P, ordered by
inclusion.

A distributive lattice D = J(P) is called planar if P contains no three-

element clutter. Aboolean lattice is a distributive lattice L = J(P) such
that P is a clutter.



(1.3) Let L be a finite distributive lattice and A the polynomial ring
k[X,|a € L] over a field k with the standard grading, i.e., Deg X, =1 for
each o € L. We define Ry[L] to be the quotient algebra

Ri[L] = A/(XoXp — XargXavp | a # B)

of A, where we write a 4 B if @ and (3 are incomparable in L. The al-
gebra R[L] is a graded algebra with the quotient grading. A monomial
XoyXay *+ Xa, of Ri[L] is called standard if oy < oy <--- < g in L. The
set of standard monomials is a basis of R;[L] as a vector space over k.

A minimal free resolution of R;[L] over A is of the form

o= A(=3)P20 @ A(—4)Pt — A(=2)P - A= Ry[L] — 0.

It is known that S, 3 can be computed by combinatorics on L; in particular
2,3 is independent of the base field k. We then focus our attention on f, 4.

(1.4) We prepare some notation and terminology to state our result on
B2,. Let L be a lattice. Let a and § with o <  be elements in L. We say
that « and B are changeable in L if there exist v and 6 with v £ § in L
such that yAd = a and vV § = B. A sublattice C of L is said to be closed
in L if the following condition is satisfied: if @, 8 € C and 7,6 € L, and if
YyAé6=a,yV =P, theny,6 € C. Let B be a subposet of L. We define
the closure C(B) of B in L to be the minimal closed sublattice including
Bin L. '

We study two partial orders “ <comp ” and “ <je ” on N? defined by

(a, b) <comp (¢, d) & a<candb<d;
(a, b) <pex (¢, d) & b<d,orb=danda<ec

Let L be a planar distributive lattice and oy < ap < -+ < o, with each
a; € L, a “multichain” of L. Set C' = Cr({a1, s, -+, a,}). We now define
type C (or type ajaz -+ - o) by

type C = mfin {f(ay) € NZ},

Srlex

where f : C — IN? runs through all order-preserving inclusion maps with
respect t0 ¢ <comp ” from C to N? with oy — (1,1). We then fix an order-
preserving inclusion map f : € — N? with a; — (1,1) and e, — type C =
(z,7). We identify C with the image f(C) C N? and may regard C as a
sublattice of N2. We then say that C' is a one-sided ladder if (i,1) € C or
(1,7) € C, which is independent of the choice of inclusion maps f satisfying
the above conditions.



(1.5) A simplicial complez A on the vertex set V = {x1,zs,...,2,} is
a collection of subsets of V such that (i) {z;} € A for every 1 < ¢ < v and
(ii) c € A, 7 Co =7 € A. Each element o of A is called a face of A. Let
#(c) denote the cardinality of a finite set 0. We set d = max{f(c) | o € A}
and define the dimension of A to be dimA = d — 1. Given a subset W of
V, the restriction of A to W is the subcomplex

Aw ={ceA|ocCW}

of A. In particular, Ay = A and Ay = {0}.
Let H;(A; k) denote the i-th reduced simplicial homology group of A with
the coefficient field k. Note that H_1(A;k) = 0if A # {0} and

0)
~1).

v

oy ={§

Hochster’s formula [Hoc, Theorem (5.1)] is that

Bi; = Z dimkf{j_i_l(Aw; k).
wcv, §(W)=j

Thus, in particular,

wcv

§2. Second Betti numbers

We state one of our main theorems .

(2.1) THEOREM. Let L be a planar distributive lattice. Then fa4 =
B34(Ri[L]) is equal to the number of sequences (ay, g, as,q) € L* with
a; < a; < a3 < o4 such that (1) oy and ap are changeable; (i) az and
a4 are changeable; (ii1) Cr({e, az, a3, a4}) is not a one-sided ladder. In
particular, the second Betti number B3 (Ri[L]) is independent of the base
field k.

A combinatorial technique developed by Eagon and Roberts [Ea-Ro] is
indispensable to prove Theorem (2.1). Such technique is also essential in
Andersen [An], where she studies a counterexample to a certain problem on
a resolution of a determinantal ideal of a generic symmetric matrix.



(2.2) (See [Ha, pp. 48-49].) Let R = k[my,---,m,] C k[To,---,T;] be
a semigroup ring over a field k, where m; = Tg @o... -T2()r is a monomial
for each 1 <7 < wv. Let A =k[Xy,---,X,] be a polynomial ring. We define
deg X; = (a(¢)o," - -,a(i),) € N"*!. Then A is an N"*!-graded algebra over
k, and the surjective map A — R given by X; — m; is a homomorphism of
Nr+1.graded algebras over k. Hence, there is a unique N"+!-graded minimal
free resolution of R as an A-module, and Torf(k, R) is also N"t!-graded
for every 1 > 0.

We express Tor?(k, R) in terms of reduced homology of a certain simpli-
cial complex. Let A = (Ao, -+, A;) € N"*1. We define a simplicial complex
¥, as follows. The vertex set is (a subset of ) {Xi,---,X,}. A subset
{Xi, 3 X} 1< <o <ig <) is an (s — 1)-face of ¥y il and only if
the monomial m;, - - - m;, divides T = Ty --- T,* and T*/m;, - - -m;, € R.

(2.3) LEMMA (cf. [St;,Theorem 7.9]). We have an isomorphism
as vector spaces

[Tor (k, R)]x & Hi—1(Za, k),
for alli >0 and all A € N™*1,

(2.4) We now apply Lemma (2.3) to our problem on R;[L]. Let P =
{p1,p2,- - ,p-} be an arbitrary poset and L = J(P) the associated distribu-
tive lattice. It is known, e.g., [H;] that '

Ri[L] = k[Tor"'l—u(a)H T; | @ is a poset ideal of P].

pi€a~1

Here the right-hand side is an affine semigroup ring contained in the poly-

nomial ring k[To, T, - --,T,]. We define degT; = (0,---, 1,---, 0). Then
Ri[L] has a structure of N™*!-graded module over the polynomial ring
A=k[X, | a € L=J(P)] with each deg X, = deg(TgH_u(Q)Hp.»eaTi), and
there exists an N"*!-graded minimal free resolution of Ri[L] over A. We

define a simplicial complex X as above and Deg T* = Amﬂ'?i’lf- Hence,
we have Deg X, = 1 for every o € L and the above N"*'-graded minimal
free resolution of Ri[L] over A can be regarded as N-graded minimal free

resolution of Ry[L] over A.

(2.5) LEMMA.
B2 = Z dimy, Hy(Zy; k).

Deg T*=4

We. say that a simplicial complex Evis-spa.nned by {o1,-+-,0,} if & =
291 UJ--- U 2%, where 27 is the family of all subsets of o.



Since there exists a natural bijection between {\ € N™*! | (Ri[L]), # 0}
and the set of standard monomials {M = X, X4, - Xa, |1 Sy <+ <
a,} in Ri[L], we often write ¥s or £, ..., instead of Ty, if deg M = .

| (2.6) LEMMA. The simplicial complex ¥ is spanned by all subsets
{B1,Ba,...,B:} C L such that [T;—;(Xp;) = M in Ry[L] for some integers
e;>0,1<j<t ‘

(2.7) LEMMA. The vertex set of the simplicial complex X,,..., 18
Cr({a1, -+ ,a,s}), where a; <--- < ¢, in L. .

In what [ollows, suppose that L is a planar distributive lattice.

(2.8) LEMMA. Let C be the closure CL({dl, cyas)) of {an, )
with oy <--- < asin L. Iftype C is (a,b), then a,b<s. .

We now give a sketch of proof of Theorem (2.1). First, by Lemma (2.5),
what we must compute is the reduced homology group Hi(Za;apases; k)
for every {ai1, s, as, a4} with oy < a2 < a3 < a4 in L. Let C denote
Cr({a1,0z2,as,a4}). Then, by Lemma (2.8), type C is one of the following:
(1,1), (2,1), (2,2), (3,1), (3,2), (3,3), (4,1), (4, 2), (4, 3) and (4, 4). For each
case, with one-by-one checking we easily see that I:.TI(EQWWSM; k)= kif oy
and «ay are changeable; a3 and a4 are changeable; and C is not a one-sided

ladder, and that ﬁIl(Ealazaam; k) = 0 otherwise. Q. E. D.

§3. Connectivity of comparability graghs of
distributive lattices

In this section we survey a joint work with Prof. Takayuki Hibi. See
[T-H] for the detailed information.

(8.1)A chain of a poset P is a totally ordered subset of P. The length
of a chain C is 4(C) := §(C) — 1. The rank of a poset P is defined to
be rank(P) := max{{(C) ; C is a chain of P}. Given a poset P, we write
A(P) for the set of all chains of P. Then A(P) is a simplicial complex on
the vertex set P, which is called the order complez of P. The comparabilily
graph Com(P) of a poset P is the 1-skeleton A()(P) of the order complex
A(P). When z < y in a poset P, we define the closed interval [z,y] to be
the subposet {z € P; 2 <z < y} of P.

A chain C:0 = ao <ap <. <a,q <a,=1 of a distributive lattice
L is called essential if each closed interval [a;, a;4+1] is a boolean lattice. In
particular, all maximal chains of L is essential. Moreover, the chain 0 < 1
of L is essential if and only if L is a boolean lattice. An essential chain



C:l=ap<a; < -+ <ay <a,= 1 is called fundamental if, for each
1 <1< s, the subchain C — {«;} is not essential.

(3.2) LEMMA. Let A be a simplicial complex on the vertex set V with
§(V) = v and i an integer with 1 <i < v. Then the 1-skeleton A®) of A is
i-connected if and only if By—iy—ir1(k[A]) = 0.

Proof. The 1-skeleton AM) is i-connected if and only if, for every subset
W of V with §(W) =i — 1, we have Hy(AD) i k) (= Ho(Ay_w;k)) = 0.
Moreover, by virtue of Eq. (2), Ho(Av_w;k) = 0 for every subset W of V
with §(W) = ¢ — 1 if and only if By_i—i+1(k[A]) = 0 as desired. Q. E. D.

The following Lemma 3.3 is discussed in [His].

(3.3) LEMMA ([His]). Let L be a ditributive lattice of rank d — 1 with
(L) = v and A = A(L) its order complez. Then the (v — d,v — d +1)-th
Betti number By_qy—ati(K[A]) is equal to the number of fundamental chains
of L of length d — 1 — 1.

We are now in the position to give the main result of the this chapter.

(3.4) THEOREM. Suppose that a finite distributive lattice L of rank
d — 1 is non-planar. Then the comparability graph Com(L) of L is d-
connected.

Proof. Let P = {p1,p2,--",pi—1} denote a poset with L = J(P) and
M:0=ay< a1 < < agg < agg = 1 an arbitrary maximal chain
of L. We may assume that each «; is the poset ideal {p1,p2,---,p:i} of P.
Since L is non-planar, there exists a three-element clutter, say, {p;, pm,Pn}
with 1 <1 <m < n <d-—1. Hence, for some | < ¢ < m, p; and p;;; are
incomparable in P, and for some m < j < n, p; and p;4; are incomparable
in P. Let ] <1 < m (resp. m < j < n) denote the least (resp. greatest)
integer ¢ (resp. j) with the above property. Then 8 = {p1,---,pi-1,pit+1}
and v = {p1, -+, Pj-1,pj+1} both are poset ideals of P. Moreover, a;_; <
B < a;yy in L with 8 # «; and aj_q < v < ;41 in L with v # ;. Thus
the closed intervals [a;_1, @iy1] and [@;-1, @;;+1] both are boolean. Hence, if
i+1 < j—1, then the chain M — {a;, a;} is essential. On the other hand,
ifi+1>j—1,1ie,i=m—1and y =m, then py < py1 < -+ < P
and ppy1 < Pmaz < *++ < Pn in P; thus {pm—1,Pm,Pm+1} is a clutter of
P. Hence the closed interval [a,,_2,@pn41] of L is boolean, and the chain
M —{am_1,an} is essential. Consequently, there exists no fundamental

chain of L of length d — 2. Thus, by Lemma 5.2, B,_4,0—d+1(k[A(L)]) = 0.



Hence, by Lemma 5.1 again, the comparability graph Com(L) = AM(L) of
L is d-connected as desired. Q. E. D.
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Terminal Singularity & Frobenius B-f&
(BEL — - Wik - B - ERIE)

B8 0 DR EORBERTET, He ZBHRADKRI;ER SN, minimal model
theory 72 U CEERZREEZ RS- LTWAE. —F, ZH p> 0 @ Frobenius E{%’&ﬁi
W F-regular, F-rational, F-pure %@Tﬁ@ﬁkﬁ‘mié ntws,

INOLDEOMOEGRE LT, 4EROMISHH S TR

F-rational = rational singularity
strongly F-regular = log-terminal
F-pure = log-canonical

(AIEREIZIET @ 2 DI canonical class 2574 BRAIE [RE3#(M D FFE Tt @ -Gorenstein]
DEE, FHRDNAIVAELBEEITbIroTn5, )

4-H® E/EIE terminal singularity [Zx 53 %3 % Frobenius B TEHTE 72
W7 L) T ETHA. B, LTICHNT, KEifge LT

F 1% finite map, local ring @ AR HERRAK

PIRET S, T/, ROBEREITRCp L, XFq@LTpoMERT LTS,
EF. ring A IZRT, Sing(A) T EHT 5 radical {1 TT7NE [ LT H, D
L&,

A ¥ F-terminal <= Vg > 0,3c € I, such that A — A'/? sending 1 to c!/?
splits.

ZOLE, ADEEDATTNIIHL, “2¢J bbbt g S THEILE
EELTBIY). (BL J9 = (afa e J). )
F 7z, splitting @ injective envelope (2 X AHEEICL Y, BEOLMIZ (A4, m)
d RIT local M & & (normal IXFIAKE), 2 € HE(K4) % socle DAERTE T
hEE,
Vg > 0,3c € I, such that c2? # 0 in HE(KP)

EEVHZ 513 ([HR]). (divisorial ideal L 2% LT LY X L' @ reflexive hull
rERTETH. )

F—-terminal ring O4E
1. F-terminal = strongly F-regular (FE#2>5 iXH1 & 2Tl % Vaa%) fto T

normal, Cohen-Macaulay. ¥7-, E#H L ) F-terminal & W) WEIZBITALICL b
BRi-n 5.



REFR] ce ' % [w3&] TWo/zme T4 &, [HH-2) 3.3. DFEHRIY Vd €
A°, 3¢ such that A — A'/? sending 1 to d'/? splits.

2. regular => I'-terminal. F7z, (A,m) »% F-terminal local T dim A = d
D& E, m ® minimal reduction ¥ J &£ § 5 & (J I parameter ideal Tm 2% J
integral) m¢~! C J.

P> T, dim A <2 DL %, F-terminal = regular TH 5.

[FEBA] A dSregular 25, [5EF] Tce=1 LB, A — AY9 i flat XV split
T 5. LT TIE, FiC regular TRWRICH L THERTAZ LTS,

¥ 7z “Briancon—-Skoda” type DEH L V), A 777 )LD integral closure iZxf LT,
a B n HOTTEREINE LI,

VA > 1, a1 (a)\)*

VALY A (HH-1], 5.4, ( )* &4 77 VD tight closure). a = J & LTI h#%
BHTAHE, 54 1. 125D AT strongly F-regular TTXTOA F7MIZx LT
J*=J Zho mt -l cJ THA.

EC, m¥ P ¢ JELT, zem®, 2¢ J ETAH EFELXY Jee W CmI,
cz? ¢ JUl DETH B, '

—F cz? € m%@ ¢ Je-D+1 (Briancon-Skoda) 7Z%% Jia=1+1 = gld == nit
TE.

3. A (A,m) 2% d XJt F-terminal local T d < 3 (resp. Gorenstein T
d < 4) 725 associated graded ring G,(A) & Cohen-Macaulay (resp. Gorenstein).

¥¥12 3 XIC Gorenstein F-terminal reing I “double point” (2 KA TEHE S
% HEHTE).

[FEBH] 2 XD 4 R5T Gorenstein DHEFLISIZH S A, 4 RKIT Gorenstein P
Erix ko Lemm@ TaeE5s (GERRHEE) .

Lemma. Let (A,m) be a Gorenstein local ring and J be a minimal reduction
of m. If m® C J, then m® = m?J.

S. A= ®us0dn D% Ay = k (1) @ Noeterian graded ring T A #% F-terminal
%6 a(A) < =2 #IZ, TD L)% normal graded ring A A% A; THEBK I A
Gorenstein, Proj(A) %% regular, a(4) < —2 72 5 F-terminal.

FE)  EEDIERL JBOREL DT IS,



6. Ky BN RO L &, “F-terminal = terminal”. Bl%, f: X —
Y := Spec (A) 77 proper birational map, X {3 normal &3 5.

I&’X = f*(IX’y) + Za;Ei,

EBLEE, 3L A D F-terminal 72 51E Va; > 0.

[REBH]  F-regular (resp. F-pure) 72 & log-terminal (resp. log-canonical) ®3E
B (W-3] 28, REMICZERER L. :

7. (“Fedder type Criterion”) A = B/J, (B,n) 77 regular local, I/J %%
Sing(A) ZEFHT H L &, '

A ?%F — terminal <= Vg > 0, [J: J9] ¢ x4 : [9)

B J=(f) D&, BODEMEF o1 ¢ W9 9.

(] F-pure @& &HFBOEME “(J9 2 J) ¢ o4 ([F-1]) , F-regular ® &
ik
o0, 3, o] T ¢ P THE bR,

[FERA] B, A DFIRIRD injective envelope & £ €1 Eg(B/n) = Ep,
Es(A/m) = E4 LEL. z & Eg @ socle ([0 :g, n]) DERTTET S, T2,
Annpg(Fe(2)) =nld (¢ = p°) THB. F72, A — AV sending 1 to c'/? @ splitting
i CFe(Z) 7&0 (‘.’.[EH[EVC\%Z). EA = [0 ‘Ep J] X V) s EA ®a Al/q = (EA ®p Bl/q) ®
Al/q = [0 ‘Ex- J[Q]]/J{O ‘Ep J[q]] = [0 ‘Ep J[Q]]/[O ‘Egp [J[Q] ‘B J]EB] tiﬁ% _‘7:_"
Anng(F*(z)) = ol X0, cFe(2) #0in B4 @4 AV i3 et ¢ [JW9) 25 J)g, & FFIE.

8. %A DHFERT, Al Gorenstein ¥ 7zid strongly F-regular %> K4
DNBHPAERE TS, Sing(4/zA) 2 EHETHATTIVH Sing(A) TEETHAT

TIVDBIZ 2o Tnb EE, AlzA »° F-terminal => A i F-terminal.
Hilzel Dt %, A/zA ) F-rational = A |3 F-terminal.

(REPA] A %% Gorenstein D & &, J = (z,29,...,24) % A @ parameter ideal
&5, £72, A/J D socle DEBTLEY z LB, A/zA HF F-rational XV, Jc e
I, c#0,c20 ¢ (2, JI) FBZ2 5. ThIV catl ¢ JdpELNB.

A %% Gorenstein TRWE X213 A DRI Ky #F X 5. A D strongly F-regular
756 K 13T Cohen-Macaulay module T K /zK'® 2 (K ,/,4)®) #%83r
LTwW5.

9.  BZ, A=k[X,Y,Z,W))/(f(X,Y,Z) + Wg(X,Y, Z,W)) DSINLEE R
T k[[X,Y, Z]]/(f) #* rational double point D& %, A % cDV (compound Du Val)
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BREEWID, 8 L1 DV ERSE (WL o20BNH p 2BWT —p>5 7%
5+43) F-terminal.

3 KJT Gorenstein F-terminal ring I1¥ 6 X ) terminal 72 DT, 3 XJC terminal
singularity O HIMER, DV BHRLIIES Z EAT7RE5. $72, (F2E2ICI
FEERL TV W), 7 2oTd DV BEAICES 2 LARE2 LB

10 n ZIEEE, o,bkn LEVWIELRERETA.

A= k[[X',Y?, ZF|i+aj+bk = 0 mod n]] (5, (n,p) =1 D& &id diag(¢, €2, ¢%)
THBE NS cyclic group (¢ 1& 1 DJRH n R, a,b i n EEVIZE) O invariant
subring) &5 & &,

AMNF —terminal <= X,Y,Z OH 5 2 KA A DT

[BEBR] K4 = (X\,Y9,Z*i + aj + bk = 0 mod n, i,5,k > 0), K =
(X', Y7, Z%|i + aj + bk = 0 mod n, ,],k>q)k x5, J = (X"Y"2Z") &
VT Frobenius B8 K4/JK4 — KO JJUK % Biuds Cicliz.

11.  (A,m) & d XJT normal local ring, L % A @ divisorial (reflexive) ideal, r
% class group Cl(A) T cl(L) DRFE TS, B =Bz [ (HL, IM =wA D
LEu =ewt LBE (eld A D unit) B id normal £§5. b L A »° F-terminal
TVeel,c#0, B, Hregular &34, ZD& % B d F-terminal.

[FEBR] Kp = Homyu(B,K4) T, HE(KB) @ socle z i& HE(K4) @ socle & [F]
CTREO0IZHAEDT (GEHIL [NW]), ce T I LT #0 &) EHIE AT
EZTH B TEXCHRILICRS. 7&K D IB & B ® singular locus % %€
T 5 ideal IZHFENS.

ZHENTEHLE, 3RTTDE X, “terminal singularity” & “F-terminal ring”
i (p>5 DEE)FEIEL—HLTWELEES). dBAHA, 6 DD (p>0D
EE) RENERVOEYPZEZETECDIIRPETELRERDT 5.

COBFZRETRE, BETDIIY-T, BEA, BB, RELOEKrL AR
THERTHW L PSS T CHEET.
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Cofiniteness of local cohomology modules
for ideals of dimension one

Ken-ichi Yoshida (FH f&—)
A N e

1 Introduction
A3 =9 —RET D, ADATTNI & AMNEE M IR LT,

Hy (M) = lim Ext}y (4/I*, M)
k
LB, — &I, BF HY(-) &, BFT(-) = lim Homy(A/IF, —) @ i %&B
DHEEREFTH 5,

AZF—F—RBIAREL, m 2 ZDBRKAT TV, k=A/m 2RIRELT
o dbL, M D HRER AMEEZSIE, DL &, Supp,(HL,(M)) CV(m) T
»HD, Exty(A/m, H (M) 33_TD 4, j 123 LT, ARER A IMETH 5,

Grothendieck [Gr2] (T RDFE %2 LTz,

LbLIDNADAFTTNT M PERER AINBEEL ST, ZOL &
Homyu(A/I, Hy(M)) BHEED ¢ iII LT, HRER A-METH 2,

ZOFRR—MEIIREL L &\, KB, Hartshorne [Ha2] XKD RBI% 5
272

kRRE L, A=k[X,Y, 2, W], [ = (X, Z)A, M=A/XY - 2ZW)A
EBLo TDEE, Homu(A/I HE(M)) EHREBR TRV,

[Ha2] 1I2BWC, 1KiE A-INBE W 25 I-cofinite TH 5 &1, Supp, (W) C V(I)
20 Extyy (A/I, W) 5T _TOD i I L THEBERTH L L LER LT

EROBIZBVTIE, dimA/] =2 THHILIEELT, ROMWEZE
25,
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AZRBPREL, [ % ADATTNVTAdmA/I=1LF5, CDOLE, &
FRAERL A-DNEE M 123t LT, W2 HY(M) i3 £TD i 123 LT, I-cofinite T
HHN?

ZDORWIZE LT, Hartshorne [Ha2, Corollary (7.7)] k% /RL7: A %
ERERBIREL, I 2 1REDRATTAVET D L& HY (M) 13, EEDH
FREAERK A-BN#E M 123t LT, I-cofinite TdH %, Huneke & Koh [HK, Theorem
(4.1)] TN % A D°5THE Gorenstein BFTEBOBHEICILRL, EEDOHREA
B A-INBE N s.t. Supp,(N) C V(I) 128 LT, Extiy(N, Hi(M)) 2HBRAER
THAH I L@RL7z, &51T, Delfino [D] 13, [HK, Theorem (4.1)] DfER %52
HRATEES OB EI1E TR L 72,

HAFHEODIERAZER LT, ROEE Rz,

TR 1.1 AZEEORAKR, [ % AD1IRTDATTIVET D, 2Ok &,
ARER A-INEE M EHRRAER A-MBE N st Supp,(N) C V(I) K3 LT,
Ext, (N, H}(M)) ZEBRER (Vi, j) Th b,

ROFBEIERHTH 5,

##& 1.2 ([D, Lemma 2], [HK, Lemma (4.2)])) A # % —¥ - L, I 2 A D
ATTINVET D, p>0 R EHET S, COLE AMBEV LT, kDS
FHZFMETS 5,

(1) Exty(A/I, V) 3HRER A-NNEE (Vi <p) TH 5,
(2) Exty(A/VI, V) \ERER A-INEE (Vi < p) TH 5,

(3) Suppa(N) C V(I) % BEBRDERAR AN N 1248 LT, Bxt,,(N, V)
AR A-NIEECH B,

A [D, Lemma 2] IZ & %, QED

EH (1.5) DFEBRD W F 11 Hartshorne 12 & > TEEBH SN/ RDFERT
EF)Z)

%8 1.3 (R. Hartshorne) R * ZRIFRIBFTERE L, J=+vVJ % R D 1RTD
ATTINVEST B, M ZEEDOHARER R-INFEL T 5 & &, Bxt! (R/J H)(M))
A RRAER R-INEE (Vi, j) TH 5,

A DEH (1.1) DFEBRIZIZ, Z DFER D1, Delfino [D, Theorem 3] DFERA
DHRTERH LT AT THEEZONTWE, ROGEIVETH 5,

—104—



WHB 14 REBARLL, J,a® ROATFTTNET A, A=R/a, I =JA
EBLLLEE BED AMBEW LT, RO 2ELBEEIFRETH 5,

(1) Exto(R/J, W) i, §_CD i 12k L THRER R-IBETH 5,
(2) Exty(A/I, W) &, _TD i X LTHRER A-MBETH 5,

DERADGERR U, £ (1.1) DIEBFIIRDE2EH TSR H6N 5,
if:, E3HTIIROMVEEZ, 1 DOBER1EL, (TH (3.2) 25H)

iV 1.5 A ZERIBATRE L, [ ¥ ZDATTIVET B, TDLE HYA) T
WO RTOD 4 1233 LT, I-cofinite TH 5 % ?

2 Proof of Theorem(1.1)
EH (1.1) OFEBADRNZ, T3, i (1.4) DFEBZ S5 L ),
W (1.4) DI ROARZ N VRFIREZ B,
ES? = Extfy(Tor) (A, R/J), W) => E™ = Ext}(R/J, W)

(cf. [Ro, Theorem (11.65)])o

(1) => (2) : (cf. [D, Theorem 3]) REIZ L D, E™ = Ext}(R/J, W) 3% n
LT, BRRAER. (2) # AR50, $XTD p, ¢ 13T LT, B 2B
ERTHDHIEEREITRV, TNEIFFEEH p KOV TORFWIFMET
Yo

B, p=0 &35, EX = Homg(A/I, W) B RER (& (1.2),
512, Supp,(Torf (A, R/J)) C V(I) 745, E3? = Homg(Tory (A, R/J), W)
tiéz\f@ g\ LT, BIRAER (FE (1.2)

Ri,p=1tT5, EI= EV 3 E' OEFGMEELD D, b HRER,
FoERICL Y, By IXEBRER (Va)o

RIS, t>2 8L, BB BBRAER (0<Vp<t, Vg<t) EIREL L I,
DL E B PERER (Vq) 2 RERTNERS B, (1.2) £V, ER S
FRRAERTH S Z L E2REIETHTTH 5, | ,

£ p<tIZxLT, EPY(r > 3) i3 B OIMSMBEOERBUEIZN S, TN
bEBRERTH Y, 5512, BB b Z 9, i,

EtO Er 1/Imdt r4l,r— 2 2o  Im dt —r+1,7r—-2 Ay Et—r+1r Z/ke dt 12
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706, ER SEBERTHALI L L ERX PWERERTHL L LIIAMETS
B, 351, EQ X Bt OB S, TNLERERK, w212, EL
Bﬁimz-(zbza EERBERTHIENHRS,

(2) = (1) : RED S, B TARAER (Vp)o L7225 T, (1.2) £ 0, EX
SEBRER (Vq)o W21, EM (r>3) bF ), $I2, B2 b £,

f 5, & n X LT, E® = Bxth(R/J, W) IZRD X ) %7 1 V5 — %>,

E"=Ej D E}D---D ErD E17:+1 0, E;/E;-l—l = FPnP
Wz IZ, B bFBRAER (Vn) TH5D, QED

EHE (1.1) OFEAF  (1.2) &0, IT=vT L LTLw, M 2HRAER A-INBEE
¥ 5,

B, A PERTHIHELEERXDS, TOLE, A= R/a, R ITHIE
RIBFFREER S, &5, I=J/a L ETLE, dmR/J=dimA/I=1T
b%, /8 (1.3) 25, Extyp(R/J, H(M)) ZERRER R-INEE (¥4, ) W =
H(M) = HI(M) 1& ADIEZ8S, (1.4) %38 LT, Exty(4/1, H)(M)) #*
HIRAER A-NBETHL L %155,

—EDFE, A% AD mETHLETH L, Ext‘A(A/I, Hy(M))®A ZAR
HERR A-DNBE. A DA —% —BT, A3 A LREFHEE S Extl,(A/], H(M))
BEERER A-NFETH 5, QED

CDEDOKD T, 4 (1.4) DIERABIZ VD EDOHIT TBLo FD2DITAT
7 I @ arithmetical rank DEZZZHB L TE {,

Jday, as,- -, a, € A such that \/mAz\/T}-

ara(l) =1 D& &, 45 (1.4) & [Ha2, Cor.(6.3)] 25, BHIZRE1%5,

5l 2.1 ara(l) < 1 &5, TDLE, £ED BRAER A-ME M & A
B N s.t. Supp,(N) C V(1) i3t LT, Ext (N, H}(M)) ($HRAER A-hng
(Vi, j) TH 5,

ara(]) = inf {n

3 Vanishing and cofiniteness

ZOEIZBNWT, A IZROBWEEET 5,

iV 3.1 A #ERIBFRBLEL, I ADATTNET B, ZDEE VWOE
T4 123 LT Hy(A) iZvaD I-cofinite 7 ?
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ORI LT, KO & S BB R 187

FE 3.2 AXERHIFFABEL, I 2 ADATFTNET D, h=ht] £BL,
TDEE,RD2EMHIRMETH 5, '

(1) Homa(A/I, Hy(A)) i, $XTD > h+1 I LTHRERTH 5,
(2) HY(A) =0 (Yi#h)o

S5, INLD WM T A EE, A/T IFHERTTT, HHA) & I-cofinite T
b5

COBBIZROERIZED {,

EIZ 3.3 (cf. [HK, Theorem (2.3)]) A *EBIBFTREL, [ % ADATT
WETho v r>bight(l) L %bEHET S, bL,Homa(A4/I, HY(A)) #%
HFRRAER A-NEE (Vi>r) 261, HY(A) =0 (Vi>r) THb,

AE 1
bight I = max {ht P| P € Min4(A/I)}.

T (3.2) ORI (1.2 &0, I=VI L LTRV, FEDAF TV a IT4F
LT, b(a) =bighta —hta &<,

(1) Z2IRET 5. £F, A/l B"FRTT, $7%05,b(1) =0 THAHI L &R
Tob=b(I)>0&,L,b(a)<biBEEDATTIV allst LTREHRIVEL
WERZELEI, I=UNJ EEL, T2,

U={1{P|P € Mina(A/I), ht P < bight I} C m
)
J=({P|P € Miny(A/I), ht P = bight I} C m.

VER 61, FAF TV PeMing(4/U+J) TRAELT, VT +JT=m
ERELTRV, Z0EE, 1<dimA/J <dim A/U IZEE,

Hartshorne-Lichtenbaum @ vanishing theorem (cf. [CS])(HLVT & B&¥)
75, HE(A) = HH(A) = 0 %185, #\> T, local cohomology 1ZB83 % Mayer—
Vietoris sequence (cf. [BR]) & 25 &,

0 = Ha, '(A) — Hi '(A) ® HF 1(4) — HT () » Hn(4) X Ea - 0 (ex).
& 5T, Homa(A/U, HY 1(A)) C Homa(A/I, Hf '(4)) 13HARERTH D,
bight U < d — 1 7245, HEY(4) = 0 ([HK, Theorem (2.3)])o
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4 dimA/J > 2 EIRELTAD, TDL &, bight ] =htJ <d—2, £
OBRICLo T, HY(A) =0 2185, $HE, HF Y (A) X Ego LPLZRA
5, A/IA = Homy(Hom z(A/IA, E;), E;) REBER T2V, FEEE
b, L7245 T, dimA/J =1 Tdh b,

FDOFEFNZ, BF Homa(A)J, =) 2HLT, k%155

0 — Homu(A/J, HY(A)) — Homyu(A4/J, HII(A))
— Homy(A/J, E4) —  ExtL(A/J, HYY(A))
— Exti(4/J, HY Y(4)) - 0 (ex).

(1.3) 5, Exty(A4/J, HEY(A)) (Vi) RERERTH D, —F, RED,SL
Hom4(A/J, HEH(A)) D EBERZ2 S, Homy(A/J, E4) dF 5, Zhi3F
EBTHb, @21, b(I)=0 ESN5,

[HK, Theorem (2.3)] 2*5, Hy(A) =0 (‘v’i > h)o )5, gradel = h 72205,
B 5 212 Hy(A )—0(Vz<h) THh,(2) 21B5%,

i, (2) BIRET S, TDEE, (1) Giﬁ%ﬁ‘kfiﬁ")o S5, RDANRY
kv RE)

E* = Ext4(A/I, H}(A)) = E™ = Ext}(4/I, A).

REZDE, EME Q) DD, TOARY N VRFIILBILL, BB = Brth, i,
EP* = Exth(A/, HY(A) RETO p IC LTHBRERTH %, QED

ROFERIL, TE 32) DFEBEHI T AT T NVIIODVWTOLELE*HE
T 5o
% 3.4 (3.2) DFEEFD D L T, Homy(A/I, HY(A)) 25 T_TD ¢ > h+1 12k
LT, ERERTH B LIRET S0 TDEE, Spec(A/I) IAKXT 112BWT
##E (connected in codim1) TH 5 (cf. [Hall)o

R EED pe V(I)st. ht(P/I)> 1 1Zx LT, Spec(A/I)p \ {PAp}
PEFETH AT LEFALITBW (cf. [Hal, Prop. (1.3)])e TDIEFHIZB T,
P=m»D2dimA/I>2 L TRV, 2OLE KE,S, HF H(A) = HHA) =
0o A FIERIBFTEZ 25, Spec(A/I) \ {m} (LEHETH 5 ([HL, (2.9)],[HH,
(3.3)])o QED

EH (3.2) PORONIRE2O0HITFTH{, £7,dimA/I =2DL X,
[HL, Theorem (2.9)] 25, X% 5,

% 3.5 (cf. [HK, Theorem (3.6)]) k %ﬁ%ﬁm%ﬁ( (sepa,ra;bly closed field) &
L, A=Kz, -, 2] (d>2) T B, ZDLE, d1mA/I-2 L BEED
AFTWV I ?‘H,"C RIIFMETH 5,
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(1) Homu(A/I, HFY(A)) EHBRERTH 5,
(2) Hf H(4) = 0
(3) Spec(A/I)\ {m} (FE#,
512, 20L& HI(A) =0 (Vi#d—2) #2 HE2(A) i I-cofinite TdH 5,

T htlI=10k&i3Kk%EHB5,

%36 A*FRIBFABEL, I Z2EE1DATTNVET D, ZDE &, RIT
fETH 5,

(1) Homu(A/I, HY(A)) FH/RER (Vi> 2)o
(2) A/I IF%ERTTo

(3) ara(l) = 1o

(4) Hi(A) =0 (Vi#1).

Bl3.7 ARBFBEL, I %477V (h=htlI) L35, TDLE, RIE
LT 5,

(1) I PEEAHHTERXX (set-theoretic complete intersection), § 725,
ara(l) = h % 5%, HY(4) =0 (Vi#h) ThHhb,

(2) (cf. [PS, Ch.IIL, Prop.(4.1)]) A X IERRDIERIFETIRT, A/I %° Cohen-
Macaulay 7% 51X, Hi(4) =0 (Vi#h).TH b,

(3) (cf. [HK]) k 2 BHO0DIEE L, A=Kz, -, z6)] £T 5o
P:Iz(xl To 173)
Ty Ty Tp
&£BL L, Pid Cohen-Macaulay 47 7 VT, ht P =2, dimA/P =4
THbo 72, HH(A) #0 TH A,

L7955 T, AJI BERITTT, Spec(A)I) BRERTL L IZBWTEKE TH- T
bEHE (3.2) FRILESED I LITHER W,

L —HRIC, BB AL ZDOATT NI (I =h) 2L T, RD3&HZE
ZEZXho
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(1) Hom4(A/I, HY(A)) ZERAER (Vi>h+1) Thb,
(2) HY(A) BARBRER (Vi>h+1) THb,
(3) HY(A) =0 (Vi>h+1)

—f%IZ, (3) = (2) = (1) B SPITHZT 575, (2) = (3) d2hIZE
LV ([Yos))o F72, BH (3.2) 125D, A VPERIBAFIERO L X133 &M IXE&TH
ETHbB, LoL, ROFIART LHI2, ERIBFFRTRVWE &3, (1) = (2)
F2T LA L 2\,

51 3.8 k kL L, A=Kz, -, z]]/(z122- - 2,), = (za, -,20)A B
DP=zA B n%2EOEHRLELT,d=n-1=dim4d B, &
DL &, AIIEM Gorenstein FETIR T,dimA/I =1, ht I =d—1, & (1.1)
D5, Homu(A/I, HH(A)) TBEBRER A-MBETH 525, dim A/I+ P =0 722
&, HLVT 12 & 1) H4(A) # 0 (cf. [CS]) TH 5,
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Castelnuovo-Mumford regularity and
arithmetic degree

B % (Chikashi Miyazaki)
B THESEEMER
381 REFi{ER 716

miyazaki@ei.nagano-nct.ac.jp

AESTIE, BB GHEACHEHIK) @ Castelnuovo-Mumford regularity @ _[-f% Z D%k
BE (WEAEEHN) DR LRERTRINEZ# 2, $72, Castelnuovo-Mumford
regularity & arithmetic degree & DMFHRE B2, ZHit, Wolfgang Vogel & Ik
(15, 16] 125 B b DT B

1 Castelnuovo-Mumford regularity @ _LfR

FEEIR K UTEER) 0% 36\E % S = K[Xo,--+, Xyl L, degXs=1 &L TX
BROMELOND, 70 m=(Xo,- -, Xn) ET B, I % S DRIXRATT IV (LFT
X, 9-XT homogeneous case % $K\>, -'-‘ii-k/f TTNEV), ABDOFRED TRt ,) &
L. R=5/I,dmR=d & B, KBt R H* m-regular T 5 &,

[Hm(R)]e =0

forall ¢, £ with i +£ > m DN T2 2 (cf. [18]) THIF, TRTD p I LT
S-MHE R @ p-th ¥ VY = D LD NIRTEDOXIA p+m LLFTH B Z & LIAMITH
% (cf. [3])o R %° m-regular & 7% %1%/ m % R @ Castelnuovo-Mumford regularity &
Wy reg R &S,

LIFTi. R % locally Cohen-Macaulay 77> equi-dimensional (Hl%, 4(Hi(R)) <
i#£d) CGET S,

7

ST, BEE>0,1<r<dIiZxLT, R (k,7)-Buchsbaum &\ ) #E4 % 8 AT
% (cf. [4, 8, 10, 12, 13])s R 2% (k,r)-Buchsbaum T 5 &id, R DILEDINT A — 4%

1471k Postdoctoral fellowship 12 & BB % 7= 757 Masscy University (22 L4,
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fi, o, fa W LT,

mkH;n(R/(fl) te 9fJ)R) =0
forall i,j with j <r—landi+j <d WYL DEEEWV, (0,r)-, (1,d)-, (k1)
Buchsbaum %, ###1L, Cohen-Macaulay, Buchsbaum, k-Buchsbaum & [il U C& 5%,

ST, X & {RBPK K Lo Proj S = PR OSHEIRGIRBMEMAE L, TOEHRA 7T
WETEL, BfERY R=5/1 £¥+5, 22T, RIIEBTH S, X O Castelnuovo-
Mumford regularity % reg X =regR+1 LEFHKT 5, & HIT, X I3RE. Bib, T @
B/ NERITOXREIL 2R EET 5, reg X D LERE X OFEKRNLARERTH S codim X
B LU deg X 2JAVTHRIMENL, Eisenbud-Goto [3] TS s

reg X < deg X —codim X +1

EVHTRERS T, WIRENTE A, ZoUDIRBIE, B 21E, Bayer-Mumford [2] (2
TG, :

¥ /-, X 7 arithmetically Buchsbaum, B%. R 7% Buchsbaum ® & X
reg X < [(deg X —1)/codim X] +1

L3 Z ki, Stiickrad-Vogel [23, 24] IC X o TR E N7z, (DT T, Goto 12X % Buchs-

baum MFEOHERER [5] 26 biE6N5,) £ZT, R ®axE0 Y — (WA Cohen-
Macaulay F7-i% Buchsbaum 706 BEHLAUE, reg X ICDWTOMREMADGHE 2 b Z L i
TREND, £Z T, locally Cohen-Macaulay and equi-dimensional ¢ refinement T %
(k,r)-Buchsbaum & W) FRTRT LWV MMEEZ 5, 2Fh, X % (k,r)-Buchsbaum,
Bt R % (k,r)-Buchsbaum &35 & &,

reg X < [(deg X — 1)/codim X + C(k,r,dim X),

LT, Clk,r,dimX) O LRE#Z 2, 22T, Clk,r,dimX) it k, 7, dim X D&
WCARKFF T 2B ET Do IR k> 1 &GET 5, £ Nagel-Schenzel [20] (% X°§§
WIZ T, Hoa-Miyazaki [9]) {C&>T C(k,1,dimX) < (2dimX — 1) -k —d + 1 TR &
i1, fxiC., Nagel-Schenzel [21] 7% C(k,1,dim X) < dim X -k %75 L7z, —7/5. Hoa-Vogel
(10] 1%, C(k,r,dim X) < (r—1)-k+(dim X +2—7)(dim X +1—7)/2—dim X +1 Z73 L7,

FZ T, KO Theorem 1.1 7%, x4 DT EHTH S,

Theorem 1.1([15, (3.2),(3.3)]). LLO&MFT, RVBILT 5,

C(k,r,diniX) < dimX - k—r+1
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C(1,r,dim X) < [d/r]

FROGEBLA RN B 12912, reg R @ LM% | a-invariant(cf. [6]) Z/HVTHY, 22
T, KB A O a-invariant 11,

a(A) = max{¢ € Z|[HEmA(A)], # 0}
Thb, &T, KA1, [14] THL N R O (k,r)-Buchsbaum HIZDWTHANRS F v
e - E#E=E2 W T, £9°. KD Theorem 1.2, Theorem 1.3 %1872,
Theorem 1.2([15, (2.8)]). k BL U r % k> 1,1 <r <d ZWMTHERET 5, z1,--,2,
ZRDIXKDNTA—=5FHD—HE L, R % (k,7)-Buchsbaum &35 &,
reg (R) < a(R/(z1, -+, 2, )R) + (d — ) + (d — depth R)k —
DI LD

Theorem 1.3([15, (2.10)]). 7 # 1 <r < d ZM/-TEKET 5, 21,---,2, T RO 1K
DINF A =5 FD—BE L. R % (k,7)-Buchsbaum &5 &,

reg (R) < a(R/(z1, ", z,)R) + (d'— 1) + [(d — depth R)/r] — 1

%D LD,

Z T, Ballico [1] IT & o T#A &17: semi-uniform position & \»7) BE&% o TH S
NBEROFE (cf. [21, (4.6)]) (FBEARDOIEEAT0 D & &1L, Uniform Position Principle
LT, &<HmbnTWwWb,) KU Theorem 1.2, Theorem 1.3 %I\ T, EZEF Theorem
L1 2GER S5,

Lemma 1.4. X ZAHIK K LoJRUsBERBERMEE L. R 2 ZOBEERE T 5,
kX,
a(R) + dim R < [(deg X — 1)/codim X]

WY AL,

Z Z T, Theorem 1.1 T 57z C(k,r,dim X) A best possible 7 &9 A, IZHE LRV
PITH B, (b HAA. Buchsbaum DOHSIE, HEENITI-EZ N LTWBEDT, bobk—fKD
BEICESIPEW) T ETHD,) Miyazaki-Vogel [15, (4.1),(4.2)] THRA LI, k'=1,2
Por=1 (k=2 0O, 15] 12 HPLEXT) D&, Theorem 1.2 1T LT
it TRTOXTD sharp ZBIAIFIET B0 r =1 D& ZEDOBIEDO T, KDY TH 5,
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Conjecture 1.5. Theorem 1.1 D5AT
C(k,1,dim X) < dim X - [(k+1)/2]

D3N LD,

¥ /-, X ?%, arithmetically Buchsbaum @ & & (%,
reg X < [(deg X —1)/codim X] +1

VN SLON, STOFESFVMALT A X BRDDLMENL, HRIIEZOLNBEZATH
Bo THUIZDWTIE, Nagel [19] 4%, Cohen-Macaulay D354, %72, Yanagawa [27] 75,
Buchsbaum curve O FIZOWVTRRTVWEDT, 5628 M ENv, bo b —f&
{2, Lemma 1.4 %555 1) 08545122V Tit, (Uniform Position (23 % 0 XA F —
LI DWW T, Maroscia [11] DFHDEH 5795,) —HEKITTTiE, LCAISR TRV E RS

2 Arithmetic degree & Castelnuovo-Mumford regu-
larity

Z ZTld. Miyazaki-Vogel [16] T} 11720 {0 DR, 1T, arithmetic degree &
Castelnuovo-Mumford regularity & ORI DWW T %, arithmetic degree & i, "em-
bedded component ;A4 degree” @ Z & T, Bayer-Mumford [2] TEF% & 4L, &L, [16,
17,25,26] 2 &T, & TV 5, (2 OBEEIE, BEIC, Hartshorne [7] IZHiZF TV 5,)

S=K[Xo, ,Xn| 2B &E. I 2SO (AK) A7T7VETH, /2. R=5/T &k
¥4, T2 T, I » minimal primary decomposition I = N(Q) % [EET %, I ® associated
prime P Zxf LT, FHICKIET S primary ideal Q & 5, &T, PO I IZ2WVWTHD
length multiplicity mult ;(P) XD X 9\ Z@EF%ET 5o £9. J % I O primary ideal @, T,
VQi DT PICEICHL T NATRTH (Jokt, BEE L) Qi @ intersection &35, (P
7% isolated prime DML, J = (1) Thb,) £ T, mult(P) %X maximal strictly
increasing chain of ideals D& & £:

QNJ=JtCJa C---Clo=J

k¥ 5, TTTC, Ik, 1 <k<£€-11F, 5 P-primary Q; IZX LT, Jr =QrNJ %Ziif§
723 5D EF %, primary decomposition {f unique TlZ7Zz V225, mult ;(P) i P, I O&KIC
KIET 5,

ST r&2r>—1%25%E8L35, I ® r-th arithmetic degree (FEWHMNWAE) %
arith-deg (1) = ) _ mult ;(P) - deg (P)
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LIEFET B, T TiE 7D T 13 I O associated prime P T dlm(S/P) =r+1 %7z
FTITRTD PIZDODWTORITH 5,

ZDEE, [2,(36)] TBR LT, KDIGEMZ1F72,

Theorem 2.1([16, (3.1)]). r IR ET A & &,
arith-deg . (I) < A”P(R, £)

forall £> reg R\ MY %o T, P(R,£) 1. R @ Hilbert £, A"P(R,£) i3%Z
@glﬁﬁ@ r-MZEHSTdH 5o

LosEiid, KICICOW TR L ) iRE b, ZDBE. Theorem 2.2 DTN TH
%o T L Y embedded component {2 DWW T D HFD Bezout DEEMRZ H LD,

Theorem 2.2([16, (2.1),(2.4)]). r ZIHTVEEKE L, f 2 S OFFATLT, deg(f)>1 &F
b, BT, dim(S/P) > r+1 27T THO I OFET PIx LT, f¢P THBHE
BT 5, TDE &,

arith-deg,_y(I, f) — arith-deg,_1(I>,41, f) > deg (f) - arith-deg,(I)

AW Do Ffoy HHAUN FOLB ORI, dim(S/P)=r+1 L%2 [ OFET
Pz LTh, fEgP VY IUDIETHE, TIT Inpp & T O (INIHEFEA T
T VSMREEE LI E & D) %A FT7 IV Q T dim(S/I) > r+2 kil Q b0
NToH5b,

EH1, K DSERIKT r > 1 D& & generic %2 1 Koje (BT mEIN) kKL T,

arith-deg ,_;(I, k) = arith-deg (1)
IRALTY B o |
Theorem 2.2 T, h 2% S/I ODFWFTHWEETEZ,
arith-deg ._;(I, h) > arith-deg (1)

ERBBEIN D B, ([16, (5.1)]) S 0B, kA DWIRDILTEII R o7 F 72, [17] Tid,
Theorem 2.2 % & 5L L E2 TV,
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Arithmetic degree

(FEIT EEF-AAD “KE) 12T

M
LEHEBERYE HEN BEEE

yanagawa@math.nagoya-u.ac. jp

ERONEIL, Sl B, W. Vogel KEDEFBETH 5 ([7] BH).

1 HERDHRERMNRE

k 2k (FEEDH #k = 00 £T53), S = klzo, 21, -, 2,] # n+ 1 EHOLEREL
L, &z OR¥%E 1L LT REFREALRT. ChOERATFTTV & m £33, 250
m = (2o, 21, , Ln).

M HBRERDORBMAMEEL Lzt &, RSN TV A L 9IC deg M i, Assh(M) :=
{P € Ass(M)| dim S/P =dim M} OTIZBITH M ORI EEROATHRE >TLE
). DFD,

degM = 5 ¢(Mp)deg(S/P)

PeAssh(M) -
TH5h. bLbHAU-)IE, Sp MEFELLTORSEERT. KROT —<THAH “arithmetic
degree (BMTRE) ” Lid, FEMIEEFLED Ass(M) DETOTIIBIT HIEREER L
7z “refine SN2 RETH Y, B Tik £& LT computational LA S, EFIHE
INTw5 ([1, 8] %).
BEHI> -11IHL,
' Mc; = {z € M|dim(S/ann(z)) < i},
LB L, Mo i M ORBAEBSIMETH Y Ass(Mg;) = {P € Ass M|dim S/P < i} T
HoT, BBPD My := M/Mc; LEWIZIFIZ, Ass(M5;) = {P € Ass M|dim S/P > i} =
Ass M \ Ass(M<;) &7 5.
EHE 11 Kr>-11I4L,
deg(M<ry1) dimMcpyy =741 OB
0 st

= > L HY(Mp)) - deg(S/P).
PeSpec S, dim S/P=r+1

arith-deg, (M) := {
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T/ BB, A7 TNV ICSIIxtL, arith-deg,(S/I) % arith-deg,(I) L& .

ZOHDERT, FATTIVP AL HY(Mp) #0113 P € Ass(M) LFMETH AL, P €
Min M 7% 51 Mp = HY(Mp) THA. L(HYH(Mp)) @ M O PIiZBIF % “length multiplicity
" EIER. T2, d=dimM LB L, arith-degy, M = degM T& % (arithmetic degree
LTI, (1, 8] IKHNT BRI o 722, RO 3 ERMNN 2 RTZHRAL TWALD
T, B 7% Krull KT &3, BEHHT—20T N5 T LITEER).

—RELLVWERTH LD, LTIRT LI, BRI EE ) TCHAL T (ERS#H
YY) ) OB E T arith-deg,(—) %, Macaulay DV 7 b & AW TEAHIE
BTED (FHEHT AW #E 53, computational commutative algebra DEE %7 —
TDO—DT, ERICETTEER DN, KE RMI P25 L) THA. 3] wBH). I3, K
DEENDH L. LT codim M := dim § — dim M = ht(ann(M)) £V IHIREEHNV 5.

WE 1.2 (cf, [3,4)) HEED i > 0122V T codim(Exts(M,S)) > i Th5b. T,
codim(Ext(M, S)) =1 £ B BDULERSEMI, MY B i OFRFERHOETHL. &
512, ht(P) =i %2 % S DEREAT TV P Ixt L, P € Ass(M) & P € Min(Exts(M, S))
(& FIME.

fia 1.3 (cf, [9]) EED r > -11Z20T,

deg Ext?"(M,S) codim(Ext§"(M,S)) =n—r DB
0 Zzn st
= deg(Exty "(Extt™"(M,S),S).)

arith-deg, (M) = {

g LIES <, arithmetic degree ICBAL T, TN E TIUB/ LN TV AARPY LER BN
T 5.

¥4, 477 VD arithmetic degree D ER %, FIRIRD (Castelnuovo-Mumford) regular-
ity T BWVWTERT &) FEOIFFEL WV OPFEET S ([1, 6] %). Bayer, Mumford ¥ £
DESBD NE L, regularity # RO “EHS? 2 RIALELRITVWDE LI 2DT, BA
REERELEIEANT A, I TIEIRUEMNA LW, AHERD SHEROL K-
FELSEBLUTHEE 2.

LA#% arith-deg(I) := ¥, arith-deg,(I) £ B <.

T3 1.4 (Sturmfels et.al. 8, Theorem 3.1])) I & HIARK {my,m,,---,m,} TEB SN
AFTN ETHE,

max{deg(m;) |1 <1 < s} < arith-deg(]) < (]i[ deg(m;)) + s — ht(J)

LY LD

EORERE (737(5 b)), BIEKA 77V TRWIHEIE, BERRBITFD 5.
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Bl 1.5 (i) —&D AT 7 VOFEDLEDTRERDRS; S = kz,y,u,v], [ = (22, zy,9°, zu'+
yvt) £ T B L, arith-deg(I) = deg(S/I) =2 DT, t > 2 %2 biE, ERIOFFRAHILL
.
(i) BUOREXDOIB) AL S = klz,y,u,0] &L, I = (ev—yu,z>"%u® - Yt ub —
v2) LB . arith-deg,(I) = deg(S/I) = a + b, arith-deg_,(I) = 0 TH A7, f&
arith-degy(I) = (b_g"'l) Thh, FBRDOTRERDBILL 2V,

arithmetic degree i3, Hilbert 7 0 #E ¥ % #& o 7= Hartshorne DA % %2 5w [5] TEEIZ
EEEN TV 5D (“arithmetic degree” &9 AL TRWVDT). “EED” degree 4,
Hilbert ZIEFAD A TR E % DT, flat deformation TRZETH 5 2%, arithmetic degree (3 A~
TRV, 2720, HE L3050 5 L) I LEERTEIH AL (I [5] I2BIT 5,
arithmetic degree # Db DT A TR THo72). FHIZ ROBNFZ 5

FIE 1.6 (cf,[8,9) I C S EFKRATT NV, in(I) % (%% monomial order IZF¥ %) 1
® initial ideal £ § 5. ZD L &,

arith-deg, (in(/)) > arith-deg, (I).

Grobner Z&J& & flat deformation DRIERICDOWVTIE, [1, 2] 2L TR L.
T 1.6 IR ARERD Fyy 73 —MRICIIIFEFICRE V. BIE, B 1.5 (1) D S/T
THoHH, WY ERERE L ET, reverse lexicographic order # ANTE R B &,

arith-deg(in(/))

> in(l) DBNERTONTR O RBOBLODKRE (FE 14 &D)
= reg(in(I))+1  (“generic initial ideal” DEARBIHH. [2] ZH)

= reg(l)+1 (LiZHL)

> t+2

arith-deg(I) = 2 THo 7285, ZOEFN L HTHRE RN BLEFFD 5

AEDEZOHFEITITEE LA 7275, geometric degree &\ ) FUDFEED [1] T
EHEINTWA. I, arithmetic degree 2O FMIFERFOF S LRV DTH Y,
BARRIZIE

geom-deg(M) := > HY%(Mp)deg(S/P)
PeMin(M),dim S/I=r

TEHIND. TRIILFERY, arithmetic degree B IZIE FFELH2WVE ) TH L. |
B\ I & 12, arithmetic degree & 13112,

geom-deg, (in(I)) < geom-deg,(I)

ARIZ LTS ([8]). EBICAEFTE2LH0D, generic initial ideal D FE % A\ THIE
r%ﬂzré% —f&12, in(I) c;t I Lh EL 725@'( I TRBNERFTHo720 DS,
in(I) THIIMLERFICEEHENH 5.
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% 72, arithmetic degree I3, “effective Nullstellensatz” & FFIFN ARIFEE LBIENDH D,
RPN ILD. 72720, HE D sharp 2 ERTIEZ W, [7] T, ThiHLEBEXRLT
w5,

TEIE 1.7 ([8, Theorem 2.2]) I C S % F KA T 7V, s = arith-deg(I) £ T 5 &,
(VI cI.

¥ 7z, Vasconcelos [9] Tid, Noether DIEH (b & arithmetic degree & DRIEAT, ZE I h
TWw5,

2 HlNTKR¥EE Bezout DEE

COEITE, felS % M-ERIZERT (EBIZIE, )P LBFVRETHRW) & LIE
?, arith-deg, (M) & arith-deg,_,(M/fM) £ DRRIZDWT, BB L EZ 52174 5. 1E
FEMICE 212, arithmetic degree IZBI T 5 Bezout DEIETH 5. TDHDFERIL, +XC
7] THRLNZZLDTHA.

EIE 21 r 2FBEEREL, feS % dm(S/P)>r+1 %5 PcAss(M) Z&TIEW
HFRTLELTH ZDEE,

arith-deg, _,(M/fM) — deg(f) - arith-deg, (M)

= arith-deg,_([0: f]Extg—'(M,s)) + arith-deg, _; ([0 : f]a)
= arith-deg,_,(M>,41/fM>r41) + arith-deg,_;([0: f]ar)-

SO, PCS ZdimS/P=r %5 FREATTNVELIZLE [0 Aexzraas) ¥
Msri1/fMsriy @ P AZHNT 5 length multiplicity (&,
Hp(Mp)/fHp(Mp) =~ Hp((Msr41)p)/ fHp((M>r11)p)

D Sp ML LTORSTHEZOLNA.

Hi(Mp) 13 Sp INEEE LT LT LOABERTII R VDT, Hy(Mp) #0 2D fe€ P
THoTh, H5(Mp)/fHE(Mp) # 0 LIRSV, —F, (Msry)p &, Sp MEEE
LT Krull X7T 1 ODREF 2R VOT, Hy((Ms,q1)p) & Sp MBEE LTEICES
HIR (BFICERER) THAE LoT, Hi(Ms,1)p) # 0 222 f € P 2 51F 4
Hp(Msr41)p) [ FHR(M>r41)p) # 0. F72 (Msrpa)p # 0 THNIELT, ThoD Sp N
FEE LT depth E 1 LAERDT, o TRDOAEHES.

% 2.2 FH 2.1 L LRRT, LLTIZREME.
(i) arith-deg,_,(M/fM) = deg(f) - arith-deg, (M)
(ii) f A%, P € AssM UAss(Ext3™"(M,S)) B2 dimS/P=r %% P IZ&ET N\,
(iii) f 2%, dim S/P =r TH>T P € Ass M B id depthg, (Ms,q1)p =1 &%5 P IZ
CEE IR
oIS, r>1 %261 — KD fIZ2WT (i) DEFIRKIL.
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FH 2.1 2 IHDBEVHERIT 6] TERCEONTEY, INPSEOHFEOHFES L 2>
72h%, & Z T3, arith-deg,_,(M/fM) > arith-deg, M (272 5 BD5EMHD EORD (i) O &
ITITEAEPITRDOONTEBLT, — kD f TEESPRILTAELX/RTIZH, H. Flenner ®
BOKER (ARD MR 2.6DHRFICH L b0) 2 LEE L

F22%R58, dim(S/I) =1 BAFREATTVIIHLT, (Ms,q1)p # 0 B 54E
depthg, (Ms,q1)p > 2 TH D E VI FHEN, CITREETHL I LD GH 5. T,
Serre D Sy &ML N EFFTHVEHETH S (Ass(M) DTEOB EW o TwiiE, b AAR
fE). ROERZRTDG, BEL 2w,

F231%SDERAFTINV ETH. b L S/I (resp. /I3, & 2T 153 .= [T : mn])
7% Serre D Sy Sl Fe/l2T %61, §XTD r >0 (resp. r > 1) ITXFL T,

arith-deg,_;(I + (f)) = deg(f) - arith-deg,(I)
BRIZT 5. [ BERTE (Tbb, Ass(S/I) DTEALTHELE S £ TIE), ML E LV,
24 ()ICSHEATTIV,fgP,r>1ThoTh,

arith-deg,_, (I + (f)) > deg(f) - arith-deg,(I)

LR BBIEE . DL E fi, (S/I)p #* Cohen—-Macaulay TRWX ) 2FREAT TV
PIlgEhs.

FEEICHELFIXET S L, X C P* % Cohen-Macaulay THRWHFR A p # FOEH
O HEE L2E, PT OBHME F A& X CERTELTH, Fp 280 XNF
i3 p 247 embedded component (24> TL TV, XN F ? 0-RD arithmetic degree (&
0 Tkl (p KBITAEHENHNS). LL, X BHD 1-RD arithmetic degree (3 0
Th5b.

(i) S =k[z,y,2], I = (z)N(z?y) £ B BIETHRC /T 3FERTTIEHZL, &o
T Cohen-Macaulay T 7%\ 25, (S/I)>1 ~ kl[y,z] DT, %2225, feSHS/I-1ERI
5,

arith-deg, _;(I + (f)) = deg(f) - arith-deg, (1)

BETO 1 IZDWTRIEL. 20, (i) TORRO U7 E—&ICE (IS, $AT TRV
AITIX) EEL L v,

(i) £ (i) O &5 BWRKT, 1 RT (Krull RITLTIE 2 XT) DB, Wb
% “double line” % SITHEFIIMIL L V. S = klvg,zy,z0,23) E L, BERATTNQ =
(o3 — 120, 72,22, 2071) KE XD, Q 1d (z0,2,)-HWEERAT TNV THD, “double line” DE
BATTNTHD. [ =QN (23, 71,2:) EBL. [ IZEBARGTH A L) aimteHFork
double line DEFEA T 7V TH 5. Macaulay THEHETE 575, codim(Ext(S/I,5)) =3
0 deg Ext3(S/1,S) =1 T 5. & oT, arith-degy(I) = 1 (RRAHFTDHARDEFSH
YR ERTWE). LAL, SOIEHER#ED S & Ass(Ext3(S/1,S)) 3 (20, 21, T2, 23) (Z
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xR 251213 Exts(Ext}(S/1,S),S)) #5tEL T, @l 12 2 VA LRWV). LoT, %
22 &0, fem\ (zo,21,22) ZAHETDHRRT f I3 L,

arith-deg_ (I + (f)) > deg(f) - arith-degy (/)
ThoT, FEHIIHLLEV. ZHUL, (S/I)s1 =5/Q D depth 251 THEIELL L5 5.

EIE 2.1 OIEADHRE. T,

arith-deg, _,(M/fM) — deg(f) - arith-deg, (M)
= arith-deg, 1([0: flgu-r(,5)) + arith-deg, ([0 flu)

THBHY, Ml 1.2 [TEELZD DS Ext ORTEFIZEDE LD FT, # L #MITR
EHDTERTA.

RIZ, [0: flewn—r(ar,sy P P W8T % length multiplicity 2%, Hp(Mp)/fHp(Mp) ® Sp
MEELLTORICELVWELZ V) (ZOEREBLT, PIEdimS/P=r 25KRFEA
FTNES D). @l 12 Bo5H 5 5515, dim[0 : flgga—rysy ST THERS, ThOD
P 2T % length multiplicity 3, [0 : flexen=r(u,5) ® Sp D Sp MEFE LTORSIZFL
VW E 2B BFR LY, ,

Ext’s‘_’(M, S) ® Sp ~ Ext’s‘;’(Mp, SP) ~ (H};(Mp))v

ZZT (=) 13, BETR Sp @ Matlis dual TH 5. & o T, FikiE Matlis dual DERAY %
HEPOHED .

RIZ, Hp(Mp)/ fHH(Mp) = Hp(Msr41)p)/ FHR(M>rs1)p) TH DD, Eidd > L3¢
Mp = (M>r+1)P WERS. %ﬂ%—f,

0> M1 —» M— My —0 (=&)

&US, (MS1'+1)P =0 »56H%).
®®IZ,
arith-deg,_,(M/fM) — deg(f) - arith-deg,.(M)

= arith-deg, ;(Msr11/fMsp41) + arith-deg, ([0 f]ur)
AT S INFEFTHEBLLZEDLS, Mayyr/fMsrpy O P 2T 5 length multi-
plicity %, N/fN @ Sp ML LTORSIZHFLWHE W EFTDPTHD (72/LL, N =
Hi(Msyi1)p) EEBVIZ). SZTNHE Sp ML LTRESAEBTHE55, N/fN OF
B, [0: fly PESIC—HTAHBIEE. (Ms,1)p #0 TS BT, ThD Sp MEEL
LTD depth (2 4T 1 L ETHEDS,

0 = (Msr2)p = (Msri1)p — (Mspy1/fMsrp1)p — 0

I Hp(=) eI, RODERIELNS. O
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Ass(M) & Ass(M/fM) £ DRBED, Exty(M,S) 220 DEHT, RH T LA HKL. —
#1C f & M-IER) (M/HS (M) ERITOR) THA L) RERTLET A L,
Ass(M/fM)> |J Min(S/P" +(f))
P'Ass(M)
BE D LOEICEE. AL, VOSSR T A%, BAENICHMAEZ EATHIES.
EH 2.5 f % M-ERITHA L) RFRTLLT 5.
Ass(M/fM)= |J Min(S/P'+(f))
P'¢Ass(M)
LR BBOULEFRSEMEE, A5, 2TD0<i<n XL Exts(M,S) ® B i+1 O
MNERFIZETNLEVETHA.

£,
Ass(M/fM)\ |U Min(S/P' +(f))

. P'c Ass(M)
i3, Exty(M,5) DES i+1 OWINERFCHo T, f 2BCLDEFRPOLRLKETHL.

LOREOREDOSEMEY, % 22 O (ii) »)CHEHMEZLSLE, f Y, dimS/P = 1,
(Mcrsr)p = 0, (Msp41)p # 0 %8792 depthg (Msppr)p = 1 THZ L) BARFEAT
TIVPIZEITNRENWEVWIETHS.

ROER (DHEES) 13, H. Flenner 25 ? “private communication” LV TET, [6]
TERICBA SN Tz (EOE L% “local Bertini” DFRIICESRT AFED, O I TE
5 H LW, ‘

8 2.6 f &% M/HOL(M) -ERITHAH L) nHRTLLET 5.
Ass(M/fM)\{m}cC | Min(S/P'+(f)) (%)
PreAss(M)
L BADOLERSRMEE, F R ETH 0<i<n—112xFL Exty(M,S) D ®md i+1
OWNERFICETN R VETH D, FRIZ, — D f I3 LTI (%) 29RIL.

SEEAIE 2.5,2.6 £ b, AR 1.2 AEWMAICAV AT THY, #L 2w
LosERIE S b, BEMEE LD Cohen-Macaulay FFTERE LTH, FRE 2 BATELD
D,

Bl 2.7 (i) S = klzo, z1, T2, T3, Ta], 1 1= (z1,25) (23, 24) £ B . Macaulay THEHHEHTS
%)%, Ext3(S/1,5) 38 E 3 DRRT R #727, Exts(S/1,8) = 0, D {(21, 22,73, 24)} =
Ass(Ext3(S/I,5)) Thb. £oTS/IIZFLT, BH 2.5 DEFVRILY 2 BDOLETH
ST, f DY (21,20, 23, 24) KEENHVETH L. (BfTEIZE 21T, X = Proj(S/I) 3,
Pt O D, — & p (21,22, T3, z4) WHIE L2 S) TXbLALZODFHE THAH. P* DR
BT F 1, 28 2 X OFBMES (Zo0FH) EERKELTL, pe F 25613, p i3,
XNF DEAEGTTH 5.

(it) B 2.4 (iii) 12T, Bxt3(S/1, ) 12, (zo, 21, T2, ws) & REFITHOT, T M
ZFRFTERVOT, BHE 2.5 ICRT AEFIIHIIKILT 5.
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BRTZ7IFHURERIZDONT

s X
RRREAY HEEH

0 &

WE4ED almost complete intersection monomial curve \ZB89 %345
(B) ICBNT, ZOEHREEZ DL Z Ditw,---, v, (ERECWZ
£ Fvy), -+, F(v,) B, DA T 7)NVOERBRZERT) BT 34D
BT, ZNWSIIHET2EAY S 7DEEDPEENTOVELE, 2T,
D vy, ---,v EEATZ 708G, UL V = (vy,---,v,) LERA
T2 7D DNT, EDLDRI EDBDODPIDPERARTHAENEES
2D, GEIOEHEDE >PITTT, ZORME LTI DR, HB%
DT T, B A/I(V) @ Macaulay type (b 55 A, A/I(V) b Cohen-
Macaulay 3RIZ7%2 % & EIZ) D5 AFZY S 7D Hamilton cycle DEEZ H
TXTCVD, EVWIRRTT, TOZLIXDNTHELE T,

1 ZEE
TE2DOELDOM G BERMTZ7THh 5Lt

o G WERES Ver(G) b .
Ver(G) Oit% G DIEM (vertex) &5,

o 5 —HDERI. Ver(G) DER S 2 DOITDIER(T EDHMH» 5
"5, Ih#E G Dl (edge) LS.
i, € Ver(G) I U, 1 25 j ~NOHEE i —j THOLDT.
1,7 € Ver(G) IZX L. i 25 j ~:& (path) D&% % &I,

ER%]‘E){—T\ 1=10,41," " ,In € VCT(G) &
3’21?:1_1 — (l= 1,---,”) t in —’]
PEETDHILTH 5,
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P4 20V (cycle) Lid. BB 25 i HEAD path THBo TXTO
G DEEBED L DIV A I )WVENI)V YA 2)V (Hamilton cycle) &
W3,

EEGZERTZI 7L, Ver(G)={1,2,---,1} £ T %, GIIAL
‘(\ Z%ﬁ@ T xrﬁﬁ‘] M: (m,-j) %?k@ct50:i%—g—60

(BDE) Wi jPEETDHEE

j#iOLs m"':{o zhest

mii = —'Zmij
=1
j*t
v, .U B M DR MVET B, ZDEEBHSPIT, au(vs) >0 (0u
X i BEOEZZHODT) vi+w+---+v,=0TdH 5,

V(G) = (v1,--+,vr) CZ" £BKo

RRIC Z7 OBV ISR L. TR A =KXy, -, X D1 T
PV IV) ZEHT S (BL k &1E). |

FHEZ DT v L. SERX Fv) %

Foy= ] X7V~ [] x*®
oi(v)<0 oi(v)>0

YEHE L. 77 ARV IR L. TRTCO F(v) (v e V) TEESH
2ADLFTNE V) £B<0

1
BloGE JN\\ &3 %
3—

2 -1 -1
A7 MV vy, v9,v3 Z (0i(v;)) = ( -1 2 -1 ) TREHKT o
-1 -1 2

:@t%\

I(V(G) = (F(w),F(v), F(vs)) .
= (XoX3— X7, X1 X3 — X3, X1 X2 — X3)
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b (—IZ. A T7NVIV(G)) B F(wn), F(v),---, F(v,) THERS
Nz ERFESRN ),

W2z, ] A/I(V(G)) & &It 1 @ Cohen-Macaulay Bz C. ZD
type 1& 2 TH %,

9. EARRMEE LT

#8 1.1 ([2, Proposition 2.1]) 7257 G IZDWTIRIZFEHE,
(1) rankV(G) =r —1 2D V(G) I positive, T2 5. A/I(V(G))
I& positively graded ring

(2) Ver(G) DIERED proper set S I LT § KEENTWSERD
5. S IKEFEFNTORVIERAD edge BEET

(3) G & strongly connected, §72H, {ERD 2 DOERAICKH LT
ZFhozDR¢E L S57% (directed) path BEET 5

(4) ERD edge IZDNWT, ZNEEBL L DR cycle BHEET S

COETERE LRIFITR 52V DIE. G D strongly connected T
72\ & &, Hamilton cycle ELELRNWEWDI RTH S, LB, G
7% strongly connected D & Zi&. V(G) ¥ positive, rank = r —1 7ZRD T,
I’ A/I(V(QR)) IZEEHIC. positively graded Cohen-Macaulay BriZ72 >
TLE S, i, (1) & (2) DRHEMDPEAERITH o

2 FFE
ZOETIE. ROEBIZDNWT. ZOFRAOHEE . ZOEMIZEHR
T5H%52 %,

FIE 2.1 G % strongly connected REM T Z 7T 5H, TDEE G D
Hamilton cycle DfEEIX. Cohen-Macaulay 35 A/I(V(G)) @ Macaulay
type IZZELWDPNI W,

(GFRADEERS) V = V(G) = (v1,--,u) £ T %6 BL. v+, 0,
HIDOEHT G IZH L TESINE Z5 DIt ZDE &, WOFRMEL.
Extl, ' (A/1(V),A) = Homu(A/I(V),A/(F(v),---, F(vr))
= (F(va), -+, F(vr)) : I(V)/(F (), -+, F(v,))
(F(va), -, F(v,)) : (F(w))/(F(w),- -+, F(vr))

Rl
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ERELRTNENVT RV, REORET, hiEI(V) = (F(v), -
, Fup)) TRETHMDIZ>TLE Do

RIZ, REBICH 5 DI MEEOERRITRDEM % &7 THIER M,
DERREDP SRS,

My F(v1) + My@)F(r(2)) + - - - + Myr) F(vrry) =0,

BU. 7€ S(r) (r RAHEE), 7(1) = 1,
My Fi(vry) = Mriny F-(vrigyy) ©=1,---,7~1,
M F_(v1) = My Fy (vr(r)),
GCD(M,---, M,) = 1.

FHZ. ZDE D minimal generating system D—EF& 723 L 5 72 BIE
M & e S(r) BRIGL T\,

ZIC O TREALT GOWMBTS7 G, 2BRODLDCEET
) U1, , Ur %

'Ul, 'U‘r(2), M ,vr(r), Ul, i ,v'r(r)

LARD, jEEZLTEL Bo 2 BEHODND v, KELT, Z0
vy J: Dﬁﬁ@:%% ) (Ttﬁb% (A ﬁ V5 @ﬁﬁ@:%é) ‘f\ a;(v,-) <0 ttﬁ%
HDDHT, ZD v; IT—FBE v; 3R, DL E, Ti—j % G,
WKAN S, ZTOBERE j ITDNTITI,

T IRODE My XDV BAT 57 G, BEBETEEDT. SEI.
M—l (M1 D (F(’Uz), .- -,F('Ur)) : (F('Ul))/ ~ C:}S”’%@) WA LT. 884
U2 7%EHET 0o My & mod (F(w),---,F(v,)) TEHH»LT, 2hZh
DRERITHIGT B r KD, G, #EXT, |G, £ B ¥ 2,

ZRIZE ST, A/I(V) D Macaulay type SR US U < ikZhUFD
fEED G DIV S 7 DEEEZT=Z 8125 (Fid. A/I(V) DRI
ERRDPS G DBV 5 7 DEANDORIGIZ LA 1 IS TRNT EH5
- [4] TIRENhTWB)

MRIANEZ &L, Hamilton cycle BBZDEADFICEFNBZII LT
DB, CFBEBICTINh S, (REEARR)

ROBNIE. Macaulay type & Hamilton cycle DEEH—BT B4 &
LTHISh T3,

Bl GERDESIRYZ7LT 5,
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Ver(G) ={1,2,---,7} (r >3)

BiEi—i+1 (i=1,---,7—1),
ioit2 (i=1,---,r—2),
r—=1)->1,r—1,r—2.

Z D& &, Hamilton cycle DEEIL. r BEHEHDOL Xt 2. BEED L
X 1TH3,

SHICHHD L &, I(V(G)) I almost complete intersection T3
Do BED L &L, p(I(V(G))) =1+1 D Gorenstein 1 F7IVCd bo

B —f&ITIZ. Macaulay type D555, Hamilton cycle DL L h K
W FIZIE. ZOXIRT BT MVDS,

[(2 -1 0 0 -1 0)
0 2 -1-1 0 0
-1 0 2 -1 0 0
0 0 0 2 -1 -1
0-1 0 0 2 -1
\-1 0 -1 0 0 2)

(03(vs)) =

BHIZTTST7 GEEZD, ZDLE, G D Hamilton cycle DEEIL
4 TH%o —F+ A/I(V(G)) D Macaulay type & 5 £i2oTi 3%, E
B & (F(w),, F(v) @ (F(v1))/(F(va),- -+, F(v,)) ORNERERIC
HIBLTWS G D55 7i%. 4 DD Hamiton cycle & &4375 7

1 9
3/ AN 5/ N 3
N NS T bo

5 Rk

[1] W. Bruns and J. Herzog. Cohen-Macaulay Rings. Cambridge Univer-
sity Press, 1993. Cambridge studies in adv. math. 39.

[2] K. Eto. Monoid rings associated with digraphs. (preprint).

[3] K. Eto. Almost complete intersection monomial curve I DWW, In
55 16 [EE3REA VAR U LAREEE, pages 111-118, 1995.
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QW Ld—T v «<2d— LU —|FRED
BHODATTINIIOWT

BMERIKFHEFR KA ¥
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Squarefree lexsegment ideals

H & # 2
KK ZFERF BB L e =

JF. A%4iE, Annetta Aramova, Jiirgen Herzog & D IFIZE TH 5 .
ZEARICBVT, FRRX, H10) BERCERINZ A FT7 V0 o7 &
&, TOBNEBHMELHBRL, Ny FEIICHET 22 L1, Hilbert,
Macaulay DHFICRIF 2 F T A2EHMLMETH 5. HIELA 77 NV DM
T, lexsegment B U stable LIFIEN A4 F7VOHEIPEETH S .
199 04, Eliahou & Kervaire [E-K] II stable £ ¥ 7 )V Diw/NEH 5
e BAAMICHR T 22 E I L7, BT, Grobner HE DI &
Eliahou- Kervaire 7f#%ffoT, 19 9 34F, Bigatti [Big] & Hulett
(Hul] i, €NENMIIT, Hilbert MEZFEEL-E &, Ry FHF|D +
BRiZ lexsegment £ ¥ 7V TE5 2 bND L %FL 7. s, wbw 3
squarefree B MIAKAERT 24 77 Vi, M4, THAHKE MELHD
ME D AR IN TS, AIETIE, lexsegment B U stable A
77D squarefree A% EE L, squarefree lexsegment £ 77 )V D
AMELFIOMEE LT, HEMEAD facets DEF D EFRIZDOWT, 4oHh
DFER [H-H] £BX5 & & H T, squarefree stable 4 FT7 LD /NE H
% % BARBICRERR T 5 (a-H-H) .

§1. Upper bounds for the number of facets of
a simplicial complex

Let P = K[z, z,,...,z,] denote the polynomial ring in v variables over a field
K with the standard grading, i.e., each deg z; = 1 and write K{TI'} for the quotient
algebra P/(2},23,...,22). We are interested in the dimensions of the annihilator
ideals 0 :x(ry;r m’ of K{T'}/I, where m is the graded maximal ideal of K{I'}/I.
In particular, among all graded ideals I of K{T'} with a given Hilbert function, we
determine the maximal dimension of the socles 0 : k{ry/r m of IX{T'}/I. The graded
ring KX{I'}/I is studied in [A~-H-H] when I is generated by (squarefree) monomials.

—138—



First, we recall some standard notation and terminology on graded rings and
modules. When M is a Z-graded module, where Z is the set of integers, we write
M;, ¢+ € Z, for the i-th graded component of M. Moreover, for every a € Z, we
define M (a) to be the Z-graded module with graded components M (a); = M,4; for
all 2 € Z. If M is a finitely generated Z-graded module over the polynomial ring
P = K|[zy,2,,...,,], then the modules TorX (K, M) are finite-dimensional graded
K-vector spaces. Then, we say that 8;;(M) := dimg TorX (K, M); is the (4,5)-th
graded Betti number of M. Finally, when A is a graded ring over K and J is a
graded ideal of A, we denote by 0 :4 J the annihilator of J in A.

Let (Z) denote the set of all squarefree monomials of degree ¢ > 1 in the variables
V = {z1,22,...,z,}. We write <jx for the lexicographic order on (Z)a ie., if
S =i, -2, and T = zj 25, - - - x;, are squarefree monomials belonging to ;‘;)
with 1 <23 <2<~ < <vandl <y <Jp < <jg <o, then § <pex T 1f
11 = J1,--+,%%—-1 = Jk—1 and tx > j; for some 1 < k < ¢. A nonempty set M C (‘q/)
is called a squarefree lexsegment set of degree ¢ if T € M, S € <‘q/) and T <jex S
imply S € M. An ideal I of K{I'} generated by squarefree monomials is called
a squarefree lexsegment ideal if, for every 1 < ¢ < v, T € I (‘q/), S € (Z) and
T <iex S imply S € I.

(1.1) THEOREM. (a) Suppose that I is a graded ideal of K{T'} with Iy = I; = (0).
Then, there exists a unique squarefree lexsegment ideal I'** of K{T'} with the same
Hilbert function as I.

(b) Let m be the graded mazximal ideal of K{I'}. Fix j > 0. Suppose that for
every 1 > 0 we have

dimg (I/m? I); = dimg (' /m? ['*¥);.
Then for every ¢ > 0 we have

dimp (I/m?*11); < dimpe(1'/mi+t 1),

(c) Let A = K{T}/I and B = K{T}/I'"™. Fiz j > 0. Suppose that for every
1> 0 we have . ‘
dim]((o ‘A 777,])1‘ = dimK(O ‘B m’)i‘

Then for every ¢ > 0 we have

dimg (0 :4 m?™); < dimg (0 :p m?*1);.

Proof. First, we choose any term order p for the monomials in the polynomial
ring P = Klzy,2,...,z,] and we write J C P for the preimage of I under the
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canonical epimorphism P — K{I'}. It is well known (e.g., [M-M], [B-H-V]) that
P/J and P/in,(J) have the same Hilbert function and that we have the inequality
Bij(P/J) < Bij(P/in,(J)) for every ¢ and j.

We have the equalities $y;(P/J) = dimg (I/mI); if j > 2; p12(P/J) = dimg (I /mI),—
v; and B,;(P/J) = dimg Soc;_,(P/J)) for every j > v. Similar results hold for the
ideal in,(J) C P and its image I’ in K{T'}. Since K{T'}/I ~ P/J and K{T'}/I' ~
P/in,(J), it follows that K{I'}/I and K{I'}/I’ have the same Hilbert function, and
that dimg (I/mI); < dimg(I'/mI'); and dimg Soc;(K{T'}/T) < dimg Soc;(K{T'}/I")
for every 1. :

Thus, replacing I with I’ and noting that I’ is generated by squarefree mono-
mials, we may assume from the beginning that I itself is generated by squarefree
monomials.

Now since [ is an ideal in X {I'} generated by squarefree monomials, the existence
(and uniqueness) of I'* is an immediate consequence of the Kruskal-Katona theorem
which, stated in algebraic language, guarantees the following: Suppose that L C
K{T'} be an ideal generated by squarefree monomials, all of the same degree, say
g, and let L'** denote the ideal generated by the squarefree lexsegment set M of
degree ¢ with §(M) = dimg L,. Then dimg Lgp1 > dimg(L),4;. Thanks to
this fact, given a squarefree ideal I of K{I'}, if we consider for each i the vector
space V; C K{T'} spanned by the squarefree lexsegment set M; of degree i with
#(M;) = dimg I;, then ;50 V; is an ideal of K{I'}, which is just the desired I'*.
This construction also enables us to see that in each degree the number of generators
of I'* is greater than or equal to that of J, which proves the inequalities in (b) for
J=0.

Now suppose that j > 0. Our hypothesis implies that m/] and m?I'** have the
same Hilbert function. Therefore, since m’I'** is a lexsegment ideal, we conclude
that (m?I)* = miJ'**. Thus, as above, we deduce from the Kruskal-Katona theo-
rem that in each degree the number of generators of m? I'** is greater than or equal to
that of m?I. In other words, we have dimp (m? I/mi+1]) < dimp (m? ' /md+1 [lex),
This completes the proof of the inequalities in (b) as desired.

The inequalities (c) will turn out to be again a consequence of the Kruskal-
Katona theorem, but not quite as straightforward. Let us first consider the canon-
ical module wy of A = K{I'}/I. We refer the reader to, e.g., [B-H] for basic facts
about canonical modules. Since I{{T'} is a Gorenstein ring (in fact, a complete in-
tersection), we may represent wy, up to a shift, as a module of homomorphisms, that
is to say, we have ws(—v) = Homg(ry(4, K{I'}). The module Homyry(A4, K{T'})
of homomorphisms may be naturally identified with the annihilator of I in K {T'}.
Hence, as a graded module, ws(—v) may be regarded as the ideal in K{I'} whose
K-basis §) is given by all squarefree monomials 7' € K {I'} which annihilate 1.

We claim that () is the set of all squarefree monomials T¢ € K{I'} such that
T ¢ I, where T° is defined by T° = z;---2,/T. In fact, suppose that T ¢ I and
that 7S # 0 for some squarefree monomial S € I. Then, there exists a squarefree
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monomial U such that T¢SU = z;---z, = TT°. Hence T'= SU, and thus T' € I,
a contradiction. Conversely, since TT¢ = z;-+-2, # 0, if T°/ = 0 then T ¢ I as
desired.

Tt follows from the identification of w4(—v) with the annihilator of I that dims (w A)i =
dimg A_; for every 1. Thus, in particular, if B = K{['}/I'*, then the ideals w4(—v)
and wp(—v) have the same Hilbert function. .

The reader verifies easily, by the above description of the canonical module,
that wp(—v) is a squarefree lexsegment ideal of K{I'}. In fact, if M is a squarefree
lexsegment set of degree g and if K is the complement of M in the set of all squarefree
monomials of degree ¢, then the set {T°; T € K} is again a squarefree lexsegment
set of degree v — ¢. This observation is crucial, since it implies that wp(—v) =
(wa(=0))=.

Finally we notice that, for every finite dimensional graded K-algebra ' and for
all integers ¢,7 > 0 we have dimg (0 :¢ ml); = diml\»-(wc/mjwc)_i. Thus if we apply
the arguments in the proof of (b) to the ideal w4(—v), then the assertion (c) follows
immediately. Q. E. D.

By virtue of the Clements-Lindstrdém theorem [C-L], the above Theorem (1.1)
can be generalized to ideals of the quotient algebra P/(z7',2%%,...,25*) with 1 <
a; <ay <o < Gy

We now discuss the combinatorial implication of the above result. Let A be a
simplicial complex on the vertex set V = {x1,22,...,2,}, i.e., A is a collection of
subsets of V such that (i) {z;} € A for every 1 < i < v and (ii) if 0 € A and
r C o then 7 € A. Each element ¢ of A is called a face of A. A facet of A is
a face o of A such that 7 € A and ¢ C 7 imply o = 7. Let f; = fi(A) be the
number of faces o of A with §(o) = ¢ + 1 and n; = n;(A) the number of facets &
of A with §(c) = 7 4+ 1. Here, (o) is the cardinality of a finite set o. Note that
f_1 =1and n_; = 0. We say that f(A) = (fo, f1,...) is the f-vector of A. Let
P = K|[zy,z,,...,,] denote the polynomial ring in v variables over a field I as
before and define I to be the ideal of P generated by all squarefree monomials
T Tiy - Tipy, 1 Sty <tp < -- <y S0, with {z;,,Zi,..., i, } € A. The quotient
algebra P/I, is called the Stanley-Reisner ring of A over K. We refer the reader to,
e.g., [B-H], [H], [Hoc] and [Sta] for the detailed information about Stanley-Reisner
rings. .

Now, we write I4 for the image of I in K{T'} and set K{A} = K{I'}/I5. Then,
the Hilbert function of K {A} coincide with the f-vector of A, i.e., dimg(K{A}); =
fi—1(D) for each ¢ > 0. A simplicial complex A is called lezsegment if the ideal I,
of K{I'} is a squarefree lexsegment ideal. Let A" denote the unique lexsegment
simplicial complex with the same f-vector as A. Then, (Ig)le" = I} 1ex-

Recall from, e.g., [H] or [B-H] that, given positive integers f and 1, there exists
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a unique representation of f of the form

= () () o ()

a; >ai1>--->a; 235 2>1.

Bia(f) = (;a—l) + (:152) roq (Ja_’l)

Also, we set 9;_1(0) = 0 for every ¢ > 1. It is an excercise in combinatorics (see,
e.g., [G-K]) to show that, if A is a lexsegment simplicial complex with f(a) =
(fo, f1,...), then 8;(f;) < fioy and nj_y = fi_; — 0i(f:) for each 7 > 1.

We then define

(1.2) COROLLARY. Let A be a simplicial complex with f-vector (fo, f1,...). Then,
for each i > 1, we have the inequality n;_y < fi_; — 0:(f;). Moreover, when A is
lezsegment, the equality n;_y = fi_y — 0;(f;) holds for everyi > 1.

Proof. Since dimg (0 :x(ay m); = ni_1(A), the inequality with j = 0 in (c) of
Theorem (1.1) is equal to the required inequality n;_1(A) < n,_1(AX¥) for every
¢ >0. Q.E. D.

The above inequalities are a part of a more general conjecture in [A-H-H] on
graded Betti numbers of ideals of the form (I5,22,22,...,22).
It would, of course, be of interest to find all possible sequences (no,n1,...) arising

from the simplicial complexes with a given f-vector.

We now introduce the concept of j-facets of simplicial complexes. We say that a
face o of a simplicial complex A is a j-facet if j is equal to the greatest integer k > 0
for which there exists a face 7 of A such that o7 =0, o7 € A and i(r) = k.
Thus, in particular, the 0-facets of A are just the facets of A. Let nl = nf(A)
denote the number of j-facets o of A with f(c) = i+ 1. For example, if A be a
simplicial complex with f(A) = (5,7,1), then nl(A) = n!(A*) for every i and j.
On the other hand, let A be a simplicial complex on the vertex set {21, 22, 23,24}
with the facets {z1, 2} and {3, 2,}. Then, the facets of A are {z,}, {z4,z4} and
{z3,24}. Hence, ng(A) = 4, while n}(A**) = 3. Hence, in general, the inequality
n!(A) < n](A*) cannot be true if j > 1. However,

(1.3) COROLLARY. Let A be a simplicial complez and A~ the lezsegment sim-
plicial complex with the same f-vector as A. Fiz j > 0 and suppose that

n(A) +ni(A) + -+ nlTHA) = n(A) + 0} (A) 4 - 4 niTH(AM)
for every © > 0. Then, we have the inequality

(8) < ni(&)
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for every ¢ > 0.

Proof. Let A= K{Tl'}/I, and B = K{T'}/I, Alex = K{I‘}/(I’ )%, Then dimg (0 : 4
mi); = TiZtnk 1(A) and dimg(0 :5 m?); = £ nk_ (A¥X). Hence, we can apply
(c) of the Theorem. Q. E. D.

Let A be a lexsegment simplicial complex with f(A) = (fo, f1,...) and A’ the
subcomplex of A obtained by removing all facets of A. Then, A’ is again lexsegment
with f(A'") = (01(f1), 02(f2), - . .) and, moreover, the facets of A’ are just the 1-facets
of A. Hence, it follows that n}_;(A) = 9;(f;) — 8;(0;41(fiy1)) for every i. In general,

for every j and 1, we have the formula

ni_1(A) = 0,041 (- (Bigjma (Fiim)) ) = 0iOipa (-~ (Bis (Fis)) -+ ))-

§2. Squarefree stable ideals and their resolutions

We now come to the definition of squarefree stable ideals. Let I be an ideal of
A = K|z, z,,...,z,] which is generated by squarefree monomials. Then I is called
a squarefree stable ideal if, for every squarefree monomial T' € I, we have

(2;T)/zm) € I for each j < m(T') such that z; does not divide T'.

The squarefree lexsegment ideals introduced in Section 1 are squarefree stable ideals.
Hence all results of this section can be applied as well to squarefree lexsegment ideals.

The main goal of this section is to construct the explicit free resolutions of
squarefree stable ideals, similar to the Eliahou-Kervaire resolutions of stable ideals.
It will turn out that the new resolutions have the same formal structure as the
classical Eliahou-Kervaire resolutions. In order to describe our resolutions we need
to introduce some more notation. .

Let as before I C A be an ideal generated by squarefree monomials. We write
G(I) for the unique minimal set of monomial generators of I, and Q(I) for the
(finite) set of all squarefree monomials in I. In particular, G(I) C Q(I). Suppose
now that I is squarefree stable. Then it is immediately seen that, for every S € Q([),
there exists a unique pair (T, T™) of squarefree monomials in A such that T' € G([),
S = TT* and max(T") < min(T*). Thus, if we set g(S) =T, then we obtain a map
Q(I) — G(I). Now, given j € {1,2,. v} with j & supp(T ) and T € Q(I), we set
T; = g(z;T) and y(T); = (%‘T)/Tj- :

(2.1) THEOREM. Suppose that I C A is a squarefree stable ideal. Then A/I has
a minimal multigraded free A-resolution (F,0) of the following form:

(a) Each F;, ¢ > 0, has a basis consisting of f(o;T) with o C {1,2,...,v} and
T € G(I) such that §(o) =1 — 1, max(c) < m(T) and o Nsupp(T) = 0;
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(b) Ifer, €. .. €, denotes the canonical basis of Z¥, then f(o;T) is homogeneous
of multidegree 3-;c, €; + ¥ jesupp(T) €

(c) The differentials of the resolution are given by
a(f(®;T)=T

and by
flo;T)) = S (-1 (—z; f(o — i1 T) + y(T); flo — {1} T3))

j€o

fori > 1, where we set a(o,j) =f§({i € o ; i < j}).

The proof of Theorem (2.1) is carried out in two steps. In the first step we de-
termine cycles in the Koszul complex K (z1,z2,...,2.; A/I) whose homology classes
form a basis of the corresponding Koszul homology. This first step already gives us
all the information to prove the assertions (a) and (b) as above. In the second step
the differentials 9; of F' are computed. This is done by using a technique developed
in [A-H] which allows us to compute the differentials once the cycles (determined
in step one) are known. This part of the proof is verbatim the same as that in
[A-H] where the maps in the Eliahou-Kervaire resolutions were determined by this
method. We omit its proof and refer the reader to [A-H] for the details.

We recall that K;(zy,zs,...,2,;A/I) is a free A/I-module with basis e,, 0 C
{1,2,...,v}, #(o) = i, where e, = €; Aej, A... ANej for o = {j1,72,...,Ji},
j1 < ja < ...< ji. The differential d of K is given by d(e,) = Yo (=1)* V16, (1)

We set T' = T/zpr) for all T € G(I). It is further convenient to denote the
image of a monomial 7' € A in any quotient ring of A again by T. We will keep this
convention throughout the present paper.

(2.2) PROPOSITION. Let I C A be a squarefree stable ideal. Then, for every: > 0,
a basis of the homology classes of Hi(z1,%2,...,2y; A/I) is given by the homology
classes of the cycles

T'e; Aemuy, T €G(), H(o)=1-1, max(oc) <m(T), onNsupp(T)=70.

Proof. A minimal free A-resolution of A/I is multigraded; in other words,
the differentials are homogeneous homomorphisms and, for each 7, we have F; =
@; A(—ai;) with a;; € Z¥. Moreover, by virtue of [Hoc, Theorem (5.1)], all shifts
a;; are squarefree, i.e., a;; € Z¥ is of the form )., €, where 7 is a subset of

{1,2,...,v}, and where, as before, €;,¢,,...,¢€, is the canonical basis of Z”. Thus
it follows that H;(z1,22,...,2y) = Hi(z1,2s,...,2,; A/I) is multigraded k-vector
space with H;(z1,Z2,...,%y)s = 0 if @ € Z¥ 1s not squarefree. Hence, if we want to
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compute the homology module H;(z;, z,, ..., ,), it suffices to consider its squarefree
multigraded components.

It is known (cf. [B-H, Corollary (1.6.13)]) that, for each 0 < j < v, there exists
an exact sequence whose graded part for each a € Z? yields the long exact sequence
of vector spaces

EIN (Zja1y -y Tw)a — Hi(zjy oo Ty)e — H;_l(:cj+i, e Ty)ame,
:L'Hi—l(mj+la"-,mv)a — i—l(xj)"'awv)a"—")

~We now show the following more precise result: For all 7 > 0, all 0 < j < v and
all squarefree a € Z¥, H;(zj,...,2,; A/I), is generated by the homology classes of
the cycles
T/ef’ A Em(T), T e G(I)’ ﬁ(a) =i—1

with
J <min(o), max(c) <m(T), oNsupp(T)=0 and oUsupp(T) = a.

The proof is achieved by induction on v — 5. The assertion is obvious for j = wv.
We now suppose that j < v. For such j, but : = 1, the assertion is again obvious.
Hence we assume in addition that : > 1. We first claim that

Hi—l($j+1,--~)xv)a—c_,' '1-:'1—) i—1($j+la‘-'axv)a

is the zero map. Since a € Z" is squarefree, the components of a are either 0 or
1. If the j-th component of a is 0, then a — ¢; has a negative component; hence
H;_ (z_,+1, yTy)a—e; = 0. Thus we may assume the j-th component of a is 1. Then

a—¢;is squarefree and by induction hypothesis, H;_1(zj41,-- -, Tn)a- ¢, is generated
by the homology classes of cycles of the form T"e, A em(T) Wlth g & supp(7T). Such
an element is mapped to the homology class of 7'z je, A epr) in Hi_y(Zj41,...,%y)a-
However, since [ is stable, we have T"z; = 0 as desired.

From these observations we deduce that we have short exact sequences

0—Hi(Tj41,. .., T)a — Hi(zj,...,20)a — Hio1(Tjg1,. .., %0 )ame; — 0

for all 7+ > 1. The first map H;(z41,...,2,)s — Hi(zj,...,2,), of the above
exact sequence is simply induced by the natural inclusion map of the corresponding
Koszul complexes, while the second map H;(2;,. .., Zy)a = Hi—1(Tj41,- -+, Ty)ae; 18
a connecting homomorphism. Given the homology class of a cycle z = T"e, A en 1)
in Hi_1(2j41,...,%y)aze;, it is easy to see that, up to a sign, the homology class of
the cycle T'e; A €5 A em(r) in Hi(zj,...,2,)q is mapped to [z]. This guarantees all
of our assertions as required. Q. E. D.

Let us draw some immediate consequences of Proposition (2.2). Recall that the
1-th Betti number of a graded A-module M is the nonnegative integer

BA(M) = dim Tor (K, M)
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and the Poincaré series of M is the formal power series

[ee]

PA() = S BAMX.

1=0

(2.3) COROLLARY. Let I C A be a squarefree stable ideal.

(a) Bi(I) = Trecqu (m(T)'ideg(T)) for every 1 > 0. In particular, all the Betti
numbers of I are independent of the base field k.

(b) PA(A) = Trecn(l + A)m(T)=deg(T),

(2.4) COROLLARY. Let I C A be a squarefree stable ideal. Then
depthA/I = v —max{m(T); T € G(I)} + max{deg(T); T € G(I)} — 1.

In particular, if v = max{m(T) ; T € G(I)} (which one may assume without loss
of generality), then depth A/I = max{deg(T); T € G(I)} — 1.

(2.5) COROLLARY. Let I C A be a squarefree stable ideal and suppose that every
element of G(I) is of degree . Then A/I has a ¢-linear resolution.

In the following Corollary (2.6) we describe another important numerical invari-
ant of graded modules for squarefree stable ideals. For a graded A-module M, let
t;(M) denote the maximal integer « € Z with Tor (K, M), # 0. We say that

reg(M) = max{t;(M) —1i; 1 >0}
is the Castelnuovo—Mumford regularity of M.
(2.6) COROLLARY. Let I C A be a squarefree stable ideal. Then
reg(l) = max{deg(T) ; T € G(I)}.
In particular, if v = max{m(T) ; T € G(I)}, then reg(I) = depth A/I + 1.
Just as for stable monomial ideals (cf. [Pee]) we have

(2.7) COROLLARY. Let I C A be a squarefree stable ideal. Then A/I is a Golod
ring, and the residue class field k of A/l has a resolution whose Poincaré series is
gen by

A\ = (1+N)"
1 - Z:TEG(I)(I + /\)m(T)—deg(T))\z'
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Proof. It follows from Proposition (2.2) that the product of any two cycles in
K(zy,29,...,2,;A/I)is zero. Thus A/I is trivially a Golod ring (see [G-L, Corollary
(4.2.4)]). The Poincaré series of a Golod ring is given by

ALy (LA
BN = 1w
Hence the required result follows from Corollary (2.3). Q. E. D.

After distributing the first version of [A-H-H], we learned that resolutions of
similar ideals (called “lex-seg with holes” and “lex-seg plus powers”) are studied in
[C-E] independently.
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