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Syzygies of Pfaffian Ideals

LZHEMTEXAEZN 2HERFEERMENE

0 &

Pfaffian ideal @ syzygy icoWTik, H< hoB L OFRMB BRI T VAL, BiFE. &
HRick>7T. Z kT3 minimal free resolution ® %7 L 75 \» Pfaffian variety @ F 7 HiR
N, TORTIR, FH2T2FHD Bettif £, SEH O LML T W, SH.
BsF 13 generic Plaffian variety © 2 #H © Betti number 3t Bic kv b -t-DT. %
NERMET 5. HREL T, FHIEKTIZ, 2 FH D Betti number 38L& p54
o teo

RE2AIHBE. A= (a;) # REnROEHFTIEST 3. A BERITFICTH 2 & it
Vi, ja;=—a;,Viag =0 BRKILFT B2 L%V, Alt,(R) ick->T. REMD nkoxk
RITTIOLEERDT, (a;) EALt(R) £ T2, n BEKDOE, X<CHMOATVS & S ic,
det(a;;) =0 TH 5o n=2r HNEH DB,

de o
Pfa'ﬂ(aij) =f ﬁ Eaesn(_l) Gs102 " * Go(n—1)on
= ZGGGP,01<63<~-<6(11—1), o‘(2i—1)<o‘(2i)(V¢')(—l)aadl 2" " Qg(n-1)on

&> T (a;j) ©7¢7 4 7 v Plaff(ay;) FRT 3. ¢ 5 &. (Plafl(a;;))? = det(a;;) HSEK
LT 3,

(ai;) EAt,(R) D& &, 2 < A< néeBBtE 1< < - <iyp<nhdi=
(41,...,%2t) K2 W T, submatrix (Gigig)ap=1,..2t bRRITFITH 3,

{Pfaﬂ‘(a;a;p)l 1 < 1W< < 19t < n}

ThEREh2 Ro4F70% Pfy(a;) ©%b L. (a;;) © Plaffian ideal &1 32, R &%
D175 (bi;) © t-minors 2MTERE NS RO4 77 % (b)) THbF T &icd 3,
ZRITF (aij) >0V T, ROBERDBKIT 5,0

WE 0.1 LoRE0FT T, Dia;) C Iyoi(a;) C Plu(ay) C \[lxla;). #ic. R A
reduced 73 5. Pfy(a;;) = 0 ¢ rank(a;;) < 2t & rank(a;;) < 2t — 1.

ErS564h 3k 54, reduced ring FORRIFFIORBBERTHE . <7 4 7 v ic
Lo TR»3 I ENHKB,



K »asi. R = K(zilicici<n 3 K £ n(n—1)/2 ZBEFARRE T 5, 2,0 = —14;
(i>7), 75 =0T& % 3 (z;) € Alt,(R) 12 generic ZRRITH LIFE N 5, BRI, Spec R
i3 Alt,(K) EE—8l&h 5, K 5 reduced 72 5. Spec R/ Piy(zi;) (@ K-valued point @
éﬁi) i3 {(a.-j) € A“;n(I(” rank(a;j) < 2t} Tdb. LLF. Pfg,(z;j) 2Hiic Ply T b7,

T8 0.2 ([11])) K,R:Loi#n &4 5%, R/Ply i3 K-free T&k 3, K b5{kix 518, R/ Ply
13 Gorenstein UFD <. ht Pfy = proj. dimy R/ Pl = (n—2t+2)(n—2t+1)/2 T% 3,

SEEEIcT 50k, R/Pfy © minimal free resolution Dk TH 5, COMBES . &
Ao BL DAL THEENTE T,

P15 0.3 R-module & L T®» R/Pfy ® Minimal free resolution % k& &,

Z . finite free R-complex F 45 minimal ©& % &1k, R/R, QrF (R4 ® ROZEHT
KK &N 5457 ) D boundary map A4 ~XT 0 THBL2EWRT 2, F 2 R/Ply
® minimal free resolution ©. K’ # IK-algebra 11 5., K'®x F i3 K' ®x R/Ply =
K'[z,;]/ Pl2(1® zi;) ® minimal free resolution ©&% %, &< ic. Z ECRE 0.3 BRRY
it basechange ic k> T, BF K LRE 03 BRT 2 &ichasd, K=2ZkTo
fE 0.3 icBd 2RI, ROBVTH %0

t=10188, PlLix. Ry ki sRmwo T, (B zi; icM$ 3) Koszul Complex #s
minimal free resolution #5 % 3, n—2t = 0 0P 4 b trivial ©, Pf, R BFEA F 70
Thd,n—2=10184. E& 3 0 resolution # Buchsbaum-Eisenbud iz & - THX
Eht [5lo n—2t =2 DBE. K& 6 O resolution # Pragacz i & » THEREhTL
% [17) o T @ resolution ® 2 FEHDIHIZ, Q LO—BREFORMHERR O Z form 7255,
Schur module © & Weyl module bbb D Eii>TW3, n—2t=3 0F AL open T
5. GHEIAHESHTREV, FHELALLET L, TORIRER02IKL->T 10T
»H 5o

KL ¥ % degree 1 12 LT, R = K[z,;] 13 graded T& b . Pfy i3 homogeneous < &
3, ft>T. K ko4 . graded minimal free resolution NEE T 2 DIXHWETH 5
B, TOBEMERETD LERNTHE, K B¥IER 00T, n—2t =3 DFE I,
Jésefiak-Pragacz-Weyman [10] i & - T resolution S E&Hic R EhTWwWa ., —F o
n—2ticBL T K OE¥EM» 0 THoRBRTH S, B¥picovwTiR. L EAd>TW
Z3LUEDERIMSATVI G,

MIEE 0.4 K %2ik& Ltk &, R/ Pfy ® graded minimal free resolution 3% %4 %, R/ Pl -
@ Betti numbers rank F; = 85X %3k » &,

k<mohTwakie, K= dimg Tor®(R/Ry, R/ Ply) TH %o b EBLKL, .Ig =
dimy [Torfl(R/R+,R/ szt)]j BREhFasickw, cZic. [ ] 1) graded module @
degree j component T& 3, (X, ﬂ,KJ 2 K 0tE¥ oA depend + 3D T. ﬁ,—F’, ﬁff %



ThEnfl, fl, TEDOLT. Chox2d~TopicLTRAPAE LV, & Sty F, it
B pokikcdrs (Fo=Q),

fEIRE 0.3 »3B{EH) 72 resolution DR IC & » THREB &N T W3S case Tit. % O resolution
DEHED rank ERDMF L VDY TH 205, MIE 04 bEFNCBIT VS, $1. 2
Lo graded minimal free resolution #3774 t14¥ . base change TBF 72 fk_F o resolution
BRONBED S, B, F RERp B LTV, ER. TOH KLY 3,

& 0.5 ([19, Chapter 4, Proposition 2]) XiRE#E T 3,
13xTo 120k LT. A pick S,

294NTO 4,720k LT, R picksinn,

3 R/Pfy @ graded 72 minimal free resolution #5 Z F#H#E T 3.

& 04 3. p =0 0FAic. Jésefiak-Pragacz-Weyman ic & » THLICEHLNA T W
50 K BB 0 nthketaLxic, V=K B80T, e,....,e, 2V OBEH#EHLE
EBE&T B L&ic, R= K[z;,;] it o = e; Aej It & > T symmetric algebra S(A’V) & [
—#l&h s, GL(V) WHRi S(N°V) wfEA L. Ply 3 GL(V) 0B TRLER O T,
R/Ply iz & GL(V) RERIEMYT 30 £7. R/R; ® resolution (Koszul Complex)
K.=S(\2V)® A(A2V) i & GL(V) »fEfi L.

Hi(R/ Pl ®pK.) = Tor®(R/R,, R/ Ply)
it GL(V) 0SHRER KK 2, CO& &,

EH 0.6 ([10, Theorem 3.14]) K R iZ¥ 0 nfk, V=K" &4 3L & GL(V) o £
REXH o EHR
Torf(R/Ry, R/ Pfy) = &) K\V
p:partition, k>0
A<k, i=lul+H(k?+k)[2

BEET b,

ZCiy y=(n,%,-..) » partition T % & ix. v # non-negative interger o 4 [R %]
Th->T, FRED ¢ ZRVT % =0TH0. 2% > BRITZIEELI,

partition v i LTy |y] 1 v @ degree ;v 2F b 3o ¥ o, partition y icxf LT, 7

i3 v @ transpose TH %0 20, 7= (51,%,...) B % =#{j|v >i} c5x5h 3
2t-1

——
partition T#% %o f1Od® X i partition (k+ py, ...,k + p, k... ki, fia,...) 2F D
¥ o partition y it LTy K,V i@ y e L7 V © Weyl module T2, $70b 5.
e1A---Aes ® - ®eA--Aey, T GL(V) L& s h 3 /\;V=/\:"V®";/\:’" V o
submodule T& %, K OEH»B 0 o<, Kh)V it M <n Tk 3Ry, irreducible ¢ 5
Bo BER K H LT, KaV & Kofree T, rank KoV = det ((5,7,)), . #%
ShTED., COARDDL B 2HET20REERTS 5o o

—3—



— o piHLT. B EHET208HLVE cEbn3, B, L iehzhn ],
() Trprddiv, BiowTiR, KO EXNMSNT O,

EE 0.7 ([13),[14]) 1t =2,n=87T B2 =L+ 1. #ic f5 i#—A%icit p ic depend
T3,

22p>n—-2= =0 Hic. 20+3=nR S, B9 it pic depend L5\,

3j>2tnoiE, B =0.

LtoEED 1ick->T. Z ETiz—#iciz R/ Py ® minimal free resolution i3 %
LIBWI EBFHTRENT, 3 i3 Grobner basis 0BEBEGHALCRaE ik,

1 EFxEH

SHEHESHAHERIR.
EE 1.1

n(2t'-ll~l) - (2:0»2) (p#2)

n(2:|-l) - (2:}2) + Lici<llog, 4 (2‘+?+2t) (r=2)

F12t2>2 244 niE, fI>0) Hic. CoEA&. Z Lo R/Pfy © minimal
free resolution T FEE L 72 W\,

R-module 0 #EH ¢o: RQA*V — Pl 2 V o basis 1, ..., Ty ICDOWT
P(a® (ziy A Aziye)) = a Plaff(zi,)1<a,0<2

KE>TERT 20 ¢ DERIZ V D basis z1,...,2, DEDHick 570, Kerp iz Piy 0
relation module T H. Z® R-module & L TOERTOMMIE K SIZM p 0tk & %
BETH B0 1< 1, . sdor LT [f1,---,J2r] @ A¥ V O basis element e N+ Aej,,
. (G- Jor) 1 Pfaﬂ(zj,jp)lga,ﬁ52r ESEENThRDLT LT B,

Pfaffian o Bjic Rk o B BEERN & 3,

HE 13 /%EI?EB@ 7‘20; 1Sa,i1,~~-,i2r+1 <Sno&s,

2r+1 a
Z (_1)a+1$dt‘a(ilz ERER )i2r+l) = (a) il) sy i2r+l)
a=1

373 Z & B a;bZO)lsily"-)i2(a+b)Sn DLE,

Y (C1 o)y s o(20) * (lo(at)s - - -y Goatatt))) = (i -- -y G2(atty)
”eea,b .



pF#2oD& %3, Ply @ relation module ® minimal generators * B {k#jic & & T4 C
ERPE LV,

% 14 K gaBE<T. 1/2€ K £33, Kerp i3

’ 2t a 2t a ]
T(a) b) il) i )i2t) déf {Z('—l)azaia ® [b, il) SRR yi2¢] + Z(_l)azbia ® [a) UTRERER ) ZZt]
=1

a=1

|a<i1<---<i2,$n, ISaSbSn}
T minimal it EH %,

T(a,byin, ..., d2) B @b, i, . i BERBEHR 2B ORKTEMOETHD . %
ITRVE ERAEMICE, index cEH DO H 3 Plaffian(=0) o RN FEMTH 5, o &
D, 1/2 € K o & &iciz, Pfafian offoMERRZ. RRFEMTEREN S, LA L.
—fEici3 £ 578 > TRV W (Pragacz [17, Remark 2.1] 2 B &),

toFRDEVWELELT. 1/2€ K 0340 ‘R/Pfy ® minimal free resolution @iz U
Lo ERENIKEST T LR,

%15 K 1/2 %8G AHRBET 5,

2t+1 a
1® (61 A /\ezH.] ®€1) — Z(—l)“zlu[1,2,--7- . ,2t + 1]

a=2

.....
(A
21

"ANEN

1 R-module 07
RO KpuVLBRON* VIR — R/ Ply — 0

it exact ©hH %,

2 K %5 noether ©. (ay) € Alt,(K) &3 3%, z;j—a;; Itk > T, K % R-algebra & &
50 C@&%\ m‘iﬁ]ﬁo
a) Im(K ®g ) = Ker(K Qg )
b) Pfy = K % 7:13 grade Pfy = ("'22”2).

BES 20881k, Kerp ORGHIERTORBRRIP I EMICI> THRB, 0 &
D 3 >D type © relation (o F » Kerp dx) %2 £ X 3%,

type T So(—1)%Tai, ®[a,i1, -+, in] (1 S A< g < -+ < ige < ).

type 11 T(a,b;il,...,izt) (1 a<iy < -+ < iy < n, 1 <14 < b <n Tl
T(a,b,zl,,m) %4 ,%14@{)@(‘_‘.@[5’0550

— 55—



type III 0 < a < [logyt] £33, 1 < i(l) < -+ <42t +2*) < n &tl3 i=
(@(1),...,i2t+22M)) LT, 575 2BROARIC LD,

© ( > (=1)%((o(2t + 1)), ., i(c(2t + 22T ® [01,..., J(Zt)])

”een,w“
(“”)((1) (2t 4274
BRI T 5, —H. RETFEHOAROAZRVELE-TE >N 3 ELH
(1), ..., i(2t +2°*1)) ZA (i(41), - -, i(d2e))

BEETS (AJ)ES). CcOXI>BEMYE fix+3 &,
WEHE Y (1)t + 1), (02t + 2 @ [0, ..., 0(28)]

7€6;, 2a+1

t 420 EA ) ® [i(j1), - - -, 5(Gar)]
()

X Kerp ot THh %,

M 1.6 K X 2 ook, Kerp i3 type I-III @ relations © minimal ic 45K &
3,

2 EHDIEEH DM

K 3a@B. ¢: Vi — Vo i3 finie free K-modules 0 #[E % &4 3 (rankV, = m,
rankV; = n) o ¢ 4K & 1 o finite free K-complex & &7 3 & & BH%k 3, chain map
T: 9 —>dQ®¢ bfT(U;®Wj) = (—1)1+ij(wj®vg) (vi €V, w, EV,) ick->TEE 3,
chain map 7; : ¢®" — ¢® % idgei-1 @ T ®idger-i-1 (1<i<r—1) Itk > TEHRT 3 &
relation 77 = id, ni7j; = 55 ([i = 1] > 2), RiiT = Tl 28 Fo BTy r KX H
B G, 2 K-complex ¢® i1 114+ 1) =itk > CHEAT 3,

KHBEHO00BEE2EL 5, r > 0L T, A4 i invariant subcomplex ($®7)S-
ELTE&RESN B, inclusion map \"¢p — ¢® % A, TEDT. AN ¢* © dual complex
(N ¢*) % S,¢ THbto ARH

¢®r o~ ((¢u)®r)*isr¢

% m, TRDT, patition A= (Ay,...,A) (CoEd>cEVWLS. A =0(>s) 2&KT
5b0&¥B) il T,

def

MEZE AN - AV
536 5,60 ® 5,0

_6._



EERT Do
Partition A icxt L€, X @ diagram Ay i {(5,7) EN? | <N} ELTEREN S, A
K2lEF <; & < 2xhZh

(i) <, (i"§) i < & feiti=1,j < j
(G,7) <c (", @ j<jEruji=j,i<d

[1,k]={1,...,k} ~o—BHWZIEFRARE 2z 020 T(N), T'(A) tEbd. T'(N)oT()) €
Aut[Lk]=6r %2 7n TEDTo CDEE. di: Ny — S5 %

A
M=N13®- @A $—5® A,
¢®A1 ® - ® ¢®z\, o ¢®k_"2_>¢®k
o~ ¢®i| ® - ® ¢®:\' ms, ®...®m:\'

55,9® - ® 55,6 =53¢

DEBHICL > TEHET 5, Imdy 2 LygicL->THEDL. ¢ D XAicfdd % Schur complex
&I 3,

K B—fgoiEHoriciz. K= Z[zij]lsism.lsfsn 2EL, Wo=Kg, Wi=Kg &%
&, ¢o: Wy — Wy 2475 (zi;) THbEN 2 map 12&9 5. ik, Vi & Vo D basis
2EET B E. 77 (a;) TERDbEN B, 25— a;; itk »>T K id K algebra 722,
Vi= K@u, Wi (i=1,2), ¢ = K@, o EH—Bah 3, coL &, Ao Kog Ao,
S3¢ = K @y Ay o, dad = idx @ dado & EHET B0 < OERRIT (a;) 2RD B 01
ffiofe Vo, Vi © basis D& D Hick 510w &M check T& 3, '

EH 2.1 ([8]) LoiEEOTT. RHBHKD LD,
1 Imdy¢ & K ®, Lrdo. D K-complex 2 Ly¢p LEHT %0
2 L)¢ it finite free K-complex T& %,
3 Ly¢ © degree |A|-component i3 K-module & LT, K)\V; &£EE,
4 Finite free K-modules @ 5242 7%
0— GLF-‘P—»E -0

3t LT Hi(Lag) = 0 (i # |N), Hy(Iag) = KoG BRILF Bo &< Ioy ¢ MER
T. (M #0RB5E. Lyd it exact TH 5,

K-complex
C=--— ,~+1—>C;—>C;_1 — -

_7_



i LT, Cg i3 C @ subcomplex
..._)0_.)0—}01‘_}0’:_1_)...

EERT Bo (A*P)ar—t 2 N ¢ TED T, patition A= ()y,...,A,) et LT,

Ard Z AP GON 8- N ¢
EERT B0 () (Ar @) CLrp % Lind TEDL. ¢ ® X it L 7 ¢-Schur complex
L IF 35, t-Schur complex @ homology 45 determinantal ideal @ syzygy icZE < Bdb b 5
5 EBBESH» -1 [18], [7]o Eid. t-Schur complex i3 Pfaffian ideal @ syzygy % K
HEDICLHBEERELS, UT. K REMpoEkTHBLT 2, BIMiORLTOTT. K
DE~EHPL R I>1IDEE,

¥

[Torf(R/R+, R/ sz,)]j ~ H([R/ Pl ®rK.];) & Hi_1 ([Pl ®rK.];)
THoteo i Ko 13ZE¥K zi; B4 5 Koszul complex T3 %,
& 2.2 j<2t k&, [PlyQgK.); @ filtration F T% @ associated graded complex A

P Leys, 2aidy
A:partition, |A\|=7
L1753 bONEET Ho & Ci.y partition A = (A, Ag,...) H LTy 2X = (201, 2)s,...)
ThHbo

Lo filtration F iR b TEENICHRENZ b0 LEN. TOFERIEHR 0T, FE
BEBEBRV, LOMBEICELD. 5 spectral sequence E T, E® ORTic & - TLH;
(4 < 2t) B ETE. E? s H](Lt.,.)\,,zxidv) OEMITK>TWVWEbDNEET 5, 7> 2
Bo. fi=0R0T. Hi(lpidy) 29 ~<Tot, \icBLTRDZILickD, 551
EFEoEHBEONEIDLIFTH S,

88 2.3 ) i3 partition &4 %, TDEE,

.K(g'lt-l)v (A = (t + 1))
Hi(Lepidy) 2§ APV (3i 2 00 = (¢,p))
0 (otherwise)

i, 0°=1ThaeES,

DI Icid. Akin-Buchsbaum [2] i & 2 length 2 @ partition icBi¢ 3 Schur
module @ exterior power ® 7 v v VEDEFIICT & % resolution 2 FlW3, mE 231tk
T. El-term BE2CRES L, LD A icBIL T, E'-term » (universal coefficient
theorem i & - T E®-term &) &3 ic depend L WEHB S H - foo Hi(Leyr, 22idv) H5EE
Hicksoid, \M=t20=p (3p>0) 0B&KIFT. COL>3KE pid 24TV,

—8—



S.pF2BS. PR P E—HT B, p=20BARO VTR, BANRFEHE L
T B & 73 3 partition ® E%term LI % AR EF. THOERICE- 1,

PDEBEEDOIEHADOEEEE TH 355, Liridy © homology i3 % % & ® Grassman £ k& Lk
@ homogeneous vector bundle @ cohomology & L T&kb&h 3, T D cohomology i3 K
DEH 0 OB ic it Bott O FE (FIA I Lascoux [16] 24 &) itk » T, HBEEhTW
50 2% 1. Liyidy ® homology RELIRETE 5, —H. HF 23 2 LD FUVKREKC
RT3 L3, Bott oFE (DHHRBE) OER phREMEZ LMt sbit T, #
LWESicBbhbd, COAEEM>TIDEY syzygy RO B IR COMEISRR X
NDINEBSDIDREN -

3 Pfaffian ideal ? 2 3 & determinantal ideal

Z¥ 0 o175 o Pfaffian ideal & determinantal ideal O fflicit. KR OBIENBTFLE
3 %

EE 3.1 ([8, [1]) K » @ 2L TWMBE, (a;) €Al (K) £33, oL %,

(Pfae(ai;))” = Lae(ai;) (3.2)
szg_.z(a,'j) . szt(a;j) = Ig,_l(a,'j) (3.3)

KoBEBEp>00L&RE3TH5502 C0k> RMEDL I, R= K[z
& (2:;) € Altn(R) 2 Z A MIE+5TH 3o

EH 3.4 (Cayley [6] (1849)) n=2t 75, 32,33 M. n=2+17 5L 3.2 HBE LW,
CCTRI2OBEZELDZIERLT D, BEdChicid, BBMARKRAMNES 3,

Bl 3.5 K RiE¥ 20k, n=4,t=1,42, Co& &, (Pl(z;)’=RLTthn. 20
ERTOBERR 21 TH 3. —F. L(z;) i3 (B 2725»5) 4x 434775 © 2-minors
TERENSE, LCHOSNTWVWEESic, nxnH#ITH O t-minors TEKEh B4 77
»oERT OB dimg Konk™ = (1) = (2) - (") BFcs s (Mae 12). &-
T DL(zi) oRTo @K 20 FTH 3,

L s,
Iy(zi;) C (Ph(zy5))? (3.6)

K2O2WTRESITHAI»?

G 3.7 K 3B 20k, n=T,1=2,%3%, C0& &, L(z;) ¢ (Pla(zi))? ¢ L(zi).



DX, 3.2 13— AREH Tt submaximal case DA IR BB HKRETH 2, B,
n=2+10&&0 L) = (Pla(z;))? it perfect T& 2. (Ply(zi;)* (k > 3) it
t #1175 imperfect Td %, % ® resolution ¥ k£ > 2 ic>\WT., BEX&EhTWw3 [15]
(4] o

Bl 35 Thfliofckdic, BEH 2 ik, RRTFNIXMHITIITH 5, #-> T, generic
BRRITF (zi5) ic2WT. In(zij) OERTO B IZ. generic & HITHI O ALK T O E
¥ dimg KonK™ #8200, ik, Chid—T 3,

i 3.8 K EH 20k, K LoD n X n generic alternating matrix o 4 5% 5t @ H %1
,u(IZt(z;j)) i3 dimg I((z').[(n TdHbdo CliT, I((zt)f(" i3 partition (2, 2,_. . .,2) B4 3
K™ © Weyl module ©& 3,

Proof. Iy @ degree 2t-component Ip;o: ® K LORTHRD 2l TH 5, V=K"¢ 5%
o (zif) RUMITFITH B2 5. Ipepe id GL(V)-module & U T\ Ly 2tV © homomorphic
image TH %o, T2ty L)V & KeyV © contravariant dual (partition (2¢,2t) i< 3
3% V © Schur module) T& %o oo & Liata)V 2V AR & Vo LoV @ weigt (2°)-
component i3 1 RTT. simplesocle ic&ZEn 3 d 5. oo 2 Lz 2tV @ homomorphic
image T& % & &2 & 0. Ipg ® weight (2¢)-component 25 non-zero i 5 & \o & & 5 h3,
7 LB ® minor det(zi;)1<ij<ae & (1,...,2t)2 #0 &E—HK L. weight (2) 22, Q.E.D.

2% 3R
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ad RO 3 N monomial curve Ik - TXEFE %
& 5D Cohen-Macaulay HEICDWT

ot =255
FRfATE

1 FF

A = k[X,Y,Z], kU] %4k k Lo HABE L k-algebra map ¢ : A — k[U] %
e(X)=U oY)=U™ o(Z)=U", fBL. I,m,neN R gam(l,mn)=1T5H2bD
&34 36 p(l,mn) = Kerp &5 & p=p(l,mn) ® symbolic Rees K¥ R,(p) = ¥ pt*

i>0

(t 3 ALORER) OBAR S = Alpt, pD¢?] OBBRUBEL>VWTEET B0

1989 # i J. Herzog & B. Ulrich [7] i p 45 self-linked (i.e., 321,22 € ps.t. p = (z1,22) :
p) 85 S i3 Gorenstein B & 725 C &AL, % f self-linked TR WHBEOH L LT
p=p(7,9,10) i3t L T S ¥ Cohen-Macaulay type r(S) = 3 ® Cohen-Macaulay B & 72
5 EERLR, $&RiT, 1990 ., HRBE-VEH-TH [4] It & » T p #¥ self-linked TR WIS
iz S &5 Cohen-Macaulay RE B2 HENEZEEEBEA SN, COL & (S)=3 &5
&L p=p(13,14,17) ic# LT S i3 Cohen-Macaulay B & S5V &EBTEH & N 1o

FRERB B oD LEREIT 50 Herzog [5] ic & i p #5 complete intersection
TRVWEEp BROBDOITHI M O 2 RO/NMFHIRTERESN B EBHMONTED,

Xu yh z9

M = YR 79 Xo

] ({E L ~ Gy, b,‘, C; ‘iIEE&)

—HT [T ik >T p # self-linked TRV & & a;>ay, by >byc; >cy £713 a3 < ay,
b1<bg, c1 < Cy DELLLBRVISDIEEMBEETHBIEBHAOATWSE, #ITE
RRXRoKicRRSN B,

EFHE 1.1 77 M i a; > as, b1>b2, C1>¢C ENR->-TVBEHDERET 3 L. RIZEHE
TH 5o

(1) S = Alpt,p?Pt?] #8 Cohen-Macaulay BT 3,
(2) (al - 202)(b1 - 2b2)(01 - 2C2) 2 0.

ZLTCO8K(S)=3.



COEHE 11 0K (2) R[4 TEAXSN7bDTH B, % 7. Gorenstein B iz Cohen-
Macaulay type THEFiFohicoT. EE 1.1 7Bt S 5 Gorenstein BT & 3
& & p Aself-linked B4 F7 NV THBILEMEETHEIEBDM S,

2> & PP WD % % monomial curve K LTEBOKREITICELE2RD 2, B =
k[X,Y,Z,W] & k[U,V] 2% HRBE & L T k-algebra map @ : B — k[U,V] 20(X) =
UL, ®(Y) = UmVi-m &(Z) = UV, (W) = VL, EL. L > m, | > n, m # n,
gem(l,mn) =1 &35 6DELTED. P=Ker® i3t LT B-R¥ T = B[Pt, PPt} o
Cohen-Macaulay ## & ' P @ self-linked #ic oW THEEKT %,

2 SEH 1.1 OIFEH

A=k[X,Y,Z), kU] 2tk k LOBHERRE. o: A — k[U] 2. RTE % % k-algebra map

ET 20 p(X)=U" o(Y)=U™ ¢(Z2)=U"{EL. |, mn REBKT gem(l,m,n) = 1.

D& &, p=p(l,m n) =Kerp i complete intersection TX W& &, p RIROE DT
IM O2RONMTFIRNTERSNWZ I EBH SN TWS (cf. [5]) o

Xu yhn gz

M= [ Yb ga Xe

] (L. ay by, o RIEBHK, )

p DERITERDEL S ILh &Lt 3,
ey = Z9%a — Xoryh gy = Xt _Yh g4 and ey = Yott _ xuga

¥, ROGTLEEEX 5,
a = min{ay,a;} a3 = max{a; — a,,0} a} = max{0,a; —a;}
b =min{b;,b,} b3 = max{b; — b;,0} b} = max{0,b; — b,}
¢ =min{cy, c;} ¢z =max{c; —c;,0} ¢ = max{0,¢c; —c;}.
A 2.1 ([3],[10],[12]) A € PP .
XA -Y®Z%2 4+ Y5 2% e5 =0,
Y A — X% 292 + X Z%ere; = 0,
Z°A — X®Y5el + XY Yeges =0,
p® =p*+ ().
H1TLOBEET 3,
Proof. [3, Proposition 2.4], [3, Corollary 2.5], [10, Lemma 2.3] 2 R &, O

R = AN, Ty, T5,Ty), Alt] 2% HRBRE L. A-algebramap ¢: R — A[t] X0 & 5 i
EbBo P(T)) =et (1=1,23), YT)=AL. cO&E&. J=Kery H ROBE 3 0%
AFT7TVTCROEBOT:2EE,



fi=X2Ty+ YT, + 29T,

fo=Y"Ty + 22T, + XT3,

g1 = X°Ty —Y®BZ3T2 + Y5 Z9NTs,

g2 = YT, — X Z9TF + X® Z5Ti Ty,

g3 = ZTy — X¥YHT? + XSYB LT,
X 50T fi, fay 91, 92, 93 RIROKRITH® 4 RO plaffian LR-oTWBIEDBHE,LDS
Nbo

0 74T, XuTy Y&%Ty Ty

—ZaT, 0 y? —X°  Z9T%
—Xa‘I’T;; —yb 0 z° Xa3T1
-Yu%T,  X° —Z¢ 0 YT,

T, —2°T; —X*T) -Y%T, 0

¥ 12\ ATy, Ty, T3]/ (f1, f2) & R(p) (the Rees algebra of p) 12835 (cf. [15, Theorem 3.6]) &
DT, f1, f2, 91 & R-ERIFIZT2To 2T\ [1, Theorem 2.1] £ » . [ = (f1, f2,91,92,93)R

EBLWTROHEERE %,
Wi 2.2 ([4, Lemma (3.2)]) R/I W& 4 R3t Gorenstein TS %o

bL.picLTp=(21,22):p &85 2 HDIT 21,22 €P BEETIELSIE. . p I
self-linked” T& 3 & Wb i, Herzog & Ulrich RIRZERL 7o

Wi 2.3 ([7, Corollary 1.10]) RIXEET & %o
(1) p & self-linked TEWo
(2) 75 M RROFMDEFRT-
(a) a3 > ay, by > by and c; > 3.

(b) a1 < az, by < by and c1 < ca.

m=(X,Y,Z)R £ 8o I DERTRT fi, f2, 91, 92, 93 R 5. p B self-linked THEWC
Ll ICmENEETHECEPELDONE, 5. ROWEICLD. . p %5 self-linked

ThHroLEI=J LPEAMETHEILbDDP S,
W 2.4 ([4, Lemma 3.3]) Assp R/I C {J,m} and IR; = JR,.

o lh D p Hselflinked THRWEE. TR I=JNQ LWVIFO HEROHEE SO
CEbhb. BELQ R MERAIFTNET S0

& 2.5 p 13 self-linked THWET B0 RBEETSH %0



(1) S = Alpt, 2] # Cohen-Macaulay BTH %,
(2) IRnNR=(X*YE, 2R £13 5 o f,y> 1 BEET 5o
ZoE &, 1(S)=3.

ZERH : I3 52 mERAIFT7THVQ IRE-T I =JNQ LWHEOERSEER DS
B I J]=Q, [ g Q =J BEDILDo > T, [9, Proposition 3.1] ic & hif.
S = R/J % Cohen-Macaulay T% % & & & R/Q % Cohen-Macaulay T& % & & & s
TS, (2) Bo (1) Bbb s, M= (X,Y, 2,11, T3, Ty, T)R E <o Ks % S
@ canonical module &3 tif. Ks = Homp(R/J,R/I) 2 [I :g J|/I = Q[I 2D T,
1(S) = Lr(Q/T +MQ) = Lr(Q/MQ) =3 TH 3,

(1) ZIXET 20 a1 > ag, by > by, ¢1 > ¢z ERFELTEVD Sa = min{ay, a3}, f =
min{b, b3}, vy = min{cy, 3} REBHTH 0. (X YP,ZVR B[ 288 mERA FT7 0
BT, (XY, Z)RD Q.

HOBEERE o rad(Q + (11, T3, T3, Ty)R) = M T R/Q ¥ Cohen-Macaulay B ©
< Ty, To, T, Ty & (R/Q)on-ERIFlo & T (Ty, T, To, T)RN Q = (T4, Ty, T, Tu)Q #5%
DD,

4 R ERORBTREBELA S, degX = degY = degZ = 0, degTy = degT =
degT3 = 1, degTy = 2. Q BEFERAFTTNVNTHED5. Q OFRIBERTE u, U,
u, € QN Ry, v1, v3,..., v € QO@IR; LEBIENTE D, ¢ = (u,Up,...,u)A iE A
DAFTAVTHED. & v Ry € QN(Ty, T, T, TR = (T4, 15, T5,T4)Q. £-T Q =
qR+ (11,15, T5,T4)Q DT, PLOHEL D Q =4qR.

A= XT 4 YN Ty + 29T €qR TH D & »T X9Ty, YU Ty, 29Ty € qR TH 5 b
5. XM, Y™, Z9 €q. fo, 91, 92, 93 K BEBICL T

(X, Yh, Z9, X, YR, 29, X Y®», Z9)A Cq

LB BHS (XY, Z2)RCqR=Q bbb, O

2 &ic S ® Cohen-Macaulay %2175 M OSETEER T L E2HA B 5%, p i self-
linked TR WdD &L a; > as, b, > bg, 1 >0 ER--TVWEBDERET %, 5T,
a = min{ay, a3}, f = min{by, b3}, v = min{cy, c3} B T Lt 3, THU %

X9, X% oT\T, —X%~°T?
U= | —Yb=fT2 Y®FT, Y»-PT,T,
Z9TINTy —Z91T2 a1,
EBCo THE.

R 2.6 (a1 —2a3)(by — 2by)(c1—2¢)) >0 & detU g m & EMETH 50



G U offfIRAZHET I,

detU = Xu—eyhw=Pza—rdy xs-eyb-Pzs=17inT,
+ XosmoYyb P Za I T3T, + XY =P 2o T T3T,.

CNED detU gmRIKO ENDBRD L & EFETS 5o
(1) Xe—eyh=8za=7 = 1.
(2) Xa—ayw—BZe—v =1,
(3) Xss—ayb-Bza—71 = 1,
(4) Xer—ay®—Pzea—7 =1,
hoik, HEWAT
(1) ay — 2az > 0, by — 2b, > 0, ¢; — 2¢; > 0.
(2) a3 —2a, <0, by —2b; >0, ¢c; —2¢, < 0.
(3) a3 —2a; <0, by —2b; <0, ¢c; —2cy > 0.
(4) a1 —2a; >0, by —2b; <0, c; —2¢, <0.

ERBZIEDOERBEILOONE, O

FH 1.1 OFEW detU gm & [Rn= (X YP, Z") Ry EHBEBTHZ C EEREEERS
TH 3. L=(XYP,ZNR £8<. AV %

Xe-eTy X@oTy, X@-oT, X®-eT)T, —Xo-oT?
V=| Yu T, Yh ATy —YhPTZ YhPT, YbAT,T;
Z9VTy  Z9OVTy, Z9TVLTy —Z900TE 29T,

TED D0 T5&, fTHIOETROLI KhiF T3,
[fl) f2)91)92a93] = [Xa) Yﬂ) Z"]‘/’

[91,92,93] = [X®,YP, 27U.

TV %2 V = [v1,v3,v3,v4,0s] EBIFE. vy € MR T Tyvy = Tavs + Thvg + Tovs TH 5
CEWERHETE»DONZDOT. ] RERE K =Ru/mRy 27 YV VW LEETIATH gy,
92, 9s TERENT VS, #-CTIQrK=L@rK & detU #0 SEEE R HEE L
RERBE»N B, O



2.7
po= p(’+2n+2,n? +m+1,n’+n+1), HL n>2
P2 = p(M’,n’+1L,n’+n+1), EL n>3,
ps = p(n’+n+1,n+2n—1,2n"-1), HL n>3.
&3 35,
(1) ([4, Ezample (3.7)])p=p & p =p2&icX L S & Cohen-Macaulay BT (S) =3.
(2) p=psict LS it Cohen-Macaulay BT\,
Proof. pi, ps, p3s RENZURDITFIO 2 RONMTFIRTERENBZ S ED S B,

Xn Yn Zn+l Xn Yn Zn-—l Xn Yn Zn
Y Z X |'|Yy z Xx ||y z x+

3 The projective cases

AETIIEE 1.1 © projective analogy 32 b D2 EET 3, R LD ZDMEfE & L
TEEROFRALIZ > VTR~ (cf. [17, Chap.VII §.5]).
A= kX1, Xs, .y Xo] & B=k[Yo, Vs, .., Y] 2ROKBCRBMA 5B EATE S 5.

m=deg X;=degV; (1=1,2,..,n) , 7o =deg¥,.

BU.n BEBHTE n 280856087 3, $HR g=g(Yo,13,..,Y,) € B i L
iv,(9) EA ZRD LI EED 3,

iy, (g) = 9(1» X1, X, .., Xn).

CDL&E, iy :B— Ak k-algebramap & ->TW3,
Bt 0# f = f(X1, Xy, ..., X,) €A LT feB %

Y; Y,
hye Ydesf/ﬂo 1 i n ,
f 0 f(Yo(l YB(,,)

BU.G=mn/m tEDB. ADIFTHaLT a % {f | fea} TARSNS
BOAFTNETE, COLE BOFRAFTALb L TY, B B/b-EERITIE &1,
b="(iy,(b)A) &7 2 EDBLD SN B,

W 3.1 C =k[Uy,U,,..,Un] & D=k[Vo,V,..,V,,] REHERBET. D i degVp >0 @
REBRT. iy, : D> C 2L TED k-algebramap £+ 3, &: B — D 2RBBOKER
BT o: A>C 2RERB LT 20 b L. poiy, = iyod 7 5, iy, (Ker ®)A = Kerp T
BB,



B iy, (Ker®)A C Kerp RBASHo #%ERT, £ € Kerp itdL. &%) & D oF
RITTH 5 b, O(*€) € Keriy, = (Vo —1)D 2o Td(*€) =0. #ic. "6 € Kerd. f#- T
Z‘Yo(hg)=

Wi PO P90 % % monomial curve 2EKT 5o B = K[X,Y,Z,W] & KU,V] &4k
LoxEAEE L. k-algebra map ® : B — k[U,V] 28(X) = U', &(Y) = UV,
Z)=UrV™ oW)=V, EL.I>m,I>n m#n, gm(,mn)=1&,R3 60L&
LTED. P(,mn)=Ker® &80 T5&, ROLIBHEFIBELBARKNKXER 2

0 — P(,mn) — B=k[X)Y,ZW] > kU, V]

! iw | Lo
0 — p(l,mn) — A=k[X,Y,Z2] > k[U]

BL. p RATHITEDLER LT 5, &5iC degX = de gY deg Z = degW = |,
degU =degV =1 ¢E&E20Wh3IEicL->T. RO%%EFS
% 3.2 ww(P(l,m,n))A =p(l,m,n).

Ll#g. 41 ¥ 7 P=P(l,m,n) icxt LT, B/P % complete intersection T 7% \» Cohen-
Macaulay BB CTH 2 EIRET 50 T35 & P 317751

Xawh yn  ge

Yb'z Za Xaszg ({—E‘ L. ay + dl) bl) b2) C1, C2, Q2 + d2 uIEEﬁ)

M =

D2 RDOPFHIRTERENB I EBMONTWS (cf. [8),[14]). £ T, g = 2912 —
XuWhyh ¢, = XutaWwhts _yhga o = Yotk _ xawhzge 53 P =
P(l,m,n) & €1, €2, €3 THEB SN B M, % 3.2 kL hif p=p(l,m,n) & iw(e1), iw(ea),
iw(es) TERENBEEZ LN B, i, p(l,m,n) 2EHT 2175 M & P(l,m,n) £5%E
#T BT M ERELCEKq; b,‘, C; (i= 1,2) EHEOLEALN D,

Hil 8 T RE  fo BRI

d = min{d),d} ds = max{d; —d;,0} dj =max{0,d, —d:i}

EBLo TBE. E21 TRNAEEELEHOFET. [ € PO BELELTROMER
BT EDBEILDOSNB,

X°WIr — Y2292 4 YD Z%, 65 = 0,
YT — XB3WhZ9el 4 XOWE Z%¢1e, = 0,
ZT — XBWHEYH? + XBWHY P epey = 0.

& 51 M. Moralés - A. Simis & B/P?+ (T') @ resolution % B{k#ic & & HR O FHE % it
B L 720

W 3.3 ([11, (2.1.2) Lemma]) P® = P2 4+ (T)



Pltt. B @E &S degX =degY =degZ =degW =1 0REETH B2 LT 5%, T35
E.en e el BWERTTHBCEDNEIDOND,

R = B[T1,T,T5,Ty] & B[t] 3% HAE L L. B-algebramap ¥ : R' — B[t] 2 RD & 5
IKED o :
\I!(Tt) =gt (Z =12, 3) ) \P(T‘t) = It?.
5T,

degT; =dege; (1 =1,2,3), degTy =degl' , degt =0
LEaxEVWA, U BSREMNEREFR LD LIICT B,

W 3.4V 3 P=P(mn) TEZ S B-algebra map T. ¢ B p=p(l,m,n) TE% 3
A-algebra map £ 5 %5, T D& & iyy(Ker U)R = Kery.

C#FBH: k-algebramapiw : R' — R & iw : B[t] = Alt] X LT, & 3.2 & Deheiy = iwoV
BEVI>DT FHE 3L LDR&EN B, O

®ic. T =ImV¥ = B[Pt, P?t?] ® Cohen-Macaulay #iic 2 W TEET 5,
®WE3.5 P = P(,mn), p = pl,mn) £+ 3. bL.T = B[Pt,PDt?] # Cohen-
Macaulay 872 5. S = Alpt, pPt?] & Cohen-Macaulay BT 50
B : projdimp T=3 TRy=k TH25» 5. T ® R'-graded free resolution F.

0 - B & F 4% 8% F 3T 50,

BENBE, JTFR=R T&3,

¥, HRIE—-R] (R[I/W])o ® R &0 G. = (F.Qp R[1/W]), B G. &
acyclic R-free complex &7 %, Ker¥ ¥ R OFRAFT7TNVEDT, LOE—-BLD.
iw(Ker U)R & (Ker ¥) ®ps R[1/W])o Bb %0

0; % G.Od; POoEINBEMBET T, HE34 LD

Ker ¢ = iw(Ker )R & ((Imd;) ®r R'[1/W])o = Im ;.
#E- T,
0 - G 36 36 36 %s o
R5E2%, #ic. S iX Cohen-Macaulay ¥o, O
J'=Ker¥ 3B htge /=3 DR OFEAFT7TVTHD. ROABEOTEET,

Fi=X"WaT, + YOT, + Z9T;,

F, =YYTy 4 Z9T, + X2 W4Ty,

Gy = X°WiT, —Y® ZST2 + Y% 29T\ Ty,

G, = YTy — XBWhHZAT2 + XSWHZ3T Ty,
Gs = 2T, — XSWHYET? 4 XSWEY B TLTs.

I' = (F1, F5,G1,Ga,Gy)R &8, I' & J' W 2.2 WM 24 THR~7 b0 L FEM
BEESEO Lo, TRLE. m = (X,Y, Z)R, my= (Y, Z,W)R &BFHE.



¥R 3.6 ([11, (2.2.1) Theorem]) RMBEK Y ML 2o
(1) R'/T' 5 Rt Gorenstein Ro
(2) ASSRI Rl/I/ C {J', ml,“'lg} ?II "]l =J f’l-

CHoDIEHR., Bl 22, HE 24 LARKCLTCHEIPDON B,

ER WBE36ERTbrrkdI . I'#£J ThHaeR.I'Cm i3 I'Cmy K
DIASCELEAETH S0 S5, I OERTEBRT S Lick->T. m € Assp R'/T’
ERBIEETII M RO ESLTIEEVBEMTHE I ENELDSN B,

(1) a; > a3 >0, b; > by and ¢; > c,.
(2) ay > ay >0, b2 > b] and Ccy > C1.

F#HICLT. my € Assp R/I' &3 & EMTH M BROfAADES 4 2 & & DBREIE
Tk 3o

(1) d] >dy > 0, b, > by and ¢ > cy.

(2) dy > dy > 0, by > b; and ¢; > c;.
ET, HEIS OISOV TELTR & Jo

EE 3.7T RIIEMETH %,
(1) P=P(l,m,n) ic3t LT T = B[Pt, PPt?] i3 Cohen-Macaulay 8o

(2) pp = p(l,m,n) & py = p(l,l —m,l—n) &3 LT Alpst, pfP4?] & Alpst, p2t?] 13
Cohen-Macaulay Bo

CDEE. T @ Cohen-Macaulay type 3IRTEZ 5N 3,

(T) = 1 i I'=J'
= 3 if I'#J.

T : (1) 2RET 50 B[Pt,PPt?] i3 P= P(l,l—m,l—n) ic%t L T & Cohen-Macaulay
THEELL. BESS &0 (2) BB,

(2) EIRET B0 Assp R/I'={J' m} OBET B ['=J'NQ,EL. Q REKAE m,-
BEATTN, ERDEEABBENZOT,. J =" p Q) £125, #->T. [9] &0,
R'/Q % Cohen-Macaulay £ 733 &2 RBERDTH B, [ & J 2HiFHiTEDL R D
1FTHETBE, WHES2 EHES4 X0 [=JNiw(QR TH 5B, <& Tiw(Q)R i



(X,)Y,Z)REFRAFTVTHBILILAEBTIEME25 &0, 55 a,f,7>1 itk
T iw(QR=(X*YP, 2R £33, — 5 W ¥ R/Q-ERIETH 5 H 5
Q ="(iw(Q)R) = *((X*,Y#,Z")R) = (X*,Y*?, Z2")R".
P> T R'/Q # Cohen-Macaulay %8 3, $7 Q=[[":p J]| VWA ZDT
I{T = HomR:/p(R'/J', R’/II) = [I' ‘R! JI]/I’ = Q/I’,

as R-modules. % > T 1(T) = pp(Q/I') = pp(Q) =3 &1 3,

Assp R/I'={Jm} DL &R X & W 2WMOBA B3t TLOTFHCHS,

Assp RI/I' = {J,m;, m;} OBE T OEEARRI =7 NQ1NQs BL. Q; (1 =1,2)
BERIZ m,-ﬁi’f FrTaEBRBEDT] = [I’ ‘R anQg] Thb, Rl/Ql an » Cohen-
Macaulay TH 2 LE2RBREALTH 2. [ & J :2FHTEDL ROAIFTNVETB L
I=JNiw(Q1)R TH 2, >T. LTHAMLALIKLDHS o, f, 7> 1 BEELTQ; =
(X2, YP,Z)R' L1733, BILEBEHTH 26,0, Y > 1 BELELTQ, = (W8, Y# ZY)R &
3,

LOoFEBCINERDELSHHBKDILODDT,

(1) a; > ag, by > bz, c1 > Cg, dy > d.

(2) a; < dg, bl < bz, ¢ < ¢y, d] < dz.
o, B,y PERDPSL=LF Hoy=v9 Bbh b, f->T. Q1NQ: = (X°W,YF ZNR 1
Y R'/Q1NQ; i Cohen-Macaulay T& %0 &7z, [I' 1 J'] = QiNQ, = (X°WE YP Z")R'
ERBDT, GFHRIELT Kpyp 2 QNQ/I' 0 1(T) = pp(@Q1NQ2) =3 Bbh 3, O

toFE®ick b, T ® Cohen-Macaulay type 2175] M' OEEETR~NB I LBTE 3,

% 3.8 T i3 Cohen-Macaulay BT, 75 M' i3 b; > by 2K T &T 2, D& &,

i(T) = 3 if a;>a;>0and by > b; and c; > cy, or
dy>dy >0 and by > by and c; > c,.
=1 otherwise.

R&IC P O self-linked i oW TRRTEBFELR DD ITLIZVEB b 5,
% 3.9 P 3 self-linked 72 5iE. T & Gorenstein BT %,

fEH: P=P(,mn), pp =p(,mn), pp=p(l,l —m,l —n) B, P » self-linked
BT By, f € P TP C (B,5) LBBbOBEET 3o oy =iw(B) (i=1,2) &5
FE. A=k[X,Y,Z) ol »Tpl C (aq,00) Cp1. p1 BEAFTLVEROT, O EH
5 p1 = (a1,02) : pr BRE S0 #iT p; A8 self-linked TH D A[plt,pgz)tz] i3 Gorenstein &
L%, [EHRiC LT p; i3 self-linked T A[pzt,p(zz)tz] i¥ Gorenstein B, FH 3.7 &0 T
i3 Cohen-Macaulay BT & 3 25, p; & p; it self-linked DO THIRE 2.3 &% 38 Itk D
(T)=1¢% 5%, 0

% 39 O —ABITIRELD LT 0,



#1 3.10 P = P(11,5,2) icxd LT T i3 Gorenstein B &1 2 55, P & self-linked T\,
iERH ;. P RATSl

Y z* ws
D2ROPTFIRCTERENDZN, a=d=0R0DT I'=J. &> TT it Gorenstein B
TH b0

N=(X,Y,Z,W)B £ 8o bL P = I,(M') # self-linked 25X PBn %5 T4
5o M'=(my;) £B <, [7, Theorem 1.1] ik &N id. 2 x 3 {751 N = (n;) (ni; € Bn) T
L(N)= Bn »» ):m,JnlJ =0 & RBbDOMBEET B & E. PBy 8 self-linked T& 2

CENEMETH B ):75)1“)#5 DT,

M,_[X y? Z3]

Xng + Y2, + 2803+ Yoy + Z%ng + Wong =0

Y(Yn12 + n21) + Z2(Zn13 + Tl23) = —(X’n,u + W3n23)

THY. X,Y,Z,W it Bp-ERIFIR DT, Yy +ny € (X, Z,W), Znis+ns; € (X, Y, W),
anl + W3n23 € (Y Z) ’:i‘ %0 Sflh_\ N11, N21, N22, N23 (S ‘ﬁBm T Ig(N) € ’ﬁBm &7 5
DTF¥E. O
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On surjective Buchsbaum modules
By KIKUMICHI YAMAGISHI

College of Liberal Arts, Himeji Dokkyo University

Introduction

Throughout this note let (A, m, k) denote a Noetherian local ring
and M a finitely generated A-module with dimAM =: 8> 0

In 1978 J. Stuckrad and W. Vogel [9] gave us a very powerful
criterion (here called the Surjectivity Criterion), which determines
whether a given module is Buchsbaum. It seems the reason why the
Surjectivity Criterion is important that most Buchsbaum modules were found
by applying this criterion. From this point of view, we shall introduce

the following new notion.

Definition. M is said to be a surjective Buchsbaum module over A

if the canonical map ¢§ such that

i, i Loy a1 L4, M
$y @ Extzk, ) ——> Hi OO = lim Ext,(A/m", )

is surjective for all i # g . The local ring of positive dimension is
said to be a surjective Buchsbaum ring if it is a surjective Buchsbaum

module over itself.

There are several interesting questions concerning them:
(i) how we can describe the condition under which a given module becomes
surjective Buchsbaum;
(ii) how useful our new notion of surjective Buchsbaum modules are;
(iit) find nice examples of surjective Buchsbauh modules.

In Theorem (1.1) we shall give a characterization of surjective
Buchsbaum modules using in terms of Bass numbers. The only if part of
Theorem (1.1) was essentially given by P. Schenzel in [7], p. 102. He

said that this implication holds for every Buchsbaum modules, but as shown



by our theorem we can note that his argument is slightly ambiguous. Also
in Theorem (4.2) we shall describe further characterization of surjective
Buchsbaum modules. Applications of Theorem (1.1) shall be discussed in
Theorem (2.1) 'and Theorem (3.1). Examples and some remarks are found in
the final section. The reader who requests more details for surjective

Buchsbaum modules can be found further discussions in [12].

1. Bass number characterization of surjective Buchsbaum modules
In this section, we shall give a characterization in terms of Bass
numbers, which determines whether a given module is a surjective Buchsbaum

module. To describe this, we recall one more definition. The length of

the A-module Extj(k, M) is called the ith Bass number of M4 and we
denote it by u;(M) , cf. [11, namely uz(ﬂ) t= LA(Eth(k. 1))

Now the main result of our study is described as follows.

Theorem (1.1). The following two statements are equivalent.

(1) M is a surjective Buchsbaum A-module.

(2) For every i =0, ... , 8 -1, the next equality holds:
. i
paty = 3 LA(Torf_j(k, k)).LA(Hi(M))

0

To prove this theorem we shall need the following lemma.

Lemma (1.2)(cf. [9], Lemma 5). Let
0o — E —> F L5 v — o

be an eract sequence of A-modules (not necessarily finitely generated over
A ), and assume that m.V = (0) . Then the following conditions are
equivalent.

1) The induced A-linear map

HomA(k, n HomA(k, F) -——)_HomA(k, V)



i8 surjective.

N

(2) The A-linear map n 8plits, namely there is an A-linear map
Tt : V—> F such that mt=-wv.

When this is the case the sequence of A-modules
. . i .
0 —> Extgk, E) —> Exty(k, P) —L— Extyk, V) —> 0

i8 exact for all i € 1 , where ni 1= Extz(k, )

Now choose an injective resolution I° of #4 over A , and put

gt = wdah 7zt 1= Kerwt —> J**1y and BY = mmwt! — JhH

for each 1 € Z . Then we have short exact sequences of A-modules
o —> 8* —> z' — HIu —> o 5P
0o —> zt — Jt — BTl — o 2)

for each 1 . Notice that each Jt is a direct sum of copies of the
injective envelope of the residue field k over A .

With these notations we have the following.

Proposition (1.3). Let t > 0 be an integer and assume that ¢;

i8 surjective for all i < t . Then one has

1) under the above notations the short exact gsequence of A-modules

o —> Bt > zt > Hiah —> o
aplits for all i < t ;

2) the following formula holds:

tay = ' 3 L Tord ok, o1, i dny + 1 cam 8 )
“A 2o AT A m A M
Proof. We may assume € > O . 1) By our assumption we
have m.Hi(M) = (0) for each i ¢ t , and hence the canonical map ¢;
coincides with Hom,(k, Z) ——> Hom,(k, HEG) . By (1.2) the exact

sequence as the above (1) must split for all { < t



(2) Looking at the above exact sequences (1) and (2) and applying

the above assertion (1), we get the followings (I), (I) and (ID:

(O Extik, ) = ExtQk, 9 for all iy 0

A
(M Exthek, B = Bxtya, zh for all i, Gy 0
() ° the sequence of A-modules

0 —> Exti(k, B —> Extﬁ(k, zhH — Exti(k, HE (M) —> 0

is exact for all 4 > 0 and 1 < t

From these facts we have, for every p 2 0,

P t p+l t-1
LA(ExtA(k, B LA(ExtA (k, Z ))

t-1 p+1 t-1
)) + LA(ExtA (k, Hm M)

p+1
LA(ExtA (k, B

_ oS t+p-g J
= .., = z Ly (Ext, Ck, Hy (M)

By Matlis's duality we know LA(Eth(k, k)) = LA(Torg(k, k)) for all p .
By our standard assumption again, the local cohomolgy module H;(H) for
each J < t 1is a k-vector space, and hence we get

t t 1

p B A J
LA(EXtA(k, B¥)) = LA(TOrt+p_j(k, k)).lA(Hm(”)) (3

[\ 2 I

Jj =0

for all p 2 [V N Consider the next commutative diagram (4):

0 —> Extg(k. Bty — Extg(k, zt 25 Extg(k, H;(H)) — Exti(k, BY)

“Hmd (4)
o — Bt — zt > Hﬁ(M) —> 0 ,
where 6 and vertical maps are canonical. Clearly the composition map

iH(M)°9 coincides with the map ¢; , and hence by the exactness of the
top row of the diagram (4) we have

to. ) 0 t

LA(Ker(¢M)) = LA(Ker(G)) = lA(ExtA(k, B , (5)
tyy

LA(Im(¢M)) = LA(Im(G))

Combining these facts (3) and (5), we finally get the desired one at once.



Moreover by the argument in the proof of (1) of Proposition (1.3) as

above, we get the following proposition too.

Proposition (1.4). Suppose that M 138 a quasi-Buchshaum A-module,
ndmely m.H;(M) = (0) for every { # 38 . Thenbthe follouwing two
gtatements are equivalent.

1 M 1is a surjective Buchsbaum A-module.

(2) Under the same motations as in Proposition (1.3), lhe exacl sequence

0 > Bt 78— wta — o

splits for all 0 ¢ i < 8
Now we are ready to prove our theorem (1.1).

Proof of Theorem (1.1). (1) == (2) By (1.3) this is obvious.

(2) == (1) Assume on the contrary and choose the integer ¢t
0 ¢ t ¢ 8) as small as possible among counterexamples such that ¢; is

not surjective. By (1.3) again we have

t 1

t

t _ A J
uA(M) = LA(Tort_j(k, k)).LA(Hm(H)) + LA(lm(¢M))

npo

0

t t

. . : _ t
The assumption (2) implies that LA(Im(¢”)) = LA(Hm

(M)) , and hence ¢”
is surjective; but this is a contradiction to the choice of ¢ . This

completes the proof of Theorem (1.1).

2. Lengths of Koszul cohomologies of Buchsbaum modules

We recall the definition of a Buchsbaum module, cf. [10]. Namely,
M is said to be a Buchsbaum A-module if the difference LA(M/qH) - eq(M)
is an invariant of M not depending on the choice of parameter ideal q
of M , where LA(*) and eq(*) denote respectively the length and the
multiplicity with respect to q of an A-module. We denote this

invariant of M by IA(M) (or simply I(M) ). The local ring A is



called a Buchsbaum ring if it is a Buchsbaum module over itself.

Let K (m; M) denote Koszul co-complex over M with respect to a
suitable minimal basis of the maximal ideal m over A . As is
well-known, this complex K'(m; M) is uniquely determined to within an
Isomorphism; in particular it does not depend on the choice of a minimal
basis of the maximal ideal m over A , cf. [101, p. 27. We denote its
ith cohomology module by Hi(m: M . Moreover we denote by wv(A) the
embedding dimension of A , i.e., v(A) := uA(m) , wheré uA(*) denotes

the minimal number of generators of an A-module.

With these notations, we have the following.

Theorem (2.1). The following two statements are equivalent.
(@D] M is a Buchshaum A-module.

2) For every i =0, ... , 8 -1, the nert equality holds:

. i .
i, . _ v(A) J
LyH (ms M)y = § G2 Ly )
J =0
Proof. (1) == (2) Using Lemma 3 of [8] (cf. also (101, p. 85),

we can easily show this by induction on g (and also i ).
(2) == (1) By passing the completion of A and applying Cohen's
structure theorem for complete local rings, we may assume A is a regular

local ring.  Then we have Extick, M) = H'(n; M) and 1 (Torfck, k) =

( % ) , where d := dim A , and therefore the assumption (2) implies

i i
H M) = E

A J
LA(Tori_j(k. k)).LA(Hm(M))
By Theorem (1.1) we see M 1is a surjective Buchsbaum module over A
According to the Surjectivity Criterion, M 1is a Buchsbaum A-module and

this completes the proof of Theorem (2.1).

3. Non-zero-divisor characterization of surjective Buchsbaum modules

This section shall be devoted to discussing the second application of



Theorem (1.1). J. Stuckrad gave us an example of a Buchsbaum module

which was not surjective Buchsbaum as follows:

Example (3.1)([8]1, §2). Let A be a formal power series ring over

a field k with 28 (where 8 2 3) indeterminates, say Xl. cee X23 ,

3+1...,X28) . Then clearly M is a
2 2

surjective Buchsbaum A-module. Put a := X1 L. x23 . Then a |is

and set M := A/(xl,...x8>(\(x

a non-zero-divisor on both A and M . Let A := AlaA, m := m/aA and

B := Miah . As H is a Buchsbaum module over A such that HI () = k

n
if 4 =0, 1 and H{(ﬁ) = (0) for all J #0, 1, 8 -1. But, it is
mn
not a surjective Buchsbaum module over A ; in particular, the ¢1(ﬁ) is
: A

not surjective. (See also [101, (5.7) of Chap. V.)

It seems.the reason why a such strange phenomenon happens is that the

given non-zero-divisor a on both A and M is contained in m2

Concerning this we have the following, which is the second application of

Theorem (1.1).

Theorem (3.2). Let s 22 and a €m a non-zero-divisor on both

2

A and M . Suppose that a ¢ m and a.H;(M) = (0) for all i # 8

Then the following two statements are equivalent.
(1) M 1is a surjective Buchshaum A-module.

(2) MiaM is a surjective Buchsbaum module over AlaA

Now suppose that M 1is a surjective Buchsbaum A-module with dimAH -

depthAM 2 2 and there is a non-zero-divisor a on both A and M such

that which is contained in m> . Put A := A/aA (resp. m := m/aA and

H := M/aM ). As a € m% we see L_(Toff(k, k)) = lA(Torf(k, k>)

A

Let 1 := depth# . As H/ () = (0) for § <r -1 and m.HT"
m m

Ly =



(0) , we know that the map ¢Z(ﬁ) (j < r) is surjective. So, by (2) of
A

(1.3) and Theorem (1.1) we get

L_(im 87D = T - L_(Torf(k, k.1 T )
A

A A A A n
= wjtan - uycrorfick, ko)1l
= Ll tany < u_wdhy
A m
This means that the canonical map ¢f(ﬁ) is not surjective. Combining
A

this fact and Theorem (3.2) we conclude the following.

Proposition (3.3). Let M be a surjective Buchsbaum A-module with
dimAM - depthAM 2 2 and suppose that there is a non-zero-divisor a € m
on both A and M . Then M/aM is a surjective Buchsbaum module over

A/aA  if and only if the mon-zero-divisor a 1i8 mot contained in m2 .

Remark (3.4). In [4] S. Goto gave us a Buchsbaum A-module which was
not surjective Buchsbaum over A , when the local ring A 1is non-regular
and Cohen-Macaulay with dim A 22 . However, (3.3) says that the
example H in (3.1) is a Buchsbaum ring, which is not a surjective
Buchsbaum ring. Thus, applying (3.3) we can get Buchsbaum A-modules such
that they are not surjective Buchsbaum over A , even the local ring A

is not Cohen-Macaulay. We shall discuss them again in (5.3) later.

4. Complezes of local cohomologies of surjective Buchsbhaum modules

In this part we shall give a further characterization of surjective
Buchsbaum modules. We refer to [2, 6] for unexplained terminology on the
category of complexes of modules. Before discussing our results, we.
recall several basic notions on complexes, which shall be needed later.

Let X' be a complex of A-modules. We denote the ith

th

term of X°

by Xi and 1 defferentiation of X' by d;.: Xt — X£+1 for i € 2



We use the following notations too: Z}. = Ker(d;.) , B}. = Im(d}?l)
and Hi(X') t= Z}./B;. . These modules make three complexes Zk. , Bk.

and H°(X°) , which have zero differentiations, and there is an exact

sequence of complexes:
0o —> Bk. E— Zk. —> H X') —> 0
By tSX' , where 8 is an integer, we denote the truncated complex:
i s-1 s
cee —> X" —> ... —> X — By. —> 0 .

A homomorphism of complexes of A-modules ¢°: X' —> Y° is said to be a
quasi-isomorphism if the induced homomorphism of complexes such that
H'(¢°) : H'(X") —> H'(Y') 1is an isomorphism. The two complexes X°
and Y are said to be equivalent, written X' ® Y , if there exist a
complex V° and two quasi-isomorphisms X' ——> V- aﬁ& Yy X —> v

This is equivalent to saying that there exist a complex Q' and two
quasi-isomorphisms U' ——> X , U —> Y  , and thus the relation =& is
really an equivalence Telation. We denote by X' the equivalence class
of a complex X° with respect to = , cf. [2], (1.7). In general,

X' =Y  does not mean the existence of a guasi-isomorphism X' —> Y" ;
however, if Y ' is a bounded below complex of injective modules over A
(resp. if X° is a bounded above complex of projective modules over A ),
then X' = Y' implies the existence of a quasi-isomorphism X' —=> Y" |,
cf. [2]1, (3.5) (see also (2.5) of Chap. 2 in [6]).‘ Note that the
notations H'(X') and tsé; make sense: in fact H'(X') is the complex
of A-modules defined by H'(X') := H (X') and tsé; is the equivalence
class defined by tsé; = ;:é; . Let Fm be the local cohomology
functor with respect to maximal ideal m of A , namely Fm(*) t=

n

\)n 5 0 [ 0:m"] . For a bounded below complex of A-modules X° we
*

denote by Fm(X') the equivalence class as follows: choose an injective

resolution I° of X' over A , namely I° 1is a bounded below complex

of injective modules over A and there is a quasi-isomorphism X' ——>



I° , then define LE(X ) =T (I") . If M 1is a finitely generated

A-module, then, by the definition of the local cohomology functors, we

Know that Hi(rm(ﬂ)) > H;(M) for all i € Z

With these notations we begin with the following.

Lemma (4.1). Let X' be a compler of A-modules. Then the
follouing conditions are equivalent.
(@D] There exrists a quasi-isomorphism H'(X') —> X°

(2) The next short exact sequence of compleres splits:

o —> Bk. —> Zk. —> H' X)) —> o0

Theorem (4.2). The following two statements are equivalent.
(@D M is a surjective Buchsbaum A-module.

(2) tsrm(ﬂ) =V  , where V' i3 a compler of k-vector spaces with zero

differentiations.
When this is the case one also has

Hy (M) 0 ¢ i< 8
vt =
0) (otheruise)

Proof. Let I° be an injective resolution of M over A , and put

J' o= Fm(I’) . Then EE(M) = J° , and there is an exact sequence of

A-modules
o —> B — z!. — H —> o0 (6)
for every i € Z
(1) == () Looking at the above exact sequence (6) and recalling
(1.4), the assumption (1) that M 1is a surjective Buchsbaum A-module

implies that the exact sequence (6) must split for each i < 8 , and hence

we can find a quasi-isomorphism



ve —> o0, %8

where V° is the complex of k-vector spaces defined by

He (M) 0 ¢i< 9
vt o=
0) (otherwise)
and zero differentiations. Therefore by the quasi-isomorphism (7),

s 8. .
= =y .
we have <T°T_(M) o J
(2) == (1) Suppose that Sr_un = Y° , where V' is a given

complex of k-vector spaces with zero differentiations. Then we have
that V' = H;(M) as A-modules for 0 ¢ ¢ < s and v' = (0) for other

i Oon the other hand, clearly tszm(ﬂ) = zsd‘ , where 37 s

0o— 00— ... > =8 — o0

Now choose an injective resolution of Bj. over A, say L~

Consider the composition of complexes «5J° and L° as
00— 0 — .. —ysl 2y 0 syt

where d is the composition map sl = Bg. —> L , and we denote
it by Q' : namely Q° 1is a bounded below complex of injective modules
over A as
. Jt (i ¢ )
Q* :=
LS D)

Then we can naturally find a quasi-isomorphism S — @ and hence
we get Q =Y . Since Q° is a bounded below complex of injective
modules over A there is a quasi-isomorphism V' —> Q° , cf. Remark

before (4.1). As H'(Q°) = H' (V') V" , we see by (4.1) that the short

exact sequence of complexes of A-modules

0o —> Bé. —> Z —> H'@Q) —> 0

Q
splits. Thus, by the definition of Q' , it follows that the above exact

sequence (6) splits for all 0 ¢ i < g . By (1.4) this implies the



canonical map ¢§ is surjective for all 0 ¢ i < 8 , and this finishes

the proof of Theorem (4.2).

5. Examples and remarks
-Let M be a finitely generated A-module. We denote by eA(M) (or
simply e(M) ) the multiplicity with respect to maximal ideal m of an
A-module M . Let g9 be a parameter ideal of M such that mr+1M =
qm’M for some integer T 2 0. Then uA(H) = LA(MlmM) < LA(M/qM) and
eA(M) = eq(H) . Therefore if M is a Buchsbaum A-module, then we have
the inequality

uA(H) < eA(M) + IA(M) ’
and moreover the equality uA(H) = eA(M) + IA(M) holds if and only if
mM = g4 holds, where g is a parameter ideal of M as above.

We say that a Buchsbaum ring A has maximal embedding dimension if

the following equality holds, cf. [3]:

V(A) = e(A) + dim A - 1 + I(A)
It is easy to see that if A is a Buchsbaum ring with maximal embedding
dimension then the maximal ideal m 1is a Buchsbaum A-module and the

equality uA(m) = eA(m) + IA(m) holds.

With these notions we have the following.

Example (5.1). Let M be a Buchsbaum A-module of dimension 8

Suppose that uA(M) = eA(M) + IA(M) . Then the following formulas hold:

. i .
1 _ J B
(I w U J.EO”,;-J--‘A(“m‘”” for all 0 ¢ i < 8 ;
g -1 . g -1 .
s _ J _ s -1 i
(D oy = '.2: BS_J..LA(Hm(M)) + e, U ) § G el Hpany
J =0 i =1
where Bt = LA(Torg(k, k)) . Therefore by Theorem (1.1) this M is a
surjective Buchsbaum A-module. In particular, if A 1is a Buchsbaum ring

with maximal embedding dimension, then maximal ideal m 1is a surjective



Buchsbaum A-module, and hencé A itself is a surjective Buchsbaum ring.

Example (5.2) ([11], (2.9)). Let A be a Buchsbaum ring of
dimension d . Assume that d > 2 and Hﬁ(A) = (0) for all p# 1, d .
Let 'Ei (i 2 1) be the ith syzygy module of the residue field k over

A ; namely Ei i= Syzg(k) . Then every Ei is a surjective Buchsbaum
A-module of dimension d with Hﬁ(Ei) = (0) for all p=10, 4 + 1, ... ,

d -1

Example (5.3). Let (R, n) be a Buchsbaum ring with dim R ) 3

and depth R > 0 , and assume that dim R - depth R 22 and H;(R) =

(O). for all 1 ¢ (depth R, dim R} . Then, the local ring R is a
surjective Buchsbaum ring. Choose a parameter a for R such that
a € n2 and put A := R/aR . Then, by (3.3), we know A 1is a Buchsbaum

ring such that it is not a surjective Buchsbaum ring.

Remark (5.4). For a finitely generated A-module M with dimAM =3
the type'of M , denoted rA(M), is defined .to be LA(Exti(k, 1)) , namely

rA(M) HE ui(”) . If M 1is a surjective Buchsbaum A-module, then by (2)
of (1.3) one has the following equality:

8 1

rA(M) =

%

A 7 s
o LA(TorB_j(k, k)).LA(Hm(M)) + LA(Im ¢” )

J
This is a generélization of results given by C. Miyazaki in [51], (1.15).
In fact, let KM denote the canonical module of M (cf. §3 of [111) if
. . S .
it exists, then as LA(Im ¢H ) £ uA(KM) holds one has:

g -1 A i

T, ¢ ; z . La(Torg_;Cky kD). LpCHY O+ w Ky 5

moreover in the case that ¢Z # 0 one has the following too:

s 1

T > 1+
A £ J

([ ]

A J
o LA(Tors_j(k. k)).LA(Hm(M))



Remark (5.5). In [13] Y. Yoshino has studied the behaviours of the
class of maximal Buchsbaum modules of finite projective dimension. He
has also pointed out to the author that, by applying.the calculations of
quivers (see [13] for details), one can show most ﬁf maximal Buchsbaum
modules of finite projective dimension over Gorenstein local rings are not

surjective Buchsbaum. (See also Remark (3.4) above).

The author is grateful to participants for their kindly discussions

and comments during the 13-th Symposium on Commutative Algebra.
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Gorensteinness of Finite Extensions of Rées Algebras
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Let (A,m) be a Noetherian local ring and {I} a filtration

n’'nz0

on A; 1i.e., In are ideals such that In > 1

I0 = A and I1 cm. We set R =

n+1’ Im'In € Ipen:

ngoln and G = ngoln/ln+1'

Suppose that grade Il > 2 and that there exists an integer r such
that In = I?Ll'r-Ir for n>r. The purpose of this note is to
characterize the Gorensteinness of R 1in terms of the canonical
modules of A and G wunder the assumption that R is
Cohen-Macaulay, extending the main theorem of Ikeda[4] on Rees

algebra I?. I would like to refer the readers the paper of

e
n20
K. Nishida in this volume. He obtained more general result than ours.

DEFINITION

Let R = R be a Noetherian graded ring and M,N be (Z-)graded

n§o n
R-modules. We write N(m), where m 1s an integer, for the graded

R-module defined by N(m)n = N

nen” Let #omR(M,N) be the graded

R-module of homomorphisms whose homogeneous component of degree n

consists of degree-preserving R-linear morphisms from M to N(mn).



For a non-negative integer 1, the functor J:tiR( , ) 1is defined
to be the i-th derived functor of xonR( » ). Assume that R, 1is a
Noetherian local ring (A,m) and let M be the maximal homogeneous
ideal of R. The i-th local cohomology functor '%1M( ) 1is defined

by #l,() = Lim szt! (R/M", ). Let & be the injective envelope of

R/M in the category of graded R-modules. If A 1is complete, then we
put Xp = xonR(th(R). JR). where d = dim R. If A 1is not
complete and if there is a graded R-module XR which satisfies

Xg > %5 8 R, where R =R ® A with A the completion of A, then
XR is uniquely determined up to isomorphism ([4, (1.7)]). We call
XR the canonical module of R. If R is Cohen-Macaulay, then R
is Gorenstein if and only if R has the canonical module xR and
xR ~ R(n) for some integer n ([4,(1.9)]). We regard an A-module

N as a graded R-module with No = N and Nn = 0 for n®0. Note

i

that #iM(N) ~ H In(N) as R-modules, where Him(N) is -the local

cohomology module of N as an A-module, and that, if xA exists,

then the canonical module KA of a local ring A exists and xA ~ KA

as R-modules.
STATEMENT OF THEOREM
Our result is the following:

THEOREM. Let A be a Noetherian local ring and {In} a

n=0
ngoln. and G = /&,
that grade I1 > 2 and that there ezxists an integer r such that

filtration on A. We set R = In/In+1' Suppose



I, = Ig—r,lr for n2r. If R is Cohen-Hacaulay, then the following
conditions are equivalent.

(a) R 1is Gorenstein. .

(b) There exist K, and Xg and we have K, A and

X. = G(-2).

G

PROOF OF THEOREM

In what follows, A, R and G are as in Theorem, M (resp. N)
is the maximal homogeneous ideal of R (resp. G), and J (resp. L)
is the ideal of R (resp. G) generated by the homogeneous elements of
positive degree. Let m be the maximal ideal of A and d the
Krull-dimension of A. Note that dim R = d+1 and dim G = d,

since ht I1 > 0. We identify R = ngoln with the subalgebra
ngOIan of A[X] where X is an indeterminate, and write aXx®™ for
the image of aeI® in Rn' If aeIn\In+1, then the image of a 1in

Gn is denoted by ae.

PROPOSITION 1. #1,(6) =~ Bl (A)(1) for i<d.

Proof. Since R 1s Cohen-Macaulay, from the exact sequence
0> J=+R=A=0, we have Him(A) x ﬂ1+1M(J). and from the exact
sequence 0+ J(1) » R~ G~ 0, we have #',(6) = #™*1 (3)(1).

LEMMA 2. If KA (resp. xG) exists, then HomA(KA.KA) =~ A (resp.
XOnG(XG.xG) ~ G).



Proof. By [1], we have only to prove that A (resp. G) satisfies
(Sz). Let peSpec(A). If Il c p, then depth Ap > grade I1 > 2.
p' hence AP is Cohen-Macaulay. Let gq
be a homogeneous prime ideal of G. If L ¢ q, then Gq is

If I1 ¢ p, then AP[X] ~ R

Cohen-Macaulay by the same argument as above. By Proposition 1, we
have depth GN = depth A > 2, hence we may assume L c g S N. Then

dim G0 > dim (Gq)O' and the assertion follows by induction on dim GO'

LEMMA 3. We set R = R/(a,aX)R for a€l,\I, such that as isa

non-zero-divisor of G. If R 1is Gorenstein, then %d'lM(ﬁ) = 0.

Proof. By the duality theorem, what is required is that

Jztls(ﬁ,s) = 0, where we set S = R/aR, which is a d-dimensional

Gorenstein graded ring. It is easy to calculate that

1 5 - .
ézi S(R,S)n_1 = (vgo(aln+v'Iv+1)nIn)/aIn—1 for n>0,
(vgo(alvzlv+l))/aA for n=0,

0 for n<O0.
If n>0, then, since grade In > 2, we have
vgo(aln+v:1v+l)n1n c (aA:_Il)nIn = aAnl .

It is clear that aAnIo=aA. By the assumption for a#, we have

aAnI_ = al for n>0. Hence aztls(ﬁ.S) - 0.

n-1

REMARK 4. In 2 In+1 for n20.



Proof. Let a be an element of I, which is a part of a minimal
reduction of Il‘ Then a® 1is not contained in the integral closure
n n
of I (cf.[5]), hence we have a EIn\In+1’
LEMMA 5. If A/m 1is an infinite field, then there ezists

a€l_\I

Mo such that as+ 1is8 a mon—zero-divisor of G.

Proof. Note that R 1s an integral extension of S = ngolg. We

take a non-zero-divisor beI;, of A, and set R = R/bR, S = S/bRnS
and A = A/bA. If peAss(R), then dim S/pnS = d > dim A/pnA, so

that pnﬁl = ﬁl. By Remark 4, the ideal I, is strictly contained in

and since A/wm 1is infinite, there exists a€I.\I such that

I )

l'
aXep for all peAss(R). We have (bI_ ,:a)nI = bI , hence

(I :a)nIn_l c ((bIn*l:a)nIn):b = bIn:b = I

n+l n

for n>0. This means that a# 1is a non-zero-divisor of G.

Proof of (a)=(b). We may assume that A 1is complete, when KA

and XG exist. Moreover, we may assume that A/m 1is infinite and
take aeIl\I2 as in Lemma 5. We set R = R/(a,aX)R. From the exact

sequences O - A 3 R/aXR » R » 0 and O- G(—l)a§ R/aR - R =0,

we get by Lemma 3 the exact sequences

0~ 1 (a) + 2% (R/axR) » £ (®) -+ 0



and

0 » #9,(6)(-1) » 29, (R/2R) + 24, (R) ~ 0.

Applying %onR( .€R) to these sequences, we see that there are
surjective R-homomorphisms xR/aXR - KA and xR/aR - xG(l). If
Kp = R(n), then xR/aXR ~ B(n+l) and xR/&R =~ R(n). It follows
that n+l1 = 0, and that KA ~ A/C and XG ~ (G/D)(-2) for some
ideal C of A and some homogeneous ideal D of G. By Lemma 2,

we have C =D = 0.

PROPOSITION 6. If I is an ideal of A such that grade I > 2,
. then HomA(I,I) ~ A.

Proof. Let Xx,y be an A-regular sequence in I. Then
(HomA(I.I))x ~ Ax’ hence any homomorphism fEHomA(I,I) is a
mutiplication by a/xv for some a€A and a non-negative integer .

We have (a/xv)-yel. so that aex”A and a/xveA.

Proof of (b)=(a). We may assume that A is complete. The exact
sequences 0+ J >R+ A0 and 0= J(1) > R~ G-+ 0 yield the

exact sequences

0 - Hdm(A) - xd*lm(J) - xd*lm(n) -0
and

0 » 2956 » 2L () (1) - 241 (R) » 0,

from which we get the exact sequences



o-oxRQxJ-»KA=A»o (1)

and

0+ 25(2) B x (1) 3xg(m) =60, (2)

d+1

where X; = fomp(#" " (J), ép). We have isomorphisms (Xx)p, g (%5)

n

for n#0 and injections (.‘XR)n+2 L/ (XJ)n+1 for all n. Since X

R
is Noetherian, we have (xR)n = 0 for small enough integers n,

hence we have

(J(R)n = 0 for n<0. (3)

.Let C be the R-submodule of xJ(l) generated by the homogeneous
elements of non-negative degree. By (1) and (3), we have XR = C(-1),
so we are going to prove C =~ R. Let © be a homogeneous element of
C of degree 0 such that ¥y(w) is a unit of G. We define an
R-submodule C' of C by C' = Re, and an ideal a of R by the
kernel of the natural map R -2 Rw. We show Cn = C'n and a_ =0

n

a, = 0 for nx=0 by induction on n, which completes the proof.

If n=0, then by (1),(2) and (3), we have

Cp = (Xp)y = (Kg)y = (X)), ~ A

as A-modules, hence Co = C'o and Qg = 0. Let n>0. We set
D = Cnker(y). Note that G 1s generated by a single element of

degree 0 as an R-module, of which fact ensures that

o+-D->Cc¥G-o, (2"

and



0o-DnC' » C' ¥ G- o0, (2")
are exact, and that it holds the equality
C=2C"' + D. (4)

If we use induction hypothesis, then from (1),(2),(3) and (2"), we

get

~ (X D

Ch = (Xp) R)n+1 = Dp-p = (DA€ g = Ip/ap g = 1

n+1 n’ "n-1 n’

Hence the inclusion Cﬁ - Cn is represented by a homomorphism of
HomA(In/on. In)’ so that by Proposition 5, there exists x€A such
that Cn = an and a, = (OAx)nIn. On the other hand, we have

Gn # 0 by Remark 4 and Dn = Cn by (2'). Hence, if we apply
Nakayama's Lemma to (4), we see that x is a unit of A. Thus we get
C,=¢C, and a = 0.

EXAMPLES

EXAMPLE 1.(cf.[8]) Let A = kEXl.~--Xd] with d22 be a formal

power series ring over a field k. Let ul,-'°.ad be positive
1 ®4.n
integers and In be the integral closure of (Xl ."',Xd )*. Then

R = In is Cohen-Macaulay by [3]. We define an integer & to be

®
n=0
the smallest integer which is no less then Eiglllai, and set

€ = L(B—Eigll/ui). where { 1is the least common multiple of

wp. e,y It is easy to verify that & = min{ne€Z | (.‘KG)n # 0} and
that XG ~ G(n) for some integer n if and only if & = {-1. Hence,
by our theorem, R is Gorenstein if and only if Zigll/ai = (L+1)/¢.



EXAMPLE 2. Let A = KX ,---.Xg1/(Xj+X3+XgeXieXZ), where k is

a field. We set Il = (X °-.X5)A and

1’
‘¢ LN ] ‘¢ n-z " . e o ¢ n 3 s

In = (kl. .X4) X5A + (xl, ,h4) A for nzz. Then R ngoln is

Gorenstein. This is an example for a Gorenstein graded ring which

is not a Rees ring.
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S2 ko rank 2 @ projective modules IC 2\ T

Wl X (A EI)

1 Projective modules

A= R[z,y,z] = R[X,Y,Z)/(X?+Y?+ 22 —1) £ T %, (EL. REEHk. ) thd
by A _EO rank 2 ® projective module K2\ THET 5o T DATIC, projective module
DEEL, SETIALATRIFHRECOVTE LD L S

AR—PoF—F—FE L, BBOZ®, module BT R THRERERET 5. A-II
B P#% projective & it PHREHBANMBOEMAFICE>TwE L E 5, local ring L
P2 projective % by HIULOHEIC X b, Pik free Lk 50 WAL, P projective % b
p €Spec A K L+ P, free Kk 30 ity T DOEE L projective module Z{FES I T
\»%, [10, Ch.4, Cor. 3.6]

projective module DBFFEICE =T+ projective module 22 N2} HHMFEICL w2 T
Ebb. \»D projective module 2% free ICA 3 2, MIC, ¥D XS5k L FIC free T\
projective module ZHFET 2 bt v Dk, REAMETH 2. ChicBiL TR, A=
E[Ty, -+, Ta], kikbko & & ity A LO projective module i free TH 2L & BEIbhTw
%, (Serre Conjecture)(e.g.[10, Ch.4, Theorem 3.15])

R, R &5 nEBEE X 50

1. PREHHEMRTFE/H 2.

2. PiX cancellative o
ie. POAY QO A= P=Q.

1. cBELTi,
rankP > dim A

2. kL Tk, .
rankP > dim A

D ERLT Bo Eicn CORBREIRE, & bCRAND S L LXMLATRS, ([3],
(6], [7) ARSERBEO L ¥t ThX )b IERIMbL T3, ([4], [11]) A BREK
Btk L algebra @ & ¥ i3+ cancellation IKBIL T X WEERABR b TV 3. ([13])
ZEETICRL Ty A = Rlz,v,2] = RIX,Y,2)/(X?+Y? + Z* - 1), REEEHK LT 5o
dimA=2XY., rank P> 2D & %, Pl cancellativeo 35bH, T D& ¥ &\ projective



modules 2% stably isomorphic 7 b+ isomorphico WX IC\ Ko(A) = Z/2Z ([16]) #» b+ rank
P>2D¢ %\ %rank KQLT\ Iﬁﬂﬁﬁ 2 OL#&V‘O i?‘t\ A X UFD &O'C\ rank
1 projective & freeo ¥ Z I rank 2 projective RE DK b WHEET 3 r BRI W ARET
» 5,

2 S?E® projective module

A E® projective module CDWTEZX % & &, S?2ED vector bundle & LTEL 3D
FEHCERTS S, bbb, B BE{IHHZ72/HE Spec BICHIEX ¥ 3 & ¥, B_E®D projective
module i\ £ ® locally free & \» 5 B3 b, S?EDFE U rank @ vector bundle & i L
Twd, ¥F, —BRCZOHIELCDWTROERAERNTD 5,

EH [14] X% compact Hausdroff space & L\ C(X) ¥ X Lo #GEBoATEHE T 5,
coEE, X ED vector bundle & C(X) LD projective module It 1 5 1 K L
Twnb,

COEE»D, b L XOEER B2 C(X) IKiEd i, 3%b b BLED projective module
& C(X) Lo projective module DfEIC 1568 15l dhiE, MERERICX3, L1,
LGDETH, —RBRTERENLT AV, &L BORbY KK By (T kkd3HEAHRSE)
KL TRRE T3, ([15])

R S? E o vector bundle (b 55A rank 2) COWTEL X 5. SPR1HAEWMOVBRIE
RZcCE#EA DT, S?LED vector bundle it R2 LD 2D trivial bundle %5k Y b ¥4k b
DELTELDbND, TDL %, RYGDEA L TO transition function 1%+

R? — {0} —> GL4(R)

tEibh b, ¥7%. R? - {0} ik S'IC homotopy FIfEA DT, T D function KK L T,
m1(GLy(R)) = m(SO(2)) = ZOTHHIETE 50 7 L. SO(2) RIFHKERE (MEH) .
% DPOMEHE % vector bundle ? Euler number & V25, ([5]) £ D & %, Euler number &
invariant K> TV 3, Thbb, E, E'% vector bundle &+ 5 &

E>FE < ¢(E) =e(E').
e Ly e(E) i E® Euler number ## 3%
% T\ A _ED projective module % vector bundle & L TEX T £ ® Euler number ¥

E25CeBTED, thiBK, projective module ® Euler number & w5 C ¢T3,
LT Ehb, HBRRDES kRS,

P2(A) % A LD rank 2 projective module DEIREHO R THEL T2, col
%, ¢:Py(A) — NU{0} iX\ bijective 2o (N REAHKDOES)

CORECBIL TR, Barge & Ojanguren & > THENKHER I hic, ([2)) £X toC
EEHHFLARBICAD 2272 DTy BTN ThrDRRIFET, FRTOKICH
L T+ Z# % Euler number & L TH projective module R Lo TOHER. Bd
DHELRERR>Twic,



3 Euler number n ® projective module O#R

Zh b, Euler number n ® projective module #3550, ZORIIC, KD X 5 &k
EEPH-3C L CERT %,
z = ssinf
y=tsinf
z=cosf
BL, 2+t =1,0<6 < 7o u, = (ssinf,tsinnfd, cosnf — 1) €Hom(A*, A) & F %, £
BE, tsinnf,cosnd —1 RRD X 5% y,z20FHATDH 5,

tsinnf = 2" 'y(z — cos X) - -+ (2 — cos -;1-7r)
cosnf —1=2""(z — 1)(z — cos &) - - - (z — cos 2127)

Proposition. I,% Im u, & 3% & I,1% height 2 @ locally complete intersection ideal T
5,

(BERA 0 BERE)
I, C m €Spec A ¢+ 3¢, LORBEAMICLY, DIWIBFEL. m = (z,y -
sin 2% 7z —cosEE) LB DT LR V(L) = {(z,y — sin 2=, z — cos E)} (1 cn B

n

b bo &ty %4 maximal ideal TEEE localize LT (L), DEMTZHANE, 25ET
ERINDCEHEREND, .
Proposition IC X Y pd I, < 1 b5 DT, KD Corollary & X 5o

Corollary. P, % Ker u, &3 % &\ P, rank 2 projective IC7% %,

Ei, T D P,K»D 5 projective module TH 2, Thb b, e(P,)=nthoTwnd,
EEOBTETE..

Theorem. P,it Euler number n ® rank 2 projective T® %,
Tt by Theorem DFERH DI %R~ 5 25, ZORICIHOAER T LD X 5,
1. A,q, A1 EOERRTE H2 50
2. Th b OHRITE mod 27 5o
3. mod zL ZHERTIC DT, £ DEOERTHIEKD 5,
4. ERITH OEABETO image ¥ & 5o

1Ebrd5 ¥, 2hbl AR HIK\7cE &, vector bundle I trivial €A 525, £ED L ¥
D\ ThDS (P,).1,(Po)ep1 2 free lICR B E D A AL TCOEBRITTEZRD T 5, 20
SPhLEAD2AERIB L, SLekE M E—FECAZR, 0 STEEA/(2) &

__.58_.



MG &, ZORETO 2 D0 free module DEMITLERD T3, 3IC L 5T, transition
function S — GL,(R) 3%k % 9 4T Euler number 23b 3%,
(BEBA O BI#E)

EF AL TO(R), 1 PEBRTEH DT B n=1D L &, u; = (ssind, tsinb, cos§—1)
T\ cosf — 125 unit ZDT, (P),1DEMRTT I

1—cosf 0
0 ,| 1—cosf
ssinf tsinf

txb5,n>20¢E, — RO KL TTS LR ZDT, n=2,n=3 DF/X
ERTZROT. n>4 DL ETARROIBRSD, ZDHIC, a € A,1,1<4,j<3i#]
It Uy E;j(a) ARSI 1 (1,7) R oy ZDOMDRS 1 0 D elementary(FA) 7
33,

n=20D&¢%, uy=(ssinb,tsin26,cos26 —1) TH %, TD&L X,

Up1 = Up B p(— 808 ) = (ssind, —2¢sin 6, cos 20 — 1)

Uzp = Up1 By 3(—tsinf) Ey 3(2ssinf) = (ssinf, —2t sin 4, 0)

& BLo C@&%\ KeIUQQH

2t sin 6 0
ssinf |,] O
0 1

THREN D, WA, Keruy = (P),_1 DERTRE ORI AR ERFTHCEHRT 3
ctickoTabhd,
n=3®&’5”blﬁﬂil€\

— tsin@
Us1 = U3E312(_cos 0—1)

Uzy = U31E2'3(—t sin 9)E1’3(23(Si11 0 + sin 29))

ugz = up B3 p(—2828) = (ssind, 0, — cos 20 + cos 6)

& ﬁ: %50 Ker u;:,;;@éliﬁii—cfi

cos 26 — cos f 0
0 11
ssiné 0

'C'b %, —)&Dggﬁ

{ (ssind,0,(—1)"(cos(m + 1)§ —cosmf)) {HL. n BFHFH m=121
Uy =
" (ssind, (—1)™2t sinmb, 0) BL.nB@AK m=12



T Ker u,, DERTTII
( (=1)™*(cos(m + 1)8 — cosmf ) [0

0 1 BL.n ZHEHR. m="2;1
ssinf \ 0/
f (=1)™+12tsinmf [0
( ssinf ), 0 B L. n XA, m=75%
0 \ 1)

& &60 :

RIC, mod 255U THEH, ChIROLIERATECLLALTHE, CDLE, &
ERFTH BB AEARTICL Y, 2D Db, 2=0LD (B,), D A TOHERTHR
FHHETE 2. TORR ROFTFAID 20DFR7 FABERTICE >Tv 3,

(0 0 k-1
° OJ (slt (1))R2((21t S)Rz) HL. n =4k
01 ' »
(1 0) .
o ((—lst (1))(; 2)3_2(; 2)) Blin=4k+1.
\ s t ) 2
[0 2 Lo 2,, _
\ 0 s )
(1 0 -
10 1 0 10 —2 10 _
\2 _lt (st 1)((—st 1)(0%)R (02)) fBL.n=4k+3.

{EL\ R= ( s _t )o
t s
KRiCs (B):41D 2 =0 LOERTERD 30 COHER (P,),.1DBE ESHEE 35,
COHEOHTHR, EMLTHREDOREZRRZC LT 3,

—60—



[0 0) k-1
s 0 10 R™? 10 R™2 2L, n=4k
Lo 1 —st 1 —2st 1
10 k :

1 —st 30\ ,(20 g _
0 2) Lo k
10 R_l(( —9st I)R_z) {EL\n=4k+2\
\ 0 s
[1 0 ' k+1

1 st 1 —st 10 20

-1 2 2 HL.n= .

(G ()R e

CXTT, T EROHBFCB T, RIIDTAREL 0T, BHICERTHNRE 5,
CDeED ROBOMNIE (IEL R71% — 1l & $ % T) #% Euler number IC % 3, FEEEE
H3sl, $RTOBBCnChoTw3,

4 TUnimodular rows & Projective modules

BE¥&E Ly (by,--+,b,) % rflild BOTTOME T 20 bLy AFT A (by,--+,b,) 32 BiC
FELwe &, (by,---,b) R E r©O unimodular tow L 5. THDTLRRDISICHBEL
bide (by,--,b,) IC X 5Ty BHAIK Hom(B', B) ORAEINEB K. € OBEHEHC
BT &L (by,-+-,b,) 2 unimodular row KA 2 L RFELTH 5,

LDLE, TDEMRD kernel 1 rank r — 1 D B_E®D stably free projective module IC
2%, 2T T, £ r® unimodular rows D2 FHE Um,(B) b, rankr— 10 BLD
projective module ® % 384 P,_;(B) ~O. BRAAMIEREL DI 2,

ChrORFERADBECRET 5. §ETOCLhb, BERUms(4) — P3(A) %
2%, LOEKIBEL T, ROKRE X o

Theorem. v, = (ssinf,tsinnf, cosnb) € Umy(A) &F 3. T DL %, Ker v, 1& P, L
Bick b,

Z @ Theorem #» b P,, It stably free TH 2T L Bbh b,
(FEEA > BERE)
¥ ROFELI* EL D,
00— A2m g3 M, g3 4,9
s% tsin2nf cos2nf —1
BHL, M= tsin nd —ssinf 0 o
cos nd 0 —ssinf



W Z1C, o' = (82222 ¢sinnd, cosnb) L FL &y v, = 1& Y Ker v'i P & ARICZ B0
% € %25, Roitman’s Lemma([12, Lemma 1]) X 9+ o' R v,(3 % b b, B 3HEAFH EH
HIEL vV =v,E)0 Wi, Ker v,k Ker v's ThabbH\ P, L ABEICE 5,

5 Application

BOECER Ums(A) — Pa(A) CBILTHRZHE, b 5D LEL Umg(4) KO THE
X5, B(A) 2% ACHD 3 x3DERTHICI > TERINIBLT 5, TDE
¥, Ey(A) RERIC Umg(A) CVER Ly X OB Umg(A)/E3(A) BB X bID, TOLE,
Ums(A)/Es(A) CREOREERAS T L b o & —RORICH LT, van der Kallen L & o
TEHIh T3, (L & [8), [9]) 7 [9, Theorem 7.7] & Y\ Ums(A)/Es(4) b
(S ~DEHREEZE mED Y, Lo b, Ums(C)/Es(C) Rma(S?) ERETHE T LHb
Bbo KLy ClE S2LOESEIRDO A TH. G % vu(n € Z) D Umy(A)/E3(A) TD image
PohBEESLT B, TDL %, [17, Theorem 5.2, Cor. 7.4] IL & D\ G & Ums(A)/E3(A)
DWHHICR Do

KIC, Py(A) & DBIEICDOWTEL X 50 0,0’ € Uma(4) KDV T, v X v'hbIE, %
D P,(A) TO image P(v) & P(v') RAEIC K 50Ty BRIC Umg(4)/E3(4) 2D Pa(A)
~DEBRERE D, COLE, ROFEREX %, '

Theorem. R DBIx7]#i,

Ums(4)/Es(4) P1(4)
ml .l
m(S5?) = m(S0(2))/{x1}

fB 1. e Ix Euler number~ AlZ fibre space SO(3)/S0(2) = S?#» b long exact sequence
%t oTxbhd map 2bE»IIER,

HAR, RREEELLEGZAVTRENS. e(P(v.)) = A(m(v)) =|2n| IC&RoT
Vw3, CHREKRDZ &% EHEL T3, unimodular row 2» b projective module % V£ % #
VElX. ® % fibre space @ long exact sequence @ connection ® map D ® 5 T DRI
JAEEE LTV 5o
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Contraction of LCI ideals

wEE fixr (BR ET)
K 1IE (MRITRER)
Ak (AR CH)

§0.

Noether BB A D4 FT7 1 [ DHERTTOEEICD T conormal module &
PEECHHRD &%, —ROBEICH~T, ABSERFE T 125 monic %
SEREGAT RS & BEABERLDONDE CEBHLAT NS, 2T
C—ROEE. A LoSEREYE 2, I#IEL. € bIC monic 2E
X5 VEo 4 FT A JOWER, [KfEDS e BbhE, — KDY
SCSERBEOERERD IBEHLDX5KCRY), LT

zrze, A LoZERE R = A[T] & monic polynomial fiIC &> T\
J=IR+ fREBWT, JOWHEHR [WEDbBHIE LT, TT TR locally
complete intersection % & Y H1J %,

1.
%7, (locally) complete intersection L2V Tiky W< D DOHPICE
A BEENGLET 20Ty CCTHRWEERELODWTRR D,

£ Noether B8 A D4 7 7 A I complete intersection (ci) T % & iy
I35 A-regular sequence THRINZ Tt TH%, (ABCMEDL
¥k p) = ht(]) LFEMETH 3, ) ¥ 7\ I3 locally a complete
intersection (lci) T 5% L i\ FEED p eV(I) LHL T, LBRZ
=height 1®D A,-regular sequence THERI NS5 T & TH %,

I% ci &b I/I? % rank=height(I) @ f ree A/I-module % %o I
2 lci & & I/I? 1 height(I) % L \» constant rank % %72 projective
A/I-module 7% %,



T TTERICDWT D complete intersection D& & DEARICDOWT LN
T <o FEER (4,m) 25 complete intersection TH2E L 5T L%\ m
DIG/NED bVE- 7 Koszul complex % E. L35t %

dim g/m H1(E.)=emdim A—dim A

BELDILo T & eEET B ((M] §21)0 THIEEDFEMEL A %, HBE
HIEETER B D & LTEE L7z & ¥ kernel 28 B-regular sequence THfK
ENBE5KCTELCLLEMETD %0 $7BPIER ADA T T I com-
plete intersection TH 3% &\ 5 T & &\ IR A/I? complete intersection
TH2L w5k ABERIA ERETD 5 ((M] BH 21.2) 0

L2l ABIERIBFRTATRIE, bbbt 2EI AR\,

Tl 2E B ciCRAVEFRET S, A=B[X],I=(X) ¢BTA
IR ciTeHas A/l 2 Bk ci Tliv, 7 (4,m) 2EAICEE W
IR, IThE A/m BEZED»D i THEBE m X cd TRAE WV,

Ric, TEEZRRFEHAOBMZ 52X %,

EE A 25 Cohen-Macaulay 5\ [ ADAFT A, R=A[T]\ f*% monic
polynomial & 3%, J=IR+ fR? Iciideal of RA&Z b X\ I1Z\ lci
ideal of A T® %,

REOCHBIEE 2 HET %0

HBER (A, m, k) REFER. MIFRER A-module . R% A-algebra
CR/mR#0%% %D 5, |

COR pa(M) = pr(M @4 R) 3% Y e Do

FIERH

A-module M DHRICIE R-module M @4 R ¥ RT3 00
pr(M ®4 R) < pa(M) BELCK Y ILD, £ THHEE OREX L REE
IV |

wE A RBBRZE»D pa(M) = dimg(M/mM) TS 3,

T bic M/mM @ R/mRIZ free R/mR-module T, % ® rank 1%



dimy(M/mM) CEL wh b
pa(M) = dimy(M/mM) = pp/mp(M/mM @4 R/mR)

53,
R-module »[E%!

M/mM ®; R/mR = (M ®4 R) ®r R/mR

X >t bh s ARER
pr(M ®4 R) > pr/mr(M/mM ®; R/mR)
LPEETRD ERER B2 b S,
(FEBIEEOZEHKD b )
EH D FERA O Bk

5, J/ PO TROBEMDBEBFIET 5o
J/J*= (I/T*®4 R/fR)® R/ J.

% 7z, local AHEB D WC OB by MDD, ARRBPERE LT, I
R THBCLEREE L\ J/JAE constant rank=ht(J) ® projective
R/J-module Z# b\ I/I* ®4 R/fRIX constant rank=ht(J) — 1 ® pro-
jective R/J-module T® %, & 5%, ABFPET, R/J& R/fRD
homomorphic image A& DT, A L integral\ L 72235 T, semilocal ring
Khb, I I/I?®4 R/fRIZ free R/J-module TH 3 T & BbH > Ty
prysr(I/T? ®4 R/ FR) =ht(J) — 1 5% b 5o

—f®ciE. A % ring. B% A-algebra. M %R A-module &3 5
o pa(M) > pp(M ®4B)TH B0, ARBIEO L ¥ 3. MbEHEK
EVus(M)=pupg(M ®4B) TD 35,

Wi, pu(I/1?) =ht(J) -1 =ht(I) Ty Labdb. A RBEERLH» L, F
IWoRBEIK X > Ty p(I) = p(I/I)(=ht(])) 282, LTHTAH, AKX
CMIR7Z b, I regular sequence THEK I L5,

#bb)



EE O1.IXliabld, JRlCAZDRBLLTH 3,

EE 2. pa(M) = pup(M ®4 B) it A% noether BTARLTH, AD
maximal ideal ZZHRRED & X1z, O THR Y o,

EE 3. —MiC, A2 semilocal D& F, JHlei THRL Th, p(J) =
p(I) +1 B YLD,

§2.

T8l KBET 2 2 0nflicowTiiR 3,

R 23Hke 5, A=Rz,y,z = R[X,Y,Z)/(X2+ Y2+ 22 - 1),
m=(z—1,y,2) £33 &, uy(m)=37TH 3,
TN KD NAHEETD 2 38 [E] 0ROGHE LA
EFFHBE LN E DT THORE,

A 2Rt UFD T m & height 2 DfEAA FTAE M hdym =1 T
H5, KoT,

p: A - m
(1,0,0) —» z—1
(0,1,0) — y
(0,0,1) — =z

& 35¢, P=kere Ix rank 2 ® projective A-module TH %, ch%
Ko(A) TH3 2 [P] = [4% - [m] & % o

C T, surjective map A> — m BFEHE L & F 3 & ZD kernel (& rank
1 O projective A-module &% 325, A 1 UFD 2% b, X A Td
Bo CHE Ko(4) THB L [m]=[42 - [A] = [A] &% 3.

$eo>T [P] = [A%] = [m] = [4%] - [4] = [4?] B bh. [P] I stably free
module & 7% Y % D Euler number e(P) REH L A2+ Td 5, L
L BHERINE e(P)=1 2V FBETH 2, 2% ) m B 2eClt
REhiz\n,



(811 ) pa(M) > pe(M ®4 B) &7 55

B=A[T)/(T*+1) 2 C[X,Y, Z]/(X*+ Y* + 2% - 1),
( C RERHUEK)

I=me8lt.I@sB=((z—1)i+y,2) &Y. up(I®4 B) =2
TH5,

(Bl2) JAEciTd, T ciickbi\nfil,
FLrALESBCT R= AT|,f = T¢¥ 3. J =IR+TR = (z -
Ly,2,T) B J=((z-1)+(z+1)T,y,2) &Yy JEciT
b, LrLs () =2Edb, IZciThRAZEV, (3B5A, ldC
RAhoTwnas, )

HEOD LEBEELDL, ROIS5HBBRLCOTHEMZEE £ L.
DIFeARNAEZE L TEHLE IS

1. Bk REBEFMELTEILNERL, Z0HE A — R 23 flat local
homomorphism T IR A DA FTre35¢, RIIRDIEERAIGE A S
HED f e Rt LTur(IR+ fR) = pa(I) +1 2 REE RS, TO
T & (X elementary ICEEFAC% %, ‘

2. WBIEHE X RPBETERTR/mR#£0DEEIEHETS 5,



SE

[E] #iBEFISC, S? £ rank 2 @ projective modules 12T (&5 13 [A]
AR Y v RV Y LGS

[K] E.Kunz, Introduction to Commutative Algebra and Algebraic Ge-
ometry , Birkhauser, 1985

[M] #aRZez, ISR, FEILHIK, 1980

[N] B. Nashier, Monic Polynomials and Generating Ideals Efficiently,
Proc. AMS, 95 (1985), 338-340



—JRD filtration H*HEFEIID Rees B
C-M P& Gorenstein BTV T

PR

THERFHABETRH

1 F

. COHEDODHER. BCHISILTW S Rees D C-M % Gorenstein fEic > \W T 0
BE, —fko filtration P S EHR I NI Rees IS L TILET 2 DT, REMNMEK
EDOREMRATH %,

LIF Tt (A, m) it Noetherian local ring ©d=dim A >0 & L. F = {F,}hez R K
D=ZZ&HE%EHcT ADideal DFEET 3,

(i) Fo D Fpyy for Vn € Z.
(i) FpF, C Fryn for Ymyn € Z.
C OIS F % filtration EMERC EIKT B, CDE XROEER A-REPHRICEHEIN B,
R=R(F) =Y F.t" C A[Y]

n>0
R'=R(F) =) F.t* C Alt,t71]
n€Z
G=R/t7'R

NS D A-RE D Noether thic >WTIRBHIShTW3,

B (1.1)(cf [1])). RKIEEMETH 5,
(1) Rix Noether T& %,

(2) R'i% Noether T& %,

(3) 3k > 0s.t. Fyp, = (Fy)" for Vn € Z.

(1.1) %M (3) & 7-¢ k% &1 id | Veronesean subring R*® i3 %% @ Rees Bt R(F}) i©
—HELTV3, IFCOHETH

Ri3 Noether BiTd 5%,




LBIRREST 20 2L RR,GOKnull RTiBKDKRICIE B,

¥ (1.2). (1) VF1 = VF, for Yn > 0.
(2)dim R =d+1,dmG=d Th->T&S

dim R =

pEAssh A

d Z D fth

EH. (I)In>0k>WTHADF, DR ROTHEBIKEBS N3,

(2) (1.1) £ 3k > 0s.t. Fip=(Fu)"forVn € Z. ¥ 5 & R® = R(F,) © R R'®
Lk integral 2 ® T dim R’ = dim R'(Fy) =d+1. &5ic G= R /t"'R'Tt 1% R-NZD
BOTdmG=d X, Rc2WT bRk

dim R = dim R(F;) = pEAssh A
d Z DAt

L2 BN (1) TRLEKRIRVF = VFBoT

g ﬂ pe F g m P

pEAssh A pEAssh A

ThHEa»roADRKEREESN S0y

UFTHAE () pBbdmR=d+1&RET 30
pEAssh A

2 Cohen-Macaulay t#

HEOD Rees RICOVWTRAHMS N TWBHEER[7, Theorem 1.1] i R(F) e LT HIK
DRRICEDFERDVILS (M =mR+R, T 3)o

T (2.1). RIEMETS 3,

(1) RiE C-M T4 %o

(2) [H3(G)]n = 0if n > 0 22> Hiyy(G) = [Hj (G)]-1 if 1 # d.
o0& & [H (G 2H (A)ifitdThb,

T (WEBE). J = Ry = ) Fot™& L T graded R-modules ® 5247

n>1

i) 0--J—=R—-A4A-0
(@) 0—-J(1)»R—-G—0

*EXBo



(1) = (2). i<dET3E () &b HF () 2HL(A) < (i) £ HF(J)(1) 2 HY,(G)
THBDT

[H ()] = [H;-;I(J)]n+1 =] [Hin(A)]n+l = { (I)-I;H(A) : ; :i 2i :

-T2 OBEL (21) ORKOEERAB SN B, (2) OFIESERICTRE 5o
(2) = (1). 11) D RO R(F) 153 k>08E03,G =G(F) £b6& M'%:
R(F,) @ graded maximal ideal &4 % &, Eit

[H3(G)]a = 0if n > 0 2> Hy(G) = [Hiy(G)]-y if i # d

£ %o & T[7, Theorem 1.1] ic & 0 R(F;) 2 C-M T& %, # - T H,(R®) = 0 if
i2d+1 HB5i#d+1ThhiEd [Hy(R)m=0forVneZ b3, UFi#d+1
& 5o L0 m5E () &0 [Hy(Dlars = Hy(R)asr T (i) &0 [Hy(N)]sr
[Hyr (R)]a 725 & [Hiy(R)]n = [Hiyg(R)]ns1 T 3 3 55 Hiy(R) & Artinian 7 @ < [HY,(R)], =
0 TRBAERSIEV, RiZn <0 T3, (1) &0 [Hy()]. & HY(R)].T @) &b
[Hy (N]n = [Hy (R)]n-1 72 5 [Hy(R)]n = [Hy(R)]a1 T 285\ [Hy(R)a = 0 72
DT [Hy(R)]n=0TRBNIEBESB V. Ub&d Hy(R)=0. #>TRIC-MT553,
1
% (2.2) (cf. [3]). ABC-MoDE %
REC-M&GHC-—MH»oa(G)<0

LT (21), (22) 0GA%2DLEL 3,

i (2.3). ABCMELpid AoFideal Thtp>0H» > A, M regular ic 2 3 b D
k4B, COEEF,=p™METnE

REC-M&GHC-M

. a(G) < 0 2RERE+5. htp=r&d 3 &G, ¥ G(pA4,) 2 k(p) Xy, ..., X;] (BTHRK
B). #-Ta(G)=a(G,)=-r<0.y

88 (2.4). B = @i>0Bi it ByAslocal T % & 3 72 C-M graded ring Tht By > 0 »
5a(B)<0B2bDETs0 COLEFy=@5, Bl LT F={F} &5 & Fiz Bo
filtration ic7d» R(F) * C-M T4 3,

#H. M =nB+ B, (nid BpotKideal) & L. A= By, F! = F,A, F' = {F' },.ez
tBLoTHLEGF)Y AQpG(F) 2 G(F) 2 B L7330 TG(F)i3CMTh»o
a(G(F)) <0 TH5B0 £>T(22) D R(F)=A®pR(F) RC-MT. Ch&hilEb
KRF)SCMTHBILHbh b



R i< (2.2) 2 T normalized Rees algebra ® C-M %245ty TH 3%, £ T
A 1% analytically unramified © C-M & L [iX A © m-primary ideal £33, B{HIoh
TWwasLiR.n>0a5

n+d-—1> _(n+d—-2

) = &5 -1 &
la(A/I) eo( J de1 ) + -+ (—1)%; (€ Z)
E®/iF B, EL%RH (n) . HAZEP(n) LE&. F, = I"& L T filtration F = {F,},ez

EEXDLERBEDILD,

% (2.5). d=2 & L (z,y) & I® minimal reduction &3 % L IRIZEME TS %,
(1) Rit C-M.

(2) 3k > 0s.t. R® iz C-M.

(3) T* = (z, y)I™T for Vn > 2.

(4) Hi(n) = Py(n) for Vn > 0.

(B)&@=0

(6) La(A/]) =& — 1.

. (3), (4), (5), (6) DEMAME I Huneke DR TH 5 (cf. [4])) o X. (1) = (2) BE
HTH 5o

(1D=(3). (22) v GRRCMTa(G) <0TH %, ¥ 5% & zt,yt i3 G-regular sequence
2R4TD0T. G=G/(at,yt)G B & a(G) <2 #»TI" = (z,y) " T+ " ifn > 2.
—ETn> 085 = (2,9)["TH 5 (f. [4]) DT &R/ > 28 ST = (z,y) T
&85,

(3) = (1). &4 (3) ¥ G » C-M (zt,yt » G-regular sequence ic72 %) Ta(G) <0 T
H5BHIELERTODOT, (22) XD RBEC-M TH 3,

(2) = (1). ¥ I[ic depend T2 h 5&Keg() L THEL(REHLDT, CORBOTF
T.ug()=5I*) THBIEBERBicbh b, > TFTIRARLALIEEHVT

&)

RPiC-M 25" =0=25I)=0=>RiC-M

’5:?550 1

3 Gorenstein #*
R® Gorenstein %= B 841+ 3 12 . filtration FIT 2 WTIRDOBRREHEZEX B,

(#) f € Fy := Homy(Fy, A) 8 5 f(F,) C Fpeq for Vn > 1.
(##)p B A DFideal Tht p=18 51 F,A, = (F14,)" for Vn € Z.



(#4#) CERT (#) ORERD LAY R bOBEbIL M, ROWMBEICH L L H i, thi
2 filtration B DEHEE B 12 ¢,

FEE (3.1). RO F = {FoloezB&H (#) 25129,

(1) grade F; > 2.

(2) A Dideal T ERBES SKHLT
F,=I"-ST'"AN A

(3) A = BiroA: 55 graded ring T A; 1d A-NZD % b2 & &

Fn = @iZnFi~

grade Fy > 2 THohiE FRESH K (##) badicdhr o R, Lied~ifHR.
grade Fi =1 DB EOMOZILHBIREATVWEDTEH %,
T (3.2). ROZEHEEX 2,
(1) R Gorenstein T& %,
(2) A it Gorenstein ROB T, Ky FyLRp S
0 — G(=2) = K¢ — Extl(A/F1,A)(-1) = 0
13 % graded R-modules DELF & %,
Fos(#)2arkeiE (1) => (2) BERDIELBE. ROZ2>DFE I (2) = (1) AIE LW
(1) grade Fy > 2.
(i) A & normal.
(iii) A 1 (Sy) TF #5 (#4) 2 3% 4o
TR (MEBS). J = Ry = Loy Fut™ & L T graded R-modules @ 5227
(*1) 0-J—>R—-A—-0
(x2) 0-J(1)>R—-G—0

2Z X bo
(1) = (2). Kp = R(-1) 20T K4 = Exth(4, R(-1)) » > K¢ = Exty(G, R(-1)) T
b0 T 5& (x1) & (%2) icHomp(-,R(-1)) 2EFA & ¥ T

(x3) 0— R(=1) = L(-=1) > K4 —0 (ex)
(¥4) 0— R(=1) = L(-2) = Kg = 0 (ex.)



75;?%‘51160 {E.L L=HomR(J,R) T&%o (*3) J:D L-l g]\"A(‘:f&ZDo '—bffEFl“:irj

o(f)(ct™) = f(e)t* ™ (c€F)

TED B &,

) A

fo— of)
13 A-linear T isomorphism KRB ENBTEREMLDODONSE, TR 2L, %18 5%,
xic 7

0 — G(=2) = K¢ — Exty(A/F, A)(-1) =0

RETLVNOFEZEZE D I
(1) [Kgla=0ifn<0
(v) [Kg) & Extl(A/Fy, A)
() Kely & G(-2)
)

ERCEFRTEBo £ (1) H(+d) XVEBIH S, (1) RKO X > HATRKR

0 - A = F* — Exti(A/F,4) — 0 (ex.)
I oL
0 - A — L, — [Kch — 0 (ex.)
poBONE, CITLORERFIEB0-F, > A— A/F} 500 Adval &7 b D
T. TOZELFZ (%4) D degree = 1 DD TH B0 BT (/) ZRTIZIE (*4) D degree
>20HHBE (x2) 22 KBTS LAELT»SBON S HHRKRX

0 = R(-Dlx2 — L(=2)l>2 — Koslx2 — 0 (ex)
Ul Ul
(Rl>1)(-1) (Ll20)(-2)

i i
0 — (J)=2) — R(-2) — G(-2) — 0 (ex)

AEIZNERV,
(2) = (1). BU (x1) & (+2) icHomp(-, Kr) 21ER &S # T
(*5) 0> Kp—=L —=K4—0 (ex.)
(x6) 0> Kp— L(-1) = Kg —0 (ex.)
%18 %, {HL L =Homp(J,Kg) TH 5o (*6) D degree = 1 D;H % L i &
0— [Kgli — Lo — [Kgh — 0 (ex.)
THBM(*5) & Lo X K, TERME (2) £ 0 [K) X Exty(A/F1,A) TH5h 5. &R

0 — [Kg)y = K4 — Exty(A/F1,A) = 0 (ex)



21853, ER. COTRFE
0— A— Fy* — BExty(A/F,A) =0 (ex.)

2~ (1),3),3) OBBAICE [Kh XA EBBIENbdBe - TIE € [Kal
s.t. [Kpli = A€ % i3
[KRln = Fpeat™™ - € for Vn > 1

EBBILEERNRODVWTORMETREERVon=10,EREQEDNILDYPOSNHITD
Ton>1&7F %, (%6) Ddegree=n OWR %2 E D4 &0 — [Kpla = Loy — [Kgla — 0
(ex.) '—6’5 5 bi‘\ (*5) B ) Ln—l = [I\"R]n-l DT, %E'J

0 — [KRr]x — [KR]n-1 — [Kgln — 0
RBETERFIMBFONS, IIT
Yi: Fi.i —  [Kg);
c +— ctiTl. €

P -
0 — [Kgla — [KRla-1i — [Kgla — 0 (ex)

TVI’n T¢n—l ”
0 - Fooy — Fay — Fo/Fay — 0 (ex)

HERIC R B o BMEDRE & D1 surjective D T+ 4, b surjective TH 3o
% (3.3) (cL. [6]). grade F, > 2 0 & # RBFEMETH 50
(1) R,(p) & Gorenstein T& %o
(2) Ko Ad> Kg ™ G(-2).
Bi%ic (3.2) ofiBRIGHARRT I OHMEDKRD &T 5,
% (3.4). RKOBIRBELALV 5,

=k[X,Y]® n=B,,P=XY([X,Y)NB
m = nBy,p = PA,

By,
R.(p) = X608 € A
120

B
A=
S=

CDEEF, =T, pt & LT SO filtration F = {Fo}nez 2% X 3 &, R(F) & Goren-
stein iZ72 %,

. CI(B) = < cl(P) > X Z/3Z TH5M P = KT d(Kp) + cd(P) =
2c(P) = —cl(P) & 183, $€- T cd(Ka)+ cl(p) = —cl(p). —% T Sid normal domain T
A(Ks)=cl(Ka)+cl(p) THBI EBHSNTWS (cf. [1]) DT, cl(Ks) = =cl(pS) =



—c(F1) = cl(F") £73 %0 > T S-module & LT Ks @ Fy. £it. S0 & S graded
S-module & LT Ks & F1*(=2) &R B EDbhbo £ITO0-F, —S— S/F;—0
@ S-dual % & b | degree %-2 23 ¥ 5 &I

0— S(-2) = Ks — Ext}(S/F1, S)(—2) = 0 (ex.)
BWROND, CCTE=G(F)2SicEgds e
0 — G(-2) —» K¢ — Ext3(S/Fy, S)(-1) = 0

REELINDOEENBRIETE 20T, (3.2) & b (S% graded maximal THAFILL THA
T 5). R(F) » Gorenstein TH 5 Ehbh 3, g

EZPE
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Symbolic Rees {{#? C-M t£& Gorenstein PHIZOVT
TRIFEIIHR

HRET

1 SN (—BGw) 5
DUTTRERARIBRBTp I ADFKideal & L

R=R,(p) = Y p™t" C Alt]
n>0

R =R!(p) = z p(")t" C Aft,t7)
n€Z

G=G,(p)=R 1R

EBCo COMETH R,(p) PRGBHHEEIC VT, AV V0D RIZC-M it -
72D Gorenstein IZIX » 72D FE2DMhEVI LV I EEFARL, ORI TWH NS
OUEIRRWIEHELNS 225 THEMH, TR TRES, CORTHE D EHREZHE
EHREL. CNEMI D LT 58 %:8 LT, symbolic Rees algebra R,(p) iz 2\ T D
RIS, WAEWARBAPSDLTODEEFLZEEZHHELTCVEIDLSTEH %0
COWRDOHFERICI > oD id. space curve iKDOWTDRD_ZH>DERTH %,

EE (1.1) (L. [6]). (A,m) % 3 RIT D regular local ring T |[A/m| =00 8B b D &
L.piAoZideal Tdim A/p=1%553 b0+ hERIFETS 30

(1) R,(p) & A £ module-finite T& 3,

(2) EBH L IRV fep® gepV ©Ly(A/(f, 9,2)) = kl-Ls(A/(z) + p) for some
c€EM\pRBELONELET 3,

EE (1.2) (cf. [2]). EE (L) O TFTRKRIEMTS %,

(1) R,(p) & Gorenstein BT %,

2)1<n<k+l-205F A/(f,9) +p™iRC-MTH 3,

SoRCOFEBILINTVAR, £EDO n > 01220 T A/(f) + p™, A/(9) +
™, A/(f,9) + 0™ BwoTH CM TH . Ri(p) = A{p ™t hicnghsioa, ft5, gt']
RiLT %,

[2], (3], [4] T ®Z > DHFEE % space monomial curve i HA L. W > h DFER %
BrIEWTERDTHEIN, —ATINSOHEER. A =regular DIREEFTH . &




SicdimA#30E &I bMAIFCILEL T, MHGEERTF TBL CEbARPIRC
THBE2LER- 5 COWETR. dmA/p=1DRERELT(2F b curve DIFAIT) |
LtOZoDEEO—MLE L THBONALERERTCEEEHNE T 5,
LCATIDORIBERET28E. FTRYIC RO C-M 4 Gorenstein t£% G © %
NICRESED—MRARERIONEEFRTH 2, CO. WHhEARORA IR, & CHE
ORIcEEICHES, B filtration D— RO TRERRTEIIE >, COXESIIE
HEOHELEN S LIt B, symboliccase Td 5 —FEF L HTH <,

PUIF CofiTid (4, m) i diR5t® Noether local ring & L p liAtDi’«ldeal'ChtAp> 0
BB2bDET B, &HIKHEI
R = R,(p) 1% Noether T& 3,
ERET S0 M=mR+ R EBL L

EE (1.3). KOFMREMTS 30

(1) REC-M T& %,

(2) Hj(G) = [H}y(G))-1 (1 # d) 22 a(G) <0 TH 3,
COEEFEBDi#AdIKOVT[H(G)1 = H(A) £ >TWa,

EH(1.4). AR (S) 23T ERET NI, KAFETH 5,
(1) Riz Gorenstein T& %,
(2) RD 4 FHEDBRY LD,

(1) A & Gorenstein local ring D8 T & %,

(i) K4 & p* := Homy(p, A) as A-modules.

(i) 0 — G(-2) — K¢ — Ext}(A/p, A)(=1) — 0 7 % graded R-modules @5
2YIBEET %o

(iv) Hy(G) = [H}y(G)]- if 1 # d.

512 A 8 C-M T canonical module K422 ERETNiE. (1.3) & (14) BRD &L S i
3L -&0 Lici B,

% (1.5). R C-M Tk % & G it C-M T a(G) = —2.
% (1.6). ht, p>2 TH I

RS Gorenstein Td % < A & G #% Gorenstein T a(G) = —2.

(1 7) htAp l@tg‘ ﬁ‘iﬂ{ﬁ’cbéc



(1) Rix Gorenstein Td %,
Q) Ky, 2p'»h>GiRCMTH. 0 G(-2) > Kg — Exty(A/p, A)(-1) - 0 i
% graded R-modules D ERFIBFEET %0

—% T AMnormal DPARFHAZEENSI>D LA B0 HlAIWE A ¥ regular THNE
Rit normal It D S SICRD LI REB DL %,

&8 (1.8). (cf. [5], [8]). A it normal, A, i3 regular Thty p > 2 & L. A i3 Gorenstein
ring PR TH 5 L{RET S &, Ridnormal TH->TE 5K

(1) CI(R) = Cl(A) ® Z.
(2) cl(Kg) = cl(K4) — (hta p—2).

vhtA p=10EabEMkI (FUoy Iy ATHE L7z) « CI(R) = Cl(A4) T c(KRr) =
d(Ka)+c(p) THH,. X Ric2WwTh Ad(Kp) =cl(K4) TH B EW - 7o FHEHEITIR
3o (15) & (18) B & DL,

% (1.9). A Dregular Thtyp>20 & &id

Ri3 Gorenstein T» 3% & G C—-M Thtyp=2.

ZOD & % G i3 Gorenstein &7 » TWd,

2 #

HEHOZE LR OERATRSEN. TRV ICHWNTHSE L 2ROP THLD

Ts%. UTF
kidtk,2<d€Z,1<1<d1<n

B= k[Xl,...,Xd]
A= B
P=(X,.,Xi)B
p=PNA

EB Lo, Zjéﬁl=ht,qp'c560

#l (2.1). RABERD Lo
(1) R.(p), G.(p) H%F C-M T 5o
(2) RIZEMETS 5,
(i) R,(p) 1t Gorenstein T3 %o
(i) RO WF D HHKD L0
(4)l=d=2n.



(m)l=2<d»>2n|d
(™N)I=1»2on|d+1.
(3) G,(p) & Gorenstein TH % & n|d.

TWH. m=A, £ T 5 L{EED Q € Spec A\ {m} L2V T Agid regular TH->T. L
hbl<dTpCQUESpAQgECMTHE2LE V- LTIRBEHCHENIDOONE, CDT L
o, bbb (Am)idlocal THBEDPDLIEMY K-> TORABERFR—YELI
Vo $2. BLAISATVEEI K. Ku ¥ Kp™W 2 X, X,BNATE B, 5 a(A) <0
TH 5o

M l=dRBo5Ep=mTHD. ®>TRER(Mm),GEZG(m) &2, DL &
graded rings £ LT G ARDT G CMTa(G)<0. £»T(15) &9 RRC-M T
550 &5 (1.6) £ v

R% Gorenstein < A # Gorenstein T a(A4) = —2
& n|lddo—-d/n=-2
& 2n=d.

Ricl<d &9 3L
M=PnNnA (i € Z)
ThHbo &> TRMERP") £730 Rit Noether TH %0 Xi€ZIit2WT

(}(ln’ ceey an) N p(‘)
= ((Xi"...,X")BNPYNA

1 d
X+ Y X"PYNA

j=1 j=1+1

l . d .
— ZXjnp(t—n)+ Z XJ"P(')

j=1 j=1+1

=h 5 XML, XM X", -, X" i3 G-sequence TH B &b, GRCMT
a(G)=—-1%21B8%, > THEF(15) &Y RRCM TH %o X. Apid regular 2D T Rid
normal I V. D& & A(Kp)=cl(Ka) TH-h 5,

G » Gorenstein < A #»5 Gorenstein
& n|d

2185, vaL1<l<dnbi(1.6) &0

R Gorenstein < A & G 12 Gorenstein T a(G) = -2
& nldbol=2



Thbo =10, &} cl(KR)=c(K4) +cl(p) TH-72DT

R Gorenstrein < cl(K4) = —cl(p)
LB, DRI Ky =X, XyBNARBRDOTp, =X, BNAEBLE Ky =
piN--Npg. £>TA(K,) =T c(p). Edp=p1,p2, ey pal3 VTN OHETH 2 H 5

(K ,4) =d-cl(p) »o
Cl(A) = < cl(p) > ¥ Z/nZ.

d(Ka)=—c(p)&n|d+1

3 EWN\DFF
1 TR~ (—R) OROBBETIL S E»H R TRZSTVEER

(1) W Rt Noether 172 % @ »?

(2) R% Noether it -7 & LT, 2D E&EWHILBHEETG O C-M # % Gorenstein
HExEED S 0OM»?

Do Ths, AHTH.dm Afp = 1 DB D (1), (2) 2HLTH 3, £ T
LIF. (A,m) & d-&k 5t @ Noether local ring T |[A/m| =00 & L. p iz A D#% ideal T
dimA,=d-118260,9d 5%, ERd=1DBER. ~MAOREM,p>0%HKL
TVWRWOT, JIICIBST I20ERS S, DAHR S5, d>2 DAL induction Td=1
DG Icreduce T54H. d=1DLEEESI LTHMOFEHLETEE/HE WV, I T
DIBEAFRAFSH B EMSIED B,

4 d=10%B4E

3% (4.1). R Noether & Ass A = {p}
CnEEARGRBRETCMTS %,

ZEBH. R% Noether & LIEEIC s € m\p 2& %0 s it Gregular BD T, t71,s i
R'-regular sequence %74 ¢, 3 5 & 5,671 & R'-regular sequence TH 2 Hh 5, Fic s ik
A-NZD TH-> T (I DEHIRI>1 DL &b work 35),p€ Min A &9 Ass A = {p}
1% %,

Wiz Ass A={p} Bo5Wn>0%p™ =0, R ERNOBHETELR=ADpD
pP@ - @pn D &ib. ThiRC-M &R 5B, Ak G=A/pop/pP@---@p/p)
bCMTH %0



#pE8 (4.2). R Gorenstein < p =0 T A i3 Gorenstein

TEH. =) DB THR C=A,Ln=pA, 345, a5icn>0%2pM =0¢i
BR/ANOBHETSER, =Rm)=C+nt+---+n"" """ n>27%45 Rn)BOKE
n—1Ri<socle ZH2 T &LiLhb, &oTn=1TClRko >Tp=0. ¥3&A=R
713D T A i3 Gorenstein T %, §

R (4.3). Ass A={p} £+ B3 LRBEIETH 3,

(1) G # Gorenstein T 5,

(2) A & G(pA,) & Gorenstein T& %,

EH. 1<n%2p™=0,R2R/NOBKETS,C=A4,n=pA,tFniEGn)=0G,
& 72 »-Z 1z Gorenstein 72 % & . Hilbert functiqn DXL, FEDI€Z oW
T(0):n'=n"""TH B, T5E(0):p)=pr) o EEDERT0 - pO/plith) -
A/t — A/p() — 0 © A-dual 2 EhiE. FLF

0 = (0):p9 = (0):p) — O/ 0

P pr=i=1)

& » pairing
. o N
P /p=) 5 Hom 4 (p/p0+D), A)

BELNB, &T |
6 . G _‘1} Gn—l = p(n_])/p(n) = p("’_l) f_‘_* A

LT
G(n—1) = Kg=Hom,(G,A) :G —linear
1 — EG [I(G]l—n
ETBEFEBDIEZILDOWVT
[G(n - 1)]_,' AN [Ii’g]..,' = HOI‘IIA(G,',A)
| Il

prD/p=0 B Homy (p©/pH)) A)

IXHAHRICIE 52 O T, old isomorphism T& %, §

5 d>20DHBE

EH (5.1)(Morales). RO ZEHEE2EL 5,
(1) Rs(p) ¥ Noether T& %,
(2) A D sop z, f1,..., fac1 CRED T LSDODBEET %,

— 83 —



(i) £ € m\p, f; € p*? for some k; > 0.
d-1
(i) €0y, saya(A) = e(Ap) - [T ki - £a(A/(2) + p)-
=1
corxbLdepth A>04 5 (1) = (2) BEL . A ¥ unmixed THNE (1) & (2)
ThH 5o

T, (2) = (1) 03 (1) = (2) Rk d=2 OB EMNZ, ChEBFLTNE
d>2 DBAEDERHRER LN D), TF fi,on for BBAMBICEVRABLTE ==
ky,=kelTdwosicEEe Lo B=A/(z),I=p®2J=(fi,..,fa1) £B <Ko A
i3 unmixed T3 35 5 13 A-regular T, #-~> T

333(3) = 62A+J(A)
= o(A,) K La(A/((2) + p)-

—FTF=MingA/JEBL EVR >0 KD WT F=MingAd/J"HTH B0 5

25(B/J" B)

La(Af () +J™*)
egA(A/JnH)

QZEZTEA(A/(w) +Q) - Lag(Ag/I™ Ag).

T T (Ag/JM M AQ) Bn> 00D, EnIROVTOD d-1ROZEHATRE B LIS
EBT L

v

e.OIB(B)

\Y

Y La(A/(z) + Q) egAQ(AQ)

QG.T

La(A/(z) +p) - €3a,(45) (p€ FizoT)

L4(A/(z) + p) - €14,(45) (I2JiznT)

L4(A/(2) + ) - €pea,(Ap)

L4(A/(2) +p) - k2t - e(Ap).

g L EE~NT, F={p}, €74, (45) = eMp( ,) 8 %0 5 A1} (quasi-)unmixed T
555, Rees DFEL Y [A, C JA, = JA, TH b, EHICANR (quasi-)unmixed T
htA J=,L£A(J)=d—1 TH5BHDT

v v

T(J) == | AssaA/T™ = MingA/J = F = {p}

n>0

(cf. [7)). #icJ i} p-primary TH B DT
ICTANA=T.

koTL(p*)=d—1=htyp TH %, A PunmixedT& % DT, Zh &b R(p) i
Noether T& % (cf. [1]) o #



(5.1) i d =3 T A % regular &4 1i¥ Huneke DY FEDOZEL K —LiciT>TWVW3B C
EBbhrs,
RiZ, EARA=2DLEREDHITNT->TVWEIETARTS 3,

EH(5.2). d=20 & X RBERETH 30
(1) R,(p) BC-M TH 3,
(2) ARCM Tus(p®)=1722k>0BEET 3,

CD & & A idintegral domain T A, DVR 2 b, (2) @ kicxt L TR, pt-1 = p* as
A-modules &7 > TW 3, -

EH. (2) = (1) REEBOT (1) = (2) 04577 (ThiRERE (5.1) 0 (1) =
(2) PEHEHOEFVTHH3) 0 £ R, = R(pA,) R C-M BT A, DVR T3 3,
=% (41) DA H B L5 Vs € A\p B ANID DT A — A, -TAMR
integral domain TH %, COI e LpH X ARSI p;b-D 2 ptsbhzd, &T
R7% Noether TH 525k >0 THEEO nic>WT PR = pk») i3 b0heh
50 F5LEEDON>0ic>0T depth, A/p¥]" =1 TH 2D Burch DEEIic & b
£(p%)) <2 —infusodepth A/pP]" =1 &1 3, 22T fep®%tp® CFA &1 38K
EB.35LADsopa,bicxtLTa,b, ftkit R,(p) @ hsop # > T R,(p)-regular sequence
IZiX %0 35 &M a,b i3 A-regular sequence TbH 3D TAWBCMThH3, 22T
zem\pEERICES &,

La(A/(z) + p™)

24,(4p/P"45) - La(4/(2) + p)
k-24(A/(z)+p) (A, % DVR &k > T).

— %5 B=AJzA LB

ta(B/[PPT 4 B) = £a(A/(z) + [pP]H)
= L4(4/(@) +55H)
= e (A/pH)
= L4, (4,/P"" D 4;) - £4(A/(z) + p)
= k(n+1)-Ls(A/(z) + p).
B> Tenp(B)=k-La(A/(z)+p) TH B, THE
eop(B) = La(4/(z) +p)

I
eja(B) = La(A/(z)+ fA)

BOT(z)+pM =(z)+fAEny, dliomEEAVTH = fA 282,y

% (5.3). d=20 & EREFEMETS 5,



(1) R,(p) & Gorenstein T& 3,
(2 ROZEKHEBHIzsh B,
(i) AR C-M T3IK, st Kp=p
(ii) pa(P®) = 1 for some k > 0.
(5.3) DEHIREEET 5,
EE(5.4). k>0, fepPTpRH CFALT 2, COLEROEZMUEMTH 3o,
(1)GRCMTH3,
(2) BB L,
(i) A & G(pA,) RC-M TH 3,
(i) Vn> 02T A/(f) +p™ i3 C-M T& 3,

Co(54) iz em\pEihidz, f*kB GDhsop THBIEH SRS (EHREIET
%)o (2) D&M (i) BOH

() +p™/(f)=P™ BLP=p/fA

LEMETH B0 H>TID(54) 2 (43) RU 2] tlxTHBEdE—icLizLEOD
formulation & > RATL 30 B85, {z, f1,..., fam1} B (5.1) OEMH 2 AT bD &
75L&

EH (5.5). d>2TA it unmixed D& EROEZHREMTH %,

(1) G it C-M (resp. Gorenstein) T& 3,

(2) A L0

(i) A & C-M (resp. Gorenstein) T& %,

d—1
(i) 1 < n <Y ki +a(G(pA4,)) & 5 A/(f1, ey fam1) + PR C-M TH 35
1=1

CoLER= AP0 gorit i aapagy Uit hgisam] £ TV 2,

C @ formulation BE S i, FFHIZ d I 2 W T D induction T. d=1 D case ~E &
FTCEETRTNEL G, ZMmTHIPE LRSS LAWY, PRITFTE 3,
l@fioAoEBLHEeaLENIEL,
% (5.6). A idregular &3 2 LIRREMETH %0
(1) R,(p) BC-M TH 3,
(2 1<V < To ki = (d= 1) ©20T A/ (fiy o famr) + PV IR C-M TS 36

__.86_



CDEEGRYLT Gorenstein Tdh %0

BEoN (12 OBRTASB SN S, BRI (5.5) OMBAGAERST. < OBWEE
"5,

Bl (5.7). A=k[[X,Y,Z,W]J/(XY —ZW), p=(y,z,w)A £ ¢ % & R,(p) & Goren-
stein T 5%,

. dim A = 3 Te(Ad) =2 Th3o i AW regular T, 4,12 regular T
A/(z)+p R DVR TH 5%, Szy=20k b yep@\pPTcadic

£a(Af(z,2—w,y) = 2
= 1-2-¢(4,) La(A/(z)+p)

L2 B, LT
k1=1, f1=z—w

k2=2) f2=y
ELTEREDHEREDTRD D E b+ k—2=1XvHKFT R,(p) & Gorenstein T& »

R(p) = Alyt, 2t, wt, yt’]

TdH 50 ik G,(p) 1 Gorenstein Ta= -2 7T %,

25 30
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Ty TRE25%F
BHREHEFRE =it

(REHETHW) Ry TREOHEIEE > THLHM25FICKEDET. TORL
FLLHEFALREBEOY LREX LB -/DTTY, 8 0FERRYRy T - HaTdD
AETOAREBREBEEBTHORACIVHAABOMOREIHMATVWES. 89F
1HiIciEowichky 7REOEBLEN A X7 L THESh, HEEROERZEH?
PolEfINE L. FRIIFIAOT AV ARFRESX(H VT T VY Ra)T
b, BISBED—o & LTk y 7RED Hontgomery & Taft Wk DM F L
tz. BfEry 7TREOHET — <@ 2ED 421 KBlEh T d:

HRKRTHy 7TREOHE — ~v 7Aoo T7EHR

— Hetm(Zo)~OIGH - BTE. '
SEIF 0L S, ky T HoTEREBETFEHANY LFAFNLEELESETL
FetiEEd. COEIBBELEAETORIVEDL TR LEVWLKWILEILKRFED
ER-EAmKICEHWLET.

(1) ky 7Aoo T7HRDOHE

774 AREEE G = Spec(A) &Y 774 v RXF—L X = Spec(B) (CHDLIEAL
TWa &4 5. %iid % comorphism % po: B — BRA 95L&, £OD affine
quotient Y WIRTHZ oh 5!

Y = Spec(C) 7:72L C = {bEB|p (b) = b®1}.
H L X A% “principal fibre bundle over Y with group G°, ¥ bbb, X x G =
XxvX (xg = (x, xg), D2 X — Y PEEFHELS, TD Y AAED quotient
X/6 c—¥7 5. LOREEEHRT 5L,
Efg B: BB — BRA b’ @b — (b'®1) o (b) = Zb bo®by, A 2HH.

BT ABCICHLTH EORIRIRREW®E LODDOTRIEWESID? ZD&K
A LThy FAHaTIHKOBENH#ET 3.



PI'F, k #Bf[c% bou[#BRE L, algebra, coalgebra, Hopf algebra &9~
Tk ETEZS. @ = @, map = k-linear map, &9 5.

A T—RED Ay THE%%KT (comultiplication A: A — A®A, counit e: A —
k, antipode S: A — A). algebra B A% right A-comodule algebra T&% % &%, B
IZ right A-comodule & p: B — BRA ’5Z 5N TWVWT, ZD p » algebra
map IS AT EEEHET S IDEE, Ald BICADS coact $5EWH(p 2%
@ coaction &WD). B°* := {{bEB|p (b) = b®1} % A-coinvariants &\ 9,
B @ subalgebra (Z758 5.

—f%ic, B % algebra, C 2 T @ subalgebra &9 5. B T (Hopf algebra) A
WEMS coact LTWT, C=B°" &103& %, #iK B/C i3 A-extension TH 3
EWVI . I LIKHARNY kRIEER

B: B®cB — B®A, b’ @b — (b'®1) p (b)
PEBFICIE 5 E X, YA B/C 1 A-Galois extension TH 3 EEHT 5.

[(AE] RUIDOHFLIL19695ED Chase-Sweedler [Hopf algebras and Galois theory,
Lecture Notes in Math. vol 97, Springer] IZ¥T¥#LE3%. 22T A D k L&
FRAERRETREAIE L, B lda[#h> k EEEYHET C =k OBFSE2EELTVWS. Z
DEI-\WVUTI-EENISI - 72h%, 19814 Kreimer-Takeuchi [KT] Tl BDC H'—%
DBEEFIHTEE(LAOL A i k LEBRERSEN LT, BEO+Sy 75 a7
B Ry —bhL7c

(BI] (1) B G ® algebra B ~® group grading B = @P.cc B: &, kG-extension
B/C (772U, k6 WHET C=B)EAHNB. Lhdb “strongly G-graded” = “kG-
Galois” &7i%. coaction p & B. DXL, Be. = {bEB| o (b) = bRg}.

(2) ¢ »EBEHDE =, (kG)* = Hon(kG, k) & Hopf algebra 780, B ~®D G @
(k-algebra automorphism & L TOD)ERHEZDAZEE C = B® ¥ (kG) *-extension
B/C Ickihd 5. HHKILEKD G-Galois (F7bH, ITbi@ciEBRCB s. t.
Ibiglci) = 01,0 YEEG) 2 EAZ D (kG)*-Galois &—HT 3.

(3) Char k = p (prime) &4 3. algebra B LICEX q = p* @ iterative higher
derivation {Do = ids, Dy,...,Da-} ZEEFT S L, A = k[X]/(X®) = k[x]
X9 % k[x]-extension B/C DEELEZ 6N 5 (o (b) = ZD(b)®x'). 727 L,
k(x] & A = x®1 + 1®x, € (x) =0, S(x) = -x Tk > T Hopf algebra & &
%. C= (b€B| Di(b) = +++ = Doy (b) = 0} &78£3%. k(x]-Galois = “ItEB s. t.



D, (t) =1, Da(t) « = Do (¥) = 0.

(4) —%4, Bic d% = 0 X% k-derivation d & X 2 58E5%, k(x]*-extension &
K0, d'(t) = 1 1L BIE tEB OEFEHEL Galois HITKLT 5.

(Kb LWESIc>WVW T, D2, D3] BH). ‘

ZDED :ﬁ)&@%liﬁ’]kﬂnéhf%tfﬂ«@ﬁfz(Dﬂﬁﬁﬁb\iﬁﬁ LicERDIENT
WS EHEEEICT - 72 BEMIC WS &, “Galois” = “BWEH" ).
[(—fkaR

FED AR B/C KX LT, ()& y TI#HOE Mg ZIRTE#T 5: MRE
LTt & A-comodule H:&E ow: M — NQA 2 HD0F B-M#H M T
ou(mb) = Zmebo®@m;b; (YnEHK, VbEB)
%123 HD(ZTT pulm) = Zono®n;, po(b) = Tbe®b; &F&Y). A-comodule
map 7> B-module map 2 &4 5. (EHkICE «M" bERTE5.) HOSHMIC B
EMS 5. A CEOEE Mc TERZH. VEMc IKXLT, V®BEMs &k
%, 772U, A-comodule X v®b > Zv®b®b, THZX 5. #Hic HEMg X
LT, Mo = (mENZne®n,. = a®1} B E, WEMe &80, BAF Vi~ VRB
2, BIFE N~ Mo ¥4 3% adjoint 1278 %. adjunctions ZIRTHAZ SN 5:
OWV): V—= (VQcB)y, v+ vQI,
V(H): ¥oQ@cB — H, n&b + mb.
BRA 13 b®a +— b®A(a), (b®a)b’ = (bRa)p (b') ITLH BRAEME &1ibh, &
512 B = YBRA H0is hnhsEBIE, BF ()®B: Mc — Ma 23(B)
EHEIC s E, #K B/C 1% A-Galois &7£5%. Lad,
LU B AAEEEVHE C-mMEEEs, JoFbikh o [DT2, (2.11)].
IhE A= kG ICBAT 5 &, strongly G-grading IZB89 % Dade DEATE
[Math. Z.174(1980), 241-262, Group-graded rings and modules] 2§50 5.
A 25 B ~®D right A-comodule map ¢: A — B (i.e. p¢ = (¢Qida)d ) T

¢ (1x) = 1s AT D% total integral £V (HEZEKRT/ —IVEZTOREK
ftEZEZONB). FHETHERBSLV. ¢ OFEIEED HEMa &' relative
injective A-comodule T&H 5 I & LEHETH 5 [D1, (1.6)]. E5IC antipode 23%
B> B/C A% A-Galois 5, C AV B @ A C-EFMIRFTHS I L L LEIHEICK
z[D1, (2.4)]. 7 k AMED &L =, B O A-coflatness (bbb 374 —K&




BLIA(): *M — M« »E2BEF)LEHEIC . ThEFA LT, total integral
& Galois #ICBAT 2IROEELHERNLB SN 5 (A, B A F[HROIFE([D1], —iEDIF
A[S11): k & T, A @ antipode DN2BHN S,

“Bfg B HLHTH > total integral DFELET S

© B/C A% A-Galois »D B MA(F 7idh) HEFH C-E”

< BF ()QB: Mc — Mg »[EHE

< BAFE BQc( ): <M — sM* H[E/{H.
Ihe7 74 AREEE X = Spec(B) DBAERSEE G = Spec(A) xt L THAT 5 &,
Cline-Parshall-Scott Tk 2#ER “G A% exact (in X) © X/G6 BT 7 4 > DK
HOWBEEH»E 5N 5 (CPS MFRX Math. Ann. 230(1977), 1-14 : Induced modules
‘and affine quotients, TIZEFAAIC Mumford FAEEfE>TW 3),

A-Galois extension DEEMXHICHSRE (crossed product) #%&% % [DT1].
k-algebra D & k-linear maps w: AQD — D, o: AQA — D O# (D, w, o) A
ROGEM4A2H1:TETE: (0(@®d) = asd, 0(a®a’) = o(a,a’) &L, Fiz,
A(a) = Ta;®az, (A®id)A(a) = Za,®a,Qas TET)

® o ¥ invertible(i.e., 3o ': AQA — D s.t. o (aj,a |)o (aza 2) =

e(@e(@)lo = Lo '(a,a )o(aza z), vVa,a €A.);

@ a*(dd’) = Z(a;*d)(az*d’); a-lo = e(alo; 1ad =d;

® Z(a;*(@ i*d)o(aza z) = Zo(a,a ()(aza »+d);

@ z(a;r0(@ ,a"1))o(az,a’ 2a";) = g(a;,a’ 1) o(aza za");

® o (a 1) = o (1a,a) = € (a)lo.
ZDEE DXA = DH# A IFIRDFEIC KD, (associative) algebra IZ745%:

(d#.,a)(d #.a°) = £d(a;*d’ ) o (az,a" ) #.asa ;.

1#.1 ABATIC .
(FEE: &HQ@%HA#7:F o % neasuring (721 A © D ~D weak action) &\ 5.
I 5, as(@' +d) = (aa’ )~d 2H7/cdEE, (A w) & left A-nodule algebra T
HBEVI. AN D IKENS act TEHLEVIVWLWEA LTS, {HOIE twisted &
P, @i 2-cocycle i, ®IXFHE (normal) Rk EFHEND. D# A i3 bbb AR
OEETE DAG 2 —H{tLcbDicii->TWwA. £/ (D, w) A left A-nodule
algebra M & &, HBRA 2-cocycle o (a,a’) = e(a)e(a’ ) ICPAL THEARE D#.A
PENT, ThAEED snash product D#A &7 5.)

BARE D#.A X o = ido®A: D#.A — D#.ARA ITX Y, A-comodule algebra




T, £ coinvariants (& D#1x =D &7 3. Lab, K D G D#.A T A-
Galois IZ/85. 2T, BB B: D#.AMDR(D#.A) == D# ,AQA — D# .ARA,
i B(d#.a®a’) = Xdo(ai,a ) #.a:a :Qa’ 3 L1EH, FEKIKRTEI SN
%: B '(d#.,aQa") = Zdo'(a;S(a’ 2),a ;) #.a,8(a" )Ra 4.

(CHhEEIDZ I ERARELVIESEE).

A-extension B/C 4% A-cleft T& % &IX, total integral ¢ :A — B T x-
invertible(i.e. 3 ¢ "'EHom(A,B) s.t. Lo (a)o '(az) = e(a@)ls = £ ¢ '(ay)
¢ (az), va€h) K LDPEFEHETHIEEERT 5. B/C A A-cleft 45, A-Galois
& (B ' (b®a) = Tbod ' (b)® ¢ (b2) EBRCB), 5T B idkE C-MEEH>H
A-comodule & LT CRA ERIBEICHZ(CORBRIEREER HOEFFIENS). HD
‘BRZL, B = C#.A (for some o)& 725 ([DT1], [BM]). &9, “EHICBL

fER” = “A-cleft” = “A-Galois with normal basis” = “crossed product”!.

[A RERKRITO & &]
k k&L, A % k EERKRT Hopf algebra &9 5. 0 = A* (= Hon(A, k))
T#HT &, HIZBEARN Hopf algebra #:&#% & >. algebra B T right A-coaction
p: B— BRA 5% 3% &id, left H-action w: HRYB — B #5332 L LFEL
IC18%. 2% Y, right A-comodule algebra = left H-module algebra T&H 5. L
72> T A-extension B/C (XL, smash product B#H »MfEh 3. Zo& %, -M*
= syuM (module category!)& 7%, &/, b b#lu iIC&D, B G B#H &4 5.
B cohen-Fishmann-Nontgomery [CFM] 3RO D 2 55E %287
B/C % A-extension &9 % (A idfk k EHMRKIT, H=A* £93). D&%,
(i) [C, cBoun, sunBc, B#H,] i3 Morita context 2785, 7=7L,
B i (b#h)-b = b(h-b') iCk~T % BHEMBELAS: ,
B % A B#E-MEFLAZFERIRERMET, £¢ ht = e (W)t (vhEH) AT
HoOxw t#0 2 —2EELE PERRTENSZAAF —FEBRVWTE—DFE
9 5. left integral in H EFEN3), A i “th= A (b)t, VvhEW THRZ 3
Jt A€0*=A &93%. ZLTC, b(b#h) =S ' (Zhy A (h))('b) ITk->T B
% A B#E-MBEEAA. S i3 H @ antipode S OEZ A F+ (HRK Ky 7
KRB D antipode (I HH!). bimodule maps BIRTHEA SN 3;
[, ]: BB — B#H [bb] = (Db#Et)®d #1),
(, ): B®wuB — C, (b,b") = t+(bb").




(ii) B/C: A-Galois © [, ] 2’24
< B#H = End-c(B) »> B IXHMRAEMKMNENEG C-NEE.
& <4 B#H A% simple ring 75 B/C 1% A-Galois 755 (Bt [, 1 &Y
B#H DA 77 LI 5).
(ii) B A% division ring 755 (C & division T), #iC [B:C] € dimdA. Livd
[B:C] = dimkA © B/C: A-Galois © B/C: A-cleft © B#H: simple ring.

BoNE LI, BROBKTHa T TROVWERKRSEILAAE E/F (FOk £9°3)
Tb, &% k-Hopf algebra A (ZxtL E/F A% A-Galois 12785 Z EAAJRET & 5.
RDOFZ Greither-Pareigis [GP]ICk 5.

At =H=Qlcs]/(c? +s% -1 cs) EBL. Ae) = c®c - s®s, Als) =

c®s + s®c, e(s) =1, e(s) =0, Sc) =¢, S(s) =-s &, B Q LD

Hopf algebra (27553 (% “circle” Hopf algebral ). 3T w % 2 OHE ¢

FRETHEE, K Q(w)/Q B(HHEMNEEKRT)AaTIHATRILVAS, 0

H* = A 1T L, A -Galois 1743, Q(w) ~®D H @ action FIRDED ;

1 0o w? o
c|l 0 -w? 0
s10 ~0o 0 w

IQQ () = Q(i)Z, (as Hopf algebra) 7225, QZ, & HXEWI Qi)-
form 1C785%. F72 Q[Z2xZ2,] ® Q(V -2)-form i8> TWVWA5E|DH 5 Hopf
algebra I’ XL TH Q(w)/Q & H *-Galois X7 5%. DL ICHBILAL 2
S>DHR1 % Hopf algebra (Xt LT Hopf Galois IS BT ENHB. —4, LANK
Hopf algebra (¥t L TH Galois I S WHEHATL K b FET 5.

FtoiER (i) O#EM» S5 b, snash product B#H WD simple 25025
A BT EIFHEBND B (BED outer action (ZBJF % Jacobson-Azumaya DFERD & v
7). AL TV 2hrDFERL/BOoN TS, B A division ring & T
H->Th, B#H A simple IS WHISBEFRE I N/, (Sweedler D4 IRIT
Hopf algebra Hy 1t L, C/R & (H4)*-extension &4 5 ENTE, C#H, &
semisimple T&H %A% simple TIXILW.)

3

3

[ZEIRD &RHm]
ZTBROILK B/C NIROWHE (a), (b), () 2HTE, B & C IRHAmRNICLVEE



Bhid 5 EMbA > T3 [Reiten-Riedtman; Skew group algebras in the
representation theory of artin algebras, J.Alg. 92 (1985)]:
(a) C 2Efil C-/mE¥E LT B OEMRAF;
(b) B/C 2or@fti K (i.e. BEH: BRQB — B — (0 2% C-bimodule split);
(c) BF ()®cB: Mc — My DHIBREAFE My — Mc X LT A adjoint,
(i.e. Homc(V,¥) == Homs (V. WQcB) for VEMs, VEM.).

k FHERARRSHEHIZS Hopf algebra A DA, B/C 2% A-Galois 755, Hic (c)
MEILT 5 [D4]. F/ (a) & ¢ (A)CTZs(C) (the centralizer of C in B) % 3
total integral ¢: A — B OFHELEMEDL]. &7 K Z:(C)/Z:(B) VbW 3
"= F-Ulbrich fEFHICL D A*-extension Z72 %A%, (b) & total integral A* —
Z:(C) DFFTEE[EE & 78 5 [DT2]. A

Schneider (¥&%ir faithfully flat 7% A-Galois extenmsion B/C @ HHH* X5
WCHRBIET, BHMEEEROMEOFHE LHBAEHE LTV S(S2]. B A
= kG/N, B = kG, C =kN 7:72L N 3# ¢ OEHIMAE.) €I T, W2vDH
BREER ( B0 Green' s indecomposability theorem, a version of Blattner s
simplicity theorem for induction from ideals of Lie algebras, Dade’s theory
on strongly graded algebras) % —f{tL T\ 5.

INSDHERNRT LD, —OBERFEIL Ky 7 HoTILKOERRGR, §/1
©bH, Hopf-Galois-Clifford &I 5 LT, LH—HHOL>LHBR(OE
AEAABLZIENTESE. TORASA U MNE, £ C-IBEV D “stable’B L TV D
“stabilizer” (A @& % subcoalgebra & L)% ESHOZIBD, Tha.

() FhDOEF (BRI BEAFY

Drinfeld-Jimbo @ quantum enveloping algebra Us A5 #5% - 72 (1985-65ELE) L
bW BT OREEAy TREED > TOAB DAL ICRVELESA 2. 8
BTHRIAB/THRVF Yy TRE(I 0% Drinfeld WEFEHLIFAL) DFIHSEKKR
MEAEfE > CTHELIDITHS. U DEIHICH2HEOY —BOBHEBAETLL
72bD(ChGIFETFY —REVIEHIPRLGLLEDI) L, Gl DEHICH2EOH
FERBEABTEL/bD0H 5. JITREEDI A TICELEBELAL.



ZOr S5k y THREDE {13 braided (F7-13 co-quasitriangular) &\ 5
EAbo->TW3. 2 TET braided & v 7RED W >0 O—BEMHEEZFANS
Z &icd 5 [D5].

[E% ([A], [LTo])] A % TE[#%EE k L0 bialgebra &9 % (Hopf algebra DEED S
antipode DEEEBVHD). A LD 2 KK o: AQA — k DIROGFMH%EH
724 &%, # (A, o) % braided bialgebra &\
(0) o I% invertible (i.e., 3o ': AQA — k s.t. Lo (x1,v1) 0 '(xz,¥2)
e e@) = 207 ' &Ly o (X2, ¥2), VX YEA);
(1) Zo(x,y)x2yz = EviX10 (x2,¥2), VX YEA;

Q) oxy,2) = 2o &xz)o (¥, 2z2), VXV, 2EA;
3) o(x,yz) = £ 0 (x,2)0 (Xz,¥), VXV, zEA

braided bialgebra i3 KE=£ (quasitriangular) bialgebra OIS T 5 ([H]
Ti3 CQT bialgebra &EFFATWA). &fF (DA obhdkHic, HBHEKRTHEIC
JEEICHT\ bialgebra EE->Th &V

braided bialgebra (A, o) xtL, RABKILT 5:

@ olx) = ex = olx 1), VXEA;

(5) Lo (xi,v1)0(x2.21)0 (2, 22) = E(¥1,21) 0 (x1,22) 0 (X2, ¥2);

(6) 2o (x1,v1) 0 (x2y2,2) = Lo (y1,21) 0 (X y222), VX ¥, 2EA

(EBE, ik o(1,x) = Solx)e(xz) = Ea(lx)o(lx2)o (L xs),
EoT () &b, = LolLx)o '(Lxy) = ex) &3, B) & (D) & @) »
SrtrbicTs. B) i B) & Q@) &hEHLN)

Oi2, T3, T23: AQARA — k % 0,:(xQy®z) = € (2) o (x ),
01:GQyRz) = € (Vo (x2), 0:3GQYV2) = e ®o(v.2) LEDBL, (5)
14 01250 13%0 23 = 0 23%x0 13%0 |z EFHE S, Ih*% Yang-Baxter gL 5.

X 512 A A% antipode S % b2 (T4 5 A A Hopf algebra) & &, IRDERILT S
EDNBRICHEINDONS:

(N o7 'xy) = a(S(x),y), ¥x yEA;

®) g (xvy) = 0 '(xS({¥), vx, yEA;

(9 oxy) = o ' (S(x),S8(y)), vx yEA



—#%ic Hopf algebra @ antipode IE2HB LRSIV, LHL, ThdsaAL
5&, S2(x) = X o '(S(x1), x2)x30 (x4,S(x5)) H7/REN, &< IC braided Hopf
algebra ICHWTIE antipode 3 AT LBGE S5,

(Bl 1] O, TIRO & 575 Hopf algebra #%7: k b 1(= BAIJL). x, v, w THRSH
TWT, xy =w x2 =1, y2 =0, xw = -wx = y T algebra &2 AN 3. X5,
Ax) = x®x, A(y) = yQx + 1Qy, A(w) = w®1 + xQw, e (x) =1, e(y) = ¢ (W)
=0, SX) =x S&) =w S = -y, IT&->T Hy I& Hopf algebra IZ78 3. Th
% Sweedler ® 4 Rtk y 7TRELE VS, FED ack i, .. L,QH, — k
ZIRCTEHTSHL, (Hq, 0.) & braided 12735,

ga| 1 X ¥y W (0a) ' (xy) = galy,x) &1 5.
1 1 1 0 0 —R%IC braided (A, o) » o' ="'ag
x {1 -1 0 0 A Hlcd & %, cotriangular TH 3
y| 0 0 a -a EWS (L toxy) = a(v.x).
w 0 0 a a

[ 2] bialgebra A (2Z2fF (6)(2-cocycle &) % &> invertible 2 IRFER
o: AQA ~ k X oSNl E, A BHFLVHE -
| xy = Lo (xi,y)%2y20 "' (x3,¥3), X YEA
T bialgebra {278 %. coalgebra HER b EDEXET 5. ZDHF L bialgebra
% A TEZSH. L A D antipode S 2 6275, A° bZHTZD antipode iF
S”(x) = X a(x1,S(x2))S(x3) g "1 (S(x4), x5)
THEZoNA., 351 AWK S,
G: AQA — k xQy > Zo(yi,x1)o ' (xzy2)
Wt LT (A%, é) & cotriangular braided IT78 5.

[FRT-consturaction] ED LI WAHEISIE L. FHSZA STV, ThEiFBlic
braided 75 & DAL 2 —MEMI A&, WHW B FRT-consturaction, DVEIS N TW
% (cf. [H], [LTo]). ST THEH-EG2DPFL, L bk —BIKERERS 3.

C #{F&®D k-coalgebra &9 3 &, tensor algebra T(C) = @a C™ FHARXK
hialgebra H#E4 b2 (xy-z = xQyR--QzeC™ XL, Alxy-z) = Zxiyi2,
Qx2v2 02z, € (xy2) = e (X e(y)-e(z) £¢3.)



invertible X 2IRFEX o: (RC — k NEAohic L &,
(£ oG y)x®y, - 2y ®xi 0 (x2,¥2) %, yEC}
THEREN T(C) DA F TN 1. ik 5 quotient T(C)/I. % M(C, 0) THET
(quadratic bialgebra associated with (C, 0) &W9). I, & T(C) @ bi-ideal
1D, H(C o) FHEDIC bialgebra (£ 5. o PHBEL 2RERN(TLbb,
o(xy) = exe(y) &%, M(C, o) & C ED symmetric algebra &—3¥ 3.
2IRER o: CRC — k i T(C) Ric(&HE (2), Q) OTFT)—EMICIREN 3.
$1bb, xy-z = xQyQQz EC, uv-w = u®VR®w C IIH L,
o&y-z,uvw) = 2o (x,w) 0o X1, V) 0 (Xs,uy)e
co (yi, W) 0 (¥s-1,v2) 0 (¥s,uz) 0 (Z1, We) -0 (2s-1, V) 0 (25, ud).
LoLl, 2D g » U 0) =T/ I WETWRTEZEHEEFRSLV. 2D
D&M, o (TORI. + I.YTEC))) =0
© (2o, y)xeyz - Zyixi0 (X2,¥2),2) =0 2D
o 20 (vi,z)vezz - 221y,10 (v2,22)) = 0, ¥xy,z€C
2o (yix1,2) 0 (X2, y2) D

© Xo(x.y1) 0 (X2y2, 2)

La(y,zi)o(xyezz) = 2o xziy)o (Vs 22), ¥, z€C.
&-T, ROFKMHLEEICIS: (vx vy, z€C I<xtl,)

2o (x,v1)0 (2,21)0(yz2,22) = L0 (i, z1) 0 (x1,22) 0 (x3,¥2).
(F7bbH, 012%¥0 (3%0 23 = 033%0 13%0,; in (CROCRC)*, LM E. IhExHi
9" invertible 7L 2RI o % b coalgebra (C, ) % Yang-Baxter coalgebra
EW9). o: CRC — k A invertible %5, LERE N o: H(C o)X, o)
— k b invertible &78%. TD&HICTLT YB coalgebra (C, o) &5, braided
bialgebra (M(C, o), o) D HEERK X iz,

(B 31 C &£LT n IRIEATTHI M(n, k) @ dual coalgebra M(n, k)* &9 5. {FEOD
k ® uits a, B ICHLT, 0as : CRC > k & IRTEHT 5:
i=12..., n WML T 0asEii,Eii) = @aB; 1< jIIHLT
GasEBi,Bii) = a, 0o, s(Eii,Ei5) = B, TasEis,Eii) = a B-1;
Zzofh =0, (Fz7ZL, (E:i;} & natrix units {e:;} @ dual basis).
ZD&EZx, (M@ k)* 0. 6) I& YB coalgebra T,
M(C o) =<Ei; (i,i=12..., n) | EisEic = aBiEis (if r < s),
EiEir = BE:i:E;r (if 1 < j), EscEis = a ' BEiEir (if 1 < j, r < s),



EiEis -~ EisEic = (a™! - B)EiE;r (if i <3, r<s) >
coalgebra &L A(Ei;) = Tk Biu®Ew; ., €(Eiy) = & 5.
I N % Takeuchi’s two-parameter matrix bialgebra[T2] & W\, M., s(n) THT.
a =f =qDLE, BHED quantum matrix bialgebra M.(n) &— 3.

(M(C, ) D& v 7] —f&iCid H(C, 0) IE antipode® bW (FHbb, wv 7
RETIEIEWV). —fkD bialgebra A IZX LT, A Dk v 7{t (A1) 2O FDEKk
TEZLED: A T Hopf algebra, i: A — A~ | bialgebra map T, A 25 {Fi
@ Hopf algebra H ~® bialgebra map f: A — H {Z%f L, Hopf algebra map f:
A= 0T f=11%25FTbD0E—2FETSI &, Takeuchi[T1] &, A =
T LT, EOEKDFKy MEBEC)TEHELTVS) BHICEETZIE4RL
FE(RLUTHEBETIREW!)., 5 C=Hnk* (n>1) OL%x, HC) D antipode
BEBFIK SV EEZBEINR L2 (Lch > T braided THW). F/2 A 2
A#275 bialgebra D& &, FHRMERTOF v 7L (LT A~, H %2 EH b Ol
FRY 2)0FEE L, Zhid grouplike elements £{&D>< 2% (nultiplicative)
monoid G = {gEAIA() = g®g e (2) = 1} X ZF/AHL AlG™'] THZ 5h 3 [T1).
(—f%ic Hopf algebra H @ vgrouplike 7T g BRI T, g! =S(g) MBI &I
ER).

(A, 0) & braided bialgebra ® & %, braided KEWRTDH vy F{LAEZ 12\,
A DA D TRAME AGT'] BEEZ SN 5D (X 52T naS Hopf algebra
WCIEB00)DEREICIES. £EDLS 6(A) DIIFEWVICHHIC 245 A Ol
KRBT LE2rESTV. Lol vge6() icxtl,

Te: A=A at m.(a) = Zo(a,gazo(as, g
&< &, 7 & A D bialgebra automorphism T, Ya€A XL ga = 7+(a)g
ag = g(m¢)7'(a), me(ag) = me(a)g = ga 2HLTIEPDIB[H 82]. &<
“ga=0eag=0" &%0, A D G IckB@H)EFAL A '] AR Z. x5
i A[G™'] & braided bialgebra iZ753, 7:72L vx,yEA, Vg heG XL,
A(ag™') = Zaig 'Qazg™!, e(ag™') = ¢ (a),
o(xg™!, yh™') = Lo " '(x,h) o (g h)o (xzv1) o' (g v2).

—H&IC A[G™'] A Hopf algebra X830 & Hh, bl LIHIS KWL, ULh LERL
B, $50&E0D gEG IX&->Thy b Alg™'] (= AG!]) BB ED
3 % [D5, Thm 3. 7]:



(C, ¢) % Yang Baxter coalgebra, g % M(C, ¢) D& % grouplike element &
4%. 5L CH»5 M, o) ~D k-linear maps j,j' T
Ti(x)ilxz) = e (xg = Tj (x1)i(xe), vx&EC,
A&t boNEETNE, N o)lg '] A9 TIC Hopf algebra &745%.
(Z D8 1%, [T3, Proposition 1.3] O—HOEELELLNS.)

(B1] Ma, s(2) ICBWT, g = E1 B2z — @ 'Ei2Bz0 = Eg2Biy - BEi2Es &HC L,
g i3 grouplike element (275 % (Z MDJt% quantum determinant &W5). j, i':
M2, K)* = Mo s(2) 2DOFTEET 5

i(E11) = Ezz, i(E12) = —aBiz, i(Ez) = -a 'Eqi, §(Ez2) = iy,

i"(Ei1) = Ezz, 3" (Ei2) = -BEi12, i(Ez1) = -8B 'Bz1, j(Ez22) = Ern.
CoEE, Tikx)ilx) = e (®g = i x)ilx), xEMQ2 K CGRETFERD,
150, Ma s(2)[g '] & Hopf algebra 755 (% Gla, (2) TEY).
antipode S DO EX¥THEAoN5:

S(Ei1) = Ez28™! = g 'z, S(E12) = ~aBi28™' = -Bg 'Eu,

S(Ey1) = -a@ 'Ez1g7' = -B'g 'Ez1, S(Bz2) = Enig™' = g 'Ein.
n 23 LTdH quantun determinant gENa, s(n), j,i° P FFLEL, Hopf algebra
GLa, s(n) = Mo, s(n) [g7'] AENL 5.
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Hopf Algebra Dictionary

For simplicity, we consider over a fixed ground field k. Map always means
k-linear map, and the unadorned tensor product V®W is understood to be
V&® V. The dual space of a vector space V is denoted by V*. Algebra always
means associative algebra with 1.

Antipode of a bialgebra A. The map S €Hom(A, A) such that idsxS = us e a =
Sxida, i.e. Za;S(az) = € (a)la = £S(aj)az for YaEA. S (if it exists) is

—101—



always an anti-algebra map and anti-coalgebra map.

Bialgebra. An algebra A which is also a coalgebra such that As and €. are
algebra map.

Bi-ideal of a bialgebra. A coideal and a (two-sided) ideal.

Braided bialgebra. A pair (A, o) where A is a bialgebra and ¢ € (A®A)* is
invertible, such that the following conditions hold: For Vx,y,z€4, (Bl)
Lo X, y)xeyz =2y1%10 (x2,¥2), (B2) o (xy,2) =X 0 (x,z1) 0 (y,22), (B3)
o(x.yz) = L o (x1,2) 0 (xz, V).

Cleft comodule algebra. A right A-comodule algebra B such that there exists
a x-invertible A-comodule map ¢: A — B, where A is a bialgebra.

Coalgebra. A vector space C equipped with a map (comultiplication) A: C —
C®C and (counit) e : C — k such that (AQid)A = (Ad®A)A and (e ®id)A

= id = (id® € )A. Ve shall use the so-called “sigma notation” for iterates
of images of A. That is, A(c) = Zc1®cz, (ARIdA(C) = Tc 1 Qci®cs, .

Coalgebra map. A map f: C — D, where C and D are coalgebras, such that Aof
= (f®f)Ac and e€of = €c.

Cocommutative coalgebra. For vc&C, one has A(c) = %c.Qc.

Coideal J of a coalgebra C. A subspace of C such that A(J)CJ®C + C®J and
e (J) = 0. C/J has a natural coalgebra structure.

Comodule for a coalgebra C. A vector space V with a map p: V — V®C s. t.
(p®id) p = (1d®AN) p and (id®e) p = idv. We write o (v) = TvoQv,.

Comodule algebra. An algebra B is a right A-comodule algebra (where A a bi-
algebra) if there exists an algebra map o0: B — BXA making B into a
right A-comodule. In this situation we also say A coacts on B. The A-
coinvariants is defined by B°°* = { b&BJ| p (b) = b®1}.

Convolution product fxg. = ms(f®g)Ac € Hom(C, B) where C is a coalgebra, B
is an algebra, and f, g € Hom(C,B). Hom(C, B) becomes an (associative)
algebra with unit us € c.

Coradical of a coalgebra. The sum of all simple subcoalgebras.

Cosemisimple coalgebra. A coalgebra which is the sum of simple subcoalgebras.

Cotensor product V[ lcU. The kernel of p v®idv - idv® puv: VRU — VRCRU,
where V is a right C-comodule and U is a left C-comodule.

Crossed product D# .A. Let D be an algebra and A a bialgebra. Given a map
w: AQD — D, a®d + a*d, and a map 0: AQA — D, a®a’ +— o (aa ).

If a=(dd’) = Z(a;*d)(az*d’ ), a*l = €(a)l, 1-d =d, Za,;-(a *d)o(az, a 3)
= Xo(a,a )(aza z°d), Z(airo(@ ,a"1))o(aza za";2) =

o(a;,a 1)o(aza 2,a"), and o(a,1) = o(l,a) = € (a)l, then one can form
the croosed product algebra D# .A; as a vector space D#.A is DA, multi-
plication is given by (d#.a)(d #.a') = £d(a,*d ) o (az,a ) H#.asza ;.

Grouplike element of a coalgebra C. An element g of C such that A(g) = g®sg
and € (g) = 1. One usually denotes the set of all grouplike elements of
C by G(O).

Hopf algebra. A bialgebra with antipode.

Hopf Galois extension. Let A be a bialgebra and B a right A-comodule algebra.
B is an A-Galois extension of C = B°°"* (or B/C is A-Galois) if the map
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B: BB — BRA, bRV — (b®1)p (b'), is bijective.

Hopf ideal of a Hopf algebra. A bi-ideal J such that S(J)C]J.

a right A-comodule such that ou(mb) = Zmebo®m,b, for ynEM, bEB.

Integral in a bialgebra A. A non-zero element x in A such that ax = € (a)x,

YaEA.,

Integral in A*. A non-zero element x in A* such that pxx = p(1)x, YpEA*.

Irreducible coalgebra. A coalgebra in which any two non-zero subcoalgebras

have non-zero intersection.

Left coideal of a coalgebra. A subspace J such that A(J) CCRIJ.

Module algebra. An algebra B is a left A-module algebra (where A a bialgebra)

if B is a left A-module, a*(bc) = ¥ (a,*b)(az*c), YaEA, b,cEB and a-l
= e(a)l, for v a€A. In this situation we also say A acts on B. The A-
invariants is defined by B* = {b&Bla*b = ¢ (a)b, va=A}.

Normal basis property. Let A be a bialgebra. We say that a right A-comodule

algebra B has a normal basis property if there exists a left B°°*-module
and right A-comodule isomorphism B°°*®A = B. v

Pointed coalgebra. A coalgebra in which all simple subcoalgebras are 1-dim.

Primitive element of a bialgebra A. An element of P(A) = {aEA|A(@) = a®1 +
1Ra}.

Quasi-triangular bialgebra. A pair (A, R) where A is a bialgebra and RE
U(A®A), such that the following conditions hold: (QT1) R(Ex,®x;) =
(Zx:@x )R for vxE4, (QT2) (A®id) (R) = Ri3Rz23, (QT3) (id®A)R) =
Ri3R.; (where Ri; is an element of A®A®A which is R in the i and j
factors).

Right coideal of a coalgebra. A subspace J such that A(J) CJQC.

Simple coalgebra. A non-zero coalgebra which has no non-zero proper sub-
coalgebras.

Smash product B#A for a A-module algebra B. As a vector space B#A is BA.

Elements b&®a are written b#fa. Multiplication is defined by
(btta)(b’ #fa’) = Xb(a,*b’ ) taza’ . B#A is an algebra with unit 1#1.

Subcoalgebra of a coalgebra C. A subspace D of C with A(D) CDXD.

Sweedler's 4-dimensional Hopf algebra Hs. The Hopf algebra with k-basis {I, x,
y,w} and relations: xy = w, x2 =1, y2 =0, xw = -wx = y. The Hopf struc-
is given by A(x) = x®x, Aly) = y®x + 1Qy, Alw) = w®1 + xQw,

e =1, e(y) = e¢w) =0, S&) =x S) =w Sk = -y.
Total integral ¢ of an A-comodule algebra B. An A-comodule map ¢: A — B
with ¢ (1) = 1.

[Classical Books]:
M. Sweedler, Hopf Algebras, Benjamin, New York, 1969.
E. Abe, Hopf Algebras, Cambridge Univ. Press, Cambridge, 1980.
[Recent Papers]:
Israel J.Math. 72(1990), no. 1-2, Weizmann Science Press of Israel,
Jerusalem, 1990, pp 1-256.
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Frobenius & # # & L 72 B’

EHE" (XKREE)

1. Introduction

¥ p > 0 o tight closure o745, Hochster-Huneke iz X >TH#5% S 1, homological
conjecture P HFHEBEROBAHILHEEF LLWRES LI L REEIRF LWV,
C T Tid, tight closure D BRHBEZDOEHEID T b-LBAN L ENVRE THET
EZ3D0TRRVALEEVRBEICWIIINREEZELATA I, TOHERE, TX—HET
5B BNALTHEI EE I

PIF (R,m k) 2483 p > 0 @ Noether B BT, k 2 HBEHELRET 5. R £
Frobenius 5% f TH# L. 7T— <AV HELTO RoEFEROELBC. R(=R o
FTlEER) & f TERINABABE AR L BBIt ALBECILIRT 2, D EER
COBIMETIBANNEBELEHOPIKTAIEEEALTAHAL VLV, ADTIRIBKROD &
SHEBEANBEEBERABSZ I LRPEADPTH A I

rff=fr (r€R)

Lichso T . ERMBEBT A= cNRfPLBLIEDNTES, ROBBR AN
ERBEMNTHL I EERLTVL S,

1.
A~ R[X;f]

BLAEDIR R ko skew polynomial ring &b 3. Hic A BKBFERTH %,

CORBE1IIR ROBAKEBERETHLIILPLETHS, EE. L R¥F
BikFpe Thal&icid ff=1Thaho. mBELRRDVILLTV,
ic|® A @ Noetherian property ic>WTHEX TH %,
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@ 2. (1) A#% Noether B <= R hitko
(2) R »&ifor. A b4 Noether | <= R ¥5E2#&,

e midi (1) oFEHEERLTH S,

bLRBEROE. ADTR ROTEFERcHE> fOSHERNTH S, ERIOHE
it Buclid 0 ERECFLEHBTET,. ADEAFTVREBALEKTHS S LHD
"B,

FCTRABGETREVEBIBELEL S COB, Rononunit r#020&2W5,
AognEarA={rd a€ A} BADEAFTNVNTHEILRERLHNP S, LD
rAREAMEBE LCHEEREOT {rfi>0} cARSh, RUTHBRERLE S
BOWCEHMEETE B0 H->TDIPE AZE Noether BTiRIE Vo B

COGFEIck-T. RELTHKTD Noether BFiRZEZEL L&, ARE Noether
T b & Noether T WD TH 5,

L LERIAF7ric20TRIREIR&-ER V.

&E3. Aomfl4 77 rvidd ~xTgraded TH 3,

bolH L. ADHMRELI B ADFHMAFTVTHLE< RDA F 7 VD RE
5l {I)} 5p-C  I=To+ Lf + Lf* +-+Lf*+-
SR BBMcEHEEESATES 5o — RELPTH S I

— 2R, ADEEDT 2= Chorift (i€R)EMB.z €l OB Tif €
I (0<i<n)eRactsRELARITHDo (EBI OB In={r€R|rfr eI}
EBIFE LV

NI WTORMETCIDIEETREIon=00LscRWPSrHEDOT. n21¢&
#60Iﬁﬁﬂ4?7»uovxﬁﬁ@zeRwouf\ﬂ%gzquivaao

n n n n
2P z=roz? +r12P f+---+rpaf f*

zz:roz+rla:”f+~--+rnz”nf"
THEBEDPO. ChODEEE-TIRROTEBATY 3o
ro(:z:—a:p')+rl(zp—xpn)f+“'+rn-1(zp“-l _zpu)fn—l
Lo TRMEDEEIC LD 0<i<n—lszeRoEar. (e —2? )€l i s
CEB Rt CCTROBMKKNSEBRETS S LM, &P —aP # RO unit
ThBkOic T EBRCENTEBDOT. i ET HSHB. 0

ST EAMBERIRMBM ToH-T f BELSFAL.

frm=r"fm (r€R, meM)
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BRITBLIBbDIRMESIE WV, Eok AR GAMBRRARMEM TH-T
FBE»SERAL.
mrff=mfr (r€R, me M)

BKRILT HHDTH %,

Bl1.(1) RMBRw fH0BRELTHERATHIEE, ChE Ry EEC I ERT 5o
BB Hb L . EAMBELT R ~A/Af T& 5%,

(2) Ric f L@ ic Frobenius B E LTEAT AL &icid, Cht By EEHG T
BEEAMBELT Ri=AJA(f-1)T5 3,

(3) R°=U, R LB fa=2P ick-T fOLDSOEAEERTBEE. b

BB A R® REAMBERDCENTEDe —F. f OEDoOAEef =2 &5
AT R BBEAMBIC b 3,

BA*TfCRFLT 2 E2EALDIENTE B, BL. ERMIL fA L HRHR
{t Ay 85 5 DTHER.

Z#1. S={f"IneN} LB
(1) Ap=Ax 8]~

BL. (g, ")~ (b f™) <= afHm = bf*" (£ > 0) TH 5. Eic. (o, f") @ A ic
BidsHEZafTEELIERT B,

2) CjA=Sx Al ~y

EL. (ffa) ~ (f™0) & ffma= b (r>0) Tdhs. Eic. (ffa) 0 jA K
BiI2E%: f—"a &

4. ZERMELLT,
Ay =Y Rf*, jA=3) R™f"
nel nel

THbo fFARBIRIE BN, Af RRIZRT STV,

EAMBMx%: fcELSRFLT L. E fAMB M HBRS50 5,
Bl2. £ AMBELT, f(R) R R cARTH 5. ARER ¢: f(R1) - R® &

1
W(f ") =T THEAONB. ST TRTERD R g itBFBBERDLTYV 20

HmEL.
(1) At AmseLcflat ©6 3,
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(2) EEOEAMBM LT . EAMBLLTORE (M=AQ4M 553,

COCEEF-TVWEETTHOATVWAE RRP BT 20W > ENBELCE 2,
fo & 2.

#13. {z1,22,..., 24} 2 RD»52—3FEFT2EE. 8i(0<i<d)icoT,
1
()= |J %" R® C R™
n>0

CBLHEL. TR RDILzD R icBI3 28 2XEDLLTWVWE, Bic, R NBEOH
fHik:
: d
C* =@ (0 — (2°) — R® —0)
i=1

%X B, D%, Hochster iz C otk acyclic thH 2 E2TFHLTWS, ([1] %
R&o)

CHhiR Lo 2 LHEL 2H-TROEICELBLRVWEE S 4. £ AMPO
HRRZIEDAZ ;R C Ry %2 f TELSELT 5 &, f(2iR1) ~ (2°) C Ry ~ R®
ERBIEDBBERBLSN 2, FCT.EAMBOHBEIK:

d
C.=@Q (0— ziRy — R; —0)

i=1

ZEXBLE. LOEDLS f(C)2C® ERBIEBRP B, T THEL ILL-T.
C™ psacyclic #E 5k oicit, Hi(C)(i>0) Lic f BR&EBEAT I EEER
HHW, ECABINRBREERETS %,

RoFFENIHULILEETAEBRMILTELEICRB.ROLINIENEL B,
HES. SHROFENIHALLELGDOH., Ag-ig~S '1RRA~A®r SR,

EC.EFBEDz€R i LTRMNI Ry icid f »&% © Frobenius B4 & LTEAT
%: f(r/a") = (r/z™)? (r/z" € R:)o COfERICE>T . Re R EAMBL AL &, %
nE (R LT LicT 2. COB.EAMBELTCOLHERE ¢: A — (Ro):
Bo(Sirif)=Siri/e? wk-TERESh., TOHIE:

J(z) = A{e” 1 f 1] i > 0}

RELVW, A, EAMBELToREE A/J(z) =~ (R:)1 %18 3,
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Bic.blz,yeERpL &tk HANER Ry — Roy BE AMBORRFR i
SILEVBERERPV. DEOEAMBOTRRRANS 2 EBHELHON B,

right multiplication by y

AlJ(z) » AlJ(zy)
:l ' :1
(Rt)l Lum]’ (Rzy)l

ChoDEEMS, bL {z1,22,..., 2} BRDONFA— s ZTHBLEE. ThoOhd
et Ceck Hlhic b HRICE AMBOMEE LTOBENAS C &EHShD. &< i
B &K D homology i3 LR OER It ko THEBIC AMBELTOERERD 2 &M
TEB,HERBRKROEN TS B,

% 6. R o m % support ic# - local cohomology Hi (R) i i3 A Bt & LT i
EPADo %l‘_\d dlm(R)@&g {zl,xg,...,a:d};bea)/\7;l_9;§nb{i‘\

HY(R) = AJA{E” ' fi = 1] i € N} + A(z1,29, ..., 24)

BL. {=z1-23 - 740

ORI’ an(R) # 0 & 1% p ® monomial conjecture KFE L TH 3 L2 RL T
W3,
2. Tightly associated ideals and weak F-regularity

UFMEAMBEYT 5. EROBAE AMB N e LT, Am(N) = {a €
AlaN =0} 2Z%1 5, Chid AOWRA F7r50T, #E3 LD RO4 7700
F#F {In} 8&5-T, An(N) = TpInf* E5>TW 3B, 2Ty a(N) = Uul, & F
£7T 5,

EHE 2.
Asst(M) = {p € Spec(R) U{R}| p = a(Az) for some z # 0 € M}

Asst(M) o5t % M o tightly associated ideal & I 3¢,

Bz, R b reduced o Bgiz iz, Asst(Ry) = Assgp(R)o & & 5 %8 reduced T &
&izid, Asst(Ry) = {R}U{p € Assp(R)| PRy =0} TH 3, cnoZ & i3, R 0fF &
oxzicowT a(Adz)=Ker(R— R;) Th 2 &h S S0
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7. a(Az) (2 £0EM) EVWIFHDO RDAFTLOHTEARL b D i Asst(M) ic
B 2. Hic. M#(0) < Asst(M)# ¢ HBRILY %, ‘

ZOEMAss DL EEEILHRRIEDE (B Asst(M) it WTHRILT 3o

EEL.

(1) FBMERBRFTHELDOLERNIRHER REASU (M) £2B&TH S,
(2) M =Y caM,ssgraded ZEAMBTHZ &%, pEAsst(M) < a(dz)=p
& 7% M © homogeneous 355z % 5,0

XT.ITAF 7 A0 tight closure DEHEEWE L TH T o (2] BH)
aBROAF7TrDEE, ROtz d5ao tight closure a* oxTdh 3 & it

Jce R— |J P, 3eeN such that cz? €a?l forall n>e
p€EMin(R)
3;7‘;53;&:'63550:_(_‘C*\a=(a1,a2,...,a[)R’C*ibéﬂ%‘ua["n]=(a’1'n,a’2'n,...,afu)R
LEHEENL . =aThH 2., 177 aidtightly closed T3 L Edbh 3,
Aa=T,enad?lfP ez ticEEThIE. CORBRcf Az C AALELTS
BIENBL B, COIEEF>TRMBIAHETE 3,

HES. aB ROAFTADEERD 2 &M IIEE,

(1) al 7" (n > 0) A54 ~ T tightly closed ,

(2) Asst(A/Aa) C Min(R)

#1c . R 75 weakly F-regular 5 2 - O L EFRSEZHERED (2) 52 TORD4 7
Tra LTKRILT B ETH %0

i A Eo injective module OHEIC>WTRI-7 IEEDRTE L,

GEI. M=Y,caM, 2graded £ AMBEEL T 5. RE Asst(M) LIRET B & &K
D2XKBIEETH B0

(1) M i3 graded 2 A B OB ic B\ T injective TH 5,

(2) Mo it injective R® M TH-T. AMBEORR

Hompo (s A, Mo) ~ M

BHBo (MiIRBE fAMBOBENAS.)

BAZEZ212L %, EBRCREAFTVRODVWTOHREREDBOL IR bDONE-T,
BUDTAEMBERCOFLLVWEANEASNEOHKEE-TVWE, TOEKT. 4
I @ injective module o 2 H O IKT AL RBLVWORSEAEELS L EZ
FTURBRILBIETHEIH UTRVWLK>POFHEERRTABFELALSLLILT 5,
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pig

(1) I Aoz (graded) 4 # 70D & &, p € Spec(R) it LT I(p) = TApNA &8 <o
C o, Aok (graded) 1 #7 4 J ¢ (a) I =I(p)NT o (b)) K 2 I(p) = KNJ 2T
LBBZbDOBFETETHA .

(2) M=%, M, bz graded AmEtoss, Er(M) =Y, Er(M,) ic b % graded A /iy
BOBESBASLTH S 5

(3) E £ injective ABt. s #0 € R & &, E' = {z € E| s"z = 0 for some n > 0}
RELH»IC ED ABRIMBETH 2, 0 E' £ A-injective Tk 3 3,

REFERENCES
1. M. Hochster, Canonical elements in local cohomology modules and the direct sum-
mand conjecture, J. Algebra 84 (1983), 503-553.
2. M. Hochster and C. Huneke, Tight closures, invariani theory, and the
Briangon-Skoda theorem, Jour. of the A. M. S. 3 (1980), 31-116.

(ffid] v v R VY LATORBEERTHR. KEHEESXRLE LD A D Noether hico vt
BE2ZB - —BILTEBEEHATVEE W, Bl R B—ikd Noether 5
(BFBRERIBSTV) TEK P> 00L&, A= R[X;f] (R L o skew polynomial
ring) &4 5%, DL E, RO EHBKILT %o

ey 2’ . (1) AL Noether <= R BERE D 4 DEK,
(2) A »# Noether Bt <= R i3 Artinian ring T, Z O FEORAA F 7V Mo\
T R/m H5e2k,

IR, BoDTHKHELEERHVLLE D
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Z -geaded Ling o non-negative part (<2 <

LERLELHARH REE—

Z -3kaded pim$ ) 174\ T 2 @ mon-negative pakt g T
t¥3vE. Tog )’iﬁ’%éﬂ \’IMT ( B kg I & Co%en~Macaufa/

Gorenstein TE) R 7\ 7% Z 1 W,

“e U=@Uh, T=@Un ( = Uszn<)ort,

Ta[Jix11, (180 . degx=-1 ) TH I 0. Twlx]
n Puke Sublirg y 4 3, 4 - T U o ANoelher 't normad
THEIHFETRFERETI N AT RAT &7 Is Coflen —
Macaufay Mic 7 0 T R —HLIHA L H 0o XTI B o T,
U=R®S v > Case 170 T L0 FWEEHEANTHK L
g5, e, RBCIMFERE v . L/1, 21 €%

AT0 R RIREES LY 7o By

(A, m)& Moethey Gocal ring . dim A=d L.
:@Rm\ S"‘Q?OS’“ t Ro=So=A % 3 Noether.

graded ring v 43, ¥5 = U=RS v L. 2 9rs
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Uoz-3rading €Ro &7 w3,

L = D (RigS5) |
(A M= @M, Ne@N,t 2 T4 R-gracled
modude | S - graded moofule ¢ ¢ 3% | ]-module
L=MON o Z-3rading & | ,=@ (M@N,) % w

1+3=m

3, )35k, T =u7,0:g§oum (. U\(zf@oRh\'€=@OSﬂ’
Mr=mR +01 . Ms=mS + & . Me=mT +[0T9 ST,
45, 2ovx . HEOD) €3 L. TocMur.
Gorenstern Pf = o5 TEHNT o 5 3 A1 WE tensok
product o M Ik & < b 05 AT N, T TX 5L AEE ATl
MAIHTRE . T 0l < FHM B\ T o & B EE T
FTE LT EH <,

R=”@)Rm & Moethey, graded rimg v v (01 R o
fwmoge;eoug vdead . M§ Jruded R-modude ¢ 43,

lorE MmOl Bl

W cHIre. HiM)= (M (i=o)

{o (t+0)
(#%) TH 3 v 3.

M= @/\.NA ( Na & graded R-modude )
% T . V;{é,/\ k7w ¢ 3 G € CR_( Cai#
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fomogeneous )  S.t.

B2 Na —> Na & figective
c53, (x-7. (¥ H5& HiM)=0 V3o
< %H3. )
L. 0O>R—=I°—> T ' — = — I"— gvexact
Seguence 7'H Y . ATV B (X)) G (¥X)EHETE
0 B4 H 3NS5 HE(R) = HY(H& (1)) %3,

rioFEa kit Mok ) mAHEFTmz 3,
i (F) . SER9UI~(3) oKkt #rT
g raded S - module 9 kesolution
0—>85—>J°—> T —- — 75 >0
¢ 7.
(A ji it A-ALat THF,
2 T°, ., T g BBt (¥%) .
T & K) EAFRF
(3) Ln<oixovT. [JT¥1, =c¢C
(32v . YseSpecA Rouvz. 5=dmk(DeS
2By R®PSRCGM. alS)<o & Ak3 3, )

hrhi 9 s LoFE) " hH3o
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T2z / &P 70 kL. geaded T ~module o
grade % 4% > exact Seg.

0 = [HELRP ST, 77 Hf(T)— HER)g ﬁ]: 0

.‘}J\\'{;’]—ﬁ{go (FBr. (Do, (Deo EZMTH Adegkee

mon - NeFAtIVL | negatiVe€ part & FZokT3I, )

Pyroof 0O—=>R— T°> . — T"— -
4 graded R-mdule o Category 2 minimay
imgectrve resolution x§% L (R) g,

0— R®S— 197’
£ exact Seg . Y BY 55T

0 — T — [f@j']m (# Graded T —
module 2 exact Seg. T H3,

tr < HL(T) &®o H() ¥ [T9T 1, &

M5 5 fyper Cofomelegy o Spectral Seguence § R
X 7R NN

B = H(HE(T'9 T ]50) = HICT)
ESCHN H;}T( [‘L‘%’I’J% ) Ekwmrn, TorE K 9 %
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<ERT T
£T% @RoW o grded R-mdule o fifuc's 5 ,
E = Ex(5)
(518 R2 fomog . prime tdead | Eg( ) 1& Fraded
R-module o Categoby €9 inyecttve envelo />e)
T3P BEE prme wead g oM kY . Ko
W~ (#) 2 type RA5¥ T3,
W 3= Ms (2) $H0T, Fomw
(3 D0 .§dPmw &) D0, $Pw
ESREZAREY | BT tRof ) KOETI,
=g @1F @ @17 @ W1t
(8. ™T% & T*o @B T05% <. tyPe(m)o
o i o E4)
FoT2or ER &I H Complex 134FH 3,
T 0o"T">"T - - ">
O 2 0 =075 =T TN —
O = Coker (OT° — V1" )
FRARE ns . T

H—e

J : 0_93'0__;\“—%'3'3—!’—90

N3 €222 Complex WIEMF ,

T 0= 0> >0 2T 5o

LT HE (e 1,0 € %5 5 1, [TRT7],
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§ Ux2=Fo0 Part RSl cHHESZ , 22 TE IR
9D femma & RFE T3 .

lomma 2 T € R> Romeg . prime toleaf ¢ L «
E=ExB8) 335, 2 N=B N, ¢ graded
S—moduke 7', (¥) T=1& (¥F) § #HrTE2C T3
Cori. W=E@N tH<r g avh~@ NWe,&¥

» ZTNEMN 9 CaSe 1Ko CTRERLT 3,

E

N D (2) (3,4)
W5 o & . Weo  (P=D) Wy o (&
%) M7—| § H;T(Wao):
T i< ok | MTi< B L
() o (=D
— (44)
(¥ %) W?/o (& MT(“\ BE L (**)

30 femma 18 HETT( I'?}\) j']>,0> , Eiz g%ffé
43 L

g—ooti\

He (9110 = @ HA([F2391,.)
@[“)I ®]3_l7

-L+} P
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_— P
P 1>/0

I
~
—

¥- 7. EF=TH("T'e7197,,
¢z <0 H("T) = HE(R)

H (7% ={S (1= o)

C (v+0)

CBI NS L Kimmeth fumiha ix s Y

EV=[HW(R® £,

BV = [HT("Te 5],
R (N Co'm/%ex n exact seg.

0 —P1" =PI 5 @15,
< & 3 4504:10/03./ 7 [ong_ exact Seg .
o __9 He(®1*) — Hb((r,z>1_v> S H(PT)
SH(OT) = H(T) — H(YT)
= HMET)

nd~
rr -r\\ﬁ\
rr [(BAY
(\\ <

HF((l,z)Io) _ .,,';(R)“-: {@JHPG?M)

TRA-Aul 15 [T°],=0 (Ymeo)
H("T") = Hae (R)
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=h PH =S
EX - [HR"(Rye 757,
Fr . G2 22 T FE . Jommal L. E;’?"=

tR. AV 0 B — BP0 i gesded T
moodule » degkee O o map 2. E;" = [Ef’,] <o
'—Ezkz,o - [Ez-n,o] - Z"?Eﬁ o L o(f" -0 <2'5 3.
(-7 Y, g kove . =0 om3,)

pz <. EF=ENF vy

0= [H (RS T = Hi ()= [Hn(Re T%] 50

¢ t3.  g.ed,

%

SoEE p SR 2ESY Loy 8Tz 3,

mo (%) ot s
R~x(C-M . aRY< o #s&".
Tk C-M L3,

M1 T =AD Xs ], degxe = - €T3
NI 2R A R C/ec//f C‘wmpfe:( ). S o resolubton
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AR €1==><J.~~xg;m/-\[x
(PBl. T=0d . g0 1 SINT = {h, . Reon ]
v43., ) H3I, Lot B e () AET 4 M
VN> THEEE] £
0 — [HER(R)%? S, HalT) — Hi(R)® €] —o
FoT S € o RENTR 2L b3,
dim T = dmR+S ¢F3 ., ootk F_

T~ =M 6_%7 H;T('T):- C ,VPSD“WIT“'
& [HK(RYT, =0 ( vonme)

. VM"“-‘L“;“S‘
~n-> a(R)< ¢

¥R Ro filtration F={FV,,, ., F.= @"RL
LT RT= R(F) (FrrET Rees 1tmg ) L:/a‘ 3,
S=1l ot & T=RT t#3. 4£-7 o F tmmug
2 RT<BT35 82 (L [37)ofIEmmr, 7 3,

13 <. S BYBRIE > FERTESs 3. Sov mormal #
Scf)mgttovtP by 2 3L 4 S o kesolubion 2 (%)
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£ At Etony m3., 2o RERK T n CM <53
RN - A O NG

e T 2 Gorenstetn Fimg 1<% 3 oo RME

F71THZ,

i 2 A=k (fredd )
R=&[ X~ Xe] (degXe=1)
S=R[Y . (s] (degyy =-1)

S ¥ BR5 s dim T = Lk+S . T & C-M<%")
= X" XE"‘)([X»_I/“‘/X;]% YR D '\f-s*-']Lo
,‘:[[%[XI—‘,‘, X;]% ‘E’\'[Tl“/ ,\(S:":[-Js k—S‘~{] (t—g)

Fo l<~|'/:M {[R%S‘st—kﬂj (S“‘k’)
T GekenStetn rind

& krx T (Fhez )
& S-k+l=0 & k=S|
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— < R, S Goremséern ring /f‘i (ﬁ’)? <L
a(R) = a(;ﬁ) -] arx . T 1@ §S-CGorenstern
kimg (BRS  Ke & T - free ) <'H 3,

(480 S 13 An=S, 5 ogeading ¢#dztt
Groded ring v 43, )

Y132, A3TE R sigd . S RRBRO[HE I
e BEE S t4E . R RRo & SURRETFS,
£ AR) . R BB (D (B)RHH) §HrT
graded R - module o resclutron
0 =>R—>TIT°—w-TIT'— ... — 1TFE—>op
£t 2,
" & T' & A - %&t H3,
(2) T, T @ oL (£4) &,
" 3 R EFRT,
NI IR AR N
E £ 3 Ap 2o kil graded T-module o
qrade &R 28 % 4 exact Seg. o354 7 5.
7) k=12t
0 - [1'® Hr' ()], HA (1) —1T’g Ho (o
) xZ2»ed

—128—



0—=[T°® Hy ()]0 — HA(T)
—[(ReHLIS)S( T g Hi ()] =0

Fo TREBKIR L 27 T & C-M | Goremstern ri'ng iz
3 1= ¥ D AT N o3/ NS

HE . Lo ftEriEgtk- & REB—2£E]TH T,
Fro . Bygosed
Hi(T) = [HER® ST @[HESRIe 75,
v Ut iR, uEH & R EE I MR &2 1< $R B4 FRo BE
Hgg i N T nae T EEREL2TEN R, BUL
I 5 Shokf €xacé seghence R CplLt 3 LD g

Iiﬁ’)ﬂ\ﬁ\tﬁ\\o
References
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& % Semigroup Ring @ Defining Ideal iZ-2W\T

WEH $h
HEA M

N=1{0,1,23,--} &L\ rn€eEN(r>0)ik2WT
r+n
H=ZNh;CN"

=1

{BL. hq,...,h, & Q k linearly independent T#> > 3d > 0 such that dH C Yi_; NA;
32, Eic, Ro field k £ ® polynomial ring PE& %25 X %,

go:S:k[Xl,...,X,,Yl,...,Yn]——+Ic[t1,...,t,]

by o(X;) =th (1<i<r), oY) =t"+ (1<j<n)

¥ 5o
D& E,
k[H] =Tm(p), In = ker(y)

EB Lo
Remark. r=d1mk[H] Pon=htlg &%
oLE.REERX B

e k[H] # Cohen-Macaulay ring (A F+ C-M) &2 e D&% Grobner basis D&
ETRBRX%,

e htly=2(en=2 Ok k[H) #5 CM&%3 Iy DERTERD 3o

o 3-dimensional projective space 4@ monomial curve DEIRHR%E 5 X % semigroup

ring ® C-M HEZ2HK# S 5,

1 #Efp

M(S) = {S® monomial} & ¥ %o
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Definition. M(S) L O £JERF »>” Hk% &4 & & S O monomial ordering £F 5o
o TH my,my,m3 € M(S) i£2WT,

1#m = 1<m
my < my = mymg < MaM3

Remark. ”>” % S ©® monomial ordering &9 %o
1) mm eM(S) cowT.mbm 2&oYrELEmMmIm

2) HoTHi” > BT BBETIIR. HRo #->T M(S) © non empty subset i,
smallest element % & 2o,

#l h=(ay,...,a,) EN IZDWVT,

d(h) := XT: a;

=1
& LT S ® monomial @ degree %
deg(X;) = d(h) (1< i< ), deg(¥;) =d(h;) (1<j<n)
TEDD, COEE, XYP< XY 2ROBICERT 5o
deg(X°Y?) < deg(X"Y?)

TH 33X,
deg(X°Y?) = deg(X"Y?)

Th-T
1<?i<r+nsuchthat a; = b;(j < i), a > b

225 Us (0, B) = (a1, -+ - Gpgn) €N (4,8) = (by, ..., bran) € NTF™

CDE&."<” it S ® monomial ordering &% %o C @ monomial ordering % weight
(d(hy), - - ,d(hy+n)) iCBEY % graded inverse lexicographic ordering (XA 'F GIL-ordering) &
W3, #ic. weight (1,...,1) B9 3 GIL-ordering % total degree (B8 ¢ % GIL-ordering
L3,

PIF. S ic {38272 monomial ordering ”<” BA->TW3 &F %o
feES, FCSikoWwT,

e f O initial term % in(f) = f @ "<” &£B¥ % maximal term

e F o initial term % in(F) = {in(F) | f € F}
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EED B,
Definition. S @ ideal I. I @ finite suset F' ic 2\ T
<in(l) >=<1in(F) >

Wil & & F % I @ Grobner basis &\ 5, #ic. I ® Grobner basis F it 2>\ T,
in(F) # < in(I) > ® minimal basis ® & & F % I ® minimal Grobner basis &3, &
DEE.I=<F>THBIEBHONTV3S, (cf. [3])

2 C-Mt#izoWnT

(m) {m' € M(S) | m—m'€ Iy, m > m'} for m € M(S)
Ry {m—m'€ Iy | m' € £(m), Ged(m,m') = 1}
Fa = {f€Raulin(f)=Y*FaeN")

EBL L
Iy =< Ry > 22 <in(lg) >=<in(Ryg) >

ThHdo COEERVKRYILD,
Theorem 2.1.
1) <in(Fg) >=<in(lg) >
2) k[H] » C-M

IK2WT,
o 1)=2) MK DI,

¢ S ® monomial ordering IR D&M (M) 2Hfd & & 2)=>1) bR VI,
(M) Y* — XPYT € Iy, f£0 5 51 Yo > XPY7

CDEE, Igid,. FuTHERKEN 3,

theorem 2.1. DEHD - DICREFH VW 3,

Theorem (cf. [1]) &Kz, Bl

1) k[H]is C-M.
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2) Forany u, v€ H withu+h; =v+h;(1<i#j<r),

u—h;=v—h; € H.

L @ theorem D&M 2) % [y OTTHERANLIRD Bl Wb
Proposition 2.2. i3, Eff.

1) k[H]is C-M.

2) X;X°YP — X; XY € Iy with oy =y =0(1<i#j<r) iL20T,

WP _ X, XYP eIy o Y - X XYY €Iy
3) X;X°YP — XJ'X“’Ya € Iy with oy =) =0 1<i#j<r)k2VT,
YA X;X*Y? eIy Rz Y - X, XY €Iy

(¢eN 20T a i BHORS % o) TH5DTo )

Proof of Theorem 2.1. )
2) =>1): XY/ - XY €eRywitha#0 k2T, £ (M) &b y#0 TIRHE
12570, ch(X“Yﬁ, X"Y5) =1E5»5.

i, €{L,...,r}, 1 # J st o) > v =0 and o) =0 < 75
BROM B, K-> T. Proposition 2.2. £
WP X, X¥YP €Iy
CoEE, &M LDYE> X XYF THB T
X°YP e<in(Fy) >

o
< in(Ry) >=<in(Fg) >

1) = 2): ZfE 1) . RORM4) LRETS 3
4) D(X°YP)#0 (a#0) = S(YP)#0
I T, X;X“Yﬂ—XjX7Y6 € Iy with oy =y =0 (1<i#j<r) k20T,

DXGXYP) # 0 or SGXTYE) £ 0
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EhotbokfE Ly
D(YP)#Bor Z(Y) # 0

D& E,
X'y € B(YP) s.t. oy > 0or IXTY? € B(Y?) s.t. Wiy > 0
7R & 1 Proposition 2.2. & b k[H] i& Cohen-Macaulay &0 £C T, CMEBE
LTFEEES, HIb.
if X*'Y# € 5(Y*), then af;y = 0 and if X"'Y* € B(Y?), then ;) =0

£t 5,
RS CEBL XY S X XY ELTEV, COEE B(YP)£0 b SR
FLVROTHIMN S o

X*'Y# € £(Y?) with of;y =0 : minimal in Z(Y”) w.r.t. >

E-T .
X Xo*r'YP — X, XY? € Iy with (a+ o)y = 93 =0

Co& & XYYP © minimality X WE(XCY?) = 0 tH32o5YF) =0, o<
X;Xote'YP < X, X0Y8 TRUNERS KV, BU. DY) #0 5 5REL hROTLH
5 E

X"Y? € 5(Y?) with Yy =0 : minimal in S(YP) wrt. >
::i e

XXty — X, X 'Y? € Iy with (o + ')y = (v +7)@ =0
DL
DX XHYPY £ B or DX, XYY £
THEEDLEMEL) LD
DY) £0or S(YY) #0
L X¥YP & X'Y® © minimality K FET B,
Pl Eic& » Theorem 2.1. BEHE h i,

3 htlIg =2 D Case (Z2WT

C T htIg =2 T S © monomial ordering & GIL-ordering &3 %, CD& & Iy
2. Therorem 2.1. ®&# (M) 2K/ 9o
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5. htlg=2(G(en=2)Edr5, Fy RKROD subset iLFE TN 3,

Fi = {f€Fglin(f) =Y for a e N\ {0}}
Fy = {f€Fy|in(f) =Y, for b e N\ {0}}
Fs = {f € Fy|in(f) =YY} for a,b € N\ {0}}

Zo& &, in(Fy) (tesp. Fa, F3) ® minimal element % Y (resp. Y;?,Y®Y)?) THb
To Bi. F; (1=1,2,3) ®TT initial term »* minimal ©» 3 D% F; (1=1,2,3) ®
minimal element &MER T &iCT %,

Lemma 3.1. k[H] &% Cohen-Macaulay &3 %, CDE &, fi,fo, s 2T OENF, Fy, F3
® minimal element &4 % &\ {f1, fa} » {f1, f2, f3} »* Iy ® minimal Grébner basis &
K30 BE- T ,U(IH) S 3

Proof. Theorem 2.1. £ ¥
<in(Ig) >
< Zn(fg) >

< zn(}'l), in(}-z), Zn(}-;g) >
< YlalaYZb))in(}-3) >

B->T. in(Fs) C< Y, Y2 > T©5 5155, {fi,fa} # Iy ® minimal Grobner basis
EBBo £ T in(Fs) <YM, Y2 > 0k &2 {fy, fo, fa} # Iy © minimal Grébner
basis &B% & & 2R Yo
in(F3) ¢<YP, Y > &0, YPYP — X € Fysuch that a < a; and b < b, BEET 3o
Claim. 'R —_ 2D T

YY) — X Y2'YY — X*' € Fj such that a,a' < a; and b, ¥ < b,

2WT, a<db<V THE2HXiE. a>ad b2V K50

L. Claim #E X7 & ¥ 5% & f; ® minimality & b YY) — X € F;3 such that a < a;
and b< by I2WVWT, a3<a,by<b THRIFNEHRSB VA S, Lemma HRE S0

(Claim. ®ZEH) Claim. BE YT BWE LTFEEE, f>Tea<d,b>b &L
T, D& &,

XoYE'-e - XYY e Iy

BEOhB, CIT. a<d X, a>d THBHHIE. Y™ €< in(F) > X ik,
Yzb_b' €<in(Fz) > &7 b Ylal,Yzb’ @ minimality KK 3 %0 - T\ o) > aé,-),a(j) < a(j)
ERB1L<i# < r BRFRERST WV, &I 5. Theorem 2.1. D&H 1) kv H
TYP ™ e<in(Fy) > Xz, Y2 ¥ e<in(F,) > &1, Y™, Y? © minimality ic F /&
T 5o

& - T Claim /R & h i,

Lemma 3.1. XD EbIKRBB LN B,
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Theorem 3.2. k[H] %8 C-M <> u(Iy) < 3.

LIF. k[H] . C-M LRET 3,
Y? — XY} € Fy ic2> W T, Gll-ordering ®E&D» Sa >0 TRHHER S BV, £ &

T. ROBFHIKHIT 3,
Case 1. 3Y,” — X°Y? € F, : minimal element such that o > 0

Case 2. ¥'Y}? —Y? € F, : minimal element

—3% 2.3. Case 1. DB,
="~ Xalebl

fa=Yi - XY
f3 — Ylugyzba — X
xxhTh Fp,Fz,F3 @ minimal element &3 3,

(11) a >0 22 by > 0 DB, fi, fo, f3 Iy ® minimal Grébner basis TE 5 i a; =
a2+0.3,b2=b1+b3,0{3=al+0120 ®-T

X Yldz Y263 )

IH = IZ ( )/]03 Yzbl- Xq:

(1.2) a2 =0 Xt b; =0 DB, fi, f; » Iy © minimal Grébner basis o

Case 2. DB,
fl = Ylal _ Xa|Y2b1

f2 = Yzbz - Y]”
fr=YoYp - X
2T hEN Fy, Fy, Fs © minimal element & ¥ 3o |

(2.1) by > by DBE. fi1, fa, f5 # Iy © minimal Grébner basis T& 512 a; = a3 + a3, by =
by + b3, 3 =030 T L =Y f3 — Y faand Iy =< f, f3 >

(2.2) by <bs DB, f, fo # Iy ® minimal Grobner basis o

(GEBHE. HMECHEZRVEBETRIBOTEBLE T, FLCR.[4 2BHELTTS
Wo ) THE, 1=1 ® & &z Herzog B L LR O —RBILITIZ > TW B, (cf. [2])
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4 k[te, 8ea b tstac ¢g] D C-M HlzoWT

dy,...,dn € N\ {0} st.dy > - >d,and (dy,...,dn) =1 K2V T,
H= Y ,N-d;

H= Yo N-(dydi—d){BL dy=0

Lt Bo Bl ROZHEABOMOEREEX 3,

p:S=k[X1,...,Xs] — k[ti] by (X)) =1t% (1<i<n)
$:S=k[Xo,...,Xs] — k[t1,t] by (X)) =t%th"% (0<i<n

~

5,5 iit. = h&h Total degree 2B 4 % GIL-ordering B A > TW3 &4 5%,

Definition 4.1. f€ S, € 5, FC S,GC S itoWT,

b= X300/ Xo, ., X/ Xo)
‘= g¢(1,Xy,...,X,)
bP= {*f|feF}
‘G= {'g|geG}
COEERBED LD,

Lemma 4.2.
Ry ="' Ry and "Ry = Ry

#Hic in(Ry) = in(‘Ry) = in(Rgz) = in(*Ry)
BF. Y1=X;,...,Y,.1=X, ¢33, COL % Lemma LW EDICRHBE S,

Proposition 4.3. F' C Ry is a (minimal) Grobner basis if and only if *F C Riisa
(minimal) Grébner basis.

Corollary 4.4. k[H] is C-M if and only if there exists a minimal Grébner basis F CRy
such that in(F) C M(k[Y3,..., Ya-1]).

Fit.n=3 0EgicowTHTW,

R(a) = {(b,c) eN*|b>0anda-d; =b-d; +c-ds} for a € N\ {0}

a =min{a € N\ {0} | R(a) # 0}
LB E, RBKRDID,
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Theorem 4.5. k[H]is C-M if and only if 3(b, c) € R(@) such that @ > b+ c.

Proof. k[H] k. C-M &RET 3,

—E23. 0
h=Yr - Xy

fo=Yir = Xy
f3 YGJ Y2C3 X;'-S

-

K2WT, 1< ELTEWV, 2T, Y(be) ER@E) IEDWTL G<b+c &3, &
D&, a=4a ff?b>6a1<bl+cl hno

() = XY - Xy e Ry
4. k[H] &, C-M ## 5 Theorem 2.1. £ »
Yy - X§XY? € Fyst.c<a
#->7T. Lemma4.2. &9
Wy - XY €EFust.c<a

- T, c2<c<c ERDFEHo
WIT. a; >bi+e; &35 &, Buchberger ® algorithm (cf. [3]) &£ 0 fi, fo, f5 IH
Grobner basis &k %0 # - T, Corollary 4.4. & » k[H] i&. C-M &k %,

CZ B

[1] S.Goto, N.Suzuki and K.-i.Watanabe, On affine semigroup rings, Japan. J. Math. 2,
1-12, 1976.

(2] J.Herzog, Generators and relations of abelian semigroups and semigroup rings, manu.
math. 3, 175-193, 1970.

[3] L.Robbiano, Grébner basis : a foundation for commutative algebra, Preprint, 1990.

[4] Y.Kamoi, Defining ideals of Cohen-Macaulay semigroup rings, to appear in Comm. in
Algebra.
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R LR R B -
B IC>WT

HHK - KE B A

LCHONAEFRO—2¢ LTROEENS 5.

TE 1 fhk LHEBAERTBIEE A LS5, CnLE, dimA =tr. dege A BKIL T
5. 1oL, tr.degyA i3, A DESEE Lo A Otk Q(4) DBBRK % 7.

ER, ROEH20&LIi, ChBEFAPNROKIT A EBREAREAVTES
IK/RE 3.

EE 2 AREE1IDOEBDET S, CDE&, FED p € Spec(4) &, k C
£C kp) o k(p) B L LRBMTEZLSUEED A, 0FHk LicowT, dim
A, = tr. deg,A, BRI T 5.

REFREZ ORI EEOMBECAKNSZ0T, UT, BAR (Am) & A O
Sk kicowT, Wo dimA =tr. deg, A BT 35, # LT dimA = tr. deg, A H5
ULTHPBWCENBS 2, EVIHELRES. coTtl)r, I THVWShFEER
AR boE LTS,

EE dimA<tr. deg A XEOIL2PELTROLOHS 5.

(a) A=k[X]) &4 hig, dimA < tr. degeA = 0o BT ¥ 5.

(b) tr. degyd < oo ERELTH, =" tUBLRWANSE. $Hbb, FED
HAM ne LEBOHBE KOVT, KORKELLTERBR A BELET 3

kCACK[X:, Xz, X,]], L b dimA=n, tr.deggA=n+e.
ETROWMBICEET 5.
W1 SZFLbX——TREBEVIFABH A & tr.deggAd < oo 28724 A OB4H

kkicowt,
dim A < tr. deg, A
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BERILT 5.

EH t =tr.degiA LB E, t < dmA ERETR. 5L ADEAFTLOR
BLF po Dpr D Dpy BEETS. TITHIKHL a; € pi\pis1 2ED
B = kl[ao, -, a¢)(ag,a) E BT, kidF — s —BF%E B 0FKEW A i,

t+1<dimB < tr. deg; B < tr. deg, A = t.

ChikFETHS. O
PG, O-smoothness icBi4 2R H LAY, 2hicLTROEEEE 3 .

EE 3 FRIBAFR (Am) &, EHEHB 00 A DEGEHE L icoVwT,

A 5 k £ O-smooth <= dim A = tr. deg, A.
TR, A=K <X>cREse, QogREEHEHYT 3.
RUUEBBREBELVWHLLTRD2SDDOEENSIF LN 3.

EFE 4 Xy, XoR@EEkEonZEHThd, MRX, -, X, it20TOWL oMb
DBERIC L > TERSNABT LOERERTRBVEHETSEET 5. A=k[My,
LB, 3L

dim A = tr. deg, A

BERILT 5.

TEH Xy, Xn ROVWTOBERLGSSTBIELEE N EL, Nbo Q" ~DER
]ng %
lngXf'"--X:"=(a'1,---,01n)

LEDB. +5& logy BRBHTEY, Lhd
(#) tr. degA = dimg Q(logy M)

BERILT 5. t=tr.degAd &B<. t=1DLERER. koTt>1&,L, my,---,m €
M &k EREOBRITHEEETSE. Kl a = (qi, -, ) = logym; &EB<.
TAHE A, a3 QEREMITH I, S, txniTHl (a;) Db 3 t—1 KNTFHIR
B0 TRV, £ TEO/NMIFRY (o) DELDO t—1 RNFTHRTH B EF 3.
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¥, u= (ut’...,un) € Nn—t+l oW Tt—1W®REFTH

n
app ot Qg Qi1 + Ly 003U

n
Qpoq1 o Qgo1e—2 Q1e—1 T Dimy Q13U

RAELDLE, .
| Dy |=] aij | + > Diuy, | i |#£0,D: € Q.
1=t

-7, B3 ueN" onT|Dy|#0. 20 uicHl, N &5 Xy, -, X
KOWTOHHERLE» SR EEE N ~0EBR ¢ 2ROLICERT 5 :

P(Xg+ Xar) = X X o X R
5L o k[Xy, o, Xa] D5 KXy, Xed]) ~ORERBER fiETES. T3
&, Ker(f) R4 57720 Tdh b, Ker(f)= (Xe— X2y, -+, X — X)) C (X1, -+, X)
2a8fkt. 2T f(M)=M &3, [f 3BRERRER g: k[M] — k[M'] 2EF»
5. ¢5¢&,
(0) C Ker(g) € (M)

BEKILYT 5. MRS, tr. degk[M'] = dimq Q(logy M') <t —1 < tr. deg k[M] X b
Ker(g) D (0), & 5 Ker(g) =Ker(f) Nk[M] C (X1, -+, Xa) Nk[M] = (M) TH 5 »
5. aTtuonsnFLn, (f) » o tr. degek[M'] = dimq Q(logy M') =t —1. W i {&
ELD kM) it Bh=(M)DP D -DP_ BARAFTNIBEET S, #-T
k[M") =~ k[M]/Ker(g) £ dimA>t. —%4, i1 &£ v dmA <Lt L->TRENA, O

TE 5 AWRx—s-—PBI%E, iz AoEBETHY, dimA = tr. deg, 4 Bk v
AoTW3EF 3. CDExEEkCRCA%2AB1TEFEDOX— —BARABB RITO>WT

dim R = tr. deg, R ‘
MRRILT 5.
B n=dmA ¢BE, ppOp1 D Dp B ADOERAFTTATIEL, K1 icHil
a; Epi\pi+1 & 5. &St t=tr.deggd &L, by,---, b €A N R ER¥NETITSH

5&L9 5. B=R[GO)"')an—l)bly"')bt] EBE, il Qa=PunB EBL. T3
E@IOdqa DD, WAL, REAZERELD

n < ht go < ht(go N R) + tr. degp B — tr. deg,(4,nry~(q0)-
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&->Tht{ggNR)>n—t THbH, dmR>n—t.
—7, tr. deg, R = tr. deg A—tr. deggpA=n—t TH 255, #FE1 L dimR < n—t.
PIE&b dimR = tr. deg, R. O

RicFrDERXEAT LI BHKRBOFHUA I EEZL 3.
EHE 6 *—5—BA¥H AL dmA=trdegAx2skd AOBSELicowT,
RREMETH 3.

1. ARERKECTH 3.

2. ADEFEDOEAFTAVDPIEOWVT,

(a) dim A/p = tr. deg, A/p, >,

(b) kCLCk(p) THOK(p) R L ERBNTEE LT A, OFBOWAE L i<
2 W T dim A, = tr. deg,A4,.

3. P29 TH5&517 ADEEOHEAFTV g &, kCLCk(p) THY x(p)
L ERBTH B LI A/qh, OEEOHAE L ic>0wT, dimA,/q4, =
tr. deg,A,/qA,.

HHEIRD3 >OHE» OSBRI TE 3.

HE 2 AmRBBTLEx—r—TRRBVWEHEE, ki3 tr.deggA< oo 2377
AOBRETH2LT 2. WEH,LBEbic ADEBETHY, LIrdbBiic>\WT
ECLCA/mbpo Almizl; EREMTH 57251, tr. deg, A = tr. deg,, A BRI T 3.

ERRES.

HE 3 ARLTLOX—s—TRBVWEHMEHE, ki3 tr.deggd<oco 237 A D
BohkThsreds. Cot& ADEEOH#KAFTVp E, kCLCk(p) THY k(p)
BLERBRNTEE LT A, OFBEOHIE Lo\,

tr. deg, A = tr. deg, A/p + tr. deg,A,
WRRILT 5.
B t=tr. deg A/p T hiFE, modp Tk LREMMTITHE2LIB ADT T, -,z

DBEETS. $5&, klzy,---,z]Np=(0). koTlh=k(zy,--,2) EBIFI L C A,
TH, k(p) B b ERBIITHS. Lrb, tr.deg A = tr. degyA/p+tr. deg, 4,. & -
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THE 2&YR&nE. O

BE 4 Am)RBTFLEX—F—TREBVEFIEE, k2 tr. deggd < o0 2B 74
ADHRkTH S5, A/miz k ER¥ENTH 3.

W AodsBmadmodm Tk LBENTEZETEL, EalNnm=(0). &>
k(a) 3 A 0RBRETH 5. ®-T, #HE 1 &0,

dim A < tr. degy,)A = tr. deg A — 1 < dim A.

ChidFFETH3. O
COFBOLAHE LTROER:21E 5.

E® 7 ABRx—s-—RABEHTHD, AR BORKBCTCHELETE. daoick
i3 dmB =tr. deg,B 231+ ADRPETHBET3. WE ADEBEORAFT N
picxtlL, BOEAFTNVN P BEELTPNA=phrocohtp=coht P th3 &%
3, CoLtE BYHEKETHELS, A bHIKRERTH 3.

RO HDILETTROFHREERT.

HE S5 ABRx—s-—Rii%ETHy, BIHEKR, A BoRABTHE &S
3. &5ic, kit dimB=tr.degB 25/ d ADER 4. TH3L45, W Bo#
AF7VPiclp=PNALBL. CotE, kCLCk(P)THy w(P) 12 L LR
HUNTH2L31 A, ORI ELBEETE1-DDOHBEFIERMH1 coht p = coht P A
DIDIETH 3.

EH tok>n A, OBBELSENLETS. co&s B/P i Alp EREEE D
5 tr. degA/p = tr. deg, B/P. —% B R kB <& » dmB = tr. degB 2 % 72 F »
5, B 6 £ dimB/P =tr. deggB/P. & 5ic kCA/pCB/P Wwxic, FB 5kp
dim A/p = tr. deg, A/p. 2l L & v dimA/p=dim B/P.

#ic dmA/p = dimB/P %55, B 3#ikBTs v dimB = tr. degyB WX K F
B 6 &b dmB/P = tr.deg; B/P. &> TE®E 5 &b dimA/p = tr. degy A/p. &> T
coht p = coht P & v tr. deg,A/p = tr. deg, B/P 5 5 B/P i3 Alp EH¥t, =
Tt=tr.deggA/p &L, ADT z1,- -,z i mod p Tk LREMEITEB LT3,
CDEE K[z, -,z ]Np=(0) WA IT k Ck(zy,--+,2) CA, THY, Lhbb k(P) ik
k(zy,---,z¢) ER¥ME 2. O

EH TOHHE A0FBEOERAFTNVp M LEBOENKEERAIT B OEAFT
WP %E3, +3& dimB =tr.degg,B TH50 B R#ERETH LS, FTH 6 &
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p dimB/P = tr.deg,B/P T& v, Lird k C Ly C (P) 2> w(P) # o ERE
#MThsL>5% Bp OFEBOHD& Ly it>0WT dimBp = tr. deg, Bp TH 5. &T,
kCA/pC B/P ts5h» 5, FE 5 &b dimA/p = tr. degA/p. —%, W& 5 &
DkCLCkP) Tob k(P) RLLERENTHELIN A, OBk L BEET 5.
dim Bp = tr. deg,Bp W X ic FH 5 £ dimA, = tr. deg,4,. X ->TEE 6 &0 A X
KB TH3. O

BRILROZELEET .

FE 8 (A,m) WHEKx—s—RHgETHY, k R dimA=1tr. degA 2S5y A
OWHkET S, AL nE¥E X={X1,- -, Xo} &T0iE, AX] oFEOHRA T
7V P&, kCLCK(P) THo v(P) 8L LRENTH 3 &> 1 AX]p 0EEORS
ik LicowT, dimA[X]p = tr. deg,A[X]p BHKILT 5.

M p=PNAEB. AUBEKBRTS DS, EE 6D A 2 ALLTHIL.
cDrE PNA=m &bk, BB 240 n=10LHRRLEATRELL.,
. P=mA[X]o&s. KRTARLD,

ht P = ht m + tr. deg 4 A[X] — tr. deg,(,)x(P) = ht m.

&5 k[X]NP = (0) wiic k(X) C A[X]p. - T dimA[X]p = ht P = ht m =
tr. deg,A = tr. degy xyA[X]p. L b k C k(X) C k(P) Th o, B 4 &b x(P) &
K(X) EREIITH B,
. mod mA[X] THEHI A[X] 0= 7 ZHR f(X) icoWwT P=(m, f(X))A[X] @
L&, RuoakXib

ht P = ht m + tr. deg,A[X] — tr. deg,(n)x(P) =ht m+ 1.

#t->< dimA[X]p =ht P=ht m+ 1 = tr. deggA + 1 = tr. deg A[X]p. £ > TREH
7. 0O

% ARBEKx-—s-—BFEEHTHSZEL, kiddimA =tr. degeAd 25729 A O
AETHBETE. cotE ALiABENcRERETA ZEEORFEE (B,n) &,
kCLCB/nTésbo B/n L EREMNTHZ2L5>T B DEFOHRE LicoWVT,

dim B = tr. deg,B
MR T 5.
& MR-/ -BFBE AT, 944k kowTdimd =tr. deg A %2 & o4 M

BEEBETRBTVWAS[] THEFOATVWE, - TCEHE 6, EE 840, CORRK
ODEREEDT:T -9 —RIBEHE R EZORBE L OFEERIELTVS @
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. RoFEOHERAFTNVP &, kCLCk(P)THHK(P) 1R KJ:RH(E’]'C&S%J:j
W Rp OEFEDHNE L it>0T, dimRp = tr. deg,Rp ML T 3.

2 Ro33F#AF7NVQ it>0T, dimR/Q < tr. deg, R/Q & 12 3.

25 3k

[1] H.Matsumura, Quasi-coefficient rings, Nagoya Math. J. 68 (1977) , 123-130.

[2] H.Tanimoto, Smoothness of Noetherian Local Rings, Nagoya Math. J. 95 (1984) ,
163-179.
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MRAI—T e <wa— L — N
DO HIZ >N T

BRI KEHFFEL KA %  (Akira Ooishi)

0. B. BKka—x Y+ <3—L— (maximal Cohen-Macaulay, 88 L TMCM) m&tic
DVWTOMER. KBBICE- T, ROLIICBRBIEPHRkZEBEDNTS :
(a) BACMKRARELBFRACEDL S BEMCMMBLELET 50 (MCM
mEOHEL) |
(b)) BEAOK:BABRILRIBEAOMCMNER (BHBORENBEICLY)
EokS>icaEshsh (MCMmMEOLKD) ,
(c) WANBSHEEZETAIMCMMBOFEEIR. BRBRTLIBFRAICED L S 4K
5250 (MCMMBIKLZ2EHER - RESAOBHELD) o
MCMmMm#B#OER (FICAKER) COoOVWTREFH_KRicksEK [13] 28BLTTFE L,
CITR. Fic. MCMmMBoRMEICEB L T, ULOMBOERTEL2RKAE 7,

1. WM CMmE. (R, m, k) 2dRmI—x v <va—-V-FHERELT 3, il
O ROFSREITEBLLE L. ROEH (canonica)IIEK =K R:b\'#%ﬁ?‘é LIRET 3,
HRERR -MBEMiddepth (M) =dDEXMCM R-MBTHZEEbh3,
MCM R-mBMictlL<T

M*:=HomR(M,KR)
EBE. CNEMOWKMBEE S, CORBMOEMEIMEM * LOMELANS LT

HH5E-TRV, BRFICERTHILELT

&% (1.1) MAMCM R-mMBOLx
(1) M¥sMCM R-mBtTaby. EEgnEEM* *=MaRo 1o,
(2) e M™) =e (M), 2 (M*) =1 (M) bor (M¥) =4 (M),
BL. e (M) EMOEHE, £ (M) BMOBMERROBEK, r (M) MO
I—xveva—L-—HEHKT,

% (1.2) ROBEHELSE. £ (M) =1 (M) KDL,
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—#OMCM R-MBMISHLT, AEFERe (M) e (M), r (M) e (M) &

BRDIMD, HEhe (M) =p (M) YLD EE, FRe (M) =1 (M) 2SRV ID
CEWBEMET. COEEMMAYILY v E (Ulrich) MBTH B3 EE S, (FOMORMEEH
ELT, g (M) i=ey (M) —e (M) +u (M) =0ThsZ&,,. rTegCG (M)

=0Thdt, BELDE, [9] 228, ) YNy y emBER (BHAMBEZRVT)
BOLBAOHBMBEMCMNBTH 5,

% (1.3 MBEYAYy bMBESEM oL Y v EMBTH 5,

2. BouimEL & B, MoO#EH# (tangent cone) G (M) . FLXUZFDE LRI MEHK
F (G (M), t) %
G =6 o m "M/m"" Iy,

F(G(M),t)=2n20dimk(mnM/mn+1M)tn
TEHT 5, cOfiTRR. G (R), GM) a—xr eva—VL—ThbBLEKRELT.
M*@EﬁG(M*)ﬁ Vo (REOFSLERVT) G (M) ©RE & Wahme

G (M) * :=Homg (py (G (M), Kg (py)
KEIMIEEEZNEVWS ZEEBEICT S, ThiEG (R) PWH IV VRIAL VRICE A D
EVSRIE, X0 —#iiE. G (Kp) 502G (R) D%iﬁﬂuﬁku%b\&mo\ B E
BEUHiI~EK @//f/vATb%LLtﬁﬁm-ﬂme6oifM DRAE I RE
BEQBEDIE. MTOELRL FEREENS C &EHNBET, £hEKEN S mE
G (M¥) 2B~z L cRETZ, bLAR

G M*) =6 M) *
HKEABROEEHEIBH THBICHEERTH 5, VE.

F (G, t)=(ag+a t+=+a _t)/(1-1)% a_=#0
&$<O‘HK\G(M)ﬁ3—17'73—D—MﬁU6H\I%£ar§r(M)
<t (G (M) PRV, FRr (G (M) =a _ARVIDLE, G (M) #
LR (level, K¥E) MBTH5EE S,

#l (2.1) G (R) BURLVBTHBHI&EiR. G (R) a—zv<va—L—BT
G (Kp) #"EH#G (R) ~MBTHBILLRAMBTHS ( [10] 2BH) .

EE 2.2 G (M), G M Ha—zv.va—L—mMBELT. a=a (G (M) )
—degF (G (M), t) &8, ROKBREMETS S :
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(1) G (M) RURLMETS 3,
(2) G (M*) BMUxAmMBETH 3,
(3)2RF (¢ (M¥), ) =D Yt2F (6 ), thH rmpuo, Wb,
(1—t)dF(G(M),t)=a0+a1t+w+art’,ar¢o
LB

(1—t)dF(G(M*),t)=ar+a r

t+-ta,t o

r-1 0

(EBH] BREZTILFUBRELTSoc (G (M) ) %25 HT I Lick-THLGN 3B,

COMOBEFICRNIEEIZ. G (M) BURNUMBTHL I EEFERBEIHBE I EN
25

EE (2.3) G (R) AUNLVE BARILYZS4 VB T G (M), 6 (M%) #
A—xVexd—VL—MBELT5, COLEROEZHBHIRIEMETH %,

(1) G (M) BuvxXuvm#Eho2a (G (M) ) =a (G (R) ),

(2) 6 M*) =6 (M * (=s), AL, s=a (G (R)) +do

(3) BRUHERFRERK

G M*) =G (Hom (M, K)) »Hom (ry (G (M. G (K))
PENERTH 5,

REA7ILF VBOBAICER. G (R) b\w\zbﬁtmvﬂiﬁuxﬁtiao — R T
CORENLERDOIZ. BRUERBELGC (M *y o6 ) ¥ (—s) BERITWV
ZEicka,

3. HOMAHE. MCM R-MEMIE. FEM =MaEKD I & = HENk
(self- dual) THBEEDLN B,

ﬂ(&D(l)R(itdKR)ﬁEEﬂﬁﬁﬁbécéu,Rﬁjvyxﬂ47ﬁﬁ
bArZ Lo, — i, ReS%(2a—x v eva—-V—-FRROERIERET B &,
S—Wﬁ&bf@EﬁKS;HomR(s,KR)ﬁmDﬂooﬁoTSﬁjvvzy4y
BRESESREHODHMMHAMCM R-mMBTH3, COFR—BICBRILITWVWA, RS
BNEBIEADOLE ZICRIELWY (Z>o® torsion- free’s S —mMBAS —MBELTRBT
HBHIELER-MBLLTABUTHEIEPEAMETHE I LITLB) . AR, HRHEGH
VUS4 VRFRS ML, GOMBNSOBED L %, REHARR=5Cut
-1V 32— LV—RARTSRASHHNMHIMCM R-m#TH 3,
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(2) R=C [ [X, Y, 21] /7 (f) HphAEDOEHRERKET B E. RO ME
eR:=DerC(R)uaEﬂ%WMCM R-MmMETHE (x—V4 VIATZAF—=),
@@ (3.2) RPOREIVVRIA VEHRDEE, ROAFTININEHEDHNHUTH 5
DI IDREATTINTHEIENMKELTHTH B,

&8 (3.3) RMIKTEIVYRIAVRFBET 5, ROm—HRA 77V [ tigefk
e (1) =02 (1/12) =20 (R/1) #7955 1 RECHHHMCM R-—
MEETH 5,

n+1 n

[ﬂm]G(£)=in201n/I ,R(I)=®ngol‘,ﬁxﬁs=
Ungl(l D7) EBL, [8] K&, TRODVTOEEISKREMNXEG (1)
NIV ZAIAVRTHEDO. AF—LProj (G (1)) BTV RIL U TH5B,
Ho>TL AF—LSpec (S)=Proj (R(I)) $ITLVryxs14, HIL, SH
FLVRIL VETHDE, i, 1= SHEAZNHMUMCM R-MBTH 5,

% G4 RMWI1IKRTIVUVRIAVRARET %,

(1) emb (R) =e (R) — 1451, FEOn22kcxLtm " R EIHH
MCM R-mM#ETH5,

(2) emb (R) =245, FEDOn=2e (R) —lielTtm " RESHHEY
MCM R-m#Th5,

PIF. COHTiR. FBOMCM R-MBENHEHMMNTH 2 EVSERTCHI D
BT BI—Tr - <2a—LV—FHBROBHEMNIE25X 5 L0BETH 3,

EE (3.5 RATAFUVBFBEOLE, ROXKRIFEMTS 3 :
(1) FBOMCM R-MBREACSHMNNATH 5,
(2) RETVVZRIA VERTmOAHIWHNTD 3,
(3) mAPBIEAFTIVTH 5B,
(4) RBEATFTTIRTH 5,
(5) MBMEBS LERM rAHYVR=S/ (") &4B, HLTRSOETTH 3,

[EH] (1) = (2) BEB. (2) > (3) &8 G.Dicksd. &4 (3), (4),
(5) ORMEHIEI - OBEEEL S/ . (5) > (1) :M=R,/m ' GKEmME)

ELTRW, CD& % ) ] ) .
M*;ann (ml) =mr.—1%R/ann (mr_l) =R/m1

(i

M.
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EE (3.6) RMP1IKRTI—TV-<va—LV-—REARTHEAMERTIVET S, DLF,
ROEBIRMETDH S :

(1) RETIV VRS A VERTmHEEITHNTSH 5,

(2) emb (R) =2»r>mPHECHMKTH 5,

(3) e (R) =2 (15, RE2KRDOFHMBOBRD .
FICRLABIFNASEREEETE L, LEOKXHRROZHELLEMTH S :

(4) FEOMCM R-MBEESTHNITH 5,

EE 3.1 RAERBFBTHV 2RGEERITHERSRSAD L &, ROFZHIEHE
Td5:
(1) FBEOMCM R-MBREHIIHMNTD %,
(2) RBEROWThHOOBERAICRBETH S :
(A.B) x2+y24,2=0,
1 2 n-1 2
(Dnﬁ) x“y+vy +z°=0, nI@EHTn=24,

(E7§2) x3+xy3+z2=0,

(Eg®) x3+y°+27%=0,

(%1 Ri3EE & A rational double pointTH»H 3) o

[EEBA] (1) = (2) : EFTREFIFHEHHNBOTCRITIV I XAIA VRTH %,
KIcEBORHENA FT7T UL ECHM, B, ROFFEENZ /2Z LOX7 PIVER
(BichUhE) Thd, o Tya b VbV RIEEFRATH S, BICRIFH
“EAT. RFEBIDVTORENSRIECEFLBREADOVTIANCEBTS 5,
(2) > (1) REB_ESLOMCMMBOAFEL OS>, BI5. MCM  R-mM#EHRI
F4vF UHEOHAE—H—IHGELTVWEDT, BCHERHANTHE I L1030 ->T
WBR-—ME WAERHEE) vOoOBHHOEAEEREALZILICEDAETOR —MHEN
HOWHHTH B89 3 (COFHRIFFHE_K, BELAH—RicBRINL)

{0

Hratk, REMEKICKD —BITRO I ERRDIUD I LEERHI N

EE (3.8) EEOMCM R-MBAEERMNLSE. REBHETS 3.

(8] MCM R-mMBO%250->L->M->N-0iHLT, 2ORME]MS L
1025 0-N oM¥>L* 50282, HECEDIARO>N->M>L->0%3
= aBEFABTHB, & M, NEZREAR-MBkOdEH, d+1BHOYF Y-
MBELTO>N=F ;~M—>0, F SHER-MBLTBE. LD L0, 52T

0—>M—>Fd—>N—>O7’J"33Z>° E->T. MIkDd+2BEBOYF IV -—MBICE 5,
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uTﬁwT\koiﬁao&y%ﬁBi(k)ﬁigdf—ﬁuuabe\i4bmﬁﬂu
SHRIBHETH 5,

BEDE A, FAIBHFBLUADOEBT, FEOMCMMBELHETNNTH 5 L5 3KRT
Dol ozxs4 08 (F-38iH) OHAZ2EZFITSLT W, Thoid, BHEBRA
(Bice (R) =2) KBBADEASI -2

4. TO9RS v —MBEBI2DTIVVRIA Y < AFT. ZOHTR, Hicd=
dim (R) 22 ¢EET 3, COHOBER. 7RV —mMBLFEN 3 HITNN
BEMCMmMBDOZ S5 A%2BAL. RETV VXA VBEAREDO X, [HE a4
TORS VY —MBORBEEROBI2DIV VRISV + A FT7IVDOEESESE (even
linkage class)P—xf—icfind 5 EE 5 [ 5 A XE (Rao correspondence) | #/RT I &
TH3, CO—DODRALELT,. 6REPDLOMUBHEFRATR., FEDOEX 2D
TVYVRIA Y s ATFTVRIERRXTHBHILEERT,

MCM R-mMBMAHSHMMAOIOZHEe (M) =2 (R) 2iFfzd&Xic, MR
T9ARA5 4% — (Auslander) MBETHBEE S, RAWBHDO L X, ROLMHFEIrank (M)
=2&WVWSH T LLEAMETH B, ROAFTLIR, BIRBER/ I[NNIV UVXIA4 VBOE X
IVVRIA Y« ATFTTINTHBEE D,

GE LD IXROEBE2DTUVRIA Y AFTLETHE. ROABLEVESS
FITREMITONET YRS V¥ —R—MMBA (1) AR—DFET S :
E: 0 - K - A(I) - I - 0,

[GFBH] A (1) DfE HF:R/AIDNITIVVRIAL VBTHBEIEND
Extl(l,K)%Extz(R/I,K)gKR/IzR/IO
KEMBEx t 1 (1, K) OERTIHET 2HA EEMAE. ZRNKDZLDTH S,

A(D) 24F7NVIDOT7TIRSI VY —MBEES,

Bl (4.2) Rﬁzkioﬁﬁﬁm&%\AR:=A(m)%R@Tﬁxﬁyﬁ—Mﬁtéﬁo
COBAKSVTR. TR ¥ — [1] . FHE-NEX[12] . ==V 4 a7 xF—
(7] XUy [3] BETHRINATVS, TYVRS VY —MBRHAOKERSZ &N
24 RBEBEERBRLTVWAE LEFHINSG, FIZE:

(1) AgPERNKLSBVORRSEEBHRRTHS LR (FHE-NK
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(2) RH»P#EF K (quasi-homogeneous) 75 5 if. '
Ap=Homy (Homp (@1, R), R) (RO¥YZ+—HAIME)
THBILBBLAIONTVWE, = Y4 VAT7RAF—RIOHFBELWVWI &, HIb,
FARﬁfUX*—ﬁﬁ%ﬁ&ﬁﬂﬁté@ﬁRﬁﬁﬁk?bé&%KW%J&?ﬁtko
HBOMDEA WAERVXIVUVAIAVROLE) KBEBWTIOFHEREL WV &EH2HER
ThTwa,

DIF. REREMIBEBTHSET 5, Bl r OBRERR —MBEMIcX LT
det(M)=HomR(HomR(ArM,R),R)
EB, det (M) =RDEEMMPEEFH I OIfE(orientable) TH B EE S,

Bl (4.3 BI20TVYRIA Y- AF7 ML Tdet (A (1)) =Kpo

B8 (4.4 RBRIVUVRIA VEBEARE LTS,

(1) BX2DITVVRIL Y« AFT7NIIKMLTA (1) BEEMIAETH 3,
Fic, EROMEMFARET VRS V¥ -MBREIREI2DT VI RIL Y« AFT I
1Oo79 250 —mMBA (1) KRBETH 3,

(2) BEMICER (stably isomorphic)W =2 D7 W XS5 v ¥ —mMBREETH 3,

UbEoHEEE, [6] DALY+ —F Fa—NILLAERE2ADELLROEEMN
Hohs:

EE 4.5 (AL . REIVVRY A VEARBO L &, AEMFARRET Y X
SUS—MBORIBMEERDEI2DITIVVAIAL Y « A FTLVOBBEPEEN—H—Ic
xtind %,

B8 (4.6) BEI20TVVRIA YV AFTNI ML TROFHGREMTH 3 :
(1) A (1) »EHEME,
(2) 1HEL2RX,

FIRRILV VRS VEARBLOE. ChooRBRROZBELOREMETH S :
(3) A (1) YEEMBEZEMEFICR,

ERERR —mBEMIcX LT, MOIEHMHIE (non-free locus) Nf (M) %
Nf (M) = {peSpec (R) | MpLiEEERp—ﬂUﬁ’C*fJL\}
TEHT 5,
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EE U D (FNVR) REBHEITH S LD BEAEHET S, MCM R-—mMBEMH
REBEMERFICHELTTIhE.

codim (Nf (M)) =2rank (M) +1
B D LD,

% (4.8 RAMVBHERHERET S, F¥frank (M) < (d-1) /2%
HEEOMCM R-MEMBEHMETS 5,

ERRFROZGE 20TV VRISV« A TTIVRELERXTH S I LERECHOATVE
(E—VOER) o ROEEI. COFXRDO—RLESZ 5 :

% (49 RAIABHEOHESATRRILS5TIEANETS HAEF,. 6 KU LoM s
HEASERE) & ROFEDEI2DITV VRSV  AFTNRIEERNTH 5,

[GEFH] IXEI20TVVRIA Y A TFTINET B, | B’ELTXTRITHIEL.
WE4.6) SOM=A (1) IREEBEfMHETFICELTV, X-TE®E L Db
6=codim (Nf (M)) £2rank (M) +1=5

LD FE,

R R LDISKREUTOMUBHAFRESAICH L TRABTLLRILLEWI &%,
BEMERICHEITWEEXE L,

5. DY v Eim#t. WL EEORFREIBTVNIITRILY y EMBIIOVWTER
T3, VI EMBREOVTOREAFNBHBRIEDOI S BRHARICVIVY v E MBNEE
TEINEEDIIETHE, HEDOH, dim (R) £1, emb (R) =e (R) +d-1,
RHOABTELRX (15, G (R) HREERX) BETHIhE. Y VY vy EMBNEET S
ErmohTtwas ([2]1, [41, [51, [6]1 288,

FFRAFTLRFK 03U VY) vy EMBTH 0. ROEABIFRTH S T LicER L
PUTRIERBHFRTRVET S, ROKIBHBEEZS : REEMEFICKLZTVL
EEOMCMMBELXY L) vy EMBTHALSBEMROBFHAIEEL L, ThicoWVT
MohTwdoir, %79,

T (5.1) (ALY r—27, Fa—L) e (R) =2, Hb, Rt 2KBHMEDKER A
o, REEFMAFICELBTVWEBEOMCMMBRIY LY vy EMBTH 5,
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CITR (REDVTOEONEEET) COFBELWVWI EAFHE L TR, KIEH
BEVWEAICIOFEIPELWT EA2HRT 3,

FH. REEMEFIECELTVEROMCMMEBLYILY v EMBTH 51 HIiCid
e (R) =2TH3ILDBUE+HRTH B,

EHE (5.2) TVFUVERBRREODVWTIKROEHKHRIRETSH 3 :
(1) RZEFMERFIELBVWEEOMCMMBIEY LY vy EMBETH 3,
(2) B2MMMAERSIKEVR=S,/ (72) ALz IX SOETTH 5,

EE. COEELS, LEOANLVY+ =7, Fa—-LOEE (—HRRTOBE) OFEA
Mt 52 5 EHHXK B,

EE (5.3) RPIRTEHOLEX, REEMEFCHLTVEROMCMmMEN
DIy EMBTHEDICR. e (R) =2THBIE0VBETHTH S,

EE (.4 FERRFRTRV2RTEHAEHERIIODVTIROFZHREMETSH 3 :
(1) e (R) =2,
(2)Rujuyxy4yﬁf\R@Tﬁxayy—mﬁARﬁawuvtmﬁ?$5o
(3) REBEMAEFIELLVEEOMCMMBRYALY v EMBTH 2,

(GEBA] (1) = (3) @d&E® G. D, (3) = (2) BA¥H., (2) > (1) :
RELD., 2e (R) =e (AR) =pu (AR) <emb (R) +1=e (R) +2,
ﬁUC\ e (R) =2,

UEDOFEBEOFMII>OVWTHEKLNEHODOHIR. [11] 22BLTFI WV,
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Normal Zr-graJeo( Rings

g 2% (Anx- 3E)

-~

ST sy— (R X 3®)

%

"gxadedﬂ x:c;ag" ra> 8%12, 2L s N 1= F3 3::44&'5
T%i13 o 7y BT | % cover o B IS b ILTRE =
e p>rd i ey —FMEFEEUcz Zhng -~ ¢
torsion geoup Ze = L/ez 1283 grading BELI D
B H3 . v D WTU, o BE o nolivalion 3. 1987
Fo F symposium T Ra normel geaded i o
oaob‘.c cover HIRIBE, novwal ?IAAQA rcu} o Pewazure
2 $3EFTHI. (zaodx B4FH ki cover & A8

FREL Tw.)

N

L "atad.e_o( fﬁ“g” LFEZL, Tt 420029

torsion rdh 3 ez %

&

33‘;.49_4 xing =¢S5 N 3T,
3337, 88¢E3. ~CovaBlEhTfIe,

(D) "3f44ea( claal’ o asroccated prima  F "Ipqded”
ciabh o Fn.

— 157 —




(2) Zp -gradad xing o E# kT, 2x - geading BAR T2
TFw,

(3) Z:-ra.d.acl m‘»& o divison class ?/»Dutol?.
" Mmoieuow g prims 12 F, L& - Bt KIpmen.

28 FT6NT, L,F-l., VLTI 3 &3 (2, (ohea-
MaCana-a_ , Gorenstein, M.Juﬁm ZotgFaML 2z, =
o 33« grading ¥ A= T 5403 tv) b EFTFLR

Y e

§1 . A Bk, zmes

(1. 1) Sz,@h&;, Sc-S; C Seej (¥o,je2:) :7a3 7R
g Z;-arai.utm‘m& e of A, Tz,

R: =8So
t <. Rz Noethercan dowain 122 T 3, qrading t W
L2, S+ % 365, % <45 2273,

K:=@® (Ra#iF) L, u#0 €8, ,u=feK
tdd L, S domatna &, QS) X kvaJ/(u‘-f) .

(1.2) 5.

So* normall tF2E, R@S? wonwdl &7, %5

(v€2Ze) 3 Ro devisomal foadionad cledd € @F T B
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3. wuesy, W=fek ed3 &, ae IKizpsc,

autes, & (ad) = o ¥ e R

S x-divgla) + < divg () 2 0

S @+ Lagrzo.

-~

22T, digla) = 2o Y(a). V) € Dev R)
P SheclR), aX(p)= ’

4E'L ) V} F ?« < i:l‘-t"' T 3 Vad.uﬂto\‘l , \/C?-). =Sb¢( (NJ) P

DrR) & Ra divirav guoup ({gefpe®) | app=1] =2k

SN T fae Atelion gy ) LT 3. 3R, D=Twvprzo
dfn ¥
> VV‘;;O.

B, 7, Di= Fdglf) rpce, (DedvRya)

Sc TRGD) : ={aek | divgla) +iD 20},
S:; = RGD)W &3, P2, KT,
Deﬁu;'t:o“. (1.3). D e 'D..‘\/CR)@ZQ ,  Such thal !:D:Aiv,(f)

ITRFL T,
SR,D.F = REDIW (o1, w=f)
t2%d 3,

EB (L8 £ fek mirl L dvalf) =divg ()

D et ®) BV, To uut
factoninlity T2 BW & R(3°7

,I3',1 I:Q’

%0 A 17 hol‘maﬁd‘?,

R=2, V=v(3), D=-,1-V t 3 3.
W $=3 ex<t, SRDF T Z203Z], norwmal.
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) $=-3 ¥r33r S=E23), wt noawd.
Uh ot ¥ Sa ERIT S[:‘-;_—F;] et lo M
¢ 2;- rading 13V 365G

B12. r=2, R=R(xY) (R: B#iF) , D=3 v,
V= Vx2+Y2) 7 3.

W fF =Xy e 73 e, SeROLUV i gagy)
Sa wt UFD, (S)=2/2z. |

i)  f=-(2+y)) £33 2, S ROVLUYuraxar?)

: UF D .

i1z, S=98(R, D, )C) ' wn 7%"’5;"'7 b, npowmals-
E%¥2 3,

Prop osctoon (1.5). De'DwLP)@zQ 1TRF L,
*) = wininvo| nD = devg Uf ) (3fek) }
t L, €D = dvpg(f) 73 $123#L, S=S(R,D,¢) 12
Jwt;?raﬂ domain .

CoSRBatR I RoGFR (8, W, §9, Thulé)
P9 RES(R SN,

Proposion. (1.6), K : §&, f=2%X"_a exlx) ©7 3,

t L 6 KIX) 2RRITIES, RanTh+ - A3,
() I%F ple, Jeek, a=¢f
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(ir) dan(K) #2, 4le, 3eekK, L¥= ~ya .
| SR S =S(?,D,f) D mnw«ﬂ v ! % 23,
Sevie » FI¥ (R) & (5) 7, So 25 &y (5.) 3%

#Tdo T, (RY) o #Wr hTRe, RaB 2], paciat

K2 ﬂoc«a.}c L2, RizDVvR L 78 wn.
(1.7) R 45 wonwd | 43 L EB T 2 T 3. wa(R)=p>0

at 313 (r,p) =1 ETS. S 22 (|.S)aw UM

3357, S=S(R,D.f) 12 woamal .

(’? 3, o F2 S seum R EYY R3S e
»3. B3, R+ DVR £ & ut o 832, RUIAU-¢)
17 nonwsl 7?7 tw3 EERB LT ot FR 53,
%t?é\ (p,r)=1 2%t 3% %I wowed %Y, —
Wiz 13 No TR 3. ) |

(3TPB)  (Raw) :DVR £ L T & w . = %V (V=V(w)

GLD (g, =1 orZ = S(R,D )+ aggdan 13 TC -3,
—#52iFz R B oowmll, (0 x BER/TAT R o farfull
fot extewatmn 1=3 3 e, S‘@FR’ S rabd Y BEHd
S-AMI3. 3¥h, D=0ar¥, Sx RIVI/(W-¢)

(-F L F Rz uvu:t> 4 "3"7 , Sz ? & e'E,& =6 & qua,Q.
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§2. Deviser asn Group, Canomical (Lass.

(2.0)
o Bp T, S’ Rz MIM«\Q, 1z,
(M (Ryw) 13 focd Rz

(i) R =*\G7>o Ry ﬁxabd , Ro =(-A).a>l7- Locd 6~ > Did 2
o ?Aaab:.,.;, =18 homogentou PAVESEE A
th, (1.F) o2& o 3Fnx2vie 33,

Lewwma (2.1) ) (Rw) Lcad o 22, S tood
T IREITP W m@[g?oscl
Gi) R'-—@on\ 7&44(14 ((2.0),6) o th@)ors

S 13 umique ymalui mak el cdeaf M®C@o§c (w=o0r+Ry)
[

) Yook 2T, Yoo €2e (o0cecr 77 )
Se- Spt Cw BREF TR, Sy-Sec =R 212233} ¢,
Se, Sev @ Geweltible &y, [5D), [=-0D] 3 prieyd
divis > [<D) + (=) D) = 2D =divalf) =779,

2D = (D) 13 paincpal Advisa ey | U.S) W 22T 3,

(2.2) So I ad' oFa diiowal cdead E.
i kDMoa,o_wv.owt—” d,:m’yaru‘aﬂ t‘cb.a.o tu§‘ (R (2 Ra
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divisoatad cdoel ). G o L;ow-OJ,euAOuo"Co(.dazj 1
3 Dw(S) o subgionp & HDW(S) | Bz patucipad
"[..o»oymows" divms &R TA2Z HDS) o subgroupy &
HE(S) tBC(, zo 2% (3.0) » (Haa () 2faZaF
HDW(S)a P(S) = HPLS) e fy | (P(S) =fazr [ e
H(S) : = HPWG)/ppes) <« ca(8)= PviShh(g)

r,

(48 L HDev(S) & X2z pacme Mvtiend T 1&g 41 "'éu)

U

S
pe
ity D= 2 Ve (we=Vig), wigdet, (g, pe1)

=\ iu s

r&C., ¥ *, D= 2 —1‘?".1\/; rHp L. 2o ¥,

c=)
R <& S x 1A (¢=1, --,8) T %,; Reoy Bd2 BLT w3

FIRE) = D R(erD) o’ rwc< €,

€Zr s
06— DR L HDw(s) — & 2oz >0 ().

o T,

A}

¥ =, S o ww‘jeuowa” P@udpa.d divisn 13 3-(}.‘: o %

HP(S) /pRY = Z Colivg(u) z=£4% ).

Cqe ) R=e S5,

a - . +a . . <

3 T~, ?.u S = ;‘e®7l,_- 3R(¢D)U. =Ce@'lrg((t-a)b-4uﬁ(a)>u
FY, a,(E) € HP(S) <& ggeK*,san, E=tD+fJ“:"u(3).

S Y R 71T V54 B3 (77, 353 exact)
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fa) QO

4 L
0 — P(R) — Dev (R) - 2R — o
(2.3) o L L3
0— HP(S) —> HDw(S) — He(S) — o
\L S
%z b © Yz
L Tty
o 0

2 (29, 04 2.40D) - @R L, R (S) — Cokar ()= O
(¥ exadt , 2L L:= LCM(%;li-l,u,S),
(33) HDev(S) o T 3% Z 2 pasme AASOL T*VE X du Tren

a T, HQ(S) = () r *;3 $|1—{4‘;’;‘::;gﬁg‘.}p3 o

SR camowied]l  lase kg BR s FS. Ks™= How (S, Kr)
&Y, Ks 12 Soa " kow—ogeua.ouo" devisor 7 & 3
Z 3 (25) Kp=R(RR) t3aed,
0 Ks = @ R(Ep +D+iD) u*

cCe ly

W) Kg ¢ S-free & ER+D/=a'D+onaC3)
(Jaez, ge K* ).

(RZOR)  Ks 2 Howp (s, kp) = Homy (@ RED)AE, Regp)

tey

) R(gp—[-iD))uw = @ R(Kp+D'+iD)u' 2
e U vEe 2y !

—(-<D] = [D+D') ([ J ¢ BERYA) 24, 7 « 3.

A mLE V=) s e 3 Ln(p)= v, g = R(-V)




EM, Kp o= R-divg(K)), R = —divp(¥3)) .
% (2.6). De Devw(R) & & 3, Ks +% S-fre &

fg=tD (3teZ), 2on t 2, L(E) T AR 24 PRILIK,
foe, D= ke R o’ yelic cover BV canonical

wver " 225 T 36, De Div(R), Kg 47 S-fae o & 2,

Is|e, sD ~ thy (Lcueanty e%@u.), s 1, ta v 3,

S' 1 Ro Ca.v\ovu'.«c;\,q cover ® "d,oiw'w\ultl-”q 3.

Lo 0, D o A%RES i > c MY 8, 71¢3,
2 (27), =2, 8=R®Iu (ICK)e®Hctr3
W) Ks 4+ S-—free = Kp2R 2 Kp=I.
G E iz, Tk ME3AEATP LI L wek
o we RO (TN divg (W) + 2ivy (1) = E 47 veducad
223, (R(24wD) 0 2RF Y, E207d3. ) Sark
S= R®TITu, ut=w |
th<e, ks ¥ 8S.
(Fr9R) D:=-2l_ou\rg(w)= lZE—Axug(I)=—2|-E+Eg £,
S=S(R,D,w). D=1 5y, BR+D' =D zay,
Rewank . r&&’g;n tohen - Macaudlay  wonmall  domeuin 13
Gorensfen norwal domain & cowble coven (Tt D, K 2L Y S

12954 7k oa &>z, we(I“’)",;:i-:-L, S=R® Iu,
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ul= w r B¢ 2, Siz Qorewten .Y:Cug 1T1FTE, T3 .

S =S(R,D, w) (D:i=daaalw) & dinglw) 26 (D) : redusd.
(MR LT), §8 12, 2ok dS 3. )
B (2.8).  fidF, x, y, TEhkio % ¥,
Ri= [ T.xT ¢yT.xgT, $#T) D Ti= (xT, x3 T ke

Lk T3 e, w:= T dwul, wls= CT, yT. 317) I3y
w2 I 172 (2.7) »ZEI%E8HRT. o ¥,
RD® Tu = 4 [xT 2yT, xTu, xaTu] = %[V, 4T, V.g'VJ

(U= xT, VsxTw). %3 o (oedlalk))=o0 u CLCR)).

§3. Reéulm P2

o Bt . (R,m) Logd 12 gradect ((2.0) & (i)
R (D)) 29 3. S o re.guﬂm t I wR+toEdite s
230 AT B .

TT 0 Ra Teyclic  quotient sigulavity” o BEE ¢ '
FURBERT .

Def -Prop. (3.1). ([ 97.(57)). (A m): AT Lol
i A2 M BRVD 3, EHL Lol RIZEIE

) 3H={(w.,-, na) e N* | ‘Z:MWEO (““"‘r)} c

A x elHD) = &l (e n ),
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Ty, Tda T&roX2n, At ctegaed
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A new proof of the theorem of Eakin-Nagata

LB KZFCRAKY KHEHE (NAGATA Masayoshi)

In this article,we mean by a ring a commtative ring with identity.
We are giving a new and very simple proof of the following theorem,
which is known as the theorem of Eakin-Nagata ([2], [3], [4]).

Theorem. Let A be a subring of a noetherian ring R. If R is
finitely generated as an A-module, then A is noetherian.

In the previous proofs,we used the theorem of Cohen, which asserts
as follows:

Theorem of Cohen (cf.[1]). A ring A is noetherian if (and only if)
every prime ideal of A has a finite basis.

In this new proof, we need not use the theorem of Cohen.

Proof of the theorem. We use an induction on the largeness of
ideals of R. Then our induction hypothesis is stated as follows:

If J is a non-zero ideal of R, then A/(JNA) is noetherian.

(1) Assume first that A is an integral domain. Since R is integral
over A, there is a prime ideal of R lying over {0} of A.Therefore, we
may assume that R is an integral domain.Then, there are elements c.,..
.,cm of R such that (i) Alci,...,cm] is a free A-module and (ii) the
field of fractionsof Alci,...,cm] coincides with that of R. If we see
that Alc:,...,cm] is noetherian, then we see easily that A is noether-
ian, because Alci,...,cm] is a free A-module. Thus we may assume that

the field of fractions of A coincides with that of R. Then, there is a
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non-zero element d of A such that dREC A. We have only to show that
an arbitrary ideal I (# {0}) of A has a finite basis. We may choose
d from elements of I. A/d?*R is noetherian by our assumption, and I
modulo d?R has a finite basis. Since d?RC dA € I, we see that I has
a finite basis, and A is noetherian.

(2) Assume now that A contains a zero-divisor b (# 0). Consider bR
as an A-module. This is really an A/(0:bA)-module,and 0:bA =(0:bR) NA.
Therefore bR is a noetherian module by our assumption, and its sub-
module J = bR N A is a noetherian module. Let I be an arbitrary ideal
of A. Since A/J is noetherian by our assumption, we see that I + J has
a finite basis. Take a,,...,an€ I such that X, a:A + J =1+ J.
Then I =%, a:A + (JNI). Since J is a noetherian module, we
see that I has a finite basis. QED
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