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PRIME IDEALS OF HEIGHT TIWO WHOSE ASSOCIATED GRADED RINGS
ARE GORENSTEIN INTEGRAL DOMAINS

— AN EHTENSION OF HUCKRBA AND HUNEKE'S EHAMPLES —

Shiro Goto!

Department of Mathematics, Meiji University
Tama-ku, Kawasaki-shi, Japan 214

1 Introduction.

In this paper we will provide examples of height two prime ideals
whose symbolic powers coincide with the ordinary ones and whose
Rees algebras and associated graded rings are both Gorenstein rings.
Our method of finding examples follows the idea given by Huckaba
and Huneke [HH1, Proposition-Example 4.1], although our situation is

more general than theirs.
Let k be a field and let m 2 0 and n 2 1 be integers. Let

A = k[[Xii] | be a polynomial ring in n? + m

1<ij<nt Yjd1<jem
indeterminates over k. Let X = [Xii] denote the n by n matrix

consisting of the indeterminates [Xij} We put f = det X and

1<i,j<n’
choose an ideal I in A sothat f € [ and I is unmixed of htAI = 2. Let

I(i) (i e Z) denote the i & symbolic power of I, that is defined by

1) Partially supported by Grant-in-Aid for Co-operative Research.



I(i) - (xe A |sxe I for some se A \ U p). We put R(I) = A[It]

peAssAA/l
(here t is an indeterminate over A) and call it the Rees algebra of I.

Let G(I) = R(I)/IR(I).

Our purpose is to prove the following

Theorem (1.1) I(i) -1l for alli e Z and R(I) is a Cohen-Macaulay ring.

In this theorem, if\/T = I, we can improve the second assertion and

get the following

Corollary (1.2) Suppose VI = 1. Then R(I) is a Gorenstein ring and

hence so is the ring G(I).

If m =0 and n = 2, we have A = k[X,Y,Z,W] and f = XY - ZW. The
assertions (1.1) and (1.2) of this situation are due to [HH1, Proposition-
Example 4.1], assuming I is a prime ideal. If m = n and if we choose 1
to be the ideal in A generated by the maximal minors of the following

n by n + 1 generic matrix

Xll Xln Yl
X21 in Y2
X v X Y
nl nn n

the first assertion in (1.1) covers Hochster's second example [Hoc,
(2.2)].

The interests of this note date back to Hochster's above paper, in
which he gave a criterion for the equality of symbolic and ordinary
powers of primes in a Noetherian integral domain. Added to it, he

raised a question in searching for any practical strong/weak condition



under which these two powers always coincide. The first answer
appeared in the famous paper of Cowsik and Nori [CN, Proposition 3];
let p be a prime ideal in a regular local ring R and assume that
dim R/p.= 1. Then p is a complete intersection in R if and only if
p(i) = |Ji for alli e Z. In it they made a smart use of Burch's inequality
[Bu] between the analytic spread of ideals and the dimension of the
base ring. The recent striking researches of Huckaba and Huneke [HH1,
HH2] also concern Hochster's question. There they gave a beautiful
criterion for certain ideals of small analytic deviation which are
generically a complete intersection to have symbolic powers equal to
the ordinary ones. As was cited before, this paper should be looked
upon a succession to [HH1, Proposition-Example 4.1].

However, the known class of prime ideals possessing symbolic
powers equal to the ordinary ones remains rather small. As far as the
author knows, the systematic examples occurred in one of the
following: (1) complete intersections, (2) ideals generated by the
maximal minors of generic matrices (cf. [BV]), and (3) examples due to
[HH1, Proposition-Example 4.1). For further analysis, more series of
examples are wanted. In this context our generalization (1.1) and

(1.2) may have some significance, for further developments of the

theory of Rees algebras and associated graded rings of ideals as well.

2 Proof of Theorem (1.1) and Corollary (1.2).

We may assume n 2. Let Aj = k[(Xij}lsi.an] and By = Aj/fA. Let
PO denote the ideal of AO generated by the maximal minors of the
n - 1 by n matrix consisting of the first n - 1 rows of X. Let Py -

PO/fAO. Then Py is a prime ideal in B0 of height 1. B0 is a normal ring



and the divisor class group Cl(BO) of B0 is a cyclic group generated by
the class cl(pO) of Po (cf. [Br]).

We begin with the following, in which the second assertion is

essentially due to Herzog [Her].

Proposition (2.1) G(DO) is a Gorenstein integral domain and R(DO) isa

Cohen-Macaulay normal ring.

Proof. For each 1 <j <n, let Xi denote the matrix obtained from X by

deleting the n A row and the j i column. Let D]- - (- et Xj and

(Zj}1<j3n] be a polynomial ring in n2 +n indeterminates over k and let

1<i,j<n’

¢:V - Bgltl be the homomorphism of k-algebraé defined by (p(Xij) =
Xij mod fAy (1 <i,j < n) and (p(Z]-) = dl-t (1 £j<n), where t is an

indeterminate over Bj. Then we have Im ¢ - R(pgy) and Ker ¢ 2K :=

n
({ j)=:1 Xijzj }lsiSn' f)V. The;efore, as K is a prime ideal in V with

dim V/K = n2 (cf. [Her]Z)), we get K = Ker ¢ (recall dim R(pO) = n2,
cf. [V, 1.6]), so that R(py) is a Cohen-Macaulay normal ring by Herzog's
theorem [Her]. We put W - k[(xij)lsiSn-l,lstn’ {Zj}lstn] and L =

n
({Elxijzj}lSiSn-l' { Di ]lstn)W' Let z - Zi mod L for 1 <j< n. Then

n
as G(p) = R(DO)/poR(DO) =v/({ 3 Xijzj )1<i<n' ( D]- ]1<j<n)v’ we get
j=1 == ==
an epimorphism (W/L)[an,an,....Xnn] — G(py) whose kernel is
n

generated by a single element p= Y X

z]-. Notice that W/L is a
j=1

nj

Gorenstein normal ring (cf. [Her]), and we immediately have the

2) V/K is actually a normal ring. Herzog showed that V/K is a Cohen-Macaulay
ring. It is standard to check that the ring V/K satisfies the condition (Ry):

localize V/K by X, and use the induction on the size n of the matrix X. This
remark is applicable to the ring W/L below too.



required fact that G(po) is a Gorenstein integral domain, as p is a

prime element in the polynomial ring (W/L)[an.an,...,Xnn].

We now back to the polynomial ring A = A0[Y1,Y2,...,Ym]. Let B =

A/fA and p = pyB. Then as R(p) - B ®B R(py) and G(p) - B ®B G(pg).
0 0

by (2.1) we have the following

Corollary (2.2) G(p) is a Gorenstein integral domain and R(p) is a

Cohen-Macaulay normal ring.

Let I be an unmixed ideal in A of height 2 and assume that f e I.

temma (2.3) I'D A =r 18D gor altie 2.

Proof. We may assume i 2 2. LetL = (I(” N fA)/fI(i‘l) and assume

that L # (0). Then, choosing Q € AssAL, we get Q o I and

Cei-1), (i-1), _ (i-1), _
depth AQ/fI AQ = 0. Hence depthAQI AQ = depthAQfI AQ =
1, so that we have depth AQ/I(I'I)AQ =0.Thus Qe AssAA/I. Hence

. ~ (G)a  _ 1i . .
dim Ao =2and I AQ =1 AQ for all je Z. As AQ/fAQ is a DVR, we may

write IAQ = (f.g)AO with g € AQ. Then f, g is an A

i _eri-1 .
so we have | AQ thQ =fl AO' that is LQ

Q-regular sequence,

= (0). This is absurd.

We put J = I/fA. Then ] is an unmixed ideal in B of height 1. As B
is a normal ring with CI(B) = Cl(BO), we have cl(J) = jel(p) for some

je 1. We may assume j > 1. (Recall that cl(q) = - cl(p), where q is the

ideal in B generated by the maximal minors of the n by n - 1 matrix



Xll . X
X . X i

21 2n-1 | mod fA, cf [Br].) Hence ] = &p(’) for some non-zero
an Xnn—l

In-1

element £ in the quotient field of B.

Proposition (2.4) I'V - i for allli e Z.

Proof. We may assume i > 2. Then as J(i) = F,ip(ii) and p(k) = pk for all
k e Z by (2.2), we get ](i) = Ji. Therefore, as I(i) c i fA, we have
1D i W A pay - ihe 11071 by (2.3). Hence the induction on i

yields the i‘equired equality I(i) -tiforallieZ

Because R(]) = A[pisl with s = Et, we have R(]) = R(pi) = R(D)(j), the
j b Veronesean subring of R(p). Thus R(J) is a Cohen-Macaulay ring

by [HE, Proposition 12], because so is the ring R(p) by (2.2) and R(}) is
a direct summand of R(p). As I! N fA = f1i! for allie Z (cf. (2.3) and

(2.4)), we have an isomorphism R(I)/(ft)R(I) = R(]), which implies R(I)
is a Cohen-Macaulay ring. If VI = I, then by [ST, Corollary 3.4] we get
R(I) is a Gorenstein ring, so that G(I) is a Gorenstein ring too (cf. [Hu,

Proposition 1.2]). This proves Theorem (1.1) and Corollary (1.2).
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On Eakin-Nagata-Formanek Theorem

By

Masayoshi NAGATA

The theorem of Eakin-Nagata ([1], [3], cf. [4]) was generalized by
Formanek [2] and the main purpose of the present note is to give a new
prool of the generalized result, which will be recalled below.

The writer likes to emphasize here that we avoided the use of Zorn
Lemma in our new proof.

In this note, we mean by a ring a commutative ring with identity.
If M is a module over a ring R, then a submodule of the form IM, with
an ideal I of R, is called an extended submodule of M. Then the gene-
ralization can be stated as follows:

Eakin-Nagata-Formanek Theorem. Let M be a finitely generated module
over a ring R. If M satisfies the maximum condition on extended sub-
modules, then M is a noetherian R-module, consequently, R/(Ann M) is a
noetherian ring, where Ann M = {x € RJ| xM = 0}.

Before proving the theorem, we prove a lemma as follows:

Lemma. Let M be a module over a ring R. For an a € R, we denote by
0 : a the ideal {x € R| ax = 0}. If Ann M = {0}, then we have

Ann (M/(0 : a)M) = 0 : a.

Proof. The inclusion 0 : a € Ann (M/(0 : a)M) is clear. As for the
converse inclusion, z € Ann (M/(0 : a)M) = zM € (0 : a)M = az = 0
= z € 0 : a. QED

Proof of the theorem. We use a double induction on the number of
generators of M and the largeness of extended submodules of M. We may
assume that M is generated by n elements and Ann M = 0. Then our in-
duction hypothesis is that (1) the assertion is true for R-modules

generated by less than n elements and (2) if I is a non-zero ideal of



R, then M/IM is a noetherian module. Note that if n = 1, then the ex-
tended submodules are in one-one correspondence with ideals of R mod-
ulo Ann M (preserving inclusion relation). Thus the assertion is cleaf
in this case.

(i) The case where there are non-zero elements a, b of R such that
ab = 0: By our induction hypothesis, M/(0 : a)M is a noetherian module
and therefore R/(0 : a) is noetherian by the lemma above. Consider the
R-module aM. aM is generated by n elements and is really an R/(0 : a)-
module. Thus aM is noetherian. Since M/aM is noetherian by our induc-
tion hypothesis, it follows that M is noetherian.

(ii) The other case: R is an integral domain. Let ui,...,u. be a
set of generators of M. M/Ru: is an R-module generated by n - 1 ele-
ments and therefore it is a noetherian module by our induction hypoth-
esis. Set I = Ann (M/Ru.). Then R/I is noetherian. If I = {0}, then R
is noetherian. So, we assume that I # {0}. Take a non-zero element c
of I. We have only to prove that any non-zero submodule N of M is fi-
nitely generated. Take a non-zero element w of N. Then cw is expreésed
as bu:, with b € R. M/bcM is a noetherian module by our induction
hypothesis. bcM is generated by n elements and bcM € Rbu, C N,

which implies that N is finitely generated. QED
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Abelian Group # Grading (2D
Graded Ring {ZDWT

BRI A 98 = (Yuuji Kamoi)

1 Introduction.

G % Abelian group & L. R % commutative ring £33, ZD& %, ring R (resp. R-module
M) 75 G-graded ring (resp. G-graded R-module) T& % &ix. R (tesp. M) @ subgroup @
family {Ry}gec (tesp. {Mglgeq) D3d » TRERIcT L EILRD

¢ R=@4ec Ry (resp. M = @B yeq M)

® RyRy C Ryyp (tesp. RgMy, C Myyp) for all g,h € G .

FTHDICROEREZES.

Definition. R @ graded ideal p R %ER 74 & £, G-prime LI

4~ T homogeneous element a,b € R ic>W T, dbLabep WS .aep Xidbep.

G 73 torsion free Abelian group @ & %, G-prime ideal (%, prime ideal &78%. Hic, R
Noetherian 7% 13, non-trivial G-graded R-module @ associated prime ideals 75 graded ideals
ThdIEBL{HONT WS (Bourbaki[l]) . X. %E-ELH [2] . G 75 finitely generated
free Abelian group T R %5 Noetherian @ & %, G-graded R-module M & P € Spec(R) ic> W
T. Mp @ dimension % Bass numeber %% graded prime ideal T® local condition TH & T
LTW3,

-0 [2] OF5E13 Bourbaki[l] OBEIE S LI ELNUEM, KREITRALCT
G-prime ideal 2% 23 EBAETH 2 (LEDLN3B).

22T, AFETIE G H—A%D Abelian group @ & % G-graded modules (over Noetherian
G-graded ring) @ local 72{5$% G-prime ideals D EE TR~ 5.



2 Preliminaries.
CCTR, ABTHVWSIHERPERZRHTEL. UT. R % G-graded 1ing &5 3,

Ugec Ry P It% G-homogeneous element &IF3:, FHIiT. ag € Ry, ag # 0 IT2WVT, degree g
® homogeneous element &IFTF, deg(ag) =g EFHL T &icd 5.

R @ non-zero element a € R {3, H—& ¥ ic homogeneous elements OflicHFIF 5. Th %
=% eq0, (EL. ¢g REMBEEBRVTO) LFBLE&, h(a)={g€G|a;#0} LEC. X,
a1,...,0m € RIT2WVWT, h(a1,...,am) =U%, h(a;) EEX.

(G-graded R-module ic>WT b EEEAHKRDOIETERA VS, )

Definition 2.1 1) R @ nonzero G-homogeneous elements 559X T non-zero divisors of
R ot %, R % G-domain graded ring LM, TDORMBE. +XTD G-homogeneous
elements a,b € R {Ic2W\WT

bLab=0715iE.a=0XIEb=0
& [EME.

2) R @ nonzero G-homogeneous elements 553 ~T units of R D& %, R % G-simple graded
ring EFEZS. BV AL, R 13 (0) DS proper G-graded ideals ¥ 7273 \WH & [E]fE.

Definition 2.2 1) R ® G-graded ideal p 5%t & &, G-prime graded ideal LIF3:,
4 ~XT D homogeneous element a,b € R iIc2WVWT, bLabep Ao a€p XiFbED.
SV LN, R/p ». G-domain graded ring L5 C & &L[EHH.

2) R @ G-graded ideal m {c2>WT, m 2HIZEY proper G-grade ideal S7ZW& &, G-
magzimal graded ideal L0ESs, i3, R/m H5 G-simple graded ring i<f% 5 C & L [EfE.

) G-prime graded ideals (resp. G-maximal graded ideals ) of R 3. prime ideals (resp.
maximal ideals) of R 2% % & IiZBRS 7T\,

Definition 2.3 R »Hi—D G-mazimal graded ideal m %¥> & & G-local graded ring EIE
3. CoEi, (Rm) TRbT LTS,

LI F. M, N % G-graded R-module &% 3.



f: M — N % G-graded R-modules ® homomorphism T& 5 &i%. R-linear map such
that f(My) C Nyforallg € G TH3bD%RH. 3 XTD G-graded R-modules tzhoo
homomorphisms » 5% % category % Mg(R) TRb3 I LicT 5.

g €G IlcoW\WT, M(g) 2IR®D grading TE % % G-graded R-module &3 %
[N(g)]n = Ng4n for every h € G.

R(g) (¢ € G) DFD module DEFIE (Mg(R) ®thT) EE G-graded R-modules % G-
graded free R-module & PSS,

g € Git>WTy M 75 N(g) ~® homomorphism £{kD{E3 Abelian group % Homp(M, N)g
<#£b L. Homp(M, N) = ®gec Homp(M,N), LEiFE, Homp(M, N) i3 G-graded R-module
LBbis. FEic, Exth(—,—) € Homp(—,~) O derived functors %&b 3. & L R #5 Noethe-
rian T M %3 finitely generated G-graded R-module T&Hhi¥. R-module & LT Exth(M,N) =
Extp(M,N).

H % G @ subgroup &35, &, g€ G KOV T

R(s:H) = @ Rg+h_ and M@H) = @ Mgy
heH heH

Ly<¢. #Hic. RHE) = ROH) (resp. M) = M©H)) & || H-Veronesean subring of R (resp.
submodule of M) &M T &IZT 5.

cokE, HRic. R (resp. M9H)) 13 H-graded ring (resp. H-graded RUH)_module) &
Hx %, X. &0 grading T G-graded ring & b8 A 3

(0) ifg¢H
Bitkic LT, M@H) & G-graded RH)-module &72%.
0.8 €GiconwT, bLg—g¢ € H o, M@H = M H)(g—g')as H (and G)-graded
RUD_module T 3. HE-> T M i3 (RD G-graded RH)_submodules ic X 2 E%E &>

[R(H)]g={Rg ifgeH for all g € G.

M= @ Ml eiH)
el

c o {gitier 1 Gmod H OftER. co& B, RoDMOD c Mlte) for all
i,j € I TH%M» 5. G-graded ring R (resp. G-graded R-module M) i3, G/H-graded ring
(resp. G/H-graded R-module) &EZ 5.



3 G-simple graded ring OHREIZOVT

ZDky va vy TRIROGEEZRT.

Proposition 3.1 G BWHREKTHOIE, KIZEH.
1) R H G-simple ,

2) k= Ro i3 field T

k
R= { KX XE W,V (u1,...,un € k%)

Yﬂ —uj ,...,Y,f"—u,.
1

ST Xty X Yiy oo Yo i EOEEKT ¢ @EM (1<i<n).

Lemma 3.2 (&880 [2],(1.1.4))
1) a € Rg, a #0 % unit THhIE, FTid Ry iKE->T. CDE % Ry=Roa LEIF 3.

2) R % G-simple T& % & & & non-trivial G-graded R-module 753 <XT free TH 3 T &1
[E4A.

Proof of (3.1). 2) = 1) i3S ».,
1) = 3) k ifield KB DIREY. £CT.R£k E33. G ={geG|R, #(0)} &5
< &, G' i3 nonzero subgroup of G. - T, HIRLEK Abel HOBRAEED S

=70 éC(q;)

t=1
EEIFS, BL ¢ RFEMT C(g:) 13 cyclic group of order ¢; (1 < i< n). ey,...,e, % Z" ®
{ree basis, e} % C(gi) @ generator (1<i<n) &3+hid, G OB EH» S

3z € R, (ISiSr)andayjeRe; (1<j<n).

CoEE, (32),1) &b
R=k[z1,.--,Tr,¥1,---,Yn] = k[G'].

% T TIRD k-algebra map ¢ 2EH 3

e kX, ., X1, Y] — R



by p(Xi)=2; (1<i<r), p(Y;) =9 (1<j<n)
BL Xq,..., X, Yq,..,Y, B EEFTER., D& &, ¢ i3 surjective THIiC

ker(o) = (Y1 = ug, ..., Y0 —u,)

where u; = y;“ Ek*for1<j<n
HHED B 5N B, 0

CDEERPH S,
Proposition 3.3 A Noetherian G-simple graded ring 1%, locally complete intersection.

Proof. R % Noetherian G-simple graded ring &4 %. % C T local ring Rg % complete
intersection for every maximal ideal @ of R %/R9.

4 R & Noetherian #2315 @ = (a1,...a,) for some ay,...,a, € R &hi¥ 3. H %
h(ay,...,a,) THEEEHN S G © subgroup & L. P=QnRE) L4hif, ay,...,a, € RE)
> PR=Q.

&2 AT RH) 13 H-simple 255 (3.2), 2) &0 R i3 free R)-module . #-7T. (RH))p —
Rg i3 flat T fiber Rg/PRg = Rg/QRg i field .

& - T. (3.1),2) &b Ry iF complete intersection , o

4 G-prime ideal OHEIZOWT

C CTlt. R % Noeterian G-graded ring &4 5.

e P € Spec(R) ikoWT, P iK&EFh B3HE KD G-graded ideal % P* T&Hbd. DL X,
P* i3 G-prime T 5.
e M *%* G-graded R-module . p C R % G-prime ideal &9 3,

Mgy = S™IM  where S = Ugeg Ry \ P
M,=T"'M whereT =R\ UPGAssR(R/P) P

&4 5. Bic, My) #0 &73% G-prime ideal p D2k% V(M) &BL. £/, P €
Spec(R) ic>WT, M(p)=M(P.) 43,



Proposition 4.1 1) M #0 Ot &, (F&E®D P € Assp(M) icoWT. M DOH 3 homoge-
neous element z € M ME->T P*=[0:z]p E0iF 3. - T,

(R/P*)(g) — M for somege G .

2) R @ G-prime ideal p & q IT2WTRHELD ILD.

a) p=P* for every P € Assp(R/p).

b) Rpy/PR(p) 1& locally complete intersection .
¢) Assp(R/p) = Ming(R/p).

d) p # q <= Assp(R/p) N Assr(R/q) = ¢.

e) bLqCp ThhiE, FED P € Assp(R/p) iI2WT. 5 Q € Assp(R/q) 8&H -
T.QCP L1x3,

Proof. 1) B§F72 P € Assg(M) ic2WT, P=[0: 2, z;]p for some )72, 1, € M L&
TWw3 (LI T T, T1y...,Zm (& M © homogeneous element T degree HHHEB 2 bD L ¥
2). Co& &, G-graded ideal N2y[0: zi]g B P ic&Eh 305, (V[0 o] C P*. i
R @ homogeneous element a € R iIZ2W\WT,
aZz;=O=>az;=O{ora.lllgigm

=1
THBHh 5. Nzal0: z]r D P -T.
m
P* = ﬂ[O AT
=1

L1z, &I 2D, G-prime ideal i3 G-graded ideal (o3 L TiIREEHMHEZ o2 5
P*=[0:z;]gpforsome 1 <i<m

L1335,

2) a) > T P € Assp(R/p) I£2WT, P* D p RASHE»SHEREDEIEETRT. 5.
1) £ R\ p © homogeneous element a € R\ p B&H->T. P*=[p:alp EHEFTWVA. Hit-
T.aP*Cp &ii3. pid G-prime Taghp b5

P*cCyp

&R B.



b) R(y)/pR(py 13 G-simple 725 5, (3.3) ihES.

c) 2-a) & D Assg, (R(p)/PR(p)) = {PRy) | P € Assp(R/p)} THEIC 2-b) & 1. Assg,,(R(p)/PR(p)) =
Ming,,,(Rp)/PR(p)) £155. B> T\ Assp(R/p) = Ming(R/p) .

d) it 2-a) 0. e) i3 2c) kb, HBIKTAS. o

4.1 G-graded R-module ® dimension ic> W\ T

Lemma 4.2 M % G-graded R-module &3 5,

0) P € Spec(R) ic>\WT, P€Supp(M) += P* € Vg(M).

1) p € Vg(R) ic>\WT. Assp(R/p) C Suppr(M) < p € Ve(M) .
2) Suppp(M) ® minimal element P {c2\WT, P € Assg(R/P").

3) P,Q € Suppg(M), P D Q izoWTy & L dim(Mp) = dim(Rp/QRp) TH 1K dim(Rp/Q" Rp) =
dim(Mp) .

Proof. 0) i, ERLVHESH, 2) 120) & (4.1), 2-a) ITHES.
2)) Suppr(M) @ minimal element P ic2WT, 1) & (4.1), 2-c) &P
Assp(R/P*) = Ming(R/P") C Suppr(M)

<Thdh 5. Pe Assp(R/PY).
3) P,Q € Suppr(M), P D Q £2WT. dim(Mp) = dim(Rp/QRp) ¥ 5. 1) &1,
Assp(R/Q*) C Supp(M) TH3H 5

dim(Rp/Q*Rp) < dim(Mp)
L5, —HT.2) L QE€ Assp(R/Q*) TH3H 5
dim(Rp/QRp) < dim(Rp/Q*Rp)‘

1%, fE-T. dim(Rp/Q*Rp) = dim(Mp) . a)

Lo SRBbh» 5.



Theorem 4.3 G-graded R-module M & p € Vg(M) IcoWT. n =dim(M,) &8 &,
Vo(M) ottic p & Fh3EEH n D chain BES.

Proof. 1) n = maz{dim(Mp) | P € Assg(R/p)} (cI. (4.2),1) THB» 5. P € Assp(R/p)
2 dim(Mp)=n B2b0,T 5. COEE, n KETEIREMETHRT. n=0 THHhIEHS»
o n>0&ELTnr—1 FTERBRYIOET .

Q € Suppr(M) % n=dim(Rp/QRp) &332 D LHNIL. (4.2),3) £V dim(Rp/Q*Rp) =
n THs. Vo(R/QY) C Va(M) ThBH 5. Vg(R/Q") OUiT chain BESMRIE L. 4,
n>0ThHsd»5 P ¢ Ming(R/Q*). - T. P*=p # Q* £72D, non-zero homogeneous
element a € psuch that e ¢ Q* % 5. Hic R/Q* i3, G-domain TH 5 5 a i& R/Q*-nonzero
divisor . & - T,

dim(Rp/(a,Q*)Ry) = dim(Rp/(e,Q*)Rp) =n — 1

L1ED . RANEORED b Va(R/(0,Q*)) OicEEhin—1 D chainp=py 29y 2 - 2 Py
BED. COEE. Py 2Q" Eb S, Vo(R/QT) O

P=P02912"‘2pn-12Q*

BH5. o

Corollary 4.4 G-graded R-module M & p € Vg(M) it T,
dim(Mp) = dim(M,)

for every P € Assp(R/p).

Proof. n = dim(M,) LB} iE. (4.3) & Vo(M) oo chain p=py 2 py 2 -+ 2 p, ¥
GIET 3. Pe Assp(R/p) icxi LT, (4.1), 2-e) 2V RLAVAKR

P=Py2 P, 2..-2 P, where P, € Assp(R/p;) for every 0<i < n

BESNhS., FE-T. dim(Mp)=n. [m]

Corollary 4.5 G-graded R-module M . P € Suppr(M) ic2W\W T,

dim(Mp) = dim(Mp-) + dim(Rp/P*Rp) .



Proof. n = dim(Mp), m = dim(Mp.) and r = dim(Rp/P*Rp) & 5¢. (44) iT&kn,
n2m+r BRATVWS, 2T, n<m+r % m il BRMETRYT.

m=0 D&%, (4.2) & (43) V. Q€ Supp(M),QC Pic>WT. Q*=P*. f>T.n=r
&3,

m>00LE m-1FTERBKOISET S, Q € Suppr(M) % dim(Rp/QRp) = n &
B, (4.2),3) &0 dim(Rp/Q*Rp) =n Thot:. —K T Q° € Vg(M) k5. (43) &
D, dim(Rp-/Q*Rp:) <m. &L, dim(Rp-/Q*Rp.) < m THIITRMEDKRE LD

n =dim(Rp/Q"Rp) < dim(Rp+/Q*Rp:)+r < m +r

LB EIBB . n2m+r TH-bSIHIIFRE. G- T, dim(Rp-/Q*Rpe)=m . &,
m>0 THBHh5 P*# Q. % T homogeneous element 3a € P*s.t. a ¢ Q* 2 L hif. a i3
R/Q"-nonzero divisor 757> 5 dim(Rp/(a,Q*)Rp) = n—~1 »-> dim(Rp-/(a, Q*)Rp:)=m-1,
LT, FHEDIRE LD

n—1=dim(Rp/(a,Q*)Rp) < dim(Rp+/(a,Q*)Rps) +r=m -1+ r

L85, m]

4.2 G-graded R-module © Bass number ic >\

G-graded R-module M @ Mg(R) O T D injective envelope % Ep(M) THbd.

Definition 4.6 p C R % G-prime ideal £33 & &%.i> 0 icoWTC, Mjrtm(R(p)/pR(p),M(p))
13\ G-simple graded ring Rpy/pR(p) £ D module L BX 35 5, G-graded Rp)/ P R(p)-free mod-
ule TH 5 (cf. (3.2),2). ECTLi>0 iKoVT

V‘(p, M) = Iank(@hp)(R(p)/PR(P), M(p)))

EBE. M D G-prime ideal p TD i-th G-Bass number &4 3,

DL &, RPBKDILD.

Proposition 4.7 M % G-graded R-module & L

0 — M — EQ(M) — -+ — Ep(M) & BRI (M) — -



% M @ minimal injective resolution in Mg(R) &4 3, D& &, » - TIX G-prime graded
ideal p & - TIE integeri > 0 ic2WT, (b, M) & E(M) icHbh s Ep(R/p)(9) (9 € G)
OHOBEMEFORE—ET 5.

HERHIE (1.3.4) of [2) &£ < EIL.

Theorem 4.8 P € Spec(R) ic>WT, d =dim(Rp/P*Rp) &< & & G-graded R-module

M,i>0ic2WT _
yi=d(P*, M) (i 2 d)

M‘(P,M)={ 0 i <d)

&85,

Proof. P T homogeneous localization 4 2%ic kb, (R,P*) it G-local &L T&LW. 5=
R/P* B\ TIRD spectral sequence & X 5.

Ep7 = Bxtl, ((P), Bxt}, (Sp, Mp)) = Exti(k(P), M)

P

where k(P) = Rp/PRp. D& &,
Ext}, (Sp, Mp) = (Exth(S, M))p = (Sp)@vi(PTAD)

&0 . Sp i, d-dimensional Gorenstein ring T#% % (cf. (3.3)). #-> T, Ef? =0forallp # d
and for all ¢ TEIRROEEIMD 3

Ext39(k(P), Mp) Ext},(k(P), Ext}lp(S}:, Mp))
Ext$, (k(P), Sp)®!(P*M)

k(P)QV"(P',M).

R

ko> T p(P,M)=v~%P*, M) for all i > d. iz, Mg(R) D injective object E {TD>WT,

W(P* M) ,ifi=d

“'(P’E)={ 0 ifi#d

L1235, ECT. 0> M —» E® — ... - EF 4 B ... % Mg(R) TO M O injective
resolution &4 i

g(P, M) = p~1(P,Im(d%)) = - -+ = p°(P, Im(d"1)) =0

foralli < d. ]



Corollary 4.9 p€ Vg(M), i>0 ic2W\T,

V' (p, M) = pu'(P, M) for every P € Assp(R/p).

Corollary 4.10 M 75 finitely generated G-graded R-module ® & &, P € Supp(M) Ic> W
T, RIAEIE.

1) Mp 12 Cohen-Macaulay (resp. Gorenstein) module .
2) Mp- i& Cohen-Macaulay (resp. Gorenstein) module .

DL &, rrp(Mp) = rRo(Mq) for every Q € Assp(R/P*).

Corollary 4.11 p C R % G-prime ideal &4 5 & &, p B radical ideal THNIFRIZEMH.
1) Ry H regular ring .

2) 3 P € Assp(R/p) ic>\WT. Rp I3 regular local ring .

5 HE

Z T, ”G-prime ideal »5, o radical ¥ 7:1%. prime ideal i3 371 ?” & X 5,
% 9855 T finite Abelian group @ simple graded ring A 2% % 5%. CD& &, (3.1) & v,
k= A i3 field T, uy...,un €k*, q1,..-, ¢ €Z ({BL. BRAX I B 3HRKDOM) HBHE- T,

AR A
B (fla"-vfn)

TIT VLY, ik ERITERT, fi= Y —w (1<i<n) LET L,

A

Definition 5.1 A cx$4 2% (R),(D) 2RO LS ICED 5.

(R) A . ROVEFRbEERT.
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— char(k) =0

— char(k) =p>0 THD, ¢iyy..,qi, 1< <+ <4< n) % q,...,q, ODHTp
TEhsb0DR2TETRLE,

k[Yé]7""},l‘l-l]

(%ﬁg(hpwﬂm)

for every1<s<t,
(D) ¥RTD1<t<n k20T, IREMIT.
p%q *EIHRMETBLE,

% k[Yl)"'y},t—l]
() € T )
iz char(k) £2 Tq 55 4 TEH B & %
_ﬂ % k[},l"")},t—ll
( 4) ¢ (fl:"'yft—l)

s B,
DL E, RIBRDID.

Proposition 5.2 A % reduced (resp. field) THE S - DOMBE+AIEREIX. A &K (R)
(resp. (D)) 213 & TH 5.

Lemma 5.3 (Thm.16, §9, ch.VIII of [3]) K % field, a € K*, p 2F%¥ETSB. D& &,
n>0 2V T, XP" —a € K[X] ¥ K LB TH2BONE+AEMR. ar ¢ K THiT, b
U char(K)#2 T4|p" RS (-2)1 ¢ K TH 5.

Proof of (5.2).

A ffield <= HeYed g ged ¢,

Fryeofi-t o
fe &, irreducible over Firle=ri=h

forevery 1<t <n
TH5Hh5 (53) X, A bifield KB BOBETIRMAE. A B (D) 2l E LT3,
wic A B (R) 272 &iniL, char(k) =p >0 THhD2, $5 1 <i < n 20T,
st. a? = u; (in A) £7XB, CDELE Y, © A TO image % yi LEIFI,
0£yF ' —aeAhoWF  —afP=yF -aP=0 &3, £>T. A i3 reduced TR,




PUbickn, A »(R) Zifcgid A 5 reduced &R BEEZRBIETS. char(k)=p>0 D
tg\ d15---3qn EUZU’};%Z—.—C\

pleg (1<i<t), plgj (t+1<j<n)

.....

LD chr(k)=p>0 DL &R, EDq,...,qx bp THHIIWE LT,
1<i<nieowT, B == v 5¢. coL&, Biy #reduced THUE, B; b
reduced & 2H%ERT. (Bo=k LEHI>HICT 3. )
B;_, * reduced &3 3. B;_; i3 Artinian TH 2» 5, {£&D P € Maz(B;—1) i£>WT
(Bi—1)p i field T

Bii= P (Bi-)p

PEMaz(Bi-y)
L35, PE- TN
Bi=BialY)/(f)= @  (Bi-)eY/(f)

PEMax(Bi_y)
L1 3p 5., B; direduced TH B foicid (Bi—1)p[Yi]/(fi) 75 reduced (for every P € Maz(Bi_1))
ThhiFTtwv, B, P€ Maz(Bi—1) ic2WT, char(k) = char((Bi—1)p) TH3H» 5. K
EL0. fi B (Bi-1)p LTEREHZV, 20, fi ©(Bi-1)plYi] TOBRWABIEREZR
2130, & o Ty (Bio1)p[Yi]/(fi) % reduced . ' o

»G-prime H5W\> radical & %\ i3, prime ideal iC7 59?7 LWHHBR LORBICFES
5.

Proposition 5.4 p C R % G-prime ideal &35, TD& &, p 7 radical ideal (resp. prime
ideal) THELBDOLEFHEMSIR. £TO finite subgroup H C G I2oWT, (Rpy/pR(py) D) %5
%1 (R) (resp. (D)) =t ETHB.

GEBAIR (5.2) £RD Lemma icff >,

Lemma 5.5 G-prime p C R iIc>WT, KRI3[EH.
1) p 3. radical ideal (resp. prime ideal).

2) Repy/pR(py &, reduced (resp. domain).



3) & T D finitely generated subgroup H C G {2\ T, (R(,,)/pR(,,))(H) 3. reduced (resp.

domain) .

4) & TD finite subgroup H C G iT>W\ T, (R(p)/pR(p))(H) i3, reduced (resp. domain) .,

Proof. R(y,)/PR(y) 3. R/p @D R/p-non zero divisors ic & 5 ring of fraction 72 5 1) <= 2)
BHS . X 2)=3)=4) REWH. Fic4) = 3)13(3.1) LhEBLICHS. #->T.3)=2)
rREE 4. T TRERT.

Claim. R %3 G-simple ® & &, £ 7T ® finitely generated subgroup H C G ic>Wc., RH) s
reduced (resp. domain) T&41i¥. R b reduced (resp. domain) .

Proof of Claim. L z € Rs.t. £ # 0 and " = O for some n > O (tesp. y,z € R s.t.
y#0#zand yz =0) -7 L3 3L&. HCG % h(z) (resp. h(y,2)) THE &4 3% subgroup
E+hif. ¢ € R (resp. y,z € R(H)) D g™ =0 (resp. yz =0) LR VREICKRT 3. -
T. R i3 reduced (resp. domain) , m]

Corollary 5.6 (Bourbaki, [1]) G 45 torsion free TH L. G-prime ideal it prime ideal .
' ]

Corollary 5.7 Ry % field k &8 & &, char(k)=0 TH2M»., char(k)=p>0 Tp kG
2T D torsion element D order ZE| S\ 4 5 &, G-prime ideal % radicel ideal .
a

Corollary 5.8 R %% Noetherian D& &, G-prime p C R ic>W\WT, Assg(R/p) = {P,..., P}
LB, 1L<i<n iIZ2WT, ai,..., 0 %* P, oERRTtEL. HCG % h(a.'l,...,a,‘k.. | 1<
i <n) THKEN S finitely generated subgroup &4 Hi¥, RIZ[EHHE.

1) p=1/p. .
2) (Repy/PR(»)))TED 18 (R) i1, < T T(H) i H 0 torsion subgroup .
(H 0B Ed S,
Ass( gy (R PRp)) ) = {PiRy) 0 (Rp)) ™) | 1 < i <}

2¥ B, ) o



RigicHWARHZHETFTEL.

Example 5.9 A % commutative ring, M % A-module & L. idealization R:= Ax M %%
A5, IDEE  Ro=A Bi=M LB &ickb, R Zr-graded ring L7135, &I AT
BmohTwa & 5icSpec(R) = {px M | p € Spec(A)} TH B 5. R D prime ideal i3 £
T Zy-prime TH 5.
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Cohen-Macauley types and canenical modules
of meduler lattices

B Kk #F 2z (tlEkFEEEE)

HAAREAR, LIEFESPMEEAOBBHAFICHE N BiFoREICT )
REOBFRPICH S0, “THRAM EMEER" LI EROSTFFEEL TH
582 0 DA NIz, FARNTOBRFHRHF [ 8] (EREEMHP) L bz, ¥
F=—RKETOFHHESFZ[11] FIFRERD) 2RI nln,

AR OFERIL. Cohen-Macaulay N £& P O NAFHE 1K A (P) @ Stanley-Reisner
IR k[ A (P)] @ Cohen-Macaulay &1 % 5t8H L. EIZ, k[A(P)] ® canonical module D1 /v
EBREET I ETH D, XR[TICBWVWTL=PBSEED L XIZ kK[A (P)] D
Cohen-Macaulay #! % linear extension ¥ 2 T2 LEHE T 2 ARMMES T 5 D5,
FORAREAE Y ABBTHERTHER (2. B)DARIKCESL, Ln) T Lt
Stanley \= & o TS e M, R (2.13) DARAELIL L % V> semimodular 3 L
=PADHFHET B, LA L, L=PA» modular D & 1213 (2. 13) OARIEIL
THIEMHERZ Y, EELAEPLUBMAOBERTH o7 FEERL=P DL &
212 AP) DRIMHEMERIIEKK L RAMTH D05, k[A(P)] D canonical module D &
NEBRDEHICERBRTE, o T, k[A (P)] D Cohen-Macaulay B 25t EH T2 &
g% b, LML, L=P*% modular & 35 &, k[A (P)] ? canonical module
DIBNEBROERIE oIV FRHTH o225, B 124 5 DIt Hochster DA
Eq.(5)DHATHb, £I AN, Eq (5) DALICHEH b % homology B D KIT DFEF
B E3EE OWRE TIELER, 1T &b, Munkres [ 13] T topological % 51k T
homology BEDHWEFH L THB Y. ZOHITRIARTH o7, 2B, (2.5) TEHL
72 AEHL) (superior) & V) BEA& X, modular B IZi# 7§ 4%, semimodular 37z & %
V> combinatorial Z B E R PHEEL TWEIBIBRLLEELDTH S, 1272L., &
H(2.10) DHEF (b)) TOFEFELOTTHRGEE L TRERBIIVWEEPHEAE S
S B XD, BT, R (2.13) AR E Baclawski [3 ] DR R HERET T 5 &
L =PA %% modular D & & | k[ A (P)] ® canonical module D /MEFFRIC DV T OF
RTHHHR (3.6)1F, BAECHEREL, TAfFeTLIXAE EH (3.5)b b
Lok L TRTHBEICHHTE S, i, R (2.13) AR L TERNT %
v semimodular B L=PALFAETH DT, R (2. B)DAR2WLT LI %
semimodular L =PA 2387 5 C Lid, HHRMLERORAL L b BKEWHET
boHbHNTEV,



§1. Algebraic and combinatorial background

e here summarize fundamental material and notation for
algebra, topology and combinatorics on simplicial complexes and
partially ordered sets.

(1.1) Let V={xq,%2,...,%xy} be a finite set, called the vertex
set, and A a simplicial complex on V . Thus A is a family of
subsets of V such that (i) {xj}e A for each 1¢i<v and
(ii) ce A, TC o imply Tte A. Each element o of A is called a
face of A . More precisely, if #(c) =i+ 1, then o is called an i-face
of A. Here #(o) is the cardinality of o as a finite set. Let d:=
max{ #(c) ; ce A}. Then the dimension of A is dimA:=d-1.
We say that a face o of A is a facet of A if #(o) =d. A simplicial
compler A is called pure if every maximal face, with respect to
inclusion, is a facet of A . Given a face o of A, we define the
subcompler linkp(o) (resp. stara(o)) of A by linka(o)={Te A}
cnTt=0 and cU te A) (resp. starp(c)={teA;ocUTeA}).
Thus, in particular, linka(@) = A . Also, if A' =starp(o) , then
linkp'(o) = linkp(o) . Moreover, if Te A'=linka(c), then linkp'(t) =
linka(cUT) . On the other hand, if W is a subset of V , then the
subcomplex Ay of A is defined to be the simplicial complex Ay =
{ceA;occC W) on the vertex set W.

(1.2) Fix a field k. We refer the reader to a standard textbook
on algebraic topology for the definition of the i-th reduced homology
group H~;(A;k) of A with coefficients k. Let dimyg(H™i(A}k)) be
the dimension of H~;(A;k) as a vectore space over k.
The reduced Euler characteristic X ~(A) of A is defined by X ~(A) =
S i, -1 (-1)idimp(H~i(a;k)) . In particular, X~ (&) =-1. Note
that . ~(a) is independent of the field characteristic of k.

(1.3) Let A = k(x{,x2,...,Xy] be the polynomial ring over k
whose indeterminates are the elements of V. We define [, to be
the ideal of A which is generated by those square-free monomials
X{1Xi2 - - - Xjr such that {xj1,xi2,...,%ir } ¢ &, and set k[A]:=
A/lx . The algebra k[A] over k is called the Stanley-Reisner ring of
A over k in commemoration of Stanley [15] and Reisner [14]. From
now on, we consider A to be a graded ring over k with the
standard grading, i.e., each deg x; =1, and regard k[A] as a graded



module over A with the "quotient grading." Then dimak[A]l=4d.
When Tl =@ p,c7 Mn is a graded module over A with each

dimyJn < e, the Hilbert series F(M,\) of T is defined to be the
formal power series

in the variable ).

(1.4) The i-th Betti number p;A(k[A]) of k[A] over A is defined
by piA(klAa]) = dim)y Tor;A(k[al,k) . The homological dimension
hda(k[a]) ef k[A] over A is the maximal integer i for which
piAklal) = 0. Then v -d < hda(klA]) ¢ v. The topological formula on
Betti numbers p;A(k[A]) is

pifklal) = = dimp(H™y-#(W)-i-1(Ayv-wik)) . (1)
wcv

On the other hand, let H,,i(k[A]) be the i-th local cohomology
module of k[A] over A with respect to the irrelevant maximal ideal
m = (x1,X9, . . . ,Xy,) Of A, i.e.,

Hynl(k[A]) :=£§mAi(A/mn,k[A]) .
n

Then (i) Hpl(k[A]) = 0 unless v - hda(k[Al) <i<d and (i) Hp,i(k[A])
=0 for i=d, v-hda(kla]). The Hilbert series F(H,,i(k[a]),\) of
Hmi(k[a]) as a module over k[A] is

F(Hpn (k[AD,N)
= I dimp(H™{-#(g)-1inka(o);k) "1/(1 - x=1)#F (), (2)

geA

We refer the reader to [12, Sect. 5] and [16, Chap. II, Sect. 4] for
further information on Eq. (1) and Eq. (2) as stated above.



(1.5) We say that a simplicial compler A is Cohen-Macaulay over
k if hda(kla]) =v -d,ie, Hmpni(kla]) =0 for every i=d. A
topological criterion [14] says that a simplicial complex A is
Cohen-Macaulay over k if and only if H™{(linka(o);k) = 0 for every
face o e A (possibly, o =@ ) and for each i = dim(linkp(o)). For
egample, a simplicial complex whose geometric realization is
homeomorphic to either a ball or a sphere is Cohen-Macaulay. 0On
the other hand, a simplicial compler A is calied Buchsbaum over k
if dimy(Hy,1(k[A]) < o for every O<¢i<d . Every Buchsbaum
complex is pure. A simplicial complex A is Buchsbaum if and only if
linkp (o) is Cohen-Macaulay for every non-empty face o of A.

(1.6) Every partially ordered set ("poset” for short) to be studied
is finite. A chain is a totally ordered set. The length of a chain C is
0(C) := #(C) - 1 . R totally ordered subset in a poset P is also called
a chain of P. The rank of a poset P is rank(P) := max{2(C); C isa
chain of P}. A poset P is called pure if every maxrimal chain has
the same length. When x,y e P, we say that y covers x if x<vy
and x<z<y forno ze P. Achain x{<xp<...<xg 0f P is called
saturated if x;,1 covers x; foreach 1¢<i<s. Given a poset P, we
write A(P) for the set of chains of P. Then A(P) is a simplicial
complex on the vertex set P . We say that A(P) is the order
complex of P . Note that dim A(P) = rank(P) . On the other hand,
we define the poset P~ by P*=PU{0~,1"} such that 0" <x<1"
for every xe P. If x¢y in P, then the open interval (x,y)
(resp. closed interval [ x,y ]) of P is the induced subposet {ze P;
x<z<y) (resp.{ze P;x<z<y}) of P. Inparticular, (x,x)=0
and [x,x]={(x) forevery xe P.

(1.7) The Mibius function pp of a poset P is the map
up:{(x,y)e PxP;x¢y}— Z,where Z is the set of integers,
defined as follows :

(i) up(x,x) =1 foreach xe P, and

(i) pp(x,y) = - S up(x,z) forevery x<y in P.

X¢z<y

One of the most important formula for us on Mdbius functions is



up~(07,17) = X ~(a(P)) . (3)

Here Y ~(A(P)) is the reduced Euler characteristic of the order
complex A(P) of P. Moreover, let x<y in P, and suppose that
both 0" =xp<¢(xq1<...<xs=x and Y=Y0<y1<.u<yr=1" are
saturated chainsof P. If o={x0,...,X5,yY0s---,Yt )} e A(P),
then linka(p)(o) is just the order complex of the open interval
(x,y) of P*. Hence

Hp~(x,y) = X ~(linka(p)(o)) . (4)
See, e.g., [17, pp.116-124] for some results on Mibius functions.

(1.8) A lattice is a poset L for which every pair of elements «
and p has a least upper bound (or "join") denoted by « - g, and a
greatest lower bound (or "meet") denoted by o ~ g . Thus, in
particular, every (finite) lattice has a unique minimal element 0*
and a unique maximal element 1~ . Every closed interval of a lattice
is again a lattice. An atom of a lattice L is an element which covers
07 in L. We say that a lattice L is atomic if every element is the
Join of atoms of L. Alattice L is called complemented if, for every
x € L, there exists y e L such that x ~ y=0" and x vy =1".
Moreover, a lattice L is called relatively complemented if every
closed interval of L is complemented. We say that a lattice L is
semimodular if the following condition is satisfied : If x,ye L
both cover x ~ y, then x v y covers both x and y . Moreover,
we say that a lattice L is modular if, for all elements x,y and z
in L with x<z, we have x v (y ~z)=(xvy)z. Every
modular lattice is semimodular. A semimodular lattice L is atomic if
and only if L is relétiuelg complemented. A geometric lattice is a
lattice which is both relatively complemented and semimodular.

§2. Cohen-Macaulay types
We inherit the notation in the preceding section.
(2.1) Suppose that a simplicial complex A is Cohen-Macaulay

over k,i.e., hda(kla]l) =v -d. Then we write type(k(A]) for the
(v-d)-th Betti number p.,_gA(kla]) of k[A] over A , and call

,_40__




type(k[a]) the Cohen-Macaulay type of k[A]. By virtue of Eq. (1) we
have the topological formula for type(k(a]) as follows :

type(k[al) = T dimp(H™g-#(w)-1(ayv-wik)) (5)
WcVv

(2.2) A Cohen-Macaulay compler with type(k[A]) =1 is called
Gorenstein. For example, a simplicial complex whose geometric
realizationis homeomorphic to a sphere is Gorenstein. If A is
Gorenstein, then linka(c) is Gorenstein for every face o of A.
Some characterization of Gorenstein complexes is obtained in, e.g.,
[12, pp.210-211] and [16, p.?75].

(2.3) A Cohen-Macaulay complex A is called doubly Cohen-
Macaulay [2] if the subcomplexr Ay -(x) is Cohen-Macaulay of the
same dimension as A for each xe V . R Gorenstein complex A
with ¥ ~(A) = 0 is doubly Cohen-Macaulay. Every subcomplex
linkpa(oc) of a doubly Cohen-Macaulay complex A is again doubly
Cohen-Macaulay. Moreover, a Cohen-Macaulay complex A is doubly
Cohen-Macaulay if and only if (-1)d-1y ~(A) = type(kla]) .

(2.4) EXAMPLE. Let v =7, d=3 and A the simplicial complex of
Figure 1. Then A is Cohen-Macaulay over an arbitrary field.
However, type(k[a]) =7 if char(k) =2 and type(kla]) =8 if
char(k) = 2.

Figure 1

(2.5) We say that a face o of a Cohen-Macaulay complex A is
fundamental if (i) X~ (linka(T)) =0 for every face Tt of A with
tco and T = o,and (ii) X~ (linkpa(c)) = 0. We write F(A) for
the set of fundamental faces of A . A Cohen-Macaulay complex A
is called superior if linka(o) is doubly Cohen-Macaulay for every
fundamental face o of A . For erample, if the geometric
realization of A is homeomorphic to a ball, then the Cohen-
Macaulay complex A is superior.



(2.6) A poset P is called Cohen-Macaulay (resp. Gorenstein,
doubly Cohen-Macaulay) over a field k if the order complex A(P)
of P is Cohen-Macaulay (resp. Gorenstein, doubly Cohen-Macaulay)
over k. When x <y in a Cohen-Macaulay (resp. Gorenstein, doubly
Cohen-Macaulay) poset P, the open interval (x,y ) is also Cohen-
Macaulay (resp. Gorenstein, doubly Cohen-Macaulay). Moreover, we
say that a Cohen-Macaulay poset P is superior if the Cohen-
Macaulay complex A(P) is superior.

(2.7) LEMMA. (a) (e.g., [1], [S]) Every semimodular lattice is
Cohen-Macaulay.

(b) (I2D) If L =P~ is a geometric lattice, then P is doubly
Cohen-Macaulay.

(2.8) PROPOSITION. If L =P~ is a modular lattice, then the
Cohen-Macaulay poset P is superior.

Proof. Suppose that L =P~ is a modular lattice with yup~(0~,1°)
= 0. Then, by [17, Corollary (3.9.5)], in L, the element 1~ is the
join of atoms. Hence, thanks to [4, Thoerem 6, p.88], the lattice L is
complemented. Then, [4, Theorem 14, p.16] guarantees that L is
relatively complemented. Hence, the lattice L is geometric. Thus,
the poset P is doubly Cohen- Macaulay. Q.E.D.

(2.9) EXKAMPLE. Even though L =P~ is a semimodular lattice, the
Cohen-Macaulay poset P is not necessarily superior. It follows
easily that, when L =P~ is a semimodular lattice, the Cohen-
Macaulay poset P is superior if and only if the following
condition is satisfied:If 0" ¢x <y <1” in P* and up~(x,y) =0,
then up~(z,w) =0 forevery z,we P* with x<z<w<¢y in P*.

We now come to the first resultin the paper.

(2.10) THEOREM. Suppose that a simplicial complex A of dimension
d - 1 is Cohen-Macaulay over a field k, and let F(A) be the set of
fundamental faces of A.

(a) Then we have the lower bound inequality

type(klal) 2 & (-1)d71-#(0) x ~(linka(o)) .
oe F(A)



for the Cohen-Macaulay type of k[A].

(b) Moreover, in order that the equality holds in the above
inequality, it is sufficient (however, not necessary) that the
Cohen-Macaulay complex A is superior.

Our proof in [9] of the above Theorem (2.10) is based on Eq. (5) as
well as the long exact sequence of local cohomology modules in the
theory of commutative algebra.

(2.11) EXAMPLE. Let v =9, d=3 and A the Cohen-Macaulay
complex of Figure 2. The fundamental faces of A are o4 ={x}, ojp
={y )} and o3 ={z) with each X ~(linkp(cj)) =-1 . Since
type(k(a]) = 3, we have the equality in the lower bound inequality
for type(k(a]) . However, the Cohen-Macaulay complex A is not
superior. In fact, both linka(oq) and linka(c)) are not doubly
Cohen-Macaulay.

(2.12) We now study the poset-version of the second result (b) of
Theorem (2.10). Suppose that P is a Cohen-Macaulay poset. In
general, if C:0"=x0<(X1 <...<Xg<¢Xg+¢1 =17 is a chainof P~
combining 0~ with 1~ , then we set

Up~(C) = up~(x0yx1)UP~(X1,X2) « + « P~ (XgXgs1) -

We say that a chain C: 0" =x0<xX1<...<Xg<Xg+1 =17 0of P" Is
essential if pp~(C) = 0. Let E(P") be the set of essential chains of
P~ and write E*(P") (C E(P")) for the set of minimal essential
chains of P~ . In other words, a chain C:0" = xp < x1 <...< Xg¢
Xg+1 =1~ of P~ is a minimal essential chain of P~ if and only if the
face o ={xq,...,Xg) is a fundamental face of A(P).

(2.13) COROLLARY. Suppose that a Cohen-Macaulay poset P is
superior. Then the Cohen-Macaulay type type(k[A(P)]) of the



Stanley-Reisner ring k[A(P)] of the order complex A(P) of P is
equal to S ccpxp~) lup~(C)| . In particular, if L =P~ is a modular
lattice, then type(k[A(P)]) = £ cc Ex(p~) lup~@)] .

(2.14) ERAMPLE. Let L = P~ be the modular lattice of Figure 3.
Then the minimal essential chains of P* are 0~ <x<1"~, 0~« y<z<
17, 0"<p<g<1” and 0" <p'<q <1~. Thus type(k[A(P)]) = 10.

Figure 3

§3. Canonical modules

We now turn to the problem of finding a system of minimal
generators of the canonical module of the Stanley-Reisner ring of
the order complex of a modular lattice.

(3.1) Suppose that a poset P ofrank d -1 is Cohen-Macaulay
over a field k. Then, since P is pure, there enists a unique function
p:P”—{0,1,...,d+1} such that p(0") =0, p(1*)=d+ 1, and p(p)
=p(a) +1 if p covers o . We define 9;e klA(P)] by ¢;=3 p(x)=i X
for each 1 <i<d. Then the sequence 91, 9),..., 94 is a system
of parameters for k[A(P)], in other words, (i) ¢q,..., 94 are
algebraically independent over k and (ii) k[A(P)] is finitely
generated as a module over the subalgebra k(o] = k[91,99,...,94].
Since P is Cohen-Macaulay, the module k[A(P)] over k(9] is free.

(3.2) The canonical module Q(k[A(P)]) of k[A(P)] is defined to be
the graded module

Q(KIA(P)]) = Hom[g)(k[A(P)],k[8))



over k[A(P)]. fAlso, the socle Soc(k[A(P)]/(8)) of k[A(P))/(9) is
Soc(k[a(P))/(9)) = { y e k[A(P)]/(8) ; xy =0 for every xe P},

where (9) is the parameter ideal (94,99,... ,94) of k[A(P)]. The
dimension dimySoc(k[A(P)]/(8)) of Soc(k[a(P)]/(8)) as a vector
space over k is equal to the Cohen-Macaulay type type(k[A(P)]) of
k[a(P)] . Moreover, It is known, e.g., [6, Corollary 6.11] that
type(k[a(P)]) is equal to the minimal number of generators of
Q(k[a(P)]) as a module over k(A(P)].

(3.3) Now, if o« <p in P~ with p(p) - p(x) =r + 1, then the
(r-1)-th reduced homology group H~,_1(A(x,p);k) of the order
complex of the open interval (o« ,p) of P~ can be imbedded in
k[A(P)]. Given a chain C: 0" =xg<x{ <...<Xg< Xg41 =1~ 0of P~
with each p(xj+q1) - p(xj) =r(i) + 1, we write R(C) for the subspace
of k[P] spanned by those polynomials

foxq2f1x02 ... f5_1x52f5

with fje H™p(j)-1(A(x},%{+1);k) for every O<ic<s. Here we employ
the convention that each monimial of f; is of the form o qo9 ...
or(i) Wwith xj <oq Cap <...<¢axp(j) < Xj+1 - Thus, in particular,
dimp (R(C)) = |L1P"(C)| . Moreover, we define Q(C) to be the
subspace of k[A(P)]/(9) which is the image of x4 2x,"2 ...
xsT2R(C) in k[A(P))/ ().

(3.4) We write I*(k[A(P)]) for the ideal of k[A(P)] generated by
all R(C) with Ce E*(P"). Moreover, we define $*(k[A(P)]) to be
the ideal of k[A(P)] which is generated by those square-free
monomials x1x)...Xg such that x;<xj41 in P forevery 1<i¢s
and 0" =x0<x]<...<Xg<Rge1 =1" € EX(P").

e are in the position to state the second result in the paper.
(3.5) THEOREM([10]). Suppose that the Stanley-Reisner ring
k[a(P)] of a poset P is Cohen-Macaulay. Then the ideal $*(k[A(P)])

is isomorphic to the canonical module Q(k[A(P)]) of k[A(P)] if and
only if type(k[A(P)]) = = cepx(pr) lup~(O] .



Proof. Let J(k[A(P)]) be the ideal of k[A(P)] generated by all
R(C) with Ce E(P*). The monomorphism ¢ in [3, Theorem 1]
enables us to define a monomorphism ¢ : (k[A(P)]) —» Q(k[A(P)]) of
graded modules over k[A(P)] in the analogous way. Note that the
lowest degree of a non-zero homogeneous element of Q(k[A(P)])
(resp. S(k[A(P)]) ) is - d+ min{#(C);Ce E(P")} (resp. d + min{#(C);
CeE(P)}), while ¢ has degree - 2d . We write G(k[A(P)]) for the
subspace of k{A(P)] which is spanned by those polynomials
foxqnlfyxon2 | fs-1xs15fg such that 0" = xg < xq <...<Xg< Xg41 =
17 e E(P™) with p(xjeq) - p(x) =r() + 1, fje H™ p(1)-1(A(%,%j+1);k)
for every O<i<s, and each n;22 is an integer. Since Q(k[A(P)])
C J(k[a(P)]) , it follows from [16, Theorem 7.1, p.80] that the above
monomorphism ¢ : J(k[A(P)]) — Q(k[A(P)]) is an isomorphism and
Qkla(P)D = $(k[a(P)]) . Moreover, each subspace R(C) with
Ce E*(P") is contained in the subspace of k[A(P)] spanned by
an arbitrary system of generators of the ideal J(k[A(P)]) . Hence
$*(k[A(P)]) = $(k[a(P)]) if and only if the minimal number of
generators of Q(k[A(P)]) is equal to X ccEx(p~) lup~(c)| as
desired. Q.E.D.

When p(0~,1%) = 0, the above Theorem (3.5) essentially coincides
with [3, Theorem 2].

(3.6) COROLLARY. If L =P~ is a modular lattice, then $*(k[A(P)])
is isomorphic to the canonical module Q(k[A(P)]) of k[P].

REMARK. Every subspace Q(C) of k[A(P)]/(9) with Ce E*(P") is
contained in Soc(k[A(P)]/(8)) . However, even though the Cohen-
Macaulay type of k[A(P)] is equal to = ccex(p~) lup~(C)], the
subspace of Soc(k[A(P)]/(9)) spanned by all Q(C) with Ce E*(P")
does not necessarily coincide with Soc(k[A(P)]/(9)) .

It might be of interest to give a similar result to Hochster's
theorem [16, Theorem?.3, p.81]. We refer the reader to, e.g., [16,
p.28] for the definition of an orientable pseudo-manifold with
boundary. The order complex A(P) of a Cohen-Macaulay poset P
possesses the connectivity property [16, Definition 3.15 (c), p.28].
Moreover, if the order complex A(P) of a Cohen-Macaulay poset P
over k is an orientable pseudo-manifold with boundary, then the
poset P satisfies (¥X) |up~(x,y)| <1 forevery 0~ ¢xcy¢1~,



(3.7) PROPOSITION. Let P be a Cohen-Macaulay poset over k.
Then there exists a homogeneous non-zero divisor ® e k[A(P)] of
degree d with $*(k[a(P)))-© = J(k[A(P)]) (= Q(k[A(P)])) if and only
if A(P) is an orientable pseudo-manifold with boundary.

Proof. Let MN(P") be the set of maximal chains of P~ . Given
a function ¢: M(P") - k-{0)}, foreach F: 0" =yg<yq <...<yq<
vd+1 =17 € M(P"), we set m(F;e) = e(F) TT 1¢¢q v; € kla(P)], and
define ©(e) e k[a(P)] by O(e) =% peqm(p~) m(F;e), which is a
homogeneous non-zero divisor on k[A(P)] of degree d . Now, let P
be a Cohen-Macaulay poset over k and suppose the existence
of a homogeneous non-zero divisor © e k[A(P)] of degree d with
$*(k[A(P)])-® = Q(k[A(P)]) . Then © must be of the form ©(e) for
some ¢ . Hence, the poset P satisfies the above condition (¥X), in
particular, A(P) is a pseudo-manifold with boundary. If F:0" < oy
Cov e CxXp €Y PR Cunn By <17, F':O"<oc1<...<ocp<8<131<...
<pg <17 e M(P") with ¥ =&, then ¢(F) = - &(F') since C:0" < otq
CovnCap Bl <pg <17 e E(P") and oq2... xp2 (¥ -6)pq2
.. aq2 e R(C). Thus 0 = © € Hy-1(A(P),0A(P);k) , hence A(P) is
orientable. On the other hand, suppose that the order complex A(P)
of a Cohen-Macaulay poset P over k is an orientable pseudo-
manifold with boundary. Since Hg-1(A(P),0A(P);k) = (0), there
erists e: M(P~) - k-{0)} such that e(F) = - ¢(F) if #(FNF")
=d-1.Then 0= x1x3...xs0(e) e R(C) forevery C:0" =xg < xq <

. < Xg <(Xge1 =1" € E(P") . Thus, since dimpR(C) =1, the

subspace R(C) is spanned by xq1x5 ... xSO over k . Hence
$*(k[A(P)])-® = G(k[A(P)]) as required. Q.E.D.
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Group Extensions in Invariant Theory
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1. Introduction. Let G be a complex reductive linear algebraic group which acts C-
morphically on an affine variety X over the complex number field C. The pair (X, G)
or the G-variety X is said to be cofree, if the C[X]%-module C[X] is free, where C[X]
stands for the affine coordinate ring of X. On the other hand, we say that (X,G) or
X is equidimensional, if the quotient map X — X/G from X to the algebraic quotient
X/G has equidimensional fibres and that (X,G) or X is coregular, if X/G = A". Let
p: G — GL(V(p)) be a finite-dimensional rational representation of G over C which is
identified with its representation space denoted by V(p) endowet-l with the linear action of
G. For any ureducible representation ¥, let Clp]y denote the isotypic component of the
rational Grmodule C[p] of type ¥, which is called a local module of covariants of (p,G)
associated with ¥. The graded C[p]®-module C[p] is regareded as the global module of
covariants of (p,G) and had been studied by classics.

By the slice method [6], V. G. Kac, V. L. Popov and E. B. Vinberg [3] determined
coregular irreducible representations of simple complex Lie groups. Popov entered into
the classification theory of cofree representations and, in [12], determined cofree irreducible
representations of simple ones. G. W. Schwarz [14, 15, O. M. Adamovich and E. O. Golovina
[2] generalized those results to reducible representations. For irreducible representations,
Kac and Popov pointed out that the properties that representations are respectively cofree,
equidimensional and corcgular. are equivalent to each other. Recently P. Littelann [5] has
classified, up to castling transformations, coregular, equidimensional and cofree irreducible
representations of senusimple complex Lie groups, repectively.

Iu this note, we try to extend the classification of coregular and cofree representations to
the case where G is not connected or to the case where G is not semisimple. A more detailed

explanation of our purpose is as follows: A represntation p: L — GL(V(p)) of a reductive
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algebraic group L is said to be an eztension! of p, of G or of (p,G). if V(p) = V(p) and
there is a morphism ¢: G — L such that p = po¢ and G is normal in L via ¢. If L/¢(G) is
finite, (o, L) is said to be a finite extension of p. If L/¢(G) is a connected algebraic torus,
o is said to be a toric extension of p, and, especially in the case where L/¢(G) = C*, it is
said to be a C*-extension of p. Moreover we say that g is coregular (resp. equidimensional,
cofree) extension of p, if g is so. On the other hand, if (g, L) is stable (i.e., V(p) contains
a nonempty L-stable open set) (and p(G) # o(L)), e is said to be a (non-trivially) stable
extension of p. We also say that an extension (o, H) of p is central, if H is generated by the

union of G and the centralizer Zg(G) of G in H. We will study on the following problemns:

Problem 1.1. Classify representations of simple algebraic groups admitting cofree C*-

extensions. For example, classify cofree representations of GL,,.

Problem 1.2. Can we determine, in principle, representations of a semisimple algebraic group

admitting equidimensional toric extensions?

Problem 1.5. Classify finite coregular extensions of representations of simple algebraic

groups.
Problem 1.4. Determine algebraic tori admitting finite coregular extensions.

The author would like to take this occasion to point out that, for rings of covariants of
reductive groups, the terminologies similar to them in the case of rings of invariants can be
defined and some results associated with the ones in this note can be shown. For example,
we can prove the arguments similar to Theorem 2.1 and Theorem 3.5 given below, if (p, G) is
replaced by the restriction of a representation of a reductive group to its maximal unipotent
subgroup. So, it would be interesting and possible to classify finite coregular extensions or

stable cofree extensions of restrictions to maximal unipotent subgroups.

2. Finite Coregular Extensions. In this section we study finite coregular extensions

which has initially been defined by D. 1. Panyushev.

Theorem 2.1(Panyushev [10]). Let p be a representation of a connected semisimple
complex algebraic group G which admits a finite coregular extension. Then the quotient

variety V(p)/G is a complete intersection.

""This terminology is distinct from one in group theory



Such a representation stated as in Theorem 2.1 can, in principle, be determined, because

the next result follows from [8]:

Theorem 2.2. Let G be a counected semisimple complex algebraic group. Then, up to
isomorphism and addition of trivial representation, there are only finitely many representa-
tions p of G whose quotient varieties V(p)/G are complete intersections, and so they are, in

priuciple, coustructive.

In 1991, using a method which is development of the one of [3], D. Shmel’kin? has classified
all finite coregular extensions of irreducible representations of connected simple algebraic
groups (cf. [10]). However, Theorem 2.1 implies that his classification, a priori, is a part
of the author’s one in [8] which gives representations p such that V(p)/G are complete

intersections. Consequently, combining his classification with the author’s one, we establish

Theorem 2.3. Let p be an irreducible representation of a connected simple and simply
counected complex algebraic group G. Then the following conditions are equivalent:

(1) V(p)/G is a complete intersection.

(2) (p,G) is coregular (cf. [3]) or equivalent to one of the following lists: (Sym®(®;),
SLy), (Sym®(®,), SLy) and (Sym?(®1), SLs), where @1 denotes the natural repre-
sentation of SL, of degree n.

(3) (p,G) admits a finite central coregular extension.

(4) (p,G) admits a finite coregular extension.

The implication (2) = (3) can be directly checked.

Remark 2.4. Theorem 2.1 can not be extended to a reductive group which are not semisim-
ple. In general, if (p, G) admits a finite central coregular extension, even then V(p)/G may

not be a Gorenstein variety.

Theorem 2.5. Suppose that G° is an algebraic torus of rank one and V(p)?® = 0. Denote
by V(p)— (resp. by V(p)4) the negative (resp. positive) weight subsapce in V(p). Then

(p,G) is coregular if and only if it satisfies one of the following conditions:

(1) V(p)- or V(p)4+ is equal to (.
(2) dimV(p)=2.

2'The author has not yet obtained Shmel’kin’s manuscript on this classification.




(3) Z;(G?) = G and p(Gx) is a finite pseudo-reflection group in GL(V(p)) for
sowe X € V(p) which generates V(p)_ or V(p)4.

(4) dimV(p) = 4 and there are a finite normal subgroup K of G in Z¢(G°) and
Ai € GLy(C) such that p(IC) 1s a pseudo-reflection group in GL(V(p)) and p(G)
is generated by p(G®) and matrices

0 E] [4 o ‘
[Ez 02]* [o A.-l] (I<r<m)

1

for some m € N. Here these matrices are expressed as block matrices defined by the

decomposition V(p) = V(p)+ ® V(p)_.

We deduce this from the following three facts in general situation:

Lemma 2.6. Suppose that (p,G) is coregular. If diimV(p)/G > 2, then G/G" is generated
by the union of all G, where & runs through the complete set of representatives of nontrivial

closed orbits of G® on V(p).
This follows froin purity of branch loci.

Lemma 2.7. Any subrepresentation of a representation admitting a finite coregular exten-
sion admits also a finite coregular extension. Moreover if (p/p”,G) admits a finite coregular

extension, then (p,G) does so.

Let A’ = Q)]m:(, A;, ¢ = 1,2, be noetherian positively graded algebras defined over A} =
A} = C of dimension > 1. We denote by A'flc A? the Segre product P2, (A ®¢ A%) of
graded algebras A*, i = 1,2. The multiplicative group C* acts on A*, i = 1,2, respectively
as C-algebra automorphisms in such a way that Al'§cA? = (A' ® AZ)C‘.

Proposition 2.8. Suppose that one of graded algebras in the set {A* | dim A* = 1} is
a normal domain, unless it is empty. A'fcA? is a polynomial ring over C if and only if
both graded subalgebras @ ;,,, AL P ieze, A? are polynomial rings over C and one of Al
(+ = 1,2) is of dimension one. Here, for each i, let e; denote the largest common divisor of
integers in the unique minimal set of generators of the additive subsemigroup of Z generated

by {j €Z | Aj#{0}}.

Remark 2.9. Since finite linear groups generated by Huffinan’s special elements are known,

we can effectively determine the groups in (4) of Theorem 2.5.



Algebras of invariants of Sym®(®;) and Sym®(®,) of SL, are classically known, where
&, denotes the natural representation of SL,. By (3.13) of [14], we get the following classi-

fication of representations of SLy:

Theorem 2.10°. Suppose that G = SL, and V(p)® = 0. Then (p,G) admits a finite

coregular extension if and only if p is equivalent to a subrepresentation of one of
Sym®(®;), Sym5(®,), Sym*(®,), Sym(®,)d Sym*(®;), Sym?(®,) ® Sym*(®,),
3Sym?(@,), Sym(®,)H2Sym*(®,), 2Sym(d,) & Sym?*(®;), 3Sym(@,).

Consequently, for reducible representations, the converse of the assertion of Panyushev’s
theorem does not hold.

By Theorem 2.5, Theorem 2.10, [6] and [7], we get the following best possible refinement
of Theorem 2 of [3] which is controlled by a reductive subgroup of rank one, because it is
founded on the complete classifications of finite coregular extensions of reductive groups of

rank one:

Theorem 2.11. Let 1 be a representation of a reductive algebraic group H and T a maxi-
mal torus of a simple 3-dimensional subgroup of H.  Suppose that, for a point
v e V(i)' (Ny(T)/T), is finite. Put G = (H,)° and define a representation p of G
to satisfy (p,G) ® (Ad(H),G) = (¢,G) @ (Ad(G),G). If (1, H) admits a finite coregular

extension, then one of conditions of (p,G) stated in Theorem 2.5 or in Theorem 2.10 holds.

In [8] we have already shown an analogous refinement to this in order to classify repre-
sentations of simple algebrraic groups whose orbit spaces are complete intersections. The
implication (4) = (2) of Theorem 2.3 immediately follows from Theorem 2.11, the compu-

tation in Sect. 4 in [8] and classical facts.

Theorem 2.11, as well as the methods in [1, 14], is useful in studying reducible represen-

tations admitting finite coregular extensions, although we state only two results:

Theorem 2.12. Suppose that G is a connected simple algebraic group of exceptional type
and p is any representation. If (p,G) admits a finite central coregular extension, then (p,G)

itself is coregular.

3Shmel’kin independently has proved this theorem as the main result of his paper which is entitled
Coregular algebraic linear groups locally isomorphic to SLz and is published in Lie Groups, Their Discrete
Subgroups, and Invariant Theory Advances in Soviet Mathematics vol. 8 (ed. by E.B. Vinberg), p173-190,
American Mathematical Society, Providence, 1992.




Theorem 2.13. Suppose that G is a connected simple algebraic group. If (p,G) is non-
coregular and adinits a finite central coregular extension, then (p, G) is not minimally non-
coregular (for definition, see [14]).

In the case where G is a connected algebraic torus, V(p)/G is regarded as an affine nor-
mal torus emwbedding, which is naturally associated with a strongly convex rational convex

polyhedral cone.

Theorem 2.14. Suppose that G is a connected algebraic complex torus of arbitrary rank.
Then (p,G) admits a finite central coregular extension if and only if V(p)/G is simplicial as

a toric variety.

As an easy consequence of this theorem, we obtain the following criterion for an algebraic
torus G: Let {Y7,..., ¥,} be a basis of V(p) on which p(G) is a diagonal subgroup of
GL,(C). Let T' denote a set consisting of all minimal subsets A of {1,...,n} such that
nonzero weights in each subspace )., CY; generate a positive half plane containing the
origin.

Corollary 2.15. For a representation p of a connected algebraic complex torus G, it admits

a finite central coregular extension if and only if Joer © 2 A forall A€T.
OZA

Remark 2.16. Suppose that X is an n-dimensional affine toric variety which is a complete
intersection. Such a variety is determined by the author. It should be noted that there exist
many X’s which are not simplicial. On the other hand, there is a finite subgroup H of AutX
of X such that X/H is also a complete intersection with codim X/H = codim X —1. It
seems to be complicated to classify finite noncentral coregular extensions of representations

of algebraic tori of rank > 2.
3. Stable Cofree Extensions. In this section we study representations admitting stable

cofree extensions and especially C*-extensions. First, we quote the following well known

facts on cofree representations:

Proposition 3.1. For a finite-dimensional representation p of a reductive algebraic group
G, we have

(1) p is cofree if and only if p is equidimensional and coregular.
(2) p is cofree if and only if, for any irreducible representation ¥, C[p)y is a graded free

C[p] ¢ -module.



(3) p is cofree if and only if C[p] = C[p]¢ @ K for a graded rational G-submodule K
of C[p).

(4) Suppose that p is coregular. Then p is cofree if and only if a (or any) mininal
system of homogeneous generators of C[p]® is a C[p]-regular sequence.

(5) K that p is cofree, then slice representations and subrepresentations of cofree p are

always cofree.

Proposition 3.2 (S. Endo, D. L. Wehlau [17]). Equidimensional representations of

connected algebraic tori are cofree.

Theorem 3.3 (0. M. Adamovich [1]). Equidimensional representations of simple con-

nected algebraic groups are cofree.
By Hilbert-Munford criterion on nullcones, we can show

Theorem 3.4. Let G be a semisimple complex algebraic group. Then, up to isomorphism
and addition of trivial representation, there are only finitely many representations of G

admittting stable equdimensional toric extensions, and so they are, in principle, constructive.

For cofree extensions, we have the following result, which seems to be useful to determine

cofree representations of reductive groups:

Theorem 3.5. Let G be a semisimple complex algebraic group and suppose that p is a
representation of G admitting a stable cofree toric extension. Then V(p)/G is a complete

intersection.
This is a partial affirmative answer to the following problem posed by the author:

Problem 3.6. Let p be a representation of a semisimple complex algebraic group G admitting
a stable and equidimensional toric extension. Then is V(p)/G a complete intersection?
Consequently there are different proofs on finiteness of representations of a semisimple
group admitting stable cofree toric extensions which are based respectively on Theorem 2.2
and Theorem 3.4.
The remainder of this section is devoted to the study on C*-extensions and particularly
on the ()IIIGS of SL,, which seein to be easy. The next result follows from Proposition 3.1,

Proposition 3.2 and Theorem 3.3.



Lemma 3.7. Let p be a cofree representation of C* x SL, and v a nonzero point of a closed
/ % p

orbit in V(p). Then (p,,(C* x SLy)%) is cofree.

For a subset Q of a rational C*-module, we denote by €4 (resp. by Q_) the subset
consisting of all semi-invariants v of C* in  whose weights ¢ — o(v)/v are positive (resp.
negative).

Lemma 3.8. Let X Dbe an affine conical factorial variety on which C* acts morphically and

suppose that C* preserves the gradation of C|X]. Let I' be a minimal system of homogeneous

generators of C[X] as a C-algebra. Then we have

(1) (X,C*) is non-trivially stable if and only if T'y # @ and T'_ # (.
(2) (X,C*) is non-trivially stable and cofree if and only if card I'y = card T'_ = 1.

Hereafter G stands for a connected reductive group, H stands for a connected semisimple
algebraic group and g (resp. 1) denotes a representation of G (resp. of C* x H. Let Ty(o/G)
denote the Zariski tangent space of V(p)/G at the point which is the image of the origin
under the quotient map V(p) — V(0)/G.

Lemma 3.9. For a closed normal reductive subgroup N of G, we have

(1) If both (o, N) and (9/N,G/N) are cofree, then so is (p,G).
(2) If (o,G) is cofree, then so is (o/N,G/N).
(3) (p,G) is stable if and only if both (¢, N) and (¢/N,G/N) are stable.

Lemma 3.10 (G. Kembf [4], Panyushev [9]). Suppose that dimV(g)/G = 2. Then

the following coditions are equivalent:

(1) p is cofree.
(2) o is equidimensional.

(3) The quotient map V(g) — V(p)/G is not blowing up in codimension one.

Especially if G is semisimple, then these equivalent coditions are automatically satisfied.

The last assertion was initially shown by Kempf. The non-trivial part of this lemma

follows immediately from [9]. By Lemma 3.9 and Lemma 3.10, we get

Corollary 3.11. Suppose that dinV(¢))/H = 2. Then we have

(1) (3,C* x H) is always cofree.



(2) (¢, C* x H) is stable if and only if dimTy(xp/H); = dimTy(p/H)- = 1 or
dim Ty(y»/H )y = dim Ty(sh/H)_ = 0.

Corollary 3.12. Suppose that dim V(y)/H = 3 and (s, H) is coregular. Then (1, C* x H)
i1s cofree and (ip/H,C*) is non-trivially stable if and only if dimTy(1) JH)y =
dimTy(yp/H)- = 1.

Corollary 3.13. Let i, i = 1,2, be irreducible representation of H such that Clyp;]H
# {0}. If (¢1 @2, H) admits a nontrivial stable cofree C*-extension, then the Q-rank of

the set {deg(g) € Z* | g is a homogeneous polynomial in A} is at most one, where

A = Clys @ va] "\ (T[] U Cla)? U (Clipr @D 2] ))?)

and Chy @ 12](4+) denotes the homogeneous maximal ideal.
In the case where C* acts non-trivially on ¥ the following result is essential.

Lemma 3.14. Suppose that 1" # 4 ¥H  Then (v, C* x H) is cofree if and only if both
(v, H) and (y»/H, C*) are cofree.

In the case where V()/G # {#}, let P he a principal closed isotropy group of (o, G) (cf.
[6, 7]) and 7 the slice representation associated with P. Then there is an étale morphism
E — V(p)s/G for some invariant f such that V(g); is regarded as a principal bundle
over G/P from m /7" in the sence of étale (cf. [6]). From this observation and Frobenius

reciprocity in [16], we get a local criterion on freedom of modules of covariants.

Lemma 3.15 (compare [15]). For any irreducible representation Z of G, we have
[Cle)=/(Clelti, - Clel=) : ] > dim(Clr/7"] (Y =)
C

The equality holds if and only if C[p]z is a free C[g]S-module.

For the sake of simplicity, we denote by Gym,, the representation (Sym™(®,),SL,) and
fix an isomorphisn v: Z 3 j — v; € Hom (C*,C*). The modules Gym, and v; are
naturally regarded as C* x SLy-modules. Then v;Sym,, denotes the tensor product of these

representations.




Theorem 3.16. Let p he a nontrivial finite-dimensional representation of C* x SLa. Then
p is stable and cofree if and only if, up to an automorphism and addition of a trivial summand

of C* x SL,, p is equivalent to one of the following representations:
(1) Case (p,C*) is trivial;
Symy. Symy, Sym,, 26ym,, Sym, @ Gymy, 2Sym,.
~ (2) Case p°''2 = {0} and (p, SL2) is coregular;
1aSym, Pr_aGym, (a>0), v,6ym; Prv_,&ym, (2a > b > 0),
v.Gym, Pr_,Sym, (a > 0),
vaGymy P vsSymy Pr_oSym, (a >b>0).
(3) Case pStz = {0} and (p, SLy) is not coregular;
veSym, Pv_.Sym, @ Sym, (a > 0), va&ym, Pr_.Eym; (a >0).
(4) Case p°lz =C;
1aSymy @ rv_p (a,b>0), va,Symy Pr_p (a,b> 0),
vaGym, @ nSym, B v_. (a+b>0,c>0),
1.Gym, @ Sym, P r_p (a,b>0),
v_o&ym,; @ 12.Gym, Pr_y (a,b > 0).
(5) Case pStz = C%;
vaSymy @ v_.Symy Dy Brv—p (a,5>0),
Ve D r_py @ Sym, (a,b>0), va Pr_p D Sym; (a,b>0),
va Pr_s @ Gymy (a,b>0), v, Pr_p D 26ym, (a,b>0),
va @ v—s B Sym, B Symy (a,b>0),
ve Pr_p P26ym, (a,b>0).
(6) Case (p,SLy) is trivial;
vae Pr_p (a,b>0).
Here a, b and c are integers.

Remark 9.17. Since the generating invariant binary forms of algebras Clp)®L2’s of represen-

tations p’s stated in Theorem 3.16 have partially been studied by classics (see the references



in [13]), using those concrete systems, we can effectively determine the generating systems

of the algebras C[,,]'C‘ xSLarg

If G is a group extension of a simple algebraic group H of rank one such that G/L = C*,
then, since OutH = {1}, we have a covering map C* x SL, — G which extends an isogeny
SL, — H. Thus this theorem gives an answer to Problem 1.1 for stable extensions in the

case of rank one.

Corollary 3.18. Let ¢ be a finite-dimensional representation of a simple algebraic group
H of rank one with an isogeny v: SL, — H. Then ¢ admits a non-trivially stable and
cofree C*-extension if and only if ¢ o v is, up to addition of a trivial summand, equivalent

to one of the following representations:
C?, Gym, @ C, Sym; D C, Sym, P C?, 26ym,, Gym, @ Sym,,
26ym,, 3Gym,, 26ym, P Sym,, Gym, P Gym,.
Finally we will give a sketch of the proof of Theorem 3.16. By Lemma 3.8, Lemma 3.9
and a criterion in [11], we can determine the stable representations of C* x SL,. Let p bea
stable cofree representation of C* x SL,. Then by Lemma 3.8, V(p)/SL, is a hypersurface

and so p is contained in a list given by (8, 13]. If p/SL; is singular, we may assume that

p°tr = {0}.

Ezample 3.19. Let (_b, SL3) be Gym, P Gym, whose algebraic quotient is a singular hy-
persurface. Any non-trivially stable universal C*-extension is, up to an automorphism,
vaGym, @ v_ySym; for some a,b > 0. By Luna-Richardson’s generalization of Chevalley
restriction theorem, we have homogeneous polynomials f;, ¢ = 1,2, of degree 2, 4 respec-
tively such that C[SGym,|5L2 = C[f,] and C[Gym,]5L2 = C[f,]. We can choose homogeneous

polynomials ¢g; (1 < j < 3) in such a way that

C[6y7n2 @ 6ym3]SL2 = C[fb 91,92, 93, f2]

Since Sym?*(Gym,) D Gym, and
Sym?(Symy) = Gymy @ Gym,, .

we may assume that

(Sym!(Sym,) ® Sym®(Symy))°L2 = Cg;
[




and

(Sym*(Sym,) (K) Sym' (Sym,))*'? = Cy,.
(8

Thus, by Corollary 3.13, we see that (p, SL,) does not admit stable cofree C*-extensions.
Using Corollary 3.13, Lemma 3.15 and the slice method (c¢f. Proposition 3.1 and [6, 7, 13])
we show that, in this case, (p, SLz) is isomorphic to 28ym; @ Gym, or to Sym, P Sym;.
Non-trivially stable cofree C*-extensions of the latter representation are analyzed by Lemma
3.8 and Lemma 3.10. For the former representation, we use Lemma 3.15 and the following

estimation of codimension of the null cone MNM(p, G) of (9, G) in V(o).

Lemma 3.20 (Schwarz [15]). If (o, G) is self dual, then
codim N(p, G) > (deg o — dim G + rank G + dim V(p)o)/2,

where V(p)o denotes the subspace of V(p) of weight zero.

The remaining cases follow from the results in this section, some variations of Hilbert-
Mumford criterion in [16], further computations and so on. We can similarly study cofree

representations of GL,, n > 3.

Remark 3.21. The degrees of stable and cofree representations of C* x SL, without trivial
factors are at most 8. This fact can be generarilzed to the case of reductive algebraic
groups. However the degrees of representations of stable and coregular representations
are unbounded. In fact, by the second main theorem for invariants of SL, we see that
(2v,6ym, @ nv_,SGym,, C* x SL,) is stable and coregular, for any nonzero a € Z and any

natural number n. This example seems to be special.

Remark 3.22. By the slice method, we can determine cofree representations of C* x SL,
which are not stable. The degrees of such representations as above without trivial factors

are unbounded.
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Auslander modules and

quasi-homogeneity of local rings

R (MAKBEAR) . NEFHET (ARBEB)

§0. Introduction

LT (Rmk) 22 Rt BBAREBET. BHEEE THB LT 5, £, k 31T 0 0K
KTHBERET B, R canonical module # Kp E B EICTBE. ZDEEHIS.
Exth(k, Kp) & Exth(m,Kg) t k EDORTH 1 THB. 2O &I1FRD &S % nonsplit
exact sequence M —DEET R LEEHKLTIN B,

(0.1) 0 — Kp A m 0

CoEhcENE A FEHA 2 0 reflexive module (&Y, REERWVT—BMNICEE S
CENBTEICAMNB. 2D ADZ &% R o Auslander module & 1.5,

Auslander module [>T, B W D2hOBENMSH TS (flZ (L. Yoshino
[7;chap.11], Yoshino-Kawamoto[8] & B &.) #t. A T (245 (CH& R 0 quasi-homogeneity
& Auslander module OBBRICOWTEELTAH LD ERS,

E# (C R »t quasi-homogeneous TH 3 EREL THB. T45bHH R (3 %% positively
graded %5 % % {4 %2 18 @ irrelevant maximal ideal (CB§ T 2 RIBILICHE-TLBBEETH B,
F7-. MOEETES & R _EIC Euler derivation & (V5 #5531 ® k-derivation 6 WEET 3
LS5 - &ETH B, R o universally finite module of differntials # Dg(R) & & ¢ ELED
universality ( &>T 6 : R — R (2. R-linear map 7 : Di(R) — R %8 { 4%, 6§ #¢ Euler
derivation TH AL 5(E. O T @D image [d m (T B, #(C 7D image XNTE M (T4 3 &
5 75 derivation § A FIE T B 7 5 1. Euler derivation $#ET 32 H 5N T3, (Saito
[3], Scheja-Wiebe [5]) & T Kp itEmICd (A2 Di(R)™ CRRTHB I EEES & 6
Euler derivation ©#% 254 1Cd Ker(n**) X KR CTH B DD B THHBRDES
TRENND B,

ok

(0.2) 0 —— Kp — Di(R)*™ — m —— 0

(7** O@H R o unit #&8F 5 &% R B3 Zariski-Lipmann $RENAMBETH 2. F
t=. Z @ sequence At non-split ©#% 3 Z &1 m A reflexive THOWZ ENLBRETHB.) &




H M < R Ht quasi-homogeneous mig & (T (3. (0.2) £ Y Dp(R)** »t R @ Auslander module
IC % %, ( Martsinkovsky [2])
HEMZ O ER S RIEN Auslander (C &->THRES AT,

AUSLANDER CONJECTURE (0.3). L220i#Y R 2 RTBHAEE THIERET 2. b
U Di(R)*™ ¢ R @ Auslander module & % % % 5 (. R (2 quasi-homogeneous ¢ & 3 5,

to#HmIS OO G LS T, De(R)™ »* R @ Auslander module ©& 2 1= (C (2.
R-linear %z €5t Dp(R)™ - m NEET B3 ENDBETHTH S, LD Euler derivation
DEEDIHICE R-linear 5251 Di(R) > M NBH B3 ENBE+H Thoteh b, LD
FHRHBEROKICHEZEION D,

CONJECTURE (0.4). R /2 REBMABMTH S L&, b L Rlinear 548 Dy(R)* — m
MWEET 5% 5. Rlinear £ £ 8t Dp(R) — mhNEET 3,

COFRLCHULTSETLRBONTOEIHEREATANTEENT, ROLSHBPECTA
NELWZ EDAM>TV B,
Facts (0.5).
(a) R #t hypersurface ©. # o equation #¢ f(z,y,2z) = 2"+ g(z,y) OFEE LT\ 3158,
Martsinkovsky [2])

(
(b) R #¢ cusp singularity 154, (Behnke [1], A& &I 12 [8])
(¢) R #¢ minimally elliptic singularity o 14 . (Behnke [1])

FIETI>Ho@5 R bt hypersurface Dig&%E2 2. $hb 5. R=k[[z,y,2]])/(f(z,vy,2))
THd. D& ZE Dp(R) £ T Koszul type o 41k % # 3z 7. Auslander conjecture MR E
% f o Jacobian ideal [ B89 % Koszul homology oM & & LU Tiihd 2 Z Ea k3, (cf
(2.2)) Zo#% (3 f © Jacobian ideal FD WA M LM EE (L)Y B LT R £ o homology
KHMELT—RUCERTAIENTEZBZDT,. #helflickedTdivik, §2Tl>. £
RNt (2.2) 0 R % > T Auslander conjecture DIREN S EIN B L ELKEE
KONBELIT B, HICEE (212) (H3 V(32 DOEHB) L £>T. Martsinkovsky o # 2
(0.5)(a) DMEBENZIONZ, HER(214) £ebETHERAIE. ExoNE0D2HD
equation f (CD(\T Auslander conjecture DIF L S 5 HBIBT I3 &N TE3, LML, B
K T2 — e D equation [T D (VT (F Auslander conjecture ( open DFF TH B & £t
LTHEL<

§1. Some complexes of Koszul type

Z 2Tl (R, m k) (& Cohen-Macaulay localring Txt%2d &4 3.5 Roxo d+1 Eo
2805 {a,az,... ,agp1}, b, by, bap} HEZBNTWBET B, Blc Dt ab; =0




ERET D Efe. A 77 a=(a,az,...,a441)R, b= (by,by,... ,bay1)R (& m-primary
TH>2ET 3, CNDEZ Rmodule M #2052 eBTtEERT S,

. R R TR A 0

CnLErDcomplex \°°M 5E£23ENTE B,

d+1 ba 4 2 ba
0 — A M— A*M —— — A°M > M R 0

e G 6(1 FrROELSCEHEINSB: Rd+1 DHE {61)62)"' ,Cd+1} ELT.
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j=1

CHICE>T A M p well-defined L EERICEBZ I ENBTEICERADONE, Z2LT. O
® homology H* = H* (A" M) GxoFEBOBKICEZ 5N 3,

THEOREM (1.1).

(i) (AgatE) H® = Ho(a)(= @B a (2T d Koszul homology)

HemBeit .. 2 (=H9) for0<2n+1<d+1,
WM a2 2H™(=H"") for0<2n<d+1

(it) dBHOLECHROTLTI;
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AT LIN
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%% = Coker(dy) = Coker(d,), 117" = Ker(d;) & Ker(d,).
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H5.
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§2. Homogeneity
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LEMMA (2.1). R h¢ isolated singularity ©, EICd>3 DL ELRREIFETH %,
(a) surjective % R-module map D** — m NEFEHET 5,
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ProOF: (a) = (b) : D ¢ torsionfree’é&sé.:&(i@?,(:ﬁ}b\éo T DC D™ T
H3, (@) CW3&55eH D omkHsLE 20D A0HRET:D>mCRE

0 d 0
£, TICXHET B R_J:G)derlva,tlon%&——ala +aza +a33 LT BHE. LTHRBAL

fek 5 (c a=(a1,a2,a3) & (b—1) DEHFEEFET, L_O)a’o_'—{ﬁo’c §l THRLUKEKEZ
okEOS—H £Z£25., (BL. VS & (b, by, 03) £T5.) 75 &M (a) @ HY pr
m/alCEAETHSBEEEHRL T B & diagram chasing (L > THEIC AN B, L
o7 (L) ek Y (b—2) ORBEHNKIT 5 ENEMDONS
:wﬁ%htnu(m = (@) DEPEDTEXBNT, FLLWI LREETE. 1

L1=h>T R H#BERE D154 (C (¢ Auslander conjecture (0.3) @D & 5 CEWHBRRBC
EHTEBS,
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[4] C&>T R (3 regular CB>TLE S 1

LIT T R=k[[z,y,2]]/(f) % non-regular % normal domain &4 3. % L T (2.2)(b)
BRI TBES5La€EFNEFETIERET S, CnE& mpoERT {€,9,(} cdL T,
x=(nC) eFaEx5E. Vi Hi(a) Dsocle THB &MdRD &S 4 5] WER A
BRIh 3, '

0 R F s F R 0
(2.6) [ <e>] H| vs]
X XX <x, >
0 R F F R

2TEg=0(91,02,93) LBOTHE F. IxIFTHHOETEZRZR ¢ 0,0 & B
ERT,
#IC(2.6) oFTmEARXNBNIE VS bt Hi(a) Dsocle 252 5 &5,

LEMMA (2.7). 26)p &S5 aBRXHH 5 & &, g (& Hi(x) o nontrivial % 5t (=
generator) £5 % 3. #IC. ARA f R PAKCH T unit OBOERFE. 1£+927+ 93¢
ERINB,

PrRoOF: L ght Hi(x) D trivial 5e %5525 &35 &. g=xxceBLdcEF hh
%, 73 & (2.6) ICHF3 diagram chasing ([ &->T Vf #f Hi(a) o trivial a2 52 T L




FS5EbMB, TNIEE(28) ICRT B, %43 hypersurface + @ Koszul homology (C
BT 22— MmTH5.1

IT26) pEaTRRXNDET. V:QUVf) o REXRDELSCEHL &5, d € QVY)
LT (24)c&Yaxd=tVf B3t ERNHZ, 2CYd) =t tEHET 3,
acKer(W) THB EREEBNSCURDETH BN, ER Ker(V)=Ra k3 ¢ D
BRCANB. T2 V() =EETHEhD VY Dimaged m(C—HT 3, EHRD I &4¢
FMoTc,

LEMMA (2.8). (2.6) 0 FJ#RX Db L TRORLFIIND 3,
a b4
0 — R —— QVf) — m —— 0

Zhiz Q(VS) » R » Auslander module TH 3 & WS RUDREEHENHICBE L,

PropPosSITION (2.9). (2.6) oa#RRA DD T UV ) RTE4BOT {a,¢c¢,¢y,¢¢} T
minimal [CTHEFKETH 3,

PRrOOF: (2.6) meattic &k Y, axe =EVf &5, £oTE < VS ee >=<axeg, ¢ >=0
El B, LR REDHEBEFENS <Vfee>=0%185. LUE&LY ce €UV ey,
COWTHREKETH B,

#FlcdeQVf)edae. 24)1cdoTaxd=tVfelsat€RMNH B, tht unit i
5 Vfa Hi(a) (CB 0T trivial CBE->TLESOT(2.5) CFBET 5,

zrTctemThime. t=ck+pfn+9( (0,8, ER) BLTH L TBLE
ax(d—oacg—fcy,—7e) =0&L30h5, #Hd-acg—fey—yec=ratkhBdKER
MEET 3. LLE&U QUVS) da,ce e e ICE>TEREINB I ENH Mot

R(C a @ minimality 3T 3. b L anB/NEBRTO—DCH TN, a= acg+fey+vyce
LB ENTE S, MIBIC Xeg, Xep xe¢ EMLT (2.6) OFTRBICLYROEREZ B,

EVf=—PBgVf+710Vf
2WVf=agpVf-y10:1Vf
(Vf=—-agpVf+BnVf

hEYXRDEREFGD

0 g3 -9
(Ev")C) = (a)ﬂ)7) (—93 0 g1 )
. g -9 0



WECOZRENERPBE L OPTER B &,

E=-Bg3+r2+4f
n=ags— 9 +Lf
(=—agr+Bg+1Lf  (f,43,43 € P)

—5 Q2N ICE>TPounit u #BEHCH->Tuf =€ +ng2+ (g3 EBLTENTES
M, I EDERERAT S & uf = (bigr +Laga+L393)f. £oT u=Ligr+£ags + {393
EBY. ENHD G R POt THELSTRESE D, T3EBE (27 Ck>T f ¢ mb
EBES>STRMDREICRT B,

RICUVS) OERTOBNEABNTEATHEZIEETE D E5TNEEERDIEHR
Bh3, (28)nxELy:

0 —> R —— QVf) — m —— 0

CHEWT. FICRUE&S(Can QVS) o minimal generator D—2>TdH 3 & & p(m) =3
ThaoerEzabthE, p(UVSf) =455 0

QVS) ® Koszul relations # 2nz2h k: = (0,f,,—fy) ky = (=1:,0,fz) k. =
(fy=fz0) cBERLTHE EBICINBTESN S UVS) © submodule &2 K &
%7, VfIcE 7 3 Koszul homology (& Hi(Vf) X QUVSf)/K ¢kah3 &c5xBLE
5, &1 (29) 1tk B e HFi(VSf) o EBTo @M p(Hi(VF) BA4LTTHBZ &0 H
"B,

(29) PDHBLYDFILHSROIEETERT I ENTE S,

THEOREM (2.10). (2.6) o s/ RX Db & T, & 5I(C R Hf quasi-homogeneous T %4 (v &
RET B &, ald Hi(VS) © minimal ERTD—DTH B,

PrOOF: a € mH1(Vf) THZ3ERELTFBEEB D &&E Hi(VS) Ooh T a =
Yica; (c;ema; € QUVS)) &5z, LicdoT UVS) o T

(2.10.1) a=Y ca;+k
i

EEIF B, 1212 U k (& Koszul relations o f1& U T k = erks + esky +esk, (e; €ER) & &
73250 TH>3, P

S—fgic b = (b1, by, b3) € QUVS)IcxdLTET 5 R LD k-derivation : b1%+b25—+
Yy
0

bsgz' EEZ. &5 (C @ derivation i 5 Ehh 3 R-linear map :D — R % F(b) &£ k¢



SEICL&E S, (2101) s Fa) = TiciF(a)+ F(k) £k 3. S o & & F(a)*™ o (2.8)
OV IE—BTE3ENBTBLEIADONG, (LEL D" 2QUVS) ERTEL) &5
CEZODb e UVS) LT FO)*(D™*) CmTHEILEFTBELTHE 5. (B
FL)*(D¥*)=R &RETH L. Ritexact (CHBT EMNAMB,

2 *% *% F(b)“
0 —— (A?D) D R 0

2T (NND)*2RicixET B E. DY 2 R? £ 1ty Zariski-Lipman 48 [4] (C K>T R
b regular £ L>TLEWFREL)
ITLULELKY,

mC F(a)**(D**) g ZCiF(ai)**(D**) + F(k)**(D**) C mZ + F(k)**(D**)

(BRDEBEMFRE cEM(CLB.) Lich>T NAK (T &o>T F(K)™(D*) =m &% 3,
HBRXO#BEEEREER N,

LEMMA (2.11). R #t quasi-homogeneous T v & &, FEND ke K CUVf)icov T
F(k)*(D**) # m,

Proor: F(K)*(D*) =m t RELTFEER B, a= Fk)(D) £ & EEMD
aCJ=(fo,fy [DRTHBELELEFETB.ND LG LLdMHEEZTS O
complex #l3 & &, XOTRRANXNEED.

by b
APD —— D - a 0
| | |
(o)
(A?. D)** - D** m 0
| | |
Ho(V) —— Hi(V) m/a 0
| | |
0 0 0

CCTLTORMEE27TIE exact TH D, LT dia.gram_chasing ICE>TEITTH
exact THB, LA THEITO Y 0map TH5, KMy : R/J =2 Ho(VS) - Hi(VS) &
1eR/Tako Hi(Vf)ICHFB class LRSS E B, ThiZ0THB, LIEDHERICLST




H\(Vf) =2 m/anshotz. R quasi-homogeneous T\ 18 R/J = P/(f, fs, fy, f2) P
(4 almost complete intersection ©# Y, R/J @ canonical module KR/? & H(Vf) 1cm
BTH. LULLEEFLEDHDTRDI ENOMoT,

aCl, Kp=m/a

CDESBLIERBIOBEWI EERICRE S

anng(m/a) = annp(Kp7) = J €HBM5 a:pg m = J, Lld>T R/a o socle (
J/aTH 5., —H {(m]a) = UKp7) = UR/T) v £(J]a) =13, Tb5. R/a
(¥ 0 x5t ® Gorenstein ring T2 M socle (& J/a TERIN B ENDhotco £F J/a
@k E1RETHENS, —MMEERS et Jja=f,R+a/laThHaeLThEd
Lo dTI(m/a)=JKp5=0&y mJCaClJ 2T LJ/m])=pu()=31rn
5 Lla/m]) =2hB. o+ Azy = ytpz(Mp€ER) EVSEOEHERDET
a=(fo, fy) R+ fmELTEO. STTLEDT EMD fo, fy (E @ ® minimal generator o
—BTHB. (@) =3 THolen b, a=(fo, fy,cfz)R(ceEm) LB BT TH 3,

T POAF7I b =(ffo,fy,cf:)P X5, RIa2P/b ThHoT. COBKE
Gorenstein T&Ho7-, T b5 b C P (3 height 3 @ Gorenstein ideal 50T, ZDH&EMTOD
EHEHHEORTTHEINS. EROIIBEOTTERINS, W E J = (f, fz,fy,fz)P &
#< &, R Ht quasi-homogeneous T EMB. CTHS ABEDOTH I DA = 7 I DRENEFE
TTCHBENBBICHS. Lich>T. &< ICEBRA %G k-linear map h: b/mpb — J'/mpJ’
E5EZ2BE. M), Mfo), h(fy) 3—xMITHBINE. {f, fo, [y} 3 b/mpb CHBTH—
RIMIITH B LLEEY b= (f,f0, ) PTH B ENDMote £ IC a= (fo, fy)R T
H3,

& T R/a= P/(f, fz, fy) P @ socle (&, {f, fz, fy} #* P M ® regular sequence T 3 C
EMB. F0 Jacobi THRICL>TEZ BN B,

fo fy [
foz  foy  fe:
f yT f vy f yz

fa::c fxy

= et

mod b

—5TR/amsocleld f, THELNB LS CH-THoleh b, ‘ff” ;’”’ @ P o unit T4
yz vy

TRESKEO, Chi3EHER {z,y,2} — {fs, fy, 2z} ® Jacobi TR At invertible T &
B EETTND, NEHHME P o regular system of parameters (H 5 (VIZEH) &L T
{for fr 2} BN B E £ BHT B, Thb 5 P/(fo, fy) SBBAF7LEBTHEZDT, PO
AFF7IVC fo, fy EBTCDDRELIB@OTTERINS ., LH L. R Ht quasi-homogeneous
Th0BECR S =(f fofu )P BTEABOTTERE N, ChIEFBETHB. L
> TEBMNIEBINT, 1



THEOREM (2.12). (2.6) s/ BERR DD & T. & 5IC R A% quasi-homogeneous T 7% (v &
RET D &,
(@) bL p(HI(VS)) <2k6E.

dimg(a 4+ m?/m?) > 2.
() &L pu(HL(VS)) <3 m51E,

dimg(a+ m?/m?) > 1.

Proor: (2.8) @ ¥ (cBL T, Y(UVS))=m THotedX, —FHaxks=a1Vf FENHE
C&-THNBZ0T. Y(K)=aThH5, 5 ¥ @25 V: H(Vf) =QUVSf)/K - m/a
s8¢, cccan H(Vf) s 3 5@ Kea(¥) c@L. D (210) c&>T Hi(VS) @
BNERTOD—DCH B, &oT. p(HI(VS) —1>p(m/a), ChhoEBREHECES
N5, 1

EXAMPLE (2.13). f = h(z,y)+2" EOWSHEO E XTI, BELHECL>T p(Hi(VS)) <2
THBCENAIMNB, LT LOFEBRICLBEaImMOERTELBCED 2@ETC
ENSMB, ERICIEIEOMRERET E alR (2, ) REATCELTROL I ENAD Y,
(2.6) DEIRE D b & T h(z,y). Lichi>T f Ht quasi-homogeneous T % C LAEEBITE
%. %> Auslander O F#8(F Z DPAICE Lo ThiE, Martsinkovsky o # £ (0.5)(a)
THhd.

TueoREM (2.14). (2.6) AT BRER DS & T, p(HU(VF))<3mo femdnnid. P
FOWTXROEEND B,

(J:f)f ¢ m*J
{Eb\ Jz(fl‘)fyyfl)P—Gﬁéo
Proor: (2.9) CRLi&S I UVS) BaBoTTERES NS, —5 Hi(VS) =QVS)/K
NI3@EOTRTERENEZDENS, AVSf) D 4EoERT b ckzRDELSICMB L
NTx3, 2T aRETBRRAX(26)DaThHd. ((29)5R&)ENLkENTHB, T4
b5k =oks + Pky+7k; (o,f,YER) £ BT 3. (24) &Y

axb=nrVf
axc=rVf
axk=rVf

CEFZDT. YWQUVS)) = (ro,re,mk)R £ B, LIchtoT (2.8) [L&oT (rpyre, ) R=m
5285, p(m) =3 ThHEHD. &L gm EBBIELEET S,



EIBT e Hi(Vf)—> P/J %&@&5(:%%?‘60d=(d1,dz,d3)€H1(Vf)t?
5téPcﬁhfﬁh+@h+%b=ﬁtﬁétePﬁﬁETéo%:ﬁﬂ®=t
mod J £ ERT B, COLERNRENTHEERECHBNTOB L. BECRT
EbTEB,

0 — H(VS) 2 pr7 — g
hWEpla)=tTohseEtel: [THs. 2oTlfeml)coHsERELTHLS,
Lo EEf =difot+dofy+daf, (di,dy,ds emd) £ 3 d = (di,dy,d3) € P? i % 3,

F8& (e —di)fo+ (02 = do)fy+ (a3 —da)fs =0 €5 Y, {fo, fy, f.} # P o regular
sequence tH3 emb k'=a-dR(F=R oxezz7) KoxTthz, ULniL.,
w=a%x+ﬁh+4%,mu%yeR)t§urﬁ<¢‘F@itbr\

nVf=axk=dxk+k xk
= (ady + fdy +7d3)Vf +{(B'y = BY) fa + (Yo — 1) fy + (o8 — o).}V f
BRELCEST fo, fy, €M THENE. COFERXMS € m? WBAN, BETEEL -

CERRT B UELYLfgmT T TRESEOAF €T f)f To 3 b EEA
5,8

REMARK(2.15). f #¢ isolated singularity £ 5% 8 & = (c (2. (\> T B (J: f)f CmJ pe
YD,

EXAMPLE (2.16). f=aP +yi+ 2" +ayz & ¢ 3, COLERBICMfCI THBIZ EHE
HICENIDONE, LIchoTmCJ: fTHE, 1. ROFEHD M S,

f #¢ quasi-homogeneous T 3 = & «= J : f=R

el
p q T

FE#&IC.

f #t inhomogeneous ©# 2 = & < J: f=m

1 1 1
S o+ -+-<1
P g

U725t T f A% inhomogeneous o & & (2 (¢ Hy(Vf) & m/JEBBZOTROKERS,

1 (homogeneous case),
p(H1(Vf)) =4 2 (inhomogeneous ;™ p,q,7 0 & f i At 2),
3 (inhomogeneous D p,q,r > 3)



&> T Auslander conjecture (& p(Hy(Vf)) = 2 piga (- (2 (2.13) cR#&ET B, £ 1=
HHU(V) =3 De&icE, (J: f)f Cmlf TH o EMHBILE-THEMND DN S D
T, (2.14) (€ &>T Di(R)*™ 2 R 0 Auslander module |- (2 7 YZTB W, 2OBAICH
Auslander conjecture (1F L (v,
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Blowing—up characterizations ol Cohen-Macaulay rings
By KIKUMICHI YAMAGISHI

College of Liberal Arts, Himeji Dokkvo Universily

1. Introduction

In 1982 S. Goto [2] gave us an epoch-making characterizétion of
Buchsbaum rings in terms of the blowing-ups. Let (A, m, k) be a
Noetherian local rving of dimension d > 0 and q a parameter ideal
of A , and lel R(g) denote the Rees algebra of q . Then he
showed that A/Hx(A) is a Buchsbaum ring if and only if Proj R(q)
is a locally Cohen-Macaulay scheme for every parameter ideal q of
A . He also gave us the similar blowing-up characterization of
Gorenstein rings, complete intersections and regular local rings.

However there was given no statement for the local ring A/H_(A) to

0
m
be a Cohen-Macaulay ring using the terms of the blowing-ups. So our

problem is stated:

Problem. What is the condition in terms of the blowing-ups for

the local ring A/Hﬁ(A) to be a Cohen-Macaulay ring?

The speaker already gave us tentative answers to this problem in
[131, and therefore it is the aim of his talk to improve on such ones,

especially the evaluation of the type at points of the blowing-ups.

To describe our improvements let us need more notations. We call the
dth Bass number of A the type of A and denote it by rwA) , i.e.,
rcA) = LA(Ext%(k. Ay) , [11. Let K,_ denote the canonical module
A

~

of the completion A of A , and let uA(*) be the minimal number of
generators of an A-module. Then the following result is our improved

evaluation of the type at points of the blowing-ups.




Theorem 1. l.et A be a Buchsbaum ring and ay, .. , ay a

system of paramcters for A . lLet R denote the Rees algebra of the

parameler ideal (alnl. e, adnd) of A , where Mo wee 0 My > 0.

Then if all ni 2 2 (1 < 1 < d) , one has the equality
d -1 .
d -1 i

Plg) = u (K ) + > G, )L (H (A
B i A izt 1 A m

for all B € Proj R such that B o mR

This provides us an evaluation of the type at almost all points
of Proj R(q) . By Theorem 1 and the blowing-up characterization of
Buchsbaum rings in [2], we directly get the following theorem, which

is an answer to our problem stated above. Namely

Theorem 2 (113D . The following two statements are equivalent.
1) A/Hﬁ(A) is a Cohen-Macaulay ring.
(2) For every parameter ideal q of A , Proj R(g) is a locally

Cohen-Macaulay scheme and the equality r(R(q)%) = un, (K ) holds for
’ A A

all B € Proj R(q) such that dim R(g)/B =1 .

2. Type of blowing-ups of ideals in Buchsbaum rings
We call the d-th Bass number of A with respect to the maximal

ideal m the type of A and denote it by r(A) , see [11, i.e.

rA) i= 1 (Extz(k, M)

A
As is well-known, if A 1is a Cohen-Macaulay ring, then the type

r(A) c¢oincides with other two kinds of the invariants, namely
rA) = L,(lom,(k, A/a)) = n (K
A A i A

holds, where 9 is any parameter ideal of A , and moreover A is a




Gorenstein ring if and only if 7r(A) =1

LLet us denote by A(X) the localization of the polynomial ring
ALX1 , where X is an indeterminate, at the prime ideal m.A[X]
Then we have |

r(A) = r(AX)

Let g be an ideal of A . Then we define the followings:
R(q) := (-] qn , the Rees algebra of g ;
n o2 0
Proj R(g) , the set of homogeneous prime ideals of R(q) not
containing the ideal R(a) := @ q”
n >0

We call Proj R(q) the blowing-up of A with center q . When we i

set g = (a , ad) , then we also use R(al, cee ad) instead

1!
of R(q) , which is regarded with the A-subalgebra A[aIX. e, adX]

of the polynomial ring ALX1 , i.e.

R(q) = A[aIX, AN adX] c ALX]

From now on, untill the end of this section we assume that A is
a Buchsbaum ring of dimension d and q := (al, ce ey ad) is a

parameter ideal of A

We shall divide our computations into three cases as follows:

Case 1: B D> m.RGq) ;
Case 2: B = m.R(g) ;

Case 3: P is a closed point, i.e. dim R(g)/P =1 holds. )

For Case 1, we have that R(q)p = Ap[X] as Ap—algebras, where

we put p := B N A, and hence we obtain the following lemma at once.



l.emma 3. r(R(q)ﬁ) = r(Ap) holds for all B € Proj R(gq) such

that B ? m.R(q) , where we put p := B N A

Next we shall consider Case 2, namely the type r(R(q) )

m.R(q)

Let B := AL —%—— | £ € g1 . Then clearly mB is a prime ideal of
d

B , and as m.R(g) does not contain adX it is easy to see that

R(q)m.R(q) x BmB(adX) . So we have
TRy pqy? T rB g
Let Y,, ..., Y, , be (d - 1)-indeterminates over A , and put
C := A(Y], el Yd—l) H
fi=a4Y;, - a; for each 1 ¢ i < d

Then we can find an A-algebra map C —— BmB , say V¥ , defined by

W(Yf) ai/ad for every i . As W(fi) = 0 for every 1+t , there
exists an exact sequence of C-modules

n
0 — K— C/(f, «oo , fy ) — Byg — 0 ,

where n is the induced map of ¢ and K := Ker m . Then we claim

the followings, cf. [2, (3.4)];

QD) BmB is a Cohen-Macaulay ring of dimension 1 ;
() C is a Buchsbaum ring of dimension d with maximal ideal mC
and fl’ e fd—l' a, is a system of parameters for it;

~ (D K is annihilated by the adn for m > 0 large enough, and

hence K 1is of finite length as a C-module.
; ~ 0
By these claims we know that K = H ~(C/(fy, ... , fy, ) , and

hence it yields that

Bug = C/UCT , won y fy ) b ag)

mB




From the observations above we get the following.

Proposition 1. LLet € and fi for 1 ¢ i < d be the same

things defined above. Then one has the equality

r(R(q) ) = LC(Hom Y ¢ oa,l + (a,)))

m.R(aq) /e, C/tfy oo o f

C d-1

Finally we shall deal with the last case.

Proposition 5. Assume that the residue field k of A is

algebraically closed. Let B € Proj R(g) be a closed point such

that adX ¢ D . Then there exist elements ¢,, ... , ¢, , of A so
that
r(n(q)y) = LA(HomA(k. A/[(b], ey bd—l) payl o+ apy o,
where we put b. = a. - c.a for each 1 ¢ i < d
i i id =
Proof. .et B be the same ring as above. Then B/mB is

isomorphic to the polynomial ring over the residue field k with

(d - 1)-indeterminates and every maximal ideal of B contains the

prime ideal mB . Put N := B.R(q9) N B . As a,X ¢ B we see
adX d

R(q)sB = BN(adX) , whence r(R(q)ﬁ) = r(BN) . Note that N is a
maximal ideal of B and it contains mB . llence N/mB is also a

maximal ideal of B/nB . Applying Hilbert's Nullstellensatz to the

maximal ideal N/mB , we can find elements c¢,, -v Cy_q im A  such
that

a a

_ 1 s d-1
N = « a - ey s a Cqy 2t mB

d d

Now put b, = a. - c.a for each i =1, ... ,d-1. Then it
i i i d

clearly follows that aq = (bl, e bd—l’ a,) and that




1 -1
B = AL , . 1, and
ay ay
h b
W= o C =l
o o
by by-i
Put Q1= e, ——, a B . By [2, (3.4)]1 we easily have
a a d
d d
(V) BN is a Cohen-Macaulay ring of dimension d ;

[Q'D) 3 is a parameter ideal of BN ;

(W)‘ BN/Q.B = A/[(bl' RN bd

N = ) ad] + (ad)

-1

[lence from these observations we finally obtain that

= T(BN) = LBN(HomBN(BN/N.BN, BN/Q.BN))

LA(HomA(k, A/[(bl' e bd—l) Pagl v ap)n

r(R(q)%)

il

As applications of Proposition 5 we have the followings.

Proposition 6. Assume that e(A) > 2 and let q be a minimal
reduction of m . Then r(R(q)%) < e(A) - 1 holds for every
B € Proj R(q) . Moreover if A has maximal embedding dimension

(i.e., m2 = qm holds, see [4]1 for more details), then the equality
r(R(q)B) = e(A) -1

holds for every B € Proj R(g) such that P > m.R(q)

Corollary 7. Assume that A has maximal embedding dimension
and e(AY > 2 . Then for some (and hence every) minimal reduction
q of m , Proj R@q) is a locally Gorenstein scheme if and only if

e(A) = 2 . When this is the case Ap is a Gorenstein ring for all

p € Spec A N (m)




3. Proof of Theorenms

We begin with the following basic fact, which plays an important

role in our study.

Lemma 8. Let m be an integer and let Cys wev s Cy_y Dbe

elements of A . Put bi HE a;, + ciadn for each 1 ¢ i < d . Then

if n 2 2 one has the equality

[(bl’ e bd-l) Payl o+ olay = [a,, ..., ay_q) ¢+ oayl+ ap .

Proof. Choose an element x of A so that a,z belongs to

(bl’ N bd-l) . Then write a,z as follows:
ayT = bz, + ...+ bd-lzd—l
with . € A Since b, = a; + ciadn by our definition we get
d -1 n-1
ay(z - . E lad CiT) = AT+ vay Ty
whence as 7m > 2 we conclude I € [(al, oo ad—l) : ad-1] + (ad) .

The converse is shown in the same way.

For the Rees algebra of the system consisting of suitable powers
of parameters for A , for example R(al, cee s Gy g adn) , we get
much sharper arguments than given ones in the preceding section.

Namely the following result is a key-lemma in our discussions.

‘Proposition 9. Let n > 0 be an integer and let R denote the
Rees algebra of the system of parameters al. cee s ad—l' adn for

. . n
A, i.e. R := R@a,, ..., Cyyr @) - If m > 2, then one has

r(RB) = r(RmR)



for every B € Proj R such that P > mR and aan ¢ B . When this

is the case it coincides with the length

LA(HomA(k, A/[qd_l tagl + @),

where we put 94-1 = (al, cee ad—l) .

Proof. Let C := A(Y , Yd-l) be the same as above and

1,
put hi HES adnYi -a; for each 1 ¢ i < d . Then by Proposition 4
we know that
r(RmR) = LC(HomC(C/mC, C/[(hl, e, hd-l) : ad] + (ad))) .

Since n 2 2 , applying Lemma 8 to the system hi's we have
[(hl’ cee hd—l) Payl + (ay) = Loy ,C : ayl + @)

as ideals of C . As C is faithfully flat over A and wC is

the maximal ideal of C we finally conclude that
(R o) = LA(HomA(k) A/[qd_1 Payl o+ (@) .
To finish our proof it is enough to show that
r(Rﬁ) = lA(HomA(k, A/[qd_1 : ad] + (ad)))

for every B € Proj R such that B > mR and ad"x ¢ P . According
to [2, (3.5)]1 and [13, (4.3)] we may assume that the residue field k
of A is algebraically closed. At first, we deal with that P is

closed point of Proj R . By Proposition 5 we have that

T(RB) = LA(HomA(k, A/[(bl’ cee bd ) ad] + (ad))) ,

-1

. _ n .
where we put bi = ay c;ay (1 ¢ i <d) for some e; € A . As

n 2 2 we have by Lemma 8 again that
[(bl, cee bd—l) tagl v (ay) = lay  toayl o+ (e,

whence we get that

a




T(Rg) = LA(HOmA(k, A/[qd_l H ad] + (ad)))

Next choose any P € Proj R such that B > mR and aan ¢ P
Then we can find a closed point $° € Proj R such that 9" o 8

According to Proposition 4.1 of [8, p. 631, it followé that
r(Rﬁ,) 2 r(Rﬁ) 2 r(RmR)

and hence from the observation r(Rﬁ,) = r(RmR) as above we get that

r(Rg,) = r(Rg) = r(R"l )

R
This finishes the proof of Proposition 9.

Now we are ready to prove our theorems.

Proof of Theorem 1. .Let R denote the Rees algebra of the

ny nd ni
system of parameters al y e ad , and put bi t= ai for each

1 ¢igd. Assume that n, 23 for all i . As biX ¢ mR for

L

each i we know by Proposition 9 that

r(RB) = r(RmR) LA(HomA(k, A/[(bl’ ooy bd_l) : ad] + (ad)))

for every P € Proj R such that B o mR . By [13, (3.8)] we already
know that as ni 2 3 for all i the equality

d 1

d -1 i
(i _ 1)'LA(Hm(A))

r(Ry) = u (KD o+
. A A i

nMmMo

1

holds.

To show our standard case that ni 2 2 for all i let us define

r(n e nd) 1= r(RmR) .

ll
Then by Proposition 9 again we see that

r(n ny) = LA(HomA(k. A/[(bl' cee s by 1) it agl + @)

'

. .3 3
LyGHom,Ck, A/TChy, ..., By )t a "1+ @y

-1
PRy, e, My_pe 3 = . = T3, L, B,




and hence by the argumant above we finally get

a1 4 i
rny, ..., my) = n (K ) + G- 1).LA(Hm(A))
A A i =1
This completes the proof of Theorem 1.
Theorem 2 has already been established in [13, (1.2)1]. As an

consequence of Theorem 2 we have the following too.

Corollary 10 (12, 1.2)D. The following two statements are
equivalent.
1) A/Hﬁ(A) is a Gorenstein ring.
(2) Proj R(g) 1is a locally Gorenstein scheme for every parameter

ideal g of A

4. Exzamples
Unfortunately, Theorem 1 tells us nothing about the type of
ny nd
blowing-ups Proj R(a1 s e ad ) , when ni =1 for some {
occurs. Therefore it is the aim of this section to compute type

concerning few Buchsbaum rings with small multiplicity.

Throughout this section (A, m, k) still be a Noetherian local
ring of dimension d . For simplicity we assume that A is complete
with respect to the m-adic toplology and the residue field k of A
is infinite.

»Let q := (al. e ad) be a parameter ideal of A . Then as
the same as the before we still regard the Rees algebra, say

™ Ty

R(a1 s ee e s ad ) , as a subring of the polynomial ring ALX1 over

A with an indeterminate X , i.e.
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T
1,,... ,ad )=A[a X]CA[X]

’ ad

We say that a Buchsbaum ring A has minimal multiplicity if the

following equality holds:

_ d
e(A) = 1 +
i

1

[[Z

d 1 i
(i 1).lA(Hm(A))

1

Notice that in general the term of the right hand side of this
equality is a lower bound for the multiplicity e(A) of a Buchsbaum
ring A , and the condition that A has minimal multiplicity is
equivalent to saying that m = 2(gq) holds for some (and hence every)
minimal reduction g of m ; see [5, §41. When this is the case,

it is easy to see that the equality

-(K)-e(A)+dil(d’l)L(Hi(An
Hpathp? = ) i-2""A%n
i = 2
holds, cf. [11] and also [12]. We also claim that every Buchsbaum

ring with minimal multiplicity has maximal embedding dimension.

With these notations we have the following.

Example 11. Let A be a Buchsbaum ring of dimension d 22
and e(A) = 2 . Then as is well-known such Buchsbaum ring A has
minimal multiplicity and the canonical module KA is Cohen-Macaulay.
Hence uA(KA) = 2 by the remark above and Proj R(q) 1is a locally
Gorenstein scheme for every minimal reduction g of m , by Cor. 7.
See [3] for the structure theorems and concrete examples of Buchsbaum
rings with multiplicity 2 .

Now let us consider the case that d = e(A) = 2 . Choose a
minimal reduction of m , say g := (a, b) . Then by Proposition 9

and Theorem 1 we have the following statements too.



D Let R := R(am. b) and let B € Proj R be such that P > mR .
Then if m 2 2 one has

r(R

. m, .
SB) 1 if B3IalX;

=3 if B3 a™
For R(a, bm) we get the similar assertion as above.

(I)  Let R := R@™, b™ for m, m )2 . Then one has

T(Rﬁ) =3 for all P € Proj R such that B o> mR

To describe further examples we recall one more definition. We
make the Cartesian product A X M into a commutative ring with
respect to componentwise addition and multiplication defined by

(a, ).(b, ¥) = (ab, ay + bz) . We call this the idealization of

M (over A ) and denote it by ANX M . The idealization .A X M4 is
a Noetherian local ring with an identity (1, 0) , its maximal ideal
is m x M , and its Krull dimension equals dim A . As is

well-known, the given local ring A 1is Cohen-Macaulay if and only if

every idealization A X M of a maximal Buchsbaum A-module M  (i.e.

dimAM = dim A holds) is a Buchsbaum ring, cf. [111].

With this notation we have the following.

Example 12. Let S := k(la, b, 11 be a formal power series

ring over a field k and let E := Syzg(k) be the zed syzygy module

of k over S . Put
A:=SXE and q := (a, b, &dA ,
cf. [7, 8§31 and see also [11, (3.11)1. Then it is easy to check the

followings.

(D A is a Buchsbaum ring with minimal multiplicity; :

14

(I) dim A = e(A) = 3 , depth A = 2 and Hi(A) Kk, so 1(A) =1 ;




() qg is a minimal reduction of m ;

(V) uA(KA) = e(A) + 1 = 4
Moreover we have the following.

(V) r(R(q)ﬁ) = 2 for all B € Proj R(g) such that B > m.R(g) .
(1) Let R := R@™, b, ¢) and let B € Proj R be such that
B o mR . Then if m > 2 one has

r(Rg) =2 if B3 a®™x

3 if B3 a™ , which is a closed point.
For R(a, bm, ¢) and R(a, b, cm) we get the similar assertion as
above.

(M) Let R := Ra™, b™, ¢) and let B € Proj R be such that

$ > mR . Then if m, n 2 2 one has

T(RB) 3 if B3a™ or B 3P BX H

=6 if B 3a™ , b™X

For R(am, b, on) and R(a, bm, cn) we get the similar assertion as
above.

l m n
QD) Let R := R(a’, b, ¢) for L, m, n 22 . Then one has

r(Rﬁ) =6 for all P € Proj R such that P o mR

Example 13. Let k[[lxz, ¥, 211 be the formal power series

ring over a field k . Put

A = k[[mz, yz, zz. Ty, vz, msz, 22311 in kitz, vy, z11 ,

a := mz, b := y2 , C = z%> and q := (a, b, &)A ,
cf. [6, (7.6)]. Then it is easy to see that: g
(D A is a Buchsbaum ring with dim A =3 and e(A) = 4 ; g
(1) HE(A) = (00 for 4 =0, 2 and HI(A) X k , hence I(A) = 2 ; :
(M) q is a minimal reduction of m such that m° = qm® and

m2 # gqm , hence A does not have maximal embedding dimension;
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(N) “A(KA) = 3
Moreover we have the following.

(V) Let B € Proj R(9) be such that B > m.R(q) . Then
T(R(Q)B) =1 if B 3 bX ;
=3 if B 3 bX , which is a closed point.
(W) Let R := R(a, b™, ¢) and let B € Proj R be such that
B.omR . Then if m ) 2 one has
r(Rg) = 1 if B3 b"X ;
= 4 if B3 b" , which is a closed point.
(D Let R := R(a™, b, ¢) and let B € Proj R be such that
B o mR . Then if m > 2 one has

if B3 a™x ;

I
w

r(RB)
=4 if B 3 a™f , which is a closed point.

For R(a, b, cm) we get the similar assertion as above.
M Let R := R@’, B", ™ for L, m, m>0. 1f L, m omy?2

except one at most, then one has r(Rg) = 4 for all B € Proj R such

that P o mR
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Graded rings associated to ideals of
small analytic deviation

TREEER  BIERFE TR
iSRRI RFEER

1 K

(A,m) % Noether BFiB, I % A D477 1, Alt] B HABME S 5 &, I © Rees
B e R(I) = L I't" C Alt], associated graded ring & it G(I) = R(I)/IR(I) T% %
5b0TH5. 2;;2&;’6&4 77 I © analytic deviation %5 1 $7:13 2 0 & & R(I) ®
G(I) © Cohen-Macaulay #, Gorenstein fkic 2 \WThh - 7= & & EHES 5.

J % I © minimal reduction & L, £(I) T I ® analytic spread (i.e., £(/) = dim G(J) ® 5
Afm) 2RS & 5. Bk A/m BEBRETSNE T ORMERTO EH (I) &
RBEIEBHOoNTEY, - THABY L) —hta(]) B5EE 25, 2h% I © analytic
deviation &MF¢f ad(f) Th< T &icd 3. R(I) ® G(I) D%k, < @ analytic deviation
KEBAFTHVOHBNTITIC LR, EFECENTHEHICELS.

ad(I) =0 ® 4 #7 1 I i3 equimuliple & IFifh, Z O HBEMIZ SO IE MHERAL F 70
e, cost&o RI)® GU) kowTiRBL o enmohTws. ad(l) >0 &
RWEHDIO2VTI, ZOHH TS & LT almost complete intersection 453 % . almost
complete intersection LL4} @ #4713, Huckaba-Huneke [4] ic & v ad(f) = 1,2 oA ic>
wWTIEH s hik.

ARRBBESDOERORDOZAF v 7ELTEASHABBEEREL, BonicbDTH 5.
TONEERRS L, 28 Tit basering A 5 1 Rt DB & %K\, G(I) # Cohen-Macaulay
L1355 BF5%M, Gorenstein LR 2B ERFFREERE:RSH1-A 5. 3HTR2HTO
REGRTAELILEEORKFRDVWTRRS. 2O RIRTERNBBRLOEE 2D
FATFTTN P DEDS Rees Ric >0 T, £ D Cohen-Macaulay #:, Gorenstein # i p @
reduction number TELICRETE B L (cf £ 3.7) R EHNbM»Z. 45Tt analytic
deviation 45 2 & & ® G(I) ® a-invariant IL>WVWTR~X 3.
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LIF, (A,m) 28 ks B & Cohen-Macaulay BB &4 3. 41 774 I ® Rees
B, associated graded ring 2 £ h #h R = R(I), G=G(I) L8854 5. Rees BRREI
AR AL OBABMELTEXBL0EL, f2 ROTELices FTGicbiia@%
KT bDETE. M3 GOBRKERAFTNY MG+Gy O & &4 3. M icfd 3 i-
& local cohomology functor % Hj,( ) TH <. G @ ainvariant & i3 a(G) := max{n |
(3 (G)ln # (0)}, 7c#2L d=dimG, & T& 5. 457 A I © minimal reduction %
Jelree&, () =mn{n | I"™ =JI"} &, ch% (JicBd 3) ] © reduction
number & 3. A-MBE E oL £4(E) © E 0E &, uu(E) © E OB /NE R 5T o fE 3%,
Socle(E) := (0) :g m T E @ socle, 1(E) T E @ type (i.e., 1(E) = £4(Ext4(A/m, E), #:
£L d=dimE) 2%+ b0+ 3.

2 —XRIETIEBII KR

CoBTR (A,m) it 1K Cohen-Macaulay BATB & L, 1 #7 4 T i3 htyl = 0,
£(I) = 1, generically complete intersection (i.e., fE&® Q € Miny A/I izt L T IAg = (0))
THB6D L9 5. Ji3 I D minimal reduction ¢, 204k e J=0)&3+2.UclD
unmixed component 2K ¢ C Lt hiE, FED Q € Ming A/I icx L UAg = TAg = (0)
T, AJ/U i3 1kt Cohen-Macaulay B T4 3. £/ a=(0):b, BB J © annhilator % a
EpClEicT 5.

W 2.1 Una=(0)

T UNa#(0) ERELT QEAss,UNa 2M3. adg# (0) £ beQ, T
ICQ&ERE. $5L MaQ=0Th2h5 UAdg=14¢g=(0) &b FFE. O

W21 &0 bk AJeEfEERY, JB)ta=m koT yeak y+bs AER
FEERBEICMB O ENTES. COBy+beRicoWT J(y+b0t)G=M HERb L
S. EMEE, Q€SpecG % Qoy+bt & ihid,y’ =—ybtmodQ Tyb=04kb 7, bt €Q.
e MItCQ e Q=M %183

COFIDIRLHDOHEIR G D ainvariant 2R3 2 & ThH 3. — R TT G » Cohen-
Macaulay 73 5 a(G) = max{r;(I) —s —1,—s} &£ 2 HRFTEHhTW3 [2, Proposition
24]. ¢T3 dimA =1 D& icid Cohen-Macaulay OfRER LiciE LWEAEFEF L £
5. Cohen-Macaulay OfREHBAE L VWIERREL4HTHVTL S, $FRROFE
ZHEHT 5.

Wi 2.2 W=[0):gbt], G=G/btG, r=1,(I) £ B ERDBIED .
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(1) [Hy(W)]; = (0) for alli > 0.
(2) §=0,1ic20T [H}(GC)i = (0) for all i > r and for alli < 0.
(3) 1> 015 [HY(G)], # (0).

(4) 1> 0% 5 [HY(G)), = (0)

W ()i>rias Wi=(0)Ths. KB, ot € Wi (z € I') % & hig (bt)(at') =¢ 0.
EoTbr el =bI'* ¢ ehse (M +a)nNT=I" %285, i [2, Lemma
221 ko [Hy(W), 2 HY(W,) foralln. § n>0c e W, & &5 &, (y+bt)zt" = 0
BOT ot € HYy(G). & »T La(W,) <oo TH b [HL (W), = (0) &1 3.

(2) [Gli = F/(bI' '+ I'") 5o [G)i = (0) for all i > r and for all i < 0. § »
[H}4(G)) = Hi([G)) = (0).

B)r>04s '/ +I') RE&ERTH Y, MLOBE, SBMBETHLC & b
bh 3.

(4 izrx [HY(G))#(0) LRz BADbDELTES. 04 2t € HY(G) &4 h i,
(bt)(2t') = 0. #hiz bs € Y2 = bt kpy z € 'M DA ZDTHFE. O

M 2.3 a(G) = max{r;(I) - 1,0}.
AEBH 2 DD 5ELF
0 - W(-1) - G(-1) - btG -0
026G —-G—->G—0

» 5 ¥Eph 3 local cohomology d E524 7%
Hy (W)(=1) = H}(G)(=1) > H} (btG) — 0 (1)
H3Y(G) — HY(G) - HL(tG) B HL(G) —» HL(G) — 0 (2)

2%i5. a=a(G),r=0(I) LB et 3. Lo a<max{r,(I)—1,0} 257 %
5. 04z €[HY(Q)s M-t &b L 2:=afz) =0 54 [HL(W)). # (0). & ek
B 22(1) k9 a<0%85. 2#0 LEET 3. z R a+ 1 ROTEH» 5P(2) = 0. #ic
(HY(G)las1 #(0) &0, BB 22(2) &b a+1<r.

WORESERYT. 1 =02 5HE 2202 £v HYy(G) R 0RDAaD LY, T8
71 (2) 0 [Hy(G)lo#0Ta>0%83. r>0&L a<r—1¢RETS. 5227
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(1) & v [Hy(btG)], = (0). —%, W8 2.2(4) £ v [HY(G)), = (0) kD T5R2F (2) &
[Hy(G)], = (0) 56> 45, Ch 3 HE 2.23) tK+ 3. O

&1z G @ Cohen-Macaulay tiic >V Th~3. 1 XTOHBA r,(I) <1 RSB E G it
Cohen-Macaulay & 72 % & & %5 [4, Theorem 2.9] THEHah TV 3. 1;(I) <2 DB B>
VWTRIRD I EHVAS.

R 2.4 A/l 5 Cohen-Macaulay < IP=J1? i 5iF G it Cohen-Macaulay < &
5.

YW f=y+bt M GEATHEIERVS. g= ¥ gt' €ER% fg=g0 &t 3.

0<i<n

f9 = ygo + bgot + bg1t? + ... + bg,t™*! LB DT, bg; € I'*2 = bl for all i > 0. #ic
G(I.‘+l+a)n["=1i+1 Ly gitizaﬂ%?%-%. i=00tIBTH ypel Tyi ’
A/I'FRIROT go€l £133. 0

B&ic G Gorenstein 2/ L LS5, 2 TEFROELFIZEZ 3.
0—»aG—-G—G/aG—0 , (3)

W& 21 %y, [aGi=(0)foralli>0, & [aGly=([+a)/I X a L B5EHLH >h B 0D T,
a % HWRKRKS T graded G-MBE & R & &ic a & aG it graded G-I & L TREE
Ths. ¥4 GaGEG(I+a)/a) BB EBVRB.

fE 2.5 G Gorenstein B S I?°=JI. &5 A/I 35 Cohen-Macaulay BTh h
EIi=J &ixa.

iR —MkE L D A1k Gorenstein BT H 5. fiE 21 kv a=(0):U sbhr s30T
a= Kau (A/U @ canonical module). # L T A/U i* maximal Cohen—Maca,ulay G-Ines
THa»roROEESFLHS.

Homg(a, Kg) & Homg(Homg(A/U, K¢), Kg) = AJU
k> TERY (3) D Ke-duval 232 itk hRORLH %183,
0—>Ifglug—*I(G—7'A/U (4)

r=r(l) tBE r>2 LRELTFEEYEC. 5, @B 23L0 a(G)=r—-1<Thb,
Ko=G(r—1). k> Tx2J () © 1-r ROBHEKE W iE, [Kgjacho, = A/T &7
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5.8 a(A/D)=(0) THD, coOEmD a=(0),f-T b AFERMERY)FET 5.
INTHBOREIRRE .

r<17207Ta(G)=0&,%3%. 1 bix A/a-IERITH 35 5 [8, Proposition 3.1] & b
G/aG = G((I + a)/a) i3 bt 2EHI5TIc &> Cohen-Macaulay BE 720 v 225 & 5.
& 54z A/I %5 Cohen-Macaulay & RET 5 & [y]o HEAHZE5 %3 DT [Kg/aclo = (0) &
7%, Hic a(G/aG) < -1 TH v, a(G/(aG+btG) <0 tfip, [+a=(b)+a &b,
I=b)+anl=(b) 8 3.0

@ 2.5 D G 0 Gorenstein P&k > & &4t I2 = JI 2RE LT\ C &icis 3 2%,
COBREVAD.
W 2.6 I°=J] LREL f=y+blcREBL. cOL &
(1) ¥ G; C fG.
i>2
(2) ael icxt L, at € fG if and only if a € bU.

SO PP=(y+bt) It x>,
(2)atefGEt3d.9= Y gt €R*% at =g fg & nif, fg=ygo + bgot + bg1? +

0<i<n

et gttt LB DT, ygo €T & a—bgo € =b] 5bhB. yit A/U-ERITS 3 b
5,Yo €U &0 go€U &, acblU 2185. HFicowTika=bu(vel) Ehunte
Eal=(y+bt)u &3 EhoiES. O

1R DiEE G Gorenstein idm D & 5 icHM{Tiron 2.
TE 2.7 KBEMTH 5.
(1) G i3 Gorenstein B.
(2) (i) A & Gorenstein 8, (W) I’ =JI T, (i) [[ : m]N[JU : I]=1.

WP Lo o A Gorenstein BT I2=JI &REL T, (1) & (2)(iil) XEETS 3
CEERERIV. CoEE IC[T:mN[JU ) RBEcK D IL>. ¥ 2 bt iz G/aG-EHI
BT (cf BB 25), f=y+bt LBFERELR2F ) L RORLRFIHESH B,

0> a/ya > G/fG D G/(aG +btG) - 0

Z =[fG:g M] &< & Z/fG i} Artin BFFiR G/fG @ socle 5% 3. L G
Gorenstein 7% 51f £(Z/fG) = 112D T o it socle BloERE %25 %, f(Z/fG) = (0) &
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5 Z CaG+btG &b, @i f(Z/fG) = (0) LRET B & Z/fG = Socley a/ya. —%
anf(0):y]CanlU =(0) &b yit a-FEQ (i< f iz G-IEfI) 7 @ T, £4(Socley a/ya) =
r(a) = r(Kav) = 1. Gy 2 Cohen-Macaulay BT 1(Gy) =15 D G it Gorenstein I
L35,

PEoC &b bEROERE (1) 2 CaG+bG, & (2) [[:m]N[JU : 1= I & »FE
THBHILEREERDTHZ. UTF L=[T:mN[JU:I] £ &<.
(I)=(2) aelxshi¥ maClho (It)aC (bt)U. ##E26 v BUC fGHroT
aM C fGLlsp aeZCaG+btG. wiicacl+a ttcaclUocacl+anl=1
L7 (2°) D ILD.
)= (") gERETEZ . HB26 LD g=go+git EMiFHbDELTE
W (It)go = (It)g + (It)g:t C fG 13O THyME 2.6 £ 0 Igo CbU. T go € bU : I. #ic
bgo=bu(uelU) thidifa:=g—uik aDdTER 3.

¥k u€lho g €(d).

COERMBELTAE, (2) ORELY T=(u+a)+git=aF gl #ic 7€ aG + btG
BEOSNWTIHEHEIIED 3.

FEROTEH < € m 2ERCHOE 29 =¢ fh (h = 0<Zij<nh.-t" €R) thHz0T,
z((u+a)+git) =g yho+bhot +bht? + ...+ bht"*. S DL & t DEMES T 29y = bho+bi
(Gel),EHHEEBTz(uta) =yho+j(JEI) EDBF B EBbM 3. zu—j =yhg—za €
INa=(0) kT zu=j, za=yhy. WAlc u€l:Mm —F go,a€bU:ILDOTuel
&1 3.

B¥EERY. za=ylho+1) &P EHBTEZDT z(a+g1) = (y+b)(ho +1). #&
W a+g: €SocleA/(y+b) &725. y+bid A/ 52— —%Thb Al/(y+0b) it
Artin Gorenstein RE B E 15, D socle HBTHRWVWERTOLF7LIREEN 3. M
atg€(y,b) THY,(y,b)=(y)@ () koTa€E(y) & g1€(b) HBHES>. O

M 25 DERLLEDETRORMEEBON S,

% 2.8 A/I » Cohen-Macaulay BThhif, WIdEME TS 5.
(1) G & Gorenstein 5.
(2) A Gorenstein B, tp> I? = JI.

(3) Aix Gorenstein %, ipo> I =J.
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3 SRITOBE

TR (A,m) ik dkit Cohen-Macaulay BB, 41 74 I i3 hty = s > 0,
£(I) = s+ 1, generically complete intesection (i.e., {F&® Q € Miny A/l iwst LT TAq &
K& s AQJITHK) TH560%2EX5. UT,P=MingA/f &< cticts. J
% I © minimal reduction &4 hiX J ik s+ 1HOTTCEREN, Qe P TRk 3 &
SEDOETERENE I EHS K= (a1,85,..,a,) CT %2 J=K+(b) 2o{T&ED Qe P
LT TAg (=JAQ) =KAQ kR B2bDELTEBIENTES. CDE& K:1¢Q
foral QeP, BT y€K:I1%2&D y, 21, 220y Tayy B AT D185 2 — 5 —F 213
Lo TES. LT, L= (21, T2y,y Ta—se1) EB K.

A 3.1 (1) al,...,a,,zl,...,:L'd_,_l,y+b 2 Apres 2 -7 —%.
(2) arty...,al, Ty, 0, Tamg—1, Yy + 0t 12 Gy D185 2 — 5 —F.

(3) I+ L)/(K+ L) A/(K+ L) BT generically complete intersection.

G (1) Q€SpecA % QDK +L+(y+b) &3, y’=—ybmodQ T, ybe K &b
YEQ MR JCQ T, ICQEny, [+L+()CQEnY Q=m 2§53,

(2) (1) tABHEID SN S,

(3)dimA/(I+L) =15 0T, &0 Q € Ming A/(I+ L) iexiL< K: I ¢ Q. #ic
(I+L)Ag=(K+L)Aq. O

Utk A= A/K+L 8¢, 2hik 1%z Cohen-Macaulay BT 5. T =IA4, & &<
& ht3T =0 T generically complete intersection i » TW5. J = JA i3 T ® minimal
reduction T b TR SN I BMIEA FTLTH 5.

EE 3.2 A/l » Cohen-Macaulay BThHhit, RHPEETH 5.
(1) G ¥ Gorenstein 5.
(2) A # Gorenstein BT, I?=JI.
(3) A» Gorenstein BT, I=J.

i (1) = (3) G #» Cohen-Macaulay B 7 @ T ayt,...,a,t, 2q,...,T4_,—1 13 G-IEHI
il G/(KtG+ LG) ¥ G) &3 3. CoFMicEHKE A/mzFsr v, J
it I © minimal reduction ©&% 2 < &Mbh 3. G(I) 5 Gorenstein BEOTH 2.8

—109—




» A Gorenstein < T = J. #z A 13 Gorenstein BT & v, [8, Theorem 23] &v
I=(J+L)NI=J+LI &->THLOBHELY [=J BHE>.

(2) = (1) [4, Theorem 2.9] £ » G %5 Cohen-Macaulay T % » &, G(I) 5 Gorenstein
RTHEBILERCEASTHS. 5 A» Gorenstein T 2 =JI BV I>DT, % 2.8
& v G(T) iz Gorenstein ©& 3. O

EH 3.2 DRI D & &, [2, Proposition 24] & v a(G) = —s BKHIL->TW 5. —F [5,
Theorem 3.1] & » s > 2 THhi¥, R # Gorenstein TH 3 & & G # a(G) = -2 0
Gorenstein BT&» 2 Z &L BEHEROT, ROF%L%:E 3.

% 33 A/I#m Cohven-Macaulay BThhid, RYPEHETH 3.
(1) R % Gorenstein B.
(2) A H Gorenstein B, I°=JI ©,s=2.
(8) A %5 Gorenstein B, [=J T, s=2.

U to#imko (1) <10%iEE (A/] 5 Cohen-Macaulay o {754 & 11) b b -
TobDERX B, RiC reduction number 2D L KES LTHDEEZTHBC LT 3.

T 3.4 A/l » Cohen-Macaulay BT 1;(I) <25 5, RREETS 3.
(1) G % Cohen-Macaulay 5.
(2) depth, A/I? > dim A/I — 1.

3F BH (1) = (2) T1y T2yeeey Tges—1 I G—F‘J, K-oThidFEEDO >0 LT A/In-ﬁlj
L2 5. #ic depthy A/I2>d—s—1.

WERTILODRLROHBELERT 2.
W8 3.5 A/l %5 Cohen-Macaulay BTH 3 LIRETS. cD& &
(1) y(I) <25 I"NK = KI*? for all n.

(2) depthy A/I? >d—s—11251f depth, A/(I?+ K)>d—s—1.
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M (1) 29 PNK=KI%Ww>. Q€Assy(IPNK)/KI s nt: L RET 5 L RO
25 kv Q€Assg A/JKUAssa K/KI &% 5.

0— K/KI — AJKI - AJK —0

— 5, K/KI2 DA/l T50,Q2I 0 Fhs QeP. chit [Ag=KAg LR o7
.

n>3 LRETEE I"OK = (KI" 4 bI") N K = KI" + bI"' 0 K. [4, Remark
21 &y [K:p)NI=K o, bI* 1 NK =b([K : ))nI*) = (K NI™1). & > TR
EORED, SHRBEONS.
@ (1) &y PNK=KI o, P+K/P2®A/l HicRkom2FsEon30T,
Z iz Depth Lemma % B A 4 Hif & .

0 ®A/ - A/I* > AJ(I* + K) — 0
O

EH 3.4 0FEW  (2) = (1) #fE 3.5(1) & [8, Theorem 2.3] £ » ajt,ast, ..., a,t, &
G-5l& 125D T G(I/K) 5 Cohen-Macaulay Th 3 &2 REe XKL TH 2. A/K &
d — s x5t Cohen-Macaulay B, htyx I/K =0, {(I/K) =1, I/K i3 generically complete
intersection &2 L EREBBICE DS h, S5 ICHE 3502) LV EFHOEHI s=00
LERREERARTHE I LEHBLIS.

s=0&93. (0):IZ€QforalQeP, TH2n5ye(0): 1% A/l ®v5 -5 —
FO—WERBELSILES. I T G H Cohen-Macaulay TH 5 &E2RT DI, T, 2,
vy Tg—] EM T, Ty, Ty eoey Tag—1, Y+ 0t B GFIER B OB ENB L ERIET 5.

FiE depth, A/I">d—1foralln>0.

FH n=1,20¢&ERFEELVELWV. n>3 T depthy A/I"P >d—1ERET S
& depth, I"'=dcs 3. 4[0):0)NI=0) o [*=bI"12["L colehs
depth, A/I™" > d—1 »5E5.

F = UAssgA/I" L B3E, Ch3ZEREETHS. d>22,¢5E, mgF T
n>0
dimA/(I+(y)) >0. Kic sremE o, ¢ U Qo ¢ U QELtaroenm
QEF QE€EAss4 A[(I+(y))

T&E3. CHhEHDOERLT 29, 22y ooy Tg—1 ZENIEL, 29, T2, .., Tg—1 1 A/I"-FU for all n,
-7 GHER L, Ld»b Y, T1y, T3y ..y Tg—1 %4 A/I DG A—H—FLIZD.

L=(z1, T3y ., €ao1), A= AJL, T=TA, J=JA &8<. +3& G/LG2G(), A ik
1 &% 5t Cohen-Macaulay 8, htz1 = 0, £(T) = 1, 4/T it Cohen-Macaulay, J = bA i T
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@ minimal reduction ¢ 15(7) <2 MtcK bichh . $4, MHE3.13) kv T it ANT
generically complete intersecton TH 0D, y+bid A D5 A — 5 —FERB I EhORE
24 L0 y+bt i3 GU)IERMERS. fE>T 21, 23, oy Tay, y+ bt 55 GFIER L G i
Cohen-Maca.ulay B&hs. O

EH 3.4 & [7, Theorem 1.1) 24 b8 2 L ROEN DM, 3.

% 3.6 (cf. [2, Theorem 2.1]) dimA >3 © A/l i3 1 X5t Cohen-Macaulay & ¢ 5.
bL;(I) <2751 Riz Cohen-MacaulayBTH 5. Hic dmA=3 THhi¥F bIEL
A

Cofthic htul = 1 & %, R Gorenstein THhE2LEFRSKMKGER [ = J ho
K4 = Homyu(l,A) £733 2 &%, G » Gorenstein Thhif4 F7 4 I oERKTOME
Hd La(ExtG T (A/m A/D) 4+ s+ 1 ERBCEBENDP>TOWBNI CTREUTT S
(cf. [3]).

A OKRDLOICIRTEARIR ALOES 204 F TNV POEDS Rees Bic o1
Tih~3%. T D& & p i3 generically complete intersection ©#% b, A/p i3 1& 5T Cohen-
Macaulay BB &7 5. £7:,2<(p) <3 ThH 2, 4p) =20, &k Cowsik-Nori (1] &»
p RIEAIZI THRK & h, R(p) & p @ symmetric algebra L BRI c@ihE & 5. £(p) =3
® & &3 analytic deviation 5 1D ETH 5L 5% 33 L% 36 25bBTKR:2EBS.

%37 AR IKRTERBHET pESpecA it htyp=2,J % p ® minimal reduction
EF 5. DL E

(1) R(p) #5 Cohen-Macaulay B if and only if p3 = Jp2.
(2) R(p) »5 Gorenstein B if and only if p=J.

Hio pP=Jp Thhid pap) <3 & 3.

4 Analytic deviation 2 DHE

CoHiTOHER [2, Theorem 2.1] ® analytic deviation 2 @ version 225 32 & T
»3%. 2% G D ainvariant Z I @ reduction number D EE TE W X, R @ Cohen-
Macaulay ffic> W T H BB 25X 5. CCTRROFEED L ETHERT 5. (A, m)
13 d &kt Gorenstein BB, 4 ¥ 7 113 hta I =s,4(I) = s+2, A/I i3 Cohen-Macaulay
BThsLL, 8D QEP it T JAg BES s D Ag-FiTARKEh b LT 5.
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TP, Pi={Q € V()| htaQ =s+1i} TEHF 3. J % [ ® minimal reduction
ETNE, TR sH2 O THERSNATVE N, TOERTIROVTRIEY L.

WE 4.1 J=(a1,02,...,05,b,0)A, K =(a1,8,,...,0,)A TREKT b DO BRI 3.
(1) a1,a3,...,a, i AFl.
(8) TAq = K Aq for all Q € P,.
(3) b ¢ Q for all Q € Ming A/K \ Po.
(4) TAg = (K + (b))Aq for al Qe V(I + [K : I)) N P;.

SER (#%B%) Swan [6] @ basic element theory 2\ T, a1,0a,...,a,-1 € J % JO W/

BARO—BTHD, b2 EBRD Q€PoUP; kit LT TAg (= JAQ) OB/IMNERR O — -

TbHBHLIICME. CNBUBEBEROEFRIMOVBELT, AFERBLICMBIENTE
5. 22Ta, %2 (1),(2) 2FF &5y, K BEET 2. bOMH FicoWTikFFRD
HicEETS. QEMInA/K\Poicxd LT QDL #-T () QD J, hta(I+[K:1]))>s
woT (i) VI+[K:I)NP, RERBE, R, (i) Qe VI +[K: I)NP; icxL T
(I/(a1, ..y 0y1))Ag HTEAKTH 5. CHODIELD b% (3),(4) 8K T & 5 WA C
EHTas.0

W41 TEDE J OERREOWTREEDLD SN S
WM 4.2 (1) AJ[K:1] & d—s &5t Cohen-Macaulay 5.

(2) K:I=K:b.

(3) [K:InI=K.

(4) AJI+[K 1)) ¢ d—s—1 &% Cohen-Macaulay B.

(5) hta(I+[(K + (b)) : I]) > s +2.

B (1) A/K %5 d—s &kt Gorenstein B, A/I 5 d — s &Rt ® Cohen-Macaulay BT &
3 EDOHRED.

(2) Assa AJ[K : I} = Ming A/[K : I] C Ming A/K \ Po £ 0 b & A/[K : IFERI. #ic
[K:I:b=K:I '

G)[K:NNT#K &RELT, Q€ Ass, (K :|NI)/K 5M5. coes QDI Th
20, ht,Q=sTH30DT,QEP,. tfic [Ag=KAg LRV FIF.
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bt (I+[K:I))>s+1THBI,E, ROELFNELDRES.
0 A/K - All®A/[K 1] > A/(I+[K:1]) -0

B)bL,QeEVUI+[(K+(®):I) chtaQ<s+1uo, [Ag= (K + (b)4g TF
. O

yeK:I% A/I'ERlic,ze€ [(K+(b): Il % A/(I+ (y)-ERicE 3 &>l 3. <
NWBAERORBE 42 L->TRIEENS. 51T Y, 2, T1,T2, ey Tag—s—z B A/l D¢ 5
A= —FRENDEICHNIERMBEKDILD.

B8 4.3 (1) a,.y04,T1y .y Ta—s2, Y+ bz+c i3 ADre5 2 -5 —F.
(2) ait,...,ast,z1y .., Ta—yg, Yy + bt 24+ ct 13 Gy D¥5 4 — 5 —F.

B (1) Q €SpecA %2 Q@ D K+ (z1,..yTa—s-2,y + b,z4+¢c) & 3. y> = —yb mod Q
T, ybeK kv ybeQ. &5ic,22=—-2cT 2c€ K+(b) &9, 2,c€Q. #ic JCQ
T, I1CQ &R, [+ (y,2,21,T2,..,Td—s—2) CQ &2 Q=m 2785 3.

(2) (1) LR ICHEPH >N 3. O

ad(/)=20 & %D G D ainvariant BIROFETEA S 5.
EHE 4.4 G Cohen-Macaulay B 5 a(G) = max{r;(I) — s — 2, —s}.

L = (21,%2,..yTa—y—z) EBL. A= A/(K + L) it 2% Gorenstein @TH v, I =
IA 4& & dimA/(K + L) —dimA/(I + L) = 0. G # Cohen-Macaulay 7 & if, E]%!
G/(KtG+ LG) = G(I) %5307, a(G) = a(GI)) - s, LI) =2Tc T =JAB T 0
minimal reduction &7 3. % 7z, [8, Theorem 2.3] 2 AW T r;(I) = 17{I) bHH D S5 3.
- T 44 0@ icit a(G(T)) = max{r{T) — 2,0} 2 RBEKSTHY, AZBLT
base ring 5 2 (RTT OB E&E2BB/I NI VW LTS, L LAES T2 QePoUP,
P:xTicdLTELZ260) TRALLALLEORRIDLERD, ROKICE 5.

B 4.5 (1) Q€ MmAA/(I+ L) [y Gl B (I+L)AQ = (I("'L)AQ.
(2) Qe VI +L) o hta@=d—1 i3t L (I +L)Ag = (K + (b) + L) Aq.

@B (1) QEMing A/(I+1L) &Ehif,ygQ. £->T IAg = KA.
(2) QeEV(I+L) o htyQ=d-1&,¢,3. bLy¢Q a5, (1) LALHERTH 3.
YEQRLIE 2¢Q ThHy, D, &id JAg=(K+(b)Ag &7 5.0
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Lo T AN 2REDBEOHBLELTROLDEREE, EH 44 BREHs e &ic
5.

W 4.6 (A,m) i3 2 kT Gorenstein BETR, 1 #70 [ 12 htyI = 0, L) = 2,
generically complete intersection, A/I i3 Cohen-Macaulay BEB 26D E L, J = (b,c)
12 I © minimal reduction TEED QE€Py et L JAg=0bAg LIRET 2. cD& %, b
L G # Cohen-Macaulay 872 5%, a(G) = max{r;(1) — 2,0} T4 3.

A Y, W 43 LEKRIKLTROES VRS,

FE 1 ye(0):[,ze(b): I TR:FKT bOBMN 5.

(1) y+b,z4cid ADNS A -9 —%TH3.

(2) y+bt, z4+ctid Gy D5 2A—5—%TH 5.

ESI, BB 42 LABIKLTROCEN DD B.
¥k 2 (1) A/[(0):I] % 2 &kt Cohen-Macaulay B.

(2) (0):1=(0):b.

(3) [(0) : 1101 = (0).

(4) A/(I+[(0):1I]) & 1 &k Cohen-Macaulay 5.

4 G # Cohen-Macaulay 70T y+bt i3 G-EERI& 7 3. $#,a=(0):1 (=(0):b)
LBl ticThid,2HiThick S IRTELT

0—»aG—>G—GlaG—0 (5)

BENB. CD& % graded G-MBE LTORERE a™aG & G/aG = G((I + a)/a) & Bk
D> EicFERELTBL.

¥%E 3 bt it G/aG-EflTH o, FED nicxLT I"N(b) = bl

G Lwic IPN(D) = bl 27%. Q € Assa(I2N(0)/b] BB LRET B &,
QOI+afxoThtyQ@>1¢,743. L htaQ=14505 JAg=bAg LB 2DT,@=m
THRURERESEV. 35225015 A— Al -0 kb depthy, I =1 &7 3 2,
Chid depthA/T=21cK¥ 3.
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Ric bt 55 G/aG-IEAITH 5 L2005, 225 (5) THAZEHAS a G 5 5B b
NBZEERER alya— G/(y+bt) BEHTHZ I LERRERNTHS. 2T hea
Eg= 0<Z‘j< gt' €ER % h=g (y+bt)g L L 3 &, h=g Y90 +bgot +bgat® + ... + bgnt" 1. ¢
BLbgoelPNb)=bl &b go€l+a —% f-ygo€l kv fe(yI+a)+I)NI=ya.
iz a/ya— G/(y+bt) B LT3,

% 72, [8, Theorem 2.3] & (I"+ a)N((b)+a) = bI*™ ' +aforall n. ch &b
PO@) =6 foralln, Th B EBEES.

¥%& 4 a(G/aG) = max{r,(I) —2,-1}.

i B = A/((b) +a) £BE B it 1 &% Cohen-Macaulay Bcd 5. A/(I + a)
b 1RwTHy, #ic htipIB=0. —%, £i& 4 ¥ b GUIB) = G/((a+ L)G + biG) T
H5h5,LIB)=17T JB » IB ® minimal reduction &1 2 & B8bh 3. X 51T,
QEMing A/(I+a) L eiif 2¢Q kv [Ag =bAg, #~T IB it BAT generically
complete intersection T & 5. ic @& 2.3 & v a(G(IB)) = max{r;5(IB)—1,0} £# b,
a(G/aG) = a(G(IB)) — 1 = max{r;p(IB) — 2,1} %18 5.

ik () =1p(B) 2RgH L. § ["MB=JI"B LfiEt+ 5. " C (JI"+
G)+a)NI ko I C I+ (b). #ic " = (JI"+ (D))NI"H = JI*. BoREEY
HrThH 5.

i 4.6 DI r=r1,;(I) &8 TR (5) » >#M»h 3 local cohomology d 52475
0— Hp(G/aG) — HZ(a) » HY(G) > H2,(G/aG) — 0

CEETS. Hi(0) R -ROAD LS GMNBETHE. bLr>285EES &b
a(G/aG) =r—-22>0Thb, yOLHMHLID a(G)=r—-2¢583. r<1o&xid
G(IB) i3 Cohen-Macaulay (e.g., &4 2.4), # -» T G/aG it Cohen-Macaulay B & 72 3.
i Hi(a) = [HY(Q)o &30 a(G)=0%18 3.0

®#%ic R © Cohen-Macaulay it > W TRRT I OHEL KOO ICT Z. THF 4.4 &
[7, Theorem 1.1] & » R @ Cohen-Macaulay iz > W TR DO E b h 3 45, SEH O 40 13
LR

ETHE 4.7 REBEHETH 3.
(1) R %5 Cohen-Macaulay Bg.

(2) G 5 Cohen-Macaulay BT, s >0, [**? = J[*+1,
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IS )
A SWU) 0 2po 3F Codlawt 4" Bt 0 b TE3,

G(A): = At , AXTT = ATXTI 0 A-B2 1R BB¥ (C ScA) rith,)
G'W: = G N $°A)

- X
JA): = { [Z‘f-t:ch)JeC'(A) ’ at e A% f(x)eALX]}

50(4)‘_: { {'ﬁcxfr)] c SCA)} JC(GIO);;(O,O)Z OJ ‘Cq 3. ’36—4)'530(14)

JMA): = TUAING°A)=TWUA)NS°4)
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ON AN AACDMZ QUESTION

(A characterization of v-domains)

KA -E WAHEEE (Ryuki Matsuda)
INUTEE RJES F (Akira Okabe)

Let D be a (commutative) integral domain with quotient field A'. Let
F(D) denote the set of nonzero fractional ideals of D and let f(D) be the
set of finitely generated members of F(D). For each A,B € F(D), we
set A:x B=A:B. For each A € F(D), weset D : A = A~! and
(A~1)"! = AY. The function on F(D) defined by A — A" is called v-
operation on D. If (AA™1)Y = D for each A€ f(D), then D is called
v-domain. If there is a set of prime ideals {P; | ¢ € I} of D such that
D =;c; Dp, and each Dp, is a valuation domain, then D is called essen-
tial domain. Anderson -Anderson-Costa-Dobbs-Mott-Zafrullah ([1]) in-
vestigated characterizations of v-domains and related properties. Among

other Theorems, they proved the following,

Theorem 1 ([1, Theorem 2]). For a domain D, the following condi-
tions are equivalent:

(1) D is a v-domin.

(2) (AY: B) = (AB~ 1Y) for all A € f(D), B € F(D).

(3) (A¥: B7') = (AB)" for all A € f(D), B € F(D).

(4) (A: BY) = (AB~ ') for all A € f(D), B € F(D).

(5) D is integrally closed and (A : B)” = (A" : BY) for all A € f(D),
B € F(D). '

Theorem 2 ([1, Theorem 7]). (1) If D is an essential domain, then
(A1 NN ALY = (A1) NN (A)
for all Ay,---,A, € f(D).
(2) If D is integrally closed and
(Alﬂ ~-ﬂAn)“ - (Al)“ﬂ ﬂ(An)U
for all Ay, -, A, € f(D), then D is a v-domain.

So, by Theorem 2 (2), an integrally closed domain D which is not

a v-domain does not satisfy
(Alﬂ "'ﬂAn)U = (Al)“ﬂ -~~ﬂ(An)“
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for some Ay,---,A, € f(D). [2, § 34, Exercise 2] presents an example of
an integrally closed domain that is not a v-domain. This raises naturally

the following,

Question ([1, p.7]). Does a v-domain D satisfy
(Ain--NA)" = (A1)’ NN (An)
for all A; € f(D)?

The aim of this report is to answer the question in the affirmative.

For the proof , we use 'Kronecker function ring’ of the v-operation.
(We may perhaps be able to prove it without using the Kronecker func-
tion ring.) But it seems to the authors that "Kronecker function ring’ is
not known much now. So we will take a little long circuit and begin with
the definition of general Kronecker function ring.

We refer [2, §32] for Kronecker function rings for domains. Also we refer
[4] for Kronecker function rings for rings.

Let R be a commutative ring (with zerodivisors). Let K be the total
quotient ring of R. A non-zerodivisor of R is called regular element of R,
and an ideal of R containing regular elements is called regular ideal. For
f € K[X], the fractional ideal of R generated by the coefficients of f is
denoted by c(f). If, for each regular element f of R[X], c(f) is a regular
ideal of R, then R is said to have property (C). If each regular ideal of R
is generated by regular elements of R, then R is called Marot ring. An
integral domain is a Marot ring with property (C). Let F(R) be the set of
nonzero fractional ideals of R and let f(R) be the set of finitely generated
members of F(R). If I — I* is a mapping of F(R) into itself with the
following properties, it is called a star-operation on R : (1) (a)* = (a) for
each regular element a of K; (2) (al)* = al* for each regular element a
of K and for each I € F(R); (3) I C I* for each I € F(R); (4) I C J
implies I* C J* for each I,J € F(R); (5) (I*)* = I* for each I € F(R).
We set (I71)~! = I" for each I € F(R). The mapping I — I of F(R)
is a star-operation. Let x be a star-operation. If (IJ)* C (IK)* implies
J* C K* for each J,K € f(R) and for each regular I € f(R), then * is
said to be e.a.b. star-operation. We set

R.={f/g]f,g € R[X] - {0}, g is regular, ¢(f)* C c¢(g)*} U {0}.
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Lemma 3 (cf. [2, (32.7)]). Let * be an e.a.b.star-operation on a Marot
ring R with property (C). Then R, is a subring of the total quotient ring
of R[X].

R, is called Kronecker function ring of R with respect to *.

Theorem 4. Let * be an e.a.b.star-operation on a Marot ring R with
property (C). Assume that (AA™!)* = R for each regular A € f(R). Then
we have

(A1N--NA)* = (A)*N---N (An)*
for all regular A; € f(R).

Proof. Let R, be the Kronecker function ring of R with respect to
. Choose elements a;1, -+, a;(;) of K such that 4; = (@i, -, ai()) R
for 1 <i<n. We set

fi=anX +apX?4 -+ aik(i)Xk(i)
for 1 < i < n. Since, for each j,a;;/fi € R«, we have A;R. = f;R. for
1<i<mn. Set hy = fi-+ fi—1fi+1- " fn, and let d(7) be the degree of h;
for 1 <1< n. We set

By 4 he X4 4 py XdM+d(2) ..o 4 g x4+ Hdn-1) o g
Since, for each j,h;/g € Ry, we have (hy,---,h,)Re = gR.. Hence we

have

(1/fiy -1/ fa)Re = (g/(f1 -+ fn)) Re
It follows

fiR O -0 frR = ((fre- fn)/9)Rx
Now let a be a regular element of K contained in
(A)* NN (Ap)* =c(fi)y n---ne(fa)
Then, since a/ f; € R, for each i, we have
a€ fiR NN foRu=((f1- - fn)/9)Ru
It follows ag/(f1 - fn) € R«. Hence we have ac(g)* C c¢(f1--- fn)*. Then
we have, for each ¢,
a € a(e(g)e(g)™)* C (clfy - Fa)elg) ™) = (el fih)e(ha)
+ote(ha))Th) C (C(fl)ﬂ “Ne(fn))* = (A1 NN Ag)
Therefore a € (41N - )* It follows
(Al)*n~--n(An)*_( N AR

Lemma 5 ([3, Theorem 5]). The following conditions are equivalent
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for a Marot ring R with property (C). (1) The v-operation on R is e.a.b.
(2) AY : AY = R for each regular 4 € f(R). (3) (AA™!)Y = R for each
regular A € f(R).

If the v-operation on R is e.a.b., then R is called v-ring.

Theorem 6. Let R be a Marot ring with property (C). Then R is a
v-ring if and only if R is integrally closed and

(AN NA) =(A1)'N---N(A4,)
for all regular A; € f(R).

Proof. The necessity follows by Theorem 4 and Lemma 5. The suffi-
ciency: Let A be a finitely generated regular ideal of R. Choose regular
elements b; such that A = (by,---,b,)R. Easily we see the following two
facts. 1  Since R is integrally closed, A: A = R. 2  For each regular
B € F(R), B" is the intersection of the principal fractional ideals of R
containing B. Now, let (z) be a principal fractional ideal of R containing
AA~Ll. Then z71A C A", so that

ol €AY A = (VA : Bb) = (P(1/6) A" = (N7 (1/b)A)”

=(A: A" =R.

Therefore R C Rz, hence (AA™!)” = R. By Lemma 5, R is a v-ring.

Corollary 7 (The answer to Question). Let D be a domain. Then
D is a v-domain if and only if D is integrally closed and
(Ain---NA)" =(A1)N---N(A4,)
for all A; € f(D).

Finally we will note a Theorem on Kronecker function rings. For the

definitions of terms we confer [4].

Theorem 8 ([4, Theorem 7])). Let R be a Marot ring with property
(C). If % is an e.a.b. star-operation on R, then the following conditions
are equivalent: (1) R is a Prufer +-multiplication ring; (2) R[X]y+ = R,;
(3) R[X]u~ is a Prufer ring; (4) R, is a regular quotient ring of R[X]; (5)
Each prime ideal of R[X ]y~ is the contraction of a prime ideal of R,; (5r)
Each regular prime ideal of R[X ]y« is the contraction of a prime ideal of
R,; (6r) Each regular prime ideal of R[X]y» is the extension of a prime
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ideal of R; (7) Each valuation overring of R, is of the form R[X]pgrixy,
where P is a prime ideal of R such that R(p) is a valuation ring of K; (8)
R, is a flat R[X]-module.
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Normal comniete local rings with miltiplicity 3 over

a field of characteristic zero are Cohen-Macanlay

Shin lkeda (iFBHEAZHT)

Let (A,m) he a Noetherian local ring and let e(A) he the miltinlicity
of A . Let us recall some results ahont the Cohen-Macaulay property of the
normal rings with smatl multinlicity.

(1) Aunmixed local rings A with e(A) =1 is regular.

(2) A comnlete normal local ring A with e(A) = 2 s Cohen-Macaulay if it con-
tains a regular local subring S such that A is a finite S-mordnle and
ranks A = 2 . In particular,A is Cohen-Macaulay if it contains a field.The
Cohen-Macaulay property of comniete norami local rings with multiplicity 2 is a
conseanence of the monomial conjecture.
(3> J. Koh constructed a non-Cohen-tacaulay complete normal local ring A with
e(Ad) = 3 such that ch(A) =0 and ch(A/m) = 3 . A Neetherian ring is normal
if and only if A satisfies S, and R, of Serre. M. Amasaki gave an examnle
of non-Coben-Macauiay Buchshaum local domain A with e(A) =3 and S, . But
his examnle is not normal and containg a field. The auther does not know it the
Cohen-Macaulay pronerty of normal local rings with multiplicity 3 is a conse-
(3> Let k bea field of ch(k) =0 and let A = k[[Y,V.Z,U.V,W11/P ,uhere
P is an ideal generated hy X3 + V3 + 73 , U8 + V3 + W8 | X2 + V2V + 720 |
XUZ + Yu2 ¢ 742 , XV - VU, XV -ZU ., W-7V. Then A is a normal ring with

e(A) = A, mt A is not Cohen-Macanlay.

plicity 3 are Cohen-Macaulay if they contain a field of characteristic 0 .
We hegin with recalling a provnerty of Jacohian ideals.
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Lemaa | . Let R be a normal ring and fOD & RIX]  be a monic noiyno-
miai. et . a he a root of f(X) = 0 in an evtension of the anotient field of R
and et R* he the normalization of Rial . Then £’(a)R* < R[a] .where

£200 = 0fOX0/dX .

Lemma 2. Let ko he a fieid with ch(k) =0 . S = k[[X,,....X,1] and £ 2
nrime element of S . Put R = S/fS . Let A he the normalization of R

and C,,n  the conductor. Then (A3€/3X(,..,8f/8X )R C Casn .

e s -

Proof. By a coardinate change, we may assime that.for i =1.2...,n,
f(ot"r(JfXE7oe--0) # 0 :

Then,hy Weierstrass nreparation theorem,there is a unit u, of S such that

uf = X 4 ay™ L+ a,
where a2, & kITX,,. ., %, _v.Xis1,--,X:1]1 . Then ,the assertion follows from Lemma

1.

The following result niays a key role in the seauel.

Lemza 3. Let % and S he the same as in Lemma 2 . Let £ he a non-nnit
and  n a arime element of S . Suppose that n divides 8f/8X, for atl

0= i = n. Then p2divides f .

Proof. let m be the maximai ideal of S and let | = mayx {i; nem'} .
By 2 coordinate change we may assume that n(0....0.X;,0,...0) = a,X;' +....,
0 # a3, &€ k. forall i . By i5§1.(R.11) .f is integral over the Jacohian
ideal (Af/3X,....,8F/8%,)S and conseanently f is integral over nS .
Since S is normal, f is an element of pS . Set f = ng .for some ¢ & S .
Then we have Af/3X; = (Aw/AN;)g + n( 8g/AX:) .

For alt i . u divides (8n/8X;)g .Since n ig a nrime element of S , b
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divires An/AaX, or g .tut the former is impossihle. Therefore f is di-

vigible hy n® .
We now state the main result of this note.

Theorem 4. Let k he a field with ch(}) =0 and A = kIx,,..,x.]1]

he a compiete normal local domain with e(A) = 3 .Then A is Cohen-Macaulay.

Proof. Let n = emh(A) , the embedding dimension of A, and m
the maximal ideal of A . Ve may assume that a = (x,,..,x4) , d = dim A ,is a
minimal reduction of m . Put S = kilv,,..,xal] . Then S is a regular local
rivig and A is a finite S-moduie such that e(A) = [O(A) I 0(S)] , wvhere 0OCA)
denotes the auotient field of an integral domian A . We may assume that v4.,
does not heiong to 0(S) . Then 0CA) = 0(S)(xasr) . Let R = SIxasyd . Then A
is the normalization of R . Let f he a defining eanation of R in SIXu..J .
Ve can write f = Xau3 + 2 Xge1? + 22Xass + 23 , for some  a,€ S .Putting
V= Yauy +2,/3 , we have y3 +ay + h =0 for some a.he S . Note that x,,..
.Xa,y form a part of a minimal set generators of m . if R = A there
is nothing to prove. Suppose tha A% R and Cae # R . Put | = Casr . Then,
I is a height | unmixed ideal of R and | N S is also a height 1 unmixed
ideal of S . Since S is factorial, | N S is a principal ideal. Let
Assg(S/1NS) = {n,S....n. St , where n; is a prine element of S . After a
change of conrdipate of S we can assume that

(5 0:€0,..,0.X;,0,..,0) £ 0 for 1S isr, 1

1A

Cm

i
2

Claim1. P e Ass(R/1) , PN S=pS = p la and pnZlh.

The discriminant. d4a® + 2762 of £(V) bhelongs to | ,so, nl4a® + 27h% . Then
the image of f(V) in 0(S/nS)[Y] has a miattinle root and it is reducihie. It
is easy to see that f(Y) = (¥ - o)2(Y + 2a) mod (n) , for some o € S.¢
Hence
(ki) (v - o)y +2a) € PR .
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Cage 1. v + 20 €& PR.c .

Supmoge v - o & PR.c . Then hoth o and v belong to PR.s . It follows
that a .h & nS . By Lemia 2 , (Fa/8XN;)y + Aw/AX, & P forall i
and hence nl @h/AaX; for all i . Ry Lemma 3. we have n%ih . Supnose that

v - o € PR.c . But.in this case PRz = (y + 20, n)R.s . By (i) ,ve get

0Q

v+ 20 & oR,c . This shows that Ro is a DVR.which is imnossiblie.hecanse

Sunnose that Aa/adY, & P Ffor i = i,2...,d . Since  Fa/0X;y + ob/AX,

sV

helongs to P for i = 1.2...,d , by Lemma 2 .ve get  Ah/3X, &€ P for

i = 1.2,...0 . Thig impiies that p2!lh ,hy Lemma 3 . So,we may assume that

Aa/dX, & P . tet a, = Aa/dX, and hy = Ah/3X%, . Then, y - a an

v + hy/a, belong to P and ve have a + hy/a, € PR.c . Therefore,ve get

(4%) FVY = (¥ + by /a,)2(Y - 2h/a) mod (p) .

Let yy.Va.¥s be the roots of f(VY in an algehraic extension of 0(S) .
Then we can identify R with Sly,] . Let R* = Slyi.ve,val - R¥ isa finite
modinie over R . Let PX he a orime ideal of R* such that P = P¥XNR . By
Case 1 ,we may assume that vy, - 2h,/a, & P*R*,¢ for i =1,2.3 . By (%),
we get v, + h,/a, & P*R¥,¢ for i =1.2,3 . Since y: +ys+tys = 0.
we get h,/a, € P*R*_o and we have h,,a, € P*R*.c N S.s = nSps . Therefore.
hy € pS . a, &P and a,y+h, € P imnly that vy & P . From
vi4tay+h=0 . veget b &P and nlh.
Pyt h = us for some s € S . Then hy, = ( An/A3X)s + n( 5/ 3Xy)
Since plh, .we get nis(An/aX,) . By (¥) , ve get pnls . Therefore pZz | h
and this comnletes the proof of the claim.

Now, (V) can he written in the form

£V = V3 + ca¥ + c2h

viere a.h,c are elements of S wnich satisfy the following conditions:

() 1f P e Ass(R/1D) and S =P NS then plc .
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(?) There is no prime element p of S such that nZlc .
(3) There is no prime element p of S such that pia ,nlh andnlc .
In fact, (1) is a conseauence of Claim 1 . SHPH6$€ that (2) or (3) does not
hoiri. Then,for some a2’ , b’ & S we have y2 + n%a’y + p3h’ = 0 . Since A
is the normaiization of R ,we get y/n € A . This imnlies that

Y € (xy,..,xa)h

which is impossible.because  xy,..,xa,y form a part of a minimal set generators

H

of m . Putting 2z = he/y ,we get:

(4 3+ acy + he2 =0,

(3} 22+az+hy=0,

(M y*+ac+cez=0.

Let B =Sly.2] and B’ = S[V.Z1/(Y2 + ac + cZ,YZ - hc,Z2 + aZ + hY) ,uhere
V, Z are indeterminates over § . There is a natural surjection ¢ @ R — B .
let x = xy,--..x¢ . Then it is easy to see that
3=ely ;B <elx;R) = I(B/xR’) =3.
Therefore, B’ is Cohen-Macaulay. Since e(x ; B) =e(x ; B’) , dim kergp < d

and it foliows that kere = (0) . Hence B s Cohen-Macaulay.

Claim 2. B is normal.

Clearly.this comnletes the nroof of Theorem 4. In order to prove the claim,it is
enoiigh to show that Bo is a DVR for any height 1 nrime ideal P of B . ;
If | is not contained in P we have Bo = Ap . We may assume that P con-

tains | and 3y2 +ac & P . let p he a prime element of S such that

S = PNS . Then,ue have nlc hy (1) .Therefore y € P . By (5), we get

2(z + a)E P .

Case |. 2z ,2+2a € P .

In this case, P = (z,y,n)B and pla . By (5),ue get z € yBo .By (2) and (B),

we get n € zBo . Hence, PBo = 2B,
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Case Il. 2z € P, z24+a &P
In this case, P = (y,z.p) and a € pS .By. (5), ve get 2 € yBo Ry () and (7)
we get. p & yRo .Hence. PBp = yvBp .

-

Case I1l. 242 &P 7 &P .

In this case, P = (z + a,y.p) .By (5).ve get 2z +2a € yRo and hy (R), y € pBo

shecause nfc . Hence, PRo = pBe .
In any case, Be is a DVR,as ciaimed.

Corollary 5. Let R = kiIX,,..;X,11 be a formal nower series ring over a.
field k with ch(k} =0 . Let L be a Galois extension of 0(R) whose Galois
groun is isomorphic  to the symmetric groun Sz of degree 3 . Then the integral

closure of R in L is Cohen-Macaulay.

Proof. Let A be the integral closure of R in L. Let HWand K he
the suhgrouns of Sz generated by (12) and (123) ,respectively. Then the
invariant subrings A" and  AX are normal. e(X ; A") = [0CAM) : 0(R)] = 3
and e(X 5 AY) = [OGA%) @ 0(R)] = 2 ,where X = (X,,..,X,) . Therefore, A"
and A" are local rings vhose miitinlicities are at most 3 . By Theorem 4, they
are Cohen-Macaulay. Sz acts on A/XA and hence we can regard it as a linear re-
presentation of Sz over k . let ( py Vi), i =1,2.3, he irreducihle re-
presentation of Sz given hy p,(x) =1 , pa(x) = sgnx for all x&€ S; ,
and

032y = -e, , pa({12es = ey +ea , pa((23)e, = e, + e, ,
pa((93ey = -e5
where e, ;e; is a hasis of Vs . Then,as a linear representation of Sz. A/XA
is eaqnivalent to a divect sum of V,,.V,,V3 . Let n, ; N , nz he the milti-
plicity of V,, Vo , V3 in A/XA ,respectively. Since A" (resn. AX ) isa

divect summand of A as A" (resp. AX)-module,ve get (A/XA)M = AM/XAH and

(A/XAYX = A%/XA¥ . Since R is the invariant subring of A with respect to
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Sz ,we have ny =1 . It is easy to verify that dim, V,* = 0, dim, Vo5 =1,

dime Va® =1, dim, V¥ =0 . From TCA"/XA") = 3 and  1(AK/XA%) = 2 ,ve get

ne =1 and ng =2 . ICA/XA) = ny + np 4 2ng =B =e(X ; A) . Thus, A is

Cohen-tacaulay.
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IERAHRELERRORXRXERK

WALAZmER  GHEM

FF X

XX +Eo Y —BHR31 0ELULRKITIVIF—¢,22 77—V ViLk-oTEASX
nNIfHENIALERTEH B [GM2],

X 2 EHRBEERTERE 3 C LOEHREBHETT 2201 8 ET 3,
X DRz TORXFEn Y -—HOEBENRERBHI200EIDRRETS % 45,
RDELIICEDBOMBBEHEEDbN S,

n:=dimX & L. p=(p(2),p(4), -, p(2n—2)) % perversity % » p(2) =0
Poi=12-,n=-220Tp(2%) <p2i+2) <p(2)+2 EHLTEINE T
50 X ® C LoRXHEIC,(X) ([GM2, 2.1] BH) i p i p(2n) 28T 5
LIREDERESNZH p(2n) OEMBBEKELTVSEOR X OHHEIAMETOREREN
RREEROT X *z OBYREFTEESHRASZ Ltk ICL(X \ {z}) &
p2n) KK SBWEREHKZ, cot &, HuiclEprsi: X\ {z}>X TD
JEfg F* = Ri,ICH(X \{z}) ® z ToEXoZarzru - H(F) R Q LHR
RIEDO~X7 PVERBTIie[-2n, -1 DA TR {0} £10%, Ox, 2 z € X DR
MELRREOBFRET 2, X Oz OEFETOMENLEER CREELTD
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BFROx, TREZBDT, KI€Z LDPVT
IHP(Ox,c) = H™'(F})

EEHT B, [GM2,2.1] TREMRX % T V- IHP(X, X \ {z}) BE&RESh TV
B0
IHP(Ox.) = IHP(X, X \ {z}) > 2n—p(2n)

BELDILD, i < 2n—p(2n) OBE R [HP(X, X\ {z}) = {0} T& 2 45 ([GM2, 2.4]
£1) IHP(Ox.) B & 5 ERB 572V m(i) :=i—1 TE#H & ©1 5 middle perversity
m 2%t LT 2 > D perversities p,q % p+q=2m %3 &9 5 LWHEER I
&0 IHP(Ox,) & THY 41 i(Oxe) REWVIHHE Q <7 P VEMENR 3,

AR, HHNLBARERBROT—HROER C BRI L TRX+Er V- %2R
Byt d s Cc L dRBEEEbN B,

TRz B =)y 7 BHEDO -5 2OEATORERDOBE. SVWHRA
N Ox, B 3ERTBREBBOBFRBRAFTricL2RAALTH 2B/ &IK>
WT. [HP(Ox,) ORBBZERETE S0

COEINRARHLZELEM Np OFESABEICHIET 5. MREL TR,
Nq OABRMEOBFRERRBIT EMBE» 52252 FREESOMED S5 —
BHIEED., 20 axT o y—HIcL)BRRRORX v V-HBEEREL S
(£ 3.1 BH),

FHE LT [BBD] 0o—mEHELTVWERTH 225, ARKRK EOREKS
EMBEVIFEBIRa vy PTRENBAFTY —DHBATRX s T Y—0H
mBEHAEhTVWBEMICERLTHE LW,

BB, COFEDOFMIT (3] 2BBLTTFE W,
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1 SIERBLOXEBAT EME

rEHTROVERELN LM 2HEVICWERERr ocHHZMBEEL T3, &
o, BRRXZ LoWN1REZ(,): MxN —Z RUZTOIREKRTHZ R Lo
W1KE/(,): Mg x Np — R »85h 3,

CITW Np o BFiclioRVWRoMNERSAMEET 5, 20,
o3 N 0ObsHBRBIES {n, --,n,} iK&De=Rony +---+Ron, & FF.
Ldbon(—c)={0} £->TW3, FAKT» SR BH#E {0} 20 &<,

Sk 0 C Np icxfLT N(o) := NN (o +(—0)) LB #>T N(o)r &
o+ (—0) C Np icHE LV, ¥ ot = {z € MR ; (z,a) = 0,Va € o} RV
Mlo]l:=MnNot LEDH S, TDH N(o)p C Nr & M[o]Jp C Mg R EEEOW 1 &K
BERICSOWTHWIHRHZERIZZ > TWa,

A% QLOARRB A Ng LA 2N Mg &9 30 A" i Al:= N'Mq &
LOBHEORKMIZETEH A Aii=A"Nqg TREEEET 3,

Np Dtttk o i3t LT A(0) := A N(o)q RV A*[0] := A" Mo]q EEHT 5,
Mo, ThZEh A & A* OFKREBD QRETH 3,

Cr2A$7l3. 53020 TD A(c) £ LGM(C) 2BREKRKE> & C M
BonsaY)—E35, BLERRRBBZOFRERBL T3, 1k V € GM(C)

X pg€Z RUBRITaeCpz eV, icx¥L T
za = (—1)"azx

BHMFRTHAIMBEEZ>-TVWEEEL SN D,
RZMF D: GM(C) - GM(C) 2 RD LS IKERT %,
C=A0Dt&Rc=rT.C=Ac) D, &iFXc:=dimo &%, CD&L &
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Cc~Q ThHaH., ChERE->% QMBELELV eGM(C) kLT
D(V) := Homgq(V, C-.)
EEHT B, L. D(V) 0L C MBOHERV 0F C MBOBE, S| &i2c

ahsbnLd 3,

BEcHBEROBEIR D(V) 0t C MBOBERYV OKE C MBOBED 58
SN bDERRN L, Q ~7 FVEMELTOHARRER ¢: V — DDV)) b
cBPBPOEERCHEBTRVOT, CO&HRIFEMNZ C AR E LT (-1)y:
Vi » D(D(V)); DBERIAEZ 5,

D »%2MFTCHh2LhoROBELEE 2, CHRVUKNEREOEALLZ b
DTH3,

WA 1.1V 2 GM(C) oFERBEGKET S, CnE&peZ cxlLT
HP(D(V*)) = D(H?(V*))
BEYILDo HiT pgeZ it T
dim H?(D(V*)) = dim H™?(V*)_,—.

BEL D IL D,

V EGM(A(0)) KHLT Vyi=V ®am) A EERT 50 Vy i GM(A) OXHZ
L1850 T/ Np Dtttk o,p B o <p THB L&V € GM(0) X LT Vy, =
V ®a@) Alp) EEDH B, COELEV € GM(A(0)) ket LT D(V,) = D(V)4 R U
D(Vae)) = D(V) ap) #BRY L0

(V*,di) 2 GM(C) OMBOBRBEE LV i= @z V) 2 V' OB &+
o4, j€EZ KHLT d ORY j OEFREAE Y Vi > ViH &4 5, BNk
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NS 2

LTV ORMA & THUIN gty V* %

Vi if i+j<k
gtar Vi = Kerd” if i+j=k
{0} i i4j>k

TERSOS V' OWMAWHE. L RKM & LH N gtV %

{0} if i+j<k
gt>* V= 1{ Cokerdi™ if i+j=k.
1% if i+j5>k

J
TERSN D V' OFEE LT 2. C PRCKRBEMT ST LD S gt V*
& gtk Ve it GM(C) o KRk L35,
ERLVHES h i

HP(V*), forp+¢<k

Hp(gtgk V)=
{0} forp+g>k
kU
0 forp+¢g<k
HP (g4 V), = {o} pt+g
HP(V®)y forp+g2>k
MDD,

2 BLOSBEME

N ¥ r oHH Z MHE <5225, REN -5 2Ty :=C*®N i (C*)
ERIATH 50

Ty 2BBREHREL LTEL. Lo b Ty BREWIEAL TV 3 ERREE
BRikz Iy b —32&EFT2 PV v 7FHREEV I,
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F=Y Y 72REBEO—KKHIKOVTIH[O] EBELTESLZVH, Rich~x3E
BEERREE R T,

Np O$GDOETIRVES A BROFKMERE T, BEIFEh 3,

(1) peho<p=>0oeA

(2o, reA=>o0nT<0,7

AxZHRRBRET 3,

Bo€eAiHLTGM(A(0) BT —~LETHH., ChorTRTHSEE
LTaUmEE GEM(A) 2RO E S ICERT 5,

GEM(A) oxigi3 L(o) € GM(A(0)) ®o € A k2 WTOHEE v [ = (L(o))
T -Hf LK Ro<pTHBITXTOM(0,p) EAXAKDVWTOD Ao) %
BIE for,: L(o) = K(p) DEED f=(f,,) £F 36

pEADTET S, [L€GEM(A) it LT

(L) = @ L(o)ap
c€F(p)
kU
i(L) := L(p)

EEHRT B LIk HEBETF

i : GEM(A) — GM(A(p))

i, : GEM(A) — GM(A(p))

BRONWZ, ChoOBFRUMHZEM LOBoBATHVONZ bDDHELTH 3
([BBD, 1.4] &),
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A\{0} »5 Z ~DEBE% A ® perversity LIE3T Lt B, T Tk [GM2]
THEALSHTWV S &) HEMFIRD T2V, middle perversity i3 2 D it A\ {0}

THEICF LIS perversity TH 3,

EH 2.1 p % A D perversity L5, CO& &, ROKH%H 24 GEM(A)
To¥itkicy(A) BEET o

(1) icp(0) =Q »2 i # 0 kX Licj(0) = {0} &3,

(2) $TD g € A\{0} I22WT gy, inlicy(A)) RIFWKRTH 3,

(3) $RTD g € A\{0} D WT glyp(yinlicy(D)) RIEBWKTH 3,

CCTHESERRER IFE 0 O —HBITRTCRBICLBIETEH S,

(#KE] A={0} THNEEFERHSH»TH %, > TRVWIBARBBR LR
DEHETEA LD, icp(A\ {r}) I TEEHRSNTL B LRELTich(A) %
fERIL & W,

GM(A(w)) To®#E V* %

V= (g (A {=})[-1]

EERT D, CIT[-1]| BEAEBIK1I >y 7 b5 ExEKL, BRIEARZR
—1fELicbOTEEMASNDS, TLT

icp(m) == gtZP(M+L e

LBVT. Hi€Z OV Ticy(A) —icy (A) #HRIERT 5 Licy(A) BB S
N5,

—MXDONEEM L ORXEEBZEEOIER LV EZRVRLITE > THKEH 3
(IGM2, 3.1] % #14 [BBD, Prop.2.1.11] £#). LD ic)(A) OHRKER. O Ko
V—=a2lkk2b00HLUTEH 3,
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FHEO ic)(A) R—BEHTRT VS, LTOBRECHK> THREbOIR—EN
THBo . ich(A) REAHEED Q LOHBKT~7 b VERMEBBEEH
5750T, HREOHEER CERERINRTH 5, f->T. R LEkos
PRVWIBSRFERCLINELAELEDA S,

3 MBEHRXXBEHERXRXFERS —

T % NR OBRRRITOED r RuuOMEET 5, EFREHR QM NaY] kM1
DOERBRKAFTNVQMN (7Y \{0)} 220 Z 2774 v =V v 7 BHik
SpecQIM NVl &Lz 2ZDBRKAFTVicHIET B/HET B,

COBFER A:=F(r)\{r} 2EXLhiT LV,

X:=2®qC &L R(n) := Ox, £33 &. BHlicB~i&>ic R(r) @
XX+ w8 IHP(R(r) & i € Z it LTER&E N B, perversity p =
(p(2),p(4), - ,p(2r=2)) e L. A IE>2WT DRI LEZE D perversity p & o €
A\ {0} i3t L p(0) := p(2codima) — codimo + 1 TEHT 5o

EH 3.1 £&ED perversity p = (p(2),p(4),---,p(2r—2)) e L T

IHP(R(7)) = €D HP(iicy(F () \ {r})),

ptq=r—i

&2 5,

. EE 2L 0 icy(A) R—BITREVA, BUF K & 5F iticy(F(r)\{r})
RAMBOWEE LTHARTS 3,
CORER. FXTBAL RLICHX \ {z}) HKO & > cREM K TE 3

lEPSEON B,
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V483 0€F(r) 20 To GM(A(e)) BT 3MEEE T 5o m € Mlo] i
LT, R E Q<2 b VEMV, CEEOEE (V4,dm) EROLI AN,

BicZ LT (Vo) = (Va)i £BLo A=A Nq RU A" =\"Mq T
Botoh b, A RBENBEICLY A" MBELELONDS, SHK A* OB RE
Afo] & A OBEHREK A(s) © A ~NDE»PSOHERARTARTH B EHREN
2DTVy =V Quo A BREM & A*[o] MBLT B0 m E M[o] & A*[o] DK
H1DTETHBEDT, Vg ~OELS>OIEMAE dm) tEFE. &i€Z L
d(m)((Va)) C (Va)*! 72 Bo $fc. mAm=0TH 255 dm)*=0TH 2,

S(r)=QIMNn'] LEo &meMnrY EHIET 3 S(r) OE e(m) & &
(&itd b0 2%FD

S = @ Qe(m)
meMnrY
kDo $1. BoeF(n) RHLT P(o) %477 v QMN(x"\ot)] C S(n)
EF 3, S(mo) RKRE S(n)/P(o) £F 50 meMnm'Not L2VWTD e(m)
® S(m;0) ~DBER LIRS e(m) THDTo H-T
Sma)= @ Qe(m)

meMnrVnotd
L&Y Do
2 TH i H L TAG (V) = S(mp) ®q (Vy) LE&

meM[p]nrY

DM ~DREMFEO>VTHFRBERMEAR dy ETOKRHm € Mpln =¥ iwxt
+ BRI B 1qe(m) @ d(m) EBB &S CERT Bo |
GEM(F(r)) KB¥ 5 L o3 L T Asn(L) EMFOBEMELT

Asm(L)' = €D Agm(L(0)"
o€F(r)
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LRERT Do
GEM(F (7)) TO®ER f: [ - K et LT, 3BT 2 8k BEREIBIA g (f) :
Aser)(L) = Asn(K)* 2ROBICERT 5o
o,p € F(r) iexd4 5 (o,p) B
Asm(f) - Asn (L) — Asiy(K)*
ll I

$o€F(1r) Ag(")(L(O')). @peF(r) A;(W)(I((p)).
Zo<p DBEGREARLTLH

Ag(w)(L(U))' - Ag(r)(L(a)). ®s(r0) S(m;p) = Ag(r)(L(a)A(P)).

Ls(rio) ® (for0)a : Moy (L(0) a())” —> Ay (K (p))"
DEREBREL. ThUARBER LT 3,
L* % GEM(F(r)) COMKET 5 Ehgmy(L*) B2 EMEER B, < huic (1B
L7 B E Asony(L)® S8 T Eicd Bo
CDEE, ROFEEBBOSN S,

EE 3.2 Agin(icp(F(m)\ {0}))* & S(w) B DKL, BELERIEARIIKEEKL
DWAEAFR LT >T VB, ZLT, €D X =SpecS(m)®q C ~D5l &R L %M
MBOWKEEAI DR RiLICL(X \{z}) ¢RERTH 3,

EH 31 BCOEEE 2 EREAsq)(icp(F(7) \ {0}))'®qC Dz € X ~DHl
BEAS arich (F(m)\{0})®qC ieFLnweehoBohsd, HL. B oW EEER
AMBORBfMFTIcLBbDOTHD, TOBERIEAR I, BEERTH 3,

FBIATERLAHEFD BRXF T V-—HOMHERLEEBEVS, FEH

HMicnszocooTcRIh B~ W,
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0 -IRICHHE 2+ — & TR % W\ { 2D DR

&=
EHEAY: BN BHEHE

1

Castelnuovo it . HEHMBOHEHYIM L LTESOQIHAROERELGOHEEZEEREL
T. HBOHEDPABORBEERBEH L ICHT 2 RERERL. S5 RESKILOBE®:
LB L ([6] @ chapter IIT i LW EHEINTVE)o & h—fikic., RREMA
K EFoFRE (Fic C-ME1) o graded 7z Betti 3% Hilbert Bi%k & 5 iz 13 Poisncore
| A ERT LB, 5XoNnB% linear REAIFICE->T1 RTOBFRBICHTESE
5IEN. LELEAENTH 20

Shickn, 0-REHER+— 4 (B, 1 RTC-MAKR) thEES SHHBRCX
3 “ER"2EHT. RABHEMBITEDLOIR TV 5,

Elsenbud-Harris ([2]) 2. reduced T4\ 0 -IRTTHE 2 + — 2 2R L. % h b reduced
KBS cREoNEho MBI ZR KA. dHNTEETH S “Castelnuovo ® ¥ifa”
(512 L o BB M OB A, rational normal curve it &g h 3 D OBBERSIEHES
2% bonT. reduced f&i‘%élctiﬁﬂﬂlzi&h) H. reduced TR VWAL TDOFEKD
Y oTWwW3Z &%R L ([2,Theorem 2.1 % ¥ [3], Theorem 2.2), % ®FEH i3 reduced
KOS M TR (. B 53 Hilbert 2 # — 4 % {fi - T reduced BIBE&OBMBE & 23
RMETIL->TWA,

ARSCE . oM WEIR O BTN %l - 2 SER M IV REY 2 A &Sk
CTHVWHARBEEELTEONIROEREMBNT 2 (BB0ERF R KEIZEM),

s 1. X C P % uniform 1B 349 L b reduced TRIZ W0 -IRTHE 2
$—nEdBo CO, degX >2r +2+dmo Hx(2) =2r+d 5. X i dR5T
rational normal scroll ic&F h 35,

tos®EicsWwT X 2reduced& L, > degX >2r+1+2d Lt BEHFA b D (2
$0. ZADOEEIVPPBVEOLD) R, HHNEHEKMO—RELLTHADE
ChoHbhTWES LW (2o ToiEHiZ [6] Proposition 3.19. 2R £).

AT, DUEEEZEAT. X O reduced 2 RE L LT, T OEFRD graded
72 BettiBicoWTEEL. ([ wd<x>nTWwBE TD) linear sygyzy T, EFR
OEEMBIR>VWTIR RV L->TWBIEERT. COMROBITPEL LT, HEZE
MEDABAED Np &MicB+ 5 Green-Lazarsferd D ® ( [5]) F%2H¥ <o
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2 EFLER

ARZEBBLTUTORSEAV 3,

ko EEERO R K,

V kEDr+1®&RmxT~2 P VER (120 r>2),

S:=symV kLo r+1Z¥o5HAR,

P’ :=ProjS kLo r®RxHEER.

XcP 0-RITHE R+ — 4,

R X 0oARAREHER (REABTR., FREEREEA L depthBEO b0 %HT),

wr = Ext(R,S(—r—1)) R o graded 2 Z# e,

51, M % graded THRAER SMBEE Uiz &, Hy :n— dimg M, 2 M o Hilbert
¥, Bi;(M) = dimy Tor;(k, M); 2 M ® graded 7z Betti¥( &+ %, 7. Hr % Hy &
#<o

Rb wpdb. 1R C-MTH35, wp DHHBEELT RO bDONBEAN, Chdits
T . graded ring @ local duality » & @B icZFHTE 3,

A 2.

(DEED n€Z it>WT Hyp(n) =deg X — Hx(—n)

(2 E&ED 4,7 €Z it >WThij(R) = Brzipr1-i(wr)

BY %2 Xo@Rzr+—4a, REY OBERET 2, OB, BRI wp < wy
BEET 3,

BBLESC, 0-REHE R+ -~ 20 BANTHEEL W20 8BNT 3,

EF. O0-RuHPH R+ — 4 X CP" H linearly general i@ icd 2 L1z, FEOR
F2F—sYCX el Hy(1) =min{r + 1,degY} BRI LTWB & T 3,

X 7% reduced K& . L OFEHH linearly general &\ 5 S EE b o fBH 5 5 B4 ] 1y
BHEXERLTWE CLBHOHTH S5, —H. degX =r+2 4 3 reduced T\
0-Kxx2+—4 XCP T, ThHHI linearly general th 3ic b hbbod. X i© &
e —RE EDRIAMTIIMA T d 24k L LTI linearly general ic 73 & 720 & D KK T &
50T, reduced WP AL ZITRVWIBEETR PRVKEREVGS B2 LITH 2, T
¥. reduced THVWEBESIK—BILLTELZ2—>0EHE T %, Eisenbud 507 1 — 7
3. “ribbon” &L IFiIEH % reduced TRAUVWHBRHEHBEOWEETF-TED., choM
FHYVKELTHEOSNSE 0-RTA+—4H, LIZFERLAEKTO linearly general iz i3
Wo>Td, —M%icid reduced it TERVWHFI & 3,

EH. 0-RTHH 2+ —4 X C P % Caylay-Bacharach ©& 5 & i3, degY =
deg X -1 2 EEOHA 2+ — 2 &, FHEOEH nicxf L. Hy(n) = min{Hx(n),degY}
BERDIL>TWBIETH 5,
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EE. 0-Rufi¥zr+—4 X CP » uniform BRT@ich 2 &ix. X BRI (4
Bbb, Hx(1)=r+1) ThH-T. BEh> FEOBH R+ -2 Y CX & FHEORY
nicx LT, Hy(n) =min{Hx(n),degY} BRI LTVWB C ETH 30

X C P % uniform 2 & 0. X it Caylay Bachalach © & b . linearly general
BUBICHEERPASHTHS 5, Harris 13, k 0¥ A 0 084, $HEZRic non
degenerate iz 18 %A ¥ ©u#z ( reduced > irreducible 73) O —oBERIC L 2 UM
b uniform 21 EicH % (reduced 1) 0-RTLAF~ LB B EEEWNLTVE, C
NiIZk->7T 0-RITHEE 2+ — 425, homogeneous C-M domain @ Hilbert 3% % o B
RicELT, AHBRBB0EIDOTH 3,

Bif. MKreuzer i3, ECE&H LA 0-RHE X+ —20lEIzL T, EENE Wp D
SEETHRIIERTES I LERL, HOBREDI B, AR CHEMIOBKDbDT
b3,

E#  ox = max{n|Hx(n) < deg X} = —min{n|H,,(n) > 0}

EE A ( Kreuzer [7]) X %% linearly general it Bic s hid, F&D 0£z€ S, =
V,0# y € (WR)ooy XL 2y # 0 TH2 (ZOLS> NS, multiplication map
V ® (WR)-ox = (WR)=ox+1 #5 “l-generic” T B3 &EE5)0 & 5ic. X # uniform % Ay
CEhiE, FBO n<ox H LT, Ry ® (WR)-ox — (WR)—ox+n & l-generic T 3,

RIS - 7oA, “rational normal scroll” R t¥ Ch & FERBEE R &5 “scroll BT
P wowTi, CCTRATIRBERVOT, [1]. [6]2BEahi v,

3 SEH 1. O

F9.deg X =2r+24dELTEVCEESE S, EE. Y C X % degY =2r+2+d
BEMARF—LETBE (5, FRREFKLELTVIZDOT CO0X3R Y RUTFHE
3 %5). X O uniform 2 5 Hy(2) = Hx(2) =2r+d. 239 X OFHA FT7 L &
Y OFRA 571z, 2RAD0ETATIR —HKLTW3, —%. rational normal scroll
DERATFTN R, 2KRATERINTVBEDT. Y » d-’&kT rational normal scroll
KEENBEEREREFESD (Y & uniform BRI BIcs 2 ticdEE) o LoT LUk
deg X =2r+2+4+d &4 3, '

T T BV OBE, 01,00 % (WR)20BEE L mij = zi05 EB <o M it (wr)
DITERSIEH2 (r+1)x2ROFFITH2H5, EHA»S. 1] 0BKTO “l-generic 7%
fI917 K> TWBo & T BM, nX2RD l-generic 75175 13, HEZ > $ < B~ scroll
HoigiiciasEnHsnTws (Eisenbud (1] )e &5k 0BA. M OS2 ki
5V oORMBEMORTIE Hop(—1) =deg X —(r+1) =r+14+dLUFTTH2h o, Miz d
(S RO scroll BiFFI L ii 5, EVWBA NI, 538HFNI0<ap<a; < <a =r+1
(IR IUTOARY) B5-T. V & (wp)-; OBREZEYICREE I, 0, < Vi < g,
1<SVi<liz20WT, mig=mi11 2% D Ti0p =Ti1101 BRDIL> LS TE 3,
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ST, VOrERSEST S scroll BAFH M 2LUFOX S5 cERT 3 o

Tag+1 ZTag42 *°* Tgy-1 | Tay41 ' Tay—1 | o Tyg

M = | |

Tag+2 Tag+3 "*° ZTg | Tai+2 " Ta | Iy
CU)B#'}\ IQ(M')'(LUR)_2=0 &rci%o %I%\

(Zs417¢ — T,Tet1) " 04

= T,415¢00) — Z4(Teg101)

= Ts41T¢Q1 — zs(thZ)

= Ty41T¢01 — It(l‘,az)

= Ty41T¢01 — zt($s+1al) =0,

(ai-1<Vs<ai,aj <Vt <a;, 1<V4,j <)
THY . FARIZLT (2412t = 2,2e41) 02 =0 bR B, & T 545, multiplication map
Ry ® (wr)-2 = (wr)o 12 #1320 l-generic TH2h 5. L(M) i3 X OFHEAFT 1 icE
Fh b, [H(M') it d (< d) -kt rational normal scroll DEH A ¥ 7 A TH 3, O

EE. X CP s linearly general T hi¥, ( X #5 reduced THWEBETH) Hx(n) >
min{nr +1,deg X} BEBDO n€Z koW TRV I > ERBHSONTVWBEDT ( 2h. E
DEHILBEWT d=10B i3, “uniform” & W5 &% “linearly general” i2§§% T & \»
CENRP B, 2% D, [2 Theorem 2.2] UK~ D EEOBH BB A TS 3, [3, Theorem
21] b LW ERMIC LTRE 3,

4 wp & Linear sygyzy T

Linear sygyzy F#8 ( Eisenbud-Koh-Stilman [4]) M = ®Dn>0 My, % . multiplication
map S; @ My — My 5 l-generic Th 3 & 5> REMARKKT S SMEEL 42, C DB,
Vi > dimg Mo o3t LTBii(M)=0Th 2% 5,

COFMDEERIZ. X »reduced BEE (oFn. P OEREOHADBE). wp i
BIL T ( LoF T ) linear sygyzy FHEBHILLT VB ETH 3,

EH 3 XCP 2HREOCHALT 2, < 0B, multiplication map V® (wr)-oy —
(WR)-ox+1 %5 l-generic T H i, (#ic. X #s linearly general 7 £ & ic & hi%) TR
d > IL‘,R(-U)() = degX - HX(UX) XL T, ﬁi,i—o’x(w) = ﬁr—i,r—i+l+ax(R) =0

ROFMEEHET 3,
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4 XCP 2HRECHA. P2 X CBI3E80—m.p% A Picxind
5 SOEFXRFAFT N, R A2 X\POEERET S, SO, ROTRXFINEE (11
Lni3@ida8HeEd s,

0 - wp = wr — (S/p)(n) =0

W — e, FTEO0-RTHEA+ - YCP L2032+ —6 ZCY icxdl.
0< Hy(n) — Hz(n) <degY —degZ B FEDO n€Z itoWTHKRILTWS ZLiciEHEo
toT COBAE.ICR%E2 R=R/INZA4FT7T1VETBE. FEONELILOVT
H(n)<1Ths, &5t I 131 %t C-M S-module ©&H 5 &H»m 5. ik S-module
ELT 1AL THERENT VB I ESBIP S, —H.pEAssRhroDpgAssR Th 3
o pEAssI(bbAA [ %8I3 S-module ERTWS), Hi(n)<1&&45bETERX
nid, BYTBE mBEELT. = (S/p)(m) £S5 EBEBR WV,

X-T, 0= (S/p)(m) = R— R — 0 (exact) £33, C D5ELF D Extl(,S(-r-1))
rEhiE, KRB 3RLFINBL0 D,

FH 3. ofFEH: £ 9. X % Caylay-Bachalach & LT W I E2E S, EE. X 04 %
F—AY (Y OFERE%E R £33) Th->T (Wa)-ox = (WR)=ox EBBLIBEDDS
LT, degY BB/NBHDOEUDTY LBL, CDOB. HE 2. » 5 Y i3 Caylay-Bachalach
TH 2. 1. S; =V OFED nonzero element z it X L 7 (wp)-ox = T (WR)=ox # 0
TH 506, Y it IBILe &5 wp © linear sygyzy i V & (wg)-ox @ multiplication
DHILE>TEEZDTH BM. (WR)-0x = (WR)-0oy THBM 5. (wg) & wp D linear
sygyzy WEIL D TH %o & »T. L% X % Caylay-Bachalach L {RE T 3,

Pxr Xo—pg&lL,. X\PoEiER%:Y R ¢£%<{, X o Caylay-Bachalach #£» 5
H,(—0x) = Hop(—0x) —1op % P 2FERT S S OBFREATFTTNVET B0 P
D k-7 P VEBELTOREK 21,22,-+,2, &V, SSRIHEERLT V 0HE
To,T1, Ty G B0 EMRICL T, (WR)-ox PEBE y1,Y2, ", Yn1 LD, ChEER
LC (WR)—ox DEE Yo,¥1, " "1 Yn-1 21850 WELD (wr 1) =p KD S, ziy; § wn
ThHor-DOLERARMBER =02 j=0Th5, Hic., Lajzy; =0=>a00=0,

LI, EEOXE.E n=H,(—ox) B4 2RMETIEYRE S 5, linear sygyzy 25 %
TWBOEDP S, Panox(wr) =0 E Sx 1T Z 4.

n=1o0KiHES» ( multiplication map V ® (Wr)—sx — (WR)=0ox+1 ZHH),

n > 2 O, Pun-ox(wr) # 0 725X Kosuzul complex @ non-zero cycle 0 # f €
A"V ® (WR)—oy MENDB, ST, BEEHR A"V AV 2 UTFTOLSED 2,

2=z, Az, Ao Az, (3 <6< - <1y,) kXL

gy Ao Ag, if =0

M”={o if i #0

Eoic, @:=0Qid: A"V ® (Wr)-oy = A" WV @ (WR)-0y &BLo RI¥OEEE f A8
cycde dETH B Eb S, Y(f) € AW R (Wr)-ox ~ B2 ®'(f) 13 Kosuzul complex ©
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n—1Q&D cycle T2 &8P B, —H. EE»S Kerd = A"p1 ® (WR)—o40 £ T A
. X iz reduced v > FEBIERDO T, P(f) £0 &L L TE Vo &> T Pacin-1-0x(wr) #0
ER-T. X\pikBILT BRREDOREICT o o

ChoRBHBBEELT, RO EMBKDILD.

% 5. (Green-Lazarsfeld [5]) X CP™ %, degX =2r+1—p 72 % linearly general 73
MBS ERBEOMES LT 5, OB, j22+imo i<pusiE. fij(R)=0,

72 & . linear sygyzy F#8 3. multiplication #8 %3 L & l-generic THWIB& 59T
( multiplication ® kernel % 24 linear form matrix ® deteminantal ring ® &tic & > T
i aFic) — Mt . BE{LShTED., omegap K2V T BV D linear sygyzy F48
DRV 3L > TWwhiE, Green-Lazaresferd ® 0-RTtif 2 + — a4 2F48 ([5]) biE
LABBEDBHOATOT, RO EROTH BN, IB5IMLTH WAL Eh T,

5 3R
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Some remarks on algebras with straightening laws
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Abstract

First in order to investigate deformation of ASL’s, we define the moduli space of
ASL’s on a given poset. And we give é.n inequality between the depth of general ASL’s
and that of the corresponding Stanley-Reisner ring, which includes the fundamental
theorem on ASL’s by De Concini-Eisenbud-Procesi [3].

Secondly we give a counter-example of the following conjecture of Hibi [7]: If there
exists an ASL on a finite poset H over a field k£ which is an integral domain then H is

Cohen-Macaulay over k, i.e., the Stanlay-Reisner ring k[H] of H is Cohen-Macaulay.

Introduction

The purpose of the present paper is twofold. First of all, given a poset H, what kind
of ASL’s or how many ASL’s exist on H? In order to investigate these problems, we
define in this article the moduli space of ASL’s on H as an algebraic scheme defined
over an algebraically closed field k whose closed points correspond to ASL's on H
over k. In the case where rank H = 2, we can write down explicitly the structure of
this moduli space (in §2). In §3, we look into a lifting property of a coefficient ring

of ASL’s. In §4, we give an inequality between the depth of general ASL’s and that
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of the corresponding Stanley-Reisner ring, which includes the fundamental theorem
on ASL’s by De Concini-Eisenbud-Procesi [3].

Secondly we consider the following conjecture of Hibi [7]: If there exists an ASL on
a finite poset H over a field k which is an integral domain then H is Cohen-Macaulay
over k, ie., the Stanlay-Reisner ring k[H] of H is Cohen-Macaulay. It is true if
the dimension of an ASL is less than 4 (See Hibi-Watanabe [8]). In §5, we consider
a special class of posets with a unique minimal element which do not contain any
cycles. We call such a poset a tree. We show that the above conjecture is true if H
Is a tree. But in §6 we give a counter-example H to the above conjecture, which is a
poset of rank 4 over a field of characteristic 2. In order to show that an ASL on  is

an integral domain, we used the computer software “Macaulay”

The author would like to express his gratitude to Professors M. Miyanishi and S.

Tsunoda for their advice and encouragement.

1. Preliminaries

Let A = @nzo An be a graded ring which is finitely generated over a ring R = A,.
Let H be a finite partially ordered set (poset, for short). We assume that an injection
t: H — Ay is given and therewith identify H with i(H). Suppose A is generated by
H over R. A (formal) product ;... ay of elements of H is called a monomial and
it is called a standard monomialif a; < as < - < @, in H. We denote by M, the
set of monomials in An, by SM, the set of standard monomials in A, and NSM, =
My \ SM,. Set M = Un>o Mu, SM = Unso SMy, and NSM = Unso NSM,. The
algebra A is an algebra with straightening laws (ASL, for short) on H over R if
(ASL-1) A is a free R-module admitting SM as a free basis over R,

(ASL-2) if & % B (i.e. o« and B are incomparable in H) then there is a unique
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expression

(*) af = Z c.,yyé with Cys € R,
y6€S Mz, v<a,f

where we understand a8 = 0 provided there is no v with v < o, 8. We call (*) the
straightening relations for A. If the right-hand side of all the straightening relations
are 0, then we call A a Stanley-Reisner ring of H and denote it by R[H]. And we call
A a quasi-ASL on H over R if A is generated by H over R and A satisfies (ASL-2).
Let A be a quasi-ASL on H over R. Given a monomial aj...a, in A, we can
employ the condition (ASL-2) to write ...y, as a linear combination of standard
monomials. A straightened expression of the non-standard monomial a; ..., is
found as follows (cf. Baclawski(l]):
A violation for aj ... a, to be standard is a quadratic factor c;crj such that «; and
@ are incomparable in H. Substituting the straightening relation aicj = 37, cryime

for aja;j, we obtain the sum

ay...0n = chal~--C\Y/i.-~&/j-~an711‘)’lg-
l

Next, we look for a violation in each of the resulting terms and straighten them. We
repeat this process. By (ASL-2), this process eventually terminates and we obtain
a linear combination a;...an, = Y ;divi1 .. cn of standard monomials. We call
this sum 3", di11 ... aia a standardization for ay ... a,. Note that a standardization
for ay...an is not necessarily unique unless (ASL-1) is assumed. We mean by a
standardization for (aja2)as the one obtained by applying (ASL-2) first to the pair
ajag in the bracket.

The following lemma is fundamental:
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Lemma 1 (Bergman [2, Th. 1.2]). Let A be a quasi-ASL on a poset H over a
ring R written in the form

A=RlXe; o€H][(XaXg— Y.  euXyXsi af € NSM).
y6€SMr,y<a,f

Then A is an ASL if and only if an arbitrary element in NSMj has a unique stan-

dardization.

To consider all ASL’s on a finite poset H over a ring R in a universal way we define

the following rings:

Co = R[c:f . af € NSMqy,v8 € SMa,y < o, f],

where c:? are variables, and

Uy = Cole ;e € H|/(af — Z c:675; af € NSMy).
v6€SM>,v<a B

Up is a quasi-ASL on H over Cy. But Up is not in general an ASL on H over Co. By

Lemma 1, the minimal ideal I in Cp such that Uy/IUp is an ASL on H over Co/I is
uniquely determined as follows:

Let (aB1)fz = Smesas, ca?Pm (resp. (aB2)Bi = Lmesn, e ' m) be a stan-
dardization for (af)B2 (resp. (af1)B2) for a % B1,B2 in H. Then we have as the

unique minimal ideal
I(H) = (cgsﬂl)BI _ csffﬁz)ﬂ’; a B, s in H),

(aBr)B2 Cg’ﬁz)ﬂ' depends on

Note that I(H) is uniquely determined, though each cm

the choice of standardizations. We define

Cr(H)(= C(H)) = Co/I(H),
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and

Ur(H)(=U(H)) = Us/I(H)Vo.

If k is an algebraically closed field, each closed fibre ring U (H) ®Ck(l'1) Ce(H)/m,
where m is a maximal ideal of Cj(H), is an ASL on H over k, then the closed points
of Spec Cx(H) correspond to ASL’s on H over k.

If k[H] is a complete intersection, then I(H) = (0) and Cr(H)(= Co) is a polyno-

mial ring.

2. The case dim A=2

We define rank H = max{n € N; a; > az > -+ > a, for some ay,...,a, € H}.
In this section we investigate C(H), where rank H = 2. First we define the“gluing”
according to Watanabe [12]. Let Hy, H be two finite posets and let I}, I be poset
ideals of H;, H» respectively. If there is an isomorphism ¢: Hy\ ;= H,\ I of posets,
we define a new poset Hy Uy H, as the disjoint union of Hy and I, with the order
relation defined as follows:

Suppose @ € Hy and B € Hy. If a € I}, then a = . If « € H \ I}, then a » B if
and only if ¢(a) > .

Note that Iy, I» and I U I are poset ideals of H, Ug Ha.

Lemma 2 [12, Prop. 3.2]. Let H; and I; (i = 1,2) be as above, and let H =
Hy Uy Ha. If A is an ASL on H over R, then A is isomorphic to the fibre product
A1 X5 Aa, where A = AlLA, Ay = AJLA, S=A/(LhUL)A, and A; — S (1 =1,2)

is the canonical residue homomorphism.

Let H, H; and I; (i = 1,2) be as above. If A; is an ASL on H; over R and if

®: A)/IA; — As/I>A; is an isomorphism as ASL, which is compatible with the
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isomorphism ¢ : Hy \ Iy H» \ I», then the fiber product
A=A xp Ay = {(z,y) € A1 X A2;®(z ( mod [141)) =y ( mod [rAs)}
is an ASL on H over Rand A/I;A= A; (:=1,2). We call this process the “gluing

of A; and Aj along &.”

Lemma 3. Let H, H; and I; (i = 1,2) be as above. We assume rank (H \ (I; U
L)) =1

Then we have

C(H)= C(H,)®r C(Hz).

Proof. In U(H) (resp. U(H;)) the straightening relations are given as [ollows:

D S T VI
Y6€SMo,yel <, v6€S M2, vEDR,7<a,B
(resp. aff = Z C?.,ﬂﬂ‘s)-

v6€S Ma,vELi,y<a,B

So we define the map R[{c:f}] — R[{c?fs}u{cgf5}] by c:f — c:'fs provided v € /;.
This map is well-defined and an isomorphism. By virtue of the construction of I(H)

and I(H;) ( = 1,2) and the fact that the standardization of the monomial afy is

zero unless o, 8,7 € Hj or a, 3,7 € Ha, it is easy to see that

C(H)=C(H))®rC(H2). 1

From now on, we consider to determine C(H) in the case rank # = 2. By Lemmas

2 and 3 we consider the case where H has a unique minimal element.
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A

Proposition 4. Let H be a poset of rank two.as follows:

where n > 3. Then we have

C(H) = Rlcij, ciji, cijjs L < 4,7 <n]/T

X0
figure 1

where
I = (cij + cijicin + cijjcju — cincju » Gij5 — iy 3 L# 1,7, 1 < j)
and the straightening relations for U(H) are given by
TiT; = c,']':r:z)3 + cijizoz) + cijjroz; (1 <1< j <n).

Proof. Let H be as given as above. The straightening relations for U(H) are written

as
n

zizj = 20;11‘01‘1, 1<1¢,j<n.
1=0

Comparing the coefficients of :co:c;" in the standardizations of (ziz;)z; and (ziz)z;
where 1 <1< n, [ #0,i,7, i < j, we obtain c;j = 0. Therefore we may rewrite the
above relations

') .
TiT; = Ci;Tg + CijiToZi + Cij;T0Z;-

Similarly comparing the other coefficients in (z;2;)2; and (z;2/)z;, we get the relations

in I. Note that the relation citjci; — cijicit + ¢ji(cin — cijj) obtained by comparing the

coefficients of 2 in (zizj)2; and in (zz;)z; belong to the ideal 7. g

Corollary 5. Let H be a poset of rank 2. Then C(H) is isomorphic to a polynomial
ring if and only if every minimal element in H has at most three elements greater

than it.

Proof. By Lemma 3, we have only to consider the case where H has the minimal

unique element. Then the result follows from Lemma 4. g

We only know that the following conjecture is valid if 1 <n < 4.
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Conjecture 8. In the same situation as in Lemma 4 we have

dimC(H)=3(n—1)+dim R for n2>1

3. The moduli space of ASL’s

From the construction of Cg(H), we may consider Spec Cg(H) as the moduli space

of the ASL’s on H over R in the following sense. Let
ASLpy: R-Alg — Set, S — {ASL on H over 5}

be a functor from the category of R-algebras R-Alg, to the category of sets Set.
Then ASLy is represented by Cr(H). Namely, for an arbitrary R-algebra S and
for an arbitrary ASL A on H over S, we have A = Ugr(H) ®cpn) (S, 4) for a
uniquely determined ¢ € Hompg q1y(Cr(H), S) i.e., ASLy(S) = Homp q1y(Cr(H),S)
where (S, ¢) is the Cr(H)-algebra S via an R-algebra homomorphism ¢. We denote
Spec Cr(H) also by ASLy g. |

Moreover, Cp(H) has the following property:

Theorem 7. Let H be a finite poset. Let k be an algebraically closed field, A.
a finitely generated reduced k-algebra and B a finitely generated A-algebra with an
inclusion ©: H < B such that B is generated by H over A. Suppose the residue ring
B/mB is an ASL on H over k, for every maximal ideal m of A. Then there exists
a ring homomorphism ¢%: C,.(H) — A (which is independent of m) such that the
following diagram is commutative:

v
Cy(H) — A

~

N

A/m
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where Ci(H) — A/m is the k-algebra homomorphism corresponding to B/mB by

the isomorphism ASLg(A/m) = Homy. a1y(Cr(H), A/m).

Proof. First, note that () cyfay (4) mB = \/(0—), where Max(A) is the set of max-
imal ideal of A. In fact, “C” follows from the Hilbert Nullstellensatz, while “>”
follows from the fact that the ASL’s B/mB over the field k are reduced (see, for
example, [1] ). We put B' = B//(0). We shall show that B’ is a graded A-algébra
generated by H C B} with Bj = A. Suppose we have a relation fo+ fi+---+ f; =0
in B', where deg f; = i. By the hypothesis, B'/mB'(= B/mB) is a graded ASL over
k, whence we have f; =0 mod mB’. Since NmeMax 4 MB' = (0), we have f; = 0.

Hence B' is a graded A-algebra. Next we claim that B’ is an ASL on H over A.
First we shall show the linear independence of standard monomials. Suppose we have
a relation
2.;aiM; =0, where a; € A and M; € SM. For each m € Max A we have SiaiM; =
0 in B'/mB’'. Since M, are vthe standard monomials of B'/mB’, we have a; = 0
in A/m(= k) by (ASL-1) for B'/mB' . Then a; € m. Therefore we have a; €
MNmeMax (4) ™ = (0).

Secondly we verify (ASL-2). Let N be the A-submodule of B} which is generated by
SMs over A. We claim By /N = 0. In fact, for each m € Max (A), we have

(Bg//v)m/m(Bg_/N)m = By/N@s Alm = 0.

Hence we have (B}/N)n = (0) by Nakayama’s lemma. Therefore we have By/N =0
(cf. Matsumura(9, Ths. 4.8, 4.9]). Then every non-standard monomials in B, can be
expressed as an A-linear combination of SM>. We can prove that this expression is
as required in the condition (ASL-2) by the arguments as we show that B’ is a graded

A-algebra.
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Thus we see that B’ is an ASL on H over A by (3, Prop.1.1]. Therefore we have a

ring homomorphism

B8 of
p: Cp(H) = A, cls — ol
where Cgfs is the coefficient of ¥§ in the straightening relation for @ in B'. We can

check easily that this map makes the diagram in question commutative. §

Corollary 8. In the situation of the theorem we assume, moreover, that B is

reduced. Then B is an ASL on H over A.

Proof. Clear from the proof of Theorem 7.

4. A relation of the depth between general ASL’s and the Stanley-
Reisner ring

Let A be an ASL on a finite poset H over a ring R with straightening relations

afl = Z cys7d withcys € R
16€SM3,7<a,p

for incomparable elements o and S in H.

We choose a map w: H — N such that
(++) w(a) +w(B) > w(y) + w(b)

for each (e, 3,7,6) with a ¢ B, v < 6 and v < o, B. We call this map w a weight
on H.

Let S be an R-algebra and ¢t € S. Then we define an S-algebra A as follows:

Asy = S[Xa; a € H|/(XoXp — Z 076lW(0)+ltr(ﬁ)_~(u(7)~w(&)x.w\,&; o % B
18€SMyv<a,f
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With the inclusion map i: H — A(g,) given by o +— X, = the residue class of X,,
A(s,t) is an ASL on H over S by Lemma 1. In fact, if we extend w onto N x H x H by

w(t" Xy Xs5) = n + w(y) + w(8), the weights of all terms appearing in the expression

Xa /ﬁ _ Z 676tw(a)-l"w(ﬁ)—w(7)—w(6)_x7_){6
Y6€SM,,v<a,B

are the same. Therefore, on comparing the coefficients of the standard monomials in
two standardizations of non-standard monomials , e.g. (af)y and (av)B for a » 8,7,
the weights (or degrees in t) are equal for all standard monomials.

Remark. Let H be a finite poset. First, we recall the definition of rank r on H.

Define a function

r: H—=N by

1, « is minimal
o —

max{n € N; a =a; > ar > -+ > a, for some a3,...a,}, otherwise.

Then the rank of H is

._rank H = max{r(a); « € H},

which we abbreviate as 7(H). Then we define a weight w as follows:

w: H—-N
1, a is minimal
a

14 2r(H)=2 L or(H)=3 4 ... 4 or(H)=7(a) = Gtherwise.

Then the weight w satisfies the condition (**).
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Proof. Without loss of generality we may assume r(a) < r(8). We have

w(a) +w(B) - wly) —w(é)

> (1422 porld)=3 4 4 gr(f)=r(a)y
+ (1422 por(H)=3 4oy om(H)=7(8))
— (1 42rtd)=2 por(H)=3 4 . 4 QT(H)—T(v))
-1+ or(H)=2 L or(H)=3 4 ... 4 241)

= (2r(H)=r(n)=1 4 ... 4 or(H)=r(e))

— (QT(H)—T(ﬂ)—l + 4+ 241)

S or(H)=1(e) _ogr(B)=1(6) 5 o §

We state a relation of the depth between general ASL’s and the Sta.nle'y-Reisner

ring

Theorem 9. Let A be an ASL on a finite poset H over a field k. Then
depth k[H] + 1 > depth A > depth k[H].

Proof. Note that B = A, has the non-zero divisor ¢ and B/(t) = k[H]. We
first prove the right inequality. Let §i,..., %, be a homogeneous regular sequence in
k[H]. Then its inverse image y), ..., y, is also a regular sequence in B , where we take
Y1,---, Yp as homogeneous with respect to the weight introduced at the beginning of
this section. We can easily prove that y;,...,y,,t—1 is aregular sequence in B. Hence
'so 1s its image in the localization B(y,1-1)- Since B(H,t—l)/(t = D)Byi-1) = Ay,
the image of y;,...,yp is a regular sequence in A(g)- Since depthA gy = depthA,

the right inequality holds. Next we prove the left inequality. Let g,,...,7, be a
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homogeneous regular sequence in A. We have the isomorphism B/(t—1)= A. Then
we can easily prove that its homogeneous inverse image yq, ... ,Yp is also a regular

sequence in B. Since depth B = depth k[H] + 1, the left inequality holds. g

The right inequality is known as the fundamental theorem on ASL’s in 3, Cor. 7.2].
From the moduli-theoretic point of view, we have a morphism o: A! = Spec k[t] —
ASLp k such that the point (0) corresponds to the Stanley-Reisner ring k[H] and
the point o(1) corresponds to the given A.

We call a poset H Cohen-Macaulay (resp. Buchsbaum) over a field & if the Stanlay-
Reisner ring k[H] is Cohen-Macaulay (resp. Buchsbaum). We call a poset A weakly

Cohen-Macaulay over a field k if there exists a Cohen-Macaulay ASL on £ over k.

Corollary 10. Let H be a weakly Cohen-Macaulay poset over k of rank d. Then
Hi(A(H), k) =0fori =0,...,d—3, and dim Hy_,(A(H), k) > dim Hy_o(A(H), k),
where Hy(A(H), k) is the i-th reduced homology group of the order complex A(H)
of H.

Proof. It follows from Hochster’s formula (See [11, Th. 4.1 p70])

FOHL(HH), t) = 3 dim oHyypy i (IKF k) /(1 = )
FeA(H)

where H: (k[H]) is the i-th local cohomology group of k[H] with support m = (H)
and lk FF = {Gen, GUF € A, GNF = ¢} and the fact that if # is weakly
Cohen-Macaulay then (=D)415(A(H)) > 0, where Y(A(H)) is the reduced Euler

characteristic of A(H). g

T. Hibi conjectures that weak Cohen-Macaulayness implies Cohen-Macaulayness.

Now we give a partial result on this conjecture:
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Proposition 11. Let H be a Buchsbaum poset over a field k of rank 3 with just
two minimal elements. If the poset H is weakly Cohen-Macaulay over k, then H is

Cohen-Macaulay over k.

Proof. Let z, y be the minimal elements of H. Let [ ( resp. J) be the poset ideal
H\{z € H;z> z (resp. z > y)}. Let A be a 3-dimensional Cohen-Macaulay ASL on
H. We consider the long exact sequence of the local cohomology groups with support

m = (H) associated the exact sequence
(0) = A— A/IA® A/JA— AJ(TA+ JA) — (0).

Since H%(A) = HL(A/IA) = HL(A/JA) =0, wehave HL(A/(IA+JA)) = 0. Then
A/(IA+JA) is a 2-dimensional Cohen-Macaulay ASL on A\ (/U J). Since a weakly
Cohen-Macaulay poset of rank 2 is Cohen-Macaulay, k[ H \ (/UJ)] is Cohen-Macaulay.
We consider the long exact sequence of the local cohomology groups arising from the

exact sequence

(0) — k[H] — K[H \ 1)@ k[H \ J) = K[FH \ (U J)] — (0).

Wehave H\I = {z € H;z >z } =stary(z)and H\J = {z € H;z >y } = stary(y)
(See (6, p99]). Since H is Buchsbaum, k[H \ I] and k[H \ J] are Cohen-Macaulay.
Then we have H2([H \ I]) = HL(K[H \ J]) = HL(E[H\ (IUJ)]) = 0. Hence
HE(F[H]) = 0. u

5. ASL’s on trees

In this section we treat a special class of posets which are called trees. We begin
with the definition. Let T be a finite poset with a unique minimal element. Then T

1s a tree if the Hasse diagram of T is tree in the sense of graph theory. Let F. s be the
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poset Cs® A,, where C; is the chain (i.e., totally ordered set) with cardinality s, and
A; is the antichain (i.e., any two elements are incomparable in A,) with cardinality
7, and Cy @ A, is the disjoint union of Cy and A, with an order as follows: 2 < y in
Cs@®Arifz <yinCyorifze Csandy € A,. We call Fy 5 a flower of type (r,s).

The following theorem is more or less obvious, but we cannot find it in the literature.

Theorem 12. Let T be a tree such that rank T > 2, and let k be a field. Then
the following conditions are equivalent:
(1) T is integral over k, i.e., there exists an ASL on T over k which is an integral
domain.
(2) T is weakly Cohen-Macaulay over k.
(3) T is Cohen-Macaulay over k.
(4) (1 = t)* P F(k[T),t) = 1 + (r — 1)t for some r, s > 1, where F(k[T],¢t) is the
Hilbert series of k[T).

(5) T = F,4 for somer, s > 1.

Proof. (1)=(5): This can be proved similarly as in [8, Prop. A].
(5)=>(1): Since F(r,1) is integral (see [12, Th.2.4]), then F(r,s) (s > 1) is also
integral.
(2)=(5): If T is not a flower, there exist three elements z, y, z € T withz >y, 2 »
z, y* z,suchthat S={teT; t<y}={t€T; t<z}isa chain and that for all
teSandforallwe T\S,t < wholds. Let A be an ASL on H over k. We may
show that B = A/(S) is not Cohen-Macaulay. But it is clear, since B is an ASL on
T\ S, which is not connected, and dim B > 2.
(5)=(3): Clear.
(3)=(2): Clear.
(4)=(5): If T is not a flower, let S be as in the proof of (2)=>(5). We put [/ = T\S. U

1s not connected, and every connected component of U is a tree. Let V be a connected
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component of U. Since the order complex A(V) is contractible, the reduced Euler

characteristic is written as

X(A(U)) = (the number of connected components of U) — 1 > 1.

Now if the Hilbert series of kU] is given by
F(k[U],t) = (1 = t)"%(1 + art + -+ + aqt?),
where d = dim k[U], then we have
| aa |=| X(A(V)) [2 1.

Since we have d > 2, U does not satisfy the condition (4).

(5)=-(4): A straightforward computation. §

6. An example of non-Cohen-Macaulay ASL domain

Let K be a field, Let R be the polynomial ring K[z1,...,2x], and let I be a
homogeneous ideal. We give an algorithm which determines the primeness of 1. We
follow basically the primeness test given in Giatini-Trager-Zacharias[5], where it is
ca.lied the primality test. But we partially improve it by making use of the property
that I is homogeneous to economize time and memory on computing with a computer.

We prepare several lemmas. See, for example, [5] for the definition and properties

of Grobner basis (G-basis, for short).

Lemma 13 [5, Prop. 3.1]. Let R be a ring and let I be an ideal in Ry, z] =
Rly1,...,Yn,21,...,2m]. Let >, (resp. >2) be an order on the set of monomials in

z (resp. y). Define an order > on the set of monomials in = and y as follows:

:L‘AyB > :I:CyD
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ifz4 >, 2% or 2 = z€ and yB >, yP. Let G be a G-basis for I with respect to >.
Then we have:

(1) G is a G-basis for [ with respect to the order > on (R[y])(z], a polynomial ring
in z with coefficients in Rl[y].

(2)G N Rly] is a G-basis for I N R[y] with respect to the order >,.

Lemma 14 [5, Prop. 3.7]. Let R be an integral domain, and I its quotient

field. For any given ideal I C R[z], we have
IK[z] N R[z] = I R[z] N R[z]

where s is the product of the leading coefficients of a G-basis for I.

Lemma 15. Let R be an integral domain, I an ideal of R, and s an element of R.

Then we have IR, R = I if and only if s is a non-zero divisor on the residue ring

R/I.
Proof. Obvious.

Lemma 16 (e.g. Stanley [11, Lemma 2.2]). Let R = @1120 R, be a Noethe-
rian graded ring with Ry = K, a field. Then a homogeneous element s € Ry is a

non-zero divisor of R if and only if
(1 - td)F(Rw t) = F(R/(S)at)

holds, where F(R,t) (resp. F(R/(s),t)) is the Hilbert series of R (resp. R/(s)).

Lemma 17 [5, Lemma 4.1]. Let R be a ring. Then an ideal I C Rlz] is prime

if and only if I N R is prime and the image of I in R/(I N R)[z] is prime.
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Lemma 18 [5, Lemma 4.2]. Let R be an integral domain, and K its quotient
field. If I is an ideal of R[2] such that I N R = (0), then I is prime if and only if
IK(z] is prime and [ K[z]N R[z] = 1.

Proposition 19 (cf. [5, Prop. 4.3]). We assume that we can test the irreducibil-
ity of one-variable polynomials over the quotient field of the residue rings of I[z],
where I is a field. Then it is possible to determine the primeness of homogeneous

ideals of K|z].

Proof. We proceed by induction on the number of variables. Let [ be a homoge-
neous ideal of K(zy,...,2z,] (n > 1). Put Iy = 1IN K[za,...,2,]. Since we can
take a set of homogeneous elements of I{[z1,..., z,] as a G-basis of I, we can find
a homogeneous G-basis of I} by Lemma 13 (2). By the induction hypothesis, we can
determine the primeness of I;. If I} is not prime then [ is not prime and we are
done. Otherwise, by Lemma 17, we have only to test the primeness of the image
J of I in R[z,], where R = K{zy,..., z,]/I;. Note that J N R = (0). Let L be
the quotient field of R. Then JL[z] is a principal ideal and hence we can test its
primeness by checking the irreducibility of its generator. If JL[z;] is not prime then
nor is I. Otherwise we must determine whether or not JL[z] N R[z;] = J holds by
Lemma 18. We can take the image of a G-basis for I in R[] as a G-basis for J (cf.
(5, Prop. 3.3]). We have only to determine whether or not JRs[x1]N R[z)] = J holds
by Lemma 14, where s is the product of the leading coefficients of the G-basis for
J. For that purpose, by Lemma 15, we have only to determine whether or not s is a
non-zero divisor on the residue ring R[z;]/J = K[z},...,z,]/]. This can be done by

Lemma 16. g

Now we give an algorithm which determines the primeness of homogeneous ideals:

Algorithm PTH (K; x; I). Primeness test for homogeneous ideal.
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ar

Input: Field K; variables z = z,...,z,; homogeneous ideal I C I[z].

Assumptions: (none) |

Output: TRUE if I is prime, otherwise FALSE.

Step 1: If n = 0: if I C K is (0), return TRUE, otherwise return FALSE.

Step 2: Compute I} = I N K([z2,...,zx](or find a G-basis of I1).

Step 3: If PTH (K;za,...,z,; [1)=FALSE then return FALSE.

Step 4: Let R = K(z,...,2a]/11, J = IR[z1], L =the quotient field of R.

Step 5: Compute JK[z;] = (f) (or find such f).

Step 6: If f is reducible over L then return FALSE.

Step 7: Let s be the product of the leading coefficients of a G-basis for J and put
d =deg s.

Step 8: Compute F(R[z,]/J,t) and F(R[z1]/(J,9),1).

Step 9: If F(R[z1])/J,t)(1 — t¥)= F(R[z1]/(J,s),t), then return TRUE, otherwise
return FALSE.

Remark. In [5], in order to determine whether or not JRs[z] N R[z,] = J holds,
the isomorphism JR,[z;] N R[z;] = (J,ts — 1)R[z1,t] N R[z1] is used, where t is a
new indeterminate. It is therefore necessary to find a G-basis of the ideal (J,ts — 1),

which uses up enormous memory. To avoid this ineffectiveness we compute the Hilbert

series of R[z1]/J and R[z1]/(J,s) in our algorithm. For the computation, we must

find G-basis of J and (J,s), which uses up less memory in general.

Now we give a concrete example of a non-Cohen-Macaulay ASL domain.

Theorem 20. Let K be a field of characteristic 2, and let H be a poset given as

follows:



figure 2

Let A be the ring R/I, where R is a polynomial ring K(zy,...,z14], and I is the

ideal of R generated by the following 42 elements:

T2T3 + T1Z6 + T1T8, T3T4 + T1T9 + T1T10, T2T4 + T1T5 + 127,

T4Te + T1T11 + T1T12, T4Tg + 21213 + T1214, T2T9 + T1T11 + T1213,

T2T10 + T1ZT12 + T1214, T35 + 1211 + T1214, T3TT + T1X12 + 2123,

T5Te + T1T9 + 1210 + 2211, T527 + l% + 1':':, TsTg + 129 + T1210 + Z2T14,

I5T9 + T1Z6 + T128 + T4T11, T5T10 + T1%6 + L1728 F $4~'81.4, TeT7 + X1T9 + T T10 + T2T )2,
Telg + x% + :c%, TeTg + T125 + 127 + T3Z11, TeZ1o + T1T5 + T1TT + T3T12,

T7Tg + T1T9 + T1210 + T2T13, T7Z9 + T1T6 + T1Tg + T4T13, T7T10 + T1T6 + 128 + T4T)0,
TgTg + T1T5 + T127 + T3213, TgTio + 125 + T127 + T3T14, T9ZTyo + 1?% + 7«2,

I5T12 + T2T6 + T4T10, T5ZT13 + TaTg + T4Tg, TeT13 + T2Z7 + T3T9,

T6T14 + ToTs + 3Ty, T7T11 + Taxe + T4Ty, T7214 + T2Tg + Tylyo,

T§T1] + T2Zs + T3Tg, TgTi2 + ZoT7 + L3210, T9ZT12 + T3T6 + T427,

T9T14 + T3Tg + T4Ts5, T10T1] + T3Tg + T4Ts, Z10T13 + T3Ts + T427,

T11z12 + 25 + T3, T11T13 + 23 + 23, Tz + 25 + T

2 2 2 2 2402
T12T13 + T3 + 27, T12214 + 25 + T, T13%14 + Ty + Tg:

Then A is a non-Cohen-Macaulay ASL domain on H over I.

Proof. We can check that A is an ASL on H by Lemma 1. We have P = {z1,z2 +
T3+ T4,%5 + Te + 27 + 28 + 29 + 210,711 + T12 + 213 + Z14) as a homogeneous system
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of parameters of A. Since we have
F(A/(P),t) =1+ 10t + 1382 + 3 # 1 + 10t + 13t = (1 — t)F(A4, 1),

A is not Cohen-Macaulay. We can check the primeness of I by the algorithm given

in this section. Then A is an integral domain. &

Corollary 21. Let I be a field of characteristic 2. Then an integral poset over

K is not necessarily Cohen-Macaulay over K .

Proof. Let H be the poset in Theorem 20. Then H is not Cohen-Macaulay over
I, since the geometric realization | A(H \ {21}) | of the order complex A(H \ {21})

is the real projective plane P*(R) (cf. [10, Remark 3]). &
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Ulrich nodule & ZD—@tkic>\WT

=H fE—  (ken-ichi Yoshida)
L B RFEHFEE

§ (0 I[ntroduction

ZOHEDOHMNE, Linear maximal CM A-module O—ffbL LT
Ulrich A —module Z#E#&L. TOHEZFANZ I LIZH 5,
LI'F. (A, m, k)% 1local ring £ L, #t k=0 £33,
M#*% finitely generated A-module T. dimM=dinA =d=1 &9 3,
ea(M)ZMDOmIZBd % multiplicity & L. ¢a(M)ZM® mininal number of
generators &4 %, 72, M® parameter ideal q ¥t L T, I(q; M)=
Aa(M/gM) —e.(M) &%, Ia(M)=sup{l(qg; M) | q :M®D parameter ideal}
LERT 5,

IDEE, I

ur(M)<ser(M) +1.(M)

AERILT 5o

ROFEICLD . Ulrich A —module #E&EL L9,
Theorem(0. 1) (c. £. [O2]Proposition(1.1), [BHV]Proposition(1.5))

lDEE, ROFHIEHETH 5,
(Dur(M)=er(M) +1r(M).
(2) M : Buchshaum A-module, mM=gM (¥ q : m® winimal M-reduction)
(2)’M : Buchsbaum A-module, mM=agM (V¥ q : m® mninimal reduction).
(2)"M : Buchsbaum A-module, mM=aqM (3 q : m®D parameter ideal).

(3) 1 (Mo) =e(Mc) + I (Mo). -
WH (M) =HaM) (1) 0=svi=sd—1), [Hs(Mc)]a=0 (Vn>—d).




(5)[H(Mc)]a=0 (n#—i,0=vi=d—1), [Ha(Ma)l.=0 (vn>-d).
(6)Me : graded Buchsbaum A ¢-module, Reg(Mc) =0.
S=k[X;. . Xv]—==Ac (v=enb(A))EFEZ B L E, ROFHL LEETH 5,
(T)Mqld graded Buchsbaum S -module T. Mcid linear resoltion %>,
ie.0 — F,(—-p) — = — F (~1) —= Fo —= Mc -—= 0 (ex)
F &S direct sum.
CDEMA T A-nodule M % Ulrich A -module &BESS,
7. ADMCM A-module D& Eid, CDERKIE Linear MCM A-module
&~ L. AD® Regular local ring ® & ZIZiX. maximal Buchsbaum A -module
E—Hd %, £/-. dinM=0 D & Z i, Ulrich module ¥ k DHREH & ER
T& 5,
(%Mcid filtration {m"M}ZB3 5M®D associated graded module.)

Example (0. 2)
M#% Ulrich A-module &9 %, 2<depthM<d=diaM & {R7E,
N=mM &%<{&. mN=gN (v q:m® nininal N-reduction)
% i%7-9 A, NiZ Buchsbaum T7\\ quasi Buchsbaum A-module.

§ 1. canonical module, syzygy module

Z D section Tl¥. canonical module, syzygy module 7§ &%¢Zk7% module
AW Ulrich module IZH B3 0% > THI W,
Z® section TldoRix, (A, m, k)% diRjt local ring & L.
Al% canonical module K=K\ 2FD2>EIRET %,
. k=0 LT3,
Mii f.g. A-module T. dimM=d &9 3,
Kuw®+A=Hon(Ha(M), E») %79 A-nodule Ku 2FHET 5 & &,
Kw 2M® canonical module & &9,
Kr D 1EFET2E %, Ku bFEEL. Ku=Hom(M, K). Ku . M" & bF&T,

—189—




Remark (1. 1) (c. £. [A], [SV], [Y2])
(DM : (S2), din(A/p) =dimaM (V p EMina(M))
<> (natural map 2L T)M=M"",

Q) Kwm iF281(S) %4,

(3)M”AY generalized CM A -module O & %
0 —= Ha(M) — M —= M"" — H:(M) — 0 (ex)
H,i.(KM)’-'?HomA(lf;i(M), Ex)  @2=i<d).

(4)M : Buchsbaum A-module, q=(a,, -, as)A : AD parameter ideal.

d ~
a?=(a;% -, a4?)A. L= Z(EZ;M)5=._ZI (ar?, -, ai? -, a4%) - a: 2,

C@(‘.’.g\ ﬂA(KM)rﬂ(LIm/L). ﬂ(KM/qKM :ﬂ(LZQ/L).

%9, Syzygy module %5,
kK =A/m O ninimal free resolution %
bi—l bi—2 bl bo
A —— A A A=A —k— 0 (ex)

L9 5, »

A A
Ei:Qi(k)“—“SYZi(k) (120) &%(o
ﬁ‘:\ E|=II1, Eo=k.

Question
(A, m, k)% Buchusbaum local ring &9 % & .
(D E i, W> Buchusbaum A —module 7~ ?
(2)E i, W Ulrich A —module #?
(D E"=Hom(E i, Ka)id. WD Ulrich A —module 77

Remark (1. 2)
A% Buchusbaum local ring T. dinA >0 &4 2 & &,
(—f&ic. ADY quasi unmixed T. mHO(A)=0 D& %.) dinEi=d (vi=1).

Conjecture
(A.m, k)% dRJC surjective Buchsbaum local ring &9 3 & .
(f#1C. A?' maximal embedding dimension % Fi>i2&)
E & surjective Buchsbaum A —module. '

E® Conjecture WEEMNIRIF 5 LA MRKF LT, ROERAIHES 2,
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Theorem (1. 3)
(A, m, k)% d 7t Buchsbaum local ring &4 3% & &, WA Lo,
(1) A»' naximal embedding dimension #H>D& X,
E 4% Buchsbaum A —module 7§ &(E, Ulrich A —module.
50, d >0, depthA=0, iz2 W 5E, Ey, -, Ei-1 b Ulrich A —nodule.
(2) (i) depthA >0 D& =,
E %Y Ulrich A —-module 751, Al¥ waximal embedding dimension % #i—.
(i) depthA =0 D& X,
Ei. EiviA" Ulrich A —module 7% 5(¥. Ald maximal embedding dimension
fE.
< Theorem(1. 3) DAEHAH >
(1) i=10D& &, A% naximal embedding dimension %> &ix. m#AS Ulrich
A-module (2785 L LEMETH 06 LW,
iZ22ELTEW,
d=dimAIZD>W\WT®D induction W 3,
d=0 DL E, m?=0 7256, m=Kk"'. £-T. TDEXIFHSH,
d>0 & LT, d=1RILLIF D Buchsbaum local ring (IS LTEZ - EHELL D,
Casel : depthA>0 DL &, xEm%m® minimal reduction D—Pic & 2,
COL&, Ei/xE.=Syzi (k) Syzi- (k). R=A/xA.
([Y2]Lemma(3. 3))
E %% Buchsbaum A —-module w2 ., E:/x E iiZ Buchsbaun R —module.
£-To Syzi(k). Syziti (k) bZ 9,
E5IC. RbH nmaximal embedding dimension Z#> d—1/RIED Buchsbaum local
ring 724 5. induction DIEM 5. TN 5D module iF Ulrich R -module.

W->7T. E: b Ulrich A —nodule.
Case? : depthA =0 D& &, (Casel & 1ICD2WVWTD induction DIREFHW3,)

H= H:(A), B=A/H £H< &, Bb naximal embedding dimension % H—-
Buchsbaum local ring T, m?NH=0.

0 H-—= m — m/H=ms — 0 (ex) %2#3% 3%,
t:H —= m —m/m? % injective WZ . split injective.

h°(4)
.'.mf‘“—'-muEBH’—’muEBk .

SZ;“=Syz?(k), Qa”=Syz?(k) 1iz0) &<,
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Claim1 :

Q?(Q I;(m,,)‘):} Q0 ';+l (m“)@Hbi (my)

(viz0)

<Claim1 DZEHH > (E A% Buchsbaum A -module TH 3 T LIFHVLTWLEL,)
IR

2 m0=(Q mydun’ ®
AREE LV, v=b"(k) &£B<,

0 — Q1 (mw) A’ m o 0 (ex)

Af | | nat || id
0 —=Q I:(J'rn B) —= év — ms—>= 0 (ex)

Snake Lemma 75, Cokf =0, H'=EKer f.

S0 == HY == Q1(my) — Q1(ms) —= 0 (ex)

£ 5 A-module @ exact sequence D’\fH 545,

Q"(my)EmMA” WA, m*NH=0 ICFBELT,. H'NmQ,"(ma) =0 %183,
&o-T HY — Q "(ms) —= Q,"(ms)/ mQ "(mu) IF. split injective.
->T. Q"(mw)=H" D Q,"(ms).

i>0 & &,

A B bj"(mll) B
) — Ql(.(.'Qi(mH)) - z‘l\ - Qjﬁnn) —= (.
B li’ lbi“(mﬂ) B ||
00— Ql(Qj(mu)) — B — Q;(rnn) — (.
i=0 oA LEMICL T,

A i [) B bjB(mB)
Q|(Qi(mn))%’$2|(Qj(mu))® H %?%50

Ao " ho(A)bi+ " (k)
Claim1 J:@\ Q|(Qj+|)39

12Dk (viz0) ##H7,
Claim2 :

A B i1 A h'bi-r(k) A h
QJPI?{QJ+I@@SQ r_) EB(Q;) h=h0(A), br“_‘brﬂ(k).
(vizl)

<Clain 2 DEFBH >

A A A A h
Q:},(k)ZQ|(I’H)—_—Qx(mn)$g|(k).
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h‘b| A h
Q) (k) Q/(k)EB k B (k).

JEZATHLT, -1 FTRIEL W & RGE,

hebi -y

. h
O (K)=Q) (k)EBEB Q. (k) B (k)
ERELT.

szT(Q'f)--:sz'fHéBkh'bi R B &
A 0 i1 A heb;_. A h
Qi (k)= Qi (DD Q- (k) bei(k) %13,
Wz T, Claim2 055 A 72,
E A% Buchshaum A - module EREFTHIE,
Clain2 25, Q., Q Q. 1 &L £ D direct summand WX .
Buchsbaum A -module.
Casel 26, Q"% Ulrich B-module. & - T, Ulrich A —module.
1IZD2WTO induction DIREMN S, E |, Ep, -+, Ei- i3 Ulrich A —nodule.
EiddINod Ulrich A —-podule & k@ direct sum WX, Ulrich A —module
TH 5,
(2)d >V TD induction 23, (d=0 DFEMHIZ, depthA =0 DS DIEMH
KB EN5.)
H51z208%->T. Ei, Eiv 12 Ulrich A —nodule T& 3% & R5E,
i=0,1 L ZE. md Ulrich A —wodule 725, Ald maximal embedding
dimension (7L %,
Casel : depthA =0 D& &

0 — Ei— Fi.1— F.i.,
| a
Ei-
AN
M|
0 0

7£% diagram (CHa(+) 2L T, Fi.i—=F ., 2’mOTERDICHD
FIFICTRBENS DG, mHA(A)=0 AHVT,

Ho(F - )—=Ha(F ) i& 0—nap TH 5T ENHD 5,
Y oTy Ho(E)=Ho(F. ) #0. #ic. depthE =0,
E %A% Ulrich A —module 724005, E ldk %% D direct summand 25>,
&-T. Eivildm% direct summand 5, mb Ulrich A-module.
Bl% | Al¥ maximal embedding dimension %D,
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Case? : depthA >0 D& &
H51iz2hd->T. EA Ulrich A —nodule TH 3 &R5E,
ZD&E X, depthE  >0.
XEm% m® mininal reduction D—EFR T, > E i-regular (T1FE3 L,

B

E./xE.=Syz (k)®Syz: -, (k). ZZic. B=A/xA.
E %% Ulrich A —module WX, E:/xE b Ulrich B —module.
LTy Syzi(K), Syzio (k)b E 5, |
d i 2WT? induction DIREM S, A/ x Ald paxinal embedding dimension
ZRb. AbZ O, QED

(A, m, k)% Buchsbaum local ring & L. d=dinA >0, depthA=0 &9 3,
HbHi,j(1i#i)H->T. Ei, E;id’ Ulrich A —module.

=> At maximal embedding dimension % D,

LA L. THid—RRIcid d=0 O & ZITERD 72780,

HZiE. A% 0Kt hypersurface, e=3 &9 5&. Eiid Ulrich A —module.

(i=even) LA L. Al maximal embedding dimension % Ff/c7i\,

iz, K #¥ Ulrich A-module &78% Buchsbaum local ring #RET 5%,
Lemma (1. 5)

M % Buchsbaum A-module &1{RJE,

D& x, Ku A Ulrich A-module 7% 515,

mME X (q;M) (¥ q: m® minimal M-reduction).

o, M=ADBEAEL T, ROERE/ 5,
Proposition(1. 6) (c. f. [Y1])
(A, m, k) : a Buchsbaum local ring. I K=Ka.
oL E, KRiZEE,
(1) A4 minimal multiplicity ZH—. (i.e.e(A)=1+?§ a-1Ci-1*h"(A).)
(2) m=2%(q), (Va:m ® ninimal reduction).
(B ua(Kar)=er(Ka) +Ir(Kn).

(4) ADXK » : Buchsbaum local ring with maximal embedding dimension.
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Corollary(1.7)
Alr (Sp) A HA7:9 & L. canonical module 2> &4 3,
IO & & RITIEHE,

(D un(Kn)=en(Ka) +Ia(Ka).

(2) A : Buchsbaum local ring with minimal multiplicity.

ftts. MY MCM DIFHICIE. RD duality #1835,
Corollary(l1.8)

MA*Y MCM A-module @& x

M : Ulrich A-module << Kw: Ulrich A -module.

Remark (1. 9)
IS, MAY (S2)TH (L8R LW,
#Z1X. A% Buchsbaum local ring with minimal multiplicuty &4 3% & &,
bL. AN (S)ZIACMTATNIE, Ka 1& Ulrich A-module 724%,
A=(KA)" i& Ulrich A-module T\,

Theorem & 7X@ Proposition W T, CM local ring @ Syzygy module
WCOWTHORHBEZ 4185,

(A, m, k)% local ring £95L &, ROFHIEHETH %,
(1) Alx Regular local ring.
(2) AM : Ulrich A-module ; pdaM < oo,
(3) 3M : Ulrich A -module ; idaM < oo,

Corollary(1. 11) (c. f. [BHU]Proposition(2.5))
(A,m, k)% CM local ring with d=dinA >0 &9 %,
Ei=8yz:"(k) (1zD&F L& RIMWILT 5,
(1) E !4 maximal surjective Buchsbaum A —module.
(2)A 1ECM with MED < 3i=1; E: & Ulrich A-module.
(D E " i maximal surjective Buchsbaum A —module.
(4) Aix Regular <=> Ji: E: i Ulrich A-nodule. (1=i<d).
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< (1. 10) DEEHH >
(D=>(2). DTS A
(2)e=>(1) : $ k=00 ELT&LL,
d=dinAIZ>W\WTD induction ZHW 3,
d=0 DL &, M=k" LF I BH 56, pdak <o L0 Aldk
d>0 & L. d=1 FTRIELWVERE,
Mi& Ulrich A-module WA . M/H% direct summand (Z&% . (H=Hn(M))
MOfKb DIz M/H %L T, depthM>0 & LT LU, |
depthA =depthM +pdaM < oo 725, depthA >0.
DL E, Assa(M)=Assha(M)S Assha(A).
Ass(A)={P,, P} £FBE, aeEm\(m?UP,U---UP) %
adDAclHit 5 initial form f =a mod m? A Ac®D parameter 2755 Lk I
ERE, aldm® nminimal reduction O—E T, M —regular.
B=A/aA k<,
pda(M/aM) <o T, M/aM & Ulrich B -module.
> T. induction OIREN 5. A/aA b Regular local ring. WZIZ, AbZE S,
(3)=>(1):
idak <o => Al Regular & idaM< oo =>depthM =idrM =depthA.
ZHONE, (2)=> (D) L[EIRRICGEBHT % 5, QED

< (1. 11) DFERA >
(I 1 IZ2WVWTD induction & surjective criterion D SBHICHE D,
(2)(1) & Theorem (1. )N SR,
izd D&, EIMCMENS, E"bZ D,
Isi<d&d %,

() sl O =~ F 4 = F Fo=A —k — 0 (ex)
k=A/m®»A _L® nminimal free resolution (. Homa( ,K)=()"2MEL T,
b, ba-, i
0 —K —K K E." Exta(k, K)=k—=0 (ex)
18 %,

bi-y bi-
iz, E:"=Cok(K —=K ) T, idaK <o A5, idaE i< oo,

¥, X=E.", KOEXMCMENMS, Y=Ker(E."—k), E(", -, Ea-,"DIJEI
I oA maximal surjective Buchsbaum A —module THBR I EAxE 3,
WB)A 5 ida(E ") <ot o, (LYOLORED, QED
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T, ANCM' THLEEVHIEHETILWADT, "KaACM TH B4 :
IZHEATHD, %
(1.3 DA A & . AP naxinal embedding dimension #FfH>&L &, B= A/H:(A) |
Eo k o syzygy 7% (surjective) Buchsbaum A-module 78 &iF, Syz:"(k) b

(surjective) Buchsbaum A -module (278 %,

E AN Hm(‘A)"f 0 (i#1,d) %4 Buchsbaum local ring L OHEIFREKED syzygy
4. ¢+ ~T(surjective) Buchsbaum A-module (278 % (Yamagishi).

it->7T. (LI GIREG B,

Corollary(1.12) (c. f. [Y1](2.9))

(A.m, k) : a Buchsbaum local ring. d=dimA =2.
A D completion @ canonical module ¥ CM Tdh 3 LIKET %,
COEE, RDRIULT %,

(1) depthA >0 O & &, IROFEMAFIEIEE,

(i)AlL maximal embedding dimension %*§§7.
(i) E it Ulrich A-module T& 5. (Vi=])
(i) E ¥ Ulrich A-module T& 5. (Fi=1)

(2) depthA =0 D& &, ROGEMHFEHE,

(i)Al maxinal embedding dimension % #§.

(i) E 1x Ulrich A-module TH%. (vizl)
(ii)E i, Ei. (i Ulrich A-module TH 5. (Fizl)

§ 2. Ulrich module D)

duality &P9# L C. Ulrich A-module MiZXfL T M® multiplicity @
FMEir 52 THL,

Lemma (2. 1)
M#% Ulrich A-module &9 5%, JDEE, :

S, Co ek (M) S en(M)E ta(M) I (M),

AR L. & S, MiHOHEFIEEEHTIEBOL LTV,
27200 b (M) = A n(Ha(M)).
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ra(M)=sup{dim« Homa (k. M/qM) | q :M® parameter ideal}.
a -
[»(M)= _ZI‘. a1 Cish' (M),

(2. 1) DEFEHA >
DO AR, —fRD maximal Buchsbaum A —uwmodule 1%t L CTHRY$ 3,
Fro, TRAIOAFERITO>WTEZ %,
EOD =2 C R D+ (M) M= Ku=Hons (M, K »)

= Aa(Z(@;M)/qM) + 1 (M)

2242, qidm® minimal M —reduction)
fthA. ea(M)+Ta(M)= 2 (M/qM) 7ZH 5,

ri(M)=ex(M) +Ix(M)+ g (M") - 2,(M/Z (qg;:M))

¢ (M) =dine Homn (k , Ha(M)) T,
AR M/qM— Ha(M) &, B8 M/T (@ M)— Ha(M) %32 L,
mM=qMC £ (@:M) KEETBE. COBHORIE Ha(M)D socle HICA 3,
LT, u(M”)— 2a(M/Z(q; M)) 20.
SraM)zea(M)+1.(M).QED

Definition(2.2)
MZ% Ulrich A —module 9§ 5L &, RDLIITED 3,
M : type I <= eA(M)=?§ a-1Ci-1*h' (M).
M: typell <> ea(M)=r.(M)—1,(M).
M : typell <> MIiX typel T% typell TH7,

Proposition(2. 3)
M% Ulrich A-module T. depthM=2 &9 %, (i.e. MIiZ(S ) %Y ,)
CDEE, IRHBRILT 5o
(1)M#AY typel L 51X, M°H type I @ Ulrich A -module.
(2)MAY typell @ Ulrich A -module D& %
M" : Ulrich A-module <<> M : MCM. (WX (X, Linear MCM)
CKITH>VW Tk, depthM=1 Tb kW, T/, (DTHM’SAMCMD & xiF
M7 Ulrich 8 5E MPHZ9,)
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Example (2. 4)
() A% Buchsbaum local ring &9 % & &, Kbt Ulrich A-module 75 &1
typell Th 3,
(2)A% CM local ring with MED &9 3,
COEE, Ei=Syzi (k)= Ulrich A-module Td - 755,
T type T, RDEHIT B,
izd 751, 24 typell.
l=si<d & &xi&, (i) AD Regular D& &3 typel.
(i) A% Regular TH W& X3 typell.

Example (2. 5)
(A.m, k)% local ring & L. d=dinA=2 &4 3,
M#% Linear MCM A -module &9 3%,
a=(xi, ", Xx4a) A Zm® ninimal M-reduction & L. K. (x;M)% xIcf4 3
Koszul complex &9 tid. Zhid acyclic T, Ho(x;M)=M/mM.
F7o. Mi=Bi (x;M) (I=i=d), Hic. Ma=M & B,
&Ml type I @ Ulrich A-module T, depthM, =i (I1<i<d).
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On the type of local rings

Kawasaki, Takesi

Tokyo Metropolitan University

Introduction.

Let A be a Noetherian local ring with maximal ideal m of dimension
d. The type of A defined to be the length of Ext4(4/m,A). It is well
known that Gorenstein rings are characterized as Cohen-Macaulay rings
of type one. But Roberts showed that local rings of type one are Cohen-
Macaulay, hence Gorenstein. Modifying his argument, Costa, Huneke and
Miller proved that complete local domains of type two are Coben-Macaulay.
Moreover Marley improved their result and proved that unmixed local rings
of type two are Cohen-Macaulay.

And so Marley asked if complete local ring of type n which is (Sn—1)
are Cohen-Macaulay. We answer this question in the affirmative when A
contains a field and n > 3. We shall prove the following theorem and
corollary.

Theorem A.

Let A be a Noetherian local ring of type n. If A satisfies the followmg
conditions:

i) A contains a field;

ii) A is a homomorphic image of a Cohen-Macaulay ring;

iii) A is equidimensional;

iv) A is (Sn-1),
then A is Cohen-Macaulay.

Corollary B.
Let A be a Noetherian local ring of type n > 3. If A contains a field
and A is (S,_1), then A is Cohen- Macaulay.
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Preliminary.

First, we recall some definitions and results on a dualizing complex
and on a (FLC) module. We refer the reader to [R1] and [HIO] for detail.
Throughout this paper, A denotes a Noetherian local ring with maximal
ideal m. Let M be a finitely generated A-module. M is said to be equi-
dimensional if dim A/p = dim M for every minimal prime p of M. Let ¢ be
an integer. We say that M is (S;) if depth M > min{t,dim M, } for every
prime ideal p in Supp M. Suppose that A is a homomorphic image of a
Cohen-Macaulay ring. Then M is equidimensional if and only if so is M,
and M is (S;) if and only if so is M.

Let T be an A-module. E4(T') denotes the injective envelope of T and
H} (T) denotes the i-th local cohomology module of T' with respect to m.

A map of complex ¢* : X* — Y* is called a quism if ¢* induces an
isomorphism in homology. A quism F* — X* is called a free resolution of
X* if F* is a bounded below complex of finitely generated free modules.
The resolution (F*,d*) is called minimal if d* ® A/m is zero map for all i.
Every bounded below complex with finitely generated cohomology modules
possesses a unique minimal free resolution.

Definition. A complex D*® is called a dualizing complex of A if it
satisfies the following conditions:

a) D' = D Ea(A/p);
pESpec A,dim A/p=—1 :

b) H*(D*) is finitely generated for all i.
The dualizing complex of A usually denoted by D% if it exists.

We need the following facts about dualizing complexes.
c) If A is complete, then A has a dualizing complex.
d) For any prime ideal p, (D%),[—dim A/p] is a dualizing complex of
e) For any finitely generated A-module M,
H: (M) = Homa(H*(Hom4(M, D%)), Es(A/m)).

f) If F* — Homa (M, D%) is a minimal free resolution, then

£4(ExtYy (A/m, M)) = rank F~*.
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Finally we state the definition and the characterization of (FLC) mod-
ules.

Definition. A finitely generated A-module M is said to be (FLC) if
H: (M) has finite length for all i # dim M. X

It is obvious that M is (FLC) if and only if so is M.

Lemma. Let A be a local ring which has a dualizing complex and
M be a finitely generated A-module. Then the following statements are
equivalent. '

i) M is (FLC).

ii) M is equidimensional and M, is a Cohen-Macaulay A,-module for
all p € Supp M\{m}. ,

Lemma. Let M be a d-dimensional (FLC) module. Then for any
system of parameters x for M, ,

d-1

aM/e) - exaM) < 3 (17 1) eatirs ),
1=0

where £4(N) denotes the length of an A-module N and ey (M) denotes the
multiplicity of M with respect to xA. Moreover if xH;,(M/(z1,...,z;)) =
0 for any i +j < d, then the equality holds above. A system of parameters
is called a standard system if it satisfies this condition.

Proof of Theorem A.

We need the following theorem to prove Theorem A. For any matrix
@, I.(p) denotes the ideal generated by the r-minors of .

Theorem C.

Let A be a Noetherian local ring containing a field, and m be the
maximal ideal of A. We consider a complex

F.:O——»Fpﬁ)Fp_l—w--—-»Flﬂ)Fo,

of finitely generated free modules with F, # 0 and ¢;(F;) C mF;_; for

it = 1,...,p. Suppose that there is some integer ¢ > 0 and the following
inequalities hold

dimA/I. (p;) < dimA —q—1, i=1,...,p
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where r; = 3°%_(—1)’‘rank F;. Thenr; > q+ifori=1,...,p—1.
Proof: See [B].

Before proving Theorem A, we prove the following theorem.

Theorem D.

Let A be a local ring containing a field, which is a homomorphic image
of a Cohen-Macaulay ring and let n be an integer. If a finitely generated
A-module M satisfies the following conditions:

i) £4(Ext (A/m, M)) < n, where d = dim M;

ii) M is equidimensional,

iii) M is (Sn—1);

iv) M, is a Cohen-Macaulay A -module for all p in Supp M such that
dim M, < n,
then M is Cohen—Macaulay.

Proof: Without loss of generality, we may assume A has a dualizing
complex D%. We work by induction on d. There is nothing to prove if d < n.
Assume d > n. Let (F'*, ¢®) be a minimal free resolution of Hom 4 (M, D%).
Let p is a prime ideal in Supp M\{m}. (F*),[—dim A/p] is a free resolution
of Homy, (Mp, DY ). But this is not necessary minimal. Therefore

LA(ExtS(A/m, M)) > La, (Exty™ ™ (A,/pAy, My)).

And so, M}, is Cohen-Macaulay by inductior hypothesis. Hence M is (FLC).
Assume that M is not Cohen-Macaulay. We put t = depth M. We consider
the following complex:

G0 Ft ¥ pt=l . pdtl ¥ ped

Since M is (FLC), G} is exact for any p in SuppM\{m}. Hence I, (¢") is an
m-primary ideal for i = —d,...,—t — 1, where r; = ij( 1)’~*rank F7.
If t < d - 1, then applying Proposition C to G*, we have rank F—¢ >
dim A+t—d+2. On the other hand, if t = d—1, then the ideal generated by
the maximal minors of ¢ ¢ is m-primary. Hence rankF~%—rankF—9+141 >
dim A > d. This contradicts assumptions t > n—1 and d > n. |

Proof of Theorem A: Suppose that there is a non-Cohen-Macaulay ring
A which satisfies the assumption of Theorem A. Investigating the proof of
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Theorem D, we may assume that A is (FLC) by localization. Then the
dimension of A must be n and the depth of A must be n — 1. Moreover
there are elements z,...,z, of A such that H*~1(D%) & A/(z1,...,z,).
Since H™~1(D%,) has finite length, z;,...,, is a system of parameters for
A, Furthermore it is a standard system for A. Hence

I (A/(xla s 7$n)A)_e(x1,...,zn)A(A)
=fa(Homy(A/(z1,...,2,)A, Es(A/m)).

This implies that e(s,,....z,)4(4) = 0, which is a contradiction. |

Proof of Corollary B: Let A be a complete local ring which is (S;).
Then A is equidimensional [AG]. Therefore Corollary B is directly derived
from Theorem A. 1

Examples.

These results is the best possible in a sense. In this section, we explain
it.

Example 1.

Let k be a field and A = k[z,y, z]/(zy, zz). Then A is a ring of type
two and (S;) [CHM]. But A is not Cohen-Macaulay. This example shows
that we can not omit condition iii) from Theorem A.

Let k be a field and A = k[z,y]/(zy,y?). Then A is a non-Cohen-
Macaulay (FLC) local ring of type two. Hence we can not weaken condition
iv) of Theorem A. But A is not domain. Does there exists a (FLC) domain
of type three which is not Cohen-Macaulay?

Example 2.

Let k be a field and A = k[s?, s3, st, t]. Then A is a (FLC) ring of type
four . Because we put B = A/tA. Then

B =2 k[a,b,c]/(a® - b%,c?, ac, be).
The resolution of k over B begins

0— B& B3P p7

0 00 0 a® b
c 00 0 =b —al].
0 c a

where a = (a b ¢) and 8 =
b 0 O

O OO
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Hence Ext}(k, B) is the cohomology module of

BT L p3le g

c 0 0 b
This is minimally generated by classes | 0 |, (c) , (0) , | —a®
0 0 c 0

Finally we remark the “classical type” (that is the supremum of the in-
dex of reducibility of parameter ideals). Northcott and Rees proved that lo-
cal rings of classical type one are Cohen-Macaulay [NR]. The author proved
similar results like Marley’s theorem, Theorem A and Corrolary B on clas-
sical type.
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§1. Dedekind sums

We want to prove some formulas on Dedekj.nd sums whigch we
use in the next section.

The symbol ((x)) is defined by

x—[x]—-l— if x is not an integer,
((x))= 2

0 if x 1s an integer.

Note that ((x)) is periodic with period 1, also that it is an

odd function: ((-x))=—H(x)).

Lemma 1. Let a be an integer. Then
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j+x
> (==N=(x).
a

jmod a

Proof. See [3] p.4, Lemma 1.

Let a, b be coprime integers with a>0.

s(h,k) is defined by

i bi
sbia)= ¥ (NN

i mod a

Lemma 2. Let a, b be coprime integers, a>0.
atl; ip
D (=) =s(b,a).
~ a a
i=l
Proof.

Proposition 3. Let a, b be integers such that (a,b)=lu

a-1 ..
bi
(1) 2 (—n=0.
i=l
al bi 3
(2) 2 (—y'=o0.
i=I|
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S 8

The Dedekind sum

Then




a-1 ., .
b

(3) 3 (ZN=n=0.
22 a

bi
Proof. Put =zi)=((—)). One sees that =z(a-i)=-z(i) for any
a

a-I
i. Hence Ez(i)=0. This proves (1). (2) and (3) are
i=| o

proved similarly.

Corollary 4. Let a, b be as above and set

S={i,j)|0<si<a, 0sj<b}, E=i/a+j/b. Then

(4) S((cEN=0.
S

(5) 2((CE))1.‘=0.
S

(6) JUEN(CE)=0.
S

Proof. One sees easily that the set {((E))l(i,j)és} is the same

t ,
as {((—b))|Ost<ab}. Hence (4) and (5) and (6) follow from
a

Proposition 3.

Proposition 5. Let a, b, ¢ be positive integers, coprime in

pairs. Set S={i,j)|0si<a,0=<j<b}, E=i/a+j/b. Then

(7) Y E(cE))=s(bc,a)+ s(ac,b).
S
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(8) DUEIN(CE)) =s(c,ab).
S

(9) 2[E](cE))=s(bc,a)+ s(ac,b)-s(c,ab).
S

. . bi
Proof. By Lemma 1, we have E((E+%))=((S-—l)). Now
Y a a
J

i i ci cj i cbi ) )
—(cE))= » — —+—=))= ) —((—— hich equal to s(cb,
23 (eEN=F-F(—+2) 2 (=) which is equal to s(cb,a)
1,] 1 J i

by Lemma 2. By symmetry we get (7). As was noticed in the

proof of Corollary 4, the left hand side of (8) mdy be
ab-1

ti ‘
transformed as }S «—~0“5Lﬁ) which is equal to si(c,ab) by
_ el ab " ab

’ 1
definition. To prove (9) notice that [E]=Ee1ﬂnr-5, except

when a=b=0, and when a=b=0, ((cE))=0. Thus the left hand side

of (9) is equal to :SUE—«E)y—%)«cE». Now the desired equality
S

follows from (4), (7) and (8).

Proposition 6. Let a, b, ¢, E, S be as above.

3 1 L
(10) D EIE(CE)) = (s bc,a) +s(ac, b - 5{sca)+ sc, b} ~s(c,ab).
S

|
(11) E[E](CE))'=E{s(l,ab)—s(l,a)—s(l,b)}.
S
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Proof. Put S|={(i,j)€S 0<i<a,0<j<b,i+%<l},’
a

. 1
={(i,j)€S+)<fi<a, O0<j<b, i+-J—>.l}.
a b )
Notice that no pairs (i,j) in S can satisfy i'--{L%-v==l,sihce a and b
a

are coprime. So the set S\S,US, consists of pairs

(i,j) such that i=0 or j=0. Now to prove (10) consider

EE«cE» EB((cE)HEE((cE)H Y Sy 3 (bX(b . The last

Osi<a 0<j<b

two sums are s(c,a)+s(c,b) by Lemma 2. We consider the first
two sums. Notice that the map (i,j)—(a-i,b-j) gives a

bijection §;—s,. H?nce we have

Y B(CE) + J B(CE) = (2~ EX(-CE)+ Y K(CE)=Y ~2(cE))# 23 B(cE))
SI ' Sz S‘) - SZ SZ 82
=Y -2AEX(CE))+2 Y [E]E(CE)).
S S
Thus we have proved that

2 Y [EJE(CE)) = Y, B(CE)) + 3, 2[EX(CE))- s(c,a) - s(c,b) -
S S S

Now the proof of (10) is complete by (7) and (9).

To prove (11) we start with

E«cE»2 E«cE»2 E((cE» + 2«—»2+ 3 ((‘

Osi<a 0O<j<b

The left hand side of this equality does not depend on c and is

equal to s(l,ab) by (8), and similarly the last two sums of the
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right hand side are equal to s(l,a)+s(1l,b) by the definition of
Dedekind sum. By the bijection §;—S,, (i,j)—>(a-1i,b-3j! the

first two sums of the right hand side are equal to

2
Y((2c -cE W+ Y (cE)) = 22((c}3:))2 - ZZ[E](CE))Z . Now we get (11)
S, S, S, S

easily.

Proposition 7. Let a, b be coprime integers, with a>0.

a-l ., .
b

(12) Y (=P (=) =s(b,a).
| i-0?® @

Proof. By Lemma 2, it suffices to prove that

in» i) bi
E((—r —(—))«—»=0.-
a a a

i

Put z(i)=((§)2-(—;-))((%)). Then notice that z(a-i)=-z(i),V1i,

which implies qui)=0.

Proposition 8. In addition to the notation of Proposition 5

let E'=i/a-j/b.

9 1 | .
(13) 2 B(CE) =s(l,ab)-=s(l,a)+ s(l,b} -
S
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|
D E'(cE")) = s(1,ab)- S{s(h,a)-=(1,b) .

Furthermore, taking into consideration the fofmula (3), we

see that

a-l b- l ci CJ 2

EE «cE»—E E«

-0]-0 i-0% 3=0

b ci qt) qb-j) 2 a"lb_li ci c¢j 2
2 E« ——=) = 2 E(( =2 2T

i=0%5=0 i=0%920 i=03=0

And similarly

2 G E 2«“ &2 2 }:« =l CJ»Z—Z Z« J ).

l,]

After all we have proved that EE'((CE'))2= EE'((,CE))Z . hence

(14) as desired. (15) is an immediate consequence of (13

and (14).

Proposition 9. With the same notation as before we have

“(16) E(;X(cE)h—{s(bc a)+s(ac,b)-s(c,a)-s(c,b)}.
1]

Proof. Let Sl and S2 be as in the proof of Proposition 6.

Then the indeces in S\SjUSp are such that either i=0 or

—213—




j=0. Hence we have Eig((cE))= zig((cE))+2§((cE ). Using
S S, S,

the bijection S|—S; given by (i,j)—(a-i,b-j) ohe sees
that

i3 o w(a-igb-j) |
SEab«cE))— SE——ab ((2c - cE)).
| 2

Now it follows that

d

13 epy - B3 ES|
% —(cE)) = SE;«cE» + Y =(cE)
1

=Y ((—CE))+ Y B(CE)) = Y [EX~CE))+ Y [EIB(CE)).
S, S, s s

By (9) and (10) we get the desired result.
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§2. The number of lattice points

Let a, b, ¢ and d be positive integers. We consider
the number of lattice points (i,Jj,k,h) which satisfy the
inequalities:

i j k h
O<i+l+—+—<h
a b c d

0si<a, 0=<j<b, 0<k<c, 0Os<h<d.

After [3] we will denote this number by N4(a,b,cgdj=N4. In
the three dimensional case the number N3(a,b,c)'has been
expressed in [3] when a, b, c are pairwise coprime.

j

i k h ,
Let E=—+ ; +—+ (—i- . Then as in the three dimensional
a c

case one sees easily that
(17) -§(Ng+1)= Y (E]-1ME]-2][E]-3),

ijk,h
where the indices run 0s<i<a, 0<j<b, O<k<c, 0sh<d. Indeec
the points (i,j,k,h) 'with 0<[E]<1 increase the sum by -6
while those with 1<[E]<4 contribute none to the sum.

Observe that if E is not an integer then by definition

[E]=E-—«E)y-%-, and if E is an integer then [E]=E is greater
! | ,
than E—«Eny-% by 5. Hence we may replace [E] in the

1, .
right hand side of (17) by E—«Enyvz with the correcting

terms as follows:
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3 5
(18) —-(Ng+1)= E (E—((E))“Z-XE—((E))-EXE—((E))—z)
. 2
i,j/k,h ) .
FLL-PIRER -gc'+§c-
8 0 8 1 8 2 8 3

where C) are the number of points (i,j,k,h) such that

E=A. Note that Co=1 and if a,b,c,d are coprime in pairs

then C1=C2=C3=0.

The summand on the right hand side of (18) is

19 E-((E —E[E—(E)——S-lg_ E _.Z
(19) ((())2 ()2 (())2)

_ 105 71 15 2

71 15
st E-SE+ E3-;«E»HSE«E»—3E2«E»—7«E»2+3E«E»2 ~(E),

a cubic polynomial in E and ((E)) of degree three. Thus N4 is
actually computéd if we know the sums of the form EEP((E;))q,
with p+q at most three.

As in the three dimensional case the sums
:SEJ, EEEz, EEES are lengthy but can be elementarily
computed using the power sum formulas. (For details we

refer to [3] Note 4.) We confine ourselves just by

recording the results.

(20) E E = 2abcd —%{abc +abd + acd + bed} .

(21) 3 E?
1
=§abcd -2(abc + abd + acd +bcd)+5(ab+ ac + ad +‘bc'+ bg+cd)

+l bcd+acd+abd+al:}c)
6 a b ¢ (

(22) E E:3 = 10abcd - %(abc + abd +acd + bed)
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bcd acd abd abc
+ + +

b c d
| bc+cd+db+ac+cd +da+ab+bd +da ab+bc+ca

+
4 a b c d

i3
+3(ab + ac + ad + bc + bd +cd)-—z(a+ b+c+d)+

i

It remains to compute the sums E E:p((E))q ' with a>0.
Notice that the set {((E)JOsi<a,0sj<b,0sk<c,0shx<d}
coincides with {t/abcd| 0<t<0} as a,b,c,d are coprime ih

pairs and ((E)) is periodic with period 1. Hence we. have

2((E))=Z((E))3=O by Proposition 3. Moreover
E((E))2 =s(l,abcd) by definition. Now the remaining sums are

EE((E)), EE((E))2 and EEZ((E)). These are computed as

follows:

(23) EE((E))=s(bcd,a)+s(cda,b)+s(dab,c)+s(abc,d).

(24) EE‘((E))2=25(1,abcd)

-1/2{s(1,bcd)+s(1,cda)+s(1,dab)+s(1,abc)}.

(25) 2E2((E))=4{s(bcd,a)+s(cda,b)+s(dab,c)+s(abc,d)¥

-{s(ab,c)+s(bc,a)+s(ca,b)}
-{s(ab,d)+s(bd,a)+s(da,b)}
-{s(ac,d)+s(cd,a)+s(da,c)}
-{s(bc,d)+s(cd,§)+s(db,c)}.
bed-1

1 t . .
Proof of (23). Recall that Y ((E)= Y ((=+—=)), which is
j.k,h g2 & bed

bedi '
further equal to ((T)) by Lemma 1. Thus we get

. a-1l. .
2 2(E)= > 2 DCdl))=s(bcd,a) by Lemma 2. By cyclic

. 4 a R a a

i,j,k,h i=0
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permutation of the letters we get the desired result. (This
is a direct generalization of the three dimensional case.
See [3] p.42.)

Proof of (24). Recall that
bcd

> i«E)F—— SEr-< Y «4 +—=)¥. Thus by (15) we have
jrk,h jk,h t=0 <

i((E))z=E{ql,abcd)—s(l,bcd)} :
ijkn?

By cyclic permutation we have the desired result.
Proof of (25). As in the argument of the previous

formula we have
bcd-1

i2 i2 i
> QEN=3 T(EN- (< Ly E (F+

i,j,k,h i j.k,h i

By Lemma 2 and by Proposition 7 this is equal to

i bedi
g(;)z(

Thus we have proved that

(26) Y (S EN-s(bed,a).
. 8 a
i,j,k,h

Next we consider

ij ij i 3 hc + kd ij°¢
D THEN=== > (=+=+ —3 = 2« )-
k,hab abk,h a b
cd-1 ., .
By Lemna 2 Y(+ 2+ =(=5+ =) yow ve apply
£=0 a b

Proposition 9 to get
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(27) > 2;—;((13)) ={s(acd,b)+s(bcd,a) - s(cd,a)-s(cd,b).
i,j,k,h

Now since

3 ik ih_ ik jh_ kh_
E = —_— —_ - - —_
( ) +H= ?*% F ) +2« ) ac)+(ad)+(bc)+(bd)ﬁ(cd»' we

obtain the desired formula (25) by permuting the létters

a,b,c,d, in the formulas (26) and (27).

Remark 10. By direct computation (cf. [3] Lemma 2) we have

1 1 a
28 @)= ——t— 4+ —
(28) gl,a) 4+6 +n

Hence the formula (24) above is a rational function in a,

b, ¢, d. This converted form will be used in the expression‘

of N4 in the next paragraph.

Now we go back to the computation of Ng. Let a, b, c,
d be positive integers, pairwise coprime, so. Cy=1 and
Ci=C2=C3=O in the right hand side of (18). We have
collected all necessary inforpation to compute tpe sum in
(19). The result is lengthy to write down without groupihg
appropriate terms. Since the result is obvioqsly symmetric

in the letters in a, b, ¢, d, we introduce the partial sum

ﬁya,b,c) as follows:

- 1
N3(a,b,c)= —{s( bc,a)+s(ca,b)+s(ab,c)}+—abc + 12ab0
1 bc ca ab

—(—+— —+ bc +ca +ab +—a+1b+c
AT ek eh oy ( )+ —{ )
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Now we can state our result.

Theorem 11. Let a, b, ¢, d be positive integers, coprime

in pairs. Let N4=N4(a,b,c,d) be the number of integral

solutions of the inequalities:

0<—l-+l+£+£<'l,
a b c d

0<i<a, 0=<j<b, 0=<k<c, 0<h<d.
Then

1 - ~ ~ -
Ny(a,b,c,d)= 5{N3(a,b,c) +Nj(a,b,d)+Nj3(a,c,d)+ N3(b,c,d)}

—%(s(bcd,a)+s(acd, b) +s(abd, c) + s(abc, d))

I bcd acd abd abc
)+ —abcd

+— + + + +——+:i.
24" a b c d 24 24abed 2

Remark 12. il3(a,b,c) is a slight modification of N'3(a,b,¢),

which is given by [3] as follows:

1 1
N3(a,b,c)=—{s(bc,a)+s(ca,b)+s(ab,c)} +-6 abc + —l—’za—b;

l i
+—L(b—c+gi+2)+]—(bc+ca+ab)+—(a+b+c.)-2
a c 4 4 |

Remark 13. 1In [3] there is a conjecture which séys

N4(a,b,c,d)=%(a+l)(b+l)(c+l)(d+l) (mod 2).
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This is plain wrong as can be seen by the examples

Ny4(2,5,9,13)=195 and N4(3,4,5‘,7)=73. In the three

dimensional case it is true that

| ,
N3(a,b,c)=:11a+IXb+l[c+]) (mod 2),

which follows from the fact:

bc ‘ca ab
bc,a)-—— b) - — b,c)-—
(s( cre) 12a)+(s(ca’ ) 12b)+(s(a ©) lZc)
=_1__a_bc_+ ! (mod 2)
4 12 12abc .

This last formula itself can be generalized as follows:

1 abcd+ |
4 6 12abcd

( mod 2)

Proof is carried out along the same line with the three

dimensional case. Details are let to the reader.
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HiI#R & M O R R A DHEHEIC S W T

BREVKFEHE S G &
(Akira Qoishi)

0. F. (R, m, k) x-S —RFBTIHFROM XS FTILETE. REMF2E
G (1) =@n20 1" n+1% [ ® associated graded ring ¥ 7z i3#:# (tangent cone)
LED. THhRTHRE RERAEIUCBREAOBRLTE LBV CEELRMMNSEBT
$%. G (1) 4 Cohen-Macaulay B ¥ 72i3 Gorenstein BRIC/L 3 7= DEMEICS VT
ELDAZICEDHRIATVS. oRXE (131, [14], [15] okx<Ts 5. Hb,
M 77 Vo/H] & TRBiEl] OFREHVT, LOMBEHRT 2 E0hENTS 3.
FiC, ROMBRCHMEO FEMERA], [HANERA BE08BAIG (1) o
Cohen-Macaulay BR& /i3 Gorenstein BICH B LI BAFTIN 1 2 REST 3.

1. —&w. CoRXEBLT (R, m, k) i3 dR5T Cohen-Nacaulay FFHE CHE LK K
REMRAE, [RROM-ERAFTLTHEET5. [oBHaT &
xn_1+-~+an=0, a.el i}
TERINBRDOATTINTHS. [=10LXINBETHILEED. FEOHREnIC

HLTI " ABETHEEE I HES (normal) THBHESS. ROmM—ELA 7T )L J H

T= {J(ERlxn+a1
T

I O&5% (reduction) THBEBIc oI =1TH5IE, SVBMAINE &3 HRK
nicHLTI 1" =1"pmorocecns ([10] BE) . 1 0BT (reduc-
tion exponent) 8 (1) & J I =1 " g wonsi—s—cqs77n1c 1
FHETBESRBNOFEBEn O L THB. 6 (1) <1DEE | NEE (stable) ©
»zLES (ABLBREo VTR (111, [12] BE) . Valla [21] k&b | KEE
TOoE BN %28EG (1) i3 Cohen-Macaulay BTH 3.

length (1 n/I nJrl) t I

F (G (1), t) =):n

G (1) @ Hilbert#f#& LT
d

20

(1-1t) s

&HB<. G (1) #» Cohen-Macaulay BESiEs =6 (1) ARV II>. ZRa ;= a

F (G (1), t)=a0+alt+m+ast , aS;éO

s -i
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(0=i<s) EEbwu-LE, G (1) # (Hilbert HEOEW%T) MFHH (symmetric)
THBLEES.

SEF 1.1 C[16] ). G (I) 4 Gorenstein BTH B®Hicld, R Gorenstein B¢
G (1) 7% Cohen-Macaulay BHh oMM TH 2 LBBE+NTH 5.

& 1.2. R Gorenstein BB &E LT

(l—t)dF(G(I),t)=a +a, t+-+a t a #0

0 1 s ’ s

EBL. G (1) H Cohen-Macaulay BR75 5
a0+a1+'--+a izas+a

MED LD,

(i) J210B/PNRBITELTCRAIDAFTINI /T R2EEZBZEICEDd=0¢

KRELTHW, Zo0Lx

vee . < i<
st tag g 0si<s

G (1) =R/101,/120~01°% 15" st_g
a =length (1' /1'% 0siss,
£-T
a0+a 1+---+a i=length (R/1 iJrl)
—length ( (R/1 1 1h *)
=1length (ann (I iJrl) )
=length (I s—i)

=as+as_1+---+as_i.
& 1.3 ( [15] ) . R Gorenstein BB TCINKRE LTS, TDEX

(1) —fic, £%Re (1) <2length (R/1) B IID,

(2) G (1) #% Gorenstein BTHa10Hicid, 1B A—5— LA FTITHBH
e (I) =21ength (R/ 1) THBEILNKEFTRTHS.

IoA-Fitg ,, (1) %
g, (1) =e (1) + (d—1) length (R/ 1) —length (1 /1 2)
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TiEHET S ( [12] ) . ﬁt:gA (1) =207T&0, g A (1) =0Ths0icid
[ DEETHDIENMNELHTHS. g A (m) =85 (R) &BX.

5 1.4. R» Gorenstein BT, G (1) %% Cohen-Macaulay BAh>68 (1) =2
LT3 IDEE

(1) —#ic, £%Rg , (1) <length (R/I) HHMH I,

(2) G (1) # Gorenstein BTH 5 7HiC 3, g (1) =length (R/1) T»53
CENBEFTRTHS.
(BT (1-—t) dp (G(I), t)y =a,+a,t+a t2ti'5<<':

0 1 2

a,=1length (R/1),

a(1)=1ength(l/12) — dlength (R/ 1),
ag=e (I)—(a0+a1)
—e (1) — (d—1) length (R/1) —length (1 /1 2)
=g, ().
@l 1.20h5 g, (1) =a,=a, =length (R/AT) . E® 1.1&X0G (1) H
Gorenstein B TH 57%Hicid, G (1) AN THE L, HIb, a0=a2’6‘b6

EHNBBEFTRTHS.

T, RAEMITAADE, Hb, ZEHILR " IHEHTI=21 ERKETS. COLE, KD
GHEHlTBHe ;=e; (1), e, =¢¢, (1) (0=si=d) »—EBHICEL S :
n AN+ REBHEO L X

n+d n+d—1"°
length(R/In+1)=e0[ q ]—el[ ]+---+(—1)de

d—1 d*
ntl, _ — n+d . n+d-—-1 3 d—
length (R /1 )—eo[ q ] 1[ d—1 +o4+ (= 1) e 4-

[ oYK EE (sectional genus) g s (1), IE#HYIMEE (normal sectional genus)
g _ (I) %

S

g (D) =e, (I) —e (I) +length (R/1),

Es @D =?1 (1) —e (1) +length (R/1)
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TEETE. g, (m) =g (R), B, (m) =g _ (R) &< ([12] BM) .

#l1.5. (1) d=1o&&, B (1) =U_ 0 (I":1™) %£1 blowing-up ,
REROBMHG LT B L,
e, (1) =length (B (1) /R),
g (1) =length (IB (1) /1),
e, (1) =length (R/R),
g, (1) =length (IR/T) .
(2) d=20&%, X=Proj (@, I") #R® I/~ fnornalized blowing

-up & 5E, I DIEHEE (normal genus) g (1) %

F (1) =%, (1) =length (H! (X, 0,))
TEETS. 1% OBNETELT
v, =length (]_TTIT/’J ;7;)
LB
g (1) =%, nv,
gy (1) =% v,

Fa (1) :=¢g (1) —ES (1) =2 9 (n—-1) v
PEbi> ([31, [5] 2H).
(3)ﬁugs(l)20f$b,gs(1)=0f55tbuulﬁ£ﬁf55:tﬁ
%E+ﬁf55.%@ﬂgs(l)mﬁﬁmvmtm[m]éﬁ

EFE 1.6 (FEEH) . ROBITHADETI NEALET 3.
(1)—&ugs(l)ggA(I)zm
(2) g, (1) =0THBDRRIHFLENDERTHB I LHVUELHTH 5.
(3) g (1) =g, (1) THEALHIES (1) S2h2 IXERTHBI &8
WBEFRTHB. BIcZDLEG (1) i3 Cohen-Macaulay BTH 3.
(EE#) d=1o&x: (1), (2) & [12) B8R (3) g, (1) —g (1) =
length (R/B (1)), g, (1) sg (1) sg (1) &bg_ (1) =g, (1)

?56kbtuE=B(I)#ogs(I)=gA(I),NB,E=B(I)#06(I)
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S2THBI ENBEFHTHS ( [13, Proposition 3.11) . “hig [13, Lemna 5.11& |

IS (1) S2h D INERTHELLAMETHS. LTI REETH ZHIEHET

H5H55G (1) iF Cohen-Macaulay B8 TH 5 ( [13,Lemna 5.1] BRB) . wicd=2 &

LT, Jx2IoB/pMETETS. (1) [5, Theorem 214505
ES(1)gmmm(Tg/Jl)gwmm(12/11)=gA(1),

(2) @& [5, Corollary 611585, (3) g (1) =g, (1) THELDIH,

ES(I)=wmm(_§/JI)#olzﬁﬁ%fbéctﬁﬁ¥+ﬁﬁéé.[5,

Theoren 2]& D BAE | (1) =length (12 /1 1) i, E®On=0kKLTI " 2m

J“TEﬁmbzo:aaﬁﬁf,Izwgwoag,:nua(l)szﬁolﬁmﬁf

B L LRMETHB. HZREDERIE (4, Proposition 3]0 SHES.

Bl 1.7 BREr, edtl<r=< (e—-1) /2%iltd &%
R=k[[t® t e+1’ t2e—r—1]]
td<teg (R) =g, (R) =r#®YILD. R Gorenstein BTH 5 rdicid
=1THBIENBELHTHS.

% 1.8 1 b‘EEﬁ’C‘ES (I) =148 5EG (1) i3 Cohen-Macaulay BTH 3.

%1.9. g, (R) =1,95&, emb (R) =e (R) +d—1%/kikemb (R) =
e (R) +d—-2h>omHPEHTH 5.

(&%) emb (R) =e (R) +d-1THPIIE, 1sg, (R) <T_ (R) =1

sbg (R) =g, (R)=1. ¥>Temb (R) =e (R) +d—-202&™ 1.6

FOmBEHTH 3. '

@& 1.10. R4* Gorenstein B, 12%PATeg (1) =1 DL ERBRAMTH 3 :

(1) G (I) # Gorenstein H,

(2) I=mZFBINLEETe (1) =21length (R1)

(REBH] TWR/RSA—F— e AFTLNTRO, EBE, bLINSIA—5—c 47T )L
55 [1, Theoren 111 itk b (RBIEMBHET) [ REMRCTE0TE (1) =
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g . (1) =0&m0FE. (1) = (2) :Iﬁ“‘?iﬁf_'f‘f;h\&?'éélégA(l)

s
sg, (1) =1&bg, (1) =g, (1) =1. $>TEH L.6kV 5 (1) =2,
Ii3IEH, G (1) i3 Cohen-Macaulay BTHE 1.4% Y length (R 1) =g, (1)
=1&EBD I =mIBEOID. (2)=> (1) : IXPLEDOLEXIFHME 1.3Ick3. I =m

&ﬂ'%c‘:gA (R) s'g_s (R) =1. &-T [11] »5G (m) #° Gorenstein BT 3.

@ 1.11. R»" Gorenstein ﬁ'é-g—s (R) 275G (m) # Gorenstein BTH 3.
(@E#] g (R) =g  (R) =2, g (R) #2 ( [12 Theoren 3.6, (3)] ) &
g, (R) =1. &>T ([12 Theoren 3.6] ) &Y G (m) & Gorenstein HTH 5.

g 112 )Jc I PROM—#ERAFTIVTINIDRITTHSETSE. G (J) »
Cohen-MacaulayJ R T d (1) A1 OB/NEILOMY Fickonmdhid, 6§ (J) =6 (1)
AR MO,

[GE#] 6 (1) =n&lTKEIJOBNETLLT S L, KB IOB/NRTTHRELD

nHlpntl_ ¥l g G (J) #% Cohen-Nacaulay BHEOTK J P =

n+l

KIM=1

n+1=J

KNJ i s (J) £=n.

# 1.13.depth (G (I)) 2dim (R) —17W5iEs (1) B1owm/NhExo
Wy Hicikoiw ( [2, Theorem 2.112M) . #lZE, G (1) 4 Cohen-Macaulay B,
dim (R) =1, ¥2i3ddim (R) =2, I=mTmdAEHLESES (1) GBI

B/NRTOIMD Hick s,

2. HROBREMA. COHTRIRIBHUARSER 1 KX -—BHFREELT, R%
ZORMAG LTS, ROFEODBHATTINEETHSEE, RUVALf BTHBEES.
RAArEf Bl o emb (R) =e (R) 2RO ILD. Eic, RAMAf BTH DI,
RO TOMEMRIE L (infinitely near point) SH%#emb (S) =e (S) %ikT
CLBBELRTHS ([8] BR) |
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B2.1. (1) #IEBRER (seminormal ring)idArf BTH 3 ( [13] ) . B~ THROD
WHERA (ordinary singularity) Arf BRTH 5.
(2) FABHOPMENEE (nunerical semigroup) Hicxf LT, k [[H]]A' ArfBE <
H51HIciE, HEROFHZEILTIEDBEFTHRTHS :
a, b, neH, n<a=b<c (H) ¥5ida+b—-—neH.
BL, ¢ (H) =min {neH|n+NcH}) BHOEFA2%F. Mliif2<e<c
DE%,
H=eNU (c+N) = {0, e, 2e, =+, ¢, c+1, c+2, -}
EBLEK[[HIR ArfRTH B, EBE, n<asb<c (H) #5idn=ie, b=je,
a=ke, i<j=<kélibha+b—-—n=(k+j—i) e=eeNcH,

(3) e (R) =2RBodEEOM-—ERATTNOLEBDOTRIIAIf BTH 3.

W 2.2. ROArf BOE %, G (1) A Cohen-Macaulay BT& 30 icid [ BNEE
THEIEVBEFRTHS.

(EBA] +4rfEidValla [21] ickDBES. #icG (1) ¥ Cohen-Macaulay BE& 9 3 &,
KE»S | OBPAT I BLETHS. R-oTHIAE 1.12 XD I bLETH 3.

M 2.3 e (R) =2&953. INEAFTATRVESE, KOKBERMETS S
(1) G (I) i3 Gorenstein &,
(2) e (I) =21length (R/ 1) H»EYILD.
Hic, COLX1REBHATHS.
[EM] BB LD TBEETHS. %->TG (1) (@ Cohen-Nacaulay BT REMEHE:IE
RE 1L.30SRS. Tk, IXLETHEILEHOHE 1.3LY
2length (R 1) <21length (R/1) =e (1) =e (1) <2length (R/ 1)
#iclength (R,/T) =length (R/ 1) &% D 1 =1XKH L.
t2r+1]]0)<‘:§. G (1) % Gorenstein BTH3LIBRD
t 2 pacs s ( (13, Example

Bl 2.4 R=kI[[t2,
FAFTHATHOYM—#RASATFTNIdmE (tzr.
3. 412R) .
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ES(R)=0,1&6%®ﬂﬁ-ﬁﬁnamru[w]%§ﬁ.%K,E (R) =0

s
MO RIEG ATIRTH 5.

2.5, RABEEAMMERTRHEWEZIROEZHBRMTH S :

(1) G (1) 2 Gorenstein BTHALOBRDOM-EXRATT NI RmEFEATT I
DHTHB.

(2) RIi3 Gorenstein ﬁ‘f‘gs (R) =0,

(3) e (R) =2H0>mALEHTH 3,
RAMEAHAR TS, BRERPRBEMPAKTRICEENS L E, Thos@KRELIEE
Th5:

(4) REERA (/—F) R =k[[X, YII/ (XY) THah, rI@inz~s
BRER =k [[X, Y11/ (Y2-X3) T53.
[GEWI) . (1) = (3) & [15, Example 3.6]QFWASH#>. (3) = (1) : G (1)
H% Gorenstein BT IAEAFTINTHVWETZLGE 2.3k 1 3¥HATHS. o T |
EiEid (15, Example 3. 6] GHES. (2) & (3) OEM@EME (13, Theorem 3. 3]
kB,

WP 2.6 g  (R) =1&93. 0L

(1) ( [13, Theorem 4.1]) . emb (R) =e (R) TH»5, £kidemb (R)
=¢ (R) —1h>mAEHTH 5.

(2) FEORHEM - EHAF 7L 1t L TG (1) & Cohen-Nacaulay BT,
§ (1) =1%#i@dé (1) =2TIRIERTH 3.

(Y] (1) emb (R) =e (R) Thyhd, 1=sg, (R) =g  (R) =14&D
E, (R) =g, (R) =1. &>Temb (R) =e (R) ~1/2%E® L.6kOmi

S
Eﬁ?&%.(Z)MES(I)éES(R)ZlibﬁﬁlﬁbB%ﬁ.

# 2.7 TEOHAKe=3IKMLT

R] :k[[t e, t e+1, . tze—z:l], Rzzk[[t e’ t e+2’ -, tze_l' t2€+1]]
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&id(tgs (ml) =Es (m2) =1T, thi Gorenstein I3, thi Gorenstein

CRTlEw,
CTR®D#FE (conductor) (R : R) 2%7.

i 2.8 (HFORKHMT) . R Gorenstein BTHHMBBTLWVWET S, ROBE
m-—BERAFTN I L TRBEBTH 3 :
(1) 1R%E, ERHDG (1) % Gorenstein BTH 3.
(2) 1=cC.
(GEBA] (2) = (1) : [15, Proposition 3.312M. (1) = (2) :0=g (1)
=length (IR/ 1) XD IR=1. Kiclc (R:R) =C. —%, & 1.3kbe (1)
=2length (R/1) 55
O0=g, (1) =% (1) —e (I) +length (R/ 1)
=length (R/C) —length (R 1) .

iz 1=C.

@8 2.9. RA Gorenstein BTg  (R) =1, [AROBHmM-#ERI 7TV ET 5.

(1) e (R) =2&9 5. G (1) & Gorenstein BTH 2%, I=mZiid
[=CThB LB E+HRTH 5.

(2) e (R) 23&9 3. G (1) 2% Gorenstein BTHB7Hicid, | =m,
I=C%/id I "L ETlength (R/1) =e (R) ~1THB3LAUELHTH S,
[EEH] (1) R, w8 g (1) <7  (R) =1. g (1) =0
ETBEMB 2880 1=C. g (1) =195, ME 110 k0 I=mridlid
ZETe (1) =21ength (R/1) . BEDOL %

1=g  (I) =g (1) —e (1) +length (R/1)
=2—e (I) +length (R/ 1)
=2 —length (R/ 1)

EbYlength (R/1) =140 1 =m,
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(2) FoMk: I=mgri | =COLERAL, | ALETlength (R 1) =
e (R) —1&938

' =g, (R)zg (D)
g (I) —e (1) +1length (R/1)
e (R) —e (1) +length (R/1)

=length (R/1) +1—e (1) +length (R 1)
£be (1) z2length (R/1) . Th&EME 1.350G (1) #% Gorenstein BTk 3.
MEE:ES(I)=0t¢5t$%2ﬂ;01=0.23(I)=1&¢6&®%110
D I=mEfdl3LETe (1) =21length (R/1) . HEDL %

1=g, (1) =¢ (1) —e (1) +length (R/1)

=e (R) —e (1) +length (R/1)

=e (R) —2length (R/ 1) +1length (R/ 1)

=e (R) —length (R/1)
&length (R/1) =e (R) —1.

B 2.10. (1) R=k([[t2, t 7110&%, G (1) 4 Gorenstein BTH 2 & 5 i
EHm-—#FEAFT LRI =mErdI=C= (t 2, t°) ch3.

(2) R=kI[[t €, te+1, t2e—2]]’ e=3, ®&%, G (I) » Gorenstein
BThB LS NMHMm —EHEAFT7 AR =m, 1= (262 2 2etl 33
Frai= (28 2 L 133y wuz (15 Example 3.5]) .

3. HEDORKRE™R. ZOHTRRIBFIOAIEL 2K TEFEHEKETZ. RD

m-—#RKASFTLIEHLTY>Spec (R) #1ic# -7 normalized blowing-up

LLT, IOEMMHE (1) g (1) =length (H! (Y, 0,)) vefshr g

(Bl 1.588) . ROMMMER (geometric genus) p g (R) % }:
P (R) =sup {g (1) | TGROm—-#EX (77 I}

TEETSH. RABHMICERTSEREAOMBEX>Spec (R) BHELELT

Py (R) =lemgth (H' (X, 0,)) #WYI> ( [M]) . —@EASRD | (R)
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2ze (R) —emb (R) +14mYir5, RABEIED & %3 [12, Theoren 3. 4(6) ]
kbp, (R) =2 (e (R) —1) (e (R) —2) /248D L. p, (R) =0
THorlicdbicld, EEOEMHM - ERA FTUNERLOLETHE I LHLMETLTHS.
DL ERNVBHEEN (pseudo-rationa) TH B LEEH. FIAE 2K TIEABTBIBER
MTHsd ([17] BR) .

SEE 3.1 ROBEBNBHEET 3.
(1) ( [20, Corollary 4(f)]1, [6, Theorem 4.11 ) G (1) #% Cohien- Macaulayh:
ThHEteHicd, IHRETHEILNBEFTHTHS.
(2) RA Gorenstein FAilR (Fice (R) <2) T, I NN A= -4 FT7N
TRVET S, COLXROEMHIEMTES
(a) G (1) #% Gorenstein BT 3,
(b) T&EH,>e (1) =21length (R 1),
(c) I H2%BH (resp. IE#H) Te (1) =21length (R/1) .
[GERA] (1) +53kid Valla [21] B SRS, BEH  HEKLD [OBHET BLE
Eho, Ml 112 1c&06 (1) <6 (1) S1EBDIREETHB.
(2) (a) & (b) ORMEHBHE L3055, (c) = (b) RHAM.
(b) = (c) : [RLELENSHE 1.3k D
21ength (R,/T) <2length (R/1) =e (1) =e (1) <2length (R/1)
xnT=1.

% 3.2 ( [6, Theorem 4.1]) . RAIERIEHEET S, G (1) &% Gorenstein BT
HBEBIR, IHBRFTA—F— A FTLTHEIEDPBETHTH 3.

[GEW] LEHOSHREERV. G (1) 2% Gorenstein BTI AR5 A -5 —« A FT )
TIEWET B ETWREEHATe (1) =21ength (R/I) RO ILD. LI AHBThi
[17, Theorem 3.4] (F7-i3 [ 6, Proof of Theorem 4.11 ) ic & v [ 2ARKEAL S i

e (I) <2length (R/1) THBHILICFET 5.
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% 3.3. RvEgeEm _&E4, |, JPROM-—ERATFTTILVTNRIA—F—A4FTI
THWETSE. G (1), G (J) A% Gorenstein BRI SIEG (1 J) b Gorenstein B
THhs. I, JiJ"EFﬂfI‘BIfﬁBiELL‘..
(AFBA] sEFR 3. Lickv 1, JR3BEALZ,NS, 1JHEHA ([9, P.23IRM) T, #-T
LETHSD. HicG (1 J) idCohen-MacaulayBRT&H 5. [17, Theorem 2. 7]& D

9 (1) =21length (R/1) —e (1)
EB<EO (1) =6 (1) +6 (J). EBickb o (1) =6 (J) =0EH»5
0 (1J)=0&&%0, BUEMITEDG (IJ) i3 Gorenstein BTH 3.
Wicl, JHEETG (1 J) » Gorenstein RET5&E 1 Jb%EATI, J, 14
BEENGO (1), 6 (J) 20h26 (1) +6 (J) =6 (1J) =0. £-T
0 (1) =60 (J) =0&bHG (I), G (J) %% Gorenstein BRTH 5.

% 3.4 RHIBEHE__HSATIHNROBHAM -—ERASTTINOLEROFHIEMETH 5 :
(1) G (1) & Gorenstein BT 3,
(2) HEDOHEARKNIZ>WVWTG (1 ") 2% Gorenstein BTH 3,
(3) 5HZKNI>VWTG (1 ™) # Gorenstein BTH 5.

Py (R) =10 &%, ROKMHIIERA (elliptic singularity) TH 2 L ES.
Gorensteinks WIS R S 4 5/ MEM MR A (nininally elliptic singularity) &5 5
([7] 28) .

EH 3.5, RAIUMBRATI VBEATHELTE. COLE

(1) ([141) G (1) i3 Cohen-Nacaulay BT, & (1) =1&H 5, kit
§ (1) =2h2 I RERTH B, '

(2) ROB/IMENMEBRADE R, G (1) 4% Corenstein BTHB/»icid, 1 =m
cHBh, T IBEETe (1) =21length (R/1) HEH LS EHBBEHHRT
55 Fio, BEOLE, EEOHAMNISWTG (I ™) 4 Gorenstein BT 5.
(W] (1) g (1) =g (1) sp, (R) =1 XDER L6SHSH.
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(2) RREMBARTHEOHS TRAFA—y— A FTATRO. & (1) =<
g (D) <p (R)=1. 8 (1) =00 IFRELHSRE 1240 RN
5. g (1) =10&EFER 1.10 L ERDRS. HB#OFIRIE (15, Corollary
161055 H 5.

% 3.6. RAMMKREETHLemb (R) =e (R) +1%Fkidemb (R) =
e (R) pompEHTHE. Hic, ROUBHETIVEMMANERALSEemb (R)
=e (R) #'BV L.
[i%] emb (R) =e (R) + 1 THVEEET 5&

lsg, (R) =g  (R) =g  (R)=p, (R) =1
kg (R) =g  (R) =g, (R) =1&bemb (R) =e (R) homAER
TH5.

% 3.7. ROVKEMMBRADEE, G (1) A% Cohen- MacaulayBR 56 (1) <2
TH5.

(ZE¥] G (1) #% Cohen-Nacaulay it o, EM 3.5 & 1.12 &0 s (1) =
s (1) =2.

i 3.8 p g (R) £2¢7 53,
(1) IFLETEVERN —#HAS FTARSE, G (1) =&
Cohen-Macaulay B TH 5. 1 275\°§Eﬁfi SEIRERT, ®-TG (1) A Cohen-

0ty

NacaulaylR T 5.

(2) RH Gorenstein B Side (R) =2%F/idemb (R) =e (R) T, 5T
G (m) & Gorenstein BRT» 5. -
[EEM] (1) 2 (1) él@&%&i?s (1) =g, (1) =1XDER L6IK&LY
G (1) =G (I) @& Cohen-Nacaulay BTH%. g, (1) 22u5@2<g _ (1)
<g (1) sp, (R) <2k I OERWHMHED , (1) =7 (1) —g (1) =0.
& ->T [14, p.1373] Itk G (1) i3 Cohen-Macaulay BTHhH 3. HEicJ % [ o/ Ex

E45EI I =1 (n29) AR T->OTI SHEPR O | RIEETH 5.
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(Z)ES(R)épg(R)éZ&Dﬁ%lJl#BI%ﬁ%i

w8 3.9. R4 Gorenstein BRTp 2 (R) =3¢&¢9 5.

(1) G (m) i Cohen-Macaulay BRTH 5. _

(2) G (m) % Gorenstein B TH 2 7-¥icid, RA2KRBehiEm, 4xBehm /-1
emb (R) =e (R) THEILBHKBEFTHRTH . :
[EEBH] g 5 (R) £1#5EG (m) & Gorenstein BT& 3 ( [11, Theoren 3.6] ) . |
g, (R) =2&F5¢&, Sally [19] £V G (m) & Cohen-Nacaulay BT, G (m) #¢ '
Gorenstein BTHh 57D icid, R4 RBHMATHS I EBLEFHLTH 5. g A (R)
23&¢95%E, 3=sg, (R) éES (R) =p, (R) =3J‘~‘DES (R) =g, (R)
=3. X->Td (m) =2. Thid [12, Theoren 3. 6] IZF/E.
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