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» 5 FEDBFBEFER_LETD Riemann-Roch map D
ATEARICOWVT

T
SR T

1 Main Theorem

k k& F B0 R= @uyoRn s Ro =k, R=Ro[R)] 2 ATHRERET 5, F 12,
m=R; &€&,

& 54ty X =Proj(R) it k L smooth & d RTOHEEHREL T 5,

AXq= ¢ ,AiXq . HEEM®D Chow group £33, ¥ 2. CH(X)g = Au_iXq &
B &, CH(X)q = ®.,CH(X)q % Chow ring £ ¥ 53,

CDEE. RIEKILT %0

FE 1 s=c(0x(1))N[X] €Au1Xg=CH(X)g EH<o CD& &, AR
€ : CH(X)q/(s) — A.(Spec Rn)e
BELEL T Er(td(QY)) = 7([Ra]) HBILT 30
CH(X)q - CH(X)q/(s) == A.(Spec Ru)q +— KoRmg

ICTc(0x(1) B X o~ kAT Ox(1) © first Chernclass &3 50 2 0. s i
line bundle Ox(1) &£ %54 % Cartier divisor TH 50 & Sic. 7 : CH(X)g — CH(X)g/(s)
iR, BART 250 KoRmg . AR Rn LOHEEMKD Grothendieck group T& b
7 : KoRmg — A.(Spec Rm)q %+ Riemann-Roch map &% %o [Rm] . FRAEKME
[Rm] 5153 3 KoRmg DT T, td(QY%) € CH(X)g ¥ X LD ~7 b AE QY D todd
class 2XT dD ET 3,

% 7o, € it graded module D EE T H b

[

[CH(X)o/(s)]; = Ass1-i(Spec Rn)e
(0) =~ Ao(Spec Rn)e



EIR->TW3B,

LI, section 2 Tk, COBRBIELEZEXBCH >HBIT>VWTEL. section 3 T
¥+ C @ Main Theorem OEAHP E LT, 53 ROHEEPLZ LicT 2, ~— UHOHE
#% T\ Main Theorem DI I3 EEE 4 5 ([10] BH)

2 DMotivation

T, LA BERO Y v XSO ATELACLOEBL S50 5 (7] BE) .

kFZBEHEp(>0) DR, A*ERBFTBRTERES L TH36DE T2, n=dimA
Ex <,

f:A— A% Frobenius &4 %, (0%0. f 3. f(z) =2? TEE3H) CoL &,
A DTEMELERESTLRATEBEILLD, f 12 finite HE M B T &iTiEE, Frobenius
WO e BIOARHE fCrAD A LEL, COBED A% fCA2BLTED A LomMBEE 5
b0k [CA] tEERT LT B, ,

KoA %2, A i@ﬁﬂﬁé)ﬂi}]ﬂﬁ@ Grothendieck group « Ko Aq®z Q@ £ ¥ <o HRAERK
A-MBEM CHIET 5 KoAg Ot E [M] & ¥,

—fxic, R¥EEE g: B — C # finite 5 (C % B-MBE & L THBRER) TH2 & &, HR
ERC-MBE g iik > THRER B-MBLAEENTES, Chitk-T g: B—C
. g":KoCq—KoBq 5% ¥ T 30 4. Frobenuis § f: A — A i finite 5 T3 - 7 »
5. EOBMITL->T f*:Kodg — Kodg 05 @~7 + VZEM Ky Ag D EHEHERFR
EgBFELsh3, Cotx,i=0,1,...,nicxd LT,

LiKoAg ={c€ Ko Aq| f*(c) = P"C}

EBLo ﬁ%iD\L;KoAQ 24 KOAQ DQ-RJ FNVBREMTHD. 3‘55C\f":KoAQ—*
KoAg PEIEME p DEELEMTH 2, COE &, FECHMBRHBILEL-T

KoAQ= @;;0 LK, AQ
CRBECEDEHETES (V41 7 VORTIMT BRMEEMES) o it Ko Ag DT [A4] 12,
[A]=¢a+ a1+ -+ 0 (3 € LiKo Aq) (1)

LREEND RAOKLABHBEBRI OSBRI N2, RAOHENIE. COSEER
ETEHEEBETCLETH S,
1=0,1,...,n HLT (f*)q) =pq; THBEicE&ETHIE,

(F)>(AD) = [FAl = p"gn + P Dogu s + - + D°q1 + 00



LRBIEBDLDPZ, COTEEDEBK

e—00

1
gn = lim —[*A] in K, Ag
pnc

ERBIEMbr3,

BECABEAIBARTHS 2L &1k, HE1E Kunz OFEIC &> T, [PA] REHK p* © A-
HEMHETSH 2. 220, f([A]) =['A]=p"[A] THD. [A] €L KoAq £ 5 C &b
PBo 2FED, COEE[A]=¢ Cuguui=-=q=0&,R>TW3, (A BERBKF
RTH3L&0. ADRKEBNRTRERTHD. Kodg=Q[4] TH2CEnBEBich
Pbo 2FD. DL &, KeAdg=LKodg THH. LiKoAg=(0) :=0,1,...,n—=1)
> T3, )

UL, A BZEREFRCERESER p (> 0) 0L &EDBADHERTH 2, L L.
localized Chern character ([4] £/) 2 EREKAENFEE[E > T, % 7 Gillet-Soulé ([5],
[6]) & > ik ETER &N 5 Adams operation S S Eick D, SETTOHB IR
—f#% D Noether BFR A (EAIBFROBLEVSORRET 3) LTEHTE 3,

2FD. 774X+ —4 SpecA EOFEFZFH D Chow group (E& X [4] BH) %
A.(Spec A)g = @7, Ai(Spec A)g & B\# & &, Riemann-Roch map & FEidh 5 &7 5t
T:KoAq — A.(Spec A)g R TE T, 7 R2BHF L L 3,

TLT. B, A PZEREBFARTHEEGESEY p(> 0) 0EL4EDBE.

771 (A;(Spec A)g) = LiK, Ag

LRB>TVWBEDTHE. 2D, LOERX (1) 0D [4] DEE~XI VDB EETH~
52 &k, —fixD Noether BAilR A LT, 7([A]) % A.(Spec A)g = &%y Ai(Spec A)g
DTLELTRTCERMIET 2. BT, EX (1) oRb v,

T([A) =ga+ -+ g0 (% € Ai(Spec A)g)

L& T &t 3, Main Theorem RU D/ — O HMIR. S0 7([A]) OR3BEH~
5&TH 3o

AT HRCEBLIVERL, A RBRERIBAROEREBE VI REL Y THRAT 3,
(CORDBRYOBI A REHBFRTHERESERp (>0) ORLETH3 bR EE-
TOREZNTHRELO2MAB VI, )

T([A]) =gn+---+qo (i € Ai(Spec A)g) K2 VWTRAAFKRDESI B EBbhoT
W3,



E® 2 1. —f%i< g #0. (Fulton [4] @& nid. ¢, = [Spec A] € A, (Spec A)g &7 5,
7212 L. [Spec A] 3. Spec A KHIET B4 4 7 v, )

2. A % complete intersection THHIE . guey = - = ¢ = 0. ([4] ® Cor 18.1.2 &
B )

3. A @ Cohen-Macaulay locus DIRTH k TH 3 & &,
T([Kal) = qn — quo1+ -+ (=1)'gnoi + --- mod &%_y A;(Spec A)q

TH 5o HiT. A b Cohen-Macaulay 85 7([Ka]) = gn—qne1+- -+ (=1)'qnei+- - -
THD. A D Gorenstein 185 gooy =gp3=---=0 Th 3,

JoADEREIE S B, COEE, HARAR ¢ : A,_i(Spec A)g — Cl(A) ®z @ 5
BELT. ¢(gu-1) = 3cd(K4) BWHIELT 5 ([8] ® Lemma 3.5) o B L. cl(K4) i
reflezive A-MNE Ky BB T 2RABMEALERT DL TS, COTE kb, A WEHE
BT, c(K4) 25 Cl(A) OB T torsion TRV S gy £ 0 oD B,

CCT. ROEHIBMEEEXLTALVWEED,

B3 Vo 7([A]) = ¢ BRILTE»? (A RERBABRTERGELGEK p (>0) o%2
htehrdes. r([A) =g, F. Kodg OF T [PA]=p"[4] TH B & LEHE, )

EE202THRLS I, AP complete intersection T&H 5 & &3, 7([A4]) = ¢, B
AT 5. £ FE204 Ebh3bL5ic, A M Cohen-Macaulay BTH -7 &L T
b BHBIET (K,) # Cl(4) T torsion TRWRSIE ¢, #0 Bbh 3, Th
o, ¥4, A Gorenstein BTH 5L &I 7([4]) = ¢, PRALTEHEIPEELS
DHERTHZ2ELEEDLN 2, Ll BHPSWVARE. —RICENQO TH 3, KOET,
Gorenstein RTH 0 XM S 1([A]) #¢. EREB AR, FH 1 2> TRD 3,

ROE~ECH T, 7([A]) =qn 2HRTRFR AREDLIRHEER>O»ZERL
TH &V,

EE4 1. P. Roberts [12] k> THIMEhTWVwB &I ic. 7([4]) = ¢ BRILTHIE.
vanishing theorem BRI T 5, 2D M & N BEHERER A-MBET. pd, M < oo,
pdgN < o0, L4(M®4N)<oo,dimM +dimN <dimA4 FkdbDTHB & &,
Ti(=1)"24(Tor#(M,N)) = 0 BT %,



#ic . A 25 complete intersection TH 0 iE 7([A]) = ¢, TS % D T. vanishing theorem
BERILT B (P. Roberts [12]) o vanishing theorem 3. A BIERIEFARTH 2 L &«
i3 Gillet-Soulé [5] T & » THILICAHEI LTV 5,

O THEHEELTE M. vanishing theorem BRI T2 & &L 1([A]) =¢. 7B C
EREETREV, 7([A]) # ¢a £7 B Nocther BFIR A OBk EAB S (KD
BT, Gorenstein B A T. 7([A]) # ¢ LB 2P LW T 5 ) »5. vanishing theorem
BRI LB WHARHE S TWIE W, 7([A]) # ¢n T b vanishing theorem ML T 3
cEis s ([12], [9) BE) .

L CCTRVAREREMBETHEEESER p (>0) DREAETHED LT E.d: F =G
* A-HEMBEOMOBRAERE T3, @YK F,GoBEXEELT d % A-FH
DIFFITEVTHE . EOFTHOERS % p¢ LETHEHRELILERE d: F =G
EEL LIRS B,

F. : Oqﬂ—iﬂ_lﬂ'—i-ui»Fo—»O

AEREREH AMBEOHET, FEO ¥ LT H(F) 0REBERET 5, &
DEE.F, ... F oBEr@EMcEELT. HEFH 2

€dj-y

F.l . 0—>F1:ﬂ>F;_1——>---i>Fo—>0

LED B, Fld RiEricithkictin, Fy, ..., F, oBEOWMb HickoFic@AE%:
BOWT—BHICEE 3L iciER. 2. F80 i kLT L(FM) ogs AR
£ B, Fl i F.@, %A % CA-HHMBORGERL DTS 5,

Szpiro it [15] OB TROBREFEE Lo
FH5 A F %, i%%?ﬁ&?ﬁﬁ&‘j—éo oL E,
3 La(H(FH) = e 0 La(H(F)
T55 5, (n 3. A DRx)
COTFHESICRIRANS 2, AL,k 28 p(>0) DELET.

To T
k[[xo,zl,zz,yo,yl]] /Iz ( o 71 Y )

Ty T2 Y



EWSBRRASAAE. COTR. EOFHEARTI LAV L S HEEALERT 5
C L BT &3 (Dutta-Hochster-MacLaughlin [3] D F&E%2E>) o LORIE. 3 kT
Cohen-Macaulay BHBIE TS 2 Z L k&,

S ART(A) =g ZRTELBRELTHL 50 2% 0. Kgdg T [fA] =p™[4] T
bBET B CDEE, MBI,

D (=1 2a(Hi(F) = 3o(=1)La(Hi(F. ®4 °4)) = p*- S (=1)'a(Hi(F.)  (2)

ERBIEBbD B,

. PAE.RA s complete intersection THNIE, EE 2D 212 &b 7([4]) = ¢
MERIL L TW B DT Szpiro O FHid. A # complete intersection ThH 5 & = IZFRIL
3% ([6] ® Theorem B)

BB, ARZHBARTHEEESER p (>0) 0F2&TH 0. F. it. homology
BIRTREIARTHILH>DNEREHEEATH B L &

DA(F.) = lim = 3 (-1 4(H(F ) 3)

B FEHEREST I EBASHTYT ([2]) . Shid Dutta multiplicity & 1
NTW5B. —fkicid Dutte multiplicity D4(F.) 2. #{&D homology D& & DRt
0 Ti(—1)2a(H(F)) E—B LW ([8) o LL. 7([4]) = ¢ THAE. R (2)
EERR (3) kb, Dy(F) . ZRH Ti(-1) 0 (H:(F.) ¢ —ET230TH 3,
Dutta multiplicity 1. (REF¥H B EEEEZ L. ) localized Chern character i fih
RS ([4], [18]) o localized Chern character ®3tE X . Serre FAE intersection
multiplicity DHEICBVWTHECEERRIYLEEL T,

3 bR (BABEtE)

CORTIR, EHE1%2->T. B A » Gorenstein BTH 0 BHB S, BE3 BRI~
BOBERD %,

k2o P* 2k Lo n REHEEMET 3 (2% 0. P" = Proj(k[zo,...,2Zn])) o n, m
(n<m) ZERBET 3. X =P xP™ &L, X < P"™"™™ £ Segre embedding &
T3,

D& &, X — P o affine cone @Ak Cohen-Macaulay BT b . Gorenstein
RTHBLEFLEDLRMHEI n=m . complete intersection T 3 B EFZESE&BER n=m=1
ThH3 (A, [1] 2H),.



SEZEM DO Chow ring ([4] Z8) R& (AL TVT,
éH(P")@ = Q[a]/(a™*)
L7 %o 1oL, a=1c1(Opn(1l)) TH 20 a D degree 2 1 &3 HiE. it graded ring
ELTORERBTHZCEicER. AHKIL T,
CH(P™)q = Q[b]/(b™*")

ERBo ff Ly b=c)(Opm(l)) TH 5o
REZREOER D Chowring &, FARHEEM (55 VWi b > & —A#ic Grassmann
EhiE) THHhE Chowring 07 ¥V VRFERICR 2 EBFoh TS (4]) o £ - T,

CH(P" x P™)q = CH(P")q ®q CH(P™)q = Q[q, b]/(a™*!,6™*")

183,

p1: X = P" (tesp.pr: X - P™) 25—~ D (resp. E_RA~D) fHHE LT3, 20D
L&, EHAD X — PP 23459 3 line bundle Ox(1) . piOpn(1) @0y p50pm(1)
&“ﬁ'ﬂ‘éo ﬁ‘:\

c1(0x(1)) = a +b € Q[a, b]/(a™*,b™*!) = CH(P" x P™)q

BRILT 3,
CCT. EB1 2FALE.

A=klzi;|i=1,...,n; j=1,...,mlo)/ a2(zi;)
ELT
CH(X)q - CH(X)g/(a+ b) = A.(Spec A)q <— Ko Ag

EVWISERBOFINBH D, £ it graded module & LTORE TS 3,

Eom(td(QY)) = 7([4]) TH 2 DT, 7([4]) PHRFEFA~ 3B, 7(td(QY%)) » graded
ring CH(X)g/(a+b) PP TEDRICEF B3P ERTH &L S0

n<m TH 355, gradedring & L T,

CH(X)q/(a+b) = Q[a, b]/(a"*!,b™*,a + b) = Q[a]/(a" ")

EVWSERNS D LiIcER,
&Riz. X o tangent bundle @ todd class td(QY%) PHE%EY 3,



EE6 CCT. todd class DHEE LT, ROZSicZEELTH ¢,

1. 0= A— B — C — 0 # locally free sheaf DELFITH 5 & & td(B) = td(4)-td(C)
WERILT 3,

2. L 7% invertible sheaf . c=c;(L) €CHY(X)q & L& &,

¢ 14l
— 14 et
l1—ec 2

&30 (CH(X)g=@iCH(X)g T i BRAKEHhif CH(X)g=(0) TH 3D
T. Lo td(L) B CH(X)g PLTH B, £/ c=0 THIE. td(L) =1 € CH(X)q

CERL)

td(L) =

X=P"xP" TH550T. Ox = pjQpr @ pipm BRILT 3 C & CEET 50 P* Lo
H %12 locally free sheaf @ 2471

0 — Qpm — Opn(=1)"*! — Opn — 0
“p TlERLT Ox-dual &3 &,

0 — Ox — Pl0pn(1)™ — pin — 0
W5 Ox £ locally free sheaf DFEL2FIMSIEN 3, Eikic LT

0 — Ox — p;0pm(1)™ — p3Qpm — 0
BEN B, CCIT. EE6 OMEITLD.,

td(QY) = td(pjQps)-td(p3Qem)
= td(p;Op~(1))"*-td(p}Opm(1))™*

1—e™0

i, BEma)=a, 1)) =—aick->TEL ZBERE

™ : Q[a, b)/(a™*, b™*!) — Q[a]/(a™*)

T, m(td(QY)) ZFHELTRRE LV,
a n+1 —a m+1
(=) (%)

() )

m(td(Q%))




Thb, CIT. BEEADEETORITEE D Taylor EEZ ¥ » TP 0,

m—n a ~(m=n)
=) - (Seew)

ot eQa)/(a™),

(1‘6‘:;(21_ea) " - > (2%:)_' ~4)
[ ()

"t lps e Qlel/(a™)

= 1-

= 1-

ERB, COTEED, EF . n#F m THhE, n(td(Q%)) © a DHEEIZ -2 # 0
Thdo 2% 0. EE 1 OAKER €: Qa)/(a™!) — A.(SpecA)g TOHREZ A NIT.
E(—2520) = Qaima-1 F0 £ B0 SRR nEFMDEEB AR Cohen-Macaulay B
BT d(K4) # Cl(4A) @72, T torsion TRAW (AL, [1] BH) Sk, EE2D
455 quma1 A0 ERBIEEFET 5o
Ricn=mOBEEELL3on>2 THOK. o OFMI B £0TH 2, Chi,
BRER ¢ : Qa]/(a™!) — A.(Spec A)g TOEEE AN, £(T80%) = quima2 #0 %
BEWT 3, 2¥h.n=m>2 OBE. A it Gorenstein BTH Y AHB 5 G4ima—2 F 0
ERBHER>TVWSE, (n=m=10D& &, A complete intersection TH D, EE 2
D (2) TR ETH BH. td(Q)) =1€ Q[a]/(a®) L >TW5o )
COFET. 7([A]) ORBOKFBb- VA WARTETHETE 2 I LBYFEN B,
LaL. EEB17Tid. X itk Esmooth&ELTWaAd, ¥R A RAUBREALNL-T
LESo BEDE A, Sing(4A) BREWVEED 7([A]) KHTAHARELSNTVA L,
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c<TDLE A0) CA(T) THB. V €GM(A(0)) 12 L Viry 1= VO a0 A7)
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Theorem 4.3 (MAKRTBI) « 2 r RENHEEZL TS, i+j>20»2 i #
J+r=1Th2»i+j< -1 2i#j+r THNLH (T (ic(F(m)\{7})*); = {0}
zZu3,

CHEERT F(r)\{r} »BENBTHIH A ic(F(r)\{r})* (& ice(F(m)\{r})®
YEEAMTHIZZ2H S [03, Cords] 125R 67 g PREIAAT 2 -HORIE
REBIZELVWI DI S,
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Introduction

In this paper, we will study a (not necessarily reduced) zero-dimensional
subscheme of P™ and the Hilbert function of a Cohen-Macaulay homogeneous
domain, focusing on “Castelnuovo’s lemma” and related matters.

At the end of the last century Castelnuovo proved his well-known lemma
on sets of points in P” (the reduced case of Proposition 2.3), to construct a
theory of “extremal curves”. Lately, Eisenbud and Harris [5] gave a sufficient
condition for a set of points to lie on a d-dimensional rational normal scroll,
and used this result to study “nearly extremal curves”.

On the other hand, for some reasons, it is desirable to extend results on a
finite set of points to the non-reduced case. But arguments in classical works

.sometimes depend on reducedness of the coordinate ring, so some classical
methods are not effective in the scheme case.

In this direction, Eisenbud and Harris [2] proved that Castelnuovo’s lemma
remains valid in the context of schemes (in Section 2, we will give a new proof
of this theorem).

We will investigate these aspects of a zero-dimensional subscheme of a
projective space, using M. Kreuzer’s result on the canonical module of the
projective coordinate ring. The main result of this paper is the following.

Main Theorem. Let X C P7, r > 2 be a not necessarily reduced zero-



dimensional subscheme in uniform position. Denote the h-vector of the pro-
jective coordinate ring of X (in other words, the first differences of the Hilbert
function of X) by (ho, h1,--.,hs) where hy # 0. If there exzists some 2 <1 <
s —2 such that h; < hi+d —1, then there is a d-dimensional rational normal
scroll containing X. If hy > 2 and s > 3, then hy_1 < by +d —1 also implies
the same assertion.

Our theorem is stronger than Theorem 2.1 of [2] and Proposition 3.19 of
[5] in some senses. For instance, their results concern only the number of
conditions on quadrics (h2,.in our context). _

In the latter half of this paper, we will give another approach to “Castel-
nuovo’s lemma” from a view point of a recent result of Huneke and Ulrich
[6]. And we will also study the h-vector of a homogeneous Cohen-Macaulay
domain of arbitrary dimension, using the “uniform position theorem”. For
example, we will show the following.

Proposition 0.1 Let A be a homogeneous Cohen-Macaulay domain over
algebraically closed field of characteristic 0. Let (ho,ha,...,hs) be the h-
vector of A. If hy > 2 and hy = h; for some 2 <4 < s —1, then we have
hi = hg = --- = hs_q and hy < hy. In the case h, = 1, if there is a
2 <i<s—2 such that h; = hy, then hy = hg = --+ = h,_;.

1 Notation and preliminary results

We work over an algebraically closed field k of arbitrary characteristic unless
otherwise specified. By P, we denote the projective r space over k. Let
S := k[Xo,- - - X,] be the homogeneous coordinate ring of P".

Given a subscheme V C P7, we denote by Iy the saturated homoge-
neous ideal of V. We say that a subscheme V C P" is non-degenerate, if no
hyperplane contains V.

Let X C P’ be a zero-dimentional subscheme, and R := S/Ix be the
homogeneous coordinate ring of X. Unless otherwise specified, X and R are
used in this meaning throughout this paper. R is a (not necessarily reduced)
1-dimensional Cohen-Macaulay homogeneous ring.

The Hilbert function of X is denoted by Hx : Z — N (n —— dimy R,),
while the degree of X is given by deg X = sup{Hx(n)|n > 0}. If X is
reduced, then deg X is equal to the number of points contained in X.



Set s = min{n|Hx(n) = deg X} and h; = Hx(i) — Hx(i —1). Then we
have hg =1, h; >0forall2<i<s, hg+hy+---+ h; =deg X, and
: had+ -+ hed®
F(R,A) = Y Hx(i)y = 1ot/ lt/\ Ll

i>0

We call the vector (ho, h1,...,hs) the h-vector of R.

Definition 1.1 The graded R-module wg := Ext5(R,S(—r — 1)) is called
the canonical module of R.

The next fact is very important.

Proposition 1.2 (Stanley [8])

A by + hg1 A+ - - + ho)?)
1-A

' F(wR, /\) = Zdimk(wR);/\‘ =
ieZ

We now recall a few well-known geometric conditions on zero-dimensional
schemes.

Definition 1.3 We say that X is in linearly general position, if every proper
subspace L C PT satisfies deg(L N X) < 1+ dim L, or equivalently, if every
subscheme Y C X satisfies Hy (1) = min{degY,r + 1}.

Definition 1.4 Let X C P" be a zero-dimensional subscheme. We say that
X is in uniform position, if X is in linearly general position and every sub-
scheme Y C X satisfies Hy(n) = min{Hx(n),degY} for all n € Z.

The next result is due to Kreuzer. We shall say that a map of k-vector
spaces ¢ : U@V — W is I-generic, if ¢(u @ v) # 0 whenever u,v # 0, and
nondegenerate, if u € U and ¢(u® V) =0 (resp. v € V and ¢(U Q@ v) =0 )
imply u = 0 (resp. v = 0).

Proposition 1.5 ([7, Theorem 3.2. and 2.6.]) Let X C P" be a nonde-
generate zero-dimensional subscheme in uniform position. Set s = min{n|Hx(n) =
deg X} . If s > 2, then the multiplication map S; ® (WR)—s41 — (WR)-s+2

is 1-generic, and the multiplication map R, @ (Wr)—s41 — (WR)-stnt1 S
non-degenerate for all n > 0.



Remark 1.6 (a) If X C P is in linearly general position (in particular,
uniform position), then the h-vector (ho,h,...,h,) satisfies h; > hy = r for
all 1 < i< s— 1. Hence we have Hx(n) > min{l + nr,deg X} for alln > 0
(see for example [7]).

(b)For any non-reduced point z € X, the local artinian ring Ox, has
a non-zero socle (note that k is algebraically closed). Since we have that
dim; Ox ./(a) = dimy Ox—1 where 0 # a € soc(Ox,s), there is a subscheme
Y C X such that degY = deg X —1 (if X is reduced, Y is nothing other than
X \ {z} for some point z € X). Moreover for each integer 1 < n < deg X,
there is a subscheme Y C X such that degY = n.

On the other hand, if X is in uniform position and has the h-vector
(ho, hy,-. .., h,), then every subschemes Y C X is in uniform position again,
and has the h-vector (hq, b1, ha, ..., hi—1, h;) for some i < s and A < h;.

To prove the Main Theorem, we need the following result from Elsenbud’
“1-generic matrix” theory.

Proposition 1.7 Let ¢ : UQV — W be a linear map of k-vector spaces
and M be the linear form matriz with entries in W which corresponds to
¢ (the correspondance between a bilinear map and a linear form matriz is
given in Introduction of [1]). If ¢ is 1-generic and dim;V = 2, then M is
equivalent to a unique scrollar matriz M(a1,---,aq) with1 < a3 < --- < aq,
Z‘f a; = dimy U. That is,

M ~ M(ay,---,aq)

(171,0 T11 - Tie-1 | T20 ' T2,a5-1 | fﬂd,ad-l)
Ti1 Ti2 o0 Tie | 21 0 T2e |t Tdag

Proof. From a well-known formula on determinantal ideals, the assumption
of Theorem 5.1 of [1] is satisfied automatically in this case. ]

For further information of a 1-generic matrix and the definition of a ra-
tional normal scroll, see [1] or [5].

!



2 Proof of the Main Theorem

If the assumption of the Main Theorem is satisfied, we have h;+1 > 2 (see Re-
mark 1.6 (a)). Hence we can find a subscheme Y’ C X whose h-vector forms
(ho, b1, - .., hi,2) by the argument in Remark 1.6 (b). Since (Ir)2 = (Ix)2
and the defining ideal of a rational normal scroll is generated by quadrics,
we can replace X by Y. So we may assume that h, = 2, s > 3 and
hey < hi+d—1=r+d—1. Then we have dimi(wr)-s+1 = 2 by Proposi-
tion 1.2.

Let M be the matrix with entries in (wg)_,+2 Which corresponds to the
multiplication map S1 ® (Wr)-s+1 — (WR)-s+2. Since this map is 1-generic
by Proposition 1.5, M is equivalent to a scrollar matrix M(ay,- - ,aq) with
1<a; <:.--<ayg and Z'{" a; = r + 1 by Proposition 1.7. We have d’ < d,
since dim M < dimg(wg)_s42 = 2 + hso1 < 741+ d where dim, M means
the dimension of the linear span of the entries of M. Put ! := min{i|a; > 2}

and b; := 7 a; for each j > 0.
We can find a basis zg,---,z, of S; and ap, a1 of (wr)-s+1 respectively
such that z;a0 = zi_1a; for all by <1< bjand [ < j < d'
Set
xbx—;, Th_y+1 * Ty-2 | Ty trr Thgr-2 | e Tl
M = |
To_y+1 Thg+2 *°° Th-1 I To+1 0 Thyyg-1 I cr Iy
the scrollar matrix of type M(a; — 1,a141 —1,- - -,a¢ — 1) with entries in Sj.

An explicit calculation shows that I;(M') - (wgr)-s+1 = 0. In fact, we have

(TsL4-1 — T5-1Tt) - Qo

= T,Z1-100 — T5-1(T¢0)

= 2,Z4_100 — Ts_1(Te-1011)

= 2,210 — Te-1(Ts_1011)

= Z,L4-100 — T4-1(Tsx0) = 0,

(bioy < Vs < b, bj_g <Vt < bj, 1 <Vi,j < d)

similarly,

(ZsTeo1 — Too17) -1 =0,

—26—



But, by Proposition 1.5, the multiplication map R2®(wr)-s+1 — (WR)-s+3
is nondegenerate. So we have I,(M’) C Ix. That is, the d'-dimensional ra-
tional normal scroll defined by Io(M’) contains X. Since d > d', there is a
d-dimensional rational normal scroll containing X. o

Remark 2.1 The essential idea of this proof is also used in the author’s
paper [9]. '

The next result is a special case of the Main Theorem. But even in the
reduced case, it improves Proposition 3.19 of [5] which needs 2r + 1 + 2d
points for the same conclusion.

Corollary 2.2 (Yanagawa [9]) Let X C P™ be a zero-dimensional sub-
scheme in uniform position. If deg X > 2r + 2+ d and X imposes 2r + d
conditions on quadrics, then there is a d-dimensional rational normal scroll
containing X.

The next proposition is the non-reduced version of Castelnuovo’s lemma
on finite set of points. This has been obtained in [2] and [3]. We will give a
new proof of this. Our proof is more algebraic and elementary than theirs.

Corollary 2.3 Suppose that X is a (not necessarily reduced) zero-dimensional
subscheme of P in linearly general position.

(a) If deg X = r+3, then there is a unique rational normal curve containig
X. _

(b) If deg X > 2r + 3 but X imposes only 2r + 1 conditions on quadrics,
then there is a unique rational normal curve containing X .

Proof. (a)The uniqueness statement follows from the fact that dimg(Ix), =
("'2'2) — Hx(2) = (”2'2) —(2r+1)= (;) and that a rational normal curve is

defined by (;) quadrics.

We can prove the existence of the rational normal curve contaning X by
the same arguments in our proof of the Main Theorem, since X is in uniform
position and has the h-vector (1,7,2).

(b) Let Y be a subscheme of X with degY = 2r+3. ThenY isin uniform
position and has the h-vector (1, 1, 1, 2). Since (Ix)2 = (Iy)2, the statement
follows from the Main Theorem immediately. o



Corollary 2.4 Let X C PT be a zero-dimensional subscheme in uniform
position and (ho, hy,...,hs) be the h-vector of the projective coordinate ring
of X. If hy > 2 and s > 3, then the following are equivalent.

i) hy = h; for some2 <i<s—1.

Zl) hl = hg == hs—l and hs S h].

i1i) There is a unique rational normal curve which contains X.

Proof. iii) = ii): Well-known.
ii) = i): Obvious.
i) = iii): From the Main Theorem. O

Remark 2.5 Even in the case h, = 1, if there is some 2 < ¢ < s — 2 such
that h,‘ = hl, then hl = h2 == h,_l.

Of course, the assumption h, > 2 of Corollary 2.4 is necessary. There are
many examples of a zero-dimensional subscheme in uniform position whose
h-vector satisfies s > 4, h, = 1, by = h,_1 but hy # hy (for example, an
arithmetically Gorenstein zero-dimensional subscheme which is not contained
in any rational normal curve). '

3 Some related topics

The next result, which refines Huneke and Ulrich [6] in most cases, is not a
direct consequence of the Main Theorem. But it may bring a new attention
to “Castelnuovo’s lemma”.

Proposition 3.1 Let k be an algebraically closed field of characteristic 0,
and let C C P, , r > 3, be a reduced, irreducible and non-degenerate curve.
Suppose that I' = CNH is arithmetically Gorenstein for a generic hyperplane
H.

(a) If C C P is not arithmetically Gorenstein, then I' C H ~ P™1 is
contained in a rational normal curve.

(b)If C is not arithmetically Gorenstein and degC > r + 1, then the
intersection of the quadrics containig C is a surface with minimal degree
(i.e. a rational normal surface scroll or the Veronese surface in P° ).

(c) Let S = k[zo,Z1,-..,Z,] be the projective coordinate ring of P7, and
let Ic C S be the saturated ideal of C. If dimk(I¢)2 < (’;1), then C itself is
arithmetically Gorenstein.




Proof. (a) Let P be the projective coordinate ring of H (i.e. P := S/(z) for
some z € 51 ), and let R = P/Ir be the projective coordinate ring of ' C H.
Corollary 3.24 of [6] implies that

Torf (k,R), #0  where s:= min{n|Hr(n) = deg’ = deg C}.

Since R is Gorenstein, we have Tor!_,(k, R),_; ~ Torf (k, R), # 0. We may
assume that I' C H is in linearly general position, hence I is contained in a
rational normal curve by Corollary 3.c.6. of [4].

(b) Since I' C H =~ P! is arithmetically Gorenstein and degl’ =
deg C > r+1, we have that deg ' > 2(r—1)+2 = 2r, s > 3 and (Ir); = (Ip)2
where D C H is the rational normal curve containing I'. On the other hand,
Corollary 3.24 of [6] shows that dimy(Ir); = dim,(I¢); in this situation. So
we see that the intersection of the quadrics containing C is a surface whose
generic hyperplane section is a rational normal curve. Hence it is a surface
with minimal degree. '

(c) If degC # r + 1 (equivalently, degC' > r + 1), the assertion follws
from (b).

If deg C = r+1 and C is not arithmetically Gorenstein, then easy obser-
vation shows that dimy(Ir), = (’;1) — Hp(2) = (';1) —(r+1)> (’;1) +1.
But Huneke and Ulrich proved that dimy(Ig)s > dimy(Ip), — 1 (see p.497 of
[6]). It contradicts the assumption dim(Ig); < (’;1). m]

Example 3.2 Let B = C[z8,z7y, z%y*, 2%5,y®] and Proj B = C C PL. The
generic hyperplane section C'N H is arithmetically Gorenstein, but C is not
arithmetically Cohen-Macaulay (see Example 3.26. of [6]). Easy calcula-
tion shows that the intersection of quadrics containig C' is a rational normal
surface scroll of type S ».

Let A = @,5¢ A, be a homogeneous ring over k (i.e. Ay~ k and 4 =
k[A1] ) of Krull dimension d. If A is Cohen-Macaulay, there are certain
positive integers kg, k1,. .., hs such that

ho+Rid + - + ho)®
(1-X) '

F(A, /\) = Zdlmk A,’/\i =

i>0

We call the vector (ho, h1...hs) the h-vector of A. If dim A = 1, the above
definition coincides with our previous definition in Section 1.



From now on in this section, we assume that chark = 0. The next
theorem is J.Harris’ famous result [5, Corollary 3.4].

Uniform Position Theorem Let C C P be a reduced, irreducible and
non-degenerate curve. Then a general hyperplane section C N H is a set of
points in uniform position.

In virtue of this theorem, we can use our results on zero-dimensional
schemes to study the Hilbert function of a homogeneous domain. The next
fact is a key lemma.

Lemma 3.3 Let A be a homogeneous Cohen-Macaulay domain over k of di-
mension d. Then the h-vector of A is the h-vector of the projective coordinate
ring of a set of points in uniform position.

Proof. By Bertini’s theorem and the uniform position theorem, there is a
linear regular sequence x = {z1,...,24.1} C A; for which A/(x) is the
projective coordinate ring of a set of points in uniform position. It is well-
known that 4 and A/(x) have the same h-vector (see [8]). O

Proposition 3.4 Let A be a homogeneous Cohen-Macaulay domain over al-
gebraically closed field of characteristic 0. Let (ho, b1, ..., h,) be the h-vector
of A.

(@) If by > 2, and hy = h; for some 2 < i < s — 1, then we have
hi=hy=---=h,_y and h, < hy. In the case hs =1, if there is an integer
2<1i<s—2 suchthat h; = hy, then hy = hy = cee = hy_q.

(b) If there exists some 2 < i < s — 2 such that hi < hy+d—1, then
hy < (’”2"‘1) - (h‘f_,l'd). Ifhy > 2 and s> 3, then hy_y < h; +d — 1 also
implies the same assertion.

Proof. From Lemma 3.3, the Main Theorem and Corollary 2.4. 0
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M (2.1) (Goto 19814F) IE XTTD Noether/FTHR (A, M) D4 Tt XD =D D LML [FIHE
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Buchsbaum ZRODIFIRIL 45 H Tl 472 TFLC rings (generalized Cohen-Macaulay rings & &
BiINb. ) OFNIHBEIhTWS, £LC. SLERT2LD Tlid s, ZOFM
DHATESHRORBENEVHDIL. Cohen-Macaulay {LHIETH 2 L B >, Faltings |3+
DA D 3 X D #F Tdim Non-CM(X) = 10) Noether scheme X |T i 24 72 blow-up® % |2
Cohen-Macaulay £725Z & &ZRLTWA, 2.1) dim Non-CM(X) = 0 DS DIEDEE BT
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WS RBROZETHAH. Wil Cuong I2& > T—RBOFENT 2 A &4 preprint
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Various Approaches toward the Jacobian
Conjectures

Masayoshi Miyanishi

1 Jacobian Conjecture

Let k be an algebraically closed field of characteristic zero and let A} (or
simply A™) be the affine space of dimension n over k.
Let us recall:

Jacobian Conjecture. Let f: A} — A} be an endomorphism defined by
polynomials fi,+++, fu € k[z1,-+, 2,). If the jacobian

(fl) )fn) dt(aft)
L1y "y Ty amg
is everywhere nonzero on A} then f is an automorphism.

More generally, we may ask whether or not the following holds:

Generalized Jacobian Conjecture. Let f : X — X be an étale endo-
morphism of a nonsingular algebraic variety X defined over k. Then f is an
automorphism.

Concerning the second conjecture, the following result is known.

Theorem 1.1 [5] Let f : X — X be the same as in the generalized jacobian
conjecture. Let n be the dimension of X and let x(X) be the (logarithmic)
Kodaira dimension.

1. If k(X)) = n then f is an automorphism.

2. If n=1, then f is an automorphism except for the case K(X) = 0, i.e.,
the case where X is an elliptic curve or the multiplicative group G,,.



3. Suppose X is an affine surface and kK(X) = —oo. Then f is an auto-
morphism if one of the following conditions is satisfied:

(a) X is irrational but not elliptic ruled,
(b) T(X,0x)* # k* and rank(T'(X, Ox)*/k*) > 2 when X is rational.

4. There is a counter-ezample in the case where n = 2,k(X) = —oo,
I'X,0x)* = k* and Pic (X) = Z.

A non-trivial example of an affine surface and an étale endomorphism
for which the generalized jacobian conjecture does not hold is given by the
following:

Example [5]. Let C be a nonsingular cubic curve on P} andlet X = P2 —C.
Let m : W — P2 be a triple cyclic covering which ramifies totally over C.
Then one can easily show that:

1. W is a del Pezzo surface of degree 3, which is obtained by blowing up
6 points on PZ;

2. C has 9 flexes, and the inverse image by 7 of each of these inflectional
tangents consists of three (—1) curves which meets in a single point on
771(C). So, there are totally 27 (—1) curves on W.

Choose mutually disjoint 6 curves among these (—1) curves, and let ¢ :
W — P} be the contraction of these 6 curves. Then o(n7'(C)) is an
elliptic curve isomorphic to C. Hence P2 — o(7~(C)) is isomorphic to X,
and the composite of rational mappings

ool X o (X) S X
is an étale endomorphism of degree 3 which is not finite. Note that x(X) =
0, Pic (X) & Z/3Z and I'(X, Ox)* = k*.

The affine plane A? is characterized as a nonsingular affine surface X
satisfying the conditions that x(X) = —oo,I'(X,0x)* = k* and Pic (X) =
(0).

This remark together with Theorem 1.1, (4) suggests that even if the
jacobian conjecture holds true in case n = 2 it must be a phenomenon fairly
special to the affine plane.



2 Finite étale coverings

Let X be a nonsingular affine variety of dimension n defined over k. We
assume that I'(X, Ox)* = k*. Consider an equation

(1) T 4+ EzTn—Z + o4 fn—lT + fn = 0’
where &, -+, are indeterminates. Let D,(§) be the discriminant of this
equation. For small values of n, D, () is given as follows up to signs:

Dy(§) = &

D3(€) = 4&+276

Dy(€) = 16656 — 465635 — 1288365+
1446,€26, — 27¢5 + 256¢3

Ds(€) = 108E3€2 — T2E4EEsEs + 166563+
16636365 — 4636362 — 900£3€,63+
825626362 + 560656;£365 — 1286265 —
630£,E364E5 + 144,628 — 3T7508,6:83+
20006,£262 + 1086365 — 276362+
2250£2€,62 — 1600636565 + 25665 + 312564

We shall begin with the following:

Lemma 2.1 With the following conditions on X, we have the implication
(1) = (2):

1. Any finite étale covering m : Y — X 1is trivial, i.e., Y is a direct
sumY =Y I - -1IY, and the Y; are isomorphic to X under w for Vi,
where n = deg.

2. For any n > 1, the diophantine equation

(2) Dn(§) =1

has only constant solutions in T'(X,Ox).



The condition (2) implies that there exist no finite etale coverings of X
defined by a single equation

™ +02Tn_2+"‘+an—1T+an =0, az-,0, € P(X)OX)

Proof. (1) = (2): Let R =T(X,Ox). Suppose the diophantine equation
(2) has a solution (as, -+ *,a,) in R. Consider an R-algebra

B =R[T)/(T" + a;T" 2+ +++ + an—s).

Let Y = Spec B and let 7 : Y — X be a finite morphism induced by the
inclusion R — B. Since D,(as,:-*,a,) = 1, the morphism 7 is étale. So,
by the hypothesis, 7 is trivial. Namely, the equation (1) decomposes into a
product of linear factors,

T"+a2T"'2+"'+an=(T—Cl)"'(T—0n),

where ¢y, -+, ¢, € R. Note that ¢; # c; everywhere on X provided i # j, i.e.,
ci—c; € R* = k*. So, we may write ¢; = c+o; withc € R and o; € k. Since
ci+ - +cp=nc+(a+--++a,) =0, we have ¢ € k. Thus, the solution
(az,--,a,) must be constant because each c; is expressed as a symmetric
function of ¢y, -+, cp.

Suppose 7 : Y — X be a finite étale covering such that B = I'(Y, Oy)
is given as
(3) B = R[T)/(T" + a;T" 2 + -+ + ap_s).
Suppose Y is connected. Since w is étale, the discriminant Dy(az, -+, an)
of the equation (3) is everywhere nonzero on X. Since R* = k*, we have
D,(az,+++,a,) € k*. Replacing b by an element bc™" with ¢ € k*, we may
assume that D,(az,*+,a,) = 1. Now, by the hypothesis (2), az,-+,a, € k.
This implies that the equation (3) is a product of linear factors. Since the

equation (3) is irreducible, we must have n = 1. So, 7 is an isomorphism.
Q.E.D.

We say that X is algebraically simply connected if X satisfies the condi-
tions of Lemma 2.1. It is well-known that these conditions are equivalent
to the condition that every finite étale Galois covering of X is trivial, i.e.,

Tag(X) = (e)-

Let G be a finite group. A finite étale Galois covering 7: Y — X with
Galois group G is synonimously a G-principal homogeneous space. The set of



isomorphism classes of G-principal homogeneous spaces over X is H, (X, G),
which has an abelian group structure provided G is an abelian group.

Lemma 2.2 If G is a cyclic group of order n, we have the following ezract
sequence:

0 — R*/(R*)*" — H}(X,Z/nZ) — Pic (X), — 0,

€

where (R*)*™ is the image of the “multiplication by n” homomorphism of R*
and Pic (X), is the n-torsion subgroup of Pic (X).

Proof. It follows from an exact sequence of étale cohomologies:
Hi(X,Gn) = HY(X,Gp) — Hiy(X,Z/nZ) —

Hélt(X) Gm) ﬁ’ 'Hé:lt(Xi Gm)

Q.E.D.
We have the following result.

Lemma 2.3 The following conditions are equivalent:

1. The abelianization 7¢%, (X) = (0).

1,alg

2. I(X,0x)* = k* and Pic (X) has no torsion.

Proof. (1) = (2): The condition (1) implies HL(X,Z/nZ) = (0) for
Vn > 0. In view of Lemma 2.2, this implies Pic (X), = (0) for Vn >
0. Namely, Pic (X) has no torsion. We shall show that I'(X,Ox)* = k*.
Suppose the contrary. Let ag € I'(X,Ox)*\k* and let p be a prime > 1.
Consider an R-algebra Ay = R[T]/(T? — ao). Since ag is nonzero everywhere
on X, Y = Spec Ay is a finite étale covering of X with degree p. Note that
either Y; is connected or Y is a disjoint sum of p components isomorphic
to X. Namely, either Ay is irreducible or there exists a; € I'(X, Ox)* such
that ap = af. In the first case, Y, is a p-cyclic covering of X and this
contradicts the hypothesis H},(X,Z/pZ) = (0). In the second case, consider
A; = R[T]/(T? — a;) and Y; = Spec A;. By the same argument as above,
there exists a; € I'(X, Ox)* such that a; = af, and so forth. Meanwhile, X



is contained in a nonsingular projective variety V so that V' — X has pure
codimension 1. Write V — X = D; + -+ + D,, where the D; are irreducible
components of V—X. Since ag € I'(X, Ox)*, (ao)v = Ll o D; with o; € Z.
Similarly, (a;)v = Y7, fiDi and o; = pf; (Vi) because ap = af. Thus, the
a; are divisible by p infinitely many times. This is a contradiction. Hence

[(X,0x) =k
(2) => (1): Lemma 2.2 implies H}(X,Z/nZ) = (0) for Vn > 0. Since
4t 14(X) = lim H; (X, Z/nZ), we have 7} % 1o(X) = (0). Q.E.D.

n

Since m(A%) = (e), Lemma 2.1 implies the following result.

Lemma 2.4 Let R = k[z1,-++,z,] be a polynomial ring. Then the diophan-
tine equation D, (&) = 1 has only constant solutions in R.

Proof. We shall here give an algebro-geometric proof.

(I) Case n = 1. Set X = A}, and let 7 : Y — X be a connected finite
étale covering. Then there exists a finite morphism p : C — P! from a
nonsingular projective curve C to the projective line P! such that p extends
the morphism 7. Let P., be the point at infinity on P! and let p™(Py) =
{Q1,--+,Q.}. Let d = degp and let v; be the ramification index of p at
Q: (1< 1< s). By the Riemann-Hurwitz formula, we have

29—2=-2d+)» (ni—1)=—d—s,

=1

where g is the genus of C. Since g > 0, we have d + s < 2. This entails
d = s = 1. Namely, 7 is an isomorphism.
(IT) Case n > 1. Let X = A} and let 7 : Y — X be a connected finite
étale covering of degree d. We shall prove by induction on n that 7 is an
isomorphism. Let ¢ : X — D = A} be an ApT ~L fibration given by a
suitable coordinate system on Ay. Let o : D — D be the normalization
of D in the function field k(Y). For any point P of D, the inverse image
7=1(g~1(P)) is a finite étale covering of ¢~!(P) & A"™" of degree d. By the
induction hypothesis, 7~1(¢~!(P)) consists of d components, each of which is
isomorphic to Ax™'. Hence o~!(P) consists of d points. Hence o : D—D
is a finite étale covering of degree d. Since D is irreducible, we must have
d = 1. Thus, 7 is an isomorphism. Q.E.D.



In connection with the above results, we would like to pose the following:

Problem. Let X be a nonsingular affine variety such that I'(X, Ox)* = k*
and I'(X, Oy) is factorial. Does this imply 7 54(X) = (e)?

One partial answer is:

Proposition 2.5 Under the hypotheses of the above problem, X has no étale
(simple) coverings of the type:

(4) T"+a1T+a2 =0, a,as € F(X,Ox)
Proof. The discriminant of the equation (4) is
= (n _ l)n—l n +( l)n—lnnag—I.

In view of Lemma 2.1, it suffices to show that the diophantine equation D = 1
has only constant solutions in R = I'(X, Ox). The equation D = 1 can be
written as

(=1)"n a3t = (b = 1)(bs = ) -+- (b1 = "),
where b; = (n — 1)*"a; and C is a primitive n-th root of 1. Then there are
mutually prime elements g¢;,+-+, ¢, of R such that

(@)™ = (-1 and b= ¢ =T (1<),

Then ¢f ™' — g7 = (1= (). f wis a primitive (n — 1)-st root of 1, g — w/g,
is invertible in R for 0 < Vj <n—1. So, g; —wqisin kfor 0 < Vj < n—1.
Then it is easy to see that ¢;,q2 € k. So, b; and hence a; and a, are in £.
Thus the equation D = 1 has only constant solutions in R. Q.E.D.

3 Vector fields and the jacobian.éonjecture

Hereafter, we shall consider the jacobian conjecture in dimension 2. It is
formulated as follows:

/g

)

Let R = k[z,y]. Given f,g € R, J(
k[f,g]-

) =1 if and only if k[z,y] =



Associated with the pair (f,g), consider a vector field on A%,
6—6'—f—-—fi where f, = — and f,=—
T T var T Ry 7 oz V7 oy’

The vector field is of course a k-derivation of k[z,y]. It is called locally
nilpotent if 6™(a) = 0 (n > 0) for any a € R. If § is locally nilpotent,
one can define an algebraic G,-action on A2 via a k-algebra homomorphism
A : R — R Q® k[t], which is defined as

Aa) = E —6"(a)t" a €R,

n—O

where G, is the additive group. Conversely, we can show that any algebraic
G,-action on A? is given by a locally nilpotent k-derivation 6 on R.
Furthermore, we have the following result.

Proposition 3.1 Let f,g be elements of R such that J (f’z) =1. Then
k[z,y] = k[f, 9] if and only if 6; is locally nilpotent on R. :

Proof. “Only if” part: Let § = §;. Since 6(f) = 0 and 6(g9) = 1, we have

6= é@_’ which is obviously locally nilpotent.

“IP’ part: Let Ry = {z € R| §(z) = 0}, which is a k-subalgebra of R and
contains the element f. Note that §(g) = 1. We claim that R = Ro[g]. For
the proof, define the 6-length £(z) of an element z of R by the smallest integer

n such that 6"*1(z) = 0. Then 6(z) = 0 if and only if £(z) = 0. If {(z) = n >
0, note that ¢ (z - —1—5"(2)9") < n, where §*(z) € Ry. Hence by induction
on £(z), we have z — —1—5”(z)g € Ro[g]- Thus, Spec R = Spec Ry x Aj. It is
then easy to show that Ry = k[u]. Since f is written as a polynomial ¢(u)
and J (f’ v =1, p(u) is a linear polynomial and hence k[z,y] = k[u,g] =

)

k[f, g]. Q.E.D.



4 Invariant theory for vector fields

Let K be a field of characteristic zero and let R be a noetherian K-algebra
domain. Let § be a K-derivation on R. We call an ideal I of R a §-integral
ideal if 6(I) C I. We have the following result of Seidenberg.

Lemma 4.1 Let I,J be §-integral ideals. Then we have:
1. I+ J,1J and INJ are §-integral ideals.
2. Every prime divisor p of I is a 6-integral ideal.

3. The radical /T is a 6-integral ideal.

We consider a principal ideal I = fR. If I is a é-integral ideal, we say
that f is a §-integral element. Later, when we restrict ourselves to the case
R = K[z,y], we call f a é-integral curve. If f is a é-integral element, we can
write §(f) = fx(f) with x(f) € R. An element ¢t of R is called a §-integral
factor if there exists a é-integral element f such that ¢t = x(f). The set of all
S-integral factors in R is denoted by Xs(R) or simply by Xs;. We note that
an invertible element of R is a é-integral element. In fact, if uv = 1 with
u,v € R then fu = —(v"6v)u with —v™'6v € R.

Lemma 4.2 1. Let t be a 6-integral factor, and let A; be the set of 6-
integral elements in R with the same 6-integral factor t. Then A; is a
K -vector space.

2. Xs is an abelian monoid under the addition of R, i.e., X5 is closed
under the addition and contains the zero element.

3. Let A be the subalgebra of R generated by all §-integral elements over
" K. ThenA=)_ A;and A;-A; C Agqe, while Y A, is not necessarily
teXs teXs
a direct sum. We call A the §-integral ring of R.

Let L = Q(R) be the quotient field of R. Then the K-derivation § on
R is naturally extended to a K-derivation on L. An element £ of L is, by
definition, a é-integral element in L if x(€§) = 6(£)/€ € R, and x(£) is then
a S-integral factor. The set of all §-integral factors in L is an abelian group



under the addition, which we denote by X;. Clearly, X5 C X as monoids.
The next lemma shows that X5 = X5 — X, l.e., X5 is an abelian group
generated by X provided R is a factorial domain (= a unique factorization
domain).

Lemma 4.3 Assume that R is a factorial domain. Then we have:

1. Let € be a §-integral element in L and write £ = fg~! with mutually
prime elements f,g of R. Then f and g are §-integral elements in R,

and x(€) = x(f) — x(9)-

2. Let f be a 6-integral element in R. Then any prime factor as well
as any divisor of f is a 6-integral element in R. Furthermore, the 6-
integral ring A 1is generated over K by invertible elements of R and
§-integral elements which are prime elements of R.

It is an interesting problem to ask whether or not Xsisa finitely generated
abelian group provided R is finitely generated over K.

Definition. Let X be an abelian monoid.
1. X is positive if X contains no abelian subgroups other than (0).

2. X is finitely generated if X := X — X is a finitely generated abelian
group.

3. X is good if X is positive and if there exist elements ¢;,---,%, of X
such that X = Z+t1 + -+ Zit, and X is a free abelian group with
free basis tq,---,1,, where Z+ is the set of non-negative integers. We
then write X = Z+t1 ® -+ ® Z,4t, and call r the rank of X.

We shall consider the subring Ag = {z € R;é(z) = 0} of R and the
subfield Ly = {€ € L;6(¢) = 0} of L. We say that A is an inert subring of
Rif a € Ay and a = bc with b,c € R implies b, c € Ay.

Lemma 4.4 Let R be a factorial domain. Then we have:

1. X5 1s positive if and only if Ag is an inert subring of R.



5.

Ly is algebraically closed in L. If Ay is an inert subring of R then
Q(Ap) 1s algebraically closed in L.

Every element € of Ly is written as € = bfa, where a and b are §-
integral elements in R with the same 6-integral factor. Conversely, if
a,b € A; witht € X5 and a # 0 then b/a € Ly.

Let R' = R®y, Q(Ao). Then R' is a factorial domain and Xs(R') =
Xs(R).

Let R" =R ®4, Lo Then X&(R”) = Xg(R)

We shall prove the following result.

Theorem 4.5 Let R be a noetherian K-algebra domain and let § be a K-
derivation on R. Assume that R is a factorial domain and the monoid X5 of
§-integral factors is good. Write Xs =Z4t1® -+ ® Z4t, withty,---,t, € R.
Let f; (1 <1< r) be a§-integral element such that x(f;) = t;. Then the
following assertions hold.

1.
2.
3.

We may assume that f1,+--, f, are prime elements of R.
R* C Ap and Ap is an inert subring of R.

For the 6-integral ring A of R, we have A ®4, Lo = Lo[f1,*+, fr]. If
fi,-++, f. are algebraically independent over Ly, A=Y A, is a graded
t€Xs

ring. Namely, the decomposition » , A is a direct sum.
’ teX;

. Ly = Q(AO) if and only if A = Ao[fl,“',f,.]. Furthermore, if Lo =

Q(Ao) and A = ) A, is a graded ring, then f1,--, f, are algebraically
tex
independent over Lao.

Proof. (1) Let f = f;forsome: (1 <i<r). If f = gh with g,h € R then
g and h are é-integral elements. Write x(g) = D o;t; and x(h) = >_B;t;
; :

with a; > 0 and §; > 0 (V). Since t; = x(f) = x(g) + x(h) = D> _(e; +J Bi)t;

j
and since tq,---,t, constitute a free basis of X;, we have o; + f; = 1 and



a; = ff; = 0 for Vj # i. So, either g or h belongs to Ao. Suppose g € Ag. We
may then replace f by f/g. Since R is a factorial domain, we may assume
by repeating this replacement finitely many times that f is a prime element.

(2) Let u be an invertible element of R. Then u and u™" are $-integral
elements. Since x(u), x(u™?) € X5 = ®]—;Z4+t; and x(u) + x(u™!) = 0, we
have x(u) = x(u™!) = 0. So, u,u™ € Ao. By a similar argument, a = bc
with a € Ao and b, c € R implies b,c € Ao. Furthermore, this implies that
any prime factor of a belongs to Aq and that any decomposition a = bc with
a € Ao implies b, c € Ap. Hence Ay is an inert subring of R.

(3) Let g be a S-integral element. Write x(g9) = outs +--- + art, with
a; > 0. Let f = ff*---for. Then g/f € Lo. So, g € Lo[f1, -+, fi]-
From this it follows that A ® 4, Lo = Lo[f1,"**, fr]. Suppose fi,-, f; are

algebraically independent over Lo. Given a relation Y fe =0 with f, € 4,
t€Xs

we can write fy = Y f{ --- for with 3 € Lo if t = oty + -+ + oy, for

Ay C A ®4, Lo = Loft* ++- f7r. Then the relation z'yt Pleeefir =0
teXs

implies v; = 0 (Vt € X;). Hence f; = 0 (Vt € X5). Thus A= ) A;is a

tex

direct sum decomposition. | 6
(4) Suppose Lo = Q(Ao). With the notations in (3) above, we can then
write g/ f = b/a with a,b € Ao. Since Ao is an inert subring of R, we may
assume that a and b are mutually prime. Since ag = bf, we have f = ah and
g =bhfor h € R. Since f = f{'* -+ f*r and f = ah, we have a = uf? oo fBr
with u € R* and 0 < f; < o; (Vi). Since x(a) = frt1+---+B:t, =0, we have
By=-+-=pB =0 Thusa=u€ R and g = ba~'f € Ao[f1,*+, f]. From
this it follows that A = Ao[f1,+, f.]. Conversely, suppose we have A =
Ao[f1,++, fr]- Take £ € Lo and write { = b/a with mutually prime elements
a,b € R. Then we deduce b§(a) = aé(b). So, 6(a) = ca and §(b) = cb for
¢ € R. Namely, cis a é-integral factor and ¢ = ayty + -+ + o4t with o; > 0.
Then a = aoff* -+« for and b = bo f* -+« for with ao, by € Ao because a,b €
A, and A, = Aofe* --- for by hypothesis. Hence & = b/a = bo/as € Q(Ao).

Tt then follows that Lo = Q(Ao). Suppose Lo = Q(A¢) and A= ) A¢is a
teXs

graded ring. Suppose that fi,--, f, were algebraically dependent over Lo.
Then there exists a nontrivial relation Y aq f{** -+« f" = 0 for an € Ao and

a
o = (0q,+++,a,). Note that aafi"" ++- ff" € Ay with ¢t = gty + -+ + art,



and ait; + -+ + a,t, # Pit;1 + -+ + B, whenever a # [. So, we have

Qo fft +++ for =0 because A = ) A, is a graded ring. Since R is an integral
teXs

domain, we must have a, = 0. This is a contradiction. Thus f;,---, f, are

algebraically independent over L. Q.E.D.

Remark. Let the notations and assumptions be the same as above. Since L
is algebraically closed in L := Q(R), any one of f1,- -+, f; is algebraically inde-

pendent over Lo. However, examples in the next section show that fi,---, f,
are not necessarily algebraically independent if r > 2 and that A = )" A, is
' teXs

not necessarily a graded ring.
We shall now look into Xj.

Lemma 4.6 Assume that Ly = Q(Ao), X is positive and X is finitely gen-
erated. Then X5 is good.

We prove the following result.

Lemma 4.7 Suppose § is locally nilpotent. Then X5 = (0),A = Ao and
Lo = Q(Ao)-

Proof. Let f be a é-integral element of R and let ¢ = x(f). If 6§ = 0, we
have nothing to show. Suppose § # 0. By [4, Lemma I.1.5], there exists an
element ¢t € R such that R[a™] = Ao[a?][t], where a = §(t) # 0 and a € A,.
The element ¢ is algebraically independent over Ay. We then have a™ f = p(t)
and a™c = o(t) with n > 0,m > 0 and p(t),o(t) € Ao[t]. Since 6(f) = cf
and a™8(f) = p'(t)a, an easy computation yields a™*!p'(t) = p(t) - o(t). This
implies that o(¢t) = p'(t) = 0. So, ¢ = 0 and 6(f) = 0. Thus, X5 = (0)
and hence A = A,. Next, let £ € Lo. Write £ = f/g with mutually prime
elements f, g of R. Then f and g are é-integral elements of R by Lemma 4.4.
Hence f,g € Ao. Thus € € Q(Ao). Q.E.D.

5 Vector fields on the affine plane

In this section we assume that the ground field k is an algebraically closed
field of characteristic zero and R is a factorial domain of dimension 2 which
is finitely generated over k. We shall begin with the following:



Lemma 5.1 The following assertions hold true:
1. Ap is integrally closed in R and finitely generated over k.
2. § =0 if and only if tr.deg xQ(Ao) = 2.

For a k-derivation 6 of R, the set §(R) = {6(z); z € R} generates an ideal
RS(R). The divisorial part (6) of 6 is the smallest principal ideal of R which
contains R6(R). Set (6) = dR with d € R. Then §' = d7'6 is a k-derivation
of R such that the ideal R§'(R) = R or has height 2; we then say that §' has
no divisorial part.

Let X = Spec (R). The subset V(R6(R))ea is called the zero set of 6,
which we denotes by Z(6). If § has no divisorial part, Z(6) is a finite set.

Lemma 5.2 Let k C ky C L := Q(R) be a subfield such that tr.deg ik, = 1.
Then there exists a non-trivial k-derivation § of R determined uniquely up to
an invertible element of R such that § has no divisorial part and Lo := {£ €

Let ¢ : X = Spec R ---— C be a rational mapping onto a smooth
algebraic curve C. Then ¢ is defined outside a (possibly empty) finite set
of X. Namely, ¢° := ¢|x—5 : X — ¥ — C is a morphism. For P € C, the
schematic closure ! of the fiber (¢°)~*(P) is called the fiber of ¢ over P and
denoted by ¢~!(P). We say that a rational mapping ¢ : X +--— Cis an
irreducible pencil parametrized by C if ¢° is surjective and general fibers of
¢ are irreducible and reduced; we also call ¢ : X -+— C simply a pencil. A
rational mapping ¢ : X ---— C is equivalently defined by giving a subfield
k(C) of L := Q(R). Then ¢ is an irreducible pencil if and only if k(C) is
algebraically closed in L. Given a rational mapping ¢ : X ---— C, we have a

decomposition ¢ : X -+“— C - C, where o : C — C is the normalization
ofCinLandp: X :-— C is an irreducible pencil parametrized by C. The
decomposition is called the Stein factorization of ¢. An irreducible pencil
@:X +-— C is called a fibration if ¢ is a morphism.

1Let T(y0)-1(p) be the defining ideal of (¢°)~!(P) in X —X. Let T be the inverse image
of tuZ(y0)-1(p) by the canonical inclusion Ox — t,Ox_x, where 1 : X — ¥ — X is the
open immersion. Then I is an ideal of R and defines the schematic closure of (¢%)~!(P)
in X [3].



Let 6§ be a k-derivation of R. We say that § is composed of a pencil
p:X ---— Cif §(Ir) C IF for every general fiber F' of ¢, where Ir signifies
the defining ideal of F. We also say that é is of fibered type if 6 is composed
of some pencil.

Lemma 5.3 Let the notations be the same as above. Assume that R* = k*,
where R* is the group of invertible elements of R and that & is composed of
an irreducible pencil p : X ---— C. Then the following assertions hold:

1. C is either A! or P.

2. In case C = Al, there erists an irreducible element f of R with §6(f) =
0 such that C = Spec k[f] and ¢ is a morphism associated with the
inclusion k[f] — R. We then have Ao 3 k.

3. In case C = P!, there exists two irreducible elements f, g of R such that
x(f) = x(9),gcd(f,9) =1 and p: X ---— P is the natural estension
of a fibration D(g) — Speck[f/g] = A', where P! = Projk[f,g]. We
then have Ly 2 Ag=k.

As stated in the above lemma, the irreducible pencil p : X «--— Cis a
fibration if C = A!. Hence we write ¢ : X — Alinstead of o : X .- -— AL

Lemma 5.4 Assume that R* = k*. Let f be an irreducible element of R
and let o : X — Al be a fibration defined by the inclusion k[f] — R. Let é
be a k-derivation of R such that Lo D k(f) and 6 has no divisorial parts (cf.
Lemma 4.2). Then the following assertions hold:

1. 6§ is composed of the fibration .
2. The following conditions are equivalent to each other:
(1) tr.degxQ(A) = 1.
(i) A=A = [f].
(iii) X5 = (0).
(iv) Xs is positive.

(v) Every fiber of ¢ is irreducible.



3. Assume that R is a polynomial ring k[z,y]. Then é
=d? fy% - fxc—,%) , where d = ged(fs, fy). Furthermore, if d = 1,
the following conditions are equivalent to each other:
(i) 6 has no zeroes, i.e., Z(6) = 0.
(ii) Ewvery fiber of ¢ is smooth.

Furthermore, if X5 = (0) then d = 1.

Lemma 5.5 Assume that R* = k*. Let f,g be two (distinct) irreducible
elements of R such that 1 € kf+kg and gcd(f,g) =1, and letp: X ---— P!
be a rational mapping defined by P — (f(P) : g(P)). Let § be a non-trivial
k-derivation of R such that 6 has no divisorial parts and Lo D k(f/g) (cf.
Lemma 5.2). Then the following assertions hold:

1. § 1s composed of the pencil .
2. Lo=k(f/g) and Ao = k.

3. In the case where R is a polynomial ring k[z,y], 6 is determined, up to
a constant multiple, as

_ 0 0 0 0
§=d7! (g (fyga: _fza_y') - f (gy'a—w——ga:%)) )

d = ged(gfy — f94,9fs — f92)-
Furthermore, if d =1 and J(f,g) € k* then Z(6) = V(f, g).

where

We say that a k-derivation é of R is locally nilpotent along an irreducible
pencil o : X .--— C if § is composed of ¢ and if the restriction §z of § onto
F is alocally nilpotent k-derivation of R/Ir, where F is a general fiber of @
and I is the defining ideal of F.

We have the following:

Theorem 5.6 Let R be a factorial domain of dimension two which is finitely
generated over k and let § be a non-trivial k-derivation. Assume that R* =
k*. Then the following conditions are equivalent to each other:



1. R =k[z,y], a polynomial ring, and 6(y) € k[z].
2. 6 is locally nilpotent.

3. There exists a fibration ¢ : X — C such that § is locally nilpotent
along .
- Theorem 5.7 Let R = k[z,y] be a polynomial ring, let f be an irreducible
polynomial in R and let 6 = fy% - fzb—-. Assume that § has no divisorial
: )

parts. Then & is locally nilpotent if and only if X5 = (0) and there ezists
a curve C which is defined by g = 0 with a §-integral element g of R and
isomorphic to Al.

As for the finite generation of X5, we have the following partial result.

Proposition 5.8 Let R be a factorial domain of dimension two which is
finitely generated over k and let 6 be a non-trivial k-derivation of fibered type
on R. Assume that R* = k*. Then Xs(= X5 — Xs) is finitely generated.

If Ap 2 k or Lo 2 k, a derivation 6 is of fibered type. We say that a
derivation & is of gneral type if Ag = Lo = k. We shall observe several
examples of derivations of general type.

Theorem 5.9 Leté = f(z)a— + -(-;’l be a non-trivial derivation on a polyno-
z Oy

mial ring R = k[z, y], where f(z) = [[(z — o)™ with o € k, ; # ; (i # 7).

=1

Then the following assertions hold:

1. § is of fibered type if and only if n =1 and ry > 2. Hence if n > 2 or
n=ry =1 then § is of general type.

2. Ifn>2then A=k[z — oy, -,z — o).

3. In the case n =1, assume that f(z) = z". Then A =k[z,z" 'y + (r—
D™ ifr>2and A=k[z] if r=1.

In the proof of the above theorem, we make use of the following result.




n

Lemma 5.10 Let f = [[(z — )" € Clz] and let F = f~'. Then the

e=1
residues of F at z = o; are zero for 1 < Vi < n if and only if n = 1 and
™ Z 2.

Remark. Consider a k-derivation 6 = f(m)ga; + g(y)% with f(z) €

k[z],9(y) € k[y] and f(z),g(y) € k. By a linear change of variables z,y,
we may assume that z | f(z) and y | g(y). Then z and y are é-integral
elements. Hence A = k[z,y] = R. For example, if f(z) = z and g(y) = —y
then Ay = k[zy] and § is composed of a fibration defined by the inclusion
k[zy] = R. If f(z) = z and g(y) = y then Ay = k, Lo = k(z /y) and § is com-
posed of an irreducible pencil ¢ : X -+-— P! defined by P — (z(P) : y(P)).

Conversely, if Ao 2 k then § is equal to a:-(%— - 5?; up to constant mul-
tiples of variables z, y.

It seems plausible that f(z) = z and g(y) = y up to constant multiples
of variables z,y if Ap = k and Lo 2 k. If this is the case, we can say

that § = f(z)% + g(y)(% with f(z),g(y) € k is of general type if either
deg f(z) > 2 or deg g(y) > 2.
Remark. Consider a k-derivation § = g(y)(% + f(m):—y with f(z) € k[z]

and g(y) € k[y].Then A, 2 k. In fact, set F' = [ f(z)dz — [ g(y)dy. Then
F € Ay. Hence 6 is of fibered type.

6 Affine étale curves

Let K be a field of characteristic zero which is not necessarily algebraically
closed. Let C = Spec R be an affine normal algebraic curve defined over K.
We call C an affine étale curve if the following two conditions are satisfied:

(1) there exist a K-derivation § on R and an element z of R such that
6(z) =1,

(2) R* = K*.



Let m : C — A’ be the morphism defined by the inclusion K[z] < R. Then
the condition (1) is equivalent to saying that 7 is an étale morphism, while
the condition (2) implies that 7 is surjective. :

Lemma 6.1 Let C[z,y] be a polynomial ring in two variables z,y and let f, g

be elements of Clz,y] such that the Jacobian J(f,g) = '—gg’ Z;
zero. Set R = Clz,y] ®cyy) C(f),C = Spec R and K = C(f). Then the

following assertions hold:

15 nowhere

1. With a K-derivafion 6= f,% - f,% of R, the curve C is an affine

étale curve over K such that R is factorial.

2. If the affine étale curve C is K-isomorphic to A then we have Clz, y]
= C[f, g]. |

Proof. (1) Since R is the ring of quotients of C[z,y] with respect to a
multiplicatively closed subset C[f] — (0), R is a factorial ring. Furthermore,
it is easy to show that R* = K*. Meanwhile, since J(f, g) is nowhere zero,
we may assume that J(f,g) = 1. Then §(g) = 1. Hence C = Spec R is an
affine étale curve over K.

(2) Suppose the curve C is K-isomorphic to A'. Write R = K[t] and g =
©(t). By hypothesis, 1 = 6(g) = ¢'(t)é(t), and hence ¢'(t),6(t) € K*. This
implies that g is a linear polynomial in ¢, R = K[t] = K[g] and § is locally
nilpotent on R. Since C[z,y] C R, § is locally nilpotent as a C-derivation of
Cl[z,y]. It then follows from Proposition 4.1 that C[z,y] = C[f,g). Q.E.D.

Thus, the Jacobian problem will be affirmatively answered if every affine
étale curve is isomorphic to A'. We have only a partial answer as given in
the following result (cf. [1]).

Theorem 6.2 Let 7 : C = Spec R — A}, be an affine étale curve. Then
15 an isomorphism if one of the next conditions is satisfied.

1. 7 is a finite morphism.
2. K(C) is K-isomorphic to K(A') = K(z).
3. [K(C): K(z)]=2.



4. K(C) is a Galois eztension of K(z).

5. C ®x K has at most two places at infinity, where K is an algebraic
closure of K.

6. C is factorial and C has a K-rational point.
7. C is elliptic 2.
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LIFTINGS OF COMPLEXES

HAREGEAEER SFHHEZ

§0. Introduction

&L Auslander %d1is & L T CM approximation 0 E#MSEM &4 [AB], £hic
FHELTREN2 § REBZ ML TEHATHEEVARESME Sh>o5 3, (cf.
[D]']) [D2]7 [H]: [HM]) [M]']) [MZ] COAHTDBEEN [Y2] CHvETOTER
LTTF&EW,)

¥ iz Auslander-Ding-Solberg [ADS] < ix 08 o lifting & CM approximation
COBENFEMICEREINO, Bic weak lifting LT, 52 ohmBE0 CM
approximation ® § REBOEEGHE L BITahTW3, & & T weak lifting &
R lfting XD DR OVFVERBETEEZ 40T, LD [ADS| 0BHIIEHH T
BERBREESDCLREETH 3.

Tk [ADS] it 5w TimB i L CERM & h /- weak lifting o B35 %, Eisenbud
[E] o&#8icE 5T complex ® FCEBMT 5 C &2 HIZE LTW 3, 5L % module
5 complex iTLIRT 3T LIt k-T, RAOHENBH I D BAE AL
EN3L, module KiF» o TRERTERP-ARERNHEROAREE Ko, Bic
weak lifting o complex ToOEHMB A4 X7 Did, (1.4) TEH &N 3 L-complex
CE>TTH 3. D L-complex BRADHERTRBONRBEERLT. foTHk
f8i13 L-complex 0EHRTH 2 & VW-THHE W, '

BRRAVOHRBOBBRTHELVWERHRTARTEL R TRIES A ote. BKD S
2ERBEEOH (Y] 2BRLTTFshEEVWEEVE S,

§1. Weak lifings of complexes

UT S % local ring, z # S 0k BEF L+ 5. £/, R =5/z5 &<
FoeKf(R):2£2%2 3. v5b5, F. i3 R LOBRERKME D complex T F; =0
fi<0&33. UTTRF 2R0L > %7

O On-1 911
> Fy Fr JREE > Fr » Fy —— 0

% i(F,) = inf{i| Hi(F) #0} &4 3. Bicfichib 5% WEY F. i3 minimal
free complex & 42, #-TL=1i(F.) T5 3.



DEFINITION (1.1). (a) S Eo free complex Go ©G. ®sR="F, L1253 & O 5%
#3 5& &, R _Eo free complex F, i3 liftable to S & 5 5.

(b) S Lo free complex G, © G, ®s R #5 F. % (complex & LT o) BFIFTF & L
TETRBSDOBELET 5 & &, F, i3 weakly liftable to S (w.l. LB5¥) &= 5.

ol Shslocaling cremg—michrrLsicit, SORAE S/ms 0
R-free resolution 2 F, £+ 2 ¢, F,idvwobwl Th 3. —Bcoex Sl 4
5t ® domain 7z 5,[ F, #s liftable <= S i3 regular | <& 3.

FoeKXR) sEA OGN LS, BHAERD S ~Ds5 LiF 0, : F, — By,
$EZX5. ¥R D50, OR=0,Th5. cOE=2E@DF:

-~ . -~ 3,. -~ an—l al—l

Fo:-. > F, > Py F F, > 0

BHo. bESA NI complex ki3 LBV, FOR=F cnzox
D5, On10n =gt 2iitcd Tn: Iy — Fay 8BET 3. BEictn=1,0R &
(. ot 7kt % F, o Eisenbud operator & 5 3. k ® %413 Eisenbud [E] iz
LoTRENTVWB L, ThEIDIOOEETH 5.
FACT (1.2). (a) 1120 &AM TH 3. f>T ¢ i4 degree —2 0 chain map F — F[—2]
EEDD.
(b) tit (F,,0) BLY iz & 5F up to chain homotopy T— &M icE T 3.
#ic t o class e, € Ext4(F,, F,) X—@B0icE % 5.

€Fe EEX B ETROERRTIENTES,
LEMMA (1.3). (a) Ext}(F,,F.) =01 5, F, i liftable & 5.
(b) S 28 complete local ring & &, F, # liftable T iz Exth(F,, F)=0ts3
5, Fy © S ~o lifting iz unique ¢4 3.

RLEZwl coWwTEA L,
DEFINITION (1.4). (the L-complex) L, = L,(F,) kD & > ic 5% 3.

T —6,,

Ly, = Fn—l @Fm 61113 = ( n 3 )

CD L, it complex itk 3 C EBBEBicHh 3.

LEMMA (1.5). L, i# chain isom. 2R\WT—&MICEE 5. %7, derived category
D;"(S) ‘Cfo“«‘—c, Lo(Fo) = F, Th 3,
F, % minimal complex ©& 3% 5 & WW»T, L(F,) iz minimal ¢4 2 & 12§ >
72\, L.(F,)®s R 12 Eisenbud operator t : F, — F, [~2] © mapping cone (275 3.
EBDIHDICT—DEHEE X3,



DEFINITION (1.6). G, % minimal free complex ©& % & &, QG, = (7i(g,)+1G.)(1]
L B % G, o (first) syzygy complex &\ 3,

F, %4 L & minimal © 72\ free complex @ & % ic i, F, & quasi-isom. 7%
minimal free complex G, % &-T QF, = QG, & <.

THEOREM (1.7). R k@ minimal free complex F, ic > W T®& D 5 & & I3FEE T
» 5.

(¢) Foizwl toS s 3.

(b) er =0 in Ext%(F,, F,)

(¢) F. it liftable to S/z%S © 5 5.

(d) L.(F.)®s R F,[-1]® F.,

(e) QLJ(F.,)®s R F, ®OF,

i< F, 8 R-module M © minimal free resolution ® & £ 2% % 3 &, (e) it
QL(M)QsREMSQL(M) LtEETS 3.

§2. The successive L-complex

LT T % local ring, {z1,%3,... ,2,} % T Lt o regular sequence &4 2. #L T
I'=(z1,22,...,2 )T & LT, R=T/I #%%x5. F,e K}(R) 55x o & &,
Ro7|

T —T/21T — T/(21,29)T — --- — R=T/(z1,23,... ,2,)T

LT, §1 OFEEEDEL T T-free complex L(F,) 2 EHT 3 BT 3,
(1.5) ®#% ¥ 1z & » T derived category DI (T) ic 5 WT Lo(F) X F. TH % & &M
AhB. BICROBORT I EBTES,
LEMMA (2.1). Lo(F.) iz up to chain isom. <, F, & ideal ] ic k>T D& —&MN
TR ED, I OKERRT T1,22,...,2, OO F i REMETH 3.

17N BroL>iEEEN 3,
THEOREM (2.2). FoRE ®F T R} minimal free complex F, iz oW TX DK

HREETH 3.

(a) Foidwl toT T4 3.

(6) F, it liftable to T/I? T4 .

(c) Lo(Fo)®7 R= @ Fo[—i](i) ,
(d) {QL.(F.)}®7 R= @i Q‘F.(i)

REMARK (2.3). Lo E® 2 [ADS; 3.6] RE(LTH 3.



§3. Marranda Theorem
§1 *E4# S i3 localring, 213 S LOFBRF LT 3. ¥/, R=S/zSTh 3.
5E13 R Lo complex G, BB¥icH L ohik st 5,

DEFINITION (3.1). nz(G.) = inf{n| 2" Ext§(G., 2G.) = 0} (< o0)

KOO DODEBICL-TERBTEEN Marranda EBOFLUMSKIL T 2 C &M
ShB. :

THEOREM (3.2). G, & H, # S k ® — > ® minimal free complex ©& 3 & &,
n>ny(G,) REBEnIco>WT

G.®s S/z"t1S = H, @5 S/z™!

BRI TAHRSITG2H, TH 3.

THEOREM (3.3). LoRE I MATEIL S # complete &5 3. 4L Ge 55
_ @ minimal free complex < indecomposable T 3 &4 3 &, n>ny(G.) 113 n
icoWT G®s S/z"t1S & % - indecomposable ¢ 3.

REMARK (3.4). S % complete @ & % derived category D3(S) ic T Krull-
Schmidt Theorem BV L> & RBEH i FD 5.

—% DI (S) ©it—f%ic BIE A © indecomposable complex ~ ® 5 f#5 T & 3 25,
CORBHB—BH»ES PRSIV,

§4. Eisenbud resolution of complexes
Sz,Riz 8§l /418§ AL ET 3. S LD free complex G, 5 X 5 &
7 5.

DEFINITION (4.1). {s;i}i>0 #8 Go @ 2 i8¢ 5 Shamash family of homomorphisms
(Shih) T4 3 &%, 5i:Ge — G, (chainmap W5 b TRIEWV) THoTIRD
REEZHIicT EEZTVS.
(a) so=0F
(b) deg(si)=2:—-1
(c) sgs1+s150=r¢
(d) Tipjznsisj=0ifn>2

Eiz Shih. {s;}i>0 %MK si®sS/ms=0(i >0) £ ¥ & & minimal TH 3
EWn 3,

G. 5 Shfh. 2 <cif, G, ®4 T ® homology i# R-module ©& %. Shamash
[S] iz £>T G, % R-module M @ S-free resolution o & % icix, G, it Sh.fth. % #
5, Bic ¢ € mgAnng(M) 72 5 iF minimal Sh.fh. BEES 3. —fFic iz,



LEMMA (4.2). G, XIRO&GE#E o+ & i3 Shih 2o,
z Ext}(G,,G,) =0, Ext¥(G,,G.) =0 (i<-1)
¥1: Gy BRO KM R /3 & & 212 minimal Sh.Lh 8-,
z € mg Anng(Ext%(G,, G,)), Ext¥(G.,G.)=0 (i< -1)

DUIF ik Go 25 Shih. {s5;} 2B RET 3. cot & S[t] % degt = -2 &
+3BHRR, S(r) % degr = 2 & ¥ 5 divided power algebra & ¥ 5. S[t] it
t:r®) o 70 o S(r) e EET 3.

DEFINITION (4.3). F, = F\(G.,{si}) R0 & > 5% 3.

Fo=5(r®sG., o =Ytes
i>0

2L T Fu(Gs,{5i}) = R®s Fu(Gs, {si}) L EHT 3.

REMARK (4.4). (325)2 =tz =zt®1 £ 30T, Fo(G.,{si}) it R Lo complex
22 3. —%, Fo(G., {si}) 12 complex & I3RSV, LOZERD 5, t 45 Fo(G., {si})
@ Eisenbud operator 25 % 2 EH5H» 3.

THEOREM (4.5). HRRE®/ j : Go — F,(G.,{s}) (9 — 1® g) i3 quasi-
isomorphism ¢ 3 3.

Fo (G, {si}) itz t BB I k>TW> b degree —2 o chain endomap #5% 3 C
EiIcAERL LS. #%ic G, » minimal complex ©& i< minimal Sh.fh. 2 - & &
2, FoERIT £->T G, BHE 35 degree —2 @ chain endomap 2> 2 LicX 3.
DI &S Ding D) oROFEROFEE CHERFTEHASES>H S,

COROLLARY (4.6). R-module M {c>WT z € mgAnng(M) HEiLd 3 & %, £
F® n > 0icxf L T surjective homomorphism Q}2(M) — Q}(M) BEET 5.
#iz R 5 Gorenstein ® & & i, F V¥ REBICHOWTOER R(M)=0(:>0)
&L,
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A RELATIONSHIP BETWEEN
MODULES OF FINITE PROJECTIVE DIMENSION AND
MODULES OF FINITE INJECTIVE DIMENSION

TAKESI KAWASAKI

Tokyo Metropolitan University

October 20, 1993

ABSTRACT. Let A be a Cohen-Macaulay local ring possessing the canonical mod-
ule K4 and M a finitely generated A-module of finite projective dimension. Then
M is Cohen-Macaulay if and only if so is M ® 4 K4. Furthermore if M ®4 K4 is
surjective-Buchsbaum, then so is M. But the converse is not true in general.

1. INTRODUCTION

Let A be a d-dimensional Noetherian local ring with maximal ideal m. A finitely
generated A-module K4 is said to be the canonical module of A if K4 ®4 4 =
HE(A)V, where (-)V denotes the Matlis dual. If K4 exists, then it is unique up
to isomorphisms and dim {4 = d. Furthermore if A is Cohen-Macaulay, then we
have the following facts:

Facts. If A is Cohen-Macaulay and I 4 exists, then

(1) A is Gorenstein if and only if K4 = A;

(2) K4 is a maximal Cohen-Macaulay module of finite injective dimension,
furthermore the type of K 4 is one—that is, u% (K 4) = 1. Here a A-module
said to be maximal if its dimension is equal to d and u’;(-) denotes the i-th
Bass number [2];

(8) arbitrary maximal Cohen-Macaulay module of finite injective dimension is
a direct sum finite copies of K 4 [12].

The fact (3) is simular to the fact that, over a Cohen-Macaulay local ring, a
maximal Cohen-Macaulay module of finite projective dimsnion is free [1]. Do there
exist other parallelism between modules of finite injective dimension and modules
of finite projective dimension? We shall give a one-to-one correspondence between
isomorphism classes of finitely generated modules of finite injective dimension and
isomorphism classes of finitely generated modules of finite projective dimension.
And we explore the surjective-Buchsbaum property of modules. The main result
of this report is the following.
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Theorem 3.3. Let A be a Cohen-Macaulay local ring possessing the canonical
module K4 and M a finitely generated A-module of finite projective dimension.
Then M ® 4 K4 has finite injective dimension, and if M @4 K, is a surjective-
Buchsbaum A-module, then so is M.

But the converse of Theorem 3.3 is not true in general. In section 4, we construct
a counter example of the converse.

Throughout this report, A denotes a Cohen-Macaulay local ring with maximal
ideal m. We assume that there is the canonical module K4 of A and d = dim 4 > 0.

2. THE FUNCTOR (-) ®4 K4

In this section, we explore the functor (-) ®4 K 4. Let M be a finitely generated
A-module of finite projective dimension and

F.:0—-F, —-F,_,—-—F —-F—0

be the minimal free resolution of M where F; # 0. Then we have the following
exact sequence:

02 F@sKy—- = F@1Ks—> M1 K4—0

by the following lemma which was given by Buchsbaum and Eisenbud [4], and so
M ®4 K 4 has finite injective dimension. If A is Gorenstein, then the functor is
naturally the identity functor.

Lemma 2.1. Let M be a finitely generated module over a Noetherian ring R and
]F.;O—>F,,L”1>Fn_l"_'l->“---i’->Fl RANY 7N

be a complex of finitely generated free R-modules. Let ri = E?:.‘(—l)j-i rank Fj
and I,,(p;) denotes the ideal of R generated by the r;-th minors of @;. Then the
following statements are equivalent:

(1) F, ®p M is acyclic;

(2) grade(Iy;(wi), M) > for all¢ > 1.
In particular, F, ® g M is acyclic if and only if F, is acyclic, when R is a Cohen-
Macaulay local ring and M is a maximal Cohen-Macaulay R-module.

This functor gives a one-to-one correspondence between isomorphism classes of
finitely generated modules of finite projective dimension and isomorphism classes
of finitely generated modules of finite injective dimension. We have to state a
definition of a dualizing complex to show univalentness of the functor.

Definition 2.2. Let I* be the minimal injective resolution of 4. A dualizing
complex ,denoted by D¢, of a Cohen-Macaulay ring 4 is definited to be I*(d).

Let D(-) := Hom4(-, D%). Then the following result is fundamental.
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Lemma 2.3. ([10] and [13]) Let M be a finitely generated A-module. Then

(1) the canonical morphism M — DD(M) is a quism;

(2) Hi(M)= H™(D(M))" for all i; )

(3) BA(M) = wi,(D(M)) and BA(D(M)) = piy(M) for all i, where BA(-) de-
notes the 1-th Betti number.

In above situation, we have the following diagram of quisms:

F:(-d) —— Hom(F.,D(D%)(~d))

!

D(M ®4 K1) — D(F.®4Ka) = Homu(F.,D(K4)),

where (-)* denotes A-dual. And so Fj(—d) is a minimal free resolution of D(M ® 4
K4) and piy(M®4 K4) = B ,(M). Hence we have depth M = depth M @4 K4 =
d-—t.

Next we consider the inverse functor of (-)®4 I 4. Let N be a finitely generated
A-module of finite injective dimenision and G, the minimal free resolution of D(N)
with differentiations 8,. We put ¢ = depth N. Recall that G; = 0 for all ¢ > d.
Because (K 4)p, = Ka,, for any prime ideal p we have Dy, = (D4)p(—dim A/p).
And so let p be a prime ideal of 4 such that dim A/p = s. Then

(F)p = (Fact) =+ = (F)y = 0

is exact and sprit, hence dim 4/I,,(8;) < i — 1 wherer; = E};ﬁ(—l)j“"“ rank G;.
Therefore G* is acyclic by Lemma 2.1. Let M := Coker(9;)*. Then M has finite
projective dimension and G}(d) is its minimal free resolution. Clearly the functor
N — M is the inverse functor of (=) ®4 I{a.

Theorem 2.4. Let M be a finitely generated A-module of finite projective dimen-
sion. Then

(1) M is Cohen-Macaulay if and only if 50 is M @4 K4;
(2) M has finite local cohomologies if and only if so does M @4 Ka.

Proof.

(1) Since Suppy K4 = Spec A, we have Supp, M ®4 K4 = Suppy M and
dims M = dim4 M ®4 K 4. On the other hand, we had shown that depth M =
depth M ®4 Ka.

(2) Since there is a dualizing complex, M has finite local cohomologies if and only
if M is equidimensional and M, is Cohen-Macaulay for all p € Supp, M \ {m} [11].
Passing to the localization, we have the assersion. U

3. SURJECTIVE-BUCHSBAUM MODULES

In this section, we explore surjective-Buchsbaum modules.
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Definition 3.1. A finitely generated 4-module M is said to be surjective-Buchs-
baum if the canonical map

Ext!,(4/m, M) — HL (M)

is surjective for all ¢ # dim4 M.

A surjective-Buchsbaum module is Buchsbaum [15] and has finite local coho-
mologies. Naturally, every Cohen-Macaulay module M is surjective-Buchsbaum,
because H: (M) = 0 for all 7 # dim 4 M.

The following lemma is called the Bass number criterion and due to Yama-
gishi [16]. Since it plays key role in our result, we give a brief proof.

Lemma 3.2. Let M be a finitely generated A-module with finite local cohomolofies
and assume that s = dimg4 M > 0. Then we have the following inequalities:

pla(M) < Z BA(A/m) - La(HEI (M) for alli < s. (3.2.1)

7=0

Furthermore the following statements are equivalent to each other:

(1) M is surjective-Buchsbaum,
(2) the equalities in (3.2.1) hold for all ¢ < s.

Proof. Take the minimal injective resolution I* of A and the minimal free resolu-
tion F. of A/m. Then the double complex C** = Homa(F., H}(I*)) gives rise to a
spectral sequence (E??,dP?) such that

E! = Homu(F,, HL(M)) = Exti (A/m, M),
and that the composition map
Ext?,(4/m, M) - E% — E}

is equal to the canonical map Ext?(4/m,M) — Hi(M). Therefore we have the
inequalities (3.2.1) and

the equalities in (3.2.1) hold <= d?P? =0 for all ¢ # s
<= M is surjective-Buchsbaum. 0O

Next we state the main result of this report.

Theorem 3.3. Let M be a finitely generated A-module of finite projective di-
mennsion. If M ®4 I 4 is surjective-Buchsbaum, then so is M.

Proof. We may assume that 4 is complete. Let F, be the minimal free resolution
of M and G, the minimal free resolution of I y. Then we have the following quisms:

F:(—d) ®4Ge —— Fi(-d)®4 K4 HomA(]F.,KA(—d))
| (3.3.1)
D(M) —_— D(F.),
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so that F{(—d) ®4 G. is a minimal free resolution of D(M) and

pa(M) = rankG; - rank Fay ;. (3.3.2)
7=0

Furthermore the double complex F;(~d) ® 4+ G. gives a spectral sequence
EY? = HA(M ®4 Ka)¥ ® G, => HEYI(M)V,

where we used the fact that F%(—d) is the minimal free resolution of D(M®4Ka)
and A is complete. Hence we have

Ca(HL(M)) < Z rank G; - L4(HE (M @4 K 4)). (3.3.3)

=0

On the other hand, since M ® 4 I\ 4 is surjective-Buchsbaum,

PAM @4 Ka) =) BMA/m)- CA(HTI (M @4 K,)) foralli<s. (3.3.4)

=0

By (3.3.2), (3.3.3) and (3.3.4), we find

pa(M) =) rankG; - rank Fuy;_;
=0
= > B(A/m)-rankG; - La(HI™H(M @4 K 4))
0

Ik
k

IA

’.
<

<.
- ¥

> BR(A/m) - CA(HITH(M)) foralli < s.
k=0

Thus M is surjective-Buchsbaum. O

4. A COUNTER EXAMPLE

The converse of Theorem 3.3 is not true in general. We have the following
example.

Example 4.1. Let A be a Cohen-Macaulay complete local ring which is not Goren-
stein. Suppse that d = dim4 > 2 and v = embdim 4 = d + 2. Let (K.,d,) be a
Koszul complex generated by a minimal base of m over 4 and M := Cokerd,_;.
Then M is a surjective-Buchsbaum module of finite projective dimension. But
M ® 4 K 4 is not surjective-Buchsbaum.

Proof. Since depth 4 > 2,

0—>A—>A"—>A(;)—>.M—v0
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is exact and A has finite projective dimension. By localization at minimal prime
of 4, we find dimg M = d. Recall that y(M) # 0 means that M is faithful (8,
Theorem 195]. We will show that Af is surjective-Buchsbaum but M ®4 K4 is
not surjective-Buchsbaum. By the assumption, there is a regular local ring B with
maximal ideal n such that dim B = v and 4 = B/a, where a is a perfect ideal of B
of height two. Since we know the minimal free resolution of M, we can compute
the local cohomology modules of M by (3.3.1), we have

Hiy(M) =H;_apa(m; K4)"
=Tor? 4 ,(B/n, K 4)Y, foralli<d
and
_ BE(Ka) i=d-1
Ca(Hu(M)) =< BP(Ka) i=d-2
0 foralli<d-—2.
Furthermore by (3.3.2), we have
BME4) + B (Ka) v i=d=-1;
pa(M) = ¢ B(Ka) i=d-2
0 foralli <d-2.

On the other hand, we have

v i=d-1;
paM@aKa) =1 i=d-2;
0 foralli<d—-2,

and
p(4) i=d-1;
Ca(HE(M @4 Ka)) =1 1 i=d-2;
0 foralli < d—2.

Next we compute Betti numbers of K4 and #Z(A). By Hilbert and Burch’s theo-
rem [3], there is the following exact sequence:

0—B" LB 2, B 440,

where f = (fi;) is a (n+1) x n matrix and g = (¢;) is 2 1 x (n + 1) matrix such that
g; is the determinant of the matrix obtained from f by omitting the j-th row. Since
K4 = Ext%(4, B), we have 83(I4) = BE(Ka) =nand BE(K4)=n+1= B(A).
A direct computation shows that aB™ C nIm f*; for example,

g1 ;
0 2
=1 :
0 dn+l
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where (-)* denotes B-dual and d; is the determinant of the matrix obtained from f
omitting the first and j-th rows and the first column for all j > 1. Hence we
have B! (IX4) = n + 1, because F{ (K 4) = pa(Im(f* ®@p 4)). And so we have the
assertion by the Bass number criterion. O

Furthermore we can construct infinitely many such modules if 4/m is infinite

field [9].

oo

10.

11.

12.

13.

14.

15.

16.
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Graded rings associated to ideals of higher
analytic deviation

LS EZS
R KEF

1 F

Z ORI, HEEMNERE, PEHERE KL OXFEMEICL 2D TH S, T#R% Noether
JBATE (A, m) LD 47 7V I 123 LT, Rees algebra R(I) = @npol™t" C Alt] (2 13 A L
DAET) B & U associated graded algebra G(I) = R(I)/IR(I) ® Cohen-Macaulay %,
Gorenstein HEiC D W TEET 5. R(]) OWE L G(I) DHE & DHERFIC D Tik—iE
HEBEATS Y, R(I) O¥EE it G(I) ® Cohen-Macaulay ¥, Gorenstein £, a-invariant
ECHEMATOND S EHEV. o T, BB GU) OMENED L) ITRFTR A RA
FTN] OUET EVRTIENTELNPEN)IT LIRS,

G(I)®4 A/m D7V )VRKTT% analytic spread LIFT, \(J) TR ZLIXT 2. ik
I @ minimal reduction % J & L7z L &0, J O/NERTOEKEE L2 LML
TW3 (cf. [11]). H1C J = (01,2, anp) PROWE EHFD L & J i special reduction
EIFEN S,

Ip = (al,ag,...,ath)AQ forall Q€ V(I) with hty Q < /\(I)

J & I © reduction THEHS, HEERMn T = JI" LR 2JOPHFET S F
W2 ry(I) = min{n|[" = JI*} EBE, ThE J KT S I O reduction number LS.
ad(I) = M(I) —hty I £BL T KT B, ThEFFREHE %D, T O analytic deviation &
$ M 5. analytic deviation 2V/h S WAF 7V [ BT 5, G(I) oHEICOW TR, kKD
ERMOEATWS.

FI2 1.1 (cf [1]). A 1Z Cohen-Macaulay 3R, I W& special reduction J &5, ad(l) =1,
G(I) ¥ Cohen-Macaulay £¥ 5. T & & o(G(I)) = max{ry(I) — MI),ht4 I} ThH5.



22T a(G(I)) & GI) D a-invariant DT & &L, TN M & G(I) D graded 2BKA
FT7 N, dimGU) =d & L7zt &, o(G(I)) = max{n | [H4(GU))]. # (0)} TEZ2HD
TdH3%. G(I) » Cohen-Macaulay HIZ 2V T,

T2 1.2 (c¢f [6]). A& Cohen-Macaulay R, I \& special reduction J %45, ad(I) = 1,
r(I)<1 5. CNEERIIAMBTH .

(1) G(I) #% Cohen-Macaulay RTH 5.
(2) depth A/I > dimA/I - 1.

ER 1.3 (cf [2]). A & Cohen-Macaulay &R, I 1& specidl reduction J 2#bH, ad(]) =1,
ry(I) <2, A/I & Cohen-Macaulay £ 3%. TDEERIFETH .

(1) G(I) »* Cohen-Macaulay RTH 5.
(2) depth A/I? > dimA/I - 1.

FIE 1.4 (of [3]). A & Gorenstein 3%, I V& special reduction J %#FbH, ad(l) = 2,
ry(I) <2, A/I & Cohen-Macaulay £3%. TDEERIFETH 2.

(1) G(I) %% Cohen-Macaulay TRTH 5.

(2) depth A/T? > dim A/I - 2.
51220 & o(GU) = max{rs(I) = A(I),hta I} THE.
G(I) @ Gorenstein HEIZ2W T,

FI2 1.5 (cf. [2]). A & Gorenstein B, I & special reduction J #¥¥5, ad(I) = 1, A/I
i Cohen-Macaulay £ 5. CHDEERIFETH 5.

(1) G(I) #* Gorenstein fi’f‘?)z.
(2) rq(I) =0.

I 1.6 (cf [4]). A & Gorenstein B, I t& special reduction J %#%bH, ad(I) = 2, A/I
i& Cohen-Macaulay £$5. ZDEERIIFUETH 5.

(1) G(I) »* Gorenstein RTH 5.



(2) ri(I) < 1.

AEHRE L7201 analytic deviation AA—DFEI BT 2HERTHS. £ G(I) D

a-invariant (22 Tid,

FIP 1.7 [ V& special reduction J ¥ 3 2bDET 5. b L, G(I) % Cohen-Macaulay 7 &
&, a(G(I)) = max{ry(I) = \(I),hts I} TH 5.

G(I) » Cohen-Macaulay ¥£iZ 2\ T,

TI2 1.8 A & Cohen-Macaulay B, I & special reduction J b, REALTIDL
T5.

(a) depth(A/I™)g > min{ad(J)—n,htq Q—ht4 I-n} for Q € V(I) and 1 < n < ad(l).
(b) depth A/I" > dimA/I+1—-n for 1 <n < ad(]).

SoEE, L ry(l) <adl) % bW GI) & Cohen-Macaulay BTH%.

Gorenstein I DWW T, RDEREIB LN

TIE 1.9 A & Gorenstein B, I | special reduction J %5, A/I i& Cohen-Macaulay
BT, REATHNDET S,

(a) depth(A/I™)g > min{ad(I)—n,ht4 Q—hta I—n} for Q € V(I) and 1 <n < ad(l).
(b) depth A/I" >dim A/I —n for 1< n < ad(l).
CHELERIEMETHS.
(1) G(I) & Gorenstein RTH 5.
(2) ry(I) < ad(f) - 1.
' analytic deviation 2% 3 DHEREICFHE LA RDEFF O N,

TFI2 1.10 . A & Gorenstein B, I & special reduction J %¥§¥5, A/I \& Cohen-Macaulay
BT, ad()=3, () <2 &£T5. COLERIAMBETH .

(1) G(I) & Cohen-Macaulay RTH 5.




(2) depth A/I* > dimA/I - 3.

% 1.11 . A & Gorenstein I8, I & special reduction J %5, A/I {3 Cohen-Macaulay
RTC,ad{l)=3&¥5. L depth A/I* > dimA/I -2 % 5iE, RIFEMETH 5.

(1) G(I) & Gorenstein RTH 5.
(2) ra(I) < 2.

FIP 1.12 . A i& Gorenstein B, I 1& special reduction J %%#%H, A/I & Cohen-Macaulay
BT, ad(l)=3 5. bLry(J)<1 %6, DXRAETHS.

(1) G(I) & Gorenstein RTH 5.

(2) depth A/I? > dim A/I - 2.

UT, XIETRERL 1.9 DHERAEBRXTWL2b N THD. SEE O NBERIL, ER 19
BED B ILTLBTHINT, BELLTRINETENTHS.
2 #fa

A ERISEAERED d-kTT Cohen-Macaulay B THEAAT7 Vv m £d2d
DETDH. TWEADAFTIVT, s = htyl, £ = MNI) & B %, special reduction J =
(a1,82,..,a0)A 2D D2bDETH. Fi<LIIOWVT, U= (a1,a2,...,a;)A B L.

#E 2.1 (cf [10, Lemma (3.2)]). J DEBR a1, a3,..., ae 1, F i (1 <1 <L) 20T,
0 € Uger Q, BL F = (Ass AU Assq A/Ji) \V(I), £BB ENTED,

BT, ERWET 2% J OERT a1, ay o E—DBEELTE LS.
% 2.2 . (1)(cf [10, Corollary (3.8)]) s >1 %5, a1, as,..., 6, W& A-ERIFIZ LY.
(2) (cf. [10, Corollary (34)]) €21 &b, 1< < £ KHLT((0):a)nT = (0).

5 2.3 (cf [10, Claim I in Proof of Lemma (3.5)]). EH 1.9 D&M (o) 2RET 5.
bLO0<n<adl) #20<i<n+s b, (Siiap)N " = JI" THE.

£ 2.4 . FR19DEM (o) BREL,n L i R BB 230MICLo2bDETE. ZO
L& J;+1I"+1/J,'In+l = I"+1/J,'I" Thsb.



TR BE23 LY, LI g I = an (i : aigd) NI = g i £ B DT,
ROFEI»ELNS.
Ji+l v+ / J; J S = ain I'H;l /‘Jg N @it !
= ai " a; 1 i
BRLEE I 28 g I o JiI" D kernel DTz € M 2 LD Tk é; aiy1T =
Gipy E%Bye I BEEL, F2202) £D z—ye((0):au)NI=(0) %25, I
€SI THY, KROBAE Ji [ S 2 [ LI RO NS.

%25 . BB 1LIOEMH (o) #REL, ry(I) <ad(]) 2 0<i<L LTH TDLE
n>i—s X LT, NIt =g L b,

SFER : 1 ICBET AIBMETRT. i = ¢ % 5iF, reduction number IZBTA&HLHLEBIC
I i<l Eln>i+l—snlE& JunI"t = Jg " BEHVLOURET S. n i<
BT 2RMETRKOAERLET ). il 23 &0 i-s20 26, NIt C (J;:
Qi) NI+ = JI=5 Lo T NI+ = J I, ZO%RiTi-s<0DEEbHEBIC
ELW. i n=i—s DEEXFRIBELWV. n>i—s+1 &L LNI"= LI 2880 L
DERETS. THE i CHRTREMENRELANT,
Jin s cChndin = JindanI"=Jin (J,'In + a.~+11")
= JiI"+J;0a; I CJI" + a;+1((J,- : a.-+1) NIt I")
WFICHIRE 2.3 & n KRBT 2EMEOREE AR,
- =P C JiI"+ a.-+1(J; n I") =J,I" + a;+1J,-I"‘1 = J;I".
Lo TROLZERXVHFEONS.
a1, Qg a5 W AFIE 2T EREET L, & 2.5 & (12, Corollary 2.7) I & ) RD%
%1585,
%26 . R 1.90EM (o) BEREL, ry(I) <ad(I) 2 s21 ,LTH. ZDEEX ayt,
ast,..., a,t {& G(I)-IERIFI % % ¥
A % Gorenstein TH L, MBE 2.3 KMATRNDILDER 5.

858 2.7 (c¢f. [10, Claim in Proof of Lemma (3.11)]). A & Gorenstein ]RT, A/I &
Cohen-Mcaulay THHETH, TDEE, s<i <L IZHLT, (Ji:aiy)N Ii=* = J;Ii-=-1
Thas.



3 TEIE 1.9 DIIRF

REBLURREER, AIHObDEHEKTLdNET S, {HL A I Gorenstein
BT, A/I & Cohen-Macaulay T ad(]) > 0 &{RE ¥ %. special reduction NEFED 5
Mal+Ji:]>i ERBDOT, s+1<i<litowT,ziedi:I &5 A/l ® ss.0p.
Toplye, Te €Em BEND. E5IT Tog1yeny Td € M Z Tyy1,yeeey Tty Teglyeeny Ta D5 AJT D
s.0.p. £ AL HICMoTHK.

B 3.1 ait,..., ast, Top1 — Qspilye.ny Te — Qet, Teg1yeer, Ta W& G(L)y P s.0.p. X% ¥ . {8
L, M & GUI) ® graded 2BRATTNVETB.

fERA : N % R(I) @ graded ZBRATTNVETH. b = (ait,...,a5t, Top1 — Gopat, ...,
Te — aet, Teg1yey Ta)RUI) + IR(I) EB . N=vb 2REE L. ZRITIX i KT HE
MET, 1<i<lixtlatevb b L2TLTLIV. 1<i<s ITXLTIR, BHS
P at eV THB. i>s EL, aity.,ai1t € VD EARET 3. 22 = riait mod b TH
D,z; DD KLY 22 € b+ (art,...,ai1t)R £, BMEDRELY 2, € Vb L2,
ZOfER ait € VB 1ELND.

S=GU|J,),T=GUI+(J,:1)/J,:I) £BL. J ?*special reduction THBH &) T
Lo, BRERE S — T O kernel &, 0-RDA&DL%Y, Lrd J,:1/J, EREIC%S
ZLHREDPDSND. Atk Gorenstein 2 DT, Z#ix A/  canonical module K4/ & [F
BEih, SRDELFN%F5.

0o Kay—S—T—0 (1)
W& 3.2 b L G(I) #* Gorenstein T %2 6iE, ry(I) <ad(l) -1 TH5.

SRR : W 3.1 £ D ayt, agt, ..., a,t 1 G(I)-FITHBNDT, S 1k d— s KIT Gorenstein IR.
r=r;(I) £BL. J/J, & I/J, D special reduction TH Y, ryy5,(1/J,) =1, L(I]J,) = £=s,
htays, I/J, =0 &% 5. £4F] (1) ® Kedual 22 5T &L Y, ROKELFIEE5:

0— K7 — Kg — A/I — Ext}(T, Ks) — 0 (2)

EFHE 1T &Y, a(S) = max{r — (£ —5),0} >0 725, £ix a(S) =0 &%5. EE b
La=a(S) >0 %6id, T25 (2) £, [Kr|-s = [Ks]-a. —7, S #* Gorenstein &%
DT, [K7)-e = AJL. H%€>T J,: I C 1, &5I2 J 2% special reduction &9 T &b,



T I=J, E%BH, it by, [/Js =0 KT 5. £oT o(S) =0, K Ks=5 T
b5

XIZ T it ofT) < 0 £7% % Cohen-Macaulay RTHAHZ LkRE). ET E =
Exty(T,S) x5 e%E). 4 E # (0) LRETHE, b a €m iKLkoT
E= Af(a+]) EEFBDT, hiaQ=s+1 £%5 Q € Suppa E WHFAETB. B=A[J,:
EBL.JDEHRLD IBy 3FH4A—ODTTERENTED, ({=s+1 DL & (2, Corol-
lary (2.11)] £ 9 I=J £7%%). £7:, B2 K5 kO Thtg[B=1 &% B kb, IBg
it Bo-ERITE TAR & h, Ty = G(IBg) @ —KE Cohen-Macaulay B % 5. —74 Sq &
—XJC Gorenstein RTH 505,

Eq = Ext}(T,S) ®s Sq = Exti, (To, K(sq)) = (0)-

T Q oMY FIFE. Hi< E = (0) T T i3 Cohen-Macaulay RTH 3. & 55
5l (2) & hROELFIPFR/ONS:

0 — [K1)o — [Kslo — A/T — 0. 3)

DT [Kso = A/T #BWRIFE, Krlo=(0) 2% Y o(T) <0 #8515,

SQ4A/m 2T QR4A/m TH5HZ LIEETNE, JB & IB ® minimal reduction
© AIB) = b—s, 1 =rsa(IB) £ T ERHERDENE. £72, Q € SpecA AL,
ht4 Q = s+htg QB TH 5 Z L \IEETNIE, JB & IB O special reduction iI27% 5 & b
BrwbNns. LoT, 817 % T =GUIB) CEAT I, o(T) = max{r — (£—s), -1}
Lhnd, ETRABICIREEORERS. BT r<f—s HE).

EH 1.9 2RTHIK, LESLATFTNVN I OFENLETDORRTERTAHABILITT .

#HWE33s=0,r,(J)<C & ER19(a) () PEHERETSH. 1<i<Li-1<n<d

ThHhiL,
d—i ifn=1-1

>
depth A/JiI _{d_n o>

SERE: § iSOV T DRMIEETRT. 2.3 £ 9 ((0):a))NI = (0), 20D (0) a1 =(0): ]
# 2 B, A/(0) : I i& d-KIE Cohen-Macaulay TS, ££F10 — A/(0): ] == A —
AlJy = 0 xR, depth A/, > d—1 8%, LoTi=142n=0n¢EERILE

Lv, RIZ 2 2DELT

0 — LI Jial™ = AlJi ™ — AJLiI" =0
0 = IMJi I = AlJi I = AP =0




2Z25. n2i TCHNMEIR24 LV ENONMBEIERTHS. i=1,1<n<LeTHE £
ARDMEERIEIC A TH Y, EH 1.9(b) DRE & Depth Lemma & 1) depth A/J,I" > d—n
2185, LoTi=1DEERELW,

RiZi>2¢LT5. bln=i-1 ThH, FMEDREL Y depth A/J; [*! > d—i+1
& depthA/J;_1 12 >d—i+1, T X, —F (b) DIREL D depth A/ > d-i+1THh
5. & oT Depth Lemma % LOELFNICHEA T UL depth A/J; I > d—i %1% 5. #uC
FEEn=i—1DEEELV. n>i THNT, JFREDRE LY depth A/, I >d—n
& depth A/J;_1I" 1 > d —n+1 v, BU (b) DIREL Y depth A/I* >d —n 25z
%75, BU Depth Lemma & 1) depthA/J;I" >d —n &, N3,

s=0&,LT, T=GUI+0):1/(0):1) &£8&,i <L XL, TO = T/(ast,...,ait)
EBL. UD = @,5[TY], % T 0 graded % G(I)-HAMBEL TS, TDEE special
reduction DHE» 5 n >0 OFLEAT, [TV, = [*/(I™F + LI 1) FEY Lo LICER
LT, 32 WO =[U0),_, £BLZEIZT 5.

HE3.4.0<i< 3L [UD)p #(0).
HBA: 0<i<t DU =(0) £T5. SOEE [H = S+ *? L2 BDT, FIl
DHELS I''' = JI' &b, LALIhRN) <i 2EWRL,i<lIIKT 5.

WE35 . ry(I) <& EH 19 (o) DEHERETS. bLi<l-1 %01 aint i
UO-ERITTHS.
HBA:0<i<fn>ikl,zel" % (aint)(zt") =0in UM L &3, ETRELIKE,
ai41T € J.'In+I"+2 t&éﬁ‘%, ;?4 2.5 %}-ﬁ‘l‘f,

ai41Z € (J,‘I" + I"’+2) NJipp=LI"+ Jia N e

= J;I"+Jg+1.lm+l =J,-I“+a.-.,.11“+l

¥Bh. yeI kapr—apyeiln b eblr—ye(Jita)NI" THB. n>i T
bhiE, A 23 LR25 &Y, z—ye S I e h D s e I 4 3L RD. Thid
ot"=0in U 2FRTH. n=i &T5.i>0%2068E27 &9, (Ji:aip) NI = J !
ZOT, BAHRIC z € LTIV + T RO . n=i=0%b1,z-ye(0):a;=(0):1
D z=0inUO ELBDTEWN,

#WE36 . s=0,r;(I)<C & ZEHR 19 (a), (b)) DEFZERETS. DL i<l Zdid
depthW®) >d—i—1 TH5. ‘




SERE: WO = A/T+((0):1) T Kayr £ 1+((0): 1)/ &9, 20 d—1 KT Gorenstein
B roTi=0NEEXFRRBELY. i>0 £ T5. KOTLFIE2EZ 3.

0— WO o A/(JI- 4+ I+ - A/' -0

0 — A/JT = A[KI™V @ A/T* — AJ(JI +I%) 0

2 oBMDEAFNE F25 LHES. RELN 1 <i <L LT depth A/I' > d—1 BSEIL
H,i<l-11Z3F LT depthA/FH >d—i—1HBHILD. —F, HE33 &Y 1<i<4
AT LT, depth A/J;JP > d—i & depth A/J;I"™! > d—i #B Y SL2. ENSEEFUIC Depth
Lemma %¥@A L+ hif, KOZER depthW) >d—i -1 FHELNS.

ROMEE G(I) @ Gorenstein HEERTDI, AFT7NV [ OFHSBZET L LTHRELT
VI EERIETHHINTH 5.

BE3T.s>1 L, A=AjmA T=IAT=JA B, ZOLEER 1.9 D&H
(a), (b) BARFES 0T, RABLY LD,

(1) A & Gorenstein IR.

() htzT=s—-1,\T)=£-1 T ad(T) = ad(]) L% 5.

(3) T & T @ special reduction TH Y, r5(T) < ad(T) 2FT.

(4) G(T) = G/aytG THh, G(I) #* Gorenstein 25X G bEITH .

(5) Qe v &1<n<ad) 3L, depth(A/T")g > min{ad(T)—n, htz Q—htz T-n}
(6) 1 <n<ad(d) icat L, depth4/T" > dim4 - htzT —n.

GEEA: (1) @ & A-ERITEE L N2 T L.

(2) htzT = s—1 L2 5 DWHASH. (12, Theorem 1.1] & R 2.6 XL Y, G() = G/at-G
<H0, A/m®,G() = A/m®4 Glart-G. art |t A/m®4 G D s5.0.p. Tholtb
(cf. 11). MD)=AI) -1 &%h, Tn & ad(T) =ad(I) bHEI.

(3) A& A/m ®4 G(T) = A/m®4 Gfait -G £ 9. J #* I ® minimal reduction T
r#{T) < ad(T) #FEND T LREHCHPH SN S, T 2° special reduction TH2 T
LEFRE). QeVD) 2 i=htzQ<f-1&,L,Qe V() 2 Q =Q/mA L L.
i+1=ht,Q <€ &0 I & ay, agyee, aig1 TEBRE N, Ty i ag,e.y 63y Gin THEEE NS,

(4) BECR 72 & 51T apt 75 G(I)-ERITTHH T LR HHET.



(5) &5t A/I* = A/T" @ kernel I" + a,;A/I™ W&, % 2.5 ¥ HW T,
I + 1111‘1/.[7l = alA/alAﬂ Im= alA/all“'l = A/In-l

Lz, TL5
0— A/ s A/I" = A/T" =0

2Eons. Te V() & Qe V) 20 = Q/mA & &, Q TLOELFI%BFEL
72bnEEZXL. ARE L7 (a) D&M, depth(A/I™)g > min{ad(I) —n,ht4a Q@ —s —n} &
depth(A/I""1)g > min{ad(I) —n,ht4 @ —s—n}+1, ICEE L T Depth Lemma %@/ ¥
1, depth(4/T" )z > min{ad(I) — n,ht4 Q — s —n} =min{ad(T) — n, ht Q@ — htz T —n}.
&z (5) HES.

(6) THhit (5) LEBKICL TRES.

EIE 1.9 DA : (1) = (2) #E 3.2 L 01,

(2)= (1) WEIT LD s=0 LEELTL, BOKKUY (1 <-1) 2¥d—i kT
Cohen-Macaulay ML 22 &% i KHTA/METRT. M 34 L0, HUO k¥
OThW. VO 2 ROFINES L bR% graded G(I)-MBEL T 5.

0 — UB(=1) *H y® 5 v o, (4)

EOBSHERHE 35 L0iE>. Cokk VOlsin = TO/(aigat) |5 = U TH b,
VO, =[UN;i_, =W &b, Lo TROELFI%155:

0— UE) L v6 o wh o0, (5)

n2 LT I*=JI" THEH,H, U0 =(0). LoTVED 2wt L2h #HE
3.6 XY depthg, Vir V>d -0 k%3, TTTM it G=G(I) @ graded %BAA 77
VET B, ELITEEF (4) £ ) depthg, Uy ™V > d— 041 #55€). COBIERZYET
T EITL o T, depthg, U} > d—i #8603, —F,T=UO iz d-KTTHh, (4), (5)
DELRFIL Y dim U < dimUO -1 3¢ DT dim U = depthg,, U} = d —i #5%
bk,

RIS, HIF(UW) (s <i<Lf—1) Dsocle i, i — 1 ROBFOA LPBBELEZVWI &%
i T ARMETRT. £, VE) 2 WD) 0T H'(VEN) L1 kDA
Bes. SE&F (4) 1k HiY(VED) o socle & Hi 1 (UE1)(~1) ? socle & DA% &<
DT, Hiy* (UCE-D) @ socle 12 £~ 2 ROAPOHD. LoTRADERIR i=(—10




LERIELW. i <fl-1 &7 5. depthg,, W) > d—i—1 T UG+ i3 Cohen-Macaulay
Thahb,(5) LV ROELFIDPHES:

0 — HiF=I(U) = Hi7={(VO) — HE=1(W) — 0.

CIT, BWOMER { ROAP LD, EWRDIMEFD socle XIFMEDERE L Y FE L L
P RDADPOES. LoT, EFOMNEE Hy 7I(VY) @ socle i i KDAPLERS. B
(4) EEWIUE, HE-Y(VY) @ socle & Hi (UD)(-1) @ socle L DEEAE LD T,
HEH(U®) D socle 13 i —1 ROAICHNS.

B=A/0):1 &£8L. LELDi#H» S T =G(IB) i& o(T) = —1 ® Cohen-Macualay &
THh, H#>T Rees | R(IB) b Cohen-Macaualy HTH 2. & 52 HE(T) # socle i —1
ROZIEHNZ DT [9, Theorem 2.4] £ ) T ® canonical module K7 1& Kp o filtration
{I"KB} \2 & o TE$ % associated graded module gr;p(Kp)(—1) B E B, £ 2%
IB2 Kg 22D T grig(Kp)(-1) =Ty &% 0, E25 (1) £ Kr =Gy &%, 8, Satz
6.1 £ H T = Homg(G4, Kg) 7565 . #ZTELFI0— Gy — G — A/l - 0 O Kg-dual
BENE, 0 Kpy— Kg—»T — 028580, 2O Eh b Kg it degree 0 RO T
BRENDZENHED. E6IC [Krlo = (0) THDHH, T2F (3) £ h [Kelo = A/I L%
5. BUC Kg WWHIEARK T, G i Gorenstein lR& %2 5.
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On delta-invariants of modules over local rings

A BN EERET

1 Definitions and constructions

—f i, 5Ef# Gorenstein EETE (R, m, k) £o HRAERMEE M CH L, KD X5 &5ELS|
(minimal Cohen-Macaulay approximation) D#F4E & —EHAHbN T 5, ([AB] &M, )

0— Yy — Xy — M — 0 (exact),

({BL. pdrYar < oo 2 Xp 1t maximal Cohen-Macaulay J#¥ T Xn & Yi RIEOHE
FRFZdDeRVbDLT 5, )

zze, Xy © BEHEFO rank %, 6(M) (6-invariant) ¢ EFo 7 M O n-th syzygy
Q™(M) @ é-invariant % 6"(M) LEL, &Ik . Q"(M) » minimal Cohen-Macaulay
approximation : 0 — Yan(ay — Xanary — Q"(M) 2. Xanu) = C.® RF"M) (8L C,
it stable , Bl AT % #7 & \» maximal Cohen-Macaulay JNB¥) DX 5 KEERFT T L iC
5,

Auslander IC X 3 2 DEEROFERXKRD L B Y TH B, (ZDMOHED w{2rhFbILT
wao [Y]ICE L HTHHEAD S, ) »E, M O minimal free resolution %

Pntl ’
L p O 2 BBy M =0,

L%+, codepthp(M) = r, B%, depthp(M) = dim R — r DR, QM) X, stable
maximal Cohen-Macaulay g & 4225, £ coresolution :

0 (M) = B L g g e

%, £TO sygyzy ¢ stable maximal Cohen-Macaulay BIBf& &2k 5ict 5L BTE
3o . QHY(M)* = Homp(Q (M), R) ® minimal free resolution G. — Qi (M)
kKt Ly R-dual 0 — QH(M)™ = Q (M) — G ik, £ T sygyzy #*stable maxi-
mal Cohen-Macaulay MIBETH 3 & 5 A5%LFITH % » by Thk coresolution & LTEHhE
X\,

X bic Q™+ (M) ® minimal free resolution E.[r+1] £ ®HE T, E'.:= G [-r]|®E[r+
] E3 5, COEES frpr = idg,,, ICE>Ts BTFOX 5 ARRRAE I B, FLW
1. f s BT ES. — QY (M) BHELFIG. — QI (M) ~idgreiae Ko THE
PN EHERRIER O dual TH B, (T T T 7 [ 7-th truncate functor &3 %o )



Prt+1 12 Fr-1 ©1
Epy — E, . Er_ e Eo M 0

fr fr—l fO

0, 0. 0, [
Bly —El —El e ... —t By ——Co—0.

TTTy Cpi=Coker Opyy E8<o folds B frn: Cn — Q' (M) 2B K, £8t2 12
B %A\, % CCminimal free cover RE"M) — Cokerf, — 0 2 BreT, &5 ERL. £
0 kernel % Yon(pry & BT\ FELFI0 = Yonay) — Ca @ BT M) — Qn(M) %BH 13,
Yanvy DHEERTERERTH BT L, Cod RM LEMETEIF LAV C LR, RHHIC
Erdbohd, SnfrinE. "(M) = dimy (Cokerf, ® k) TH 3,

-invariant ILD\WwTlX, lifting & DRFER ([ADS])s Gorenstein # & DBIFR ([D2])y multi-
plicity & DB ([D1]) A EABEICHLI TV 32, EOHERTLBHAIN TS Lk
Vo KBTI, b-invariant ZEHE L T ETH - 2 ZEBHAHEICOWT WL 25k 3,

2 Residue by a regular element

TZT ROIFERF z € m T M-regular b0k &b, M:= M/zM ¢ 3<, M ® mini-
mal free resolution %

R LE 3R N N N N v gy
¥ 3o ST B Xgnry = Cn @ R 3 Qr+2(Jf) & coresolution :
0 — Qr+2(M) — E.]r+1 9r+1 E, -r . 0"_‘0’{ -E-;t _?2, .

Itk b, C,:= Coker b, ¥ LTHERXN3,

. Pri2 - @ - P ?1 - _
Bryg —22 By —2 B — ce Eo M—0
fr+1 fo
Ory2 , r+1 B 0, L 6 E o 0.

E' E'q

cnrE, M & M, &% b-invariants OBIRICDWTIHRTH 7o
Proposition 2.1 BR,M,M iz LRDED &3 3. LTOERMB Y L0

§h(M) = 6™ (M) + 6™(M).

proof)
E,o,E.0.,f & E ¢, E.0.,f toMoBREBNE L,



first step: E.,& ILDOWTo EF\

En = En @ En—l (Tl 2 1)7 EO = E01

. 0 . ©»
"r’n=<<’9n ) (n22)7 9‘91:( l)
I —$n-1 z

KRR DL, EEE, BHEFRBER E. = E. ® mapping cone, mapping cylinder % & 5T, £/
ToxEei B,
0 — E. — Cone(z) — E.[-1] — 0,

0 — E. — Cyl(z) — Cone(z) — 0.

Cyl(z) = E.@®(some trivial complex) TH 345, Cone(z) (¥ M O free resolution % % 7z %
zE€m LY., ThH minimal TH3 T & ¥ 5,
second step: E’.,é ICDWnT,

EL.2E ®E _, (n>1), E¢E).

0-n+l=(0n+l 0 ) (nZl), 51=(01)’
z =0, z

HBRRYITDo Thids En¥E (n27+2), 01 Zmp (n2r+2)Wi, r+2-ni
B3 3k T RE N D,
‘éf\ ﬁ%&oﬁ%ﬁ’b\

- = o
E’n o E:‘ G?E:._l, 0;+1 - n+1 x* ’
0 -0

TH3, »wolF 5 coresolution DEERRIED b+
Ker 6., =2Im6;, Ker 8, =Imé6;_,,
ZhFeT,
B E, _,®E, _,, 0-; = ( 00; _;;_1 ) )
%185, )
third step: f. ICDWT,

fn=<f(;‘ fn°_1> (n>1), fo=fo,

PR DL, EEE. LI THEL b f. A8
‘infn = fn.—le-n
ERricT T LEEIONERN, G .

YV RTY ADK, FEHRETEEDT P4 22X, FEGEEROFBCHEL 2o BE
¥TIK, CCKiT,



Theorem 2.2 5547
0—L2XM—-N-—0

KBNT, vy €m Homg(L, M) b, IKHMKH Lo
§7(N) = 6*~1(L) + 6°(M).

proof)

(E.,dg) = L — 0, (F.,dr) = M — 0 % M,N ® minimal free resolutions & L. =
CX-TEINIPEEREERy. : E. - F.2E% 5%, §1 KT B5X51, +55F syzygy
Q7 (L), Q7 (M) %& % @ coresolution & resolution & % Br¢ <. TFLH(E./ dg),(F./ dp') 2 1
RL. (L), (M) LolEEERC X >CE M BIERSf. : E/ - E, g.: F! - F. %
B2, ¥/, 7. BERT, : (L) — Q(M) %{E3 5 b T CX > THEANZERD dual:
Y :E! - F'%%%%,

Lk, (G.,dg) = N — 0% N @ minimal free resolution, T3m\» N ® syzygy
@ resolution & coresolution %4 7c5ELF|% (G, dg), higher syzygy EDIEEERIC X 5T
EINI2EE* h.:G = G. LET,
first step: G.,dg ICDOWT,

GnanQE_l (nZl), GogFo.

d 0 d
dgn = ( Fn ) (n>2), dg = ( 1 ) .
Yn-1 —GEn—1 Yo

second step: G.',dg' LDOWT,
GL.2F®E,_, (n>1), Gy F.

dgrn = ( dra 0 ) (n2>2), dgn = < df;lll ) .

‘77'1-1 —dErn_1 0

L ETOERAIR. BEXLY v.(£.) C mF. EEThE, 212 FRKCTARS TLeHT
%50 tthd step VCEQL'CHT\ -ﬁ;F@{gIE%ETao
third step: h. ICD\WT,

gn O )
hn=1 ", n>1), ho=go.
( C‘n fn—l (

‘EL Cn : FT: — E,ll_l* ﬁ\
Yo G = Fatn = Cat1dE + A,

%Aftj-i)@a-j—éo

EE. >+ 1CBRTRE, 1n = 7. THEhb, v7¢ & f*y" L1 homotopic TH
. D chain homotopy % ( L LT E,NEX vy TDLEEEDBIK, hno1dg, = dgphn 25|
%o

RE Y € m Homp(M,N) XV Im (; CmF, TH3, 5D, v=35,ai7i (ai €
m) EBHHE, yICHET 3 GIEDVTY (o = LiaiGin, 1 2 02 ERZDBDLTHD,
6™"(N) = dimg(Coker hn @ k) 22b. fER%EE5. (G )



3 Some formulae

Ric, Yy kiEBE L, 6"(M) Ic X > TED minimal free resolution %#FCk3 5 T & ICARINL
750

Lemma 3.1 R,M,E E' 13§1 kBF2@Y ¢35, cDLE,
Q" (Ynm) = Yan(n)-
Eic, ERTOBHCO TR,
dimy(Yon(ar) ® k) = rank (E;) — rank (En) + 8"(M) + §"MHI(A).

proof)
an = rank (E.), Bn = rank (E,) & 8o ROFHBRRKXAS D IL0. fTHIUTIET~
TELIITH 50

0 0 0
1 !

0 — Yansi(a o Ran—BatS(M)+E™HHM) . Yooy — 0
! ! !

0 — -Xn""'l(Al) . Ran+6"(l\/!)+6n+1(M) - -XQ"(M) — 0
! ! !

0 — QM) — RF» - QY (M) — 0
! ! !
0 0 0

Xanti(ar) 2 Crgr & BT M) a5 SERF0 — Coy1 — R — Cp — 0 IC trivial com-
plezes: 0 — RE"V(M) . RFM) g — 0,0 — 0 — RV — RFM 0
EHUMATE2FTREBON S, BilE. BR ( © minimality 2 RhE X vo Thid, 5225
0 — Yonti(ar) — Xantr(a) — Q* (M) — 0 2% minimal Cohen-Macaulay approzimation

ThBrerbH B, (B )
Corollary 3.2 R,M i ERDEY &35, BITOFERA Y ILDo
6"(M) = rank E, — rank E.

proof)
codepthp(M) = r W4, Q7(M) X, mazimal Cohen-Macaulay JIF%DT, Y, =0T

BB, (3.1) X V. rank E, —rank E. +67(M)+ 8" (M) = 0, D, Q"+ (M) & stable
mazimal Cohen-Macaulay MEEE 1o (M) =0TH 53, (FEHK, )
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SHE-—

Let A D R be inlegral domains and let P be a property for the extension
A/R. Consider a sct :

Pn(A) :={a € R | A[1/a]/R[1/a] salisfics P} U {0}.

If this is an ideal of R and the following equivalence : for p € Spec(R)
- p D Pp(A) & A,/R, salisfies P

holds, we call Pp(A) an obstruction ideal of P. It may not be known whether
the property of faithful flatness has an obstruction ideal or nol. It perhaps is
not the case. So we consider in the fitst section, we invesligale the ideal Gr(A)
with respect to the faithful flalncss. The second section is devoted to studying
the relation belween the blowing-ups and the ideal Gp(A). In the third seclion,
we treal the casc that A/R is anli-integral and the idecals Hp(A) and £p(A),
the sccond one is the obstruction ideal ol unramifiedness.

In this paper, lel R C A denole inlegral domains unless otherwise specified.

1. Ideals Fp(A) and Gr(A)

We starl with the lollowing dcfinition.



Definition 1.1. Define :
Fn(A) = {a € Rla #0,A[1/a] is flat over R[1/a]} U {0},
Gr(A) := {a € Rla # 0, A[1/q] is [aithiully flat over R[1/a]} U {0},
Lp(A) := {a € R| Spec(A[1/a]) — Spec(R[1/a]) is surjective} U {0}.

Proposition 1.2.

(2) Fr(A),Gr(A) and Lp(A) are ideals in R.

(1) Gr(A) = Fr(A)N Lr(A).

(i32) If A is finitely generaled over R, then Gp(A) # (0).

Proof. (ii) follows [rom [M,(7.3)].

(i) By [M,(7.8)], Fr(A) = \/ﬂ AnnpTorf(A, R/I), where I ranges over finitely
generated ideals of . Hence Fp(A) is an ideal of 1. _Next,‘it is obvious that if
a € R and z € Lp(A) then az € L(A). Take non-zero elements a,b € L(A)
with a +b =t # 0. Replacing R (resp. A) by R[1/t] (resp. A[1/t]), we may as-
sume that ¢ = 1. Then the canonical morphisms : Spec(A[1/a]) — Spec(R[1/a])
and Spec(A[1/b]) — Spec(R[1/b]) are surjeclive by the assumption. Hence the
canonical morphism : Spec(A) = Spec(A[1/a])USpec(A[1/b]) — Spec(R[1/a])U
Spec(R[1/b]) is surjctive. So a+b=1 € Lp(A). Thus Lp(A) is an ideal of R.
By (ii) Gr(A) is also an ideal of R.

(ili) There exist a non-zero element a € R and z,,...,2, € A such that

Ty,...,2, are algebraiclly independent over R and that A[1/a] is finite over
C := R[1/a][zy,...,z,]). In this case C is faithfully flal over I[1/a] and there
exists d € R such that A[1/ad] is faithfully flal over C[1/d] by [M,(7.8)(24.1)].
Thus 0 # ad € Gp(4). O

Remark 1.3. The following stalements are known or easy lo sce:

(1) Tor p € Spec(R), p 2 Fn(A) = A, is llat over R,.

(2) For p € Spec(R), p 2 Gr(A) = A, is [aithfully flat over R,.

(3) For p € Spec(R), p D Lr(A) = Spec(4,) — Spec(R,) is surjective.

(4) If A is a finite R-algebra, the converde statements in (!),(2) and (3) hold.

2
3

We call Fp(A) the obstruction ideal of flatness if the converse of Remark
1.3(1) holds. When the converse of Remark 1.3(3)(resp. (4)) holds for each
p € Spec(R), we say thal the extension A/R has an FI-obsiruclion ideal




(resp. S-obstruction ideal). By Proposition 1.2, the extension A/R has the
FF-obstruction ideal if it has an S-obstruction ideal. It is not hard to see that
if the image of Spec(A) — Spec(R) is open in Spec(R), e.g. A/ is flal, then
A/R has an S-obstruction ideal.

Remark 1.4. (1) If an extension A/R has the FF-obstruction ideal, so does
A,/ R, [or each p € Spec(R).

(2) If the extension A/R has the FI-obstruction ideal, then Gp(A), = G, (4,)
for each p € Spec(R).

Lemma 1.5. The ezlension has the FI™-obstruction ideal and Let p € Spec(R).
If p DGr(A) and p+ Fp(A) = R, then pA = A.

Proof. Suppose that pA # A. Then there exists a maximal ideal M of A
such that M D pA Pul M N R = m. Since m D p and p + Fr(A) = R, we
have m 2 Fp(A). Hence A,,/R,, is flal. But MA,, N R, = mlL, yields that
A/ R,y is faithlully flat. Since A/R has the FF-obstruction ideal, m 2 Gp(A).
Som 2 p 2 Gp(A), a contradiction. (J

Proposition 1.6.  Assume thal R 1s a Noelherian domain and that A/R
is finilely generaled exlension wilh the FF-obstruction ideal. Let I be an ideal
of R. If I + Fp(A) = R and Gp(A) Cp for all p € Assp(R/I), then TA = A,

Proof. Note thal 0 # Gp(A) C p lor each p € Assp(/I) and [ + Fp(A) = R.
So by Lemma 1.5, pA = A for all p € Assp(A). Thus TA =A. O

Proposition 1.7.  Assume thal R is a Noethertan domain. Lel I be an
ideal of R. If p B Gr(A) for every p € Assp(R/I), then IANR = 1.

Proof. Let I = ¢, N---Ng, be the primary decomposition. The inclusion
TAN R D I is obvious. We have only to show that JAN R C ¢; for all 2. Put
pi = /€. Since p; B Gn(A), A,/ is faithfully flat. So [A,, NI, =IR,, C
¢: R,, and hence JAN R C q;R,, N R = ¢;. This completes the proof. [

Corollary 1.7.1.  The nolalion is the same as in Proposition 1.7. If I +



Gr(A) =R, then IANR=1.

Proof. Il p € Assp(A), then p D I and I 4+ Gp(A) = R. So p 2 Gnp(A).
By Proposition 1.7, TANR=1. O

Proposition 1.8. Assume thal R is a Noetherian domain and that A/R has
the FF-obstruction ideal. Let I be an ideal of R. Assume that p € Assp(R/I)
satisfies p D Gp(A) and p D Fpr(A). Then p is not a prime divisor of [AN DR
and hence IANR # I.

Proof. Take P € Assp(R/I) such that p D Gp(A) and p B Fp(A). Then
the assumptions are satisfied for A,/R,. Since pR, 2 Gp(A)R, = Gp,(4,) by
Remark 1.4 and R, = Fp(A)R, C Fp,(4,), we have p/f,, = A, by Lemma
1.5. Let q be a p-primary component of I. Then qA, = A,. Thus (/AN R), =
ITANR, = qA,NR, = A,NR, = R,. llence pis nol a prime divisor ofl TANR. []

Proposition 1.9.  Assume that R is o Noetherian domain and that A/It
has the FI-obstruction ideal. Lel I be an ideal of R. Assume that Fp(A) = R.
Then IANR =1 if and only if Gp(A) € p for all p € Assp(R/T).

Proof. The Il parl’ follows [rom Proposition 1.7 without the assumption F p(A) =

R. The ’only if parl’ {follows from Proposition 1.8. (0

Theorem 1.10. Assume that R is a Noetherian domain and that A/R has
the FI-obstruction ideal. Let I be an ideal R. Then the follounng statemenlts
are equivalent :

() IANR =1 and Fp(A) € p for all p € Assp(R/I),

(2) Gr(A) Cp for all p € Assp(RR/1).

Proof. (1)= (2) : Suppose Gp(A) C p for some p € Assp(i2/I). Then
IANR# I by Proposition 1.9, which is a contradiction.

(2) = (1) : I p 2 Gnr(A), then p 2 Fp(A). Thus the rest part [ollows from
Proposition 1.7. [

Theorem 1.11. Assume that R is a Noetherian domain and that A/R is a
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finttely generated extension. Lel I be an ideal of R and leta ¢ I. If Gp(A) € p
for allp € Assp(R/(I :p a)), then ([ :pa)A=1A:,a.

Proof. The inclusion (I :p a)A C (IA :4 a) obviously holds. We show the con-
verse. I p € Assp(R/(I :p a)), then p B Gp(A). lence ({ :pa)ANR=1TI:pa
by Proposilion 1.7. So we have Assp(A/(I :p a)A) C Assp(R/(I :p a)).
Take P € Asss(A/(I :p a)A) and Put p = PN R. Then p € Assp(A/(I :p
a)A) C Assp(R/(I :r a)). So p B Gr(A), which shows that A,/R, is [aith-
fully flat. Hence IA, :4 a = (I :g a)A,. Fromn this we have IA :y a C (I :p
a)Ap,NAC (I :pa)ApNAlorall Pe Assa(A/(I :p a)A), which means thal
IA:yaC(l:pa)A. O

Remark 1.12. I Gp(A) € p for all p € Assp(R/I) holds, then IANR =1
“and (l:pa)A=1IA:palorall a € R Thus Assp(R/I) = Assp(A/1A).

Proposition 1.13. If Fp(A)A = A, then Fp(A) = R.

Proof. Suppose thal Fp(A) # R. Then there exists p € Spec(RR) such that
Fr(A) C p. Let P’ be a prime ideal of A, and put PN A = P. In this
case, PN R D Fp(A)A = A. So PN R D Fp(A). Thus Ap/R, is flal. Since
this holds for all prime ideals of Ay, A,/ R, s flat. Bul p D Fp(A) and hence
pR, D Fr(A), = R,. Thus p= R, a contradiction. [ '

Proposition 1.14. If Fp(A) C p with p € Spec(R), then PN R = p for
some P € Spec(A).

Proof. Consider the extension A,/R,. T'hen Fp(A)R, C pR,, so that Fp(A)R, #
R,. Ilence By Proposition 1.13, Fp(A)A # A. Thus there exisls a maximal ideal
M' of A, such that Fp(A)A, C M'. Pul m = M'N R,. Since A, is flat over
b

», M is a maximal ideal of R,. Ilence m = pR,. Put P = M'NA. Then
P € Spec(A) and PNR=p. O

Let @ : Spec(A) — Spec(R) denote the canonical morphism obtained from
the inclusion R C A.
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and gradeGp(A) > 1, it must hold that aft = I, which shows that a € t*. [

2. Blowing-Ups.
We start this section by the [ollowing definition.

Decfinition 2.1. We say thal p € Spec(R) is blowing-up (point) if dim A, /pA, >
1. Define
Bp(A) := {p € Spec(R)|p is a blowing-up}

It is known that if A is finilely generated, algebraic over 2 then Bp(A) #
Spec(RR).

Proposition 2.2. Lel k be ¢ field. Assume thal R is k-affine domain and that
A is finilely generaled, algebraic over R. If A, is flat over I, for a p € Spec(R),
then dim A,/pA, = 0 and there exist finilely many primes lying over p in A.

Proof. Take P € Spec(A) and put p = P N R. Then PA, € Spec(4,).
Since A,/R, is llal, the Going-Down theorem holds. So the maximal ideal
in Spec(A,) correspond to the prime ideals in Spec(A) lying over p in one-lo-
one. Since A,/pA, is 0-dimensional Noctherian domain, it is Artinian. Hence

dim A,/pA, = 0 and there exist finitely many primes lying over p in A. O

Theorem 2.3.  Let k be a field. Assume that R is k-affine domain and
that A 1is finitely generaled, algebraic over R. Then

BR(A) - V(}-n(/l))
Proof. Take p € Bp(A) with p & V(Fp(A). Then p 2 Fp(A) and hence 4,/R,
is flat. So by Proposition 2.2, p is not a blowing-up, a contradiction. [J

When A := R[ay, ..., o), put I; := {f(X) € R[X]|f(es) =0} and C(f;) :=
Troxen CUA(X))R, where C(f(X))) denotes the content of f(X).

Theorem 2.4. Let A= R[ay,...,a,] end p € Spec(R). Then p 2 N1, C(;)




Remark 1.15. Let ¢ : Spec(A) — Spec(R?) be the canonical morphism. Then
Im ¢ D V(Fnr(A)) by Proposition 1.14.

Proposition 1.16. If for p € Spec(R),pA = A, then p D Fp(A).

Proof. 1 p D Fpr(A), then p € Imp. So PN R = p for some P € Spec(A).
Bul P D pA = A, a contradiction. ITence p 2 Fp(A). O

Theorem 1.17.  Assume that R is a Noelherian domain and that AR has
the FF-obstruction ideal. Let [ be an ideal of R. Then IA = A if and only of
I+ Fp(A) =R and Gr(A) Cp for all p € Assp(R/T).

Proof.  (<«=) [ollows from Proposition 1.6.

(=) Let I = ¢;N---Ng, be the primary decomposition with p; = \/g;. Then
IA = A implies that p;A = A for all i. So p; 2 Fp(A) by Proposition 1.16.
Suppose thal p; 2 Gr(A). Then ¢; = ;AN R = I by Proposilion 1.7, a con-
tradiction. Thus p; D Gp(A). Therefore p; 2 Fp(A) and p; 2 Gr(A). Put
p=pi. Up+ Fr(A) # R, then there exisls a maximal ideal m of It such that
m D p+ Fp(A). We have that m D Fpr(A) yields m € I'mp by Proposition
1.14. But p C m and pA = A implies that mA = A, a contradiction. Thus
p+ Fnr(A) = R. This implies that I + Fp(A) = R. O

Corollary 1.17.1.  Assume that R is a Noetherian domain and that A/R
has the FF-obstruction ideal. For a non-zero a € R,aAd = A if and only +f
p D Gr(A) for all p € Assp(R2/aR) and alR 4+ Fp(A) = R.

Theorem 1.18. Assume thal R is a Noctherian domain and that A/R has lhe
FF-obstruction ideal. If grade Gp(A) > 1, then RN A* = R*, where A™ (resp.

R* ) denoles the group of the unils in A (resp. IV).

Proof. The inclusion RN A* D R” is obvious. Take a € RN A", Then a4 = A.
So p D Gu(A) for all p € Assp(R/aR) by Corollary 17.1. Bul since grade p =1



if and only if p 1s not blowing-up.

Proof. (=) p 2 N%,C(L;) means thal p 2 I; for all 2. So there exisls
f(X) € R[X] such that f(o;) = 0 for all ¢ and C(f) € p. Thus the residue class
af of o in A,/pA, is algebraic over k(p) = R,/pR,. llence dim A, /pA, = 0.
(<) Since p is not blowing-up, af of a; € A,/pA, is algebraic over R;pR, for
all i. Hence C(;) € p. O

Corollary 2.4.1. Let A = Rlay,...,a,] Then Bp(A) = V(NL, C(L)).

3. Anti-Integral Extensions

Let R be a Noctherian integral domain and R[X] a polynomial ring. Let
a be an element of an algebraic field extension L of the quotient field & of R
and let 7 : R[X] — R[a] be the R-algebra homomorphism sending X to c.
Let oo (X) be the monic minimal polynomial of « over K with degpa(X)=d
and write p,(X) = X4+ mX? + ... 4+ na. Lel o) = NL,(R :z n;). For
J(X) € R[X], let C(f(X)) denote the idcal generaled by the cocflicients of
f(X), that is, the content ideal of f(X). Lel Jig) := Ia)C(@a(X)), which is an
ideal of I and conlains Ij). The element « is called an anti-inlegral element of
degree d over R if Kerm = I, (X)R[X]. When o is an anli-integral element
over R, Rla]is called an anti-integral extension of R. (See [OSY1] for delails.)

In what [ollows, we use the following notations unless otherwise specified.

It : a Noetherian integral domain,
K = K(R) : thequotient field ol R,
a : a non-zero clement of a field extension of I,
d=[K(a): K],
0a(X) = X4+ m X2+ ...+ 5y, the minimal polynomial of o over K.
Iio) = N, (R :p 1), which is an ideal of R.
I,.=R:paRfora€ K.

It is clear thal for a € K, Isp = J, by definilion.

For f(X) € K[X],
C(f(X)) := the ideal generatled by all coefficients of f(X),

that is, C(f(X)) is the content ideal of f(X).

—100—



Let Jia) := I[a)C(©a (X)), which is an ideal of R and contains Iia)-

Proposition 3.1.  If o) + nalja) = R, then R[] N R[1/a] 1s flat over R.

Proof. Take P € Spec(R). Then p 2 Iigyor p B malje) U p D I}, then o
is i‘ntegra.l over R,. So R,[a] is free of rank d by [OSY1,(2.5)]. In this case,
R, C R,[a] C R,[1/a] and hence (R[e] N R[1/a]), = Ry[a]. Il p 2 n4lja}, then
a!is integral over It, by [0Y2, Proposition 1]. Thus R,[a™"] is [ree over R,.
In this case, I}, C R,[1/a] C R,[e] and hence (R[] N R[1/a]), = R,,[l/cv] O
In the rest of this section, we use the following notation in addilion to the

above notation mentioned in the first paragraph : '

A = Rlay,...,a,), where each a; is an anli-inlegral ‘element of degree d
over I,

L := the quotient field of A.
We assume thal tr.degx L = d.

Proposition 3.2. Under lhe above nolation, we have

BII(A) = V(h J[m])

Proof. This follows from Corollary 2.4.1 because C(I;) = Jjo,- O

Proposition 3.3.

V() Tja) = {p € Spec(R)|A,/ R, is not integral}.

=1

Proof. I[ A,/R, is inlegral, then R,[a;]/1, is integral. So we have p 2 Ijo.
Conversely il p 2 Ij, for all 7, a; is inlegral over I, and hence A,/ R, is integral.

a

By Proposition 3.3, the obstruction ideal of integralness is given by N;.
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Theorem 3.4. Assume that oy, ..., o, are integral over R and that R[]/ R
is unramified for some 1. Then A,/ R, is flat if and only if A, = R,[a;].

Proof.(«=) «; is anli-integral and integral, A, = R,[a;] is [ree over R, by
[0SY2,(2.5)].

(=) Note that R, C R,[o;] C A, and A, is a [ree R,-module of rankd. Since
«; is anli-integral over R and R[a;]/Ris unramified, R,[a,] is a free R,-module
of rankd ([KY1,Theorem 1]). Since R[ey]/R is unramified, pA, N R,[a;] =
plt[ei]. So we have A,/pA, D R[ai]/pR,[ci] D R,/pR,. Tence A,/pA, =
R,[aq]/pR,[ev], that is, A, = R,[c;] + pA,. By Nakayana’s lemna, we oblain
Ay = Ie]. O

Notation 3.5. Pul B; = R[«;]. Nolmg that a; € L= K+ Ko+ -+ Ko™,
we wrile :

a; = Cj:) + Cj; o + C;d-—la

Lemma 3.5. Assume that B;/R is an inlegral exlension and a € R. Then
aa; € B; if and only if a(je € R for all L.

Proof. By the assumption, B; = R+ Ra; + --- + Ra?"! is a [rec R-module
by [0SY?2,(2.5)]. Hence we have aa; € B; & al;; € R for all £. [

Corollary 3.5.1. Lel p be a prime ideal R. Then
(i) P 75 ﬂld-.l .’) <oy € (B'),,,
(%) p D Ni=y nd:o I((') & Ap = (Bi)p-

Theorem 3.6. Assume that A is inlegral and unramified over R. Let
p € Spec(t). Then A, is flat over R, if and only if p L, (N ﬂ,..of M)-
jl

Proof.(=») By Theorem 3.4, A, = Ry[e;] for some i > 1. So p 2 M}, Nio L.
j¢

- («) There exists 7 such thal p 2 M7=y Nizo [(E?' Thus A, = R,[o;] and A, is a

free R,-module. O
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Definition 3.7. Define

Remark 3.8.(1) If for p € Spec(R), p 2 Hn(A), there exists ¢ such that
A, = R,[a;]. The converse stalement is nol necessarily valid. But the implica-
tion N o) N Ha(A) C Fr(A) holds.

(i1) If A is integral and unramified over R, then Hp(A) = Fp(A) by Theorem
3.6.

(1) If Hp(A) = R, then the extension A/R is a locally simple anti-integral
exlension. So many things are reduced lo a simple anti-integral exlension. In

fact, for p € Spec(R), il p 2 N2, Neza 1(5?, we have 4, = R,[o].

1=1

,I ﬂ J[a;] 2 .7'-]1(/‘).
=1

Proof. Take p 2 Fp(A). Then A,/R, is flal. By Proposition 2.2, A,/R, is
not blowing-up. Thus p € Bp(A) = V(Niz, Ji«; by Proposition 2.2. So we have
p 2 M=y Jfay- Therefore \/Nis; Jiai) 2 Fr(A4). O

Theorem 3.9.

Theorem 3.10. Assume thal oy, ..., o, are integral over IR.

(1) If p € Spec(R) satisfies p D Hp(A), then A, /R, is [lat.

(11) If there exisls i such that R,[o,]/R, is unramified, A,/R, is flat = p D
Hn(A).

Proof. (i) Since p 2 Hp(A), A, = R[] for some 1. Since o is anti-integral
and integral, 4, = R,[o] is a [ree Ry-module. So the conclusion is obvious.

(ii) It is obvious thal pA, N R,[e;] 2 pR,[ai]. Since R,[o4]/R, is unramified,
pR,[o]is aradical ideal. Let pR,[o;] = piN---Np, with p; € Spec(R[;]). Since
A,/ R,[] is inlegral, there exists P; € Spec(A,) such that PN Ry[a;] = p; and
P: 2 pA,. Thus pyN---Np, = pR,[a;] D pA, N R[] Tence pA, N R,[og] =
p,es]. So A,/pA, D Ry[ai]/pR,[a], both of which have the same dimension
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as k(p)-vector space. llence 4, = R,[o;] by Nakayama’s lemma.

Definition 3.11.

En(A) := {a € R|A[1/a] is unramified over R[1/a]} U {0} = \/AnnpQpr(A4).

Corollary 3.10.1. Assume that A/R is inlegral and that 17—, Ep(R[e]) = R.
Then A,/ R, is flat if and only if p B Hp(A).

Theorem 3.12. Assume that A/R is an inlegral exlension.

(4) If p B Hp(A) with p € Spec(R), then A, = R[] for some i and A, /IR, is
flat. ‘

(it) If Jor p € Spec(R), A,/ R, is flal and p D Yry Ep(R[as]), then Fp(A) 2
Hn(A) 2 Fr(A) N, En(Rlai])

Proof. (i) Since p 2 Ha(A), p 2 M=, NeZs 14? for some 1. Thus a; €
R,[e;] and hence 4, = R,[e;]. Since «; is anti-integral and integral, A,/R,
is flat([0SY2,(2.5)]).

(i) Take p such that p 2 T, Ep(R[e]). Then p B AnnpQp(R[e;]) for some 1.
Thus R,[e;]/R, is unramified. ITence the flatness of A,/R, yields A, = R,[«;]
by Theorem 3.10. Therefore p 2 Hp(A).

Remark 3.13. Assume that A is integral over R. If ¥F, Ep(R[as]) = R,
then Fp(A) = Hp(A).
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Complete Intersection Monomial Curves @
EEBATTAMLEDONWT

wEE fax Bk BT
ME E

V% ZY @ rank ro© submodule & L\ o;(v) TCv e VO i BBORDRET T LICT 5,
veVIR Ly RO LS ICE[X;, -+, Xy] DEERXEIGE 2 (BL. kidtE),

Fi(w):= JI X5 (b L FRTO ALy 03(v) <0 %D Fy(v) =1)
ai(v)>0
I X7 (B L. FRTDilH L, oi(v) 2 0% D F_(v) =1)
ai(v)<0

Fv) = F_(v) = F(v)

I(V) 3 =T Fu)(v € V) CERENS ideal EF 30 COL5ABTHEERS
ideal DFIE LTRKD E 5 % b DD 5o

F_(v):

1. monomial curve D %EZ ideal

e, R EREE Ly ROBAAKEE 1 ET 50 ¢ kX, X] —
k[t] T X;% t"ICEF ring homomorphism &3 %, D& &, [ =Ker ¢
. (na, -, n,) 8 Z75 b Z ~® surjective homomorphism & %7z & ¥ @
kernel VIKst LT I(V) & w5 BTEYE 5,

2. Z" graded ring

ring k Ht"“ : Ht"" (C k[, - 1)) #F X B,

(X1, e, X, 25 L OB~DERELHEEL 5 L &, £ kernel 1 V =
Kel' ¢\ {E.L\ ¢=(n.J) :Zq—)zp%mv’fx I(V) &V“i%‘?fﬁ'éo

3. 2 x r matrix ® 2 x 2 minors TR X N7 ideal
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Xu X - Xlr)
M= I PN
(Xm Xop +or Xy
vEou(v) = 1, ox(y) = =1, TDMDEE 0 D vector &35 (i
l’..."p)o

V = (v —vy,v3 — 01,7+, ¥ —v1) EFTHHE MD 2 x 2 minors THERKE
N3 ideal & I(V) EEE 5,
(—&IC p x ¢ matrix @ 2 x 2 minors THEM T N7z ideal b (V) DETE
Ehd, )
¥F, ¢: Z¥ > Z"'% surjective homomorphism &3 %, V = Ker g& L. I(V) %
I(¢) LEFT T T DL, I(¢) & prime ideal IC7% %o

Proof. ¥ TRENC, GeI(¢) & 3 BRE+HRERX G5, -, [1H")=0TH3
T EICERT 5 BL ¢ =(npg) o
LT GG el(g) T 5 &,

Gi([T ez, -, [Tt Ga([T 8-+, T 1 t57) = 0.
W% IC,

Gl(Ht;P"..-,Ht;FN) =0%7h Gz(Ht;"lr"WHt;’N) =0.
Thbb Giel(p) ¥l G €I(9)o

Q.E.D.
I(V) @ height IcB§L T

Proposition 0.1

ht I(V) = rank V.
Proof. —M D54 [XEEHAS technical ZD Ty V =Ker¢{HL. ¢: Z¥ — 7" :surjective
homomorphism DA # T %FFo A=k[Xy, -+, Xn], B=k[X{, - X3 &8 &,
AJI(V) o B, e, e8] T
AJIVY®B = kftf, .-t TH 3,
WZIc, dmA/I[(V)=dimA/I(V)®@B=r'=N—-rkb, tI(V)=ro

Q.E.D.
Corollary 0.2 V% Z¥®D rank r® subspace & F3, cor¥ I(V) 2% prime & 72 2 BE

To%&ER. H % surjective homomorphism $HEFLEL V = Ker ¢ 25T L TH 3,
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Proof. V = Ker ¢D & ¥ (2B b 2 IC prime o £ Z T+ I(V): prime & F %, ZD L&,
Coker (V «» Z") @ rank ik r' = N —r Ty WAIC Z" @ TE K43, {BL TH torsion
module o Z"' @ T2 b Z™' ~® canonical 7 projection %% 3 &\ ROF#EE % X 3

0— V — ZV — 27T —0
! I Lor
0— VvV — zZ¥ & 7z 0,
BL V' =Ker ¢o 2Ty I(V') iZ prime T ht I(V') =ro WAL, I(V)CI(V') &Y.
IVY=I(V)o ThibB, V=V =Ker ¢o Q.E.D.

1 Complete Intersection Case
COMTR RERET 50

V CV'=Ker ¢,¢ = (npg) T~ npq >0, anq > 0 for any ¢
P

CoOLE, I(V) 1* homogeneous ideal in multigraded ring k[Xi, -+, Xny] (AL~ deg X; =
(Raiy .-y neii)yr' = N —=r) TH 5B, WL, I(V) & F(v;) > b7 % minimal generating
system ZHEIC b D,

Theorem 1.1 I(V) 2% complete intersection & % 3 BETIFRER (x) 57T VoL
MR vy, 0, RFETECLTDH B,

EEDs(2<s<r) ¢
FERD iy, i 01,0, s (1S SN, 1< <)
(%) KL 3 j,BFEEL
Jik(vjm)zo fOTlSkSS
¥k o0i(v;,) <0 for1<k<s

coLE, I(V) R F(v), -, Flv,) CEREN B,

TS, (%) BBBERETHBEC L ERT. [(V) XK F(vy), -, F(v,) TEREN TS &
RET 3. s¥EELT, EEOm (1<m<s) Ly BF 0, (vm) >0, 0ur (vm) <0
EBICT i, i, BFET B ERET D0 J = I(V)+(Xy,-++,X,) 8L TOEE,
(IV)+(X))=r+1tAhd. JHCZDideal EBFELDT, ht I>r+1TH 3,
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—H F(vn) B Xy, X, CTERINTWEDT, p(J)<r+s—s=rTd5s, L
L. ChiE htJ>r+1KFE,

WiC, (%) EH 72T VO base BFET 2 L ¥k RD key lemma IC X Y\ I(V) 234
REhdTlsbrsd,

Lemma 1.2 ([2, Lemma 1.2]) v;,1, €V &3 30
b Lo FEED i, CH LTy

0’1'('01) < 0) 0','(‘02) > 0)
O’,’l('vl) >0, 0','1(‘02) < 0.

BRI LR bEs Fu +v2) sy F(v), F(vo) TERT N5,

Proof. au(v1) > 0,0u(vz) < 0 & 723 /BFELET B LE, REL Y. £ LT,
oi(v1) < 02 DIE 0;(vy) S0TH B, WRIC,

Fluy+v)= H Xi—m'("z) H X;d‘(v‘+"’)F(v1)
ai(v1)<0 ai(v1)>0
ai(v1+v2)<0

+ H Xgn(w) H X:n("n +"’)F('v2).

ai(v1)>0 ' oi(12)<0
ai(v1+v2)>0
EhBo b Ly EED IICH Ly 0u(vr) > 0,00(vs) < 0& DI TXTDMCH L 00(vy) >
0= 0u(vy) 2 0HMHILDe TDL X DROHE LFEBIC, F(vy+v2) B F(vr), F(va) T
HEREN B,

T DFEED Corollary & LTy K? Delorme DfER%E X %0

Corollary 1.3 (Delorme[l, Lemma 6]) 3XT® complete intersection monomial curve
X ENE2EET 3 unimodular DEX X Y&\ unimodular K X > TEEI B complete
intersection monomial curve > LM TN 3,

¥ rankV<N-1DL &

Theorem 1.4 I(V) 2% complete intersection D & ¥k $3 rank V' = N — 1T (V')
2% complete intersection ideal £ 722 X 5 % V'BHEEL (V) k% D minimal generating
system D—HTER T 3,
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RRIC, 2t 2 I(V) X prime TH, LOEEEHZ L, I(V') 25 prime 23 k5 %
ViReEnd LRROART LEEET 5,

-1 -1
0211 -2 -1
Bz X, V = Ker tFre. ViR , % base L DD
8§ 0 2 3 4 -2
0 4
T I(V) /& complete intersectiono % 554 I(V) i primeo £ T\ I(V) 2 EB: A%
—-a
F & 5 7 height 3 @ complete intersection KA1 32K, w = g ,BL a >0,
0

b>02¢,WnSBD vector EMA AT E hbirvve L, TDELEEDL 57 a,blCxH
LThHy B3V + (w) b Z*~D injection D cokernel i torsion % d 2D T\ I(V +(w))
i prime T4\,

EEPEN

[1] C. Delorme. Sous-monoides d’intersection compléte de N. Ann. scient. Ec. Norm.
Sup., 9:145-154, (1976).

[2] K. Eto. Almost complete intersection monomial curves in A*. (preprint).
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Complete local (Sn_l) rings of type n 23 are Cohen-Macaulay

BEw B— (BRKXKE)

§ 1. Introduction
(Am Rk dKBAHEL TH, Ao Ype NA &  NA)=dmy EtihA)
TRERIAS. Qrenstein o BHMiIn—ox L T,

(CB1) A Grenstein & A OhenMecly & T(A) = 1
A& 5 AT \NB, Vosoncels X, A Chen-Macauly )X & &, 3P %5,

TV, p531)  NA)=1 = A GhrMucaulsy %%-T Gorenstein
xFRUE, Fouby &, ADfield 038 % Ass(A)=Mn(A) (» 2 m-adic
omleton t % 3) o34 IC, SoFRBNEL W X EHRELCF G
and (4.3)]), Roberts #" —# 1= $E88 U £ (L[RRI),

TR, YA22 o 2)3H»PYLE S Y,

(Lc, 11D B domain, MA)=2 => A Crhen-Macaulny
AN EEBA L N, non-Cohen-Mucoulhy eguidimensional complete locd ring of type tw 4 5
4) (LC, 1.31) X non-Cehen-Mocaulny reduced complete local ring of type tye % 5 #)
(LC14N N HF TN E, Marley d Lo RE O~ L T,

(CMD Ass(A) = Assh(R) , T(A)=2 = A (hen- Macaulny
t3LA L,

Y(A)=n 23, AnSere 0 F# St AT = A GhaMauky T
ERRBRULA. XL, Kawasaki ® ASfdd oA IKE L WS X
TAUVAUKGHI)., ¥ 0FE|RK I, rak o X455 & ¥4 9 5 Buns
o RAEB(B]) £ TN B, 2T, QBROFHEITEY ADfald &
BEUVEL THEARALIBZIXYERT, BFS, Buso RE T o 4id N1
1T ELKEZN, BLHL TNXNENENDLINSIXXERT,

Theorem (1.1) N #¥ =23, rAsn, A Spy) = A Cohen-Macauley

MBpRLO2OVWVITEtEARNIYNRLE, MEARTABREXADE
L, "M =dimgExtA(k.M) YR ¥ 3,

Theorem(1.2)  F(M S, R CSn) & epuidimensional => M Cohen-Macaulay

n=lnxxiy, RoRELNENEBLETHS.
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Theorem (1.3) M =1 => M, B=HmmM %) Ghn-Macaulyy ©,
M % B o cansnical medule T H5A

Fody it 7 r(M)=1, M Cohen-Macaulyy => B Cohen-Maomylyy , M= Kg | &
#£ L (IFLGND, roZRoBTIFIRULE. XL T, AD M n i
& mM< dmA OB A TEERLANRLGMD., AD fll nER %
New Intersection Thesrem & 48 2 £ H IR B T H » £, R AE K, New Intersectim
Thesrem 13 — IR E L WS X AW ¥ » TWA (R 07, FITO®RENR
~RoEHBARTEELW, AL, RI0FET Threm() X EEHR TN H 0
T, Ype 1l 0BA OB EERT, 3THEHER TS kF S,

AR, BAEDABR, AEOY-FEEZ oW TH,
RJEAB UL TTFXWw,

§ 2. Proof of Theorem(l.1l)

A B duslizing complex € > X U TI W, d=dnA L2 W T ) RIA
TIEB TS5, AN GhenMcuby TE WY L, tedpthArH <, d>E
z2n-/ Th%B., D& A" dulizing complex T, Di= ® {EOR | e Spec(A),
imfp=iY5580cd 5. ARG T catenary Th3 05, dnfhe=
for YReps(A), -7, D= @{EAP| peAs(A)},, F ED. 0 mlmmal
free resolution ¥ ¥ 3 . (cf. ER1, I.2.41) (k. L0, 7.381)

F. : --~—al—},,f F¢ 7—>Ft—>0
¥
D.: =i 0 —>D = -—=>Dt > —>D, =0 ---

e =, mkF = dimgExtihA) for ¥i © H5. (LR, I.3.61) HIC
mk Fy = NA), ReSpec(A), R2M XD, dimPpr=d- dnfp &3,
D.p 1& Az ® dualizing complex T, F.p 1& X & free resolution T # 7% .
Dip = O{ERgap | FeSpec(R), GBS, dinArhr=( -dnARY X &> T W
T, FeoBdBF xUT Dy o minimal free resolutisn %43 5 ¥ 5 4
5(cf LR, I.247), T(Ap) = dimgp Bxt i Gh®), Az) S rank Ft = FA)S R,
Pzl 2534 ST AHD5, BIAEILXY Az & Cshen-Muaulay
ThB. £ T, Fd;z‘*“"%f‘_t;zﬁo & exact, split ¢ & 5.

Gi = Hma(Fzi, A), & =% Y H VT, wmplex

C '_>G‘¢-t T Qe — - G’/ Go ) .
tEL 5, j=l,..,dt LA, ro, = (l)"*nmk(“n Bt makF;

xh E, L é(g, n r'-mmw» £ 5P '("&ﬁ‘x*né ideal x <. PeSpc(A),
2EMIIH G, Ga« it exact, split b 585, Lig=~AR ThHd. 4t
-~ T, Lt m-pn‘mary T dn Ay =035 d-t-4 fpri=lL--,d-t .

t<d-1 ®x &, [Br, Theorem3, Remak®] XYV, nzt. rmkFz 215+
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Th BN, 5 rmkR=ht] YBaRIB. Z=krfy , B=Infy <,
refAss(REx 5. dnAr=sd T dd. 0—Zp = FRp > -—kRp—0
% exact, split T H B NS, Zz 1k free T nmkZp = mkF/-F =1/ .
Zp/Bs = Hi(F)p = ECAa/ang) T 05 005, [(Zp) - A(Bp) = L(EAyaAg) =
{Ap) T HY, Br=0 £485. B KR free module © submodule T 5 2
5, B=0 t&A. $BX, ---—> Fyp, — Fp, — 0 B exact, split,
minimal o d B 55, F=0 fr (>d. 3, dng Eethlk, A)=nnk F; =0
fri>d ¥ %, I AN Gorensteln "HS X ERT. FA,
%57, MA =rkF > G+l 2tttz T, A, <T=d-/ oz,
L i foy © maximal mingr 2 3 TE KX S W5 WM-primary ideal T & H D
L nsd=RtI s mkF/ - mkFy, +1 €n. ¥R, d=n, mkfy
=n, makFr, =1, $# -7, 3x,., XL €W at Hi(F)= Mz, x).
L(HE(FY) <R AR D | X, X 1% sgdtem of paameters T H 5. (ol
duality 15 & D HEXA) = Homy (He (D), EA) = Hom (Heei (R, ER) T
BAEDD, (e, XOHE A =0 ¢ &B, THYX AN (SL) %R XR
9, e, Xg) Hy (A xp) = 0 it <d EHBB. B T, LT,
25,210,151 &Y LAxy—x) = € Xy X3 A) = L(HR(A)) = L(A/
G xd)) £ e, Xd 3 A)=0 ¥ & B, (€ Ik multplicity EADT.)
%5 . KT Theorem (LN OMEANE - £,

Theorem (1.2) @ 3E%R B T, Homa(M,D.) ¥ % © minimal free resolu
tion EET, dpthM < 4-1 (4=dinM) & X T N2 (M) =rnkFa >
h2d-o+dphME2N ©FA. dthM=d-/ DX TR n<Adsd =]
SNTEMAo

AD Pl 0%b i, t<d-l oBR Nztt] THIHE, R0k
B s,

Theorem (2.1) n EE¥k, ADfM 33,
(1) @I sn, ) B (S (nRs3oxzid, A unmind 848 EFS),
i) Az Cshen-Macaulay fr Ve Spc(R) with dim Az < N
= A ChenMacouley
() Ik, G idl) M AmEixAwst 345, -
O rMsn, @ A (S bo quidingsional , (i) Mg Crhen-Macaulny
fr Y&e Sup(R) with dm Mz € 7 => M Ceben Macauloy

roEBEFNE, dARKEUVT D 0RREBIRESZN, %
HEowWTRAEBRTS,
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§ 3. A Proof of Theorem(l.3)

A o dualizing complex. D., Dy = @{E@GR| ReSp(R), dimAp =i} , & B £ 3
S LTXWw. [F,BNIIR XY, M Chen-Macauley 0 53 ¥ &4
X W, MV =Hma(M,D) xB<. M=o for (>4=dinM, (<0 T
&, M o minimal free resolution F. & ¥ 5.

Foo oo =Ry P —g—= Fy— =R =0
@
M: cii—> 0 —— My L S MY, - S MY — -

rak F; = ding Exta(k,M) for Vi T # 5. (IR, L.3.61) BR, mkFo=/, %>
T, Fa=A.

19, 6=0 = M Gha-Mowly E&RJ.

=0 xda25Y, FR=F.®F., F,:--->Fm—>F—0--,
F.i e = Fgy = - F— 0 - . M & Hma(MY, D) £
Homa(F., D.) = Homp(F., D.) ® Hma(F%, D) ( fi- 1% uasi-isomorphism & % 3.)
Ha(F) #0 E#5 Ha(F.) #0 T, Hma(F., D) 1 exact T & < (Hma(
FOoMN#0THD, ¥UT, M= MM |, M= Hlhma(F,D)), M
= Ho(HomR(F”., D.)) >
Homa CF”., D) - == 0= Hmg(Fa, D) - =& Hma (R p0) 1 ---
Hma (F%, D.) : == 0= Hmg(Fo, Dg) = ~-- -- - - - - ~~--#ﬁaﬁm(ﬁ,v»%----mho;;,,p,}»o
Bt ijective moddde. et <) exact
0 —> Bo(Hm(F.,D.)) — Zo(Huma(F-, D)) — M’ — 0 exact
= (nfective madyle |
0 — Bo(Hma(F’, D)) — Z,(Hma(F’, D)) —> M' — 0 exact
M’ by Hm{F., D) &9 F. & Homa(Hma(F’, D), D.) EX5 Hma(M, D) T,
ding Bty (k,M) = ik F =0 for (<4 o $E > T, depth M/ 2 4 o
M By Hma(F D) &Y FY s Hopa(Homg (F%, D), D.) by Homa (M7, D) 72,
ding Exth (k, M) =k F’, =0 fr (24 . %> T, wdn M < 4
U M#085 dpthA=ijdn M < AsdpthM < dothA £ 45, FA,
e, M =0 BP3 Hma(F., D) It exact T Hd. # > T, F’ i exact,
split, minimal X 3 Y F.=0. #IX, Fo=0 Hhri<d T, THEY
Exth(k,M)=0 for i<d 4%, dpthM24 BP3 M Cohen-Macaulay ¢ %5,

M & Cohen-Mecaulay T8 W X §5. B#0 ThB. Z=krf cd<,
Zxfo P#0E$ 5 C=lr¥P+F. McsATHBHH S5 Z+C+F,
Z+C S k¥ LW, Xxekr¥ X B3, POEKry T, Z/ma=kr)y
THo 5, TYe T at. PN =P, 3R, X=¥+(x-¥) €Z+C. 4o
T Z+C=Kr¥. Rens(R/2+C) £ YL B, Ffzec = MY, A %5,
Ass(Fo/gtc) S Supp(Mn Ass(De-)) T, Mp#0, dmAlr =4A-/ Y %5. F2F
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€ Ass(Fo/c) & X B, Fyc e My Enb5, Ass(R/C)S Swp(MIn Ass(Da) T,
Mg #0, dnfVg=Ad % 5. R, dnMp=1/. depthM;-:/ 33X,
(0= Fafz = Foy = --—>F — 0)® Ap 1t exact, split ¥ & v, R/
1% free. ®€ Ass(R/Zic) K25, Ta/2p #0 . Fag = Az o Zpg=0. X
AT Zp» kerlp#0 £ 05, Fh. WE, dttMp=0. 3£ 1=
KMp)S FrM s/ o #6-T, Ko 17 Chen-Macauloy & Vv 6 0 VB3,
MEt*2vd 3, o K 5% FEsA B R oo

——73——9 151'7 My > 0
FeMn(M) RXL, fp ) sujectin £25 makh=/, W=, By K somorphism
vt Y, Krfp=0. —%, Krfr/inctg = Homy (Mg, ECegag)) #0 T 5
PS5, FA.
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Powers of Ideals in Cohen-Macaulay Rings

Koi1 NISHIDA
School of Science and Technology, Chiba University

1. INTRODUCTION

Let I be an ideal in a Noetherian local ring A with maximal ideal m and assume
that the field A/m is infinite. For each integer n > 1, let I") ={ae A|sac€
I™ for some s € UpEMinA All p} and call it the n-th symbolic power of I. In this
report we are going to investigate the conditions under which I () = I" for all n.

At first let us recall some basic definitions. We put A(I) = dimA/m ®4 G(I)
and call it the analytic spread of I (cf. [NR]). Then we have Burch’s inequalities
ht ] < A(I) < dim A —inf,>1{depth A/I"} (cf. [Bu]). An ideal J of A is said to be
a reduction of I, if J C I and I"+! = JI™ for some n > 0. For each reduction J of I
we put r7(I) = min{n > 0 | I**! = JI"} and call it the reduction number of I with
respect to J. A reduction J of I is said to be minimal, if it is minimal among the
reductions of I. As is well-known, this is equivalent to saying that J is generated by
A(I) elements ([NR]). Following [HH1], we define ad(I) = A(I) —ht4 I and call it
the analytic deviation of I. With this notation the main result of this report can be
stated as follows, which is a natural generalization of Huckaba and Huneke’s result

in [HH1] to the case of ad(I) arbitrary.

THEOREM (1.1). Let I be an unmixed ideal in a d-dimensional C'ohen—Macaua.ly
local ring A with infinite residue field. Let s = ht4 I and assume that for all Q €
V(I) with ht Q < max{s+1,A(I)}, the ideal Iq of Aq is generated by ht () elements.
Let o € Z with o > ad(I) and assume that depth (4/I")g > min{a—n, ht Q—s—n}

for all Q € V(I) and 1 < n < ad(I). Then the following conditions are equivalent.

(1) I™ =I™ for all n > 1.
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(2) AM(Ig) < dim Ag for any Q € V(I)\ Ming A/T with ht Q < X\(I).

(3) MIg) <dim Aq for any Q € V(I)\ Miny A/I.
When this is the case, we have rj(I) < ad(I) for any special reduction J of I (see
(2.1) for the definition of special reductions) and depth A/I™ > min{a — ad(I),d —
A(I)} for all n > 1.

Throughout this report let (4, m) denote a Noetherian local ring with infinite
residue class field. For an ideal I of A we denote by V(I) the set of prime ideals
in A containing I. Let Ming A/I be the set of minimal elements in V(I). We put
Asshy A/T = {Q € Ming A/I | dim A/I = dim A/Q}. The number of a minimal
system of generators for an A-module M shall be denoted by ps(M) and for a

prime ideal Q in A, we write pg(M) = pao(Mg).

2. SPECIAL REDUCTIONS

Let (A, m) be a Noetherian local ring having infinite residue field and let I be an

ideal of A. We put s = ht4 I and £ = A(]).

DEFINITION (2.1). (cf. [AH, Definition 5.1]) We say that J is a special reduction
of I if J is a minimal reduction of I and if there exists a system of generators
a1, ag, ..., ar of J such that Ig = (a1, as, ..., an, @)Ag forall Q € V(I) withht4 Q <
£ (In the case where ht 4 Q = 0, this equality reads that Iq = (0)). In particular, if

s = £, then any minimal reduction is a special reduction.

Let K be an ideal contained in I and let @ € V(I). Then the equality Ko = Ig
holds if and only if K : I € Q). Hence a minimal reduction J of I is special if and only
if we can choose a system of generators ay, as, ..., as of J so that ht4 I+(ay,...,a;)A :
I > ifor all s < i< £ Thus our definition of special reduction is same as that in
[AH]. As is guaranteed by the following proposition, there exists a special reduction

of I if and only if I satisfies the condition G/ in the sense of Artin and Nagata [AN].
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ProposITION (2.2). (cf. [N, Proposition (2.2)]) The following conditions are
equivalent.

(1) I has a special reduction.

(2) po(I) < hts Q for all Q € V(I) with hts Q < L.

CoROLLARY (2.3). Let @ € V(I). If I has a special reduction, then so does Iq.

The author doesn’t know whether any reduction of I contains a specié,l reduction
of T or not when the condition (2) of (2.2) is satisfied. However if a reduction J
has the property that Jg = I for any @ € V(I) with ht4 @ < £ (this is equivalent
to saying that hty I + J : I > £), then J contains a special reduction of I under
the condition (2) of (2.2). Actually, in this case we have pq(J) = po(I) < hta @
for any Q € V(J) such that ht, @ < £ = A(J), so J has a special reduction by
(2.2) and it is a special reduction of I as well. In particular we have the following

Corollary, which will be used in the proof of Theorem (1.1).

COROLLARY (2.4). Let J be a special reduction of I. Then, for any Q € V(I),

there is a special reduction of Ig contained in Jg.

3. THE DEPTH oF (A4/J™I*(D), For Q € V(I)

In this section let (A,m) be a Cohen-Macaulay local ring with infinite residue
field and I an ideal in A having a special reduction J. We put s = ht4 I, £ = A(])

and assume that a;, as, ..., a; is a system of generators of J such that
(3.1) Jo =(a1,az,...,ant, @)Ag for all @ € V(I) with ht, Q < £.

For 1 < i < £ we write J; = (a1, az, ..., a;)A. In particular Jy = (0).
We begin with modifying a4, as,...,a; so that they enjoy‘ the property in the

following lemma and (3.1) is still satisfied after the modification.
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LEMMA (3.2). We may assume that, forany 1 < i< ¥{, a; ¢ Q if Q € (AssAU
(Um1 Assa A/J21)) \ V().

ProoF: Leta! € J? fori=1,2,..., L. Notice that when we replace a; by a;+a}, the
elements ay, ..., a; again forms a minimal system of generators of J and moreover
they still enjoy the property of (3.1). Actually, if @ € V(I), then J?2 C QI and
so, in I, we have a; = a; + aj mod QIq for i = 1,2,...,£, which means I =
(a1 + @y, .., ne, @ + ap, o)A@ When hty Q@ < £ Therefore we will inductively
choose adequate elements a! in J2 for 1 < i < £ so that after the replacing the
required conditions are satisfied.

Now suppose 1 < ¢ < n and assume that we have already modified ay,...,a;-1
(If ¢ = 1, this insists nothing). We put F = AssAU (Um21 Assg AJJm )\ V().
By [Br] we see that F is finite. If a; € Q for any Q € F, we don’t change a;. So
let us consider the case where a; € Q for some Q € F. Let {Q1,Q2,...,@,} be the
set derived from F by deleting the smaller elements when there exist relations of
inclusions. We may assume a; € @1 N---NQp (1 <p<g)and a; € Qpi1U---UQ,.
Because all of J2, Qp41,..., Qg is not contained in any of Qi,...,Q,, there exists
al € J2NQp41 N---NQ, such that a} € Q; U---U Q,. Then we easily see that
a; +a; € @Q1U---UQ,. Thus replacing a; by a; +a; we have a; g Q for any Q € F.

Repeating this procedure until i = £ we get the required assertion.

In the rest of this section we assume that a;, a3, ..., a, is a system of generators

of J having the property of (3.1) and (3.2).
COROLLARY (3.3). Let s > 1. Then a1, ay, ..., a, is an A-regular sequence.

ProOF: Suppose 1 < i < s and assume that ay,...,a;_1 is an A-regular sequence.
Let Q € Assy A/J;—1. Then we have ht4 Q@ = i —1 < s as A/J;—; is Cohen-
Macaulay, and so @ 2 I. Hence a; € @ by (3.2). Therefore a; is a non-zero-divisor

on A/J;—1. Thus we can prove that ay, ..., a; is an A-regular sequence for 1 <:<s
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by induction on i.
COROLLARY (3.4). Let £> 1. Then ((0): a;) NI = (0) for any 1 < i < L.

ProoF: It is enough to show that ((0) : a;)Ag NI = (0) for any Q € Ass A. If
I C Q, then Ig = (0) as ht4 @ = 0 (See Definition (2.1)). And if I € @, then
a; € Q by (3.2) and so ((0) : a;)Ag = (0) as a; is a unit in Ag. Thus in any case

we get the required assertion.

Our purpose of this section is to prove the following lemma, which is the most

important result in this paper from the technical point of view.

LEMMA (3.5). Suppose a > ad(I) and depth (4/I")q > min{a—n,hty Q—s—n}
for any Q € V(I) and 1 < n < ad(I). Then we have

(3.6) depth (4/J™I")q > min{a — n,ht4 Q — s — n},

where Q € V(I), m>0,0<n<ad(l)and0<i<n+s.

PROOF: We prove Lemma (3.5) by ”triple” induction on m, n and i. We begin with
induction on m. But if m = 0, the required inequality (3.6) is just the hypothesis
since J2I™ = I for all i and n. So we fix m > 0 and assuming that (3.6) holds for

this m we will prove
(3.7 depth (4/J ™) g > min{a — n,ht4 @ — s — n}

for any Q € V(I), 0 < n < ad(J) and 0 < i < n+ s by induction on n. For that,
in the case where n = 0, it is enough to check depth (4/J™*!)q for any Q € V(I)
and 1 <7 < 5. Howeverif 1 < i < s, A/J,-m'"1 is a d — ¢ dimensional Cohen-
Macaulay ring since ay, ..., a; is an A-regular sequence by (3.3), and so we get, for
any Q € V(I), depth (4/J*!)g = ht4 Q — i > min{a, ht4 Q — s}, which is the
inequality derived from (3.7) substituting n = 0. Now we fix 0 < n < ad(/) and
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assuming that (3.7) holds for this n we will prove
(3.8) depth (4/J 1 ") g > min{a —n — 1,ht, Q@ —s —n — 1}

for any Q € V(I) and 0 < i < n+s+1 by induction on 7. But again this is obvious
if i =0as Jrt I+ = (0) and a,s.depth Ag = ht4 Q. Therefore in the following
we consider depth (A/J/3T ") assuming the inequality (3.8) for a fixed integer

0<i<n+s+1

Here we need the following

Cram 1. (J‘.""""1 S aigr) N Jgilfn+1 = Jim+1In‘

1

Suppose this is true. Then we can determine the Kernel of the natural surjection
@: A/ 5 A)JTE TP as follows: First notice IRt = I 4 e I

and so

Kero & a; 41 J M T M n a0 T, I
= aij41 J,-’Z‘HI""'I/a.-.H Jim+1In
since Jim+1In+1 N a,~+1J}11I"+1 g a,'.'|.1((J‘-'"+1 . a,‘+1) n ﬂ1In+1) = a,'+1J,-m+1In
by Claim 1. Next let € J2;I"*! be an element in the kernel of the surjection

Qit1
1 1 1
iTl-lIn-l- — ai+1inlI"+ /ai+1Jim+ .

Then there exists y € Jim"'lI" such that a;412 = a;41y. This means ¢ = y since
z—y € ((0) : aip1) NI I C ((0) : aiz1)NI = (0) by (3.4), andsoz € Jrm.
Hence we have an isomorphism Ker ¢ & J2,I"+1/ J*II™. Thus we get an exact

sequence
(3.9) 0— ‘.’fi_lj"+1/]t,’7‘+1[n — A/Jim+11'n+1 - A/Jiri-{-lfn-'-l -0,
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which plays a key role in our proof together with the natural exact sequence
(3.10) 0 — Jo IMH )T — AJJPH I — AT TP S 0.
Let us recall our hypothesis of induction on m and n respectively insisting
depth (A/J73, 1" )o > min{e —n—1,ht, Q — s — n — 1} and
depth (A/J7* ™) o > min{a — n,ht4 @ — s — n}.

Then applying the depth lemma (cf. [HH, Remark 1]) to the exact sequence derived

from (3.10) by localization at @, we get
depth (J73, ™! /J;"‘?lfﬂ)q > min{a —n,ht4 Q — 5 — n}.
This fact and the hypothesis of induction on i that |
depth (4/J "o > min{a—n—1,ht,Q —s —n—1}
imply the required inequality
depth (A/J,-’:’_'{'II”'“)Q >min{o—n—-1htyQ—s-n-1}

by the depth lemma applied to the exact sequence derived from (3.9) localizing at Q.
In order to prove Claim 1 we need some preparations. In the following arguments

m, n and 7 denotes the integers fixed above.

CLAM 2. Let 0< j<n+s. Then
(I s ajp) NI P70 = griip e,

ProoF oF CLAIM 2: If j < s, then as aj4; is a non-zero-divisor over A/J}""H (cf.

Proof of Corollary (3.3)) and as I’~* = [’ ~**! = A we have

(I ajp) NI Pt = gt ngm,

— Tm+1

=7

= Jmtlpi-s
E .
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So let us consider the case where j > s. We take any Q € Assq A/J"F1 I,
It is enough to show ((Jj)'g"'1 ‘Ag Gj+1) N (Jj+1)’3Ig—’+1 = (Jj)g"'lIé-’ since
(I s aj) NI Pt 2 JMHIE= T € Q, then Q € Assy A/J7*! and so

aj+1 € Q by (3.2), which means that ;4 is a unit in Ag. Hence we have

((J3)TT 4q aj+1) N ()80 = (TG N (5415
= (%)™
= (551 .
In the case where I C @, by the hypothesis of induction on n (notice 0 < j—s < n)

we get

0= depthA(Lm+IIj")Q > min{e — j + s,ht4 @ — j},

which impliesht, Q—j <0asa—j+s>a—(n+s)+s=a—n>ad(l)—n>0.
Then asht, Q < j < n+s < ad(I)+s = £ we see (J;)@ = (Ji+1)o = Iq (cf. (2.1))

and so we have

(J5)B* tag aj41) N (Ji+) 3T = (15 1ag aj1) nig*=

m+j—s+1
Iq

= (41375,

which completes the proof of Claim 2.
CLAIM 3. Let Q € V(I) such that ht4 @ < n+s and let j < n+s. Then, for any
q>j— s, we have

((TNGH! 1ag ai41) N(Jj41)G o= (J)g IS
ProoF oF CLAIM 3: We take any Q € V(I) such that ht4 @ < n+s5 and fix it. We
will prove the equality above by descending induction on j. Let j = n +s. Then
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(J;)o = (Jj+1)@ = Io. Hence, for any ¢ > j —s =n > 0, we have

1
((Jj)’c}w1 ‘Aq @i+1) N (Jj+1)g 5“ = (13“ ‘Ag @j+1) ﬂIZ,""“'

. ym+q+1
= IQ

= (5)g" 1,

Now we suppose j < n + s and assume ((J,-+1)'3+1 ‘Ag @j+2) N (Jj+2)’51§2+1 =
(Jj+1)8+1Ié for any ¢ > j +1—5. We will show the required equality for ¢ > j—s
by induction on ¢q. But in Claim 2 we have already seen that it holds if ¢ = j—s. So
we suppose ¢ > j—s+1 and assume ((J; )’3"’1 ‘Ag 4j+1)N(Jj41)G 14 = (Jj)75+1Ié_l.

Then we have

((F5)B* 1ag a541) N (J41) BTG

= ((5;)5* 1ag 8i41) N (Jj41)3T4 N (J;41) B IGH
by the induction hypothesis on ¢

= ()5S 0 (T35
C (J)3M N (J41)57 N (Jj42)3 15

C () N((T5+1)3™ g aiwz) N (Ji42)3 15
by the induction hypothesis on j .

= (Jj)g-H n (Ji+1)75+115 r
= (J)M N ()51 + aj41(J5+1)8) 1

= (55)57 1 + 1 ()37 g a541) N (J541)318)

by the induction hypothesis on ¢
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= (J;)g Iy + a1 ()3 IE

= (J)g 15
Hence we get the required equality and the proof of Claim 3 is completed.

PROOF OF CLAIM 1: Let us take any Q € Assg A/J™ 1 I™. It is enough to show-
((J‘)8+1 ‘Aqg @i41) N (J,-.,.l)’é‘Ig"‘l = (J.-)Q“Ig since the inclusion (J™*! : a;4;) N
m Mt D JmHIm s obvious. If T € @, then Q € Assy AJJ7™ and so aiy1 € Q

by (3.2), which means a;4; is a unit in Ag. Hence we have
((F)BH 1ag @) N (T) 15" = (J)3* N (Ji40)G
= (J)g*

= (L)gH 5.
In the case where I C @, by the hypothesis of induction on n we see
0 = depth (4/J™*' I")g > min{a — n,ht, @ — s — n}.

This implies ht y Q —s—n < 0asa—-n>ad(l)—n >0, and so ht4 Q < n+s.
Then we have already seen in Claim 3 the required equality. Thus we have seen

Claim 1 and Proof of Lemma (3.2) is completed
4. ProoF oF THEOREM (1.1)

Throughout this section we put s = ht4 I and £ = A(I).

ProOOF oF THEOREM (1.1): It is easy to see (1) = (3) by Burch’s inequality and
the implication (3) = (2) is obvious. So we assume the condition (2) and prove
(1) together with the last assertions by induction on ad(I). If ad(I) = 0, then
I must be a complete intersection (cf. [CN, Theorem]). Actually, in this case a

minimal reduction J of I is a complete intersection. Then, for any Q € Assy A/J,
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we have Q € V(I) and ht4 @ = s, which implies po(I) = s by the assumption, and
so Ig = Jg since a complete intersection ideal has no proper reduction. Thus we
see ] = J, whence ry(I) = 0 and I is a complete intersection. This means, for all
n>1, I™) = I as A/I" is Cohen-Macaulay. Now suppose ad(I) > 0 and assume
that Theorem (1.1) is true for ideals with smaller analytic deviation than I. By
(2.2) there exists a special reduction J of I and we can choose a minimal system of

generators of J so that (3.1) and (3.2) are satisfied. Let Q@ € Assy A/ J124(0), Then

by Lemma (3.5) we have
0 = depthr (4/J1*4D)q > min{a — ad(]), ht4 Q@ — £},

which means ht4 Q < £ as @ > ad(I). Suppose Q@ ¢ Ming A/I. Then A(Ig) <
dim Ag = ht4 Q by the condition (2). Hence ad(Ig) = M) —htag Jo <hta Q-
htagIg < £—s = ad(l). Thus we get ad(Ig) < ad(I), which holds even if
Q € Miny A/I. We would like to apply the induction hypothesis to Ig. So, we
have to verify that Io satisfies the assumptions of Theorem (1.1). In fact, of course,
e > ad(Ig) and if pAg € V(Ig) (p € SpecA), then, for all1 < n < ad(I), we
have depth (Aq/I3)paq = depth (4/I"), > min{ar —n,ht4p— 5 — n} = min{a —
n,hta, pAg —htag Ig —n} (Here we used the assumption that I is unmixed, which
guarantee s = hty, Io in our situation). Moreover it is quite easy to see that
Ig has the property Gy(r,) in the sense of Artin and Nagata and it satisfies the
condition (2). Therefore by the induction hypothesis, for any special reduction
J' of I, we have rji(Ig) < ad(Iq), ie., Igd(IQ)“ = J'Igd(IQ). Recall that by
Corollary (2.4) there exists a special reduction of I contained in Jg. Hence we have
[U0R)HL 7o 12409) and so I = JoIg"™. This implies 74D+1 = Jr2d(D)
since we took Q € Assy A/JI*4) arbitrary. Thus we see ry(I) < ad(I). Moreover

we have
(4.1) depth (A/I")q > min{a — ad(I),ht4 Q — £}
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for all n > 1. In fact, if n < ad([), it is trivial by the assumption, and if n > ad([),
we get the inequality above by Lemma (3.5) since I" = Jr—2d(Dadll) Let n > 1
and Q € Assy A/I". By (4.1) we have ht4 Q < £. Then again by the induction
hypothesis we see (Ig)™) = I3, and so (I = I3 since (Ig)™ = (I™))q by the
definition of symbolic powers. Therefore I (m) = I™. We get the last assertion of

this theorem from (4.1) substituting @ = m and the proof is completed.

5. GORENSTEIN CASE

When A is a Gorenstein ring and A/I is Cohen-Macaulay, we can improve The-

orem (1.1) and have the following.

THEOREM (5.1). Assume that A is a d-dimensional Gorenstein ring with infinite
residue class field and let I be an ideal in A of height s. Assume that A/l is a
Cohen-Macaulay ring and that for all Q@ € V(I) with ht Q@ < max{s+1,A(I)}, Iq is
generated by ht Q) elements. Suppose a > ad(I) and 'assume that depth (A/1™)g >
min{a—n,ht Q—s—n} forall @ € V(I) and 1 < n < ad(I)—1. Then the conditions
(1), (2) and (3) stated in Theorem (1.1) are equivalent to each other. And when
this is the case, we have r;(I) < max{0,ad(I) — 1} for any special reduction J of I

and depth A/I™ > min{c — ad(I),d — A(I)} for all n > 1.

We can prove the theorem above similarly as Thoorem (1.1) by the following

lemma.

LEMMA (5.2). Let A be Gorenstein and A/I Cohen-Macaulay. Suppose a > ad(I)
and depth (A/I™)g > min{a—n,ht4 @Q—s—n} forany Q € V(I) and 1 < n < ad(J)~

Then we have
(3.12) depth (A/JMI'~*" 1o > min{e — i + s+ 1,ht4 Q — i}

forany m>0,s+1<i<{fand Q€ V(I).
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On Castelnuovo-Mumford regularity

Chikashi Miyazaki
Nagano National College of Technology
e-mail: miyazaki@ei.nagano-nct.ac.jp

1 Introduction
The purpose of this note is to survey a joint paper of Hoa and Miyazaki [10] .

Let S be a polynomial ring K[Xo,..., X n] over an algebraically closed field K
of characteristic 0. Let m be the homogeneous maximal ideal of S. Let X be a
nondegenerate closed subvariety of PI’}' = ProjS. We write J and R for the ideal and

the coordinate ring of X respectively. We denote by Zx the ideal sheaf of X in PY.

The Castelnuovo—Mumford regularity reg(X) of X is the smallest integer r such that
H(PY, Ix(r—1) =0 fori>1,

Bounds on the regularity of X are important in compufing syzygies of the S-module
R, see [3] and [17]. ._ :

In case X being a curve, the fundamental work for seeking the bounds
regX < degX - N +1

was carried out at first by Castelnuovo and then completed by Gruson-Lazarsfeld-
Peskine [7]. In general case, the inequality conjectured by Eisenbud-Goto [3]

regX < degX —codimX +1

was proved in smooth surface case by Lagarsfeld [13], in 2-Buchsbaum (not necessarily
smooth) surface case by Brodmann-Vogel [2] and, in higher dimensional case, the
rather weaker bound in this direction was solved by Beltram-Ein-Lazarsfeld, see [1]
and the references there. We note that the original conjecture is still open even for

3-Buchsbaum surfaces.
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Our interest is to consider the case X being locally Cohen-Macaulay, that is, the
coordinate ring R of X is a generalized Cohen-Macaulay ring. Under this assumption
there is a nonnegative integer k such that

mHY (PN, Zx(£)) =0 for 1<i<dimX and £ € Z.

In this case we call X a k-Buchsbaum subscheme. The first remarkable results for
bounding the regularity with k-Buchsbaum property was achived by Stiickrad-Vogel
[23]. Their result

degX —1

— 4 — 1)k
codimX]-F(2 Jk+1

regX < [

has been improved in [9] as

degX — 1

regX < [—d—mf

]+(2"’-—1)k+1—-d

and then in [11] as

kE+1—d.

degX —1] d(d+1)
regX < [ codimX ] + 2

In our paper [10], we obtain some bounds on reg(X) which depend linearly on k.
The main method in [9, 11, 22; 23, 19] is using hyperplane (or hypersurface) sections,
but our method here is quite different. Using the structure theory of generalized
Cohen-Macaulay rings, we can give a bound on reg(X) in terms of the a-invariant of
R. This investigation gives a new bound

degX —1

regX < [ odimX

] +(d+1—depthR)(2k — 1)+ k+1

for a k-Buchsbaum subvariety X.

Under the same assumption, Nagel and Schenzel [19] have obtained a similar

bound
degX —1

codimX

Their approach is completely different from ours.

regXS[ ]+(2d—1)k—1

The author should like to thank Professor Hoa for giving me a chance to work
with him. This paper is due to our joint work. Also, the author should like to express
my thanks to Professor Goto for his stimulating suggestion during this Conference,
to Professor Vogel for his valuable comments and to Dr. Yanagawa for giving me an
elegant proof of (3.1).
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2 Main Theorem

Throughout this section, let S be a polynomial ring K [Xo,--., Xn] over a field K.
Let m be the homogeneous maximal ideal of R. Let I be a homogeneous ideal of S.
Set R = S/I and d = dim R. We define

a;(R) = sup{n ; [Hi(R)]a # 0}.

In particular, we write a(R) = ag(R), which is often called the a-invariant of R (cf.
[6]). Then the Castelnuovo-Mumford regularity of R is defined as

reg(R) = max{i + a;(R) ; i=0,...,d}.
More generally we define
reg, (R) = max{i + a;(R) ; i=n,...,d}.

Then we have reg(R) = reg,(R) = 1eg,(R), where r = depthR.

Now let us recall the definition-of a standard system of parameters of R. Note
that we consider only homogeneous systems of parameters.

Definition 2.1 A system of parameters z,...,zq of R is called standard if
(21, ...,za) Hin(M/(21,...,2;)M) =0,

for all nonnegative integers i, j with i+ j < d.
An ideal J C m is called standard if every system of parameters of R contained in
J is standard.

Definition 2.2 Let k be a nonnegative integer. R is called a k-Buchsbaum graded
ring if . ‘
m*HE (R) =0 for all i < d.

Proposition 2.3 Assume that R is a k-Buchsbaum graded ring for some k > 0.
Then m?* is a standard ideal of R.

Proof. See [24, 25).

Definition and Proposition 2.4 (cf. [25]) R is called a generalized Cohen-Macaulay
ring if one of the following equivalent conditions holds:

(a) £(Hi(R)) < oo for all i < d.

(b) R is a k-Buchsbaum graded ring for some nonnegative integer k.
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(c) mt is a standard ideal of R for some positive integer £.

Lemma 2.5 Let z;,...,zq be homogeneous elements of degree k in R. Assume that
Z1,...,Zq is a standard system of parameters of R. Then we have

a(M/(zy,--.,z4a)M) = max{a;(M) + ki ; 1=0,...,d}

Proof. For a homogeneous parameter z of degree k in R such that zH},(R) = 0 for
i=0,...,d — 1, we have only to prove that

a.-(R/:cR) = ma.x{a.-(R), a;.,.{(R) + k}
forall i=0,...,d — 1. By the exact sequence
0 — Anng(z)[-k] = R[-k] == R — R/zR — 0,

we have ) ) -
0 — Hi\(R) = Hiy(R/zR) — Hyy ' (R)[—k] = 0

fori=0,._..,d—2a.nd _
0 — HEY(R) — HEY(R/<R) — Hm(R)[—K] — Hn(R) — 0.
Thus the assertion follows since [Hp,(R)]; = 0 for large j.

Theorem 2.6 Let k be a positive integer. Assume that R is a k-Buchsbaum ring.

Then we have .
reg, (R) < a(R) +d + (d — n)(2k - 1) + k.

In particular, _
reg(R) < a(R) + d + (d — depthR)(2k — 1) + k.

Proof. We shall prove
reg, (R) < s — (n—1)(2k —1) -k,

where s = a(R) + 2kd + 1. First, notice that s > 1. In fact, by [12] Proposition 3,
a(R) < —d. Now take a homogeneous system of parameters zi,...,zq such that
deg(z,) = - - - = deg(z4) = 2k. Since zy,...,241s standard by (2.3), we have

(z1,--.,2a)Hi(R/(21,...,2;)R) =0

for i + j < d. From a definition of local cohomology, we get the following exact
sequence of graded modules

@g___l 1 ieTg ’i’ Rz,---zd 'i" Hg‘l(R) - 0’
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where #; means that z; is omitted. What we want to prove here is that m'_‘v €
(z1,...,za)R for v of [R],. This means that '

a(R/(z1,...,za)R) < s+ k-1
Thus, by (2.5), we have
reg,R = max{a;(R)+1i; i>n}
‘= max{a;(R)+ 2ki — (2k —1)i ; i > n}
max{a(R/(z1,...,24)R) — (2k — 1)i ; i > n}

s+k—1—(2k—1)n
a(R)+d+ (2k - 1)(d —n) + k.

IV

Now we shall prove m*v € (z1, ..., z4)R for every element v of [R],. Since s — kd >
as(R), we get
o(v/zy1- - 34) € [H(R)]sba = 0.

Hence we have
_ v d v;

31...zd= i=l(zl...ii...xd)l’

for some £ > 0 and v; € R. Thus we have

(zy---za) v € (z,...,25)R,
which yields
v € [(z,...,2)R: (z1---za) MR

d
C (z1,...,2)R+ Y [(z1,. -, Eiy...,22) ;< M>]p

=1
by [4], Theorem 4.7. Also we see
m"[(zl,... yZiy...,2a)R:<m >lr C (21, &y .,zq)R.
Hence we have that m*v € (z,,...,z4)R.

Theorem 2.7 Under the condition in (2.6), assume that m* is an R-standard ideal.

Then
reg,(R) < a(R)+d+ (d—n)(k—1)+k.

In particular, if R is a Buchsbaum graded ring of dim R = d, then

reg(R) < a(R)+d+ 1.
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Proof. The proof is analogous to (2.6).

In Buchsbaum case, the bound in (2.7) is also obtained by the structure theorem,
which is suggested by Goto. Now let me allow to introduce this rather simpler method.
Assume that R is a Buchsbaum graded ring. First, we take a polynomial ring T" such
that R is a maximal Buchsbaum graded T-module. By the structure theorem [5],
we see that R as a graded T-module is a direct sum of some twistings of i-th syzygy
modules E;. On the other hand, we know that

reg(E;) =1
and

a(E)=1i-1
fori=1,...,d— 1. Thus we have

reg(R) <a(R)+d+1

and its sharp bound. Also, the other sharp examples are constructed geometrically
by Segre products. (See [15, 16].)

3 Some consequences

Throughout this section, we follow the notation of the introduction. Let S be a
polynomial ring K[Xo, ..., Xn] over an algebraically closed field K of characteristic
0. Let m be the homogeneous maximal ideal of R. Let X be a nondegenerate closed
subvariety of PN = ProjS with dim X = d. We write R for the coordinate ring of X
with dim R = d + 1. We assume that X is irreducible and reduced, that is, R is an
integral domain. ' '

The following statement is well-known and we shall describe the proof by K. Yana-
gawa of Nagoya University.

Lemma 3.1 (cf. [18]) Under the above condition, we have

degX — 1

< =222
ao(R)+d+1< [ codimX ]

Proof. For a parameter z for R, we see a(R) + 1 < a(R/zR). Also, by Uniform

Position Property [8], we may assume that X is a 0-dimensional variety with linearly

general position and dim R = 1. Take an h-vector (hy,...,h,) of R, where h, # 0.

Then we see a(R) = s — 1 and degX = ho + ...+ h,. Since X has linearly general



position, we have h; > by for 1 < i < s—1 by [14]. We know that hp = 1 and
h, = codimX. Thus we have

degX — 1 hy h, h,
PR = R e T —_ > 5 - —_— ~1= .
o dimX 1+h1+ +h1_s 1+h1>s a(R)
Hence we have d )
eg X -1
ao(R)+1s [ codimX ] )

Thus the assertion is proved.
Theorem 3.2 Let k be a positive integer. If X is k-Buchsbaum, then we have

degX —1 -
i - el — dept - ..
reg(X) < [ dmX ] +(d+1—depthR)(2k — 1) + &

Proof. It follows immediately from (2.6) and (3.1).
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On Gorenstein monomial ideals
of codimension three

HEH th_
FOrf A

Introduction.

S=K[X1,...,Xp] % field K FOZHERABEE L. I C S % monomial AR # 3 ideal
&4 3, Buchsbaum-Eisenbud m#§ &8 ic & ©11f. codimension three ® Gorenstein ideal
LR BERT Tk, #X72 skew-symmetric matrix @ pfaffian THER S h 3,

TLT, LRETFSNBTIIREDHRRGOPZEEL 2, BRRKOL >R~ N 3,

Theorem 0.1 We put m = u(I) a number of minimal generators of I. Then the fol-

lowing conditions are equivalent.
1) I is a Gorenstein monomial ideal of codimension three.

2) m = 25 — 1(> 3) is odd and I = Pf,,_;(M) where M = (ai;) 1s an m x m skew-
symmetric matriz of monomials satisfying the following conditions.

. nonzero , ifj=i+s—1ori+s
a) Fori<j, %y = { 0 , otherwise
, .

b) {aij | ai; # 0, i < j} is the set of pairwise coprime menomials.

3) m=2s— 1(> 3) is odd and there ezist m monomials by, .. < s bm such that

a) I=({liZibiwr|1<i< m})
where b; = b;_,, for j > m
b) {b1,...,bm} is the set of pairwise coprime monomials.
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Example 0.2 M % K[Xy,...,X;] GHROFHTRObD E4 3

( 0 0 0 X, -X; 0 0

0 0 0 0 X5 -X; 0
0 0 0 0 0 X -X;

M=|-X, 0 0 0 0 0 Xy
X; -Xs 0 0 0 0 0
0 X, -Xs 0 0 0 0
0 0 X; -X; 0 0 0

Co&E, Mz (0.1),2) O&# a)b) 2HELTWB, £ T, Plg(M) DT E
Th. ik M b5 idF,ifl #RVWCESNBFHO pfaffian £+ 3.

Xs =X, 0
N = 0 X5 —X3
0 0 X7
EE T,
0 N
fi =pf( v o ) =det(N) = XsXeXr
LK% 3,

fiZRH2IcB. M 0EFERFIZEAZR, —(i—1)F, —(i—1) FI=5> Shift LT
BonaTilico0T, fi LAILHE:R2THEL VW, BRELKRODE 313,

fi=XsXeXr fo=XeXe Xy f3=X:X1X2 fo=2X1X2X5
fs = X2 XX, fs = X3X4X5 f7 = X4 X:Xs.

e raplodtER, —gEEETbEV, BI5. M % (0.1),2) O&K#a) 2kt
THE L. I =Plpa(M) Eh0iE. Tid, (0.1),3) © a) OBRICE I 3, Fic C 0 ideal |
%5 height 3 LR 2 - OEESKMHLE LT, (0.1),2) D%H b) (2742 (0.1), 3) DKHE b)
) BB Sh B,

H-oT(0) 2RTIKIR 1) =2) 2ZAREV, TOBRE>IEHFEET 2,

1 monomial ideal ? syzygy

S @ Z"-grading % deg(X;) = (0,...,0, i,O,...,O) EZ" TEDH B,
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I % monomial ideal & L. # @ minimal generators 2 X*®,..., X" &4 3, ¥/, F
% free S-module with free basis e;,...,em & L deg(e;) = (1 <1< m) & 8L,

2T p:F—Sbyp(e;)=X*(1<i<m) 2T Ker(p) 2£ % 3,
Notation 1.1

¥ = {X%;|a€eN" 1<i<m}
s = {X%;|a+a=p} (B eN™)
L = ({X%}x) (1<i<m)

Definition 1.2 g (€ N") i RO FEMFEEED 5,
UVEZGIKDOPWVWT, u~vv &k, KOWThhDLERLEDT,

e u=vTdh3HrHI
o XPie; ..., XPre; € Eg ST~ T u=XPre;, v=XPre;, r Ged(X5i, XPi+r) #£ 1
(1<i<p-1) 2#rT,

XPre,,,...,XPre;, € B % L TR 7: relation DEIEHORRFRE T B L &,

G. = {XPre;, — XPreyy, ..., XPre; — XPre; )} ,ifp>2
. ¢ ifp<1

and G=UpGp L Bo CD& &, HEENTRRICLD G it Ker(p) © minimal basis &
B3 &EHH 3, (eg. prop.lof chlin Eliahou[2].)

V= {31)'-')em} 2HANICABALRET graph § = (V,E) 2ARE E = {e,-ej I
Xee; — XPe; € G or XPe; — X°¢; € G for some X%¢;, XPe; €L} it & » TERT 5o
degy(e;) =% {e; | eie; € E} LB LIRS B,

Remark 1.3 1) G i3 ## graph o

2) X%e; — XPe; € Kexr(p) koW T

Lem(X*, X)) Lem(X®, X%)
Xai i Xai

for some monomial X7. BT b L (=1)*(X°% — XPe;) & (—1)H(X7e; — X%ex)
(5,6 >0) 8RB Gori o j# ko ic |G| =|E| =2LZ, degy(ei)/2 &2 3o

X% — XPej = X(

¢
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Bl GoxeR~x3,

T = {X% | X° is one of minimal basis of [[; : X*], 1 < ¢ < m} C Zand ' =
{(Xe;, XPe;), (XPe;, Xo¢) | Xoe; — XPe; € G}C T xT &L, map®:T —TI' 2K
LHRED Bo

Xoe, €T ieowT B=a+a £F 5. X* €[Li: X¥] #£0 5 |T5l 2 2 TH %o
b L u € g such that u # X%; and u ~ X%; BE- LTS & relation DER LY
X* € m[[; : X*] where m = (Xy,...,X,) &7 3. THi Xe % [I; : X*] ® minimal
basis DDV &> THEB C ELRT 5o >T X ORMEER {X e} TH 50 [Tp] 22
Bt b Gy # do Gp={XPey — XPrey,..., XPrei, — XPre,} E8<o COEE,
55 1<q<pico0T Xhie; =X &3, £CT %

[ (X, X)) (@> 1)
(X)) = { (XPre,, XPrey) (g=1)

CEED B
(1.3) cEBTHERSEDLD SN B,

Proposition 1.4 We have degy(e:) > p([Li : X*]) for any 1 < i < m. Hence

p(Ker(p)) = i deg;(e;) > i (L :2X°‘]) > m(ht(;’) -1

=1 =1

- o I % Gorenstein ideal of ht(J) =3 & REF h . m =b(S/) = |G| TH 2 2
5 (14) kb G RES mocyde LB 3o G OERDSERHRD L0

Proposition 1.5 Suppose that I is a Gorenstein ideal of ht(I) = 3. Then an homo-
geneous minimal basis of Ker(p) (w.r.t. Z"-grading) is uniquely determined for I (up to
maultple of units). Furthermore, after the renumbering of X*1,...,X°™, G can be written

of the form

G = {X%ig; — X%itrgi g, X ™ mem — X ey |1<i<m-1}
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2 A proof of main theorem.

FFEOPESEED TE,
T€ G, ik2WT, mx m-matrix (1) = (;;) 2KDO D E ¥ 3
,‘j={ L (i=1(j))
0 (i # 7(7))
m X m matrix M = (a;) K2WT. ™M =(1)-M and MT = M - (7)™ £ 8., HIB
M = (b;) (resp. M7= (c;)) &+ HiE br); = aij (resp. cirjy = aij) for 1 < 4,5 < m

Proof of 1) => 2) of (0.1). I % height 3 ® Gorenstein monomial ideal & L. S/I @
Z"-graded minimal free resolution %

F.=0—5(- EBS( Br) EBS(—OI')

i=1 i=1
EF 50, BL. dy = (X --- X)) and dy = ((-1)" X .. (=1)™™X%m) (r; = 0 or
1),
S/I ¢ Gorenstein 725 5 F. @ S(—v)-dual % & i, B S/I © minimal free reso-

lution

G.=0— S(— 'y) @S( ﬂ.) @S(_O‘P-)

i=1 =1

%%\ %0 D& &, Buchsbaum-Eisenbud[1] ic 1 if, & ® isomorphism 27 3 °zistst. :
G. — F. Z"-graded isomorphism such that t, and t; are identities and the matrix ¢; - d;

is skew-symmetric.

(1.5) £, m x m matrix d; = (a;) B, RO & > CRE 3, as

Xei (1<i<m, j=i)
—Xeit (1<i<m, j=i+1)

ai; = o .
’ —Xom ((1).7) = (m’ 1))
0  (otherwise).
d3 2—0#75“9 Ty = =1Tpo PE- T, d3=(Xa"1 "'Xa"")e:L—Cdtl«‘o ER

id. Z"-grading 2{R oM 5 ¢y (resp. ;) it Fy (resp. F;) @ free basis DA h# 4 T %
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5, M5, 7€ G,y such that 7(p;) =i fori € [1,m] L3 ¢, ik, 7 ICHE > 7= matrix d,
DITOANBALNL B,

—hT.dy &y o EBNE. pi=v(pi—(i—1)) foralli € [1,m] TH 3 »hRKit.
pi=v(pr+(i—1)foralli€[l,m] &3, BB, 7(i) =v(py —i+1) for any i € [m] &
feids (@) =v(i—py+1) forany i € [m] T 3,

&AM, ty-dy=Tdy i3 skew-symmetric TRIFHIFH S R VWH SAEEEE LTHEDVE
20 7)) =v(i—p+1)foranyi € [I,m] Thop=sicB3. Blccn &% 7dy it
(0.1);2)-a) Db D &> TWB, (FiOEFRICLD. K a) BVAhIE D) bRV, )

a

Corollary 2.1 Let I C S be a Gorenstein monomial ideal of codimension three. Then
the Rees algebra R(I) = @;5o I' is isomorphic to the symmetric algebra Sym(I) and is
Cohen-Macaulay. Furthermore, the associated graded ring G(I) = @;»o I'/I'*! is Goren-

stein.

Remark 2.2 Grobner basis D& ic & b . initial term 75 codimension 3 Gorenstein
monomial ideal T% % & 5 72 (positively graded) ideal ic >\ T & Corollary L [F U & &
D Lo,
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Betti number of parameter ideals over a Buchsbaum ring
By KIKUMICHI YAMAGISHI

College of Liberal Arts, Himeji Dokkyo University

Introduction
Throughout (A4, m, k) denotes a Noetherian local ring of
dimension d . For a finitely generated A-module M we denote by
B?(M) (simply Bi(M) ) the ith Betti number of M over A , i.e.,
B, (M) = L,(Tor’(k, i)
If A is a Cohen-Macaulay ring, then for any parameter ideal g

of A we have Bi(A/q) = (?

) for all i >0 . In particular, every
Betti number Bi(A/q) is a constant not depending on the choice of

parameter ideal g of A . Then, our question is

Problem. If A is a Buchsbaum ring, then for each i is the
Betti number ﬂi(A/q) a constant not depending on the choice of

parameter ideal q ?

This question is the dual problem whether the syzygy modules of

kE (over A ) are Buchsbaum, cf. [5], and we get only partial answers r
to it; see [1], [7] and [8]. Hence, we hope that our research will
bring about a new aspect in this problem.

We mention that our problem is divided into two steps as follows:

P1. How can Bi(A/q) be determined by invariants of A not
depending on a parameter ideal ¢ , i.e., lA(H;(A)) ) Bi(k) etc. ?
P2. If o . o' are any two parameter ideals of A , then is

5i(A/q) equal to ﬂi(A/q') for every i ?
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From here, until the end of this note, we assume that A4 is a

Buchsbaum ring of dimension d and gq is a parameter ideal of A4 .

We sometimes write g = (al, ey ad) using al, cee s Ay the
system of parameters for A , when we shall need it. For simplicity
we write hi = lA(H;(A)) and Bi = ﬂi(k) for each i . Then our

results are stated as follows.

d

d .
Proposition 1. By(A/9) = (g) + i 1).hJ for every g

-1
(
j =0
Proposition 2. (1) If d =1, then for each
B;(A/a) = Bi_z.ho

(2) If d =2, then for each i > 3
Bi(4/0) = B, ,.h% + 8
(3) If d =3 and depth A > 0, then for each i > 3

nv
w

j-o(l(ay)  m])

= 1 .
B;(A7a) = B, 5.-h" + B, _,([(a;, ay) : m])
(4) [f depth A >d - 2, then for each i >d + 1
= d-2 .
ﬁi(A/q) = Bi—z'h + Bi_z([(al. e ad—l) : m])
Proposition 3. Let M be a maximal Buchsbaum A-module. Then §

the following two statements are equivalent.

(1) ANX M is a Buchsbaum ring.
1(‘ d
0o/ *1

QU
%N

(2) lA(Torf(A/q, M)y = ).ZA(Hi(M)) for every g

J
When this is the case, if M is not Cohen-Macaulay. the 1Stsyzygy

module of M over A is a marimal Buchsbaum A-module.

As cosequences of our propositions we have the following

corollaries.
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Corollary 4. The 2nd syzygy module of k over A is a marimal

Buchsbaum A-module, if it is not zero.

Corollary 5. Every syzygy module of k over A is a Buchsbaum
A-module, if either d <2 or d =3 and depth A > 0

Corollary 6. Let A be a complete Buchsbaum ring of minimal
41l g-1
multiplicity, i.e.. e(A) =1+ ¥ (7 _ 7).k holds. If e(d) 32
i =1 -

then the 15¢ syzygy module of the canonical module of A is a marimal

Buchsbaum A-module.

Proofs of Propositions

We use the notations on the Koszul complex. Namely we denote by
K.(al, cee Ayl M) the Koszul complex over M with respect to
ay, --- o, ay - When g = (al, e, ?d) we simply write it by
K.(q; M) . Moreover Z.(g; M) , B.(g; M) and H.(q; M) are its
cycles, boundaries and homologies. When M = A we usually omit the
letter M , i.e., K.(g) etc., if no confusions can be expected.

Since the exact sequence of A-modules

0 — 2,(a) — K, (3) — K;(a) > A/q 0,

coincides with the leading terms of the minimal free resolution over
A , we have BO(A/q) =1, ﬂl(A/q) = d and Bi(A/q) = Bi_z(Zl(q))
for all i > 2 . Hence the main idea of our study is to clarify the
behaviour of the first syzygy module Z(g) of a given parameter ideal

g of A . We begin with the following.
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d, 451 4 j
Lemm? 7. Bo(Zl(a)) = (2) + ; § O(J . 1).h for every g
Proof. Here we write K. = K.(gq) . Consider the exact

sequence induced from K2 —_— Kl such that

i N
2 'Zl ,Hl——>0

K

From this we have the next one

0
Kz/m.K2 _— Zl/m.Zl —_— H1 - 0 ,

which is exact. Then it is easy to see that 3§ is injective, hence

our assertion follows immediately.

In the case that d = 2 , Zl(a) is uniquely determined not

depending on the choice of g . Namely

Lemma 8. Let M be a Buchsbaum A-module of dimAM > 2 and let
a, b be a sub-system of pa%ameters for M . Then
Z,(a, b; M) X HO(M) @ [aM : m] over A .

Therefore, if 1, y is another sub-system of parameters for M . then

Zl(a. b; M) Zl(r. y; M) over A .

Proof. First, consider the diagram of A-modules as follows:

o—»ng(M)"—»zl’(a. by M) —L— oMt : m —— 0

l

Zl(a. b; M)/m.Zl(a. b; M)

where o , p are defined by o(zx) = (z, 0) and p(zx, y) = y . Then
we have a(Hg(M)) N m.Zl(a. b;M) = (0) , by the d-sequence property

of a, b (on M ) . This means that the composition map
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Hf;(M) —— z,(a, b; M /m.Z (a, bs M)

between k-vector spaces is injective, therefore o¢ must split.

By the next lemma, we can reduce our problem to the case of lower

dimension, when its depth is suitable large.

Lemma 9. Let 1 <7r<d-1. If depth A > r , then there

erists an eract sequence of A-modules

o — WV — Zl(q) — Zl(ar+l. v ays A) — 0
such that proj dimW¥ = r - 1 , where A= A/tay, ... oa)

Proof. Consider the A-epimorphism

v Zy(g) — Z (a4, » ays A)
defined by wv(zy, ... . I, I 4. , rd) = (Ir+1’ , Id)
This map induces the exact sequence
U . =
0 — Ker v —> Zl(q) —_— Zl(ar+l, cee Ay A) — 0

By the direct calculation we see that proj dimA(Ker v) =1 -1

Proof of Proposition 1. By Lemma 7, this is obvious.
Proof of Proposition 2. (1) Since d = 1 , we have Z1 =
. _ 40 _ 0 _ 0 .
0 : a, = Hm(A) , hence Bi(A/q) = Bi_z(Hm(A)) = ﬂi-z‘h for i >3

(2) Let d =2 . By Lemma 8 we have

B;(A/q) = B;_o(Z9) = Bi_z(Hg(A)) + ﬂi_z([(dl) :m])
= Bi_z.ho + ﬁi_z([(al) :m]) for i >3

(3) Let d 3 and g¢ = (a, b, c) . We write
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A=A/a) ., Z = Z,(g) and Z = Z, (b, c; A)

Since depth A > 0 , by Lemma 9, we have that Bj(Z) = ﬂj(Z) for all

jz2. Look at the long exact sequence

0 — Torf(k, Z) —> Torf(k, 7)

Torg(k. A2) —_ Torg(k, Z) — Torg(k. Z) — 0 .
By Proposition 1, we can easily see
A _ A 2 A s
lA(Toro(k. Z)) = IA(Toro(k. AT)) + IA(Toro(k, z)) ,

and this implies IA(Torf(k. Z)) = IA(Torf(k, zZ)) . Hence we have

B (2) = ﬂl(Z) too. Thus for all i > 3 we have that

But by Lemma 8 Z

IR

0, - . ~ 1l (a, b) : m

Hm(A) ® [bA : m] ¥ Hm(A) ® o hence
1 o (a, b) :m

Big-h™ + By ol (a) )

Bi—2(z)

Moreover from the following exact sequence of A-modules

0 — 4 —2— (a, b) :m

(a, b) : m
(a)

By - Bj([(a. b) : m]) for all j > 2, and

b)
(a)

also for j = 1 , because Torg(k. A) — Torg(k, [(a, b) : m]) is

we have that Bj((a'

injective, cf. the proof of Proposition 1. Combining these facts we
finally get our assertion.

(4) Let i >d + 1, and put 4 = A/(al. , ad_z)

Lemma 9, there exists an exact sequence
0O — W — Zl(q) —_— Zl(ad—l' a;; A) — 0
such that proj dimAW =d -3 . Since i >d + 1 , we have
Bi(A/q) = ﬁi_z(zl(q)) = ﬁi—z(zl(ad—l' a;; A))

On the other hand, by Lemma 8
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(al, e ad—l) :om

< d-2
Z,(a,_,, a,;; A) £ H_ “(A) e
1 d-1 d m (alu ) ad-2)

But al,‘ e ad_2 is an A-regular sequence, we have that
(a . a ) m
_ d-2 1’ ' Td-1
Bi(AZq) = B 5-h Bial (a,. C e ayy) )
= B, _p-hT 2w B (g, . ay_y) ¢ oml)

for i >d + 1

Let @. be a minimal free resolution of A4/q over A4 :

d d a
R 2 1 (VR
.. ,02 'Ql 'QO > A/gq —— 0
Then 81 coincides with the map Kl(q) —_— Ko(q) , the leading terms
of the Koszul complex K.(g) , hence we have Ker al = Zl(q) . Write
Q. o M :
a2 al 30

-—szeM———leoM——rQOQM——»A/qOM——-—)O.

Then 51 also coincides with the map K, (g; #) —— K,(a; #) , hence
Ker 51 = Z,(a; M) . Let & : Z;(g) —> @ be the inclusion and
denote by & : Zl(q) e M — Ql ® M the induced map from ¢ . Then

we have a commutative diagram

32
QZQM A.QloM
\ /

Z,(q) ©

Since 02 —_ Zl(q) is surjective, 02 e M — Zl(q) ® M is also
surjective, hence Im 52 = Im ¢ . Moreover B,(g; #) is equal to

the image of the composition map

Bl(q)QM-——+Zl(q)@M——E——+01@M.

hence Zl(q; M) >Im e > Bl(q; M) . By these facts we can find an
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A-epimorphism such that
Hy(a; ) —— Torf (A/a, M)

because Torf(A/q. M) =z (q; #)/Im ¢ by the definition.

Now we can prove Proposition 3 as follows.

Proof of Proposition 3. First we prove (1) == (2). Assume

that A X M is a Buchsbaum ring. Then we will show that

A d-1 4 j
lA(Torl(A/q, M)) = ; § O(j v 1) LH D)
for every parameter ideal gq of A . At first we have the following.

Claim. Im ¢ = B, (a; M)

By this claim, the A-linear map Hl(q; M) — Torf(A/q, M) as

above must be an isomorphism, hence we get that

i d -1 .
A _ ) - d J
L 4(Tor{(A/q, M) = L,(H (a: M) ; § O(j e 1) 4(HZ U
The converse is clear in the same way.
Next we show the rest of our assertion. Assume that A X M is
a Buchsbaum ring. Write u = uA(M) , the minimal number of
generators of M over A . Consider the short exact sequence
0 — Ker ¢ — F g » 4 —— o0,

where F is an A-free module of rank p and o is a suitable
A-epimorphism. Put E = Ker o . Since F , M are maximal

Buchsbaum, it occurs that either dimAE =0 or E 1is an FLC A-module

with dimAE =d . But M is not Cohen-Macaulay by our assumption,
this means that dimAE 0 . In fact, assume on the contrary, namely
dim,E = 0 . Then Hz(E) - E. nNote that o(H(F)) = o (H2(4) .F) <
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HO(A).# . Since A X H is Buchsbaum, we know HO(A).M = (0) , cf.
[7], Proposition 2.3, hence Hg(F) cE, i.e., Hg(E) = Hg(F) . This
implies that FE Hg(A)” , the direct sum of pu copies of Hg(A)
Hence M % (A/Hg(A))” from ;he exact sequence above. Since AKX M
is Buchsbaum again, by [7], Corollary 2.5, (A/Hg(A)) X M 1is also
Buchsbaum. But M 1is free as an module over A/Hg(A) , this means
that M 1is Cohen-Macaulay, cf. the proof of Corollay 2.4 of [7], and
this is a contradiction. Now we may assume that FE 1is FLC such that
dimAE =d . Choose any parémeter ideal g of A . Then from the

exact sequence above we see that

I(a; E) = 1,(F) - 1,(#) + IA(Torf(A/q, M))
d -1 4 j
= p.1(A) - 1,(H) + ; § O(j s 1) L4 (HZU)

cf. the statement (2), and thus E must be a Buchsbaum A-module.

Remark 10. Assume that d > 2 . Let a € m be a parameter
for A . Then, in general, we have that
1 0 0
ﬁj([(a) : ml) g Bj(h + h) + Bj_l.h for all j > 1
Moreover the equality holds when hl =0 or ho =0

Example 11. Let S = k[[a, b, ¢, £, ¥, z]] be a formal power

series ring over a field k , and put B = S/(a., b, ¢) N (z, y, 2)

Consider A = B/(c2 + zz)B and g = (a + z, b + y)A . Then A is a
2-dimensional Buchsbaum ring with ho = h1 =1 and g 1is a parameter
of A . Moreover by a computer we have that

B.(A/¢) = (1, 2, 4, 18, 74, 288, 1112, ...) ,

g. = (1, &, 25, 98, 379, ...) , and
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B-([(a + ) : m]) = (3, 12, 49, 190, 733, 2822, ...)
Hence these computations imply that
By([(a + 1) :ml) =12 <13 = g (kL + 4% + By-h°

Therefore the equality in Remark 10 is not true in general.

Remark 12. Unfortunately, in the case that the length of the
‘ sub-system of parameters is greater than 2 , Lemma 8 is not true in
general.

Assume that d >3 . Then we have that

2 1 2 1 0
L(A7q) = [4(H (21(0))) - L, (Z,(9))) - dh™ + (d - 1)h™ + h

for any parameter ideal ¢ of A4 . Now choose another parameter

ideal of A , say g' , such that [4(A70") # 1 ,(A/q) . ‘Then we see
p p ' -

that IA(Hm(Zl(q))) F IA(Hm(Zl(u ))) for D 1 or 2, and hence

Zl(q) 22,(a")

For a finitely generated A-module # we denote by Syz?(M) the

ith syzygy module of M over A . Moreover, we write A" = A/Hg(A)

‘and q" = g.4" . Now assume that Hz(A) N mz = (0) . Then, by the
similar discussion as in the proof of Theorem (1.3) in [8], we see

that for each i >3

0 :
2 ﬁf_._ .h * ;
Syz?(k) i-j-1 } @ Syz? (A“/q*) over A , g

i
Syz?(A/q) & {

ji=0

*

*
« _ LA »
where Bp = Bp (A"/9") , hence

2 »

A
o Pitki-j-1

i

*
ﬁ?(A/q) = ¢ (4% 7a%)1.00 + g4 a9

npMmM

J

Therefore, by Proposition 2, we have the following.
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Proposition 13. Assume that d = 3 . If A has marimal
embedding-dimension, i.e.. v(A) = e(A) + d - 1 + 1(4) holds, then for
each i , ﬂi(A/q) is a constant not depending on the choice of

parameter ideal q of A .

When does become the syzygy modulée Buchsbaum?
We here assume that A4 is a non-regular Buchsbaum ring. We

denote by F. the minimal free resolution of k£ over A and by Ei

the.ith syzygy module of k£ over A4 . Then, since A is Buchsbaum,
Ei is an FLC A-module and SuppAEi = Spec A ; cf. [5], Theorem 9.
Now let g be a parameter ideal of A . From the exact sequence

0 — & — Fiy — By — 0

we have the long exact sequence of A-modules:

0 — Tor,(A/q, E, ;) — E,/qE; — F, /of, | — E, /9E; ; — 0 .

But Torl(A/q. E [ Tori(k. A/q) we have

i—l)

B;(A/Q) = L (E;/9E;) + L (E;_1/9E; 1) = B;_-14(A/9)

On the other hand, eq(Ei) + eq(Ei-l) - ﬁi_l.eq(A) = 0 , hence

B;(A/e) = I(s; E;) + I(as E;_1) - B;_;-1(A)
Moreover if we write g = (al, e ad) , then since Ei (i >1) 1is

FLC we have

m m n n
1 d, 1 d,
I(a1 voeee s @y Ei) s Ilag = v a; i E.)

By these observations we have the following.
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Lemma 14. (1) If m; gn; forall 15 g d , then ‘

m m n n
B (A/Gay b ey ) s Biastar Y ey T

Moreover there is an integer r such that

B (A/0) = 1 (E;)) + L(E;_}) - B, ;- 1(4)

1
for any parameter ideals ¢ of A contained in m

(2) a is a uncoditioned strong d-sequence on both Ei

1 ad

and E; ; (i 2 1) if and only if

2 2
B (A/lay, ... . ay) = B;(A/(a], ... . ap))

Lemma 15 ([1], Corollary 151). Ei is a Buchsbaum A-module if

1 . .
and only if Yy (- l)l-J.Bj(A/q) is a constant not depending on the
j =20

choice of parameter ideal ¢ of A . When this is the case one has
i

i .. -1 ..
1,6) = 3 (-1 )+ T (- IDLACART IO XY
ji=0 I j =0 J

J
Therefore every syzygy module Ei of k (over A ) is a Buchsbaum
A-module if and only if Bi(A/q) is a constant not depending on the

choice of parameter ideal gq¢ of A for all i > 0

Assume that d > 2 and depth A > 0 . Let g = (al. cee ad)
and put A4 = A/(ay) m = w/(a;) and g = 9/(a;) . Then
Proposition 16. If a, £ mz , then for all i > 1

B, (ar0) = A+ 4 A

th

Proof. We denote by Ei the i syzygy module of k over A

and write Bi = B?(k) . Since a, £ m? we see that Ei/alEi is
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isomorphic to Ei e Ei—l for all i > 0 . Hence Bi_= Bi + ﬁi-l ,

and hence we have that

B;(A/7a) = I(a; E;) + 1(a; E;_4) - Bi_q-1(A)
= {I(a; Ep + I(a; E;_)) - Bi_q-1(A)}
+ {I(a; Ei-l) + I(o0; E;,_ o) - Bi—Z'I(Z)}
= ﬁ?(Z/E) + ﬁ?_l(Z/a) .
where E_; = (0) and By =0.
Example 17. In the case that a, € mz , Proposition 16 is not

1
true in general. In fact, if d = 2 and depth 4 = 1 , then by

Proposition 2 we have that

Bg(A/q) = By .ht
ﬁg(Z/E) = Bl‘IZ(H;(Z)) = Bl.hl , since B, = B; :
A/ = By. L (HO(A)) = By.ht = A

A m
Hence B5(A/0) < ﬁg(Z/E) + ﬁg(Z/ﬁ) as required.
Question 18. If A has the stability for the Betti number of
parameter ideal, then for any parameter a € m does A/(a) satisfy

the stability for the Betti number of parameter ideal too?

We note that Question 18 is true in the case that depth A > 0

and a £ mz by Proposition 16.
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K EDZHERBNOFRA T TV
2k 5 ER

1 ELsHic

k2 K :L, K tot%osaz X={X,,.... X}, K[X] 047712 P &L, &
5t R=K[X]p,p=PRE¥ 2, COLE, ROBURHIE L & p DBURTTORS
u={uy,...,u} (=htP) LT, WwoR=Lluy ERB3EE3H»? LVIMBELEEX 5o
bEAABTENRIBES 452, BENREALFERLI»NEDSH S, CITRIDILIR2VT
Btoe REAW, ERBEEEBTIRAFTAREREENRATS B LM bD B,

2 HEFE

EEH, b5VREENTHLLERTADIE, TRLEFAROEEZFEICES,

BEENTHBIEERTEE.

Proposition1 K &t Ro#a#4k L &, Roxo®Bs u={u,...,u} ((t=htP)ic
L,

(1) Viic2Ww<T, y;€p,
(2) Vi 2w T, X, € Ll ,

ThsE%, R=L{uy TH5,

HEHRERETH 5,

EEMTHBLERTEE. dLR=L[yy &332, LIt ROFHELT L. £
CTRBGEHEEH I LDOLELZGEEHIRHETTROTS S0

Proposition 2 RoWwFhr»oRkEZ2(7TE k2 K 580 &T 5 :
k=%, k=R £t k 3 & ERHD,
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W% p=PR &5 &, R¥FEHEEF >3, RPRILT S :

(1) RoFEOFHRE L exdL, L2k ;
(2) 3uy,...,u € Rst. Vf(X) €pnk(X) ML, fluyy .o ue) =0

(3) (2)icswT, K" 0B iciET 3BAA F7ric PAFLCRVEE, Tl w ¢l
EEhz,

Proof. R#» 5 Rlp ~0EmERARNERE o &L, ROFEOGKHEE L £33, ¥=9¢|,
B, i LD>S5Rp ~OREERTH 3,
(1) k BRELRBN TS EEREBTHEDS, b=k $hRE=RTH3,¥3, LDk
4%, dack—L. L+p/p=R/p &b, IweLIpepsta=z+p dbLz€EK I
5, peEpNK =0. x-Tp=0 koTa=z€L ChidFE, ®-7T, 2 € K(X)- K.
zoT, 7= ofX)/BX) («X),B(X) € K[X], «(X),B(X) REVIH) £ BRKr %
r > max {deg ®(X),deg B(X)} 2B T L& Do VE, K =97 (p(k)) B &, d(a) =0
(mod p) = ¢(a). £->T, 2 €K. £EZ k=R Ta<0TH>Th, -0 EFEXBIL
kb a>0&,TEdpd, k=Fk, k=R uFhoBsicswTsd 3z € kst 2" = z.
ze K(X) &v, z= f(X)/9(X) (If(X),9(X) € K[X], f(X),9(X) REWViK ) EBHH,
FXTBX) = g(X)e(X). &£-T, 3e € K—{0} st a(X) = ef(X)", B(X) =e7g(X)". r &
gg Lo, o X)BX)EK. chizFEo £-T, L2k
(2),(3) L+p/p = R/p &b, Juy,...,u, € Lst. ¢(u;) = X; (mod p) for V5. &5, K"
DEIRHET 3BAAFTric PBSLCRwE s, Jist. PFX;—tfor Vi € K. k-7,
U,¢I{ Tbéo

&T, VF(X) = T aiyoin X3 - Xin ) Sbjpin X3t Xim € p O K(X) (iyovin, bjyjn € k) 1234
L, kCLwxic, Vag.in, bjjn €L. £ T, f(ul,...,u,.) €L g-7T, Y(flur,...,un)) =
5 i, () - Bln) ] T byt (2)7 - () = F(X)  (mod p) =0
Y RBEHESS, flu,...,u) =00

Corollary 1 XKoWwWTFhbofgH#2sitlh bk 2 K ¥V ET S :
k=%, k=R it k 3 HELRKN,
CDEERBKRILT S :

(1) If(X) € k[X] st. f(X) =01 K(X)" chEHLE V.
=>P3f(X)Thrrk>n KX] ofgo®k4 77+ P icxtL, KX]p BRBGERL

T\,

(2) IF(X) € k[X] st. F(X) =0 it K(X)" - K™ cB2HLEL.
=> K" 0BT ARBAIFTVRELLBRVWEIL f(X) 280 KX]ogEgo#%
4770 Piedl, KX]p REBEZERLZV,

—174—




3 ¥WREERTIFRATTIMIONT

Theorem 1 r BEOZH%E t1,...,t, &L, ATHRVER a; &L, t; = 11787 47"
G=1,...,n) &BLo &dic, hk Lty t, TERSWAEHRE AL, FEn®Z
HOSERXR KXy, X 5> A ~OHRAREFEERE ® L$5. P=Ker® LB &,
R=k[Xy,...,Xnalp,p=PR &8, co& &, 30: R 0¥k, I0,,....U, - £ EREME
s ost. R=LUy, ..., Udw,...vp

Proof. 31 KRABRR aaT1+ apZ2 + -+ GinZn = 0i=1,...,r) D Z" LB 2WBOES
BEE=2H-2, Th%E e,~=(ej1,...,ej,,)(j=1,...,m) E¥T3. T3E&, 39j=(6j1,...,6jn) €
Zrj=m+1,...,n)st.e,...,e, B Z" OBEICNE 3. THL, O hoHhh ZHEFHER
6" — T oV T, Pemsr);.- len) B Z L1 RBITH S, ¢le;) @ ] BEOEZE
dle); E» <o

corx, Vi=Xi - Xa(=m+1,...,n) &8 E, Vo, Ve R E EREBBYT
50, k(Vims1,---,Va) CR.

RERS, VX € p WA, Vmes,--y Ve € R 0E, If(Ymu,...,Ya) € k[Ymt1, .-, Ya)
(Ym41,--- Yo i3 bk LOZEH) ko0 T, [V, Vo) €Ep EIRET 50

F(Ymasy- -, Ya) = S RYmtt .. Y2" (Vh € k)

= 1
f(Vm+1)' ")Vn) = thlz:eﬂui o .anc.-..u;

d%2 Rird ADEE~OERARERIILEL TEIK,

0 = Q(f(vm+l) V))
z h(tﬂll . t“rl Eell’“- v (t‘]’:ln .. ,t:rn)z €inli
- thlz:al’zel]u‘ . .trEa,jZe;J’u.’

W, 1<Vs<ricmon T,

Z agj Z eijU; = Z z ayj€i;) U Z d(e;)s

£oT, 0= it B e ) dlen) T EREMBIW R, VA =0,
£5>T f(Ymiry-- Yn) = 0. 55T, Vi (mod p),...,Va (mod p) 13 k LREM TS 3,
- T, I»[ S V]ﬂp=(0). - T, k(Vm+1,...,Vﬂ)CR.

. Vi= XS X (1<i<m) E8E, Ui=1-V,...,Un=1-Vn &8 L, Vi
swT X;€p &b Uy,...,Un€p. 2T, .

k(Vm+1,...,Vﬂ)[Ul,...,Um] g R,pﬂk(Vm_,.;,...,V,.) = (Ul,...,Um)

% . T, R0=k(Vm.H,...,V,,)[Ul,...,Um](Ul ,,,,, umy EBL &, V],...,VmGRo-(Ul,...,Um)Ro.
£-T, V{1,V €Ry V¥, ey,...,e, RZ" OEEWRII, 1<VilnicHL, =P
s lThrsr >k (0,...,1,...,0) XL, ZODOT v,...,vn BFELT, o,...,1,...,0) =
ver+ - tvme, o T Xi=V" -V ER TH3,5, Re=R O
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4 Grasssmann ZREEZERTEFA TT7IIZONWT

Theorem 2 Grassmann SHEEERTERAFTAE P L35, $4b B, k REE, dn
Rd<n 23T HAK, S={pp-iilio,.-,a€{0,1,...,n}} & io,...,50 LD VTR
EHOREABEL LIt Lk,

d+1

= ({Z("1))‘+1Pao"~¥x"ﬂd+lp"O""'d—lﬂl la’O; RPN FTTE T yld-1 € {0) 5. 'rn} })

A=0
CERENB R=k[S]p &B<o COLE, ROFEHEL EL ERBOBILT ¢y . gm B
FELT, R=4q,. .., 9m)q.am) EB B0

Proof. T = {por-a} U {Por-(a-1)i;- - -, Pirz-a}a+1cicn EB <o {p (mod PR)|peT} iz k E4t
ey w 2 i<, k[T]NPR= (0). £>Tk(T)CR.

o, VPio~-~i¢ € S iexfL, Ef;,,....-, € k(T) s.b. Pigeig — fio-"id € PR. #C T Gig-iq =
Digerig — figig EB Lo U= {q,'o...,‘d |0 <4<+ <ig<n, I{io,...,id} - {0,. . ,d}l > 2} EBIT
&, R=kD)Uky, <5 2. O

5 12DZHEATERINLFEAFTIICONWT

¥F, 1202 REFATERENBEEEES,
EHEHES 2 TREVRENEAGKOBAL, EXGEOIEEEEL 3,

Theorem 3 i#¥#52 TRAAVARMMBEGEE L &L, k LoxErou 882X ={X,,...,X,}
EB <o kX] oM B2 REERE f=f(X) &L, R=k[X]y),p=fR E T3, coL 5,
RoMstkL e ROT uBEELT, R=Lu),) &% 3,

Proof. k[X] %5 k[X] ~0 @4 BREAEEGICLY, it L:&bb>t‘of=X1Xg+g TH3EREL
ThiWo 7328, Xndpwiic, A&y, X, (modgo) X, (mod p) iz k ER&
HEEIT. £-T, k[X,,...,X,]JNp=0. -7, k(Xs,..., )CR L=k(Xy...,X,) &8
o T5&, f[f]cR'c*abb pNYfl=(f), X1,..., Xs €lf]. 8> T, {flp=R O

Theorem 4 R Lo#Zfihon3®Ea2X ={X,...,X.}, R[X] © R LB#R 2 KEHR
%= f L, R= R[X](f),p fR EBLo CDLE, D¥REMETH 3,

(1) 3¢ : R o%#kk, Jue Rs.t. R=Z[u](,,)

(2)R* it f=0 02 @HULS 3.

Proof. R[X] » 5 R[X] ~0 @4 BEEERicLD, f=a X+ - +aX2+b(ay,...,
lor;6=-1,00r1) THBEERELTEL Vo &5, TE I3 QOEWED, a = =aq, =1
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THBELTEVo RXpyy,..., Xa]Np = (0) &0, R(Xp4r,.., X)) € R. 22T, £y =
R(Xis1,..., Xn) EBFIE, R=L[Xy,..., X)) TH 5o

(I)b=0o0rlot&, b=0&3HiE, k>2,4[X]Np=(0). -7, L(X:) ER. 2T,
Vo= Xa/Xpoo Y = Xt /[Xi £8 8, €= 6(X0) E83H, R=L1Y, ., Yiolyzaoirs 1)
Lo THSIDS5b=1k21 ERELTEV. T5&, f=00 L(Xy,..., X0)* iCiki@EHrn
Vo £-T, RIBHEEEERE LTV,

@b=-1o0t&, g=X+112+Th, X2 t6%, F=flgi=X,—(X;+1)FY, =
Xi—X;F (k>22) &8, g€pwiic, ,=X; (modp)for Vi. & -, K(p) = LY1
(mod p),...,Ys (mod p)). trdeg,x(p) =k—1&v, ¥y (modgp),...,Y; (modp) s ¢
REBITH2 LRELTL Ve T35 &, L[Y,...,Yia]Np=(0) &b, 4&(Y,...,Y;) CR.
o,

k
ngX1=Y1,~-~,Xk=Yt = gz(ZY;z_l)

=1
k
= (X - (XG+D))*+ X X9—-f)-¢°
1=2
= f¢®—2X1(Xi +1)fg+ (X1 +1)%f?
2oy X2+ Y X

=2 =2

k
= fo* =2+ Dfg+ f2g—2fg Y X?

=2

k
folg=2Xi(X1i+1)+f-2) X} =0

=2
£-T, frimn,e=v = 0. &2 T, Vi 3 Lo(Ye,...,Yio1) EREBED S, L(Ye,..., Yoy [Vi]
BTH 2. 2T, £=Lo(Ya,...,Vi)[Va] EBC &, LI ROFEGETH 2. WE, u=(X1+1)F
EBIE, uEP. £CT, A={lufu) EBLEACR Y1€A LD, Xy +1€pNA=ul. -
T, FeEuAd &5, Vi>22ieowT, Yi=X;(1-F)€A. 1-FeA—-ud v, X, €A
E-T, m"&Ehic, O

DERE, 3EHD1oDOFRIRZBERTERINIEESEIE S0

Theorem 5  f i3 C[X,Y,Z] i b 3B THERILIRSERTH 3 & T 5, R=C[X,Y,Z)
EBLo CODLE,

(1) f BEBRERS, R BEREEBLT W,
(2) f 5HRES, ROFHELE ROTuBEELT, R="{[u.) &1 5,

Proof. fRr-oEDVFNrTH3ERELTEV: X3 -Y2ZXHX+2)-Y?Z,X(X -2)(X -
AZ)-Y?Z (A e C-{0,1}).

) f=X-YZots, R=C(X,Y)[Z)=CXY)Z-X/Yz-x3v5)

() f=XX+2)-Y’Z ot &. R=C(X,Y)[Z|y=CX,Y)[Z+X/(X?=Y?)|z4x3x2-v2y)
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8) f = X(X—2)(X —A2)-Y’Z 0t &, Xo=X/Z,Y=Y/Z t584, R=
C(2)[Xo, Yolsxoa)y f(Xo0,Yo,1) € C[Xo,Yo] TH D, f(Xo,Y0,1) =08 C(Z, Xo,Yo)*—C(2)
‘Cciﬁg%ﬁkﬁ‘«‘o - T, R‘i{:ﬁﬁ{*%#’ftfih\o D
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Modules of Generalized Fractions and Complexes of Cousin Type

SANG-CHO CHUNG

Department of Mathematics, School of Science
Nagoya University, Nagoya, 464-01, Japan

1. Introduction and definitions.

Let R be a commutative (Noetherian) ring with identity and let M be an R-module.
Let F = (Fi)io be a filtration of Spec(R) which admits M.

The concept of modules of generalized fractions, which generalizes the usual theory of
localization of modules, was introduced as defined by Sharp and Zakeri ([SZ1]). This concept
has a wide rang of application in commutative algebra (cf. [GO], [RSZ], [SZ2], [SZ3], [SZ4]).

A complex of R-modules is said to be of Cousin type if it satisfies the four conditions
of (Definition 5) which are reproduced below. The complex, is constructed from a chain
of special triangular subsets, is of Cousin type ([RSZ], 3.4 and [GO], 3.6). The purpose of
this paper is to show that, when the complex is defined by a chain of triangular subsets,
we can give a simpler criterion, consisting of only two conditions, for being of Cousin type
(Theorem 18 and Corollary 19). Moreover, we prove that, for every complex induced by
a chain of triangular subsets, the first and the second conditions of the definition of Cousin
type hold (Lemma 10).

In ([RSZ], 3.3), Riley, Sharp and Zakeri proved that every complex of Cousin type for
M with respect to F is isomorphic to the Cousin complex. Hence when we investigate the
structure of a complex of Cousin type, it is useful to study the complex of Cousin type which
is constructed from special modules of generalized fractions whose properties are well known.

We use T to denote matrix transpose. N denotes the set of positive integers. For n € N,
D, (R) denotes the set of n x n lower triangular matrices over R. For H € D(R), |H| denotes
the determinant of H. Let (aj, ..., a;)R be the ideal of R which is generated by {a1,...,ai},
and let (ay,...,a;)M be the submodule of M which is generated by {ajm:j=1,...,iand
m € M}.
, For p € Supp(M), the M-height of p, denoted by htmp, is defined to be dimg, M, and
htym(ar, ..., an)R = inf{htpmp : (a1,...,an)R C p}.

Definition 1. ([SZ1]) Let R be aring. A triangular subset of R" is a non-empty subset Uy,
of R™ such that

() if (a1,...,a8n) € Uy, then (af,...,a3") € Ujp for all choices of positive integers
1 n g

ay,...,0n, and
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(i) if (a1,...,an) € Up and (by,...,by) € Uy, then there exist (c1,...,cn) € U, and
H, K € D,(R) such that H(ay,...,a,)T = (c1,...,cn)T = K(by, ... ,0)T.
Let U, be a triangular subset of R". The module of generalized fractions U;"M of M
with respect {0 U, is a module, whose elements, called generalized fractions, have the form

m

(alx'”)an)’

where m € M and (ay,...,an) € Uy, satisfying the following condition.

m/

' ' m _
Let m, m/, s € M and (a1,...,as), (b1,...,bn) € Un. Then e O )

if and only if there exist (ci,...,¢s) € Up and H, K € Dy(R) such that H(ay,...,a,)T =
(c1,---r¢a)T =K(by,...,b,)T and |H|lm — |K|m' € (c1,-..,cn-1)M.

The addition and scalar multiplication in U;"M are such that

m + s _ |H|lm+|K]s
(a1y---ran)  (b1y.--,bn) (e1y.--y¢n)

for any choice of (c1,...,cn) € U, and H, K € Dg(R) such that H(ay,...,a,)T =
(c1,..,,c,.)T=K(bl,...,b,.)T, and forr € R

m ™

r. = .
(a1,-.-yan) (@1,...,¢n)

Definition 2. ([SZ1], p38) For a given triangular subset U, of R", let U, =
{(a1,...,aiy1,...,1) € R™ : forall ¢ (0 < i < =), Jait1,...,an € R sit.
(a1,...,ai,@i41,...,an) € Up}. This is a triangular subset of R" and is called the ezpansion
of U,,.

Definition 3. ([RSZ], p52). Let R be a ring. A family U = (U;);>; is called a chain of
triangular subsets on R if the following conditions are satisfied:

(i) U; is a triangular subset of R for all i € N;

(ii) (1) e Uy
(i) whenever (ay,...,a;) € U; with i € N, then (ay,...,ai,1) € Ujy1; and
(iv) whenever (a1,...,a;) € U; with 1 <i € N, then (ay,...,ai-1) € Uj-1.

Each U; leads to a module of generalized fractions U;*M and we can obtain a complex

el

] 1 X § R
0-—M-—U'M 5 UM — -« — UP'M — URIM — -,

denoted by C(U, M), for which ®(m) = (T—) for all m € M and

e ((al,-i,ai)) = (al,..iai;l) ‘
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foralli € N, z € M and (ay,...,a;) € U;.
Definition 4. ([S3], 1.1 and 1.2) A filiretion of Spec(R) isa descending sequence F = (Fi)ixo
of subsets of Spec(R), so that

Spec(R) DFgDF1D---DF;DF;i1 D+,

with the property that, for each i > 0, each member of F; \ Fi{; is a minimal member of
F; with respect to inclusion. We then set 0F; = F; \ Fi;,. We say that the filtration F
admits an R-module M if Supp(M) C Fo. Let v = (Fmi)io be the M-height filtration of
Spec(R), i.e., Fvi = {p € Supp(M) : htyp > i}.

Definition 5. ([GO], 3.2). Let R be a Noetherian ring and M an R-module. Let F = (F;)i>o
be a filtration of Spec(R) that admits M. A complex X* = {X*: i > —2} of R-modules and
- R-homomorphisms is said to be of Cousin type for M with respect to F if it has the form

d—2 d—l dO . dl' .
0—M—X’ - X' —... X — Xl ...

and satisfies the following, for each n € NU {0}
(i) Supp(X") C Fy;

(i) Supp(Coker d®~%) C Fy;

(ii1) Supp(Ker d”"l_/Im d™?) C Fp41; and

(iv) The natural R-homomorphism ﬁ(X"). : X" —» @ (X™)p, such that, for z € X" and
: pEIF,
p € OF,, the component of £(X")(z) in the summand (X"), is /1, is an isomorphism.

2. Modules of generalized fractions and complexes of Cousin type.

Lemma 6 ([SZ1], [SZ2], [O]). Let R be a ring. Let M be an R-module and let Uy, be an

ezpanded triangular subset of R™. Let (a1,...,an) and (by,...,b,) be elements of Uy such

that H(ay,...,an)T = (by,...,bs)T for some H € Dy(R). Then we have
m |H|m
1 = a
@ (a1,-..,8n)  (by,---,ba)
(2) If m € (a1,...,an-1)M then
A1,y...,0n

of Uy, is a poor M-sequence, then the converse holds.

anm _ m
(81,---5an)  (@1,---,@n-1,1)

- =0 in U;"M. In particular, if each element

nd tn U;"M.

®) dnn () = o ()

Lemma 7 ([GO]; 3.4). Let R be a ring. For a positive inleger n, suppose that
(a—ma-_l)_ =01 U;:I-IM. Then there exist (bly--~;bn+l) € Upyr and H € D,(R)
1,--+,08n,

such that H(ay,..., a,,)T = (by,..., b,,)T and boy1|H|m € (by,...,b:)M.

Lemma 8 ([GOJ, 3.3 and [SY], 2.7). Let R be a ring. Let M bean R-module. Let U =
(Ui)ix1 be a chain of triangular subsets on R. Then in C(U,M), foralln€ N

Coker ¢"~! & UZ"M/Im ¢"~! 2 U, [1] 7'M,
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where Uy[l] = {(a1,...,an,1) € R™1: (ay,...,a,) € Un}.

Lemma 9. Let R be a ring and let M be an R-module. Fiz a positive integer n. Let
U, be a triangular subsets of R™. Let 0 # € U;"M. Then we have, for all

(bl,...,b,.) € U,

(al,...,a,,)
: m

by,...,n)R 0: —m .

G ) ¢( (01,-.-,%))

Proof. Suppose that for some (by,...,b,) € Up

m

b,..., )R 0: ——— .

(1 ) C( (ah'-'aan))

Then by the definition of triangular subset there are (c1,...,¢s) € Upand H, K € D,(R)
‘such that H(ay,...,an)T = (c1,-..,¢a)T = K(by,...,bn)T. Hence we get (c1,...,ca)R C
(b1,.-.,02)R.

On the other hand, by Lemma 6(1)(3) we have

A(°‘ﬁ,—as)=(°:%)=’(‘“ﬁ%m)
D (b1,...,bn)R D (c1,...,¢a)R.

Therefore we have the following contradiction.

c|Hlm |H|m

= = 0.
(clx";ycn) (cl)'”;cﬂ—l)l)

From now on, we suppose that Up[l]"'M = M, U}M = M and n is a non-negative
integer. :

Lemma 10. Let R be a ring and let M be an R-module. Then, in C(U,M), we have
Supp(U;7*M) C Supp(Ua[1] ™M) C Fpn C Fa
where Ug[l]"'M = M and Ug[l] = {(a1,...,an,1) € R : (a1,...,a,) € Us}.
Proof. For the first half, this follows from the following short exact sequence
0 —— Ker ¢*/Im ¢*! —— U;"M/Im e""! —— U;"M/Ker e" —— 0,
|| |l
U 1" M Im &"
since Supp(U; 77 M) = Supp(Im e”) by Lemma 6(3).
The others follow from ([HS], 3.1) and ([C], 2.7).

Remark 11. Lemma 10 shows that, for every complex C(U, M), the first and the second
conditions of the definition of Cousin type hold by Lemma 8.
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Lemma 12. Let R and M be as above. Then in C(U, M) we have the following.
(1) 6F N Supp(M) = (Uizo 9Fasi) N OF.
(2) (cf. [ST], 2.7) OFn N Supp(Uf1 M) C 9F, N Supp(Ua[1]™""*M) C F, N 0Fmn.
(3) OF N 0FMn = UgeaFy—1n0Fyayy (V (@) N OFn N OFMn) -
Proof. (1) Let p € 0F, N Supp(M) \ Ui=o 0Fmi- Hence htpp > n. Therefore there is
q € OFMma(C Fr) such that q g p. That is, p is not minimal in Fa.
(2) Since Supp( ;iflM) C Supp(Un[1]7""'M) C Fy, we have

OF, N Supp(U,'H"f’{lM) C OF, N Supp(Ux[l] ™M) C OF, N Supp(M) N Fmn

C (U 0Fy;) N OF, NFMn = OF, NOFMy

1=0

by (1).

(3) Let p € OF, and htyp = n. Suppose that q ¢ OF,_; for some q € Supp(M) such
that htyyq =n—1and q S p. Hence q € Fy, since 0F,_1 = Fn1 \ Fn and Fyp(n_1) C Frn-1.
This contradicts that p is a minimal element in F,.

Lemma 13. Let R be a ring and let M be an R-module. Then in C(U,M), for each

(a——m oy +m e € Hp(M), there are (b, bn+1) € Uny1 and H € Do(R) such that
1ye++yY%n
H(a, .., an)T = (b1, bn)7 and

(b1y-- s bap1)R C (Im ert ___T——-—) .

: (a1,.--,n)

Proof. Since S L —
(a.l, ey a,,)
by Lemma 7 there are (by,---,bnt1) € Unyr and H € D, (R) such that H(al,...,aﬂ)T =

(b, ..., ba)T and bnt1|Hlm € (b1, ..., bn)M. Therefore we have

n-1. |H|’m - n-1. ___E)'___
(bll"')bﬂ+1)RC (Ime ’ (bl,...,bn)) (Ime ’ (al,...,an))‘

€ Ker e*, we have (a——-Ln—a—-—ﬁ =0 in U;}{'M. Hence
1y¢4y%n,

Lemma 14. Let R be a ring and let M be an R-module. Let U = (Ui)is1 be a chain of
triangular subsets on R. Then in C(U,M), for a fized non-negative integer n, we have the
following.

(1) Ass(UZPT'M) NSupp(U;3557"M) =8 for alli 2 0.

(2) Ass(UZFT'M)N Supp(Uns14i[1] "~ 2""M) =0 for alli 2 0.

(3) Ass(U;37'M) = Ass(Im e") = Ass(Ker enth).

(4) Ass(U;P7*M) N Supp(Hp+H(M)) =0  for alli 2 0.

(5) Ass(HB(M)) C Ass(Un[1]7""'M) C Ass(H{(M)) U Ass( ATIM).
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(6) If R is Noetherian, then .
OF 5 N Ass(Un[1]™"'M) = (8F, N Ass(H}(M))) U (0F, N Ass(U; 7' M)).
(7) Ass(Un[1]"""1M) N Ass(Un41[1]"""2M) C Ass(HZ(M)).

Proof. (1) and (2) These follow from Lemma 9 and Lemma 6(2).

(3) Since Im " C Ker e"*! C U;77'M, this follows from Lemma 6(3).
(4) This follows from Lemma 9, Lemma 13 and Lemma 6(2).

(5) The following short exact sequence and (3) complete the proof.

0 —— Ker e"/Im ¢*~! —— U;"M/Im ¢! —— U;"M/Ker &® — 0.

|l II ll Q

Hp (M) U, 1M Im e
(6) By Lemma 10, we have
OF N Supp(U; 37 M) = 0F N Ass(UZ37 M) C 0F, N Ass(Un[1]™""'M).

Hence the assertion follows from (5).

(7) This follows from (1), (4) and (5).
Proposition 15. Let R and M ‘be as above. Assume that p € Spec(R). In C(U,M),
consider the following statements:

(i) For all (ay,...,an41) € Uny1, (a1,...,an41)R & p;
(i) (UF3*M)p & (Un[1] " 1M)y;
(i) (H3M))p = 0 and (Ungs[1]--2M), = 0;
(i) (U737 M), 2 (Im ey
(i) (Una[1]"~2M)y = 0
(ii") (H*'(M))p =0 and (UZ37"M), =0;
(iv) (Ker e**)p & (Im e")p;
(iv)) (Un4a[1]-"-2M), & (Im "),
Then we have the following.
(1) (i) & ().
(2) (iii) & (iii') > (iii").
(3) (iv) & (iv).
(4) (1) = (ii) = (il)) = (iv). That is, if (i) holds, then

(U87IM), & (Un[1] "1 M), & (Im "), & (Ker e™*1),,.
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(5) If pe Ass(U;_:I'IM), then the above four modules are isomorphic.
(6) If p ¢ Supp(U525?M), then (iv) = (ii).

Proof. (1) Using the short exact sequence (*), we prove as follows.

(=) Assume that (U;27'M), & (Ug[1]7""'M),. Then, from the following short exact
sequence

0 — Ime*! — U;"M —— U;"M/Im "1 —— 0,

U, "M
we have a commutative diagram with exact rows.

0 —— (Im ¢™1), — (U3"M)y — (Un[1]""'M), — 0

et p

0 — (Ime* 1)y — (U7"M); —  (UZi'M), —— 0.

Therefore we get
(Ker €")p = (Im "™ 1),.

Hence, from the following shoft exact sequence
0 — (Hp(M))y — (Uall™""'M)y — (Im en)y — 0.

0 (U ™M),

induced from the short exact sequence (*), we have

(U737 IM), = (U, [1] "' M)p 2 (Im €™),..

Therefore from the following short exact sequence

0 — Ime® — UM — U {'M/Im e® — 0
" (%)
Un+1[1]—n-2M

we have

(Unsa [1]7""2M), = 0.

(<=) By the assumption and the short exact sequences (*) (), we have

(Un[1]™"IM)p & (Im "), (U;:;IM_)p-
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(2) The first equivalence follows immediately from the above short exact sequence (*x*).
For the second half, this follows from

Supp(Un41[1]~"2M) = Supp(H5+!(M)) U Supp(U5 17 *M)

induced by the short exact sequence (x) with n + 1 instead of n and Lemma 14(3)

(3) This follows similarly from the short exact sequence (*) with n replaced by n + 1.

(4) Suppose that (i) holds. By the hypothesis and Lemma 6(2) we have
(Upg1[1]™""2M), = 0. On the other hand, from the assumption and Lemma 13, we have
(Hp(M)), = 0.

The other assertions are obvious.

(5) This follows from the hypothesis, Lemma 9 and (4).

(6) This follows easily from (2), since (Hpt (M))p =0.
Corollary 16. Let R be a Noetherian ring and let M be an R-module. Then we have the
following. .
(1) Ass(U;77'M) C Ass(U,[l| ™' M).
(2) Ass(Un[1]~""1M) = Ass(HJ(M)) U Ass(UZET'M).

Proof. (1) Let p € Assg(U;77'M). Then pR; € Assg, (U FT'M), by ([M],
p38 Corollary). Hence pR, € Asst(U,,[l]"“"lM)p by Proposition 15(5). Therefore
p € Assp(Ug[1]"""1M) again by ([M], p38 Corollary).

(2) This follows from (1) and Lemma 14(5).
Proposition 17. Let R be a ring and let M be an R-module. Fiz a non-negative integer 1.
Then in C(U, M), the following four conditions are equivalent.
(1) H3(M) =0 for all n=0,...,t.
(2) Un[l]™ M ZIme* foralln=0,...,t

m
() Forall n=0,....1, for cach "

m m m
0: —— | ={0: ———— ) where ———< €U 1]-""M.
( (al,.. .,a,.+1)) ( (al,...,a,.,l)) where (al,...,an,l) n[ ]

(4) Foralln=0,...,t, each element of Unyy forms a poor M-sequence.

e UM,

In particular, let R be a Noetherian local ring and lel M be a finitely generated R-module
of dimension d. Assume that the above conditions hold for t = d—1 and Ug[1]~4 M # 0.
Then M is a Cohen-Macaulay module.

Proof. (1) < (2) From the short exact sequence () this is clear.

(2) = (3) By Lemma 6(3) this is obvious.

(3) = (4) We proceed by induction on n. In the case n = 0, assume that aym = 0

for some 0 # m € M and (a;) € U;. Then we have a; € (0 : m) = (O : _(%n_)) for some
1 .
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()

e Uy 1M by the hypothesis. This contradicts Lemma 9.

Now suppose that each element of U, is a poor M-sequence. Assume that a,41m €
(a1,---,a,)M for some (ay,.. .yant1) € Uppy and m € M. Then by Lemma 6(2) we have
__Ont1™ __ _ . That is, by ([SZ3], 2.1), we have
(al, ey aﬂ+1)

m

— =0 in UM
(a1, ceey an+1) 0 m ntl

Hence by the hypothesis we have

m

— =0 in Uy™"'M.
(al,...,an,l) " n[ ]

Then, by the definition of module of generalized fractions, there are (b1y---,bn, 1) € Uyl
and H € Dpy1(R) such that H(ay,...,an,1)7 = (b1,...,bs,1)T and [Hm € (b1, ..., bn)M.
On the other hand, since Ap41 41 =1 = (Rngr101+ -+ hn+1,nan), by ([SZ1], 2.2) we
have '
hyp--- hpnm € (bl, ceny bn)M

Note that by the inductive hypothesis by, ..., bn is a poor M-sequence and H'(ay, . .., an)T =
(b1,...,bs)T where H' is the top left n x n submatrix of H. Hence by ([0], 3.2) we get

m € (ay,...,an)M.

m noy M S L —
(4) = (1) Let ——(al,...,an) € Ker e" with (a0) m. Then oD 0 in

oy M. Hence by Lemma 6(2), we have

m € (a1,...,an)M.

Therefore we have M eImerl
(a1,---,an)

For the last assertion, since Ug[1]74"'M # 0, there is (a1,-.-,a4) € Ug such that
ai,...,aq is an M-sequence.

Theorem 18. Let R be a Noetherian ring and let M be an R-module. Let U = (Ui)ix1 be
a chain of triangular subsets on R. Let F = (Fy)izo be a filtration of Spec(R) which admils
M. Then

the complez C(U, M) is of Cousin lype for M with respect to F
T
Ass(Up[1]7* M) N 0F, = Ass(U;3T'M) for alln > 0 and

oM @ (U™M), for alln 2 0.
p€dF,
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Proof. (ff) We must verify the properties (i)—(iii) of the definition of Cousin type (see
Definition 5).

(1) and (ii) By Remark 11 these always hold for arbitrary complex C(U{, M).
(iii) We must show that Supp(Hj(M)) C Fny1.  Note that Ass(U;L'lM) =
Ass( ) (U;_;_‘flM)p) C OF, by Lemma 10. By Lemma 14(5) and Lemma 10, we have

p€OF,
Supp(H3(M)) C Supp(U,[1]™""M) C F,. But it follows from the hypothesis and Lemma

14(4)(6) that dF, N Supp(H(M)) = 0.

(1) It is enough to show that the first condition of Theorem holds. By the third and
the fourth conditions of the definition of Cousin type, we have 0F, N Supp(H[(M)) = @ and
- Ass(U;77'M) C 9F,. Hence Lemma 14(6) completes the proof of Theorem.

Corollary 19. With the same notation and assumplion as in Theorem 18, we have the

following.
(1) Suppose that OFmn N OF, = Ass(U; 27 M) for all n > 0 and

Ui M @ (U ™M), for all n > 0.
p€IF,
Then the complez C(U, M) is of Cousin type for M with respect to F.
(2) In particular, assume that 0Fmn N OF, C Supp(Ua[1]™""IM) for all n > 0. Then the
converse of (1) is true.
Proof. (1) This follows from Theorem 18, since Ass(U_ T IM) C Ass(U,[1]""M) N
OF, C 0Fmn N OF, by Corollary 16(1) and Lemma 12(2).

(2) It is sufficient to show that dFy, N OF, = Ass(U;_';l' 1M) since the second isomor-
phisms hold by the definition of Cousin type.

(D) Since Ass(U;27'M) C OF,, it follows from Lemma 12(2) that Ass(UZJT™M) C
aFMn n aFn.

(C) We proceed by induction on n. In the case n = 0, let p € 0F\o N OFo. Consider the
following complex

0 1
0—M-S5 UM S UM — - -

Then by the definition of Cousin type, we have the following exact sequence
0 — M, = (U;'M), — 0.

Since p € Ass(M), we have p'e Ass(UTM) by ([M], p38 Corollary).
Suppose that n > 1. Let p € 0F\, N dF,. Consider the following complex

— UM ES uoM L UottiM
n—-1 n n+l —F e




It follows from the definition of Cousin type that we have the following exact sequence
0 — (Im e"™1)y — (U7"M), — (UZ37'M), — 0,

since (Ker e"), & (Im e"'),. Hence by the induction hypothesis and Lemma 12(3), we
have (U;"M), # 0. On the other hand, by Proposition 15(2), and by the assumption
OFMn N OF, C Supp(U,[1]~""1M), we get

(Im e" 1), & (U;"M),.

That is (U;27'M), # 0. Hence we conclude that p € Ass(U;77'M) by Lemma 10.

Remark 20. Using Lemma 12(2), Lemma 14(6), the third and the fourth conditions of the
definition of Cousin type, we have another proof of Corollary 19(2) as follows:

8FMn N OF, = OF 4 N Supp(Us[1]™""'M) = 8F, N Ass(U,[1] "1 M)
= (0F, N (HH(M))) U (OF, N Ass(U;37 M)
= 0F, N Ass(U;TIM) = Ass(U; 37 M).

Corollary 21. Let M be a finitely generated R-module of dimension d. Let F = (F;)i»o be
a filiration of Spec(R) which admits M. Let Ay = (FM;i)izo be the M-height filiration.

(1) (cf. [SY], 3.9) C(Un, M) is of Cousin type for M w.r.t. Ry, where Uy = ((Uy)i)ivo-
(2) ([RSZ], 3.4) C(Uz, M) is of Cousin type for M w.r.l. F, where Uy = ((Uz)i)io-

(3) ([GO], 3.6) Let U = (U;)i»1 be a chain of saturated triangular subsets on R. Put
Go = Supp(M) and for i € N, define G; = {p € Supp(M) : there ezisis (ay,...,a;) € U;
with (a1,...,a;)R C p}. Assume that G = (Gi)iso, induced by U and M, is a filtration
of Spec(R) whick admits M. Then

C(U,M) is of Cousin type for M w.r.1. G.
(4) If dim M = htpq+ dim M/qM for all q € Supp(M), then

C(Us, M) is of Cousin type for M w.r.i. R, where Uy = ((U,)i)io-
(5) Let Ur = ((Uy)i)io. Then we have the following equivalent conditions.

M is a Cohen-Macaulay module
< C(Ur,M) is of Cousin type for M w.r.t. Fy
& (UM @ ((U,),;g;lm)p for all n > 0.

htpmp=n
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(6) Let R be a Noetherian local ring. Then

M is a Gorenstein module
{ C(Uy,M) is of Cousin type for M w.r.1. P and
(Ur);_fl'lM is an injective R-module
{ UM P ((U,);;;IM)p forall n >0, and
=4

htpp=n

(U,);_fl’lM is an injective R-module.

Proof. (1) This follows from ([C], 2.11 and 3.3(2)) and Corollary 19.
(2) By ([RSZ], 2.6 or [C], 3.3(3)), we have for all n € N U {0}

UM @ (UM,
peaFn

Hence by Lemma 10 we get

Ass ((U;,);;:;IM) =Ass( a5 ((U,—,);;;;lM)p)

p€EdF,

- U Ass(((U;l);z{lM)p) C OF,.
pedF, |

By Lemma 13 and the definition of (Ug)n41, we have, for all p € 0F, N Supp(M),
(Hg(M))p = 0.

Therefore we have OF, N Ass(H3(M)) = 0, since Ass(Hp(M)) C Supp(M). Hence we obtain

OF, N Ass ((Up)a[l] ™M) = 0Fa N Ass ((Up)737'M) = Ass (UpR'™M),

by Lemma 14(6). Hence Theorem 18 completes the proof.

(3) By ([GO], 3.6), we have for all n € N U {0}

UM @ (VM)
p€dGy

Hence we get Ass (U;_’;‘_l' 1M) C 0Gq.

Next for all p € 0G, we have

(Hg(M))p = 0.

In fact, if (H}(M))p # 0, then there is z € Hy(M) such that (0 : z) C p. But by Lemma
13, we have (a,...,an41)R C (0 : 2) C p for some (a1, ...,an41) € Uny1. Hence from the
definition of Gp41 we have p € Gny1. This contradicts p € 0Gn.
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Therefore we have G, N Ass(H3(M)) = 0.
Then by Lemma 14(6) we get

8Gn N Ass(Up[1]™*"'M) = (G, N Ass(H(M))) U (8Gn N Ass(U; 7T 'M))
= Ass(U;FT'M).

The result follows from Theorem 18.
(4) This follows from ([C], 2.12 and 3.3 (1)) and Corollary 19.

(5) Since C(U,,M) is an exact sequence by ([SZ2], 3.3 or [O], 3.1), the first equiva-
lence follows from ([S2], 2.4). From Proposition 17(3) and Theorem 18, we have the second
equivalence.

(6) This follows from (5) and ([S2], 3.11).

Remark 22. Let (R, m) be a Noetherian ring and let M be a finitely generated f-module of
dimension d. Then C(U,, M) is of Cousin type for M with respect to /Ay (Corollary 21(4)) but
C(Us, M) is not, even though (Up);37'M = @ ((Uy)757" ) foralln > 0 ([C], 3.3(5))

htpmp=n
For, by ([C], 2.15), we have Ass ((U;)7{I'M) = 0 but Ass ((Uy)4[1]74""M) N 0Fymg =
Ass ((U )d+1 1M) N 0Fmq = {m}. Hence we have

Ass((U f)d[u-d-lM) NOFwmq # Ass (Ug) 7' M) .

Therefore the result follows from Theorem 18.
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Composite of local rings

-- Non-noetherian rings which exist near you --

Hideyuki MATSUMURA
Nagoya University

1. Motivation. Let R be a commutative ring. For a prime ideal P
of R, let v(P) denote the embedding dimension of the local ring Ry
(i.g. the minimal number of generators of the RP-module PR, ).
Concerning this notion, the following theorem is known.

Theorem (Lech [1] ). If R is noetherian and P, Q are prime ideals
of R such that PC Q, then
(1.1) ‘ v(P) + ht(Q/P) £ v(Q).

(For another proof of this theorem, see Vasconcelos [2].)

I was once asked by a young mathematician whether the theorem (or at
least the weaker assertion v(P) € v(Q)) holds in the non-noetherian
case. I answered that there were valuation domains of dimension 2
whose maximal ideal was principal but whose prime ideal P of height
one had v(P) = oo, 1Indeed the composite of a discrete valuation ring
and a non-discrete valuation ring of dimension one is such a ring.
Later I realized that, by applying the same construction to more
ordinary local rings, we could get interesting examples of non-
noetherian rings as subrings of very common noetherian rings.

What follows is just a simple generalization of a well-known
construction, and it is very likely that it has been found by some

others already. I claim no originality.

2. Construction. Let (A,P,K) be a local ring with P # (0), and let
T: A— K = A/P be the natural map. Let (B, n, k) be a local
domain with n # (0) and with field of fractions K.

Let R =T (B) and m =7n"l(n). Then R is a subring of A
and m is an ideal of R. Since P C R, P is an ideal of R as well as

of A.

T
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3. Properties.
(1) Pe¢mgcRrRgaA; R/P = B, m/P = n.
(2) 1If S€ A-P, then sp = p.
(3) If I 1is an ideal of R, then either I c P or p C I.
(4) R is a local ring with maximal ideal m.
(5) P is not finitely generated as an ideal of R. Hence R is
not noetherian. N
(6) R RP = A, hence P = PRP and »V. (P) = Va (P).

(7) If J # (0) is an ideal of B generated by {ba\},\e/\_ , and if
ax 1is a pre-image of by in R, then l(J) =2 a, R.7
In particular, 'v(_n_t) = v(n). ACA
(8) If Q¢ Spec(a), then Q ¢ Spec(R) also, and RQ = AQ.
Hence VR(Q_) = VA(Q).
Proof. (1) is obvious. (2) is also clear since S is a unit in A and
P is an ideal of A.
(3) Suppose I <& P and take an element s of I which is not in P.
Then by (2) we have P = sp C SR cC I.
(4) Let I be a proper ideal of R. If Ic¢ p then Ic pc m. If
PCI then I =nl(n(1)c 7{1(2) = m. Therefore m is the unique
maximal ideal of R.
(5) Take s ¢ m - P. By (2) we have sp = P, but m is the Jacobson
radical of R, hence by Nakayama S Lemma the non-zero R-module P cannot
be finitely generated. (We owe this proof to Mr. T. Kawasaki. )
(6) Since R-p c A - P, all elements of R - P are non-zero divisors
of R, and so we have R C RP. Moreover, if s &€ R - P then s_le‘ A,
hence RP C A. On the other hand, since K is the field of fractions
of B, for each a ¢ a there is a non-zero element b of B such that
b'm(a) € B. Let se¢ R - P be such that 7(s) = b. Then T (sa) € B,
hence sa € R so that a € R Therefore A = R
(7) By constructlon, it holds that

p*

™ 1) =2 a,R + P.
.Since J # (0) there is T €A such that ar& P. Then P = arP

< a;R, hence 'n:_-l(J) =Z a,R. In particular, VB(J) = vR(Tr.-l(J)).

AEN
(8) 9 is obviously a prime ideal of R. Moreover,
RQ = (RP)QRP = AQA = AQ.
m
Thus, the poset Spec(R) looks like this: //1\\ ~ Spec (8)
N2
Z7I\\ = Spec(a)
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4. Example.

Let k be a field and r, s be arbitrary natural numbers. Let

A= k(XX Yy ¥ ] gy P = (XA
Then K:= A/P = k(¥ ,...,¥ ). Let
] B=k[Y1,...,Ys](X), n = (Y)B.
Then A = {f(ﬁrl) l
g(gjiy g(o,Y) # 0 } and

R ={ £(X,Y) | £(0,¥) _ U y(o) # 075.
g(x,¥) | g0,) V()

For instance, (X; + le)/(X2 + Y,) € R, (Xg+ Y )/ (X, + le)é A-R.
We have )
v(m) = v(n) = s, v(P) = r.
Therefore the theorem of Lech completely fails for general commutative
rings.

References
[1] C. Lech: Inequalities related to certain couples of local rings.
} Acta Math. 112 (1964), 69-89.
[2] W. Vasconcelos: Ideals generated by R-sequences.
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On the basic sequences of |
homogeneous ideals of height three

Mutsumi AMASAKI Faculty of School Education
Hiroshima University

§1. Main results

Let k denote an infinite field, z1,...,z, indeterminates over k and k[z(z)] =
k[zit1,...,2,] (0 < i < r) polynomial rings. Let further R = k[z(0)], R' =
k[z(1)], R" = k[z(2)]. We will make free use of the notation in [A1], [A2] and
[A3]. '
(1.1) Theorem (cf. [A3]). Let E be a finitely generated graded R-module and
suppose that the linear forms zi,...,z, are sufficiently generally chosen. Then there

are finitely generated graded free k[z(i — 1)]-module E) C E and finitely generated
graded k[z(i — 1)]-module El1 C E (1 <i < r+1) satisfying

(1) E¥=E®D g E+1 (1<i<r),

(2) z:EUH C (2444,...,2,)E9 @ Eli+1 1<i<r),
where EW = E, E(r+1) = glr+1],

Proof. See [A2,81], [A4]. a

(1.2) Definition (cf. [A3]). Under the condition of the above theorem, let Af =

(ni,. .,mh) (1 €4 < r41) be non decreasing sequences of integers such that
B = D=, klz(: — 1)](—n}). We define the basic sequence of E to be the sequence

(A';A%;--- ;A7) and denote it by Bg(E). In case E¢) =0, we understand 7' = 0.

Given a homogeneous ideal I C R of height 3, one can construct an exact

sequence of the form

(1.3) 0— 53 —85 —S506N —I—0

Typeset by Ap4S-TEX
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with finitely generated graded free R-modules S;, Sz, S3 and a finitely generated
graded? torsion free R-module N having no free direct summand such that H5"2(N) =
Hr=1(N) =0 (see (2.5)). Moreover, this N is uniquely determined by I.

(14) Theorem. Let I C R be a homogeneous ideal of height three and N be

as ezplained above. Suppose that the linear forms zi1,...,z, are chosen sufficiently
generally for both I, N.
(1) There is a sequence of integers w" such that I Bl = R"(—w") ® NBl. In partic-
ular, Bro (1)) = (0", Bre(N®)). Moreover, the R"-module NP has no free
direct summand.

(2) As the free modules S1, S2, S3 appearing in (1.3), one may take those indicated

below.

0 — R(—a" -2)® R(-7* - 1)
— R(-7? - 1,-0" = 1,—-@" - 1) ® R(-7", -7%)

— R(-a!,-a%,-0")®dN — I —0,

)

where Bp(I) = (a';a%;--+), Br(N) = (F44% )

Our theorem establishes a relationship betweeen the basic sequences of I and of
"N, which may be thought of as giving a necessary condition for a sequence of integers
(A';A2;--+) to correspond to a homogeneous ideal I with N = M(—s), s € Z, when
a finitely generated graded R-module M is given beforehand. In the case ht(I) = 2,
as well as an analogous result [A3,(3.1)], we have already proved that with suitable
additional conditions it becomes sufficient (see [A3,(3.7)]). But so far, we have no
general solution to the problem below, exept that one finds an answer in our previous
results of [A1,885,6] for the Buchsbaum case.

(1.5) Problem. Let M be a finitely generated graded torsion free R-module with
no free direct summand satisfying H,72(M) = Hi;7}(M) = 0. Find a necessary
and sufficient condition for a sequence of integers (7';A%;--- ;A7) to be the basic
sequence of a homogeneous ideal I C R of height three such that N = M(—s) with a
suitable s € Z.

§2. Proof of (1.4)

Let I be an ideal of height n > 2 in R and
S e S L, L, B R—R/I—0
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a free resolution for R/I over R. Take a free resolution

-

- = Vv ~ ~ N
(2.1) e ——) LOV LPI_) PR p— Lﬂ—lv #n , an ki > Im((,pn+lv) — 0

for Im(¢n+1") and then consider the complex
(2.2)

@ s Pn 3 P P2 = $1 7 -
--——»L,.+1ﬁ»Ln&Ln_l-ﬁ"—b---ﬂ»Lli‘-»Lo——+Coker(cp1)——+0

(2.3) Lemma. The above complez (2.2) is ezact.

Proof. For any free resolution (2.1), the complex L.V is the direct sum of its minimal

and split exact parts, and the (2.2) is exact if and only if it is exact when we take
as (2.1) the one given by the minimal part of L.V, namely, a minimal free resolution
for Im(pn+1Y) . Therefore, we have only to consider the special case where L, =
Ln, @nt1 = @nt1. Since Exth(R/I,I) = 0 for i < n, the complex
(2.4) 0— Lov —_— s — Ln-zv —q’:‘l_’ Ln—-lv — Im(‘an) —0
is exact. One sees by the long exact sequence of extensions arising from
0 — Im(pn") — Ker(pnt1") = Im(¢n") — Extgr(R/I,R) — 0

that |

Ker(#n-1) = Homgr(Im(¢»"), R) = Homp(Im(¢n"), R) = Ker(pn-1) = Im(¢n) ,

Exth(Im(@,"), R) = Exth(Im(p,"),R) =0 for 1<i<n-1.
The exactness of (2.2) at L; (i # n — 1, n) follows immediately. To show that
Ker(;) = Im(@i41) for i =n — 1, n, we first consider the commutative diagram

- v . -
¥ v $n-t F Pn v v v
v LY 222 LY 22— LY —— Lp41Y —— Ln4o

T I

v
Pn-1 v — v
s Ln—2v — Ln—lv E— an _— Ln+1 Ln+2

Taking duals gives rise to a commutative diagram

Lny1 —* L, » Homp(Im(@."), R)

| L ’

Ln+1 Fnil > Ln — HomR(Im(cp,.V),R)= Im(‘Pn) —0

—198—



where the bottom row is exact. This, together with the exactness of the sequence

- Pn-1

0 — Hompg(Im(@n"), R) = Ker(#n-1) — Ln—1 — Ln—2 ,

shows our assertion. a

(2.5) Lemma.  With the notation above, there is an ezact sequence of the form
0— Sy — - — 83 —5— 516N —I1—0,

where S; (1 <4 < n) are finitely generated graded free R-modules and N is a finitely
generated graded torsion free R-module satisfying Hi(N) =0 (r—n+1<i<r).
. Moreover N is determined uniguely by these conditions.

Proof. Since (2.1) is exact, one obtains a chain map

Pn41 [ $n-1 P2

<+ == L4 a » Lyn “— Lnp- e + Ly — I — 0
Pnt1 - ' = Pn-1 P2 z P1

voo = Ly = Ln A » Ln—1 .. » Ly » E—0

as shown in the proof of the above lemma, where E := Coker($z) = Im(1). Take its
mapping cone, cancel L; (n < i < r) and then extract a free direct summand S from
E so that E = S @ N with N having no free direct summand. a

Given a square matrix & of size (,1), let & — diag(zm) denote & — zm1:.

(2.6) Lemma. Let E be an R-module which has a direct sum decomposition E =
L@ E' as R'-module with a graded free R-submodule L C E and a finitely generated
graded R'-submodule E' C E. Let further

s G2 G A G — B — 0
be a free resolution for E' as R'-module and put G; = G ®p' R for all i. Then we
can construct a free resolution for E of the form
( A 0 ) (—A 0)
e Gi(-1) @ Gy ~ 2, Gy (1) 8 G~ Lo Gy — B — 0

with A;,®; — diag(z1) € MAT(z(1)).
Proof. See [A3,82]. g
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(2.7) Lemma.  Let ¢; = (;’“ :‘), Pit1 = (;:‘l A?+1) be matrices satisfying
vipi+1 = 0 and Aj, &;—diag(z,) € MAT(z(1)) (j =1, i+1). IfKer(4:) = Im(4i41),
then Ker(p;) = Im(piy1) = ImR( ~Ai ) ® ImRI( 0 )

Pit1 Aipr

Proof. See [A3,§2]. a

(2.8) Remark. The following assertion is the same as the above lemma. Let
pi = (':‘ fj\), Pit1 = (A':" t‘:‘) be matrices satisfying @ipit+1 = 0 and A;, &; —
diag(z:) € MAT(z(1)) (j = ¢, 1 +1). If Ker(4i) = Im(Ai41), then Ker(p;) =

R — R(®: ! [ A;
) = () 015 (1)
(2.9) Lemma. Let
Goi-— Gyl Ay Ao ALl

be a free complez of finite free graded R'-modules such that Hy(G's) = 0 for i > 0
and HI(G'V*) = 0 for j < 0. Suppose there are square matrices ®; with the property
&@; — diag(z;,) € MAT(z(1)) for all i such that

a) o Gora) o Gra) o GEAl)
Qz Az )Fl él Al $F0 ¢° Ao )F_l ¢_1 A-l » oo

18 a complez satisfying
Hi(F)=0 for i>0 and HI(FV*)=0 for j<O,

where G; = G: Qr R, F; = Gi=1(-1) ® G; for all i. Denote by E (resp. E')
the cokernel of the linear mapping (;‘:° :1) (resp. A;) over R (resp. R'). Then
EC has no free direct summand. Moreover E' = E!?l @ se(G")o/A1(se(G))1) =
ER @ Ay(se(G)o).

Proof. Put X! =min(G's)e, V! = 5¢(G's)e, Xo = X'.®r'R, Yo =Y'.@r R, 80X =
Aeix,, oY = A.|y,. First of all, the complex F, is the mapping cone of the chain

map Pet1 : Go(—1) — G,. Let 3.4.1 denote the composite chain map

Xo(-1) = Gu(-1) $ot1, g, Projection 5
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Since G, = X. ® Y, with Y, split exact, we find that F, is isomorphic to the direct

sum of Yo_1(—1) ® Y, and the mapping cone of 5.4_1. Hence

-4, 0
E = Coker® ( 0 )

d, A
R -9 o Y Y
= Coker = ® (Y-1/0; (Yo))(—1) @ (Yo /0y (1)) .
o, o

Besides,

&; — diag(z1) € MAT(z(1)), Ker(8XY) = Im(6X") and 8%, X € m' MAT(z(1))
by the assumption on &,, X,, Y,. We find therefore that E!? 2 Coker(8{) has no
free direct summand and that E' = El2 @ Y{/A,(Y{) = E@ @ 4o(Y}). O

(2.10) Lemma.  With the natation abb‘ue, suppose that G, i3 minimal. Let U be a

sequence of integers such that R(—v) = (—;" : )(se(F.)o). Then
0 0

E= R(-v)®N
with a graded R-module N having no free direct summand, CokerR'( Ao) = NI gnd
G_1(~1) = R(~7) ® R(—7"), where Br(N) = (7%;-).
Proof. See [A3,2.4]. 0

(2.11) Corollary.  Under the assumption of (2.9), let 7 be a sequence of integers
such that

(_:—1 : ) ‘(Se(Fa)O/ A, '\Lse(Ga(_l)—l) & .A.Q(SC(GQ)O) @ R(_ﬁ) :
0 0

Then
min(Ge(-1))-1 = R(-7) & R(-7") ,
E = A_I(SC(G.(—I))_l) ® Ao(se(G.)o) () R(—ﬂ) @& N,

where N is an R-module with no free direct summand and Br(N) = (7;---). ,

Proof. With the notation of the proof of (2.9), we have

—9X .
R(—x?)g( g-l a(;) (se(con(é.+1).)o) .
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o

_ (2.12) Lemma. Let Fj =G (-1)®Gj, F; = Gj-1(~1) ® G; with graded free
R-modules Gj, éj (j =1, i+1). Assume that, in the diagram

( -D; 0 -D;_1, O )
¢l+l Dl+l $; D;
Fi+1 » F d - » Fi
. i Q- 0 Q- 0
’\._“_( I A= # 1 ’\i_l=(#- 2 )
Vi1 Fl+l vi Vie1l Bi-1
Fi+l » F; » Fi

(Gen) (%02
®i41 Diga : é: D:

all the maps other than p;—s, u;;.l, (i.e. Ai—1) ezist and the following conditions are
satisfied :
(1) both rows are complezes,

(2) the left rectangle is commutative,
(3) Ker(D;V) =Im(D;_1"),

(4) pj-1Dj =Djp; (5 =i, i+ 1),
Then there are maps pi—2, vi—1 (i.e. Ai—1) which make the right rectangle commu-

tative. Moreover if a map p;—o satisfying p;_gﬁi_l = D;_ypi—1 ezists from the first,

then we may take it as the desired one.

Proof. The relation

pi-z 0 -Disy 0 —Di-y 0 [pic1 O
Viel  Hi-1 é D) $; D; Vi o i

is equivalent to

{ Gipio1 — pi—19i + Divi +vieaDim1 =0

pi—2Di—y — Di_ypim1 =0

The conditions (1), (2) and (4) imply that $;p;—y — ,u,-_lé,- + D;v; and D;_jpi—
vanish when multiplied by D; on the right. Our assertion therefore is a consequence

of (3). _ a
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We have
I= I(l) ® I(2) @I[sl I[3] — Rll(_wu) @N"

with a finitely generated R"-module N" having no free direct summand. Starting

with a minimal free resolution for I3 over R"

(c)

oo — Pt G2, ppr O, p 2O, (") @ Py — Il — 0,

one obtains by (2.6) a free resolution for I 2 = [®) @ I over R'

_(=C3 0
As= V3 Ca)

P(-1)@ R

A,=(-(é") 0)

B G/, (R(-w"-1)® Py(-1))® P

- — B(-1)@ P

-6 0
o= ()
(&)/, gy (R(-a" @ P — 17 — 0,

where P! = P! ®gn R'. Write ¥ = (’” “"_u) with #; € Homp/(P}(~1), PY). Let

Uy "1

Cc-.Y c_V CoV c, VY "
.. Pl—,sv 2 ﬁzv 1 N ﬁlv OA'P(;IV 1 ImR (Clv) 0

be a minimal free resolution for Im®” (C1Y). Since N" has no free direct summand, we
R (-C: O )V

have C; € m' MAT(z(1)) (i < 0). Constructing a free resolution for Im % Cy
by (2.6), (2.8) and then passing to its dual, we get a complex

-3 &) (%' o)
ST\ ¥ Cs T\ #: G
_— _—

i&, P (-1)® P Ao=<—§"_l Col PL(-1)® P,
A~1=(—gi:2 c(il)

S PLy(-1)@® P, — -,

Ny
b Y

v — Pj(-1)® Py P{(-1)® P Pi(-1)® P

with ¥; — diag(z,) € MAT(z(2)). Let
Gy=R(-n®) @R (-0")@ P, Gy=R(-0"-1)0R(-1)0h,

G =P_,(-1)oP (i22), Gi=P_(-)®P (€Z).
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Since

()(&) =0 - sermimcn

there are matrices §;, f; € MAT(z(1)) such that ,u.-..lfi.' = Aipi ( 2 1) with

b 0 . 0 0 )
(2.13) po= | B2 (c)l : Go— Gy, m= i(;l (21 : Gy — Gy
. 0 1 i

=id: Gl — G (>2).

' Starting with the free resolution of I'¥ above, let us first construct a free
resolution I'y : F, — I by the method of (2.6). Next, following the procedure stated

in the beginning of this section and applying (2.6), (2.8), we get a complex (F‘., I~’.).
Note that Ker(I}41Y) = Im([}V) for 7 < 2 and that Ker(f}) = Im(f}4;) for i > 0.
Let

(2.14)

T. T T T
Y * ., F LI 7 LI 1} L Fy y I — 0
| | [ O E |
- F 2 B =z B s R s R
...—)F4 4 )Fs 3 )F2 2 )Fl L — FO 2 E )0

be the chain map obtained by (2.12), (2.13). Here,
Fo=R(-a')®Go, F;=Gim1(-1)0G; (i>1),

Fi=Gi.1(-1)®Gi (1€2), E=Im(ly)— F_,
G;=6G'®m R, G;=G.®n R,

n=( % %) s,

- -4i; 0 )
I; - . | €2),
P; A;

&; — diag(z1), &; — diag(z;,) € MAT(z(1)),

II
/‘\

S, =0, Ai=A; (i>3).
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(2.15) Lemma.
(1) The image of (‘FA) Qrk: F;@pk — (F;®Fi_;)®rk contains a free direct
summand isomorphic to F.Qrk for ¢ > 2.
(2) The image of (—I.::l) Qrk:Fi®rk — (FA @F’o) ®r k contains a free direct
summand isomorphic to (Ao(se(Ge)o(—1))® Po(—1)® G1) @r k.
(3) The image of ( _1%0) Qrk: Fy@rk — (Fo®F_,)®rk contains a free direct

summand isomorphic to (I'y(se(F.)o) ® Py) ®r k.
Proof. The first assrtion is clear by (2.12), (2.13). On the other hand, since Cy €
m' MAT(z(1)), we have

0 id
ranky (—C_l 0 ) ®r k = rank(id g k) + rank; (_%—1) Qrk
Y Co '

= ranki(id ®r k) + rankk(fimse(é.(-n)o ®r k),

* 0 id
-C., 0 .
rank; v, C. ®rk

—C; 0

2
% Co
' —C., 0

= rank(id ® g k) + rank; 71 Ca ®r k

-7 ()
= rank(id ®r k) + ranki(Fo o .y, ORK) -
Hence the second and the third follow also from (2.12), (2.13). a
Consider the mapping cone of (2.14).
(216) .- s Fioh 2 Rokh 2 Reh 2 Reh 2 ReEXT —0

Since Ker(1}Y) = Im(IV), the module
N : = [y(min(F.)o)
2 Coker([ min(F.), : min(F.); — min(F.)o)
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has no free direct summand and E is the direct sum of N and the free module
V := Iy(se(F.)o). The above lemma implies

(1) Im(d;) contains a free direct summand isomorphic to Fi_; for i > 3,
(2) Im(8;) contains a free direct summand isomorphic to Ag(se(Go(—1))o) @
PO(—]-) @ éla

(3) Im(pr o 8;) contains a free direct summand isomorphic to Iy(se(¥.)o) @ Po,
where pr: Fy @ E — Fy ® V denotes the natural projection.

Let Bp(N) = (7;3%---). Since Bp(E®) = (3%;---) and Coker™ (4;) =
Ay(se(GL)o) ® E! by (2.9), we have

P_y(—1) = Ag(se(Go)o) @ R_(-*'rz) :

Besides,

é_l(—l) =] min(é’.(—l))—l (S5} x‘i—l(se(Go('l))—l) @ AO(Se(G'(—l))O) )
min(G.(—1))-1 = R(-7) ® R(-7')

To(se(Fu)o) =2 A_1(se(Go(—1)=1) @ Ao(se(Gs)o) ® R(—7)

for a suitable sequence of integers # by (2.11). Thus we see
BoFR =Gi(-1)®G. 0G(-1)o &
= R(—0" —2) @ F; ® Ao(se(Go(-1))o) ® R(-7" - 1) @ Po(-1)® G1
FoF=G(-1)®G1aGi(-1)®Go
=R(-A2-1)® R(—u‘:'.' —1)@PR(-1)8R(-3"-1)a G
®G_1(-1)®Go
= R(-n? - 1)@ R(-5" — 1)@ Py(-1) ® R(-w" —1) @ G,
® R(~7) ® R(-7") ® A-1(se(Go(—1))-1) © Ao(se(Ge(~1))o)
® Ao(se(G.)o) @ R(-7") @ Py

Fy ® V = R(—7') @ R(-4%) & R(-0") & Py ® To(se(F.)o) -

Ca.ncelling out F’i—l (‘l Z 3), -Ao(Se(é.(—l))o) @ Po(-—].) (&) é], fo(se(é.)o)o o) Po
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succesively, we can reduce the sequence (2.16) to
0 — R(-w" -2)® R(-7*-1)
22, R(-a% -1,-w" - 1,-0" — 1) ® R(-7' —,7%)

24 R(-a!, -a%, -w")@ N — I — 0.
Furthermore, from Coker® (4;) & Ao(se(G,)o) ® EI? follows
N" 2 Coker®" (C;) = (CokerR'(fil))[z] o (_Elﬁl)[21 ~ gl > NBT
"Hence, N3 has no free direct summand and I©¥ = R" @ NGl
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F-REGULAR AND F-RATIONAL RINGS IN DIMENSION 2

Bl B— (KX - B - F8HE)

B8 p > 0 DRITHT B Frobenius R OIEMAZFIA LT, rational singularity i<
BIhBEELT, £ F-pure ring DS, RUOT ideal D tight closure DA %
1# U T F-regular, F-rational ring O &0REMICEREIN TN 3.

—7h, B0 ORESFEOREREDOERIZN T, rational singularity DL S
168¥ > T, terminal, canonical, elliptic, log-terminal, log-canonical % % D% { DIFE &
DEAHEHEIN T B.

CHHOBESORMOBBEELT, ROFEDVHRIULT S LOGERAT LT FEEINT
W5

(1) ##% 0 D rational singularity D% p > 0 ~O reduction {3 F-rational T#%
55, ¥, ERMEOEH p ~OD reduction A% F-rational 75 & rational singularity T
bH5.

(2) % 0 TD log-terminal (resp. log-canoical) {3 canoical class DAL NERD &
X, B# p > 0 O F-regular (resp. F-pure) EXMIGET 37259 (ZHIZBIL Tid canonical
cover % - 72FEBASSH 5 DT, canoical cover DREZE DS p ICH L TIREZ
T3 ([W-4], [W-5))). '

AR BB,

(1) 2 RTTO F-regular ring {3 “E$ 0" OFEICHEHAFINTNEN, TXTOEH
p>0 I LTHAELA. (AB, CHICHLTREMAERDHFREL TV TELAR
Z%H/TV5 [Hara-2].) £/2, COH/FOHESL LT, “F-regular (IEBEICIZ strongly
F-regular) 73 5 log-terminal” DEFEZEH TOEWREEN L 72w,

(2) 2% 0 D rational singularity DZE# p > 0 ~O reduction {3 F-rational  ?
EWHMICBI LT, 2 RIT graded ring DBFIZ, R. Fedder DR NRH B 4% [F-2], Zhic
BALT, FAN p T Frational IZ/ 30 TEWHEHRE L TR,

Typeset by ArS-TEX
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2 RITDERLDT, “HESEL T, M OKEHREFTELY, GRITANDO—DDR
F v FICHNEENTH 5.

§1. Preliminaries.

AREH p>00DREL,

F:A— A, F(a)=af

% Frobenius B8 &3 5. HUT A id reduced EXEFTHDT, RDIDDER

F:A— A, AP A A AYP

RA—1RT 5. ¥/, F OBEERSERINTBIHI,
F:A-'4, F°:A—°A

nHEEEL. Fi, A-MBEMITHLT,

FC:M—F(M):=M®aA(=M®eqAY?)

EEHETD (¢=p°). F(M)D A-MBOHEL AICLVEHETS. BB, acAdzeM
LT
Felaz)=a%z (F72i3, (az)®1=2Q (a)/9)

L3, UTFIRRTXF ¢ $bTHRE p OM ¢=p° AFETIEETS. )HZAE, AT
TV I=(a1,...,a,) CAITHULT, (A/I)®a4 Al = Al/q/(I_Al/q) kb,

Fe(A/I) = A/TY9, W = (af,... ad)
L85, —#ic, %Bﬁhu# NCMIiZxLT,
N .= Im(F*(N) — F¢(M)) C F*(M)
EBL &%, N O (MATO) tight closure N* %
z€N* < Jce A% cF*(z) e NI Ve 0

LE%ETS. BL, A°:=A\U{p|pi3Z A D minimal prime } £ 5. KA TT NV
ICAITHU :
a€l* « Jee A%, Ml ec AV Ve 0
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THB. TDELE N IZ M OELGMEE, "I ADATTIVTH5B.

I* =1 (resp. N*=N) &12 5L &, I3 tightly closed (resp. N i3 M NT tightly
~ closed) & 9.

Z D tight closure D&% AT (weakly) F-regular ring, F-rational ring O &
n"aEhs.

#3% (1.1). (1) ( Hochster-Huneke, [HH1]) A 3% weakly F-regular <= FED A 7
7V I C AW tightly closed.
(2) ([FW]) B A »% F-rational <= A O/X5 X —% — « £ FTIVD? tightly

‘ closed.

“F-regular” OBLRIZDOWTIE, EXEBEPIROCBLH->T (ENTHHESORAED
56 FE&->TNEDY), LOEBN—FRVIMERFTOELH S LIICEDNE. XD
FRICELTIE, RO “strongly F-regular” 2MEVWF . BL, ROKRED T TEZ 3.

(#) F {3 finite map.

B ZiE A 134K k L essentially of finite type, k {3582k, F72id A (T complete local,
FAREE ITL2EDOEE, ZOXBEHIINE. XRTR, BICIOXHE2RETS.

E3% (1.2). (1) ( Hochster-Roberts, [HR]) R %% F-pure <= R — R'/? #% R-module
& LT split.
(2) ( Hochster-Huneke,[HH2]) R #° strongly F-regular <= VY c € R°, 3 ¢ = p°,
R — RY1, 1 — /9 % split as R-module.

# 1.3. (1) strongly F-regular => weakly F-regular = F-rational 2VE3L U,
¥, F-rational = normal, Cohen-Macaulay W= Z 5. %7 weakly F-regular =
F-pure T¥ % 2%, F-pure & F-rational OIZESL S DAFBE B AIL LS.

(2) A &% Gorenstein @ & XIZ(d strongly F-regular & weakly F-regular & (3[FEfE7S
Balish, Bil ADPRHREOD & &L Frational EbRMETH 5 ([HH2)).

(3) ((HR],[HH1]) F-pure, F-regular (strongly, weakly) &9 #E 3 pure subring
IZiB15T 5 (subring A C B &% pure <= VM, (A—module) M — M ®4 B 2XES).

1A D F-regular <= BEEDEATTIVpC AITK LU A, DY weakly F-regular.)
2« (D" T- t) u&ﬁ@» -C- t) E—lﬁ-
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£5 A ¥ normal domain, A DFE{&D submodule I &' fractional divisorial ideal
(= HIRLEK reflexive A—module) D &%, I(™ % I™ D reflexive hull &3 5.

Fi, ADEBETHEHENS K O&x, ()P T, KY/? O submodule & RAE4ART.

§ 2. F-regular Rings.

%79, (A,m) % normal local ring &9 5. F-regular, F-pure ring O &I3HRD
log-terminal, log-canonical singularity Q& & BHELEZRND 5.

EHE (2.1). f: X =Y = Spec(A) RS DM, f O exceptional divisor %
E=U_,E, 8. ordcl(K4) < oo DREDH &I,

(2.1.1) Kx = f*(Ky)+ )  a:E;

=1

EBEE (KY =wA LERTARET S &%, divk(f*w) = Yo, raB T a; BE
£3)
A ¥ log-terminal (resp. log-canonical) singularity <= a; > —1 (resp. a; > —1)

for every 1.

NSO SIIES 0 OBES/EH, E&HL (resolution DELEEHIRE LT) EEK
THUHETH 5.

strongly F-regular = log-terminal ( = quotient singularity),
F-pure = log-canonical

RO TRT.

EH (2.2). (A,m) DMZH p > 0 D local ring, ord(cl(K4))=r <0 &L, f: X —
Y := Spec(A) (3 proper birational map, X & normal, Gorenstein &9 5.

(2.2.1) Kx = f*"(Ky)+ ZaiEi;

Ex &,
(i) U A F-pure %3 5{f Va; > -1
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(i) bbb dem! & (tIFTHOFTEE)g=p° IKH LT a: 4 — A9 o(1) =
dVe P A-IBEDAERB E LT split THIE Va; > -1 TH 3.

BRI ETELRZDT, REICETEICTS. hEAWLT 2 RITOD strongly
F-regular ring D48 % L & 9.

(2.3) 2RCOWESR, ETHESDHEHED exceptional set DIkF (/5 7) T
EHINB. 2 KRILD log-terminal singularity (I rational singularity Td ¥, resolution
D KEAK L THRINTN S (EAELK (WK]). Zo458IT, SAREHITILST,
B# 0 @ quotient singularity KR U757 THB. (HEH 0 O log-terminal singularity
{3 canonical cover %28l - T} log-canonical = rational Gorenstein T 3 FIIEERIT
D—fk3mTH 3. 2 IRILD rational Gorenstein singularity (T XTHHEINTNT, C
ETUTORRSELRABTHS.

(42) Pyt =0
(Dx) e’ +y(z+y" ) =0 (n24)
(Es) 24y 424 =0
(E7) 2? +y(y* +2°) =0
(Es) 2 +y3+25=0

2 RJT rational singularity @ divisor class group, canonical class & resolution @
75 7TRBDT ([L]), BRICBKELRE L. #-T, EBEH p O strongly F-regular
ring I3, U LD 5 BHEORKESEERUY S 7%F D Gorenstein 3% canonical cover &
LTH-D.

8 (2.4). (A,m) 2ZEH p > 0 ® 2 RJG normal local ring T, rational double point
& @ U resolution D75 728> &%,
(1) p> 7725 A strongly F-regular,
(2) p=5T, 7578 (Es) UHNE 5 A I3 strongly F-regular,
(3) p=3T, 7574 (Es)—(Es) LISNI 5 A3 strongly F-regular,
(4) p=2T, 7572 (An) 155 A I3 strongly F-regular.

(%] MEOZ S5 71, 3T “star-shaped” HOT, [TW] K& D, A L0 fil-
tration {F™(A)}n>o T, associated graded ring G(A) := @n>oF"(A)/F"1(A) BRI L
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25 7 %% normal graded ring TH 5 bDVHFET 5. strongly F-regular graded ring
D5HiT [W-3] THE->TWT, (2.4) iICHET 5 normal graded ring & F-regular TdH 5.

X T, Gorenstein ring 2B L T strongly F-regular & F-rational [3[FfET, KD
Lemma iZ& Y, G(A) X F-rational % 5(¥ A  F-rational TH5. INT (2.4) MG
Bahi.

Lemma (2.5). (A,m) 2%E%#{ p > 0 ® local ring, {F™(A)}a>o0 (3 A L£O filtration
T, &4 )
()& Fri$ ADAFTI, Fl=m (2)F'.F/ CF*,
(3) Rp := ®nxoF"T™ C A[T] ¥ Noether 5
Bl TEE, b U G(A) = GnsoF"(A)/F +1(4) % Forational %5 A b F-
rational TH 5. '

[fEA] dimA=d &T5. Hi(A) ~O7nxX=v2ER F OEAT, (0) =(0)
AREEFROD. [TW]ic&D, A O fitration (&, HL(A) O filtration 25| ZE€Z L, £0
associated graded module ¥ HE (G(4)) LRBTH 2. HE (G(A)) IKRT (0)* =(0)
THBHDOT, HL(A) IKRT (0 =(0) THAFRIEZITBESNS.

Remark [ U%M—#D F-pure, (strongly) F-regular ring 128 UTHRILT 5
NEIMNIHOO ST '

Jﬂi@%%ﬁ%i EDBEUTDLIICIEA.
EE (2.6). (A,m) DMEH p > 0 O 2 KT strongly F-regular local ring, A/m BRE
BAtkD & %,
(1) A DEEEMBDOY 5 7%, HH 0 D quotient singularity DTS TOEND
I—8T 5.

(2) p>TDEE, HiZ ADERARBDOT 5 THEH 0 O quotient singularity
D35 71 61E, A strongly F-regular TH 5.

(3) p<5TbH, MUY S 7 %% D normal graded ring ¥ strongly F-regular 72 5
i¥ A b strongly F-regular TH 5.

Remark U EDOSET p=23,5DBEENNODEINTNELY, &l R#
ERIZE->T, RORSHLTNS ([H-2)).
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A % 2 IRJG normal log-terminal singularity @ & &, A 2\ strongly F-regular <=
[l U2 5 7 %% normal graded ring 2% strongly F-regular.

2 ¥RJG normal graded ring T strongly F-regular %% D D44i [W-3] T > T
5DT, INTHRAEVWKRHEAKTH S 2 IRJT strongly F-regular ring D3 H i3 212
#o7cHITIEA. 18K, 2 RIL normal F-pure ring DL HEUE LTI, FIAE M.
Artin [A] IZH BHIT,

w2+y3+25+$yz=0
I3EEH p <5 TH F-pure /4%, 59 5 associated graded ring {$ p < 5 T3 F-pure
IZIE 0.

§ 3. 2 RJG F-rational ring, H*(X,0x) & tight closure ® &%

CODFTIE, A=®n>04n 1K k= Ay LD 2 Rt normal graded ring, m = A4 =
®n>0An C‘: 1'5 < .

f: X oY :=Spec(Ad) 2R EDMHHE, E:= f'(m) LB &%3 A I rational
singularity W) HEIE HY(X,0x) =0 TEZEIN BN,

A DE¥( 0 D rational singularity => A O1ZE# p > 0 TD reduction X p> 0 D
& & F-rational o ? '

LI RIIROTL RS
(3.1.1) 0— HY(X,0x)— HY(X —E,Ox) @ H3(A) — H&(X,0x) =0

IZ& Y (E%mD 0 i3 Grauert-Riemenschneider EEEERE — 2 RITTII excellent local
ring \ISH UTHRIALT S — 1L 5B),

H%(X,0x) ~® Frobenius SRDIEMIZ p >0 DL X BgH ?
EVHMIc—&ktzhs. ORI

HZ(A) T® (0) O tight closure i¥ p>>0 D&% H(X,0x) E—~KT 5 ?
EWSPIERMET, E72, COMIE A= @nz04n 25 graded ring D & &,

Frobenius B F : H3(A)—n = HZ(A)=pn i En >0,p> 0 Q&%@-Q‘Ti)‘ 7?7 &
IMERIMETH A. 2 RITD graded ring i L Tid Fedder iZ &k D 2 ORJITHEEM N,
RRTLTORERDOBHEOFEEIL [L-2) TRINTNAB.
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p MEDMAZFHITROD 7 (FFEMIC derivation ZH TS TeHICB OO ST,
ZOMBICHT B I IPHLBREBNT.
& (3.1). AVEHp>00LE, LORSOTIL, KIIFME

(1) H3(X,0x) ~® Frobenius & DF A 13 4.

(2) H%(A) TOD (0) D tight closure {¥ H'(X,0x) &—¥7 5.

(8] %3 HWxOREDTIC, A D test ideal 2% m—primary TH5 EICEET
% ([HH-1)). #15, 37 C A, m—primary T, z € (0)* (tight closure) D& & Jz = (0).

T, [W-11ic& D (2 KTLDH4E Spec(A) D graded blowing-up (3 “cyclic quotient
singularity” UDR/2Z0DT),

(3.1.2) HY(X,0x) % @npoHa(A)n, HE(X,0x) = @ncoHn(A)n
REATWAS.

XT, 7€ HY(A)p IR LT F(z) € Hi(A)pn K05, HY(X,0x) C(0)" HHAL
NTHB. i, Fz)=0=z¢€(0) bWOITH3. WAL, (1) ZRELT (2) %
AEETSTHS.

z € HY(A)n,n <0 &F5&, Fo(z) € Hy(A)gn, (¢=p°). U F(2) #0735
iF, 3s,m*Fe(z) # 0, m*1Fe(z) = (0) Bl 5, Ja € A, homogeneous T, aF*(z) #0
> HZ(A) @ socle ikgEh3. —F, HE(A) O socle FERBEORRTTERSIOLTY
2. ZORNREAEm LB L, dega=m—gn £XB. LHL, ¢>00LZae]
DS aFe(z) # 0=z ¢ (0)*. WZI (1) = (2) BRI,

EH (3.2). [F-2] A HEH 0 ® 2 RTT normal graded ring D& &, p> 0 ITH LT
A DEH p ~OD reduction IZRT HE(A) TD (0) D tight closure & HY(X,0x) &—
Y 5.

SEEAICIE A O derivation module Dery(A4) £{E5. A DEHIZITS & Derr(4) O
BAELANDZOLRERDT, EAONK A IKHUTp FEDAAREFNERVOED
M. ZIT, bo EEEIIC (3.1) OREREENRY LD DEREEEZ .

(3.3) X := Proj(A) &%< &, $% ample H# divisor D € Div(X) ®z Q I
£-T,

(3.3.1) A= R(X,D) = ®nz0H(X,0x(nD)).T"
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LEbE N3 (Demazure, [W-1] BB). WA, F: HL(A)-p — HL(A)_pn &
(3.3.2) F:HY(X,0x(-nD)) — H'(X,Ox(—pnD))

L7 %, ZIT, X £O rank p—1 @ vector bundle &, %,

(3.3:3) 0 — Ox(—nD) — [Ox(-pnD)]'/? — [€4]'/7 = 0
 TEHETE. OL%,

w8 (3.4). (1) LoD &, i locally free.
(2)n >0 %t U (X, En) = Ker [F : HA(A)_n — HL(A)_pn).

[fEBA] —nD = [-nD] + G, ([-nD] ¥ —nD OE¥WG, G = ) r:P, P €
X,0<r; <1,0x(—nD)=0x([-nD]) =L £HL &&, Ox(—nD)— [Ox(—pnD)]*/?
i L — Loy [Ox(B)/?, B=[pG] =Y [pr:]P; TH 5. [pri]j<p &V, ZOERIE
HOEETsplit 5. Fiz, (3.3.3) L DTLERS
(3.4.4)

H(X,[Ox(—prD)]'/?) — H(X, [Ea]'/?)
— H'(X,0x(-nD)) — H'(X,[Ox(—pnD)]'/?)

NTE%. D A ample & 9§ HY(X,0x(—nD)) =0 (Vn > 0) 205, HO(X,[E.]/P) =
Ker [(H}(X,0x(—nD)) — H(X,[Ox(—pnD)|'/?))] @ 5h 3.

Zhh i A A rational singularity OBEEZVOT X = P! &35, F1,
k(X) = k(z), divx(z —a) = (a)—(00) £ (a € k). T, [0x(n)]*/? ® Ox—Module
LLTORRER LD (ALERDT, Ox(n) ® [Ox]P—Module & LTOD4# &FE—1
9 5). '

Lemma (3.5). n=mp+t(0<t<p) &k &,
(1) [Ox(n)M/? = [Ox(m)]®¢HD) @ [Ox (m — 1)]@ D).

(2) f € klz),deg f = n > 0 IZH LT, B := divx(f) +n(c) 20 &EL &,
Ox — [Ox(B)]M? ¥ Ox—Module £ LT split <= n<pEliIp<n<2p-1D
2 f(z) @ 1P 2P OFRHEOENDH 0 TR

[EE8] (1) P! = UoUUy, Up = Spec(k(z]), Uy = Spec(k[z]), Ox(n) = Ox(n(o0))
L33 E, kzP] LOEER 1,2, ,277) k[z7?] LOBKR 2”2, 2P
DS, BT zik[e?] & 2k[z7P) = ' (z™Pk[z?]) T [Ox(m)]P " TE& 3. UTREE
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2) BAohBpASERE, Uyl LTEAEH
K] © Skfe], kP C kY
f f
EHBDT, TRENOEELHE L TRALES.
—%, F-pure ring DHAN S, KBBSNTHS.

fr8 (3.6). ((W-2],(23)) A=R(P',D) T ((33)&®B)D>045 A {3 F-rational.

ChoARALT, WO DFEAD Frationality ZRZ .

@ (3.7). A=R(P',D),

D—[D]=Z%, (B.U.pi,gi € Z,q; > 2,0 < p; < gi)

=1

H U r <3 T AN rational singularity %5 p > LCM(gili = 1,--+,r) D&E, AF
F-rational.

[f£BA] P! @3 Hid {0,0,-1} £TES. r <2 ® & %2, normal semigroup ring
T k[z,y] DEFERFLDT Fregular TH5. r=3 DL, nD% D LB-T,

*) F: H'(X,0x(-D)) - H'(X,0(-pD))

FESTH S EEFEERN (X =P).

(3.7.1) —D =ry(00) +r2(0) 4+ r3(—1) — s(0)

(0 < r,rg,r3 < 1) B E&, D A% ample kY deg —D <0 Ff, s 23 &
+5L (3.6) &b (*) 3Hs, s=10&& H(X,0x(-D)) =0 b, s=2¢&L
T+4. [-pD] = B — ps(c0) = B — 2p(c0) B & &, deg B < 2p ThHb. M,
ri4ro4r3<2—4 OEE, p>MIE5 deg B<2p—1 THY, (35 (2) &b (M
HHETHS.

B (3.8). N &% &L, D=1/N(0)+1/N(-1)-1/N(c0) EHL &,
A=R(P',D)= k[t‘lTN,(t F 1)1V 4+ 1) TN T 17172V
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I rational singularity T, p# N ® & % F-rational, p = N ® & % D& F-rational T
V. EBE, p=N DE&X £20x ®0x(-1)9P-2 TH 3.

FIEFICEREBSICLOERIRONTOROODKED, —f&D graded ring IZ{#
9 72T, vector bundle £ DRRDEFE b - EFH LS RABENRHYZ S, £1z,
BRITDFEIC, EEL vector bundle M TEREWNEHMFL TS (4 = R(P", D)
LB LE, FARICE BWEHETE,

H Y (X, &) 2 Ker [F: HEYA)_, » HEHA) ).
m P

EWBZDENS, F NEHGTIIFNIL, line bundle DEFIZ4HE LU vector bundle
DESNB).

4. TH 2.2 DFEEA

KD S5 DDRT v T4 TITH. f it proper, birational &9, $3 Y @ open
set U, codim (Y\U)>2 O LTRETH 3. F12, K\ 1 reflexive 205,

(K4)® = HY(U,0y(iKy)) = H'(U, (wy)®) Th53.

(1) —RRIZEE p > 0 @ normal variety X @ dualizing sheaf wx 2% invertible @
t %,
Homo, ((0x)"/%,0x) = ((wx)®*" )7 = 0x((1 - 9)Kx)"/*.

SEBAIE finite map Ox — (Ox)!/? iZ%43 % adjunction formula % - T,

Homo, (O;(/q, Ox) = Homoy (O;(/q,wx) R0y w;(l

= (wx)T @ wx! = (0x((1 - g)Kx))1.

@) (Ea)® =wAd B &, (KA =wm KD 2B 3. 4, o OFELY
(wx)®" = Ox(rKx) = Ox(r(f*(Ky)+ X aiEi)) = ffw.0Ox(r Y a:E;) TH5.

XT, ;>0 LS BHDAERXNBRILLTHWADT, —rKx >0 EH AL,

(4.2.2) X' =X-|JE

a; >0
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EBL. IIBLE,
wld=EK(" = HY(X' w1 0x) C B (X', w™ ' Ox/(—rKx: + f*(Ky)))
= w T HY(X', Ox/(~r Y a:E:)) Cw  H(U, Oy) =w™' 4

EHBEDT, meZ,m>0Iil L TR

(4.2.3) HY(X',Ox:/(—mrKx:)) =w™ ™A,
(4.2.4) HY (X', Ox/((—mr 4+ i)Kx)) =w "H(X',0x/(—iKx"))

MEKILT 3. Fh, c€ A, c#0 %,
(4.2.5) H(X',0x/(iKx))) D ¢k, (=0,1,---,r—1)

DRALT B & D ICHLS.

(3) ¥T, A D F-pure 5513 Va; > -1 ZF% ).

6 : A1 — A % splitting & L& 5. Homa(4Y1,4) = K(70 #2005, ¢ €
KU &85 1-g=-mr+i, 0<i<r&Fa&, K§0 =wmK) T,
6 =w-mc 9 € HY(X' Ox) EHV 3.

a; < -1 EF3E, ra;, €ZEDS, a; < -1-1/r T, —mra; > —mr(=1-1/r)=
mr+m>qg=mr—i+1THY, divx(c) D Ei~BisF% s &6 &, —mrai >2q+s
EEBEIITg>0EMB I ENTES.

X T, E; ® generic point §; T E; DERFBRE 2 £ 5 <&,

Kx = f*(Ky) (X aiE;) &b, & 1RT Ox((1 —Kx) DERTTE £ ETBE, ¢=
(z:)%k, u=mr+m—s+divg,(¥) > q &5, LHL, 13 U LT splitting 25X T
Bh5, £ I1TRT b splitting A5 IFNERE S, —F, ¢u(4) C k((z!A)!9) C z:A
L1 D ¢ 13 splitting £ H2BE (L IFEDASLER, Ao AV, ZOFEF 6 < -1
IS bDENDS, a; > -1 TRFHIEFESEN.

A ¥ strongly F-regular D&%, FED d#£0€ ARXHLT A AY1 1 — dYe
% splitting 28D, d © E; TO O ORHN c DbDIYVKRENL I T d 2BNE
a; > -1 bRE 5.
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