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The Gorenstein property of symbolic Rees algebras

for space monomial curves
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BlmohTwaHic, p= p(n,ny,ns) & complete intersection TS i )
B3T3 , ,
X YF 20
Yf zv X¢ )
® maximal minors THEK I 3, HL. o,6,7,,0,y BEBHTH 2, CoL &fTL
FlEBYICANBL, SORERXY,Z%2E0DABsicih, MRROZ->DHE

M=



Typel a<d,f<B,v<Y
Type 2 o>, <f,y <

DELLNTHE2ELTRVWI ENG S, Eidp Hself-linked TH B & & M Typel
TH 5 LIREMET p b5 self-linked TR Wi dDicit MW Type2 TH 3 L BHLE+H
Th 35 (cf[4]) o

CDRE DT T. p ¥ self-linked T2 WIB A O Alpt, pPt?] ® Cohen-Macaulay
MRRokicR~<S5h 3,

8 2.1 ([3,Theorm3.1]) M4 Type 2 T (a — 2o/)(f' = 28)(v' —2y) > 0 &5 |
R = Alpt, p®t?] i2 Cohen-Macaulay T r(R)=3 T& %,

CCTCCoERBORELRM 2T H 2T TH <o
B 2.2 MA Type 2 To' =f=v=17 5 R = Alpt, t?] 12 Cohen-Macaulay T
r(R)=3T& 3. Bl p=pn’,n®+1,n’+n+1)(n>3) &+ 3Lpit

X" yn» Zn—l

M=(y 7 x )

® maximal minors TEKENBED T, COEKEE2 AT,

Eix Alpt,p®t?] # Cohen-Macaulay i X S WIB&bH 5, TOREFE—> 121
BiIF5L.,
W23 p=p(13,14,17) 45 &, p it

X3 y: Z

M=(y 5 x)

@ maximal minors THRK & 1. Alpt, p®t?] i3 Cohen-Macaulay T W,

3  Rs(p) = Alpt,p?t?] &% b5,

T PDEERICTRRT 2 EBBERDOTS 35, RO R 12 Huneke ¥ shenzel %
bk THEEEh ([6),[8]) « R<ASNhIbDTH 3,



8 3.1 M» Type 1 55 dy € p@PTp? = (dy) + pP >

27+ mod(X) a<doLxk
d2=1¢ Z" ' mod(Y) f<fotx
Xo+2'yF-Pmod(Z) y<y DL &

LRBEDBHEET o o> THiITpu(pP/p?) <1 Th 3,

EBbLa=o,f=0, 7=y ROEpRFEAFTNVIRLASIBLVDT, M Type 1
Roda<d X< XEy<YTH 5%,

HE3I LV >OEORIC LT PP OERTOBEBICDVWTOEEEEICENTE 3,
BAEB < fESE. (Y)+pD = (Y)+ (274, Xz X2 Z21 X2ate' 77 X 2at2al)
EBD. 442y > 29+ > 29> >0 o 0<a<2a<2a+a' <20+20 TH 3
EREBET D0 bLy=7BoEy+2y = 22y+ DS XoZ0H |3 Z chEK & h 3
B, ZThDAOEER. Enb (YV)+pP/(Y) DERTE LTHEBRODTCH B, f->T

pa(P?) = pa((Y)+p?/(Y))

_ 4 B<pfiy=qDLs
T l5 B<B,y<yDL &

Li3b. hOBE bEIBRICANRKROERER 5,

% 3.2 M» Type 1 5 5 iF

4 B=F Xk y=40DL %

(2)) —
HalP) {5 B<f o y<yDE %

UFTLESC—BUBRETELLVDT, B (4,m) RIXRTOEAMBHRBELp
BADEAFTLVTAimA/p=172%bDERET %, Huneke ic & 3 Rs(p) © Noether
HoRFEERIZ. RORME

(*) E®¥K kL IRT fep®, gepV zem\p BEEL

IA(A/(f)g) z)) =ki- lA(A/(z) +P)

&%,

rHWTTiEOKRIcExS5h 3,



£ 3.3 ([5,Theorem 3.1]) &ff (*) B H AL TX Rs(p) & Noether BTH 2, & 51
Alm BSEREIZSEFESEL W,

ESICkMiIc X 3 Rs(p) @ Gorenstein # o ¥ E i it

SEEE 3.4 ([1,Theorem(1.1)]) &# (*) O FTRIBEMETH 5,
(1) Rs(p) it Gorenstein T 5o
(2) A/(f,9)+p™id 1< n<k+!—2 DT Cohen-Macaulay T %,

o & A/(f)+p™, Al(g)+p™, A/(f, 9)+p"™ RIEED n > 1 i3t L T Cohen-Macaulay
[l ) I Rs(p) = A[{P(n)tn}ISngk-H—% ftk, gt’] L1235,

THbo 2% TTHERKEH 5 symbolic Rees algebra Rs(p) 0% # {1t ik, Eido¥E
EErHWTRORIKEA S0 5,
¥i#8 3.5 ([3,Theorem(4.1)])

(1) Rs(p) = Alpt, pt?]

(2) f,9 € PORT 3 € m\p BEE L« La(A/(f,9,2)) = 4-La(4/(z) +p) &% o

D& & Rs(p) i& Gorenstein R TH %,

fRE 3.1 oh TR~ 7RI, p »5 space monomial curve 3 EHT 2 KA FT7T VOHE
ipa(p@P/p?) <1 TH-7d (Type2 DL ESTNRWKHILD) . COFKHFEEMAS
E.HEISRESIKEE(kTE B,

8 3.6 ([3,Theorem(4.2)]) A/m RIEBRIKE ¥ 5 & RIFETS 3.
(1) Rs(p) = Alpt, pI8] 2o pa(p?/p’) < 1.
(2) fEP,gEPPRY z € m\p BEEL l4(A/(f,9,2)) =2 la(A/(z) +p) £ 72 B,
(3) PP = fp+(g) £733 f €Ep,g € pOVBEHET %,
(4) (f,9):p=p&%5 fepgepIBBEET 5,

D& % Rg(p) 4 Gorenstein BT %,

#->TRs(p) W2RETTEREATONIE (4) £ 0 p i self-linked THRH MRS

_40_



F. &5 B) k0 pPOERTOEBIRE L4 °TH b, CHLTp & ME2H O
bOETHE, RI2EFEEI6 LD REE 2,

% 3.7 (Herzog-Ulrich) IR ixEME T & %
(1) Rs(p) = Alpt, p¢’]
(2) M Typel T()f =X (li)a=d,v=v9Td %,

I ® & & Rg(p) i& Gprenstein BT %,

4 Rs(p) = Alpt,pt? p¥e3] & 7% 558k,
pRA=K[X,Y,Z]]| o%4 F7 VTR BRTF

X y# gz

M={ys gv x=

)
® maximal minors TAEKEN B bDEF 5, CDL&EIRETTHEREI NS Rs(p) 2%
Bt aicdic, ¢ pO%E (MROERICTEY) FRICHRE I ELSIED S,

HRE4.1 M» Typel &4 3 ERMBED f2D,

(M2a<o Xi32y<y o, p@ = (ds) +ppP 23 dyTREE T BT bDXTE
s %,
Z7+3 mod(X) if 2a < o/, 28 < '
Y#-F 2743 mod(X)  if 20 < o/,28 > f'
— X243y B =2mod(Z) f26< B2y <y
X232 1m64d(Z) if 268> 6, 2y< v

(2) 20> a2 2y > Y15 p® = (da, dy) + ppP 72 3 ds, ds TR B T b D
BEET 50

¢ 28< DL

d3E

dy = X2 274 mod(Y) | dl = 257 mod(Y).

e 2a>ad>a,28>pFDL %k

dy = =Y 22 mod(X) |, dy = Y 2 mod(X).

e 20>p('>pnL &

dy = =Xt mod(Y) |, dy=—X2' 22 mod(Y).



e 2y>y >v20>F DL &

ds = =X mod(Z) , dy= —X*T0Y ¥+ m0d(2).

e 2a=d20=0F DL &

dy = X2 mod(Z) ,  dy € pp®.
e a=d20=02y=~yD L &

dsepp® |, dy=2" — X**mod(Y).

Ric M Type 2 0BE%2ZEZ VWD THEHB, F¥ENICa=2d,20=0,2yv=+
ERBCERBVBRVIEEFRELTHLC ([3,Lemma(2.1)]) o LicH>T MOF| %
HRANBABIEIRE>T. ROVWTFUDEREL TL WV,

(i) 2d<a , 26<f , 2y<¥.
(i) 2o <a , 26<p , 2y>4"
(i) 2o/ <a ' 2620, 29>+
(iv) 2&'>a , 28>0 , 2yv>+4".

HE 4.2 M Type 2 £ % LIRHBEKD LD,

(1) ch k #2751 p® = (dy, d}, d2) + pp@ 1 5 pO DT dy, dl, I TR E B 12T b0
nH 5o

o M (i) DBe.

ds = 2Y P+ 727" Ymod( X) dy = =Y+ 27" "2mod(X)
di = YP+3F' Zv'=,

o M (i) DB &,

dy = Y 24" mod(X) . dy = —Y2HF mod(X)
dt = YA 27 Ymod(X).

o M (iii) D&,
ds = 2Y+F 274 mod(X) dy = —Y**¥ mod(X)

di = Y3428 27~ Ymod(X).



o M (iv) 0B &,

dy = 2Y 4P 2747 mod(X) dy = =YPZ3*+ ' mod(X)
dy = Y5 22+37" mod( X).

(2)ch k=235 p® = (e3)+pp® 152 e3 € PO TREK L THE b OBEET 3,

YA Z72mod(X)  M¥ (i) 0B &

YA+ mod(X) M (i) o154
Y3820 mod(X) M (iii) 033 &
Y 730 mod(X) M % (iv) D188

ez =

¥ 4.3 (1) M» Type 172 514F

2a< o' XiF2y <y L &

<1
(3)7,.,.(2) =
pa(p™/pp ){s 2 2a>d P02 >F D&

(2) M5 Type 2 12 5 i pa(p®/pp®) < 3.
& L Rs(p) = Alpt, p@t2, pO%] 5o @ FROZ >0 %R,

La(A/p®) = 14(A/pp(3) + [pP]?)
14(A/P®) = La(A/pp™) + pp)
BRRIALT B0 —HTHIBE4] EHBE422HVT., CCRBNIE X2 BEHETLIT.
ROFRD (1) = (2) ¥ ph s, (FREER, EEI4EHAVIEES. )
FEH 4.4 ([3,Theorem(6.1)]) M 45 Type 1 3 5 FRBEIE TS 5.
(1) Rs(p) = Alpt, P12, 4]
2 MRERDOENDEE T,
i 2a<d,268=p".
. 260=p4,2y< 4.
ii. 2a=a/,26< 0, y=1¢.
iv. 2a > d,20 > f,y=+.
v. f=0.

viia=d,y=4.



D& & Rg(p) & Gorenstein HTH 5,

EH 4.5 ([3,Theorem(6.12)]) M % Type 2 72 5 EIRIBEIETH %,
(1) Rs(p) = Alpt, P2, pOt°]
(2)chk=2TMHKRDENDEERTo

i 2d <282 p,2y=4"
ii. 20’ > ,260=4,2yv< 4.
iii. 20’ = ,28< #,2y> 4.

Z D& & Rg(p) 13 Gorenstein BT 1\,

S5 30
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Non — Coken-—Macauly Syvv\bohc Rees

Algebras for space monomial curves

A 7B waE (FFGR)

1.5

A=R0X. T, 2] LLU B=kIT]) 1z kLo ;58]
TEEER Lo, AR EIEL o~ L vHaL ok BIREL
None,ns 2L R-INL oS Y1 A—B ¢
PO =T, QUN=T", @D)=T"? &, 1E) Ker'PE

P=Pn ,n,ns)
vEFT vl 3d. Ao BHEI T . AoF1T7w
P o symbolic Rees 1%L
Rs(P) := Y. P™t™ C A [t]

nzo

(fBEc Tt 3 ALoFEL)
DY T 0 . Lz, ACoke.w— Macauly H£
SETAE=HYET,

T, Bk -Ta-TFa two FHE CLENS
N 7w A ER . 7 Rs(P) o Noerher #E 12701 21 &



C.Huneke (41 0 3870 m FIRE 05 ). 1k
wa - Fe v, :.ﬂ’l T F oV ). Rs(P) 2 Goven-
STeM LA X ETa51G s Kobh-0th.
BRI P=P e a) (23702 Rs(P) o B (<
Crovenstein bT2 A2 L 2 Fel= (et UL ).
A3 B E oA RoB & L ok BIEuTTE
(= "X 1R 30 )

FHE . space monomial curves P=Pinans)
(3T LT . symbolic Rees a[qebvm
Rs(P) . —F Noether (= T2V 2 FIT
&G Govenstein LTEATHAD.
N P<INTWAFR =B 20000, 20 7RG
AR e LT RN 3T Ak e @008 728 1
ro —HRFEL<H) T T A,
2IU AR EEE AN TLIZTL,
Theovem (1.1) P LEEL LL. n=p* (ez) b
L BB GR oTEE o P oM Rs(P)
. J%o idea P v d Noether iddaoN
Cohen-Macanlay TETEV,
(1) P=P(n=2an+2, nan+l, n>»n+li).
(2) P=P(n*, W+, W+l ) ,Nnz3.



i) 379,

ZOEIR(LL) o) T k<iz N=p=2 Y%y 3Ge.P=
P(10.9.7) 12937 20%] & Tz W.Vasconcelos
(77 wdot (STHBE A w) BT 20050 . TR
L2z o3 AP T Rs(P) 13 Govenstein 152y FE3
TTuIdoy . ¥554 2T E L<HY T th, Hlef
FOTYR FA AN ZTIN. chk*2 065
13 Vascorncelos & 3k xF Luvie §12105. 3R Rs(P)
D Eorenstein WE 13 BB IF o TEAL (LAY (212 3
7.

7. Pl A

22T AL3RX o ERIAPTEELL Aot
1F7LEMLL3F. PESpecA t dimAp=1 L0,
Rs(P) =2 Pt  cAlr] L5/ 337, H6713. C Huneke
2L A Moether tE 0 FIEE L. BiF-Bw-TFa &
LA Govenstein WEo FUEE Tk A = (=537,
R0 FA4F

(H)  FK /Qq('%x.'f',%))=f<‘Q‘QA(A(x)+P)



LARTINT® . FeP®, gePD (faL.
R70.Ly0) £ XEM\P Lo 31LdA.

tZA3T. Huneke o FUESE La. 20 F1F (H)a
Rs(P) o Noether £3589 A Luw)ba T IR0 Fas
ENA N33

Proposition (2.1) (14 ,Theorem(3.1)))
F4F (H) 0% 38 1= 1@ . 3 Rs(P) 3 Noeth-
ey H3. HLH Ao F|A N 2 BB
THIE D E Lew

128 -@me - Ta o FUE A 320 Huneke 2 §/F
(H) W o+t.9 03 % v 5ail 3 A4 0 7.

Theovem (2.2) ([ 1 ,Theovem (1,1)])
FiF(H) ™ H 2N T 0B EIRE L. $.9 1%
FHEMH)Hodordh. Zoud. Ro2r02
R BlIE UHA.

() Rs(P) 3 Govenstein 0°&H A,



2) B PT3% A/ch,%wPW % lenefed-2
n & @ v Cohen- Macou,u\a\/ THA.

2O, TATO n2| (T B A gap,
A/(%)*Pw : A/(Jrf%)“‘P““’ 1T L 7NS Cohen-Ma-
caulay Y T8 T A,

L [LIWe. Ef-@w-Tad 2o (2.2) THY
THfiatl P-Pnuve,ns) (22218 M4 050 ) (s
et Rs(P) o Goyenstein LT84 > vt SEER 2 T
3To0. BetorhiZda BB T, ‘)EJ\‘%%\'%@«?")
0 Cohen-Macamlay HE o FIE 113, P £ Bi% 6912 Fa
AZenNYZTRH). Zolwd) (LA lénehk+i-20
ol H,1H KRR FM o bdool)d. F
48011 T 20 s L o> I AEY) T T4 oL B 34,

3. Theovem (1,1) n ZE4H
EH(1.1) O I, () L3R (T TIL127uth . (2)

AL )R IT7ILII)vdh . Zev oo L 22T
() zyvwtok s dAz(2L2T.



FT. 1FTT7IL P=P(n+2nr2, n=+2n+1, e+ n+1) (3

( XY\ \‘/Y\ Z-V\-ﬂ )
T 2 X
D 2RNTTRN TEK INTWAZILEB LITG,

e/ RREL

XV\. \\/V\ ZV\"‘\ )

lemma (3.1) ) (
P-1, Y oz X

SEeH.  Q=Z"7 -XY", b=X"'-y2",
C=T""-X2 kL. T=(a.b,O)A bEH<, £55A,

LEP TUhA.
—Z T, (X)+LT = (X)+ (202, (2™, ) %5

25, BT 0k (Vo) IRRERKHAL
NTF.

Qﬁ(/y('x)+1) = N "+ 2N+ 2
:£A</%X)+P>
VILA. fEST. () L= (X)~P,
Erie. P=TLT~+~x)0OP
=T + xP
VIR T M L) P=Ltid A,



SUWMWF CW.,b,ctT(3.1) ngkeRwobo l

AY .
9 AX"+bY"+CcZ"" =0 .- W)

ol + bZ ~ CcX =0 e (2)

THAvGL . chk=p 7 N=p® (e21) T"HA 2L TiFT
(2) LY 3512

A*Y" + P2 +C' X" =0 - (3)
WiFodt A, {7 FX (HL3) L) —ab" 02

PRk N
~awaW: av\(axn+ szn—n)

= pb (b*"2&"~+Cc"X*)

NE >, M EFE R FTAY LT E R

X" (o™ —pc™) = 20 (™ —anc 2)

NIEoMA, T YL JeA ti,e
X' = b —acZ
LET e ez e N B A, 2550 QP 0T,
X"q = b |
= (XM
= e mod (Z)
THANG . G XN wed (2) 218 4.



Proposition (3.2)  Rs(P) W3 Noether "% A.

GiEBH Jy=c'kwm:rl =" wmed 2) TH
Anh .o (2,4,4)= (2, XN NN B AL RS

*QA(A/(Z.ﬁ—,%)) = N - NN+ 1)
= -oeD - (May+p)

Y 129 . Huneke & 1% (H) N 3HT=3MAD T (2.1)
124 ) Rs(P) I Noether 3% TUH A.,

3 1. Rs(P) 13 Cohen-Macaulay TTiG et AR D)
A. bL. Ks(P) o~ Cohen- Hacou,ula\/ THHT . Simis
~Trung [6] 12dy2. Rs(P) 13X T Gorenstein LTd A
N Fe S M T nAo T (2,2) (<L B Aopmaa
(Lelzn=21=13LLb ) Cohen- Macau(oo/ 0E ThAo
-1 RER e T Ud A

Propasition (3.3) BPT3E Yio~po (1.
| Coken—M&caulay ClLTL L,

SEEH. )L —F-R (297n1 T 0 Ay +pP 0B



R ﬁm(p/(cwp(“) eZ<zrlTL,

L (’%z) +(0) -.-ptl)) 7 eZA(’A/(C) +P(z))

TREDNAZEITA. 22TIQ+P® =P THA D,
EX NN IE NN EEUD

oY) o) o)

AW 37D, fa(Marror-p) & lappn)
LESTETABA. 17 7L P L8176 (< fad L%
Whhe WFnERF L. FTE Huneke 4] 124, 0 &=
LNTWAZCTUHAN. B0 RE LHILT ) -7
ZITC)RLTELCZEIRTA, Ho%EX e @)
—obT" 0 270438, |
—AbT" = a(ax"+cz")
= bT" (b2 +CX)
T9<)FX X (A b 7)) = 2(B " L acz™)
BT, dach 12852
Xdz = b" V" —acz™
LI A. 554 . da €P® TH,T.
de = XVEY vnod (2)
I Ao



Clawm (3.4)  P¥ = P*+(ds)

P, 1=P*(d2) £H<e. T CP® T H-T.
(Z2)+T = ()~ (X X Y5 1)+ (X))
S CA RO SV GAth PP GRS S Al
K, KT, )
el 4. £-T.
QA(A/(;_HI) = 3(NF+Nn+ 1)
= %F(A%?sz) S (%Z)*P)
= €24 (A/PW)
= QA(A/(ZHP‘“)
it,7. R)+1=@)+P? vHih 05 Fo o=
1=p@ 1§ 5N A, |
37,20 Claam £ 20 3EBA £12XY).
(Z)+(c) « PP = (2)+ (3 R X, )
« 7z )
rAeT /QA(A/(Z)+(C)+P‘“> = 2nSraner|
1154, DT, D)+PY ot moR ERAZ LY,
C& @)+P? BB DM A DS H53A

cgp® B D
| Qﬂ“? (AVCAP‘\— p2Ap ) =2



LT

ng (A/(c) + P\“) =Ly (A/G_)*P) ; QNP(%WP?‘\F)

= 2 (W r+N+1)
L1810 Ma (A/(Z) ﬂc)wm)—@u(%owm) =n—1vo N
1 0> Poposttion (3.3) 0 (1€-2 Theorem (L.1)0)
ZEEH 223 L3y,

4 P=P(10.9.9) Iz)u1.

BXOMENTLI=FRz. EH (1.1) 0 1) 45Tl
N=p=2 (2, =@ ey P=P(10.4.7) TTF. 2043 (3.
W. Vasconcelos G 1 BEAT LT HAD TTN . Rs(P)o
Gorenster e (8PS . 20 3RA G Coken—Macaula—y
HE) N Rk 0 FEEL i A48 but. BEek R 0
DTFoG 5K o -8 20 oBIT 1iHLitT
337,

Theovem (4.1) 47 Yie P=P10.9.7) (=¥ LT,
Rs(P) 1L X T Noether BB U"HA. HL.
i £2 TEG T, Rs(P) 1 Govenstein

L1 A,



WLTF. P=P(10.9.7) tL. chi 52 YIRELZT.
I KFY
5

5 2 2 2 3 7
Cjz = X Y+Y 2 -3X Y 2 +X2
s 3 7 7 2 2 4 3 4 4
dz=2x v -x z+Y 2z -5%x ¥ z +x vz
2 7 11
+3XY 2 -3
, 7 8 2 5 2 4 2 3 3 6
di3=-x vw+y z-3%x Y 2 +5%Xx Y 2 -XY z
3 7 10
-2X 2z +Y2
y 8 7 3 4 2 5 3 5 5
d3=x +XxY 2-X Y 2 -3X Y2 -2Y 3
2 2 6 10
+5X Y Z -X32
10 10 37 5 4 2 73
da=-x +2xY -5%x Y 243X Y 2z +4x yz
8 4 2 5 5 4 2 6 3 9
-3Y 2z +9X Y zZ -12X Y 2z +XY 2
3 10 13
+ 3 X Z -Y 2
9 4 14 11 2 11 4 8 2
ds=3x v +2Y -2X Yz-9X Y 2+19X Y 2
6 5 3 8 2 4 9 5 3 6 6
-29X Y 72 +12X Y 2z -4XY 2z +13X Y 2z
5 3 7 7 8 7 9 2 4 10
+6X Y 2 -5X 2 +3Y z -16X Y Z
4 11 2 14 18
+3X YZ +5XY 2 -2
p 12 3 11 5 8 75 2
(jg'= -(X Y¥)-2X Y +5X Y zZ-6X Y Z
9 2 3 12 3 4 6 5 6 3 6
+8X Y z +4Y 2 +2X Y z -10X Y 2
8 7 7 8 3 4 9 5 10
-3X 2 -6XY z +10X Y 2 +6X Y2
5 12 2 2 13 17
+3Y 2 -8X Y 2z +X1z
16 2 7 12 9 9 19
dy:—zx Y -12X Y +36X Y Z+4Y 3



11 6 2 2 16 2 13 3 3
- 44X Y 7z -30X Y 2 +36X Y 2

4 13 3 15 4 6 10 4
+ 112 X Y Z - 2X 7z -190 X Y 2
8 7 5 10 4 6 14 6
+ 172 X Y Z - 102 X Y Z2 -2X¥Y Z
12 7 3 11 7 5 8 8 7 5 9
-8 X YZ -32X Y Z +58X Y 2 -32X Y 2
9 2 10 12 10 2 9 11
+78 X Y 1z +4Y A + 24X Y 2
4 6 12 6 3 13 8 14 7 15
- 26 X Y 2 -56 X Y Z - 16 X 2 - 28 XY 2
3 4 16 5 17 5 19 2 2 20
+ 50X Y 2 + 20X Y Z +8Y 2 - 22X Y zZ
24

+ 2 X Z

L5330, 206F. G FRTHETRITLL RN
HASCINT 3 A,

lemma (4.2) Xdz = Yb*-2*ac,
Xd3 = b*c — ad=,
Xdy = —bd. - 2C*
Xds'= b* + Za*

Xd4 = —bds" +2a%*
Z2ds = Q*ds + 2¢*ds
2dy = dads - 2a%ds’

Zdy = 2c4ds + 3%ds + duds
1‘39)6 o ilf?Z d2€ PP') ) d3,d3/ ) d;"éP(”, d46P(4-)
ds.d¢ €P® | dyeP™ L1, T A,



2OETE . dz.ds, - ,dg T wod (2) THREATZOT
i |
Propos‘lﬁon (4.3) P@® = (d.) + P*
P® = (ds.d5.dy) + P?
P = [P™]* + (ds.ds.d3)P + (d4)
P = P.(P®) + d¢P +(d3.d5 .43 )PP +(ds.ds)
P® = (ds,ds)P +(P®’ + deP® + (ds.ds,d7)-P*
P" - p-P® « (ds,ds)P® + deP® +(ds.d5,d7) P
+ P (P®) + (dv)

n

"

3o SR 0 10EREY Qa(z)epr)-Trow
CTHA A UGDMFRAT BB 1TTIvE La bEY
$. L Maye1a)=Inorn L, T0AZLE  N=2.3.4,
5.6,7 0UBER [<LoBB2eN T34 (SFLad b
125% 4.).

LT COFPV =0T B1ED) L F a0 R 1= LY
P™ = Ty w5 18 il A,

Proposition (4.4) Rs (P) \& Noether 7% A.

SEeH . .{‘:ddr, 4=ds +F4L.



(2,5.9)= (2, x=2xT", 3 xIr*.2(")

THA. B HAA, Xo-2x = X (xT-27") 373714
+2 =Yt (3x T4 27°) vHY . DT chikx2 0
IRELY  (XT-27"°, 3x3 +27°)=(x3.7")
fiE-. ﬂﬁ(A/(Z,—j-.%)) = 4+ (6+36+Q0

= |40

= 455 % a(Ya)+p)
tid A, BLK. (2,1) XY Rs(P) (TNoether 1% 4. ,

T WS nd Rs(P) 2° Govenstein THA L E check
L3d. +=da¢, Q=ds Tdnb. Fi1z. n=5.6.7 2
LT B PT 3R Vit.gy~p Y Cohen-Macouloy T
HAZLE T L T 7 (. (2.2)), |

ean (V4. grepe) =7 Lo, (/ct.958p+ P2p)
THHIT T3 FA N T 2 EAOREL N 4 £ S o) vop
W4 super vegular seguence ETELTuiA (cfl111)
2edYy. K3 JZAP(AF/C+,9,>AP+P%p) ™ ETEE AL
). BHE %R e
98  (Nn=%),
ean(Mt.gyrpw) = | 18 (=),
/33 (n=1)



N 5NI0 T M g peo) 0%z
NfE T BXZTE WL 20HE check IYUTT FHX
(Y2 + o, gy +pe ) = ean (Vir . @rrpe) 98I
L. 1i€.2 A/(+,%)+P“‘) 1N Cohen-Macauloy #%
THAEZEN BRA0 TGN, 22T N=5,6,T 1AL
wE. (4.3) 12&-T 4770 E)~¢.94) ~p™ 3.
(PR 7L 1Y) B 456 1T hdS T wA0 TIns « 2dud
PEETE 72Y  voutine work £LT F1TTE3T.
LIELTdoy, 3B <750zl L3 7.

Kemark (4.%) P=P(9.10.11) [R7v 23 . B R
1. chiz%2,3.7 0 BF (3 Rs(P) 5N Noeth
ey YNNI L Favb M LuTEWI) T,
chk=2,3.7 123 L. F%& Rs(P) (T Noether
TLIH AN Cohen— Mac&ula\/ CTEv ek,
theck 193 37,

2OER . BT 012k WEp Bt L. RHF2FF 0
LB A Lt 0l8E0b L TE ol i 23 20 -BR .
BRI E . <R T LaT.
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Noether normalizations

for local rings of algebraic varieties

E fE
HREIKF BER

RIEE K %{k. (4,m) % K L essentially of finite type @ local domain &3
%o CDEE, A D regular subring D T, inclusion D — A 5 finite 81 & 75 248
1R DHBFHET 57

Chiif-¢ D % A © Noether DIFHYL LW,

<AL TV BBRIC, & EERAERIEIEY. SEiRERTEEIL. Noether DIE
FUbERE> (AR [3]) o LORIEIZEELWE LT HIW LAGHIZEOW DI,
BEESISEIC T O S X OB E LT, BbEER -7

HE. TeUEERB hIh -1, TR, dimA =1 DIFESICiE. Noether
DOIEHIELBEET S L. dimA > 2 OIS D Noether DIFHF LR >T-H DL
# ZLT. W oD oBlEBIF 2,

RD section ITABFICW 2pDEEXLTE,

FE1
o { K I essentially of finite type DS (4, m) <%} L T Noether DIE
PUboFEERS ioHiTid,

- A/m it K _tORYILAEDBESITREE+S. 2Eb, AR K Lo
affine domain DAL 77 VicB4 2BAHLE LT LW,
— A % hypersurface DRFRTH 2BEITREE 5,

o F7:. Noether ®IF3t D MiFEEd i, dimA =dimD T, D RiEfIB
R &1L 5,




1 dimA=1 DS

C D section Tit. dim A = 1 DIEAIT Noether OIFHULHTET 5 & & %3EHA
9 50 ’

¥ 2 R %k K kD 1RO affine domain T, m £ OEKA 77V,
A=R, £33, CDE %, A3 Noether DIFHFYLEFFDo

B X % K F® 1 R5TD projective variety , £ ZZ D closed point T,
O.x =A &3 30 X % X O normalization, 7 : X — X 28&4 2, COE .,
X 2. K E 1 R5TOD regular 73 projective variety T&H %0 77 1(z) = {y1,---, i}
&9 %,

CDE &, Ox = N0, % & normalization TH Y. finite HTH 2, B =
n£=10yi'x L E<{, B i3 semi-local Dedekind JgTH Y P.1. D. £33, B 0K
AFTNEm,...,my ELs Bm; =0, 3z £$ 50 COLE,

Claim K(X)* O t BEFELT. (X TO) t OBARB LS E {y,---, w1}
L7133,

K HSmBA DI aidtiic TE 5 L (BIXIE, [1] @ Chapter 4) . HRREDIHS
bTERIR DT, MHITEEET 5,

M, 3 20, 5 DAL FTVET B COLE RTOI LT tEM,, 5
TH5h5. 1€ BTHY, K[t]| CB 153, JIT, t DRUASIRED, K[f] .
K FD—ZEHEERREFRITH 2, /o, BOBKAFTAL2TH 128U E
4N K[t](g) CB E133, CDE .

Claim K|t]3) — B i3 finiteo
o Claim 2384 30 Kltley ® B OHTO integral dosure & C &<, &
D& x_ C . semi-local Dedekind B TH . B & birational THb, B#C &

RET5E. K(X) © K ;o discrete valuation ring D T. D2C#»> D2 B
125 b DHBEET 5o

Spec(Q(D)) X
Spec(D) Spéc(K )

ST, QD) it D OftkE$ %5, X — Spec(K) 45 proper §iTH 20T, &



Spec(D) —» X HFEL T, LORRIZAJkIc/Z 5, Spec(D) D closed point D%
2y €X &35, COLE, v W closed point THD, D=0y 5 Tt €My 5
L1122, t DBUHLD. v =y £7385 1 B5FET S, Chid. D2 B icKd %0

E’ 1 OFHICR S, Bid P.L D. TH5»5, K1 icxLT. BOET U
BEELT. m; = () £ TE& 5%, JDE& &, normalization IZ3{JEd 5 conductor
ideal 12,

Cpjo.x = (11" 4")

LEIFZRTTHSD (RiHLTa >0, KiWlLTtem THE»S, +
HAREV R LT, 1" €Cpo, x S Mzx &5, COEE, ARG

O..x B
K[t*] (e Kt]q)

ZBWT. K[t"])g~) = K[ty & K[tlq) — B 33LiT finite {HTH 20 5. BB
5 K[t"]q~) — B i finite TH D, K[t"]¢n) — Os,x 13 Noether OIEHYL LI
%o S8Rk
5DETAH, DL IIHKFENITAET LY, TBHTEII,
&@ﬁ] 5 Tobbhd DR, BFEOD Noether DIFHHLIZF D affine coordinate
ring 2@E LIBETERWI EHBH Y, T DD affine variety TIRLS
projective variety F TR LIEVWEWHTRWEHEEZ S5,

2 Noether DIEEULZERF D735

Z O section TiZ. algebraic variety M closed point TOEFAIR (A, m) 45 Noether
DOIEHHU LR D1 DRFITOWTRR D, 1 PGTDBEDIATHIETE 507
B3, {& Lk essentially of finite type 73/SFAIRD Noether DIFHYLDEFLEIL. algebraic
variety OEFTHIIHE I TIREERTE S global ILEX ZMBNH 5, ~— VM
OBE T, ERIIHEDI B LIFTEIVY, BB L TH <,

T8 3 K %{k. X % K O n KT projective variety , z € X %% D closed
point &4 5%, CDEE, (RD 3 DIXEHETH %,

(1) oz,X Ds.0.p. 11, 1a biﬁ& LT\ K[tlv' (XN} tl](tl,...,t,) — Oz,x b;ﬁniteo



(2) Oz,X D s. o. P tlr"'vtn biﬁ& LIT\
[K(X): K(t1,---1ta)] = ey,..00)00 x (O2,x) - [O2,x [M: x : K]

(—iIT. IFS > BBALT %o er(*) . A F70 T 1B 2 EHEES
%o )

(3) X x A™ @ n {RT closed subvariety V &, V @ closed point y B5EEZEL T o
r(y) =z, O x 3 Oy,v, p2(y) = (0,...,0) € A", p;l((O,...,O))ﬂV ={y}
DEALT %0 (722U A™ I n #R5T affine space | p; : X x A® — X I first
projection | p2 : X x A" — A" {I second projection &4 3, )

& 5T, K = Q (EEMEORMIIETS) T, X #5 K o rational surface T 3
& &,

(4) Oz x I3 Noether DI L%,
b ko (1),(2),(3) LEIETH 30
& 4 dmX=10&Zi3. ko (1),(2),(3) ZBLLTW3,

Oz x @8.0.p. ty,...,tn Z—HX SR EICE D, X 5 A" ~OD rational map
BEE B0 BIEUEDIAIRE [K(X) : K(t1,-..,1a)] i3, general 7L TD fibre ©
ROYE—BT 50 5. = 85 K-FERERETBL. Or,x /Mo x =K THY. (2)
OEROHAIR . €(t1,..1.)0. x (Oz,x) E—H L. Chid. z DB general
12RO fibre T, z D153 ICH 5 OO TH 5, 2% ., (2) OFRHEDIL
T, {z} RZDBOD fibre L—F 2 Lhbhd, COkkIcLT, (1) & (2) D
[GHEHED D 5o

(1) & (3) DENENY: &I & 123E LEH T 2, affine IO IE, quasi-finite
(B D fibre A5 finite) TH-> TH finite FHT7L 3 LIRS 7\ affine variety %
projective variety (@ open subvariety & B7-:& &, T D affine 8l D I affine ¥
O TO integral closure % & 5 LBNTWAEmSHTELDTEH5TH %0
(Zariski @ Main Theorem [4] Tk ¥ affine BIKDOR]DGHS quasi-finite L{RES
5 &, ko affine iz, T affine isD integral closure M open subscheme &
BB ENDLM B, )HUT. bE bl affine MERETFE L TEZ 2L DL, projective
variety D & 4 THiEm L T, morphism 73{3 T2 { . rational map 3EX 3 & & 25,
CORDORREER S L & ICEE LBbN 3, (3) DRMFiR. X 5 A™ ~O rational
map T. z DEHBFEETH D . KD fibre 25 z FIHCIR B S EAEHRLT WS,

toEET—HHEEIL DM, K = Q. X 5 rational surface DIBAIC (4) 5
(1) 23E8AT S5 CETH B0 2% . Noether DIFFHLITEET 2 LIRE L & ..



K[t1,t2] 1y 1) DIED & HNE Noether DIEFULSFAT 5 C EARS IRF UL
573,

Step 1.

Step 2.

K I essentially of finite type 72/E57IR (4, m) 45 Noether OIFH{L D %%
S&E, HIAKNDELT, Ak K 28T Noether DIFHYLEIES & & 48
T& %o (ICT. K=Q BSEEMICHNT 50 )

B R D 3. FEHE Q 2SUDT. L=QD)nK i D 2&8A
TW 3 (intersection {3 Q(A) DHTEZ2) . Q(D)-K % (Q(A) OFTD)
QD) & K oapkdksd 3, CoE %k, L it QD) o tREMICEIL T
Wah o, BRUER Q(D)®L K — Q(D)K RERESFH LTS, Thiuc.
[K : ] = [Q(D)-K : Q(D)] < [Q(A) : Q(D)] < oo $HILF B0 5% 1. <
DL E K i3 L FOBFRRBEHIATH D, DL K i3 regular ring {273 3,
oD EDS. DOLK XD & K ThHR &N 5 Q(D)-K OBRTH
BIEDOhB. Bic. DCDRLKCATHY, $1ibb,. DK it 4
D K %&E Noether OIFH{LETL 3,

K _E essentially of finite type 7X/E5R (4, m) b3, &k K &1 Noether
DOIEHUL (D, n) 5oL &, D D it K L essentially of finite type T 3,
(Q(A) @ (D) L@ Galois closure % & > T, £®D Galois BT invariant %
FNTHAT 50 < TSR, ch(K) =073 TH 35, ch(K)=p> 0
DLEHIDFFRIELVDO» S LTI, )

S8 A i, &3 affine domain R O&K ideal m (B84 2 Bt & L T.
—AHEE R DI,

M % Q(D) ® Q(R) & UB/ND Galois ILKE L. G 2 EDILAD Galois
B Ga(M/Q(D)) &9 30 ¥/c. C % K L {0(R)| 0 € G} THEEH 3
affine domain £93% (C i M ORHRTH 2 LicFER). &5 B % C
@ normalization & L& &, G i3 B icfEHT5 (0. FBED G Dt o
Xt LT, o(B)= B $5kh1I2)o F=B° =BnQ(D) LB\t &, B
i3 affine domain TH 505, F b affine domain L7335, 7. F OZTit
D L integral THE: 5, Fid DicdEnd, p=Fna L@l (PR F
DK ideal TH B T &, Bilichdr s, )

UFT. F =D %7 %,
{mi1,...,m,} &, p D LiLH 2 B DX ideal (kL3 3,

BT, $<TD i (LT, BinQ(D) = Fy £135 & £ %7t o B Q(D)
DIt a IXFLT, B(F\p) ?Dideal I, = {b € B(F'\p) I ab € B(F\p)} %EX%0a



2 B, ICEENTVWBDT, Lo ¢ miBp\p) THBo —A. Lo 13 G-stable 73
ideal Tdh % EIREHIChM 2, TNHUCT, L 3 unitideal THD, $73bba
3. B(F\p) IKEFHTWB, TDC E&D. B,,.‘.nQ(D) = B(F'\p)nQ(D) = Fp
1B, '

Kic, 52 1 BH>T B, NQD) 2 D LB L%ERT RF%2 AD
D R & F AR EST S, CDEE, RF — B |} finite TH 3,
g=mANRF 8L, $5&. A=Rn C(RF);C A= R, BT 30
#ic, A= (R-F), &7313, q i3 R-F 0K ideal TH 2 &id. BHIcHH
V. m; 2 mnN(RF)=gq &73% B DK ideal &4Hi, Bn, 2ADD
WXL T %0 2ED. B, N Q(D) 2D Th%,

T, D=F, T3l tbbhoto

C CT. ch(K) = 0 T, K i3R¥#IEAA. X i3 rational surface TH 2D 5. Zariski-
Castelnuovo OFHE [5] £ 0. D i3 K kO rational surface @ smooth 73 (closed)
point TORFRTH B L LTLL,

Step 3. 128 0 DREMIEHE K £ D rational surface @ smooth 73 (closed) point D
B D 3. K[:rv y](z,y) LERITH %o
I SR AFREEFERIC X D smooth 7% rational projective variety X &
Z® closed point z BFEELT, O, x =D ELTEW o 7: X - X' %
birational morphism T, X' % K @ rational surface ® category T®D
relatively minimal model &4 %, 7(z) =y LB JD&E&&E, Oy x &,
K(s,t)sp & K-FRITH B EBECAMOSNTWVS ([1], [2]) o « i3, HRRE
D—j5 blow-up ICDRTE B, Thific. D BEH K|s, 1,y & K-EFEIT
HBIEBVWA B,

CORRITLT (4) 05 (1) BREN 3,

3 Examples

C D section T3, HHDWETEIZEEEL T, W 20DPEHIFTH<{o

Bl 5 R=Clal/(f(s,) f(z3) = v — (4 + 2% + (42— 22y — (s +
2% + 22%), m = (2,y) ELTA=Rn L5, CDEE, FFED R DT b ixd
LT Clhluncp = A 1 finite TR,

(C 3HEEHEE T2, )



A 12 C I 1 R5TD essentially of finite type OEFIRTH 205, FEH 1 &b,
Noether OIF#LER Do EBE. R=C[i2+ 3,2+ | CClf] THbH. JOFRDE
Rt hid,

C[‘t2 + ta, tz + t‘](‘2+13 '12_‘,‘1) = C[tz, 13](‘2 ’-‘3) (_-. C[t](-‘)

THD. Clt*)u2) — Clt?, )2, 1L finite 1 &85, OB, &L essentially
of finite type OFFIE% . affine domain OBF{LE A TEZ D affine BEEE L /2
& & (hEPRERKS affine domain DIFHULEEEEDRRICO ELHE-TH. F
FABR®D Noether DI LI ENIZVRITH %0

Ble K=Q A=K[t?+,#,17,1], R=K[t*+ 3,11, % qa4ps0740) &
4%, COEE. R OFEE®D Noether OIEHHEL D icxi LT, [Q(R) : Q(D)] > 3
L1735,

Bl6T. e(R)=2Thdo 2%, Bl 61k, EDERIL R O Noether DIEH L%
E>Th, £ covering DILAGEIIRFAROERE &L 3—HLBW I &KL
TW3, 2+ i3 R $1-130Z5E{L R oK A 57 /LD minimal reduction T
B3, CcOZE LY. K[[2+8]] = K[[>+13,5,17,1%]] = R i3 finite HTH > T\

[Q(R) : Q(I([[i2 + 13]])] = l‘a.nkK[[g:_,.,z]]R = e(i’-{-t’)ﬁ(R) =2

L1z, K[[t? + )] {2 R ® Noether ODIFHYLT. %D covering DILARE T R
DEHELE—HLTWAIEDBbD S,

CD=->DFI. REBBREDRNBRD Noether DIFH{LIZ. affine BIHP5ElE
EEEoTh RE(RIBETH D EERRL TS,

S50
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BohRIKB-BATIETHEER

WED £#A (a# k- H%)

$1 A

A B NIA0 270 g B d 2 LIS !
EB1 A0 pallnt eeni-focal domain, R 13 A &4 & 2 B
BRCALRBAI A e SecW 1AL, 75 TN -2
ROE() 11 k()L ARENLETS. tatbi. 4#

&) RGR() 17 epuiclimonsional 82 % o % T 13 § k RS -
K)BE . RODALAREK A .

@2 AN axellend eomi—tbowd doman, RIATEER
MERL33. Sabi. ROIALBARIKCTHI Lo
2454280, Ko24BsHET otae ArAfndds
YTh3
() Rla'l, RaR B X I:ALARY K.

@) dim RP = dm R-1 220 Pe Mng(Bar) 17 | UK
)i o,



1oy s . FRINAZAM U oARES (R LE
both3or RIEMaF4N0 N ahltACHLTH
), 1G24, |
I 8B PeSpec R AL Rp AL essentially of foccte

e T4 J
I RIx)o*ALARINEDS T Il ot xeR BAT]
Rra2EEAadmkdd. chs 122 [11a Lowm4!
Lemma 4.2 33 b hior 32 CauroR
BlLii, < VBprijletiBUED, (1] sieE
B FCHRATIRNIED Do, TaRAL> RED 3 9
3. Ao 3% b3 |
I. mo-As K] FTLA L. Ra mR-adic completion
R*IHAL., dmRY 2 dm R ¥ X3 T3,
Showg i hia. 1, DoamAn (N tRNKRTHI. Dot
Mi N amt ke &I tranriiar.
LR, YL Lapslon M lko.

B EEFENBBot ol BRERALT J
Tz L. Mng(RE) N LaRNFIFTTNoRALEML
J k. Mu(R) D RaBRXIFTTILAEEEELTLnLL
TR



§2 F#1aarsh
Anz-9-%. RuA-deba 33, Zh8313. R
VLl ALSBh 28R o §ecSecAliia L. REKRS 13
RG)LAREKZEDAANSLKITILhe-EEI 4
SN L dkFEAHERETY. BRAL, J0E0d NG
R &. Wﬁs&udoaﬁuumaf o sank movr A, LT AL
BN o FPR A CERT].

B RVALBRNaAFPRALE,

W SoAaBHEE G . ROSANNSALEdna FPR
Ths.

@ IoAofFFNGS. RONL 12 HI LIEH noy FPR
thi.

® x€R 60> zé¢mR (YmeMu(4))53. RI¥'I NAL
K3 ho FPR A .

EROER G AT S,

IWF. ROALRENoFPRELL. ZothBNHR 2
ILHhTHCTERTS.

B2 O RRIALRRIBLTHI.

@ I1&AadTTNES . Mng(¥IR) NARKAE ¢H3.
G) PeSeR A i. PRANAITINEICAREANTAS
g ) REJ ) mRIR (YmeMuw(A) KD TS




NIR AP BV IS A
@ 3 9. Ming(RAR) = Ming (BZR) D L. I 10 pactical vileal ¥
IO, Xk, I=5n-—0heFITTLMBETI LS
IR = (§ia~08)R = RO~ FR K2 L (v Jy), 1
> . Ming (RAR) € Ming (RAR) U ---U Ming (R3,R) £ 5 3 & T
BB, I=3 (1771 ERELUID. atbs, P
€ Ming (RGR) %3, W¥) PaR=J 12583 hia. PR
€ MmRJ(R;/;](J) 3783 Ll Ri/sRy = RO k@ 1IRES
S k)LARENT L. Mn (Rif5R) NAREA. 4, 2.
Ming(RGR) LAIREAS Th 3.
G PaA=§LHSL. PR‘,/(;RJ € Spec(Ref38s) 11 A MRS
K157l PRROVARINLG) . #, 7 PR DAR
AKTH3

ABRR3  JeSpc A, PeMing(RGR) £33, Lotk d,
dim RefPRy = n 4317 WP = D) b

BB RIALERFBA A, (P2 M@ 13F10).
LT EREAREXIAC IO RPRy 13 Ayay -
kG) Loy 24 > EBTHS. #5 2.

h. ‘C‘J%R/P =t""’aJk(J) RJ/PRJ =M
XL d3. 2. Qe Mn(R) 3 M(P) = M(DD) & Hr 1

FORFw 1=00A¢ 8 at leMn(A) T4

fn

(@)



3. dak A Cc R LAAATRNET b L,

W (V6) € #E(¥5) t bdegpg RO - by /P
PRI LT

bedey g RO = boly gy Ri/ORy = dim Ri/OR;

< dim Ry/3Ry = M

1L R 3 hIT

&t (p) = MCPQ) s M (H7) £ M(>)
ho) EHEAELLINLEE.
HBY Pe SR J=PoAat:. AtrX)io.

M (P) = M(J)w‘m-tt.a(g,ya R/p

BEBR A, Roamh) Ay Ry EXEL3ZE T, § 134

KETFhEL Lo, Sats, RGRON LAEREIRD
> dmRGR =T H 3. #5 1. Pe Mny(RjR) 442 7
dm RP.=mb 3. ST, ABRR3F ). M(R) = nt(5)
XD T REBLIMLO. —F. RA R Ajra7
74 LEXP L

M (DP) = hdegys R/P — biidegpe RZP

= - bdeyyy RP
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On algebras which resemble the local Weyl
algebra,

C.W. Hang
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M. Miyanishi and D.Q. Zhang
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Abstract

We extract ring-theoretic, algebraic conditions which the local
Weyl algebra D, (K) has, and consider whether or not these conditions
characterize D, (K). We are successful only in the case n = 1.

1 Introduction

Let K be an algebraically closed field of characteristic zero and let (5,,(1{ )=
K[[z,,...,2,]] be the formal power series ring over K in n variables. Accord-
ing to B]OIk [1], we denote by D,,(K) the subring of EndK(O (K)) generated
over K by the left multiplications by elements of @,(K) and partial differ-
entials 9; = 9/0z;,

Do (K)=0,(K)<8y,...,0, >

where 8;z;—z;0; = 6;; (Kronecker’s delta) and 8;8; = 8;8;. The ring D,,(K),
called the local Weyl algebra, has the E—ﬁltratlon {E,,}t,>o such that ¥y =
,,(K) and , = {Z,fa0% fu € O, (K) and 8 = 8" ...02» with |a|
@ + -+ + a, < v} and that the associated graded ring grr(D,,(K )) is a
polynomlal ring over &, (K) in n variables. Moreover, D,(K) has weak

global dimension n, i.e., w.gl.dim(D,(K)) = n.



In the present a.rtlcle, we consider whether or not these conditions are
sufficient to characterize the ring D, (K).

2 Structure theorems

To simplify the notations, we denote @, (K) by R. Let A be a (not necessarily
commutative) ring finitely generated over R. Consider the followmg three
conditions on A:

(i) A has a X-filtration {¥,}.,>0 such that ¥o = R, I, generates A over R,
Yy By C By4w for any v,w > 0 and 4 = U,»o%,;

(ii) The associated graded ring gry(A) := ®v>0X./Sy-1 is a polynomial ring
R[y1,...,Ym] in m variables;

(i1i) w.gl.dim(A) = n.

If A satisfies the above conditions (i) and (ii), we call it a pre-W -algebra
over R. We denote by L the free R-module ¥,/¥¢ = @2, Ry;.

Lemma 2.1 Let A be a pre-W-algebra over R. Then we have the follow-
ing:

(1) LetYy,...,Y, be elements of Xy such that y; =Y; (mod L) for any
i. Then A is generated by Yy,...,Y,, over R, which we write as A = R <
Yi,..., Y. >.

(2) For anyy € L and a € R, deﬁne yla] by

yla]=Ya—aY

forY € B; withy = Y(mod ). Then y[a] is independent of the choice

of Y, and y is considered as a K-derivation on R. So, we have an R-linear

map p : L — Derg(R); we write y[a] as p(y)(a) as well and we use this map

p in the subsequent discussions without referring ezplicitly to this lemma.
(3) Define a bracket product [y, 2] on L by

[9,2]=YZ - ZY (mod X,)

forY,Z € L withy =Y (mod %) and z = Z (mod o). Then [y, z] is well-
defined and p is a Lie-algebra homomorphism, i.e., p([y, z]) = [o(y), p(2)].



Proof. (I) For any f € A, we define y(f) as the smallest integer r
with f € 5,. If v(f) = r, there exists F,(y1,...,Ym) € R[y1,--,Ym)r = the
r-th homogeneous part of gry(A4) such that f — F,(Y;,...,Y,,) € £,_,. By
induction on v(f), we can verify the assertion straightforwardly.

(2) Replace Y by Y + b with b € R. Then we have

(Y +ba—a(Y +b)=Ya—aY,
whence y[a] is independent of the choice of Y. Furthermore, we have

ylab] =Y (ab) — (ab)Y = (aY + y[a])b — abY
= a(Yb—bY) + y[a]b = ay[b] + y[a]b .

So, y[ ]is a K-derivation on R.
(3) The assertion can be verified by a straightforward computation.

Q.E.D.

The structure of a pre-W-algebra over R is given in the following:

Theorem 2.2 (1) Let A be a pre-W-algebra over R. Let Yy,...,Y,, be
elements of £y as chosen in the previous lemma. Write

(2.0) Y, -YYi=Ck pipYe t oy, 1<4,5 <m,

where p;jx,0i; € R. Then we have the following equalities:
(2.1) Lrm1(pi5,2Pths + PiktPtis + PritPls,s) N
= Yilojks] + Yilowi] + yxloiss] , 1< 4,5,k s <m

(2'2) » Z;';l(pij,lo'lk + pjk0n + Pk.',z%') '
= Yilojx) +yilon] + weloi] ,1 < 4,5,k < m

(2.3) Pisk = —Pjif, 0ij = —05i ,1< 4,5,k <m.

The elements {pi;x;1 < 1,5,k < m} are determined uniquely by the Lie
algebra L and the choice of R-free basis {y1,...,ym} of L.

(2) Suppose we are given as in Lemma 2.1 the Lie algebra L and an R-
linear map p : L — Derg R which is a Lie-algebra homomorphism. For an R-
free basis {y1,...,ym} of L, suppose we are given elements {o;;;1 < 4,j < m}
satisfying the conditions (2.2) and (2.8) above. Then there erists an R-
algebra A with a B-filtration {,},>0 such that



(1) A is generated over R by elements Y3,...,Yn;

(ii) The equalities (2.0) - (2.8) hold;

(iii) B, = {ZafaY? fa € R, Y=Y .. Y2 |a| < v} for any v > 0;
(iv) grx(4) & Rly1, ..., Ym) := the symmetric algebra of L over R.

Proof. (1) By the definition of [y;, y;] in Lemma 2.1, {pijx;1 < 1,7,k <
m} are the multiplication constants of the Lie algebra L. Hence they are
uniquely determined by the choice of the R-free basis {y1,...,ym} of L. If
one chooses {Y3,...,Y,,} as in Lemma 2.1, then {1,Y;,...,Y,,} is an R-
free basis of ;. Then the equalities (2.1) and (2.2) follow from the Jacobi
identity:

[, Y, Yl + [[¥;, Yl ¥ + [[¥i, Y, 5] =0,

where [¥;, ¥}] = Y, - V%,
(2) Let {Y3,...,Y..} be indeterminates and let A be the free R-algebra
generated by Y1, ..., Y, modulo the two-sided ideal I generated by

(VY - VY = 3 pisYe — 005 1 < iy j, k < m}
k=1

and
{Yif = fYi— p(%:)(f); 1 <i<m,Vf € R}.

We write y;[f] = p(%:)(f) by identifying ¥;’s with y;’s in L. We can employ
the proof of the Poincaré-Birkoff-Witt theorem (cf. Jacobson [2]) without
major changes in the present situation to show that every element of A is
written uniquely as a linear combination of standard monomialsin Y3,..., Y,
with coefficients in R. In particular, the equalities (2.1)-and (2.2) imply that
¥; (with the notation in (iii)) is a free R-module generated by 1,Y3,...,Y,,.
Note that there is a surjective homomorphism 6 : R[ys,...,ym] — grg(A).
Its kernel is generated by the relations y;y; — y;vi and yif — fy;,1< 4,5 <
m. But these elements are already zero in R[y1,...,Ym)- Hence gry(A4) =
Ry, - -y Ym)- Q.E.D.

Let A be a pre-W-algebra over R. We are interested in the existence of
an R-algebra homomorphism from A to the local Weyl algebra D,(K).



Theorem 2.3 Let A be a pre-W-algebra over R. Then the following
conditions on A are equivalent:

(1) There is an R-algebra homomorphism  : A — Dn(K) such that
p(Z,) C Z, for all v > 0 and P|s, induces the Lie-algebra homomorphism
p:L:=3%/8y— Derg(R) (cf.Lemma 2.1).

(2) There exists a lifting {Y1,...,Yn} of the R-free basis {y1,...,ym} in
Y, for which 0;;=0,1<14,j <m,

(3) There exist {a;}1<i<m tn R such that

(2.4) 0ij = Loty pijear + yilai] — vila;] , 1<4,5<m .

(4) There exists an R-free submodule L of £, such that L is closed under
the bracket product [Y, Z] = Y Z—~ZY and the natural residue homomorphism
m:3; — L induces a Lie-algebra isomorphism |z : L — L.

Proof.

(1)= (2). Note that D,(K) acts on R in the natural fashion. So, A
acts on R via the homomorphism 5. For Y € £;, let a = p(Y) - 1 and let
Y' =Y — a. Then, since p(Y) € £, := @, R0/0z; + R, we know that
p(Y') € Derg(R). In particular, p(Y’) -1 = 0. Now, for the given lifting
{Y1,...,Y,}, weset Y/ =Y, —p(¥;) - 1,1 < i < m. Then {¥{,...,Y.}
is a lifting of {y1,...,¥m} in ¥;. We assume from the beginning that Y =
Y;, 1 <1 < m. Then the equality (2.0) implies 0;; = 0 (1 < i,j < m) because
p(Y:) € Derg(R).

(2)= (3). Suppose {Y3,...,Y,} is the given lifting of {y;,...,ym} and
{Y{,...,Y, } is a lifting for which o{; = 0 when we write

(2.0y YY) =YY =8 0¥y + 0} ,1< 4,5 <m.

Then Y/ =Y, + a; with a; € R. Replacing Y in (2.0)’ by this expression,
we obtain the equality (2.4). ’

(3) = (2). Conversely, if we are given {a;}1<i<m satisfying (2.4), set
Y/ =Yi+a;. Then {Y/,...,Y, }is alifting of {1,...,ym} for which o/; = 0.

(2)=(4). Let {V3,...,Y,,} beasin (2) above. Let L be the R-submodule
of I; generated by Y3,...,Y,. Then L is a free R-module. Since oij =0,
we readily verify that [Y,Z] € L for any Y, Z € L. Clearly, = induces an
isomorphism between L and L.



(4)=>(1). Define 5 : L — Derg(R) by p(Y) = p(n(Y)). Extend this to
¥, in a natural fashion by putting p|z, = idg. Furthermore, we extend p
to the free R-algebra F generated by Y),...,Y,, as follows. For an element
Y, fi--Yi fi, of F with Y, € {1,.. ., Y} and fi; € R, define

Yofo Y fi - (@) = walfulyal - [fia]-- ]

where y;; = 7(Y;;) and f[b] := fb € R. In view of (2) of Theorem 2.2, A is
identified with the residue ring of F' by the two-sided ideal I considered in
Theorem 2.2. So, in order to have § as above, we have only to show that

vily;lall - yilwilal] = X _ pisevela] and wilfa] = fyila] + yilfla
k=1
for a € R. These equations hold, in fact, because p : L — Derg(R) being a
Lie-algebra homomorphism implies

vily;[all - y;lwilall = [, yillal = 3 pijnyalal
k=1
and the second equality above. Q.E.D.

If a pre-W-algebra A over R satisfies one of the equivalent conditions in
Theorem 2.3, we call A a W-algebra over R.

Remark 2.4. (1) Suppose that p : L — Derg(R) is an isomorphism.
Then, as an R-free basis {y1,...,¥m} of L, we can take y; = p~1(8/8z;).
Then p;;x = 0 for all 1 < 4,3,k < m. So, the case with all p;;, = 0 can take
place. We then say that L is essentially abelian.
(2) Suppose L is essentially abelian. Let {y1,...,ym} be an R-free basis
of L such that [y;,y,] = 0,1 < 1,7 < m and let {}},...,Y,,} be such that
y; = Yi(mod Xo) and YY; — Y}Y; = 0;; € R. Suppose we can take o;; =
ci; € K* = K —(0)for 1 <i,7 < m andi# jand that p(y;)(M) C M,
where M is the maximal ideal of R. Then we cannot find {a;}1<i<m SO
that the equality (2.4) holds. There exists an R-algebra A satisfying these
conditions. In fact, we take m = n,p: L — Derg(R) to be an isomerphicm w\éu
__such_that £_(3/_.~)_,=Y d/0z;,1 < i < n, and A to be the residue ring of an
¢~ R-free algebra F generated by Y,...,Y, modulo the two-sided ideal I as
“C;  considered in Theorem 2.2,(2). Then p cannot be extended to an R-algebra
homomorphism 7 : A — D,,(K) as considered in Theorem 2.3.



3 Case L is essentially abelian

We begin with the following:

‘Lemma 3.1 Let A be ¢ W-algebra over R with an R-algebra homomor-
phism p : A — D, (K) which is an extension of the Lie-algebra homomor-
phism p: L — Derg(R). Then we have w.gl.dim(A) > n.

Proof. Note that any element £ of A can be expressed as £ = ¥, foY ¢,
where f, € Rand Y® = Y™ -.- Yo" (cf. the equality Ya — aY = y[q] in
Lemma 2.1). Furthermore, this expression is unique. Indeed, if we have a
nontrivial expression ¥, foY® = 0 then this yields a homogeneous nontrivial
relation

> fay® =0, y* =y eynm
lal=v
where v = max{|c|; fo # 0}. This contradicts the hypothesis that gry(4) is
a polynomial ring in yj, ..., ym over R. Hence A is a free R-module, whence
A is R-flat as a left R-module. Similarly, £ can be expressed uniquely as
&€ = TgYPgs. So, Ais R-flat as a right R-module. Hence A is R-flat as a
ring. In view of Bjérk [1, Cor.2.9, p.42], we have

* w.dimp(A ®r M) < w.dimy(A Qg M)

for any left R-module M. Take an R-module K = R/M with
M = (z;,...,z,)R. Then, by the theory of syzyzy, we know that
w.dimp(K) = n; in fact, Tor?(K, K) = K # (0). Then the above inequality
(*) implies that w.dim4(A ®g K) > n. Hence w.gl.dim(A) > n.

Q.E.D.

We shall be concerned with the condition w.gl.dim(4) = n for a W-
algebra over R.

Theorem 3.2 Let A be a W-algebra over R with an R-algebra homo-
morphism p: A — D,(K). Suppose that L is essentially abelian and A has

w.gl.dim(A) = n. Then p is an injection.

Proof. Letp, := ZJIE, where I is an R-free submodule of Z; isomorphic
to L as a Lie algebra (cf. Theorem 2.3). Then there exists an R- free



basis {Y1,...,Yn} of L such that YY; =YY, for 1 < 4,7 < m. Let Iy =

m KY; and let @ = Ker(pllL ). Then Lo & Q & 5,(Lo) is a direct sum
as Lle algebras and @ is contained in the center of A. Let B be the R-
subalgebra of D, (k) generated by 5;(Lo) and let J be the two-sided ideal
of A generated by Q. Then B 2 A/J and B is a W-algebra over R. Indeed,
we may take {Y,...,Y,} so that {Y;41,...,Yn} is a K- basis of Q. Let
Y; = p,(Y;),1 <i<r. Then Bis generated by Yi,...,Y, over R which
act on R via the derivations §; = y;[ ],1 < i < r.Note that {Yy,...,Y,} are
linearly independent over R. So, r < n. We claim:

Lemma 3.3 {6,,...,6,} are algebraically independent over R. Namely,
if T f67 =0 with f, € R and §7 = 6]" --- 6] then f, =0 for all v.

Proof. Denote by Q(R) the quotient field of R. We can find A,,...,A, €
®I_, Q(R)é; satisfying the following conditions:

(1) ®.Q(R)é = &1, Q(R)A:

(2) We can express A; = ©7_; a;;0; with a;; € R and 8; = 8/0z; , and if
we define s; as min{j;a;; # 0} then s; < s3 <-++ < s,.

Suppose we have a nontrivial relation ¥, f,67 = 0. Let v = max{|v|; fy #
0}. Expressing &; as a Q(R)-linear combination of A;’s and substituting it
for 6; in T, f,67 = 0, we obatain a nontrivial relation ¥, g,A” = 0 with
max{|4]; g, # 0} = v. Expressing then A" in terms of 8° = A% 9P we
obtain .
(*) > (g5 [[(ais))0" +--- =0,

byl=v =1
where ¥, as an n-tuple, has v at the si-th entry for 1 < ¢ < r and 0
elsewhere if v = (m,...,7). Among g,’s with |y = v and g, # 0,
let (a4,...,0,) be the smallest with respect to the lexicographic relation:
(15-- -5 '7r) < (7;) e )Z{-) if and only if ;; = '7{) e M1 = Ve S '7"
Then (gq [T7=;(ais;)*)0* has no other terms in (*) to cancel with. This is a
contradiction. Q.E.D.

Proof of Theorem 3.2 resumed. The above lemma implies that
B is isomorphic to a W-algebra over R generated by Yj,...,Y,. Since any



element £ of A is expressed uniquely in the form

(%) E=>.LY"+n, ff,€R and nelJ,
v

where Y7 =Y{" - Y| we know that A/J is isomorphic to B.

Now we can easily show that A & B[Y,4,,...,Y,], a polynomial ring in
Y, 41,..., Yy over B (cf. the above expression (**) of £). By Bjérk [1, Th.3.4,
p.43], we have w.gl.dim(4) = w.gl.dim(B)+(m—r) > n+m—r (cf. Lemma
3.1). By the hypothesis w.gl.dim(A4) = n, we have m = r. This implies
J =(0). hence A & B. Q.E.D.

A W-algebra A over R is called a W-subalgebra of ﬁ,.(K ) provided 5 is
injective.

Theorem 3.4 There is a one-to-one correspondence between the set of
W -subalgebras of D,(K) and the set of R-submodules I of Dery(R) satisfy-

ing the conditions:
(L-1) L is a free R-submodule of Derk(R);
(L-2) L is closed under the bracket product of Derg(R).

Proof. Let A be a W-subalgebra of D,,(K ). Then we can find an R-free
submodule L of ¥; which is 1somor13}uc to L := X;/%,. Since 7 is injective,
sois p : L — Derg(R). Hence L is an R-free submodule of Derg(R).
Since p - (7|;) is a Lie-algebra homomorphism, L is closed under the bracket
product of Dery(R) (cf. Theorem 2.3). Conversely, let L be an R-submodule
of Derg(R) satisfying the conditions (L-1) and (L-2). Let {Y3,...,Y,.} be
an R-free basis of L. Then we have:

(1) YiY; =YY =i, pisaYe, 1< 4,5 <m,
2) Yif-fY;=Y[f]for fERand 1< i< m.

Construct an R-algebra A as in Theorem 2.2,(2). Then the natural R-
algebra homomorphism A — D,(K) is injective (cf. the proof of Lemma
3.3). Q.E.D.



A W-subalgebra A of D, (K) is said to be of mazimal rank if rankL = n.
We shall consider the case n = 1. Then L is essentially abelian. Hence there
exists an R-algebra homomorphism p: A — D;(K) which must be injective
by virtue of Theorem 3.2. We set Y =Y}, a free generator of the R-module
L (cf. Theorem 2.3). Then we have Yz — zY = f, where f = z'u with
u € R*. Replacing Y by u~'Y, we may assume that f = z". We shall show:

Lemma 3.5 Tors(K,K) = K if r > 2, while it is zero if r = 1.
Tord(K,K) =K ifr=1.

Proof. Suppose r > 0. Then K is a two-sided A-module. As a right
A-module, K has the following free A-module resolution:

0— A e A®elA Lo egA 2K — 0,
where ¢ is the natural residue homomorphism and ¢; (i = 0, 1) is given as:
po(e1) = eoY, po(e1) = ez and  i(ez) = e1z — ey (Y +2"71).

Take the tensor product of this sequence with a left A-module K = Av to
obtain the complex:

0 — e;A®4 Av P, (1A ®4 Av) @ (e;A ® 4 Av) P, e0A ®4 Av — 0,

where we can make the identification: e;A®4 Av = ¢; ® Kv for e; = eg, €1, €}
and e;. Then it is clear that %, = B, = 0if r > 2. Hence Tors (K, K) = K
if r > 2. If r =1, then P;(e2 ® v) = —ej @ v, whence P is injective. So,
Torf(K,K)=0if r = 1. If r = 1, Tors (K, K) = K because @, = 0.

Q.E.D.

If n > 2, we know little on W-subalgebras of D,(K) even if it is of
maximal rank. We shall give two partial results.

Proposition 3.6 Let A be a W-subalgebra of mazimal rank of ﬁn(I{)
corresponding to a Lie subalgebra L = @7, RY; with Y; = z[°0/0z; and
r; > 1. then we have

p = max{v; Tor? (K, K) # 0} = 24{i; r; > 2} + #{i;r; = 1}.

Hence r; = 1 for all i provided w.gl.dim(A) = n.



- Proof. Let S; be the free algebra generated by Y; over a one-dimensional
polynomial ring K[z;] modulo the two-sided ideal generated Y;z;—z;Y; = z}'.
Since Y;Y; = Y}Y; and z;Y; = Y;z; if i # j, A is isomorphic to

(S1®x S2®k *+* ®k Sn) OKzr,zn] B

where S; ® - - ®x S, is regarded as an algebra over K|[z,...,z,]. Consider
a complex

(Ci): 0 — &5 £5 s @ eV £ €S, 5 K — 0,

which is defined in the same fashion as in the proof of Lemma 3.5 with
A replaced by S;. It is a resolution of the two-sided S;-module K by free
right S;-modules. The complex c’ = (C; ®r - ®x é’;) ®Klzy,...za] R 18
a resolution of the two-sided A-module K by free right A-modules. Let C?
(resp. C*) be the complex obtained from 6‘: (resp. 6'.) by replacing K by
0. Then, taking the tensor products with the left A-module K, we obtain
C'=C"@,K~C,®x-®xC,, where C; = C; ®4 K. By the Kiinneth
formula for homologies, we have

Tory (K, K) & @, 4-tvn=sTor,) (K, K) ® ++- ® Tors" (K, K) .
Thence we obtain the stated formula in view of Lemma 3.5. Q.E.D.
Proposition 3.7 Let A be a W-subalgebra of mazimal rank of 52(.[()
corresponding to a Lie subalgebra L = RY) + RY, with Y; = hd/0z;, where

h = z:f + 209 € M := Rz, 4+ Rz,. Suppose that h is a homogeneous
polynomial in =, and ;. Then Tors (K, K) # 0 and Tori (K, K) = 0.

Proof. We have the following relations:
Y, -y, =-h, Y1+ h, Y,
Yizy — .Y = h=Ys1, — 1Y,
Yiz; — 251 = 0= Yo, — 21Y)
where h,; = 0h/0z;. Construct a complex of right A-modules:
0—ed e AdeclAdelA®elA 2L

AP ADefAD VA T A K — 0

)

where:



(0) K is the two-sided A-module with z;-1=Y;-1=0for:=1,2;
(i) e(eo) = 1;
(ii) po(e1) = eoY1,o(e}) = eoz1, poler) = eoY2, Poler’) = eoz2;

(i) pr(ea) = e131 — (Y + ) — el'g,a(es) = —eif + ez — (¥ +
9), p1(eh) = erz3 — €'Yy, pa(e’) = —€1Ya + efzy;

(iv) a(es) = e2z2(Ya+ g+ hay) + €421 (Yi+ f + hay) —e3z1(Ya+ g+ hay) —
es'za(Y1 + f + hs,).

It is straightforward to show that this complex is a'resolution of K by right
free A-modules. The stated result follows from this observation. Q.E.D.
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Introduction.

Here we will assume that the ground field k is
algebraically closed and of characteristic zero.

Let X be a smooth projective variety of dimension n and
J: X — P" a branched covering. Ein [E]l proved that the
ramification divisor R of f is ample unless f is an
isomorphism. We will generalize this result to log-terminal
algebraic varieties. The precise statements of our results

are as follows:

Theorem A. Let X be a log-terminal projective variety
of dimension n and f:X — P" a branched covering. Then the
ramification divisor R of f is always a semi-ample Q-Cartier
divisor. Furthermore, R is ample unless f is an

isomorphism. (For the definition of the ramification



divisor, see (1.6).)

Theorem B. Let X be as above and [:X — Qn a branched
covering of a smooth hyperquadric Qn in.Pn+1. Then R is

always a semi-ample @-Cartier divisor.

Basically we use the standard notation from algebraic
geometry. The words “line bundles” and “invertible
sheaves” are used interchangeably. The pull-back f*H of a
line bundle H on Y by a morphism f:X —» Y is often denoted

by HX or OX(H).

§1. Preliminaries.
Let X be a complete algebraic variety defined over an

algebraically closed field k of characteristic zero. We

denote
Div(X) = the group of Cartier divisors on X,
Pic(X) = the ‘group of line bundles on X.

@-Cartier divisors and @Q-line bundles are elements of Div(X)
®Q and of Pic(X)®@, respectively. In what follows, the
tensor products of @-line bundles are denoted additively.
DeDiv(X)e@ is called semi-ample if 0X(mD) is generated by

its global sections for some positive integer m with mDeDiv



(X). HePic(X)e@ is called nef if HC > O for all integral
curves C on X. A nef @-line bundle HePic(X)e@ is called big
it B" > 0 with n = dim X. HePic (X)e@ is called ample if mH
is ample for some positive integer m with mHePic (X). DeDiv
(X)o@ is said to be ample if a @Q-1line bundle defined by D is
ample.

Let X be a normal algebraic variety. The canonical
sheaf @y on X is the cohomology sheaf of the dualizing
complex at degree -dim X. X is said to be log-terminal if

(1) w

X
(2) given a desingularization g:Y — X such that the

ePic (X)®@, and

union qu of the exceptional locus of g is a simple normal
crossing divisor, we have

@, = y*wx+ aij
with aj > -1 for all j.

Let f:X — Y be a projective morphism of complete
algebraic varieties. Let Z1 (X/Y) be the free abelian group
-generated by curves on X which are mapped to points on Y by
J. The interseqtion pairing gives a bilinear map Pic(X)
le (X/Y) —» Z, and the numerical equivalence = is defined so
that the pairing ((Pic(X)/=)®@)x((Z, (X/Y)s=)eQ@) — @ is non-
degenerate. The closed cone of curves NE(X/Y) is the closed
convex cone generated by effective 1-cycles in the R-vector

space N, (X/Y) := (Z (X/Y) s/=)®R. When Y = Spec k, we drop



/Spec k from the notation. It is well-known. that:

(1.1) @-line bundle HePic(X)eQ is f-ample if H > O on
NE(X/Y)-{0)}. (See [KMM], Theorem 0-1-2.)

Let X be a log-terminal projective variety. Let NE
(X)" = (2eWE(X) lwy.2 2 0y. A ray R < NE(X) is called
extremal if

(1) R ¢ NE(X)", and

(2) if zl,zzeNE(X) satisfy z +2,¢€R, then z,,2,¢R.
We have the following two basic theorems.

(1.2) The Contraction Theorem. Let X be a log-
terminal projective variety. For each extremal ray R, there
exists a surjective morphism f:X — Y to a normal projectlive

variety Y contracting at least one curve on X such that R =

NE (X/Y)—-{0).

For the proof, we refer to [KMM]l, Theorem 3-2-1 and
Lemma 3-2-4.
(1.83) The Cone Theorem. Let X be a log-terminal
projective variety. Then
— e —
NE(X) = NE(X) + >R,
(X = NEX) DR,

where Rj’s are extremal rays of NE(X) for X.



For the proof, we refer to [KMM], Theorem 4-2-1.

We need the following two lemmas which will be used
later on.

(1.4) Lemma. Let X be a log-terminal complete
algebraic variety and H a line bundle on X. Assume that H-
@y is nef and big. Then Hq(X,H) =0 for q > O.

Proof. See [KMM], Theorem 1-2-5 and Remark 1-2-6.
Q.E.D.

(1.5) Lemma. Let X be a log-terminal complete

algebraic variety and H a @-line bundle on X. Assume that H

is nef and that H—wX is nef and big. Then H is semi-ample.

Proof. Immediate from [KMMl, Theorem 3-1-1 and Remark
3-1-2-(1). Q.E.D.

(1.6) Let X be a normal algebraic variety, U the
smooth locus of X and i:U — X the natural inclusion. Given
a smooth algebraic variety Y and a generically finite
surjective morphism f:X — Y, the Riemann-Hurwitz formula
gives @ = (f*mY)U+S, where S is the ramification divisor of
f-i. Thus

C(1.6.1) e, =iw, - f*wY+1',*S.

Then R := i*S is an effective Weil divisor on X.
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Definition. The effective Weil divisor R on X is said

to be the ramification divisor of [f.

Note that in particular if X is log-terminal, R is @-Cartier

by (1.6.1).

§2. Proof of the main results.

We begin by establishing the following

(2.1) Proposition. Let X be a log-terminal projective
variety of dimension n and L an emple line bundle on X.
Then wx+nLePic(X)®Q is nef unless (X,L) = (Em.ofﬂl)). In
particuler, wX+(n+1)L is always nef.

(2.2) Remark. If X is a rational normal Gorenstein
projective variety, then this was already proved in [F1;
Theorem 11.

(2.3) Proqf of Proposition (2.1). We use Fujita’s
ideas and follow the argument in [(F1;8§21 and [F2;§31.
Assume that wX+nL is not nef. Then by (1.1), (1.2) and (1.
3) we have an integral curve C on X and a surjective

morphism f:X — Y to a normal projective variety Y such that

(2.3.1) (wX+nL)C < 0,
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(2.83.2) @-line bundle GePic (X)e@ is f-ample if GC > O.
From (1.2) again, there exists a point y on Y such that d :
= dim f_l(y) > 0. Take an irreducible component Z of f_l(y)
with d = dim Z. Let g:M — Z be a desingularization of Z.
We will show that hd(M,—tLM)
Take a very ample line bundle H on Y. Then, since —wX—

=0 for t g n.

tL is f-ample for t < n by (2.3.1) and (2.3.2), —wX—

tL+sHX is ample for t < n and s » 0. Thus by (1.4),

(2.3.3) hq(X,—tL+sHX) =0 for g >0, t <n and s » O.
Let A be the linear system of Cartier divisors DelH]|

containing y and D ’Dn—d general members of f*A. For O

10
< J £ n-d, we define Xj by

X0 = X,

Xj = the scheme-theoretic intersection D1“'"“Dj(0 < J
< n-d).

Then, since codim Xj = j, we have an exact sequence

0 — chj (-tL+(s-1)Hy) - oxj (~tLisHy) — 0Xj+1 (-tL+sHy)

-0 (0cgj<nd.
We use (2.3.3) and induction on j to find

q
(2.3.4) h7(X ., (-tL+sH,) ) =0 for g >0, tgn
n—d X Xn—d

and s > O.

Let 9, be the ideal sheaf of Z iann_ The exact sequence

Z d’

0 - 32 — OX - OZ — O together with dim(Supp ﬂz) < d and

n-d
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d d
(2.3.4) gives h (Z.(—tL+st)Z) <h (Xn_d,(—tL+sHX)x

for t < nand s » 0,i.e.,

(2.3.5) hd(Z,—tLZ) =0 for t < n.
Let € be the cokernel of the natural injection OZ-a g*OM.
Then dim(Supp &) < d, since Supp € is the set of non-normal
points on Z. Combining this with (2.3.5) yields

(2.3.6) hd(Z,g*(—tLM)) =0 for t < n.
Consider the Leray spectral sequence

(2.3.7) qu - (2R (-tLy)) = AR SR
We cléim that qu =0 if p+q = d and q > 0. To see this,
let E be the exceptional locus of g. By the theorem on
formal functions, dim g_l(z) > q > 0 for any zeSupp(ng*(—

tL,)). hence dim(Supp(ng*(—t ))) < dim E-q < d-q = p, and

LM
we are done. Combining this with (2.3.6) and (2.3.7) gives

d
(M, -tL,)

On the other hand, hq(M,—tLM) - hd'q(M,wM+tLM) = 0 for

=0 for t g n.

g <dand t 1 by (1.4), and so y(M,-tL =0 for 1 <t

N
is of degree d < n, it follows that d

IA

n. Since x(M,—tLM)

n. Thus X =Z &4nd Y is a point.

By (2.3.3), h%(X,~tL) = 0 for ¢ > 0 and t < n. Since

n

hO(X,—tL) =0 for ¢t > 1, we can write y(X,-tL) = (—l)nlir(t—
n!

1) (t-2)...(t-n). Therefore Lt - x(x.OX) = hO(X,OX) = 1 and

hO(X,L) = y(X,L) = n+1. By Theorem 1.1 of [KO1, (X,L) =

(P",0p(1)). Q.E.D.



(2.4) Theorem A. Let X be a log-terminal projective
variety of dimension n and f:X - P" a branched covering.
Then the ramificatioh divisor R of [ is always a semi-ample
@-Cartier divisor. Furthermore, R is ample unless f is an

isomorphism.

Proof. Set L := f*OH)(l). Then, by (2.1) R = w,-
f*wﬂ,:= wx+(n+1)L is nef. Hence, by (1.5) R is semi-ample.
To prove the second statement, we suppose to the contrary
that R is not ample. Then wX+nL is not nef. By (2.1) (X,L)
~ LPn,OEJI)) and deg f = 1, a contradiction. Q.E.D.

(2.5) Theorem B. Let X be as in (2.4) and [:X — Qn a
branched covering of a smooth hyperquadric Qn in.Pn+1.

Then R is always a semi-ample @-Cartier divisor.

Proof. Set L := f*OQ(l). Then R = mx—f*wQ = @yl

If R is not nef, then (X,L) z LP",OEAI)). This implies 1 =
L - (f*OQ(l))n = 2-deg f, which is absurd. Therefore R is

nef and semi-ample by (1.5). Q.E.D.
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F-rationality and polynomial extentions.

ki3 (Yukio Nakamura)
BB R

1 FX

T pRFEMEETVOLT 2. REERpoT#HE,. % RO
AFTre33%L%, M. Hochster & C. Huneke it I o tight clo-
sure I[* 2 RDIRICEE L co

I'={z€R|3ce R suchthat cz* €I¥! forall e> 0}

Ty R BH/INEAFTACBRE v RoTogTcd Y, IF]
Za*"(a € I) CHERENE ROAFTTAR2ET DD LTS, TD
L% "B ROATFTTA LAY, R Noether MO ADLIX, I C
I'cl (T Io%EHAE) BRECEIIOTEHBEHMOA TS,
FTRCOARFA—EZ—AFTA [ KL<l = I* DL HILD
Noether Bi{x F-rational & XX#L, F-rational T3 31X normal
TH Y, #¥ic Noether DIEFILE b D& ¥icik, Cohen-Macaulay
BeAhdeHBnis (5) ¥y TRTOATTATICHLT I =
I* 235 Y 31> Noether Bk weakly F-regular & X (X1, B4 Goren-
stein FPFTED & ¥icit, weakly F-regularity & F-rationality & i&
FiETH» 3 C L B3HMbh T3 ([4, Theorem 5.1]).
ZCCROBEZHREL TH %,

fE 1 F-rationality (weakly F-regularity) RZEAILKTRIZT 2
»?

F-rational TAVWREBPIE RDOARNFA—Z—AFTA T KFL T
—MBre T e I* L3R AD, LALAaNb, DEERCTI L " LDE
BNE VA DLIE, R X F-rationality K » 3 BELHE2IFOTdH
55 LMFE LI DTH B, TETCRDERYFLTHI Y,

to(R) = sup £r(I*/1),
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zTT, Lp( Y)BREBXZHEL, [GROFTRTOAFA—F—4F
TAZEN bD LT3,

D L%, R F-rational TH5T L it(R) =0 LFETH
by "I & I* LDFEIWNE VT &, "t(R) DEHSEBETHSE " &b
5T LLEATRSLCETCROMERBS,

RIRE 2 to(R) AR & A3 REEEHR EA LD DT
ChoDOBBIT L TE LN ABRIERDDTH %,

EHE 1 R 3B p ® F-rational, Cohen-Macaulay HEiEE L, S =
R[X],Xg,...,Xd] ﬁglﬁigkj-%o D & "5\ Eﬁo) P € SpeCS
I LT Sp & F-rational T» 3%,

IRA Gorenstein TH 3HFRBFFROBELXRFTLTRD LS
Kns T eHiRTk D,

%1 RAERp 0) GorensteinBde L. S = R[Xy, Xy, ..., X4] RS
EHRBEL T 5, CDEE R weakly F-regular THIE. S b weakly
F-regular T» %,

B 2 IKDWwTik,

EE 2 (R,M) %58 p D Noether EMF/PIERE L. FRTTH S
bDLT B, CDELE, to(R) BARTHNIE. R D 7D,

1. Rix F.L.C. %%,

2. £ D P € Spec R\ {M} Ikxf LT to(Rp) =0 £ % %,

F7cs to(R) < 00 L AZFROFICOVWTH, D LBR<TH
fc‘/’ &E.'\ﬁo

FKBRICAD ¥ L, COEDOETICD - Tk, BBEIUERSE

HEhbZ OME*HWZC L CLhLEHOTIFL LiRX ¥ T
HX 3,

2 T 10D:EH
FUDICER 1 ICOWTHRRTEH L, wealky F-regularity iCDwn

TOROHWEICEEFTNIE. Gorenstein & WHREL VF 1 X EH
120k bicEIND,
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o 1 ([5, (4.15) Corollary.]) % p ® Noether B R it L TR
FIETH %,

1. R % weakly F-regular

2. FE D M € Max R Icxt LT Ry 1% weakly F-regular

* ey BEOFHDRICRDOBEEFIHALTEL,

il 2 ([7, Theorem (1.1)]) R i3F¥ p ® Cohen-Macaulay J5E7ER
3B b, I=I", BB RONRFI—Z—AFTARELET S
AbiX, F£&D P e SpecR ikxt LT Rp {& F-rational TH 3,

EH 1 DA

d=12¢1LTE\V, ¥, i 2 XYV M*% ROBAKAFTL
LT, PeEMaxS 2O PNR=MLEELTI\, TDL %,
P=MS+(f)tAh3feS (fkmonic)kt3CtHT]3,
JERDARFA—Z—AFTAEL, I=JS+(f) &8, TDE
¥I=I"th3C®%EHLLS,

bUs T BbiEpe '\ 1% degop SBANE RS X5 IC 2
50 35, degy < degf BREVILD, EBE . f I monic ZH
by g, v ESke=7Ffg+r, degr <degf T oL
5L TEDL, CDLE, re*\I D Tdegp DEB/MEX Y,
degp < degr < deg f #1820 —H. ¢ € " THoleh b, SO
JC € BFLEL TS

EpP* € TP = J¥I15 4 (f7°) forall e>0
&% 5. FRES/IPIS Tvofgh ~ ey LicThiE, dLE £
0 %&b, &g € (f) o, A
degé + p° degp > deg&p” > deg J* = p° deg f

deg¢ > p°(deg f — deg ) > p°

e, +3RENTRTD el LT Ep? € JPIS %482,

2T Ty cX™ % { D leading term, aX™ % ¢ D leading term
EThi, '

ca?” € JPT forall e>0

BIc, aeJ*=Jo foT p—aX™eI*\I LAY degp DB/
HECFET 50

Wi, TR P-BRAFTArAEDTI*Sp = (ISp)* AR YVILDH
([5, (4.14) Proposition.])s ISp X Sp DNFA—Z—f FFTATH
2hbfiidE 2 XY EHOMARTET T %, (Q.ED.)



3 t(R) DFERM
RU»Ic F.LC. 2 2B ODWwWTRRTEL,

E# 1 (RM) 3 dRTORBIEE T 5, BE (p(Hy(R)) #F~<T
DdERERSICHLTHBRTHS L%, RiZ F.L.C:2FoLtwvwb
h3o

FL.C. 3 2RPRICOWTKROEE 2B LTHT 5, (3,
§.37)

8 3 dRJT Noether BETER (R, M) kK3 L TRIZFIETH 5,
1. R# F.L.C. %%,

2. HOLERKLAFLELT EEDATFA—2—FK ay,a5,...,aq &
Eﬁa) aﬁﬁ N1y, N2,y ...y Mg VC%]‘L'CWZ};EE Djoo

ni na nd—1\ . _n4d ni na Nd-1y ., t
(al ,(12 PIEEXT) ad_l ) . ad C (al ,a2 g ceey ad_l ) . M

fifd 4 RiXx F.L.C. #f5D Noether GR35, TDF R (% quasi-
unmized TH Y, LB o>THEED P € SpecRicxtLCdimR =
dim R/P + ht P #35% Y 3120

¥R MFHRTED 5 BROFMEZIIHAL TE L,

#i 1 R NoetherBl: L, P € SpecRZhP =r ¢33, C
DEE, EED Rp DAFA—E—AFTAJIKHF LT a1,0a2,...,a, €
R* aj,a9,...,0, B RDOART A =2 —FD—TWk AL, J = (a1,a,,
@ )Rp L HBHDELTLEB T LHETE D,

3 r BT 3R, r=00 L ZERHANTIEI D, r >
1 ¢RET %0 fi,for0nfr € REJT = (i, f2r fr)RP £ E D
I=(f1,fz ) REBLCET B, T, F={Q € MinR|
Q2 I}, G={Q € MinR | Q DI} 8L, F#0T
Horhb, de Q@f@\qLéJgQ LhEB ROTTdBFET S, T

%dD Rp ORI/ BREFTHEhb, HLOILI/l =02
LT&v, WET ¢ QUIQJ&@'C'\ h+z & quQ thdz €
€ €

(f2y fay -y fr) R%E L BT L5TE 3 ([6, Theorem 124])e £ ZTa=
d+f1+2 &Bntf\ J=(a,f2,f3,...,fr)RP —Cb D\ a ¢Q U

€Min R
BEIDONEDT, a BRDOAFA—2—-F0—WE2hd, £C
T, R/(a),J/(a) U P/(a) CRIREDEE 2 BATHIE X o
(Q.E.D.)
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#HE 2 ([7, lemma 2.2]) R 388 p D NoetherBe: L, I % RD
AFTAT AssR/I C MaxR %{lliZc b D e T3, cot i, £E
® P e SpecR it LTy I*Rp = (IRp)* % %,

W 5 (R,M) 388 pTdRIT(d > 0) D Noether BETERE L.
F.L.C- %4)01)0)&';-50 fl)fzﬁ'f’,fd—l € Rﬁ;Ro)/‘.ﬁ)‘—ﬂ—
FO—EEhIT L&, f£ED P € Spec R Ikt LTRAH Y aroo

(fl) fZ, sy fd—-l)*RP = ((fl, f2a ce0y fd—l)RP)*

%TlEEﬁ fd € R%fl,...,fd_l,fdﬁiRo))‘.?}ﬁ—%&hal5K
b, S =R[1/fi 8o UEDRED S & CIROERZIHL
X9,

F: I'S = (IS)* B VL2 BLT = (fi, fay oy fa—1)R &
BWnio

EE, c€R%xz/le(IS)*tAh2bnetlhid, ¢/l €S #
FLELT

(c/1)(z/1)" € I¥IS forall e>0
thb, CZTc€ RIVEARALEMYVETC,ILk>T, c€ R°
LT DCLHBTED, B F={QeMnR|c¢gQ} , G=
{Q EMinR|ceQ} BT, #HE 1 LEROFRETALIX X
Vo XoT, p* 2EIETIE. DEERE ] BXFELT

flea?” € IV = (f7°, f2°, ..., F2 )R

thd, wE, RZFLC. 2320 Thoiechb, HEEREL 2

Mt[(fre,f;ea---’fg-e—l) : fj] - (flpe, fge’-"a fcf—e—l)

BB, iy fi€R hb, fEoT fiea? € IVl T fice
Rihzdcehb, vl %183, #OBEBR IS C (IS)* ik
—RRICEE D ILD DT ([5, (4.11) lemma.]), FREFIFA X h7c,

ZC T, il 5 DIHAKRAS 5, ¥, AssS/IS C Max ST
H50b. FHE2ICLY,

(IS)*Sq = (ISg)", AL Q=PS
B Y LoD T,
I'Rp = I'Sq = (IS)*Sq = (ISq)" = (IRp)’

%183, (Q.ED.)



% 2 (R,M) 38 p D Noether HPFITRT F.L.C. F2¥dD LT
2, CDLE, bL1(R) < ocohbid, fFED P € SpecR\ {M}
lkcxtL< to(Rp) =0 ¢%h%,.

28 d = dimR & L. r = dimR/P kB3 3L 3 5%,
r=10t%, JR2 RpDNRIFA—RZ—AFTArLT 5, RIXquasi-
unmixed ADThtP =d-1 ¢4 bY, #E1 XV, ay,a2,...,a4-1 €
R%Z ROAFA—2—RO—EWTHY, »D>J #ERFTEbDEL
TLBTENTED, ¢TT, t=1(R) , I=(ay,az..,a4-1)R
EPBJE, MI* C [ %83, 2¥8%b, {a,a,...,a0_1,u} ¥ R
DRI A—E—FhBdDELhiE, FEOBERHEn L

M ¢ M(I + (u™)* C T+ (u)

thEhrbTHB, XoT. PTRPMETSE. I'Rp=1Rp=J
thbh, —H, @S5 tXhid I"Rp = (IRp)* = J* DT, f&F
J=J kb, to(Rp) =0 %183,

r>20r%, Q€ SpecR% PCQ»2dimR/Q=1¢%%
bpLrd, CDEE, Rg & PRy Licxt L TiEMEORE % EH
ER- XN EN aN

to(Rp) = to((Rq@)Prg) =0

%183, (QE.D.)
zze, ([5]) oot L RS,

#E 3 ([5, (7.9) Theorem.]) R 38 p © Noether BB T Cohen-
Macaulay ROWFREHE CTEHERTTHEbD LT B0 24,T3,...,Td €
R % permutable "7 A —2—%\ A= (Z/p1)[T1,T3,....T4] 2%
EABEE L, A>T, +— z; € R AZRBRABEYEL 5, 4.
1T % ADBERCERINATFTAL TS L E, RHBRYIL
Do

IR:p JR C ((I ‘A J)R)*

Ty 9 A—4 —3%H permutable & REED i @oxhrb% S

BWHBEPRL iOATTARERT T LEESDDLT 5,
$RiIC, R 2% quasi-unmixed THIE, ht P+dim R/P =dimR

BEEDILDODT, FRTDRT A — X —5% (X permutable & 725,
EEE 2 DI
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R # F.L.C. %ﬁoc e %7’1’{—&‘&&4‘-&1% 2 ’Cﬁéﬁ o @1,02,...,044
* Ro)}‘.7}—5*";¥{\ t = to(R) &3‘35\ I = (al,ag,...,ad_l)R
L35, E3 XY

(I: ag) = ((a1,az, -y @a-1) : Ag) C (1,02, ey agy)” = I"
Fe. MII*/I) =0 DT,
Mi(I:a)) C T
chit. RAFLC. #%oC & BT 5, (Q.ED.)

4 ty(R) DEE
LT, BRIk L R ROLHRNTORAGRERT bO LT
%o to(R) DEIEICOWTROMEREHATH 5,
#iE 4 (R, M) 38 p © Noether BFIERCR M TdID LT 5.
1.d=dmR >0
2. MEC RTt®%b. Rk R LHBRER
3. R X weakly F-regular
COl, EFED RDAFTATIHLT
I'=1IR

£r(I*/1) = pr(IR) — pr(I)
kb, tTTpup( ) BE/NMERTGOBBEET DD LT S, &Y

i<
to(R) < d(ur(R) — 1)

/5.
A ce RPN M,ac IRV z € RicdLT
c(az)”" = (cz*)a? € 1P for alle > 0
#ic, az € I"BOTIR C I %#18%, ¥7%. RAHHMIEOTR

bHHTH Y, R = ROFBRTLWKLAZ»bR C (R)°TH

5, HiC
I'c(IR*=IRcr
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/5,
#Rx MR =M AT MI*=MIR=MI t h3xb,

a(I*/T) = Ca(I*/MI*) — tr(I/MI)
= pr(IR) - pr(])

i B WKCQERDAII—Z—AFTAETHIE, pr(Q) =
dTHY ur(QR) < dur(R) R BDT

to(R) < d(ur(R - 1)
2185, (QED.)

Bl 1 k3B p otkT S = k[[X1,X),..., X4]] 2RI~ & FHER
&‘3‘50 S o (X],Xg,...,Xd)— ﬁi/f f?)l/l K*‘TL\ R =k +
IM=1%t8, cnt%, (R,M) ik Noether[GEFIERTH b

to(R) < d(€s(S/1) - 1)
Lk b,

38 Lr(S/R) < Lr(S/I) < oo DT Eakin- XHOEEL Y R
Iz Noether BB CH» 2, €D R4 4 DRB%2iI C t RBEHIC
bbb DT

to(R) < _d(uR(S) —1) =d(¢s(S/1) - 1)
%185, (Q.E.D.)

Bl20<m<dZBERK. kEEHpokEL. S=Fk[X,Xo,...,
Xma}/IaYZa'"’Y:i]] %%Kﬁg&g&ﬁ%‘ R=(X1,X2 ..... X,,..)gn(YhYz ..... Ya)
t+b, L E

1. m<t(R)<d ¢(ikm=dkhbit(R)=dt%k3,

2. %L, m=1%bi(R) =1ThH5,

%EBH Pl = (XI,X% ""Xm) ’ P2 = (}/17Y2’,},d) LB,
ROFELIN %/ 5,0

0— R— R/Py x R/P,+— R/P, + P, —0
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M% ROBAAFTAEFTREM =P+ P, *H Y R= R/P, x
R/P, RIERIEITH % 7 b R 348 4 0&M%#xT. Wic. Ro
AFTATISLT

Lr(I*/I) = pr(IR)— pr(I)
= pr(I + Pi/P1) + pr(I + P2/ P2) — pr(])

bLs m=1%bR/P,ix DVR. ADTpp(l + P,/Py) < 1, —
% ur(I+ P/ P) < pr(I) 2T LR(I*/1) <1 %185,

—ROBE. JE ROAF A= —AFTreFThiE, pp(J +
Py/P)) < dTHY, ¥y ht(J+ P/P;) = dimR/P, = m A D
Ty m < pr(J+P/P) & hbo —F FRRICLT pr(J+P/Py) =
d#BLRB3DT, HbH¥T

m < Lp(J*/J) < d

HEBHN B, (Q.E.D.)
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A sufficient condition for a projective variety

to be the Proj of a Gorenstein graded ring
Atsushi NOMA_

Department of Mathematics, School of Science and Engineering

Waseda University, Tokyo 169, Japan

Introduction

Let X be a normal projective variety over an algebraically
closed field k, and D be an ample Q-divisor on X, i.e., a
rational coefficient Weil divisor whose multiple rD for some reiN
is an ample Cartier divisor. We consider a normal graded ring
R(X,D) defined by

R(x,D) = +8, HO(X,0,(nD))T",
where OX(nD) is the divisorial sheaf associated with a Q@-divisor
nD (cf.(0.1)). We are interested in finding a criterion for a
normal projective variety X over k to have an ample Q-divisor D
with R(X,D) Gorenstein. Since X = Proj R(X,D), thanks to a
theorem of Demazure [1], it is equivalent to asking when a
normal projective variety over k is the Proj of a Gorenstein
normal graded k-algebra. When D is an ample Cartier divisor,
Goto and Watanabe [2] have obtained a criterion for R(X,D) to be

Gorenstein. Using this, our problem for ample Cartier divisors D




has answered satisfactorily. In the case of ample R-divisors,
Watanabe [7] has established a criterion for R(X,D) to be
Gorenstein, in terms of D and the canonical divisor KX of X
(see,(0.3)). But from this, much was not known about our problem
for ample Q-divisors D.

The purpose here is to solve our problem, at least when X
is Gorenstein, based on the criterion of Watanabe [7].

Our main result of this paper is the following:

Theorem Let X be a Gorenstein normal projective variety of
dimension N over an aLgebraicaLLy closed field k.

(a) Suppose that Hi(X,OX) = 0 for 0 < i < N. Then, for every
positive odd integer a, there exists an ample Q-divisor D on X
such that R(X,D) is a Gorenstein graded ring with a(R(X,D)) = a.
(See (0.3.2) for the definition of a(R(X,D))). In particular, X
is the Proj of a Gorenstein normal graded k-algebra.

(b) Suppose furthermore that there erists a Cartier divisor F,
with H'(X,0,(F)) = 0 for 0 < i < N, such that 2F is linmearly
equivalent to a canonicdal divisor Ky Then, for every positive
even integer a, there erists an ample Q-divisor D on X such that

R(X,D) is a Gorenstein graded ring with a(R(X,D)) = a.

It is well-known that the vanishing of cohomology groups of
the structure sheaf, assumed in (a) of the Theorem, is necessary
for the Cohen-Macaulay property of R(X,D) (cf.(0.3.1)). On the
other hand, the existence of a Weil divisor F with the property

above, assumed in (b) as well as the Cartier property of F, is
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necessary for the Gorenstein property of R(X,D) with even
a(R(X,D)), as we show in the Lemma (81). Therefore, by the

theorem of Demazure [1,(3.5)], the Theorem implies:

Corollary. Ler X be a normal projective variety of dimension N
over an algebraically closed field k.
(a) Suppose that X is Gorenstein. Let a be a positive odd
integer. Then X is isomorphic to Proj(R) for a Gorenstein normal
graded k-algebra R with a(R) = a if and only if Hi(X,OX) = 0 for
0 < i < dimX.
(b) Suppose that X is a Cohen-Macaulay locally factorial scheme.
Let a be a positive even integer. Then X is isomorphic to
Proj(R) for a Gorenstein normal graded k-algebra R with a(R) = a
if and only if

(b1) H'(X,0,) = 0 for 0 < i < dim X, and

(b2) there ezists a divisor F on X, with Hi(X,GX(F)) =0
for 0 < i < dim X, éuch that 2F is linearly .equivalent to the

canonical divisor KX.

OQur exposition proceeds as follows: First we make a remark
on the necessary condition for X to have an ample Q-divisor DA
such that R(X,D) is a Gorenstein with even a(R(X,D)) (81). We
next discuss the condition for a Q-Gorenstein projective variety
X to have an ample Q-divisor D with R(X,D) quasi-Gorenstein (§2).
Using this, we prove the theorem (83). Although the Gorenstein
property of X plays an essential role in our proof, it seems

likely that the assumption is somewhat redundant for our purpose.



In §4, we shall give some examples of X, to which we cannot
apply our theorem, having an ample Q-divisor D with R(X,D)
Gorenstein.

I'm grateful to Professors, K.-i. Watanabe and M.Tomari for

valuable discussions and encouragement.

§ 0. Notation and preliminaries.

(0.1) Let k be an algebraically closed field. Let X be a
normal projective variety over k, where a variety over a field F
means an integral separated scheme of finite'type over F. A
Q-divisor on X is a Q-linear combination of prime divisors on X.
Q-divisors D,, D, are linearly equivalent, denoted by D; ~ D,,
if Dl—D2 is a principal divisor on X. A Q-divisor D is a
Q-Cartier divisor if some positive multiple rD is a Cartier
divisor. A Q@-divisor D is ample if some positive multiple rD of
D is an ample Cartier divisor in the usual sense. For a
Q-divisor D = ZY aY-Y with Y running through the set of prime
divisors on X, we défine a divisorial sheaf OX(D) by F(U,@X(D))

= {f € K(X); vY(f) + a, > 0 for all prime divisors Y on X with

Y
Y nU # ¢} for each open set U of X. Here K(X) is the rational
function field of X and UY(f) is the value of f along Y. Hence
OX(D) = OX([D]), where [D] := EY[aY]~Y, i.e. the integral part
of D.

(0.2) A canonical divisor KX on X is a Weil divisor such that
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X , where Xre is the nonsingular locus of X
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) = Q

X (K
eg reg

reg
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XIX
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is the restriction of K

X onto Xreg' The divisorial

I
XX g

sheaf OX(KX) is called the canonical sheaf and is denoted by Oy-
Recall that X is a Gorenstein scheme if X is Cohen-Macaulay and
if the canonical sheaf oy is locally free. Similarly, we say
that X is a Q-Gorenstein scheme if the canonical divisor Ky is a
Q-Cartier divisor.

(0.3) Given a normal projective variety X over k and an ample
Q-divisor D on X, we define a graded k-algebra R(X,D) to be

R(X,D) = *8, HO(X,0,(nD))T" ¢ K(X)([T],

where T is an indeterminate. Hence, it is easy to check that
R(X,D) is integrally closed in K(X)(T). Since rD is an ample
Cartier di&isor for some r € N, X is isomorphic to Proj R(X,D).
Concerning the Cohen-Macaulay property and the Gorenstein
property of the graded ring R(X,D), we refer the reader to [7].
_(See also [2]). The facts we need are the following:
(0.83.1)([7,(2.4)]) R(X,D) is Cohen-Macaulay if and only if
Hi(X,@X(nD)) = 0 for 0 < i < dim X and for every n € Z.
(0.3.2)([7,(2.9) and (2.10)]) Recall that a Noetherian ring R
with the canonical module KR is quasi—-Gorenstein if the
canonical module'KR is a locally free R-module. Suppose that D =
ZY(pY/qY)-Y with Y running through the set of prime divisors on
X, where Py, Ay € Z, ay > 0 and (pY.qY) = 1 for each Y. Then
R(X,D) is a quasi-Gorenstein ring if and only if there exist an

integer a and a rational function f on X such that K, + D' - aD

X
= divg(f), where D' := EY{(qY—l)/qY}'Y and divg(f) is the
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divisor of f. Then the integer a coincides with the integer

a(R(X,D)) = -min{m € Z; (K # 0}. By definition, R(X,D)

R(X,D))m
is Gorenstein if and only if R(X,D) is Cohen-Macaulay and

quasi-Gorenstein.

§ 1. A remark on the necessary condition for X to have D such

that R(X,D) is a Gorenstein ring with even a(R(X,D)).

In the following lemma, we do not assume that k is
algebraically closed, since (0.3.1) and (0.3.2) is valid over a

field k (cf.[7]).

Lemma. Let X be a normal projective variety over a field k, and
D be an ample Q-divisor on X. Suppose that R(X,D) is a
quasi-Gorenstein ring with even a(R(X,D)). Then there exists a
Weil divisor F on X such that 2F is linearly equivalent to the
canonical divisor Ky. Furthermore, if R(X,D) is Gorenstein, the
Weil divisor F satisfies the condition that Hi(X,GX(F)) = 0 for

0 <1 < dim X.

Proof. By (0.3.2), we have KX+D'—aD = divg(f) for some f € K(X)
and a = a(R(X,D)). Suppose that Kx—divx(f) = EYbY-Y with Y
running through the prime divisors. Note that every bY is an
integer. Looking at each coefficient of Y in {Kx~divx(f)}+D' =
aD, we have bY+{(qY-1)/qY} = a(pY/qY) and, therefore, (bY+1)qY—1

= apy- Since a is even, bY is even. Set Cy = (bY/Z) € Z, and F
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Y. Then 2F = K,-div(f) and 2F+D' = aD. Since [D'] = 0

= 2yCy X
and F is a Weil divisor, we have [(a/2)D]=F. Hence, if R(X,D) is
Gorenstein and a is even, then Hi(X,OX(F)) = Hi(X,OX((a/Z)D)) =

0 for 0 < i < dim X, by (0.3.1). q.e.d.

Examples. (1) Let X = P"™ be an even-dimensional projective space
over a field k. Then there exists no ample Q-divisor D on X such
that R(X,D) is a quasi-Gorenstein ring with even a(R(X,D)).

(2) Let X be a smooth projective variety. Let n:X — X be the
blowing-up of X along a smooth subvariety of even-codimension r
> 2. Then there exists no ample Q-divisor D on X such that

R(i,D) is a quasi-Gorenstein ring with even a(R(i,D)).

§ 2. A sufficient condition for X to have D with R(X,D)

quasi-Gorenstein.

Prohosition. Let X be a Q-Gorenstein normal projective variety
of dimension N over an algebraically closed field k.

(a) For every posi%ive odd integer a, there erists an ample
@-divisor D on X such that R(X,D) is a quasi-Gorenstein graded
ring with a(R(X,D)) = a.

(b) Let a be a positive even integer. Then there exists an
ample Q-divisor D on X such that R(X,D) is a quasi-Gorenstein
graded ring with a(R(X,D)) = a if and only if there exists a

Weil divisor F such that 2F is linearly equivalent to the

canonical divisor KX‘

— 152 —



Proof. (a) Thanks to (0.3.2), we have only to find out an ample

Q-divisor D such that KX+D'—aD is linearly equivalent to 0. Let
KxtlL is an ample @-divisor and that,
L be a very ample Cartier divisor on X such that OX(KX+L)IU is a

very ample invertible sheaf on U, where U is the open subset of
X on which KX is Cartier divisor. Since U 2 Xreg and X is
normal, by Bertini's theorem ([8,p.30,Theorem I1.6.3]), there
exist prime divisors Yl and Y2 on X such that Yl ~ KX+2L and Y2
~ L. In fact, let us define the prime divisor Y1 as follows. By
Bertini's theorem, there exist prime divisor Z1 ~ (KX+2L)|U on U.
Define Yl to be the closure of Zl on X. Then Yl ~ KX+2L. (Note
that Weil divisors E1 and E2 on a normal variety X are linearly
equivalent, if E1 NnuU ~ Ez n U as divisors on U 2 Xreg)' Fix
integers pi>0, qi>4 (i=1,2) such that 2ql—1 = apl. q2+1 = apz.
Set D := (pl/ql)Yl—(pz/qz)Yz. Then D satisfies the required
condition. Indeed, D is Q-Cartier, since Yl and Y, are Q-Cartier
divisors. Since D is numerically equivalent to (pl/ql)(KX+L) +
{(pl/ql)—(pz/qz)}L and since KX+L and L are ample, if (pl/ql) >
0 and (p,/q;) - (p,/q,) > 0, then D is ample. But we have
(p,/a;) = (2/a) - (1/aq)) > T/4a > 0, and (p,/q;) - (Py/ay)
(1/a) - (l/aql) - (1/aq,) > 1/2a > 0, as required. On the other
hand, we note that D' = {(ql—l)/ql}Y1 + {(qz-l)/qz}Y2 and that
KX ~ Y1—2Y2. Hence we have KX+D'—aD ~ (l/ql)(qu-l—apl)Y1 +
(l/qz)(—q2—1+ap2)Y2 = 0.

(b) The "only if" part has already shown in the Lemma. To prove

the "if" part, as in the proof of (a), we have only to find out

an ample Q-divisor D such that KX+D'—aD ~ 0. Let L be a very
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F+L is an ample @-divisor and that,
ample Cartier divisor on X such thaEY@X(F+L)IV is a very ample

invertible sheaf on V, .where V is the open subset of X on which

F is Cartier divisor. Let Yl’YZ’ and Y3 be prime divisors such

l,Y2 ~ F+2L with Yl = Y2 and Y3

pi>0, qi>4 (i=1,2,3) such that (25+3)q1-1 = ap,, (Zs—l)q2+1 =

that Y ~ 2L. Fix integers s>0,
apy., and q3+1 = ap3. (Since a is even, it is easily seen that
such integers actually exist). Set D := (pl/ql)Y1 - (pz/qZ)Y2 -
(p3/q3)Y3. Then D is Q-Cartier. Since D is numerically
equivalent to the Q-divisor {(Dl/ql)-(pz/qz)}(F+L) +
{(Pl/ql)-(Pz/qz)-Z(P3/q3)}L and since F+L and L are ample, if

(pl/ql) - (pz/qz) > 0 and (pl/ql) - (Pz/qz) - 2(p3/q3) > 0, then

D is ample. But we have (pl/ql)-(pz/qz) {(2s+3)/a - 1/aql} -
{(2s-1)/a + 1/aq,} > 7/2a, and, (pl/ql) - (pz/qz) - 2(p3/q3) >
7/2a - 2{1/a + 1/aq3} > 1/a, as required. On the other hand,
since D' = {(ql—l)/ql}Y1 + {(qz—l)/qz}Y2 + {(q3-1)/q3}Y3’and Ky
~ (Zs+2)Yl - ZsY2 - 2Y3. we have KX+D'-aD ~
(1/ql){(25+3)q1—1-aql}Y1 + (1/q5){(-2s+1)q,-1+ap,}Y, +

(1/q3){-q3-1+aq3}Y3 = 0. qg.e.d.

§ 3. Proof of the Theorem.

(a) We proceed in two steps. Note that the assumption, that KX

is Cartier and that X is Cohen-Macaulay, is required in the Step

I.

Step I. There exists a very ample Cartier divisor L on X such



that L+Kx is very ample and that Hl(X,OX(xL+yKX))*= 0 for 0 < i

< N and for (x,y) € S := {(x,y)eZZ;ZXZyzo} v {(x,y)622;12y22x+1}.

Proof. Since X is projective, there exists a very ample

invertible sheaf 4 such that ¥ ® o is very ample

X
(e.g.[4,p.169,Exercise 7.5]). Let & be the vector bundle (X ®
wx)eﬁ of rank 2 over X. Since # ® oy and 4 are ample, the
tautological line bundle GP(J)(l) on P(&§) is ample (([3, _
Prop.2.21). Here, by P(§), we mean the projective space bundle
defined by Proj(Symm(&)). Then it follows from Serre's vanishing
theorem (e.g.[4,p.229, Prop.5.3]) that there exists an integer
t>2 such that Hi(P(é),OP(J)(tx)) = 0 for all integers i > 0 and
X > 0. On the other hand, by well-known facts about the
projective space bundles (e.g.[4,p.253,Exercise 8.4]), we have
n*(OP(g)(d)) = Symmd(s) for every integer d = 0, and
Rln*(op(g)(d)) =0 for every integer d > -1,
where n is the structure morphism P(§) — X and Symmd(a)
denotes the d-th symmetric product of &. Therefore, by a

degenerate case of the Leray spectral sequence, we have

il (x, symn® (6))
d

[}

H' (P(8),0p 4, ()

- o plx, 4% 0yY) for all d > 0 and 1 > 0.

y=0
Thus, for all integers x > 0, 0 <y < xt, and i > 0, we have

Hl(X,ﬁ®Xt® miy) = 0. For our purpose, let L be a Cartier divisor
with OX(L) o ﬂgt. Then L satisfies the required condition, since
Hl(X.OX) = 0 for 0 < i < N by the assumption and since

i N-i (oo * :
H (X,@X(XL+yKX)) ~ H (X.OX(-XL (y 1)KX) for each i > 0 and

14

any integers x,y by Serre duality (e.g.[4,p.224,Cor.7.7]). q.e.d.
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Step Il. Let L be the very ample Cartier divisor in the Step I.
Hence KX+L is a very ample Cartier divisor on X. Set D as in the
proof of Proposition (a). Then D is an ample Q-divisor such that
R(X,D) is a Gorenstein ring with a(r(X,D)) = a.
Proof. It is shown that in the proof of Proposition (a) that D
is an ample Q-divisor on X such that R(X,D) is a
quasi-Gorenstein with a(R(X,D)) = a. Now we show that R(X,D) is
a Cohen-Macaulay ring. By (0.3.1), we have to show that, for all
n €z,
(%) H'(X,0,(nD)) = 0 for 0 <1 <N.
(Hence, if N < 1, then there is nothing to prove). For n = 0,
(#) is included in our assumption. |

Let us show () when n>0. Set k,(n) := [(p,/a;)n] and k,(n)
T = r(pz/qz)n1, where [z] := -[-z], i.e. the round up of a real
number z. Since 0y(nD) = OX([nD]) = Ox(kl(n)Yl—kz(n)Yz) =
OX((2k1(n)—k2(n))L+kl(n)KX), thanks to the Step I, we have only
to check that (Zkl(n)—kz(n);kl(n)) € S. First note that (pl/ql)n
2z ky(n) > (p;/q;)n-1 and (p,/q,)n < k,(n) < (p,/a,)n+1, and
therefore, (2/a)n > k,(n) > (7/4a)n-1 and (1/a)n < ké(n) <

(5/4a)n+1. Hence we have 2{2kl(n)—k2(n)}—kl(n) = Skl(n)—2k2(n) >

3{(7/4a)n-1}-2{(5/4a)n+1} (11/4a)n-5. If n > 2a, then
2{2kl(n)—k2(n)} > k3 (n) 2 0. For 0 < n < 2a, by the above
inequalities on kl(n) and kz(n), we‘have 0 < kl(n) < 4 and 1 <
kz(n) < (5/4a)2a+1 = 7/2. Therefore (Zkl(n)—kz(n),kl(n)) € S for
each 0 < n < 2a.

Finally, let us show (#) when n = -m < 0. Set hl(m) 1=

r(pl/ql)m1 and hz(m) 1= [(pz/qz)m]. Since OX(nD) =
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Ox((—Zhl(m)+h2(m))L—hl(m)KX) and Step I, we have only to check
that (—Zhl(m)+h2(m),-hl(m)) € S for each n = -m < 0. Since
(7/4a)m < hl(m) < (2/a)m+1 and (5/4a)m > hz(m) > (1/a)m-1,

it is easily checked that —hl(m)—Z{—Zhl(m)+h2(m)} > (11/4a)m and
that hl(m)>0. Hence 0 2= —hl(m) > 2{—2hl(m)+h2(m)}+l for each n =

-m < 0, as required. qg.e.d.
(b) As in (a), we proceed in two steps.

Step I. There exists a very ample Cartier divisor L on X such
that F+L is very ample and that Hi(X,OX(xL+yF))=O for 0 < i < N
and for (x,y) € T := {(x,y)eZz;szyzo} U {(x,y)eZz;22y22x+2} U
{(o,1)}.

Proof. The assertion follows from the same proof as that in the

Step I of (a), if we replace KX by F. q.e.d.

Step II. Let L be the very ample Cartier divisor in the Step I.
Hence F+L is a very ample Cartier divisor on X. Set D as in the
proof of Proposition (b). Then D is an ample Q-divisor such that
R(X,D) is a Gorenstéin ring with a(R(X,D)) = a.

Proof. It is shown that in the proof of Proposition (b) that D
is an ample Q-divisor on X such that R(X,D) is a
quasi-Gorenstein with a(R(X,D)) = a. Now we show that R(X,D) is
a Cohen-Macaulay ring. By (0.3.1), we have to show that, for all
n € Z,

(%) Hl(X,0,(nD)) =0 for 0 < i <N

(Hence, if N<1, then there is nothing to prove). For n = 0, (x=*)
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is the assumption.

Let us show (**) when n > 0. Set kl(n) 1= [(pl/ql)n], kz(n)

r(pQ/qz)n1 and k3(n)‘:= r(p3/q3)n1. Since Step I and OX(nD) =

GX(kl(n)Yl-kz(n)Yz—k3(n)Y3) = OX(Z{kl(n)-kz(n)—kB(n)}L +
{kl(n)—kz(n)}F), we have only to check that
(2{k1(n)—k2(n)—k3(n)},kl(n)—kz(n)) € T for each n > 0. First
note that {(2s+3)/a}n > kl(n) > {(8s+11)/4a}n-1, {(2s-1)/a}n <
kz(n) < {(8s-3)/4a}n+1l, and (1/a)n < k3(n) < (5/4a)n+1l. It is
easily checked that (4/a)n > kl(n)—kz(n) > (7/2a)n-2, and,
4{kl(n)—k2(n)—k3(n)}—{kl(n)—kz(n)} = 3{kl(n)-k2(n)}—4k3(n) >
(11/2a)n-10. If n > 2a, then 2{2(k1(n)—k2(n)-k3(n))} >
kl(n)—kz(n) > 0. For 0 < n £ a we have -1 < kl(n)-kz(n) < 3 and
1 < k3(n) < 2, and, therefore,
(2{k1(n)—k2(n)—k3(n)},kl(n)—kz(n)) € T. Similarly, for a < n <
2a, we have 2 < kl(n)—kz(n) < 7 and 2 < k3(n) < 3. But in this
case, it does not occure that (2{k1(n)-k2(n)—k3(n)}.kl(n)~k2(n))
= (0,3). In fact, if kl(n)—kz(n) = 3, by the above inequalities
on kl(n)-kz(n), we have (3/4)a < n < (10/7)a, and, therefore,
k3(n) = 2. This is contradiction. Hence
(2{k1(n)-k2(n)—k3(nf}.kl(n)—kz(n)) € T for each a < n < 2a.

Finally, let us show (**) when n = -m < 0. Set hl(m) i =
r(pl/ql)mL ~hy(m) := [(pz/qz)m]. and hg(m) := [(p3/q3)m]. Then
OX(nD) = GX(Z{—hl(m)+h2(m)+h3(m)}L+{-hl(m)+h2(m)}F). On the
other hand, it is easily seen that hl(m)—hz(m)—2h3(m) > (1/a)m
and that hl(m)—hz(m) > (7/2a)m. Hence
(2{—h1(m)+h2(m)+h3(m)}.—hl(m)+h2(m)) € {(x,y)eZz;Ozyzx,xEZZ} c

T, as required. q.e.d.



§ 4. Remark and example.

We want to determine the necessary and sufficient condition
for a normal projective variety X to have an ample Q-divisor D
with R(X,D) Gorenstein.

The most deficiency of our results is that the normal
projective variety X is required to be Gorenstein. It seems
likely that this assumption is somewhat redundant for our
purpose. (Of course, we should assume that X is Cohen-Macaulay,
since the Cohen-Macaulay property of R(X,D) implies that X is a
Cohen-Macaulay scheme). In fact, the Gorenstein property of
R(X,D) does not necessarily imply that X is Gorenstein or even
Q-Gorenstein. For example, it is proved by the author [5,(2.6)]
that every projective torus embedding X has an ample Q-divisor D
on X such that R(X,D) is a Gorenstein ring with a(R(X,D))=-1.
Note that a projective torus embedding is not necessarily
Gorenstein nor Q-Gorenstein.

On the other hand, it seems likely that the condition
required in (b) of the Theorem, that is, F is a Cartier divisor,
is also unnecessary’for our purpose.

Indeed, we have:

Example. Concerning the torus embeddings, we refer the reader to
[6]. Let T be.a 2-dimensional algebraic torus defined over an
algebraically closed field k and N = ZZ be the group of
one-parameter subgroups of T with {nl,nz} as a Z-basis. Let A be

the complete fan generated by one-dimensional cones Py t= Rzonl.
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- R

Py 17 Ryp(my*2ny). Py = Ryghp Py 0 0p). and. pg

RZO(_DZ)' where R2O i= {xeR;sz}. Let X be the projective torus
embedding TNemb(A) associated with the complete fan A. Let Vi (i

= 1,...,5) be the prime divisors, stable under the torus action,

associated with the one-dimensional cones Py The canonical

divisor KX = (V +V +V3 +V5) is linearly equivalent to

o . 1 _
—2(V2+V3+V4). Set F := (V2+V3+V4) Since H (X,Ox) = 0 and
V2+V3+V4 = -F is connected and reduced as a subscheme of X, we

have H (X,OX(F)) = 0. Since F is a Q-Cartier divisor but is not
a Cartier divisor, we cannot apply our theorem to this case.
Nevertheless, for a positive even integer a, there exists an
ample Q-divisor D such that R(X,D) is a Gorenstein ring with
a(R(X,D)) = a.

Indeed, the assumption that F is a Cartier divisor is

‘ Jkeeping notation as in (b) of Proposition and
required only in the Step I of the proof of the Theorem. Thus,

Theoremy
we have only to prove that there exists a very ample Cartier

divisor L such that OX(F+L)IV is a very ample line bundle on V
and that Hl(X,OX(xL+yF))=O for (x,y) € T. Then the same proof of
Step II is still valid in this case. Let L be a very ample
Cartier divisor sucﬁ that F+(1/2)L is an ample Q-divisor and
that OX(F+L)|V is a very ample line bundle. Then, for each pair
of integers x,y with x > 0 and y < 2x, yF+xL is an ample
Q-divisor stable under the torus action. In fact, since yF+xL =
y(F+(1/2)L)+(x-(y/2))L, it is ample for x > 0 and 0 < y < 2x. On
the other hand, since -2F is generated by its global sections
and yF+xL = xL+(-y)(-F), it is also ample for x > 0 and y < 0.

By [5, Cor.1.6], we have Hl(X,OX(xL+yF)) = 0 and
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Hl(X,OX(—xL—yF)) = 0 for x > 0 and y <€ 2x, as required.
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Hypertranscendental elements of a formal

power-series ring of positive characteristic

Kayoko Shikishima-Tsuji
= 4 v
(FRBAIERT))
Masashi Katsura

(T R ER7275 1})

§0. Introduction

Throughout this paper, we denote by N, Q and R the set of all

natural numbers containing 0, the set of all rational numbers, and the

set of all real numbers, respectively.

Let K be a fixed field of positive characteristic p and K, an
algebraic closure of K. We denote by K[[X]] the formal power-series
ring and by d = (dy; u e N) the formal derivation of K[[X]], ie. for
every A = Z ,-:0 a,-Xi e K[[X]], the u-th derivative duA of A is defined

by

- (1) i
duA = 2.2, (ﬂ) aX" ™.

For differential rings and differential fields of positive characteristic,

see Okugawa [4].

This paper contains three theorems. Let A be an element
Z,-:O a,-Xl of K[[X]]. We say that A is hypertranscendental over K, if,
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for every pe N, A,djA, - ,d,A are algebraically independent over
K(X). When the characteristic of the field is zero, the existence of
hypertranscendental elements is well-known (see D. Hilbert [1], O.
Holder [2], F. Kuiper [3]). Theorem 1 shows the existence of
hypertranscendental elements in case of positive characteristic.

Let L be a differential field and S a subset of a differential
extension field of L. We say that S is differentially independent over

L or all the elements of S are differentially independent over L, if,

for every pe N and elements si,--,sy of §, there are no nonzero
differential polynomial F(Xy, -+ ,Xp) e L{Xy, - ,Xyu)} such that F(sy,
AAPY S#) = 0.

Theorem 2 states that there are infinitely many hypertranscen-
dental elements in K[[X]] over K which are differentially independent
over K.

If an element A of K[[X]] is differentially quasi-algebraic over

K (see K. Shikishima-Tsuji [5]), then

1
slim 5 tr deg {duA ; p < s}/K(X)=0.

If A is hypertranscendental over K, then

1
lim ~ tr deg {duA; p<s}/KX)=1.

§5 00 §

Let A be hypertranscendental over K. It can be easily shown

that, for every 0 < r<p, the formal power series B =dp_,A satisfies

the equation

1
lim - tr deg (dyB ; i < s}/K(X) = I’;.

§>00 §
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For every ae R (0 < ¢ <1), there exists a formal power series

B, of K[[X]] such that
|
sllt{\o S deg {duBa; p < s}/K(X) = o

This is Theorem 3.

§1.
m!

n!(m:—n)! in

. . . . m
For m,n e N, the binomial coefficient ( n) equals
case m 2 n, otherwise zero.

Lemma 1. Let m,ne N. If m=2,-:0 mip' and n=2i:0 nip

are the p-adic expressions of m and n respectively, then

o () G o

Proof. By expanding both sides of the identity over the prime

field of characterictic p:
1+x)"=Q0+ x)';'° (1 +xP)™ (1 + 2P oo (1 + xPTY™,
and comparing the coefficients of x", we obtain the congruence (1).
q.e.d.

Lemma 2. Let m,n,e,t be natural numbers. For t< p® we

have the following statements:

(1) If m=n (mod p®), then (’:1)5(’;) (mod p).



(2) If m=r (modp®) and 0<r<t-1, then (T)EO (mod p).
(3) if m=t (mod p®), then (’:1)51 (mod p).

Proof. (1) Let m =Zi:0m,-pi, n=z,~:0n,-pi and t=2,-:0 tip' be
the p-adic expressions of m and n respectively. Since m =n (mod

p%), we have my=n, -, Mgy =ne . Lemma 1 implies that
mY _(mg Me_1\(Me meg
(t)=(to)”‘ te1 JLO ) (0O
ng Re-1)(Ne Na) (n
(to)... (tc-l)(o)... (0)=(t) (mod p).
(2) Since r<t-1, we have (:)=0. By (1), we have

()-()  man

= 0.

(3) By (1), we have
(30 e
=1.

q.e.d.

Let B be a formal power series of K[[X]]. We denote the leading
degree of B by v(B) (ie., if B=2,, biX' and b,#0, then v(B)=r

and if B =0, then v(B) = o0).

— 165 —



Theorem 1. Let A be an element ;o aX ' of K[[X]] with
nonzero aje€ K (ie N) and my<m; <my<-- be natural numbers.

If A satisfies the following condition, then A is hypertranscendental

over K.

For any e,s e N, there exist natural numbers iy<i; <ip< -

such that
m ;.
(1) mi.=s (mod p®) and lim — = o0,

Proof. Suppose A is not hypertranscendental over K,. Then,
there is a positive integer u such that A, dA, - ,d,A are

algebraically dependent over K,(X), that is, there exists a non-zero
polynomial F(X, Yo, -, Ypu) € Kqg[X, Yo, -+, Yu] which satisfies the

following two conditions:
(2) F(X,A,diA, - ,dA)=0.

(3) IfG(X,Yo --,Y,) is non-zero polynomial such that G(X, A, d,A,
«+,dyA) =0, then the total degree of G is not smaller than that of F.

We see that F is irreducible by the condition (3).

Let ¢; and cz be the degrees of F on X and on Yo, -, Y,
respectively. We take a natural number e such that u < p®. By the

assumption (1), there exist kg, ky, -+, kp € N such that the following

conditions hold for every s (0 <s<pu);
(4) mp12c+p,

(5) mp,> (ca+ )myy,



(6) mg,=s (modp®), and,
oF
(7) my, > V(E,‘(X, A,dA, - ,dyA)) + 2u, forevery t (0 <t<u) such
t
oF
that —(X, A, diA, - ,duA) # 0.
Y,
Let
ks i had i
Gy= i ax™ and By= X aX" 0<s<p).
By Taylor's expansion, we have
0=F(X,A,diA, - ,d,A)

,, oF
=F(X, Gs,diGy, -, duGy) + Y-odiBs 3—Y;(X’ A,dA, - ,dyA) - E;

where E; is a sum of terms of degree = 2 in {By, d1By, -, duBs}. We

have

degF (X, Gy, diGy, -+, duGs) < c1 + Camg,-1,

oF '
v(diBs 5 (X, A,djA, -, dyA)) 2 v(dBs) 2 my, — 1,

and

(8) V(E;) 2 min {(v(dyBsdynBs)} 2 2(mk, — 1).
0<ty , h<p

1, 82=

Hence, by (4) and (5), we have

2
V(ZilodBs 5y (X, A, diA, -, duA) - Ex)

2my,—p>(C2+ Dmp 1 -4
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2 Csz:_l + CI 2 ngF(X, Gs, les, "ty dﬂGS)'
Therefore, F(X, G;, d1Gy, -, duGs) =0 and

oF
(9) LodBs a—Y‘(X,A,dlA, v, dyA)=E;  (s=0,1, -, p).

Let
Bo diBo - - - duBo
W = det Cee ,
B, diB, - - - d,B,
and
Bo diBy - - - di1Bo Ep dy1Bo - - - duBo
V= det
By diB, - - - di1By Ey duiBy - - - duBy

On the other hand, dB,= 2%, (j')aX™™, and by (6) and Lemma 2,

()1 G = ()=

Hence, the coefficient of the leading form of the power series W is ay,

pu+1)
- Ak, and v(W)=mp, + - +mg, — N Therefore, W # 0. By
Cramer's rule, (9) implies
oF
(10) W (X,A,diA, - ,dA) =V,
Y,

We have



+1
v(Vy 2 33}2”{(’""0 + o tmyg, - #ﬁlz__)) = (mg, — 1) + v(Ey))

> v(W)+ min{v(Ey) - myg]}.
O<s<u
oF
If 5}‘,‘(X, A,dA, - ,d,A) # 0, then by (7), (8) and (10), we have
t

oF
V(-a—I,t(X’ A’ d1A9 Ty dﬂA)) = V(Vl) - V(W)

> min {v(E;) — my,}
O<s<pu

oF
> min {mg, - 2u} > V(a_Y,(X’A’ diA, -, dyA)),

0o<s<pu
which is a contradiction. Therefore, we have

oF
FX’A’ diA, - ,d,A) =0 (0<t<p).
t

By the assumption (3), we have

oF
r X Yo, 0, ¥ =0 (O<t<p).

Since F is irreducible, it follows that F(X, Yo, -, Y,) € KqlX, Yg, -+

Y’ and there exist Fo, -, Fp1e KalX",Yg, -, Y}l such that

F(X, Yo, - ,Yu) = Fo(X, Yo, ~,Yu) + XF1(X,Yo, =, Yy)
p-1
+ .. -|-X Fp—l(X’ Yo, 9Y[l)'

Since F(X,djA, - ,d,A)=0 and Fy(X, d1A, ~,dyA) e Ka[[Xp]] @i=0,

--,p-1), we have

F,'(X, dlA,-..,d#A)=O (i=0, -..,p_l).
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Since K, is perfect, there exist Gy, -, Gp-1€ KqlX, Yo, ~-,Y,] such

that
FiX,Yo, =, Y0 = (GiX, Yo, =, ¥u))" (=0, = ,p-1).
Since GyX,dA, - ,d,A)=0 (=0, --,p-1), (3) implies that
GiX, Yo, ,¥,)=0 (i=0, ~,p-1).
It follows that F(X, Yo, --,Y,)=0. This is a contradiction.
q.e.d.

By this theorem, the power series

w _piHi w iip+i w _il+i
z;:o Xp t’ i=0 le t and 21=OX

are’ hypertranscendental.

§2.
Let A= 2,-:0 a,-Xi be a formal power series of K[[X]]. For ee N
and ke {0,1,--,p° - 1} we denote the power series 2,-:0 ak+ipele

by A(;i). Then, A((,e), ey, A;,le are elements of K[[Xpe]] and we have

) ©) pé-1 (&)
A=Ag+ XA + - +X A,

Theorem 2. Let A = Z,-:o ax' be hypertranscendental. For each
t t=1, -,p-1) and se N - {0}, let

) p~*

p oo p—J .
Bsi=@Apm) = 20 @peiap) X
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Then, {Bs:;se N-({0},t=1, - ,p—1} are differentially independent
over K,(X).

Remark. Let mg<m; <my<-- be a sequence of natural

numbers satisfying the condition (1) of Theorem 1. The power series A

=2,-:0 a,-Xi where a;=1 ifi equals some m; (je N), otherwise 0, is

hypertranscendental over K by Theorem 1. Therefore, by Theorem 2,
Bsy= Ximo @ip-ivipX' (s€ N = (0}, t=1, ~,p-1) are differentially

independent over K(X).
Proof of Theorem 2. By Asal) = Z’,’;;x"’ A f;,)_l, we have
A =49 + 3 TP A8
Hence, for 1 <u<p®-1,
) (5)

—1 tps-1
dyA =duAy + zszlzlt;l V1+Vz=#dV1Xp dy,A p-1.

For every u, dVA(,',) #0 implies p'lv. Then, d,A e K(X, dvpsA,(;:)-l 1s5=1,
2’ ey e’ t = 1’ 2’ “es ,p - 1’ V= 0’ 1, cee ’pe—s —_ 1). Hence’

KX,dyA;pu=1,2,-,p°-1)
(;K(X9 de"At(;:)"l 8 = 1, 2’ e, e, t= 1’ 2’ ’P - 19 V= 09 19 o »Pe_s_
1),

Since A is hypertranscendental,
(5)
tr deg {dypAp-1;5=1,2,,e,t=1,2,-,p-1,v= 1,2, -,

P - 1}/Ko(X) 2 tr deg {dyA s =1,2, - ,p° - 1}/Kao(X) = p - 1.
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However, the cardinality of the set {(s,t,v);s=1,2,--,e,t=1,2,
e,p=1,v=0,1,-,p -1} is @ -1 +p* 2+ +p+1)

= p®-1. Hence, {dvpsA,'(,;‘:)-n ;5=1,2,-,e,t=1,2,-,p-1,v=0,1,
. ,p® -1} are algebraically independent over K4(X). Since, dvaA‘(;:)-l

= dyp:(Bs,)" = (d\By,)", we see that
{dVB.\',t;S= 1’2’ eyl = ly 2’ D — ly V=0, 1,.-- ,Pe_s" 1}

are algebraically independent over K,(X). Thus, we have the

conclusion.

q.e.d.

§3.

For ke N, we associate the real number «k» as follows: If
k=ko+kip+-+kep&! (O<ki<p-1)

is the p-adic expression, then

ko ki ke
«k» ="+ 5+ o+ T
P p p

For a set §, the cardinal number of S is denoted by #S.

Lemma 3. Let ae R (0<a<1). Then,

1
lim;#{/’leN;/‘lSS—l,«l»Sa}=a (se N).

§—oo
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ap o
Proof. Let a = ;0+;% + - be the p-adic expression of ¢,

where there is no n such that a, = @,y = =p — 1. We fix a natural

number s and associate e =e(s)e N with s by p¢'<s<p® The

o [»
mt{leN;Ags-L«MS-f+-n+ ©1) s the disjoint union of the
pe
following sets:

Tij= (Ao + Mp + -+ Ae1p®' 5 o= @o, A1 = @, -, Ay = 0t
Avi =j, A<s- l}
(i=0,1,,e-1,j=0,1,,0;-1).

Let s=so+s1p+-+ se_lpe'l be the p-adic expressions of s. If

oo+ ap + -+ aipt L+ jpt < so+ sp + - + sip’, then

e—i-1
#Tjj = Sis1 + Sis2D + = + Se-1P” -
If ag+ ap + -+ aip t+jpT 250+ s1p + - +sip', then

e—i-1
#Tjj= Siy1 + Sip2D + -+ + Se-1P -1

In any case, we have

)
e+1 ™ 1< #Tifspeﬂ .

It follows that

1
s(a - e(s)) - (p - De(s)
p

Ao
e

(04 [04] 1
Ss(p—+;5+ e+ ) — (g + 0y + - + Oe_q)

s s s
= ap(--1)+ — -1+ a.1(—-1
o(p ) al(pz ) el(pe )
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e 1
s 1-0 #th

% Oe—1
S#HkeNlk<ss-1,dkr <+ 5+ - + —,}

<#keNlk<s—1, «k» < a)

G Oe-1
<#HkeNlk<ss-1, «k»<p +p2+ -+

l
S e 1—0 #Tu + 1

s S s
Sag o, H A+ 1
p p P

% Xe-1
-s( +—5+ S
p

<soa+ 1.

: . 1 (p—1e(s) 1
Since sli’r: (a—pe(s) - s )= Jl_arz(a+ )= a, we have the

conclusion.
q.e.d.

Lemma 4. A power series A is hypertranscendental over K if

and only if {A(g), A pgi)l } is algebraically independent over- K(X) for

every ee N.

Proof. It is easy to see that if p<p®-1, then

© o
dﬂAk = Lai=0 ak+1p‘X =0
e 1
for ke {0,1,--,u}). Since A= A((,e) XA(le) .+ x? Ap(f_)l, the vector
pe-1

space spanned by A, XdjA, - ,X dpe1A over K coincides with the

© e pe-1 (e
vector space spanned by Ag,XA;, - ,X  Ap,; over K.

q.e.d.
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Theorem 3. Forany ae R (0 <a<1), there exists a formal

power series B of K[[X]] such that

1
lim;trdeg {B,dB, - ,ds_1B}/K(X) = (se N).

§—oo

Proof. Let A = Z ,-:o aiX' be hypertranscendental. We consider

the formal power series B = Z ,-:0 e,-a,-Xi with =0 if«i»> ¢ and g=1

e Gy o . .
if «i»<a. Let a= p—+ — + - be the p-adic expression of «, where
p

there is no n such that «, = apt1 = =p — 1. We fix a natural

number s and associate
e=e(s)e N by pl<s<pb
e-1
t= oo+ op+ -+ Oe-1p

and

h & le-1
ﬁ=<<t»=p+p2+~--+ e °
p

For every ke N such that «k» > o and every ie N, we have

«ip® + k» > «k» > a. By the definition of B, we have

© L i_e
By = 21‘:0 EirkpQirpp X p° = 0.

Therefore,

(1) if «k» > o then B} = 0.
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For each je N (j< p°), either «k» > «j» orelse «j»> . In the

formar case, we have ( ) = 0 by Lemma 1. In the latter case, we have

B(,f) 0 by (1). Hence we have

diB = X7 (1)BOx* = 0
Therefore,
(2) if «k» > a then diB = 0.
It follows that
KX, B, d\B, d?B, - ,ds1B) = K(X)(dB ; k<5 - 1, «k» £ ).
Hence
(3) tr deg (B, diB, d2B, - ,ds-1B}/K(X)
<#lke N;k<s-1,«k»<al.

For every ke N such that «k» < and every ie N, we have

1
«ip® + k» < «k» + —; < a. By the definition of B, we have
4

© o ©
By = 2uico Enip@iripX'pE = A -

Therefore,

(e)

(4) if «k»< B then B =AY

=Ay.

For any ke N with k< p® and «k» < B it follows from (2) and (4) that

diB = A(’:) (,i)B(e)XH( z (;;)A(e)X,_k
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where the summation ranges over all i with k<i< p"’, «i» < B.

Therefore,

KX, BS)diB 1k <s—1,k=0)(AS ;5 i<p, «»<p)

=KX, BOYAY ; k < p®, k» < B).

Since {A(:) :0 < k <p®, «k» < B} is algebraically independent over K(X)
by Lemma 4, we have

tr deg (B, dB, d3B, - ,ds_1B}/K(X)

>trdeg (diBlk<s—1,k=t}/K(X,BT)

>#ke N;k<s-1, «k»<p)-1.

Since {keN;kSs—l,«k»<ﬂ}={keN;kSs-—l,«k»Sa}—{t}, we

have
(5) tr deg {B,dB,dsB, -, d;_1B}/K(X)
2#{ke N;kSs—l,«k»sa] -2.

Now the conclusion follows from (3), (5) and Lemma 3.
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The problem treated in this paper has been derived from a
subject suggested by Professor Hideyuki Matsumura, for whom the

authors are grateful.
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FELP 2o WIELTEDY I )L, EHMA6={6 -id,,6,8,) Td'q
Em HD68c, =0 i=2,3, 1€ RHLOEEXHIL LIIFHETH 5.
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ERSMAORD S RERIE XA LASHS,. B, o MHEXLhL X, Wik

EdSo(x) -x Em . P OBFBEESS 2 DOREN (q, ), ¢ DLT—EHTh
I P ET—BTHZLidabb.

EFHB SERIHMERR I2BWT. XDOEMHF (1) ~(5) W IEETHS. Fl-Ihoht
AT HLE(6), (7) BRIALT 5.

(1) #ED n WTHLT A"(u) 20.

(2) FBD n WTHLT AYu) =1.

(3) FHD P> P OEFEMS 6§ ={id, 0,8, } I R>R OEMEMS o=
(& =id,,d,d, -} WHIBHRS.

(4) FED x> x OEEEDE R >R OEMEINLEIND,

(5) BRARZRENEE (R @A(R))* - AR)* KEWETH5S.

(6) R O (' (u), £ (u)/2), = [ (u)/al ) 7eB4 FTIVIEP | u OB
WKELT—ETH A,

o
P —-PpP
(7)P, P’ TxL \ ¢ PR THAH L) FRBER o 1 R OED

K

FIEIBEBRICIERIER S,

%k ek THo0D. R Hitamely ramified THo72 0T AEESICIIES
(1) ~(5) OFRBEMEEIN LIS, E. FTTKrull XThtl L RHIRER
HLT. T<CIERO—BIEDOBIELIZ IS, 72 LI TR Hitamely ramified &
¥, R OEikD P OBk ETOIARRED p LFEIRLBEDILTH L,

B 1 R ASERERRFIRT. TORREITELEOL ZEED o & R OBED
RIBNZILERTE 54

RBIFE 2 R Hitamely ramified Z25F{HERD LOMREERTH L L E. FED
o & R DHCRBNIILRTE 5h.
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(3) EEDOH530: R >R 1459 :R/m > R/m 28,
(4) EEOM50 :R/m »>R/m 3HAHB30:R >R IL¥EH,bh 5,

(5) EEIGEINS P, P ITHL Qpp & Qp LIZEHRZERTRETHS.
(6) R D(f'(u)) BBAFTIVIEP . u DBUALIOT—ETHAS.
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LT 5.

* € p-adic Bud m-adic EELERT I LITTUE 1 BEOBSIMEHI O

Q= (2 odpc;y | o EP. Lm0 =0, 1) €T )
i=1

ZZTH dpc, )161 P k1 XML THS. EJ A
Qpp = RdX/R (£ (X)dX)
o = ((R ®p 9p)*@R dX /R ((dpf)(u) + £ (u)dX)))*
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(R ®pQp)* OHT (dpof)(u) = 21 B1®dwc, ) (B ER) ERE
nNAH. ZIT. FEEROESTRINSURIEEEX 5.
E#: (Neggers O
Afu) = min(v(B;) - v(f'(u))

ZD Adu) (33 invariant Tidew., LA LIEEICEAGER L LClEbh s,

R @ (Kawahara % Berger OFEKR TD) EFE 310 % AR) TRL. n [ED
canonical derivation % @75 TRY. A(R) I} graded ring THBHH. £D n

MDA MB%E. A" (R) TRY. LEdo>T A'R) -Q THA. P ZITHLT

BERDDOEFRT B, AP I (dpe, ), e1412. CERENISERRDR
WIETH D, =L doe, WEEX i LEXS,

(R @y A(PIX )* DT (dyyc, %% d'c, BLEX)

n & () . i ij
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MniE o odkuisoa S IES 3 2" graded

Y.‘Cna 1T 5w (.

i #x— (3K R)

§1 .

& & £ o normal pMjec'O.'Je uwulda X b, 7RI
awple  Weil Jdiviseas D1, -, Dp € Dw(X)@,@ & &I
L,

R(x; D) := RX; Dy,--,Dn)

:=&“@’ zo MOOHO&D - r D, ). TH-we. Then
b PBRE T EZ LR, AEDH anple ¥ 1x ND: & anple
Cntion divison 723 ERBENTEN 3R T 3

ROGD) F Ty - Tn o D283 qradigizd 9, 2%
yzxwt_ao( g eR23, Ffz. D,-u Dn ¢ ample "5 3=
0. R(XD) 12 Noethevian U &Y, ¥12, EFa Lonh by
wonwd 2t T T 3L 2o - grakd iy ottt ¥ . ¥t
locel cotomalogy , Cokzu—Maw»@a} (R 12 G aewslen ) g
v F36 7 (T, LinSon S greup (20w T 5 B3
Ny b AR BRI T3 3.
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EWB NI, RESWMY Yo T, ha D
Vedor potation B L F 5.
D= (D, -, D) , k=(ty, ~, &u) € 2"
#D:= £,D,+ - +&aPn
HOWX, &D) s ={fetl| duy(f) + &R 20 } € ax)
(D= Yewv e Dw(x)@zﬁlnzw v, D;o@vx:_-zo).
fe=lle, -2 8n) @t ¥, 20 > &y, - ke 20
RE0 & &, -, %50, RO0 @4, . &,20
<O @ 4y, --,&,<0
T =(Ty, -» Ta), TE= 7o TE
R(x,D) =§20 HO(X, G (D). T o [T - T
3T R masiad qraded daofd B

m = HO( X, O (&£D)). T 86T .
20,k #*0

e

m=1 a2 ¥ RXXD)wz [W ] UM 7T«n 363,
m=1 o LF2., M2 92 a tFTIF, o7y HEsx 8 3.

VAF1R37, B2 m22 7 3.

T2, L PWeL T LTIl s TR, 8

i1 . Dy, -, Dy $~ T N T auple Coilion Liison © & F
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rank mn o vedon bundle ?-:Gx(pv)@ - ® Gx(n\)
vE33c, D 0(6D) 2 $UP)  (spemetric pus)
X 3~ T,

Rx, D) ¥ D worx, s*(F)). ™

m20
L3, (2"—7/\&#»} B Z-jraddng &L T, 13 %),
PPN BLSe L, D=---=D=D ( auple

Coartoen dinson) o £ F, RWXD) =,§o HOCX, Op(nD)).T" £ &l
R(x, D) ¥ R(x,D)# &lm.T]=Q) RODL g uln ),
k, RO,D) tmi HPBARA Sepa Product v 7 3.
Dy, -5, Da O TIRIEBLGA 17, Ra §F 5 4 T35 X2 35 807,
TREIRD> T F 3.

13 2. X =P e, () D=--o= D,,='rl'(643 1 ST

RUX) =flx) e L, dv(x) =1(0)~-(w) ¥ T3 &,az20121(
KT Ta® € R(PL D) &  x® e (P, Opi(aD)).

-—:: (a,+--- + an) (v0) e~ S ,)

(a.D=
& o+ + Gu 2 b
12(*,’\_)) oxizi@t 1 7[-34.44_.,4 v 25 ¢,

RLX: P_) = \@ (Tj, == T”)br. 'xb = RQCIJ ((T,, o’ T")t")

20

¥ ¢0T) o cdeal (T, - T & Rees Bh EfF 2. 2o R(xD)
3 % 0s Cohen — Macauloy 1760, B 2 B IE (4.2 ) 128y,

R(x, D) = Rury((Ti. 1)) ¢7 Gorewslecn & m=r+1.
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.- I |
(Ii) D]= "J!"uo), 'D,_:'EZ(M), -, "D”:—r;(oo) o v 2 )
R(P. D) «x, &alT, S Tw) &, 4 a0 (Y, -, TE) =
3 Reea ﬁm %O/\-han«:}atOh Th 3 .’glf‘h-&g.
ROV D) = Ry (er®, o W) = @ (1, W% xP.
bZo

(T @ %tnan, rg, ded o BPEZ EHETF.) =20 Ruz

L TEX,, L, 0 RAIL 1R Cohen- Macaloy 7+, R(x,D) #

Gontutein & L+ v Lo ‘;' AL, S= LMy, 8,),
) "

9 3 - _l_ — '_7_ =~ b 2 3 3
(l)}, 2 F , + + 3 = 6 7'- b 5 ) R&[T"T’”T’)((T,,Tz;-rs))

N]—
wi—

(% Gorewatein Anp. ).

2. Loed CakpmoLyg »3TH.

R 3 gradid niyg 7, m +° Ro Uiniged ghacled wvnal
clead 12625, R o qu«oloj.‘;-»@ iz HUR) (o F,
13283 3. Y =Spec(R) £ HCE | R @ uonmd 59
Hi R) = 0 (~=0,1) 2",

HL (R) = R (Y =i, Oy), (vz2).
T, U= Y-l BB 2334, 20 cohowoag.y
E2ET 2 =08 12, g varsety tEXNT 3.

R (21 Z =2, DDt = Spec, (), 6@n).T).

D GER)LT 3 6,-04. of futtitpe oo, B 7, =

&20

m&ljm t )T, - T 0’5‘»&@9‘, 2.5 e =9 3,
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ER W12 pedoa budle F=D)B--- @O 2
B 3 2z wde hudle o Bl spae THI -5, X
Lo A-bundle (A" (7 offcne n-space = Spec (Gl - T-»]).).
TH 3. ND: (o=t m) #° sl Glin dison 53 E
BENErY, (NawT 2o dedrmids)

2% = spec (& aunep ). T)
r BoriF. 2Nz X ro A-budle &Y, 23 2V 0 fte
covealns 13 7> T w3,

TV, o#£S & H°(x, G(ND:)) & ey,

Xg I = f xe X | sm-#o) = {xexl Sk 1Z O,‘(ND;),azn’iz}
e B C &, O,(ND) o7 awmple dwvenkble f&lc‘ Fy9, So k>
B Xs o B892 X o open affiue coverig EBL, Y Xk
coherent  sheaf £, Yue H(Xs,F) 1z 3L, Fw, ues”
€ HOUX, F® O (wND)),  4E> 2, = s. T e Ro..no.) £ &

(e,

n

0 &
w  HO(Xs, got#c) O (eD)).T

foel
(leaaA, 1,34, 1,84

M: Z — X T strafuie wophism ¥ 33 t,

Rf. (a0 Zu'rahl- M‘TA) .

wxs) = @ HOCxs, GED)).TE D R R+ 5, wmonpisu
p: Z —> Y = Spec(R)

e he % 3- ‘:’ 1:4) la#{ () s ELZ.“ S"’ec (F ‘T?(X;) o aff-q.'wL
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dpem  Sulbsek #2%3. ND. (c=1,-,n) ‘ﬁ:w? ruple T g 3
NEfx(l, 2=, ,n, se HO (X, G WD) EF&T £, Lo

, g,
Yaex, @ Z—Xo 5 Y —4uy=TU

B B = gy

TUF BT 7. IRL, X, (7 @ow,‘(gp),,-’-‘ o 4 FRIC,

@o OcteD) T 128, T tef. S T2 2o tlosed Subasckeme Ty
t20
3. . (b@iow,(gg).Té)/(@, O.(£D).T#) =0 1k, &3

&0
Sz, Xo X XT753. (X, B "To 0-fetion t>§15

5. ) VLE 1k de @il s 3w,

(2.2) Z—Xo —~ 5> Y-fjw=U

) open »
’ ,\lo e~

closed \{a.(}ez_CR)

%o C___—)'Z

X l“:kﬁ‘:%
X
WAE U=2 %o ERN-87F3 30273 . &35 b,

dim R = Mw ¥ = dim Z = Lo X + 7.

m=1 at 3¢, MZ2 ok o 3,

(1) wd&mz)(o=n Wt S5, m= | o ¥ 2V Xx
Gffone T M2 2 abk ¥ a7 15 1 TEn

W W T Avisae der pecp I Y A JRTN B B

n= | o t ¥, 05 2 =2-4(X)— d(Z)— LW =0
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o thadk W6, m22o 2 ¥, (D)X CU).

%12 4F> & 10, devisan deoo groep oRo IBIPLE ML T &
5.

(2.3) & 2>U(v)= wUlz),

Mz, HLR) 2 H(U,0) 2 3tB =435, U=2—X

G 2 12FY, JRa gocad colomology loug exock sequance
¥%3. (fue, 1))

0= Hy,(2,02) » H'(2,02) — H'(U, 62

i H%’(Z,o.}) -

(2.4 . C . o
), HE(2,02) & H(Z,08) > H'(U,08) > Hy (2,6:)~ -

Xo

- ..

T, Tz 2"-7\a4u( Scheme , Yo 1F Z"-§raced cdet
TREARZINTS 3.5, Lo exad sequence (7 2" padek
wodules o (dagra 00 ) exat seguene °E 3 .

HYCU, G BEITE 73 rw iz, w2 G, HY(2G%)
BEHBLT » 34, 33, 213Xk offouc Wy,

(2.5  HY(Z,02) = H‘(x,mtc&z))g?;o H'(X, G(aD)), T2

Rz WY (2,0) & Geat colomology shef x 3 spectid
seguence 1= F > 73r8 77 3. (e, §13)

(2.6). EPY= HP(Z, %} (62)) = HLYI(BO02)

Rz %3, (02) =0 (§£m) tTy, o gedad sequance
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3R LT (3 5o me, Y (G) BRI ma . R
o complex ERAEII.
‘=[ 0> - ez"G"('-‘P)-T& 4, PP e; —»

1Z)=1

-y .. CP:?PEI 3 - EW=QG£OQ4(QQ)T! €&a~né, O]

Ix

“iL, I 13 WOL“‘ CJ ‘1' -=s Y\j .E-Eﬁ 2, e‘, -2 €y ‘I .
&) (1,7, -+, T, ™) £ o face broia ¥ U, (e (3 5EtER
A (R ROOIT T, T, o T e ) o suboomplen t 23 ),

Cr = 6eD). T8 Jer | er= e
[f«ez frcdI vt
;<0 fn ce 1 (T=4c,vp), G<--Cpat?,

€r=€oin-—n€y 273.) r 2o 33k
I1CTare %, ~eJ,idéI 73 ¢z, ed) T
P O:=3_7¢\:J="), ¢t G & 3 b6, Ja canouical

suyedton €, Ale+--r e.) tiAA v L el e -2

2, complu 27T 7, gz,
O (D) T% (p=0)
(2.7) Hi(E€) = {‘1-70 P
(p+o0)
’J‘*f, A5 TE o 34 mELS bz BB b 3.

AN € oz g—)o Oc(&D).T* - Medule 16, B Fiz b,
méran /
0+ 8¢ HO(x, OND) & v T ¥, f= s.Tc Xg X 2% Epz

bejedive BB T 3. - T,
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(2.8) G)osp<n ot ¥ 78;‘,(8")=0 (qz 0?
(D R le") =€, et (eM=0 (g70)
wht3, piz, BEYITR LY,
(2.9) 7620(02) = 0 (g+n)
B"=@ Q(&D).TH (1:7\)
<o
b Y pestadd Sejuence  (2.6) ziEN L T,
(2.10)  HE (2,02) = 0 (<< n)
ven 4 .
@ HY™ (X, O, (D). T (izn)
&<o
15 3. exadl S‘%MMJ- (2.4) il{i‘}‘:, » makos Z"-;Aada(
hom. T8 3 2 € =5, & W (2 Ur) — H'(Z,0;) 12 05

3 ° /[/27 Z

’

2 8 (2.11), HL(R) g[go RY(x, O (&D)). Tﬁ]
i &D)). T
O[@, v (x6@0). ¢ (422),
.}: (2.12) R & Colun ‘MAcf\w@la, ning
SO HYXOWwD)=0 fn 950 ad £20, +2
@ HY(X, % (&D) =0 fr <X aed £<0,
il (2.13). x= P, n=2, Dﬁ‘i“”)‘%“’), D,_=§-un)——i(-l)
¢ty Qr, [D,+D,,] = [-z ]'L°°) +[‘;‘](0)‘|'(‘71'](."): -(0) = (~1)
T, OHUX O (D,4D)) 2 . 9, dim (HLR)], =1 .

HZR) 1F (11) B o 2l vt T % 32% 12 b33 & 1,
([e) 2 r 2 3RITFN ‘%I"’g'%i)
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Rz 32 2 nomnal Budbabiou ring A A Y 2l S 8
Ro £X78 Ko 32, enb(R)= § 1,

R=al xT,", 1T,3, (1+1)T,f . (x+) Ty, xou-!)z‘l’,Tf,Jz(:r.1»1)'f?3 Tf],
Ra ditz &(x,T,%5) 7-&23.

Safiz, w1 a3 X=E P Geasmann Vaic a
r3, YDeDa ()@, awple 12350, RLD) of C-M v 5,
3r378 73, melrmzo ta Aet 2zt 23,

Rowark (2.13). X £ o vak no vedon buudle €1z 230
R4

R(x,2): = g?o HOCX, B%(&)). T*
r a< e 2= 9pecx(2§"(€) T%) v 2w T 12 7EAC th B
KT T 3. (22~0Q.6)3FARC B, ?c;’o(dé) =0 (gzn
VAL, Ko (O:) o FBESS IR M-Iz~ v, P
My LT3, H(O:) x &gn (Sa(gw)% wtey') T

(o gladed Oz-Madele) M 2w 3. (43 Opmdend)

—BHRFBEL T, X =P ¢=Tp (fanget bundle) &
v 3, FEZ %Y, U W ERwT, -

R =el£'u,t4u, v g'w, x4'w, xtusw), 4 (Vew)] C &l y.7ivw)
tE%h 3hn3. o i 38 AT HhpA_e, 4 00 2:2%
ridind W b, T2 R T woneal aiy T " Macaty”

12§83, 2o RiZ Gornden 12 3 §FO0 17, za 873,
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() +Kx = 0 a1+, Zo b 217, (4. u) o Gonzusden
M-.faas-uz-;au@z,z LTw 3,

ITE (2.14), BB REEEC TLT, TP £ oo ample
vedon bundde € =37C, E3a R(X, 2)3E 2 Cohen~
Macandog 2% 3., t 7> TL 3w F LR, PPra adgle
ek ke €, pk(@) =2 7, HU(PLE)*0 w3 Ez
HE -k BITTRIILE, s 3 HIR), F O,
dimB= 4 23 =~ 5, R=2R(X.2) 12 whe- Macaden 212 & 13

\

$3. Devison Claesr  Growp,
(2.2) -9, T F5> 12, CL(R) = R) FY, Za~ dwisn

doss youp BB Thi@ 8w, D, - Do &
Xa
% : ” vV (v :;\Tjﬁw. 1 subvariet, &6 3,

Pov/qev 13 BB EL)  (v=1, - M),

Qu: = LCM(qLv, - Guv) 2 S T H
HDw(2), HP(2) EBruxn Zo (Z%gadd )
howo&l—ww divisona mnozﬂuﬂ.ow‘ priveipd ivisss o BFE 3
Cr, Hhv(2) 'I/-n(v)m (VC X, colim.] subum.) &,

ué@o Ox(lsQ).T" 3 & T subvans we (va),--,n) 1- %
>0

N2, IR, VCX, cwtingV=1123L7, &W)=Q,F.
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HP(2) = PLO® T ZAv(T) 75 3. o0 dEe 5
o REAAE 53 .

0 0
l
o — P(X) — DovX) —» (X)) > O
\t L*
(3.1) b = d
0 — HP(2) — HDWIlZ) — w(R) — o
J L
n “ "
Dz 4y (1) —>[ @ 2/0«2]@ [ zw:)
c=( . ! tz)
0 0

Fo 30 o =382, dvelT) 13 W5 1, Wy (%)
XB 6 O b3 , oz L‘nj'c&zive, Cclcu(o‘)':-‘:@vz/a,,z, S o

de5 2685 n 3.

',i:T;'i' (3.2) X r Roa divison dass You\u o Wiz,
0 — CI(X) — CaR) — D%,z o0,
A\

t v ) eyadk seguenca v I13/T7 3.

4.2, X s p,wjgaive VMA:LS &Y, Awpz-. unveathle 9(‘\—1“

LE 3, Zd)=Z <o (X)) &Y, CL(R) I
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U.LR)W?.EHZ"&T3R@ divisomal wodde ¥ L T
0 Ly, 23
80 (%, 04 (T =¥ v+ kD)) T®

Y 3.
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§ 4. Gorenstein ?wr&g_

Mm X =d o2 3, R =m+d v, (2.11) §&v,
HAM(R) = 2630 (X, B, (&D)). T
R o canouical woduds kg 12 Kp = [HA"RITY  (* =
dund , 8PS, How,( ,&) ®H7, [GW], cap. T %98,
752513, Sen dualily 1289,
2 (41), kg = @)o HO(X, O (kx— [-kD1)). T

X o codin | med. swbusr. Vo ozi3 L, Qu € $3 AR

L3 ae, - [-xp] = (2% ] waz
42_' ,
K ;& 4 Ho( %, cs,‘(k,‘+'>:_0_v:l\, +&D)). T
&®20 Ho (%, Gx((K,n-ZG""v-o-’\)r +D)* kD)) TE. (3--T3)

e tH3. (33D TELShe 3L,
EI (42). Ke +° R-fase (R b7 quast - Gonsushein )
L Ky + %OV Vf?;D +dw $)=0 ¥73 feelx)
» 3723 3.

I

4.3, §1 o2 BRI 8>, x=Par ¥ Kk

= - - H - OL-..’ - —' .
2() £ LT Bw () a2 ZV oy 'T ey &Y
Ke 6°R-free & -2+ 4n2 0 & m=rs1,
o X
) e, TG 2 Sthi) e s, ke 6f faee
4 v Q. S 4

- s=b 1 R 1 _ s+
& -2+ + g+ =0 S £t Y, ST
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Remank (¢. 4). vauk m o vedon buwdle & 12> w7
ROk 8) =2 Wi sHe). T B s r, (243)a
P E L T T

Kp 8 faee & gk (E) +kx ~ O unefts 0)
¢4 ETS& 3. |

Ramerte (4. 5 ). ¢: 2 — Spee(R) 12 Ro “pasliak
nesebution” tE3I s3I, 1L 2 mtow& grujJM;d?
oo Bbo>r ¥ (EBHIF 2B 0rT3), R et
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i, oot BT B R RPN B @28 Chd
S, Kot 33, RothZ iz 26 pat? o B YO P
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