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Quasi Gorenstein homogeneous Buchsbaum rings with multiplicity 4
Shin ikeda ( IXBEHBEKRF)

The purpose of this note is to classify the homogeneous Buchsbaum
ring R over an algebraically closed field k such that e(R) =4
and Kr = R(n) for some intger n . If R is Cohen-Macaulay then R
is either a hypersurface or a complete intersction of type (2,2).

If R is not Cohen-Macaulay then R is unique up to isomorphism,i.e.
R is isomorphic to  k[Xi,X2,Xs,Y1,Y2,Ys,Yal/l ,where ch(k) = 2 and
| is an ideal generated by X,Y: + Xa¥2 + Xa¥z , Y12, Y22, Y32, Ya?,
ViVYa, YaVa, Y3Ya, ViVo + XsYa , Yo¥s + XiYa , ViV3 + XoVa . For the
proof we need to classify the homogeneous Buchsbaum rings R such that
e(R) =3 and R satissfies (S2) .

In order to complete the classification we collect several facts
which we use later. |

in what follows a homogeneous ring means a commutative Noetherian

graded ring R such that Ro = k ,a field, and R = k[R,] .

Proposition 1. Let R he a homogeneous domain over an algebrai-

cally closed field. Then v(R) = dim R+ e®) - 1.
See [A] for a proof.
As a coroliary of this result we have:

Corollary 2. Let R be a homogeneous domain over an algebraic-

ally closed field with e(R) =2 . Then R is a hypersurface.
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For a reduced homogeneous ring over an algebraically closed field

we have.

Lemma 3. Let R be a equidimensional homogeneous ring over an
algebraically closed field with e(R) =2 . Then we have either
€)) FR is Cohen-Macauiay or

(2) R has two associated primes p; , p» such that ht(p, + p2)= 2

Proposision 4. If a homogeneous ring with multiplicity 2 satis-

fies (S2) then it is a Cohen-Macaulay ring.
THis follows from [HuJ.

We refer the reader to {G,],[G2] and [Gs] for the properties of

Buchshaum rings which we use in this note.
The following resuit plays a crucial role in the seaquel.

Theorem 5. Let R be a homogeneous Buchsbaum ring over an in-
finite field k with e(R) =3 . Suppose that R is not Cohen-
Macaulay and R satisfies (S») . Then R is isomorphic to

KEX15XasXas Vi, Vo, VaJ/ZQG s + XaYa + Xo¥a, (Y, Ve, Va)®)

as k-algebra.
Using these results we can prove the main result of this note.

Thoerem 8. Let R be a homogeneous ring over an algebraically

closed field k with e(R) =4 and Ks = R(n) for some integer n .
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Suppose that R is Buchshaum. if R is not Cohen-Macaulay then R
is isomorphic to k[Xi,X2,X3,Y1,Y2,Ys5,Yal/1 , where ch(k) =2 and
| is an ideal generated by XY, + Xa¥2 + Xs¥s , V12, Yo%, V33 , V42

s YiV¥a o YaVa , YsYa , Yi¥a + XsVa , Ya¥s + XuYa , ViVs + XoVs o

Proof. It is not hard to see that dim R =3 and R is a Buchs-
baum ring of maximal emhedding dimension. Let x;,x2,X3 be a system
parameters of degree 1 and let S = K[xi.x2,x3] . Then S isa
polynomial ring and R is finite over S and ranks R = e(R) = 4 .
Here we claim that R has only one associated prime. To see this we

need a lemma.

Lemma 7. Let R be the same as in Theorem 6. Then we have:
(1) There is no ideal | such that ht(l) =0 and e(R) =2 and

R/1 is Cohen-Macaulay.

(2) There is no radical ideal | such that ht(l) = 0 and e(R/I) =
3. '
(3) If | is an ideal such that e(R/1) = dimR =13 and R/l is

unmixed then R/l is isomorphic to the ring in Theorem 5.

Proof. (1): Suppose that there is an ideal | such that ht(l) =
0, e(R/1) =2 and R/! is Cohen-Macaulay. From the exact sequence
0O -1 =R —=>RI =0
we see that ranks(l1) = 2 and there is an exact sequence
0 = Kest > Ke > K — 0, |
where K, = Homs(1,S(-3)) . Since Ke = R(-2) and since HwZ(R) =
k(1) ,where M is the maximal homogeneous ideal of R , we see that
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| is isomorphic to the second syzygy Z(1) of k(1) as S-module
and K. is isomorphic to Z(-1) . The identity of Ke = R(-2) s
mapped to an element of degree 2 bhut there is no non-zero element of
degree 2 in Z(-1) . This gives a contradiction.

(2): Suppose that there is such an ideal | . From the exact
sequence 0 — 1 —R — R/ = 0 we have ranks(1) =1 and

| is a reflexive S-module and | is a free S-module. Hence | is
isomorphic to R/p(-n) for some prime ideal p with e(R/p) = 1.

Suppose that n = 2 . From the exact seaquence

0 — Kesi = R(G-2) = R/p(n-3) —~> Exts!(R/1,5(-3)) = k(-1)
@

we see that Exts'(R/1,S(-3)) contains a two dimensional submodule.
On the other hand, by letting E = Home(Keys 1. Krs1) » we have an exact
sequence 0 — R/I > F —> C — 0 such that dimC =1 and

E is avreflexive .S-modﬁle. Hence we see that dim Exts(R/1,S) = 1 .
This is a contradiction. Therefore n = 1 . We see that ¢ s a
surjection. Since depth R/l‘= 9 we see that Exts(R/1,5(-3)) = k(-1)
and therefore R/l is a Buchsbaum ring which is not Cohen-Macaulay.
Hence R/! is isomorphic to the ring in Theorem 5 . Up to now we have
not used the assumption that | is a radical ideal . So we have proved

(2) and (3).
Let us return to fhe main proof.

By this lemma we see that e(R/p) =1 for any p € Ass(R) and
there exist at most two associated primes. Suppose that there are two
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associated primes,say pi1 and pz - Since R satisfies (Sz2) we see
that ht(p. + p2) = 1 and by Lemma 3 we see that R/py N p2 IS
Cohen-Macaulay. But this contradicts to Lemma 7. Hence R has only
one associated prime. Let p be the unique associated prime of R .
Let let y € p be a homogeneous element such that (0 I y) =»p
and deg y = n . Then we have an exact sequence

0 — R/p(-n) =R = R/WR—>0.
From this we see that R/yR is eguidimensional and e(R/yR) = 3 . By
Lemma 7 we see that R/yR is isomorphic to the ring in Theorem 5 .
Since R is of maximal embedding dimension R is defined hy 11
homogeneous polynomials of degree 2 [G:] and we may assume that
R = KLX1.X2)Xs:Y1,¥2,¥3,¥1 and p = (Yi,v2,¥s¥) -

From these arguments we have 11 relations

X1¥1 + Xa¥2 + X3yz tay =0

yiy = Yoy = yay = ¥? =

We may assume that a , fi; € 5= k(x1.x2,x3] . After a change of
variables we may assume that xiy:1 t Xa¥2 * X3¥3 = 0 and f;; € S .

We have a finite free resolution of R as S-module
(/) b
0> 9S(-2) =-S As*H-1)—>R =0,

where ¢ is given by d(eo) =1 ,0(e;) =y; for i =1,2,3 and

) (ea)

y for suitable basis ei,es,es,ea of 5 & S*(-1) with

0 and dege; =1 for 1= 1 =14.

deg eo

— 5=



¥ may be represented by a matrix [0.X1,X2,%3,0] . Then Kep is
identified with Kerz* ,where #»* = Hom(#,S5(-3)) and Kg is gene-
rated by eo® , xze2* - xae3* , xie3* - xze* , x0e1* - xi€2* ,es*
where e;* is the dual base of e; with deg eo* =3 and
deg e;* =2 for (1= i= 4), as S-module. Since Kg = R(-2)
we see that Krp is generated by es* as R-module. Hence we have
relations in Ke as R-module

eo® = go€a™

g1es*

X3€2* - Xzesx

gaes*

x1e3* - xze*
X2e1* - x1e2* = g3ea™
for some g € R withdeg gi =1 . Then we get
X181 + X282 + x383 = 0 . From this we get
81 = Oia2X2 t disxzs + 7y
82 =-Ci12X1 t+ Qa23Xz t 7 VY2
83 = O13X1 - Oa23Xz2 t 7TV3,
for some ai; , 7€ k. Now we get
0 = (xse2* - xezs™)(y)
(81€2™)(y)

es*((a1ax2 +  A13Xx3)Y)

SQi2X2 t Oai3x3 ,
which implies a2 =a.3 =0 . Similarly we get a23 =0 . Hence
g = 7yyi for i =1,2,3. In particular, ¥ # 0. Using the
relations vy;y; = fi;y , we have

rfii =0,



x3 = rtiz=- 7z,
x2 = rfizs=- rfis,
Xy = 7faz = - 7rfaz .
This shows that ch(k) = 2 and ,replacing 7'y by va ,we get the

required relations. Q.&.D.
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What makes Tor} (R/I,I) free?

FFPVIONIOVVIVIINRY

BN (HAXFSERER)
HARESR (BREIRAF)

§ 0. Introduction.

BICH S WRD DI TORS2BEEL 7.

(R, m,k) : a Noetherian Local ring;
I : an ideal of B, generated minimally by aa,..., an (n=uw(l)).
K =K( ay,..., an ; B ), Hi(I),Zy(I),Bs(I) :Koszul complex, its i~*"homology , cycle
and boundary module.

Fer D target 1Z, T := Tor8R/1, 1) @ R/I-module WET3. T 4 R/I-module
L LT free 7B EDBITETWET.

3 FR2 OWBRICHEE T 5 BAROEWEH S ihH> L 7.

T O freeness \DEHIZ, KOOI N T !
Tors (S4L.d). 28 S/d-free THA I Ld. LI ENIEQHIBE 52 2222 ([5]).

—7J Vasconcelos %, (ROMRE/TNET :
T 5 B/I-freeT, pdal<oo #D pd,1I/12<0 Zx5F 1 13 regular sequence THERS
hé ([101).

KD exact sequence i, I/I2 ® R/I-module ¥ LT syzygy 2{MzLT T %

Hl(I) 2P L#EVHTET. ZLTRZ2DEEEDIHD key Lemma ) proto-
type ELW2 FF:

AN —> T —> 5(I) —> 0 : exact,
2, S (D=2, () NIK (D) /By (I) T, ideal I & invariant T3 ([6]).
Btz [2] s, BrOUHBOEEOFHR L L ->ER25IHLTEEZT.

Theorem 1. pdrI<oo T ch (R/m) =2 DL &, DEDRHFIIFAETH S :
(i) I % regular sequence THERINS :
(ii) T i R/I-free TH5.

Theorem 2. & (I)=0, pdn, 1I/I2 <oo T ht(D>0 THAHELE, T H B/I-free o3 1
IZ regular sequence THRINA.

Proposition 2 (New Proof). I i Rm) & (H AW, Noetherian R & Jacobson

radical I2&2h 3 ) ideal THB L E, I Hregular sequence TERKINE72DNDY
Epo+455tEis 6 (D=0 5 1/I2 5 R/I-free THAZ L TH5.
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8§ 1. Main results and Applications.
NLDBROAEZEXETALDZRWELT, 512, 72223 ch(B@/m)+2 &
W 7 ERIZTT LR DABEOHETT. FFFRERLLZDIEHZEONRET.

Theorem (1.1). n ( =un(D) ) 22 LF5L, 2EDOFRMHIIFBETHS :
(1) Tix B/I-free;
(2) I/12 £ Hi (D) 13 LI B/I-free.

SOLE T=A (I/I?) ® Ho(D) %3 cannonical BN EELT, S5
ranks, 1T = BB(B/I) (= the 2.4 Betti number of R/I over R) Th .

Corollary(1.2). T 2% R/I-free D& &, pdpl<oo F72iF 6 (D=0 T n=2 e 13
regular sequence CHREINS.

Corollary(1.3). T #% R/I-free, n=2 T ranks T = (8) Zc5E I X regular
sequence THKIN5.

(1. 2)TlZ, pdal<oo DIPEIT (1.1) 5 Vasconcelos DIERIZIFHEL . (D=
0 L%, Z2(DNIK(D=B,(I) 2BHKLT, 3612 I/I2 »»6 L. (DCIK (D) A, L7z
AoT Hu(D=(0) 2:WEZFF. (1.3) i, (1.1) OFETHEAD rank 2ASLELBIC
Hi(D=(0) HFongEd.

DL, (1.3) OEILHETT.
Corollary(l.4). n=dimem/m? X LT, B2(R/m)= (3) 7 5HiE R IX a regular
local ring TH 5.

Theorem(1.5). d =dim B = 2 T T » R/I-free L7 5% parameter ideal I HEAE
FT575E, 2EOWTFRHILOBEIC RIZ C-M 705 :
(1) depth R = d-1;

) mH?n ®=- 0 ¢ K- u/u?n (R) % Buchsbaun ring TH%.

GEH. (1) DJBE : r := ranke i (D), Lr() T R-module DRI KT
er(R) = 2% (-1)* Lr( Ho(I) ) = Lr( R/I) - Ll Hi (1) )
= La@®/D) - (1-r) .
LHAA, et >0 2h5 r=0 ¥155.
(2) OBE: WD) + 0 {RETAH. I/I2 free 1V, Z.(I) C IK:(I). Buchsbaum
ring @ s.o.p. I3 d-sequence 75 & (I)=0. L72h->T, mH.(I) = (8). Hi(D
X R/I-free 7256 mcCl, 2Z Y R IZ regular L DREIIRTS.

(1.5) DAL D RPN E9.
Propositoin (1.6). dim B = 2 T, d-sequence 273 X 57% s.o.p. THEKRINS
1T, I/IZ 5 R/I-free L7 4000H0UE, RIZC.-M ThHb.



oL, DED2OHOLELIZELNET.

Corollary (1.7). dim R = 3 T normal TH 55, HHWI din R = 2 T quasi-
Buchsbaum THB L &, T ) B/I-free 7% parameter ideal I HHIUL, R C -
N Tha.

Proposition (1.8). R %% generalized C.-M. T I 7% sub-s.o.p. as,..., an, 2= 1<
dim R TERINTWALE, T H R/I-free 70 51F aa,..., an |3 regular sequence
ThH5b.

ZIETE, B2 0= ue) 2 2 OBARE-TERH, 1 = 1 DBAIIOENT
LBV LT

Proposition (1.9). ht(I)>0 T I HBBRIFAEKT I/I2 #* R/I-free THBHLE, TH
R/I-free 7t 64F I 13 regular element THREINS.

T, I/I2 7% R/I-free THBE WD RFGLHBETT. EBE,
Example (1.10). R %% Buchsbaum T depth R = 0, dimR >0, I-= (a) T aem,
dim B/(a) = d-1 £95%. $HL, (D=0 TT=@. LHPb, /2L H(D) b
R/1-free TidZc\wy.

§ 2. Theorem (1.1) PDZEHA.

d dy
'Kz K. I 0 : Koszul Complex
R
R R A n
Fs Fa Fi I 0 :F. flat resolution
o U U
 Z:=0571 (IFy) IF,=IQF,
” — i 1® 81
P M
Z IQI—> |

aQb—> b

T 1-2/(Z2 (F)+IFy)

e



u
LORT Z —r 5 IQIT — > I exact THY, kerp =

L(F)+IFz; THS. Im(Y) CZ7hs, ¥ Kz—w——> I—>1
%5ER%EZ5.

FEEDGEEAD key X, XD Lemma T,

Lemma (2.1). I/I% 7% R/I-free T rank % n=pus(I) Z 5, KD exact sequence
BhH5b

0 — /\(I/Iz) T H() —> 0.

sﬂfﬂﬂ T= Z/(Zz(F)+IF2) = Fz,/(22(F)+IF2) = Zl(F)/Izl(F)- ifd,
Im( %') = B.(I)/IZ:(F). »<T,
0 —= In( ¥’) T Hi(I) — 0 :exact

ZRET. 35T, ker ( ¥’) = IKx 7555, FHAD sequence ALY

‘Theorem (1.1) MFH. (2)=(1) i, (2. 1) XHED Z?%fohiﬂ‘
(1)=(2) :

M
) 7 R —> |
n 4 £ 7w
/ aQb-b®a
2 2
Al > aAb

=B/m, V:= kQI LBE, Lo diagram I2—FlC Qk 2L T
0 —= IQxk — (IRQI) Qzk = IRV > vViQv2-voRv,

7 @k T SM //

/\I R rk = 3 viAvs

(AD®gk = AV , (I®DQek = YQV e BE—HETHL £v I3 injective 75h5
EQrk L, H-T, 7@sk binjection L% NFT. BIL {75 (aihay) ; 1=i<j
=nt {3 T O ninimal basis D—WTHBZ BN FEF. 22 Wm(N 1T TO
R/I-free summand THY, 7nQxR/I i3 free R/I-module "\ surjection T generat
ors DEERTEABELHNZT.

< A (1/1?) 7% R/I-free T, W22 I/I2 &L BR/I-free ¥ 7eNZ L. THhT.
(2. 1) 28BHATE2Y. In(®") = In(n) CEFEET2L n®) L TH RI-
free summand L %D FE3. L7H->T, Ha() & T & B/I-free summand {27 D 3.



rank (LTI, I @ ninimal R-free resolution F. %

ds a2 a1’
Fa F2 Fy I 0
YL, F.®Qnr (R/I) 2AZF. I/I? free [CEETHL
53 ZO\- =~
0 —_— Fz/IFz —_— F1/IF1 —_— I/Iz —=>0
2%h,
0 — In(@s) ——— Fz/IF. T > ( : exact

T minimality &V Fi#inZEX%2F3 7.
FDERPSXB PN ET.

Corollary (2.2). ur(I)=2 T F. % R/I ® minimal free resolution £95:

ds a2 d1
— F3 Fo, = kK R R/1 0.

T5E, RIZFEAE :
@ Tor} (R/II) X B/I-free;
@ i=2,3 /LT, 8.(Fy) = Zi(F.)YCIFy-1.

BiRic, PIEBFTROLNIT.

Example (2.3). S {Z a commutative ring, Xi...., X», Y % regular sequence, (n=1)
LT a = (NNX.2,..., %3, 8352, a, := Xy mod a €R=S/a T

I = (a1,...,a2) £L2FE, I/IZ & Wi (I) & free B/I-module T rank n. H&->7T,
Tor® (R/1, 1) i% R/I-free T rank {¥ (8)+n. LAL, Ild zero-divisors
DAPLILH>T WD, '
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Manomia\ iAea\s 7)) mimm\ 'F\’ee, Y&o\u‘o‘.cn‘ Iz 7 W\

ALt — (&R 1K)

Kk sEEBH o4, St kronkHpnA
)Z\f%; k[‘lt;“‘: ’)Cn] Lﬁ— 5,

E% Ly, -, Ln & monomiale ?«, A T = |
v 1
Ke = S
\s
K, = 2 e; S
A
KA = A K,

A a*' ‘Cm(ﬁ.,--' Fin)
lem (Fi, - i, - i)
TR 3 DSEERR g 3 e, (K.,c\) ¥ Sk
AR L 75D, it shifted Koszul complex b 9%

C\e{‘/\-u

ll

A
eiu AT Ae‘l'a' A /\e‘llA

S AR cTT L. 2 BIB NI T O3,
i I=(Fi,, ) & S a ideal £ 3 2

b =




d
0 — Ke 4> k2> - - - <4, Ke—> S/1 ~— O

13 exacy Sequence L 7d .

5% P- U

A=o

Py & posed £ L 2
i ae P L Saw® laf 2y o 3

i) (a.b)e Pax Pacv 23 L. k o ® o % 3T i
St a<h (@) t&ELT (EEL. a b
NGB FA A L X $ d=0 L g 3)

2 a S ) % poset B weighted Pose\' t_v n .") .

shifted Koszul complex (K.,d) 1=3F L 2

v

PA = {eh/\"'/\ei}\} , P’—' U PA

A=o
les n - aix] = lem (Fi, - F50) €S

v

eﬁ:|/\." /\e‘l.)\ < ei|A"' A efa ANTTTA eiA ( (_‘) )

EH < 2 b2y v weighted posel AN {EM B,
EE (2 weightec\ \>ose3f P-uU P, o3t L
Mix = ® aS

ae P
[al
Sa= 2. d.-— - b
b€l Ib‘
a<b (o)

E®H <2 L&y, S-mddes a3l (M, ) av
o 3,



B I8 2 weighted poseX Pz d 3 3(M.,9)

N exadt Sequence TH Y . @,b) € PaxPra 12 7 0
4

Q < b (¢) , g=xo | lal = bl
L5, 20333, Zatx P =P-{ab}

L B =5 . (ed)e PixPhuy o Pz & W 72
c <b (@, a<d(p, c<d)
B hL o C < d (7-ap/e) boweght E ALt
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Construction of Vector Bundles and Reflexive Sheaves
Hidetoshi.MAEDA

Department of Mathematics, Waseda University

§0. Introduction.

Let X be a smooth algebraic variety defined over a (not
necessarily algebraically closed) field k. Let E be a vector
bundle on X of rank r-1 (r2). Given a vector bundle F of
rank r on X and an injection ¢:E - F, we can consider the
closed subscheme D(o) = (xeX|rank o(X) < r-1) of X. In §1, we
discuss the relation between vector bundles and these closed
subschemes associated with them. Our result is summarized as

follows:

THEOREM(1.7). Fix a vector bundle E as above and a line
bundle L on X, and set M = detE. Let F be the set of pairs
(F,UF), where F is a vector bundle on X of rank r with detF = .
L, and aF:E - F is an injection with D(GF) of pure codimension
2. Let G be the set of pairs (Y,TY), where Y is a Cohen-
Macaulay closed subscheme of X of pure codimension 2, and Ty:
EY > wY(—Kx+M—L) is a surjection. Then there exists a map f:
F - G which is surjective in case hz(E(M—L)) = 0. (See (1.5),

(1.6) and (1.7) for the precise statements.)

This theorem includes a result of Vogelaar[(Vl as a
special case in which the following conditions are satisfied:
(1) X is a projective variety over an algebraically closed

field,




(2) E - 0X®r-1,

(3) Y is a locally complete intersection.
So our result is a generalization of that of Vogelaar's. We
note that the above theorem also provides a way for
constructing vector bundles. As an application, in §2, we
will construct an indecomposable vector bundle of rank 3 on
p3 which can never be obtained by Vogelaar's method.

In §3, we describe a method for constructing reflexive

sheaves from line bundles and closed subschemes of codimension

2. The precise statement of our result is as follows:

THEOREM(3.2). Let X be a locally factorial Gorenstein
projective variety of dimension n>3 defined over a (not
necessarily algebraically closed) field k and L a line bundle
on X. Let Y be a closed subscheme of X of codimension 2 and
Iy the ideal defining Y. Assume that for any ideal

n-1

IYI g IY, h (Iy(Kx‘*L)) > hn-l(IY'(Kx"‘L))- Then

Hn'l(IY(KX+L)) induces the exact sequence
0 - Hn'l(IY(KX-rL))@ox > F - IY(L) - 0

with F reflexive.

From this theorem we can show the following: Let X be a
smooth projective variety of dimension nx3 over an
algebraically closed field. Given a line bundle L on X with
hz(OX(-L)) = 0, and a codimension two closed subvariety Y of X
with hn'z(OY(KX+L)) > 0, we can construct a reflexive sheaf F
on X with cl(F) = L and cz(F) =Y. (See (3.3)).

Basically we use the standard notation from algebraic



geometry. The dualizing sheaf of a Cohen-Macaulay scheme X of
pure dimension is denoted by'wx. We denote by KX the
canonical bundle of a Gorenstein variety X. The words ''vector
bundles" and '""locally free sheaves' are used interchangeably.
The tensor products of line bundles are denoted additively.
Thus, for example, if E is a coherent sheaf and if L and M are
two line bundles, E(L+M) means E@L®M, where L and ¥ are

invertible sheaves corresponding to L and M, respectively.

§1. The connection between vector bundles and closed
subschemes of pure codimension 2.

{1.1) Throughout this section, X will stand for a smooth
algebraic variety defined over a (not necessarily
algebraically closed) field k. A vector bundle on X will mean
a locally free sheaf on X of finite rank. Our aim is to
explain the connection between vector bundles on X and closed
subschemes of X of pure codimension 2. This generalizes the
well-known cohnection by Vogelaar. This also provides a
method for constructing vector bundles.

(1.2) Let E and F be two vector bundles on X of rank r-1
and r (rgZ), respectively. Given an injection o:E - F, set
Z = (xeX|rank o(x) < r-1). If Z has pure codimension 2, then
the cokernel G of o is a torsion free sheaf of rank 1.
Therefore there exists a line bundle N on X of which G is a
subsheaf ,'such that codimx(SuppN/G)gZ. This implies that
I := G(-N) is a sheaf of ideals in Ox. The closed subscheme
of X defined by I is called the dependency locus of o, and is

denoted by D(o). Then D(c) = Z as sets. Note N = detF-detE.




Before éhowing the relation between vector bundles and closed
subschemes of pure codimension 2, we quote two algebraic
results as needed.

(1.3) LEMMA. Let A be a regular local ring of dimension
s and B a quotient of A of dimension s-t. Then B is Cohen-

Macaulay if and only if Extg(B,A) = 0 for all q > t.

For a proof, we refer to [AK], Corollary 3.5.22.
(1.4) LEMMA. Let A be a Cohen-Macaulay local ring of
dimension s and B a quotient of A of dimension s-t. Then

Extd(B,A) = 0 for all q < t.

For a proof, we refer to [AK], Lemma 4.5.1.

(1.5) Let L be a line bundle on X and E a vector bundle
on X of rank r-1 (r>2) with detE = M. In the rest of this
section we are always in the following situation:

F: the set of pairs (F,cF), where F is a vector bundle on X
of rank r with detF = L, and GF:E - F is an injection whose
dependency locus D(GF) has pure codimension 2,

G: the set of pairs (Y,7y), where Y is a Cohen-Macaulay
closed subscheme of X of pure codimension 2, and
TY:EV - mY(~Kx+M—L) is a surjection.

(1.6) Given (F,cF)eF, put Y := D(oF). Then we obtain
from (1.2) an exact sequence

0-EFFo- Iy(L-M) - 0. (1.6.1)
On the other hand, taking the long exact sequence of Euxt

induced by the short exact sequence




0,4 IY(L-M) - OX(L—M) - OY(L—M) - 0 (1.6.2)
and using (1.4), we have

1 2

e

where Wy = Extz(OY,Kx). Thus the exact sequence of Ext
applied to (1.6.1) gives
0 - Ogx(M-Ly » FY » EY » wy(-Kg+M-L) > 0.
We denote by Ty the last surjection and set f(F,aF) = (Y,TY).
(1.7) THEOREM. (A) The correspondence f:(F,oF) = (Y,TY)
is a map from F into G.
(B) Assume hz(E(M—L)) = 0. Then f is surjective.

Furthermore, if hl(E(M-L)) = 0, then f is bijective.

Proof. (A) It is sufficient to prove that Y is Cohen-
Macaulay. The long exact sequences of Ext derived from (1.6.
1) and (1.6.2) yield Ext9(0Oy(L-M),04) = O for all q > 2. Our
desired result thus follows from (1.3).

(B) We take (Y,tY)eG and investigate Extl(IY(L—M),E).

Combining the spectral sequence

Pq
2

relating local and global Ext with the discussion in (1.6), we

q

E, 0 = BHP (Bxt3(Iy(L-M),E)) » EP'T - ExtP Y1y -m By

have the exact sequence

0 - E30 - Hl(Hom(IY(L—M),E)) ~ B (E(M-L))

- Bl = Extlry@-my B
> EQY = HOExtl(1yL-M),B)) = HO (wy(-Ky+M-L)®E)
> EZ0 - HZ(Hom(Iy(L-M),E)) ~ HE(E(M-L)).

The morphism Ty can be interpreted as giving an element




TeHO(wY(-KX+M-L)®E). Assume hZ(E(M-L)) = 0. Then we can lift
T to an elemenf £eExt1(IY(L—M),E), so it determines an
extension

0-»E—>F—aly(L—M) - 0. (1.7.1)
We denote by Op the first injection. Applying (1.3) to the
long exact sequence of Ext derived from O - IY(L-M) - OX(L—M)
Oy(L-M) =+ 0 gives Extq(IY(L-M),OX) = 0 for all g22. We
combine this with (1.7.1) to find Extq(F,Ox) = 0 for all qgx2.
Applying the functor Hom(-,OX) to the sequence (1.7.1) yields
an exact sequence

0 = Ox(M-L) 5 FY 5 BY 5 wy(-Kg+M-L) » Ext!(F,0y) - 0,
in which the connecting morphism EY - mY(mKX+M-L) is Ty -
Since Ty is surjective, Extl(F,Ox) = 0. Thus (F,UF)EF and
f(F,aF) = (Y,TY), which implies that.f is surjective.
Furthermore, if hl(E(M-L)) = O,then f is clealy bijective.

Q.E.D.

§2. Example.

(2.1) In this section, we will construct an
indecomposable vector bundle of rank 3 onm IPS. We note here
that this bundle cannot be obtained by Vogelaar's method. In
fact, we use a curve in P3 which is not a locally complete
intersection. _ |

(2.2) Throughout this section, the ground field k is
assumed to be algebraically closed. Let C be a complete
algebraic curve with hl(OC) = g and F a torsion free sheaf of

rank 1 on C. Put

degF := x(F)—x(OC),




ARy i= 1+degF-00(F) = g-nl(F).

Then we have the following result due to Fujita.

PROPOSITION (Fujita). If degF » 24(F) 2 O, then F is

generated by its global sections.

For a proof we refer to (F1, Proposition 1.6.

(2.3) The dualizing sheaf oo on C is torsion free of
rank 1 and degog = 2A(w) = 2g-2. Thus w¢ is generated by its
global sections for g21 by (2.2).

(2.4) Let X be a smooth quasi-projective algebraic
variety and Y a closed subvariety of X of codimension i. Let
Ai(X) be the group of cycles of codimension i on X modulo
rational equivalence. We also denote by Y the class of Y in
Ai(X) by abuse of notation. Grothendieck(rGl, p.151, (16))

proved the

FORMULA . 'cj(oY) 0 (0 ¢ j < 1),

) i-1,.
ci(OY) (-1) (i-1)!'Y.

For i = 2, cz(OY) = -Y.

(2.5) THEOREM. Let X be a 3-dimensional smooth
projective variety with hl(OX) = 0 and C a curve in X with
gx1. Let t be the number of global sections generating og.
Then there exists a vector bundle F on X of rank t+1 with
cq(Fy = cq(X) and cz(F) = C.

Proof. Take L = 'KX and E = Oxet, and apply (1.7) and




(2.4). Q.E.D.

(2.6) We shall apply (2.5) to the simplest case X =
P3 1= P. Let F and C be as in (2.5). Since the Chow ring is
isomorphic to ZZ[h]/h4, we may consider the Chern classes
cl(F), cz(F), cS(F) as integers. So cl(F) = 4 and cz(F) =
degC. := d.

(2.7) In order to calculate 03(F), we need the

Riemann-Roch THEOREM. Let F be a coherent sheaf of rank
r on P3, with Chern classes Cqs Cp, Cg-. Then

X(F) = r+[clgs}—202+%(03—0102)—1.

For a proof, we refer to [H2], Theorem 2.3.
(2.8) Now we go back to the situation (2.6). The exact

et L, Fp o IC(4) - 0 gives rise to ci(F) =

sequence 0 - Op
¢; (Ig(4)), hence by (2.7)

X(Ig(4)) = gog(F)-4d+{1}.
On the other hand, by the exact sequence 0 - IC(4) - OP(4) -

OC(4) -» 0, we see that

X(Ig(4)) = X(0p(4))-x(0g(4)) = g-1-4d+ (%},
So cg(F) = 2g-2 = degwe.

(2.9) In the rest of this section we assume char k = 2,
3. Let s,t be the homogeneous coordinates on Pl and w,X,y,2
on P3. Consider the rational curve C of degree 6 in P3 which
is the image of the map f:]P1 > P3 defined by f(s:t) = (w:x:y:

2 6

Z) = (Stz(s+t)3:szt3(s+t):s3t(s+t) t{s-t1)"). Ve set




8w/8s 0dw/8t tz(s+t)2(4s+t) st(s+t)2(23+5t)

M(s,t):- |9x/0s ox/0t| _ s; (3s+21t) s§t2(33+4t)
8ys8s 0dy,/ot SYt(s+1)(5s+3t) sY(s+t)(s+81)
9z,9s 9z,0t 6(s-t)° “6(s-1)°

An easy calculation shows that the rank of M(s,t) is 2 for any
(s:t)eIPl. Let p be the point (0:0:0:1). Then f'l(p)
consists of three distinct points (0:1), (1:0), (1:-1). Put

V .= lPl-{(O:I), (1:0), (1:-1)) and assume (s:t)eV. Since t =+
O, we can set t = 1, and use s as an affine parameter. Then
we have
f(s:1) = (s(s+1)3:sz(s+1): 83(S+1)2:(S-1)6)
L§—+-ll—2-:1:s(s+1):(s_1)6 .
S S%(s+1)

From this it is easy to see that f is injective on V. Thus,
in sum, C has exactly one singular point p.

Let U be the open set {z = 0}. Then p is the origin in
U. We use M(s,t) to see that the tangent directions in U at
(0:1), (1:0) and (1:-1) are (1,0,0), (0,0,1) and (0,-1,0),
respectively. Therefore C is not a locally complete
intersection and blowing up C at p desingularizes C in one
step. Of course the multiplicity of p on C is 3. Let 6D =
length(bp/Op), where bp is the integral closure of 0,. Then
the arithmetic genus g of C is equal to 6D.

{2.10) In order to calculate 6p, we quote the following

LEMMA. Let C be a complete algebraic curve with only one
singular point p. Assume that blowing up C at P
desingularizes C In one step. Let p be the multiplicity of p
on C. Then p-1 ¢ 6D < p(p-1y,s2. Furthermore GD = p(p-1y,s2 if

and only if length m/m2 = 2, where m is the maximal ideal of




p
For a proof, see for example [K]. _
(2.11) We now return to our case (2.9). Applying (2.10)
yields g = GD = 2, so by (2.3), ¢ is generated by two global

sections. Combining this with (2.5), (2.6) and (2.8), we
obtain a 3-bundle F on IP8 with cO(F) =1, cl(F) = 4, cz(F) =
6 and c3(F) = 2. Since the polynomial X8+4X2+6X+2 is

irreducible by Eisenstein's criterion, F is indecomposable.

§3. Construction of reflexive sheaves.

(3.1) The aim of this section is to describe a way to
construct reflexive sheaves from line bundies and closed
subschemes of codimension 2.

(3.2) THEOREM. Let X be a locally factorial Gorenstein
projective variety of dimension n>3 defined over a (not
necessarily algebraically closed) field k and L a line bundle
on X. Let Y be a closed subscheme of X of codimension 2 and
IY the ideal defining Y. Assume that for any ideal IY’ 2 IY,
h~1ry (Kg+L)) > b2 1(Zy, (Ry+L)). Then H® l(Iy(Kg+L)) induces
the exact sequence

0 » H* 1 (Iy(Ky+L))@0y » F » Iy(L) - 0

with F reflexive.

Proof. By Serre duality we have an isomorphism
¢: Bxtl(Iy (L) B2 1 (Iy (Ry+L))@0y)
3 Hom(H? 1 (1y (Ky+Ly) BB 1 (1y (RyeLy )

Let ¢¢(£&) = id. Then ¢ defines a global extension




0 » B (I (Ry+L))®0y » F 5 Iy(L) » 0 (€)
over X. We show that F is reflexive. Since F is torsion
free, the natural map x:F - FYY is injective. We consider the

commutative diagram

0 » B 1 Iy (Ry+L))80y » F » Iy(L) - 0 (&)
I Yu Yy
0 > B 11y (KgeLyreoy » F¥V 5 S 5 0 €

where &' is an element of Extl(S,HD'I(IY(KX+L))®0X) given by

1

the second extension. We note that p*:Ext (S,Hn"l(IY(KX+L))

®0y) - Extl(IY(L),Hn‘l(IY(Kx+L))®0x) satisfies p*(&') = &. We

claim that S is torsion free of rank 1. Suppose to the
contrary that Sy . = 0. Let &" = i*(£'), where i:Sy,, » S is
the inclusion map. Then we have the commutative diagram
0 - Hn_l(Iy(KX+L))®0X - E > Sp,. 20 (&)
I Y Vi
0 » B 11y (Ky+L))e0g » F¥Y 5 S 5 0 .

On the other hand, since Supp(STor) c Y, Extl(STor,
n-1 : ~ ph-1 Voph-1 _
H (Iy(Kx+L))®0X) ~ H {St,r®Kyx) "®H (Iy(Kx+Ly) = 0. Hence
FVVTor = O, which is a contradiction. Since X is locally
factorial and detF = det(FYVY), we can write S = IY.(L) for
some closed subscheme Y' of codimension»2. The Serre duality
theorem says that
¢:Bxtl Iy, Ly BRIy (Ry+L))@0y) _
5 Hom (HM DIy, (Kg+Ly) ,HB D (Iy (RyeLy) ).
Let n = ¢(£'). Then, by the functoriality of Serre duality,

we obtain the commutative diagram




H ™ 1y RyeLyy 19 B2 Doy (kgL
N n
HY™ 1 Iy (RygeLy)
where f is the natural map induced by v®KX. So hn'l(IY(Kx+L))
< hn'l(Iy.(Kx+L)). Combining this with the hypothesis gives
Iy = Iy.. Therefore g is an isomorphism and F is reflexive.
Q.E.D.
(3.3) COROLLARY. Let X be a smooth projective variety
of dimension n>3 defined over an algebraically closed field k
and L a line bundle on X such that h2(0x(—L)) = 0. Let Y be a
closed subvariety of X of codimension 2. Assume
hn'z(OY(Kx+L)) > 0. Then there exists a reflexive sheaf F of
rank r on X with cl(F) = L and cz(F) = Y, where r =
n® 11y (RysLyy+1.

Proof. Given any ideal Iy. 2 IY, we have the commutative
diagram
0 » Iy(Kg+L) - Oyx(Ky+L) - Oy(Kg+L) - 0
L [ .
0 » Iy, (Kx+L) > Ox(Ky+L) - Oy.(Kg+L) - O.
Since B2 10y (Rg+L)) = b2 10y, (Ky+L)) = 2P 2(0y. (Ky+L)) = O,
n2 Iy (Kg+L)) > bR 10y (Ky+L)y = n2 1(ly, (Ry+Ly); the

assertion now follows from (3.2). Q.E.D.
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MULTIPLICITY OF FILTERED RINGSII"*

WikEKRY ¥¥% @ E% (Masataka TOMARI)

§1 Introduction

(1.1) HREMABHED projective variety o%RA (Vp) ORBNILR
ETRETHE, BANIR. REFABHEHLZORAARE. RURAAELSOEDA S
( conormal class 73 & ) it K DRFE Lo B AL, resolution % blowing-up £ % .
LEREWHELTET S, £h%fT> filtration & Z o tangent cone ( associated
graded ring ) X » 5L variety 2HH L LS5 WS & LD E T, KT ETIEN

tangent cone & 373 iTH ?

EOHARBRY YRV ILATOBRET, 28 %ABEA ( purely elliptic singu-
latity & IFiEh 3 b DICEY 3. ) 2. HEA#E 0 minimal model ( minimal resolution
) OBIAES L DFET 2 filtration itk - T, filtered ing oSBT 2 BEE
Wiz LEFL7o LT T, #ic multiplicity it oW TOZER I Vbbb - HERE L T4,

gk, (T4 o&EcH v, Hic  Theorem (14) oIEH & L T. simple K3 4
EXichATS Theorem (23) 25223 Lx2HE¥T, EROBE Tk, simple K3
singularity it > W T OFEBERBAOT LMW F L, TS TBFTE VL, 3¢
2. BETARRIEREEZ LT S

(12) ®RR. BHLBRS 28hT—2o filteredring 0 > 5Tk D & 572 b
DELEY,

(A,m) : d—dimensional Noether local ring over a field k,
F = {F*};>0 : afiltration of ideals as follows ;
(F°=ADF!'=m, F* D F**1 F* Fi C F*+i,

R = @30F".T' C A[T] is a finitely generated A—algebra, where T is an indeter-

minate.

There is an integer N > 0 with (FV¥)™ = F¥N™ for m > 0.

(*) This is a preliminary version. The title has been changed from “Multlplxclty of normal graded rings
” to the present one.




FN . m—primary )
BEickn Gi= 6121F'/F'+1 it G © homogeneous maximal ideal & 73 2,

pigE (1.2.1)  (A,m) © multiplicity e(m,4) & grrA = G = @xoF*/F*+!
o multiplicity e(G4+,G) DB ¥ &, '

(B : G TEVL] BRESIE. BERIEVES3,)
Y, ROFRBLASNTWETHA S,

FACT (1.3). tofiRicT I(A4/m'"*) <UG/(G4+)H?t) for 1>04ic  e(m,A) <
e(G4+,G) Ho embdimA < embdim G TH 3,

L»L [T4] © Examples (1.4) (1.5) icE 5t % & 5ic. G 45 normal Gorenstein
s ConTit, e(mA) E e(Gy,G) . BNBDTHB. ROERIR. e(m, A)
% GicBid 3 data TTFH S FHMET 260 TH 2,

THEOREM (1.4). Let thesituation be asin (1.2). Further we assume that A is analyti-

cally unramified and that k is an infinite field. Let a system of elements z4, ... ,z, € G4
be a minimal homogeneous generator system of G, with degzy < degz; < ... < degz,
with s8>d=dim A =dim G . Then we have the following

1)

d
(H dégz,-) lim (1 - A)¢P(G,A)

<@) e(m, 4)
< C(G+,G) S(ii) (degz,)d llni(l - A)dP(Ga A)

where P(G,)) = 3,50 I(Gx)A* € Z[[A]].

(2) If the equality holds in (i), then e(m,A) = e(G4,G) and there is a parameter
system vy;, ... ,ya of A whose initial form gives a homogeneous parameter system
in(y1), - ,in(ya) of G such that degin(y;) = degz; fori=1, ...,d.

(3) If the equality holds in (i) and G is normal with G.C.D.(degX,, ... ,degz,) =1,
then e(m,A) = e(G4,G) and G is a homogeneous ring. That is degz; = 1 holds for

i=1, ...,s.

—fHIc ., RARROFEELEL & J0




Remark (1.5) (1) Let R = R(E, D) be a normal d-dimensional graded ring with
Demazure’s description .

D4l = lim (1~ A)¢P(R, )
where P(R,2) = X450 I(Ri)A* € Z[[A]], with d = dim R.

(2) For a graded complete intersection

R = k[zl, ,2d+.]/(f1, ).fo)’

where fi, ..., f, is a homogeneous regular sequence of k[zy, ... ,za4,], we have

(1 — Adestr). .. (1 — Adests)
(1 — Ades=1). . (1 — Adeomars)’

P(R, ) =

Hence
(degf1). .. (degf,)
(degzi). ... (degzats)’

. _ d —
}igi(l A)?P(R, )
FrRUToOHTHEEY

d
(H degz;) lim (1 —A)¢P(G, )

i=1
OVWTHLED, TFCOHRIBE GOLEORBUETRESNEDTES 5 b0
LeEMMA (1.6). Let a system of homogeneous elements z,, ... ,2, of G be a minimal
generator of the homogeneous maximal ideal G as same as in Theorem (1.4). If G is

" a normal domain over an algebraically closed field k = Gy, then any couple z; and z;

with i # j are algebraically independent over k.

Proof. LV THE,

G % normal 72 5iF, BYDO=-o 0Kk degzy, degzy, degzs ¥ P(G,A)
ko> TREESN 2, $ic dimG <3173 normal domain G >\ T}
(T, dege: ) lima—a(1 - NAP(G,3) iz, P(G,)) Tk % 5.

§2 Simple K3 # 2 5 ® canonical filtration

(2.1) simple K3 singularity &M h 2 EHEBITHN 3 RTHRADH 5, Chid,
Wb 3 2 ¢kt simple elliptic singularity O Z R/t RO TH 2 H, FHRICERERRS




iR TRAHTRY) HERESLBcks (W] 2BBLTTaW, E¥okcr
“Gorenstein purely elliptic singularity of type (0,2) 55 Z Li2# %, [ purely elliptic
Jit BEAOFEBHIcL-T, [type(0.2) | 3HIA%ES © Mixed Hodge Structure
ic & 3 Hodge type ©& %,

COISBRERDI BROLAVENTHAL L TR, HRARSEAIATERSI D

2t + y4 +zt+uwt=0 wt(z) = wi(y) = wi(z) = wi(w) = %

1 1 1 1
2,8, 7T 42 _ S == == = —
2ty +z =0 wi(z)= 2,‘wt(y) 3,wt(z) 7wt(‘w) Yo

weight ORFIH 1 KR AU BEEN S5, COEh, BRKRTRT VD,
2t +yt+ 2wt A2yl =0 A #£0
2+ + 2T+ wt? Ayt =0 A £0
&  simple K3 singularities T& 2, #iic, 412 2T £ o hypersurface simple
K3 singularity {f =0} B @4 R EEDO T T
f=g+h git weight OLFHH 1 B3 REFRSER WABRALIEon )
h igtiogo weight cRAFHROE

LEEANBZHEVI I EEMERT B,
(22) Frit, EEEH2OBECLTOMVIZEZ 3,

(W,w) % simple K3 singularity ¢ : X — W % resolution of singularity |
Minimal model Bi#pic &b Sr>0d. (wfék) i3 Ow —algebra & LTHBEKTS %,

X = Proj(@kzmﬁ. (wgk)) i; w
{3 canonical singularity m % %744 %  partial resolution & 73 3 %5, C H it
o o) o () ()

L7322 ideal o filtration 20 B 24, CH %  canonical filtration &\ 5 ¢ &
+3, ZLTCo F = {F*}>o0ic. &4 ® Theorem (14) 2@HLTH & 5,
Ou>oF*/F**1 =G 3 normal ic7i by, Demazure pETEA VB &, ¥~ Hw)=E




73 3  rational double points ® # %% 4 3 K3 surface + Og(D) = 0x(1)/0x(2) i
k->TEE 2 Well divisor ic k 3

R = R(E, D) = ®4»0H°(E, Og(kD))T*

LERENBb0TH S ([IW] [TI[T] 288 ). Ry = (21, ... ,2,) with degz; <
. < dege,
G.C.D.(degz,, ...,degz,) =1 &L T.

THEOREM (2.3). (W,w) % simple K3 singularity of e(m,A) =2 t4-T F =
{F"}y.zo % canonical filtrationon W ¢4 3 %5 e(R4+,R)=e(m,A)=2 MK
ERE)

(24) (2.1) TR~EMWBET 3 RAHEET 5, ( e(Ry,R)=2%iFrkT &>
7. (E,D) » data LE>HFico 0 Tit. M. Reid, A. N. Fletcher, k¥ Sic k> TH&
CEShTVWAYIHIFLbA B Eirtiv,) Rt Gorenstein normal domain ¢ 3% 2
ick v e(Ry,R)<3 1#5if, Rit hypersurface ¢% %, R % R =C[z,y,2,v]/g
LE388u0vic  weighted homogeneous polynomial ¢& LT 3 &, Spec(R)—V(Ry)
i& 3 ¥k iC rational singularity 2 >0 A TH B Ehbho>TW5B, g ® Newton 15
= T'(g) C R* cowt diml(g)=3»-> & (1,1,1,1) » T(g) otEudH:Mic
EEhzcethbh»s (§Hof[T3]), =z,9,z,w€R*% initial form & LTERT 3
mCA=0w, 0tthzn X,V,ZWemertze (X,Y,ZW)=m<5s
3, chiz AN=C{X\)Y,Z,W}/f w3 &RzHVw3 &, X,Y,Z,W © monomial
filtration 2313 F={F*l>o(®» A" ~opinduce32s0 ) Z0DbDTH 5,
inff=9gThsoLictizd, {g=0} =W it not rational singularity ¢& 2 ». <
® & 572 analytic n@EiER (XY, Z,W) ofF#EMH %= M. Reid %8413 [Rl] oiarT
FHEHIOWTWE, Thi, FECHKRITBETH P, O note TRIFHALAFICHL 5,0
( EK Reid %4 o F18 & simple K3 singularity o canonical filtration o R§{Zic >
& [TI[T] F x5

A

n

-
-

Theorem (1.4) 2wt (23) 2FEHFT 2 i RROBFEREIT &L Vo

THEOREM (2.5). E % K3 surface with rational double points - L D % ample
Q- Cartier integral Weil divisor . R = R(E, D), Ry = (21, ...,z,) degz; < ... < degz,
L5, TOB

degz,.degz;.degzs.D? > 2.




&1 B,

§$3 Proof of Theorem (2.5) ( outline ).
(31) HHoFXHBER,. BELAEET S ﬁiiﬁﬂiﬁﬁ ic 2T ® Riemann-Roch formula
DERATH 3, '

singularity 2 # > giiff k©® Riemann-Roch formula #5ic 2 08 RAH 5D B kK
R o>wTid, J. Giraud[Giraud], ¥ M. Reid [R2] ot E45% v . #ic Reid K
DEBRREICEATVWE, DLEFTZL,

E % projective surface with at worst rational double points & L # L D % Weil
divisoron E &4 3%, Dt Q—Cartier # % 5. theintersection numbers D?, KD €
RuELSN B,

THEOREM (SEE THEOREM (9.1)[R2] ). There is a formula
1, ,
xX(E, O(D)) = x(0g) + 5(D* - DKg) + > co(D)
Q

where cq(D) = cq(Og(D)) € Q is a contribution due to the singularity of Og(D) at Q
, depending only on the lo¢al analytic type of Q € E and D ; the sum takes place over
the singularities of D ( the points Q@ € E at which D is not Cartier ).

1
(D) If P € E and D is a cyclic quotient singularity of type ; (;(1, —1)) then

i(r —1)
D)=- .
cp(D) 2r

(IIT) For every rational double singularity Q € E and Weil divisor D on E, there

1
exists a basket of points of {P, € E, and D, } of type ; (—(1,—1)) and with i,

a \ 7,

coprime to ., such that
io(Ta — ia)
co(D)= Y ep. (D) = - Y lra—ie)

27
a a

D& >ic rational double points ® % £ EAic o4, the Riemann-Roch
formula 0 3738 T3 . singularities i rational singularity of type A, 1 TH 3 & LT &



VWo k. DoED B Cl(A,,—1) 2 Z/ra.Ziciti3 3 polarization i, € {1, ..., 70—
1} ik, 2 oxtiftEic kb, 20 <7Ta THBELRELTHY,

(32) E: D% (25)0&x>icd 3, (3.1) Dk >ic basket of singularities %

{A,.-1,c(Ds) =ia, (2ia <7,) ja=1, ...,N}

43 o by =dimH°(E,Og(mD)) & %4 & . Kawamata’s vanishing theorem iz & %
24T '

22
b,,,=m2D +2+cq(mD) form >1
2823, m=1,208&Ic&b,
D= asy —2)4 3 telre = i)

(3.2.1) =2(by — ).}.ZIT

N
(3.2.2) by=4b1—6+ ) ig

a=1
BEENB,

(3.3) Proof in the case b; > 3.

CoBE aa=a=@g=1Tszn,. 32)icky D*22HRIT 3.
(3.4) Proof in the case b; =2.

COBE q=@=1h> @>2Ths, H'(E,0g(D))=Cz;+Cz; £ ¥ 3
& 21& 223 R=R(E,D)ict Ct REMHHITH3 (16), wiic

bp=m+1 for m<gs—1

qazDz
bgy = =5~ +2+cqlgsD) 2 gs +2
TABo WARIC . ;
9192930 = gsD* > 2 - q—ch(an) >2
Th 3o,

(3.5) Inthecaseb; <1.

bi1=1b:>3018 b1=00b0:>30Ba8%2RBRVT K41k qug2qsD? <2 &
RA2TENNSIBEEELE LK, ERCHEHAOBABIC. EREELD .



bi=1¢L&% @a=1»>2 @2>2 ¢>2Th3, (3.21),322) itk

N N .

zz

D’: E ia—2_z ‘x>

a=1 a:lra
N . 2
=b a
=0y — r—
a=1 <

TH 5o

b2>3 K851 ga=g=27ThD
4D?

bz=T+2+cQ(2D)Z3

0 q192qsD*>2Tch 3,

b:=27%5iF ¢2=2 ¢3>37ThD Ef_—_lia=4

N .2

OBE Q19293 D* <2 Ltz eSS B B DL

1" ‘N N
0<1>’5§ Zra§1972ia=4
4‘\7‘!:1 a=1
Thd. PWoOdbic, ChiREBEAETH 5o 45

by=1%51 ¢>3 ¢23THY YN ia=3
N .
pro1-3

g
a=1 <%

COBE qeaeD'<2inzEikbssor
9 N N
2 L
0<D 567;ra§19 );za_a
Ao 7
Thbd, Hodic, ChIEREESTDH 3,

by=02xL &5, @a>2ho 9 > 2, $32>22Th 5, (3°2'1)1(3'2‘2) &0

N .
o
Ta

a=1

N
D*=) i, —4—
;1

by=) ia—6

a=1

- —66—



TH 5o
b23 B i=q@=g=2ThDH
bz=i§:+2+cQ(2D)23
&0 q1q203D* >4 TH 3,

b2=2no q1=q=2 @>3THhH DS q1929sD? <2 & 75 2 A4
Hrd 3001

Niz 1 N N
2 _ e o :
0<D _4—ET SG’Zraglg} i,=8
a=1 < /\a:I /\azl
Thd, Hobic. chilEBEATH 5.7 s

b=1%5iF q=1 ¢>3 >3 CThhnigs @192q3D? <2 12 3

THEHE 5 3 Dt )
Nig 1 N \AV
2 _q_ e _ 5 —
0<D*=3 Eraggyzra519721a 7
a=1 /,\a=1 a=1
ThBo Hobic. ChObERESTS 20D

b:=07k5F @23 @223 @3>3THh e @1929sD* <2+ 13 3

AREES 5 B Dt \C\y
Niz 9 N N
0<D*=2-) 2 <= re <19 ia =6
?$5O%B#K\Cn6ﬁﬁ§é?56§§

CNSDORFEORMIIERS 3, (Pm sorry. )

§4 “star-shaped ” 2-dimensional singularity ic - \» T © multiplicity
P g

(4.1) Theorem (1.4) oA Tt 7z a5, filtered ring D EELHITH 3 “star-
shaped ” resolution 2 H¢+ 2 2 Rt FHBEEACHET 2 EEE R BEkWw (
Hizge+ s, [T5) 288 ), (W,w) 2 [TW1] o Chapter IIc@mRtLtohTWVW3 &
3 73 normal two-dimensional singularity with “star-shaped ” minimal good resolution
(X,4) > (W,w) &L&>5 ([TWY] b5H), F= {F*}4s>0 # %@ central curve
k0EEE A=Ow, o filiration £33, G =3, F*/F"* gpusRas
b o integral domain £ %X 2D T& - 72, G ® normalization # R = R(E,D) &
Pinkham-Demazure 0 ig ¢ &4,




THEOREM (4.2). koK E TV : (C,E) — (Spec(R(E,D)),p) % filtered blowing-up
by the gradingof Ric X > T8 5h 3  the canonical partial resolution. Suppose mg.O¢
is divisorial. Then :

(1) The multiplicity of (W, w) > The multiplicity of (R, mpg).

(2) If G = R, then the equality holds.

Remark (4.3). We can replace the major assumption “mg.O¢ is dvisorial ” by

“u=Y(mg) = Og(L-a) holds for some integer a ” in Theorem 1.

[T1)[T2] st o REA VB ERBE SN B,

THEOREM (4.4). Let the situation be asin (6.2) of [TW1] and in (4.1). Suppose (W, w)
is Gorenstein with p, = 1. Then the multiplicity of (W, w) equals the multiplicity of
(R,mg). Moreover the Hilbert-Samuel functions of the both singularities are same,
where Hilbert-Samuel fanction of (A,m) is defined by H(k) = dimm*/m*+! for
k>0.

Acknowledgements. CoftEE2320DiIchi-> T, 2kicbi» TEAR—%AE
LOEBAVNBRVEERHE 2BV E Lk, BECRBHOFLERLAAVEEVE T, ¥
2. 823 0EEREF S icH > T, ANFletcher K, kHEK o0 L ORKRVER
RFRET IO evidence & h & L, T ERMHITbhATLA BEIALRKOD
Riemann-Roch 2 VW HEBE D T L, O bBRHAEL TS,
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BT AL 7 8E 8 ko W
HALKRFHEFHR HHIEHR

FFX

QRTH R THREAE. TOEBRCOPART WL 2 b O R
EEMBORERI L TERSNS, EB [T kb ZDERTALY
P—S2EHABADEBEAHVWTREINATBY, BELBIXTHRER
EIEENTW S, .

THEI R THEEAREGBNICEL SN B 0[SO, 3.1] o4, 3KRT
TREBICIDBELABHABELZ SN T WS, 4Rl ETHIEEICRL
bH5bDEEbLNMEN, I bbb TRV, I TREF LA
REMOMZEEERAVTARTEIEY ZT7HEAVPERTE 22 &L 2R
L. ZOBGAAOVWTOREBOHERRE BRI ER S 13 WA
EEOARLZBLOWMEIC>VWTiB~NE, HL., COREBEHFERAX
BREFBOAZEE VWY &k, BRI DFESNIL -1 » JEHF
DMAEDLERNAEELVIRESDTH %,

1 BT HEH#EK

rE 2 EOBBELV ZrRToO~Ns PVERET B, V OHOE
BBV OBBRBHLESE {u, -, u} KEDr=Rou; + -+ Rou, &
BodorN(—m)={0} ThsL&ERNUEMAM#EEKL VI, HL Ry 13 0
DlEtoERLETH 2, 1V OBRERIZEM 74+ (—7) = H(r) & &
o itk m DRt dimnm & H(m) DIRTLE T %, FHic 0= {0} E0 KT
BMONEAMEE TS Do

V o Zmzs V- &L {,): V*xV —R E2HABZWN1 KEH L
T 5, WU HMEE T OWHEEG 0 KL (z,0) >0 BT XTD 7 D
FTalk20WTEILb»2o={a€n;(z,a) =0} £1% V" Dtz



BEETSEE o %2 7 OfF (face) LWVo <7 EF o 7 ODEHIZF 70
NEEMEER B, T OFEEEE F(r) £E
V onEAgE i L, T oR#krY CV %

vi={zeV*;¥xTDaemicxtLl (z, a) >0}

EEET Do BV OFREOTTERINIEAMETHD, T1
BN oFD VN (—7V)={0} LB B30 T VRARIT LD B LET
% % [Oda, Thm.A.1,(2)] o 7 @i 0 &&Xt L V[o]:=V/H(0) LB &ET D
Vo] ~0§% nlo] £&E<Ko 12V o]i=0ct={z€V"; ¥ XTDac
citXt L (z,a) =0} £BLo TDEE Vo] & Vo] BE WICRH 12~
7 bvZEBTTY Not C Vo] ik nlo] OB SE L5,

TRV OMMNEABEELET S, m OFED I BRRTH1L O b D%FF
A (facet) EFFR ST b, 1 OHEHLZHEOEEE Fe(m) £EL
i o LBOWE 7 PHELTVWZ EE, XY onNT B 7 OPTRR
TL2THhHIEET B,

T ORTTHBBRKIRITTD r &F 50 Fe(m) D&EITo XL, o iCHET
Zr Ol % Ad(o;m) £ 3BI Ad(o) £F . £/ filfm o Xt
LTV olB¥iE H(o) TEZ2H¥EMO S5 7 &L H% HY(0;)
FrokBIc HY(o) &L, tih% H (o;7) Xi& H (o) &35, Ho b
i it ﬂ,,epc(,r)H+(d) TEL WL,

7T ®1RITDOEED (edge) LM Ur OBLEE ed(r) EFL T &
T3, Ay BB nicHEELTVWEEE y+n DT OD2KRITDOETH
5&ELT By CHET D 1 OLL2KEE ad(y;m) i ad(y) £ELS
ZEicd Bo

RELL V OBROSANE T M LROSKEB S,
(1 H(o) ={0}.

cEF ()
OV &2 H(r) TEBEHABILICLor BRARTTHEEL
T, ZDL& 77 RELRRRTOBOSZA#EKR TS 2, €V %
EXDBETRWVWILET 5, ZD & & [Oda, Prop. A6l ic kv V* OBFH
(z=0)R 7 DI RTOLEEL, BOFHMEKIZZ OB IT L > TERK
EhzoTcr'C(z=0) &BEH. hid ¥ BRRRLTHS &I
FEST 5o AEHHFED D




K o€ Fe(m) w3 L
N H(r)

T€Ad(o)
% L(o;w) 138 L(o) £&F <o

FH 1.2. BARTOBONESHME T VROFKEEZR LT EEFER
L AIHE & 850

)7 oDyl y2&C 7 OMEHPTEr—1 BEET .

(2) 7 DRAIE o L Lio;7) REBRTH B0

FoEHD (1) & v €ed(n) et L Taly] C V[y] 3 BEIIHAET
HBHIEERT, Hic, FER/LAEMEDOHET S22 >OMENH 5
DAEEEFTAhETZFNOREVWICHEELTVWSR I EBDLD® %0

dimr=r=3 OH& o € Fe(r) RuwobTE2 - OflEHICHEELT
W EmH T RUTHERAAETS %,

WE1.3. 0 2RIERALTRE#EE r 0fllTET H, TOLEV A
H(o) & L(o) DEMTH %o

S o OFKMHEp XL T OfllE T B—BHIEKFELToNT=0p
ttt%o ?}t’)'c

Lio)NH(o)= () H(r)NH(o)= (l H(p)
T€Ad(o) pEFc(a)
7y, CHREELL &0 {0} ©Z LvedimL(c) =152 dmH (o) =
r—1ThbahoREERS. ' AEHE DD

o EHERACAEME r OME LT3 & &, LT (o;7) X3 LT (o)
T 1 RO L(o)NH (o) % L™ (0;m) XidHiw L7 (0) T1 R
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Meeting on
Computer and Commutative Algebra

COCOA 11

Department of Mathematics University of Genoa
May 29 - June 3, 1989

SPONSORED by

Ministero della Pubblica Istruzione

Consiglio Nazionale delle Ricerche

Universitad di Genova
Comune di Genova
Cassa di Risparmio di Genova e Imperia
C.O.L. ITALIA 90 Ditta V.E.L.I.LE.R. (wines, cocoa Bensdorp,...)
Bubble Viaggi (Travel Agency)

Organizing Committee:
D. Arezzo, A. Giovini, T. Mora, G. Niesi, L. Robbiano, G. Valla

Monday May 29

09.00 - 10.00 Registration

10.15 - 10.30 Opening Remarks

10.30 - 11.20 C. Traverso (Pisa) A new critical pair completion algorithm for
standard and Grobner bases

11.30 - 12.20 V. Weispfenning (Passau) Comprehensive Grébner bases

14.30 - 15.20 M. Giusti (Palaiseau) On the Castelnuovo regularity for curves

15.30 - 16.20 W. Vasconcelos (Rutgers) The equations of commuting pairs of matrices

16.20 - 16.50 Cocoa Break

16.50 - 17.40 B. Sturmfels (Linz) Grébner bases of determinantal ideals

17.50 - 18.40 T. Recio (Santander) Towards a catalogue of shapes for plane real
algebraic closed connected curves with double points

Tuesday May 30

09.15 - 10.05 B. Buchberger (Linz) Grobner bases and determinant polynomials
10.05 - 10.30 Cocoa Break
10.30 - 11.20 L.J. Billera (Rutgers) Grobner bases methods for multivariate splines
11.30 - 12.20 A. Giovini - CoCoA System Presentation

G. Niesi (Genova)

14.30 - 16.30 Presentation of Software Systems
18.00 Drink at the City Hall
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Wednesday May 31

09.15 - 10.05 D. Lazard (Paris) Solving algebraic systems
10.05 - 10.30 Cocoa Break

10.30 - 11.20 J. Heintz The complexity of the membership problem for
(Buenos Aires) polynomial ideals
11.30 - 12.20 A. Galligo (Nice) What property of local cohomology is used in the

proof of the sharp effective Nullstellensatz?

Afternoon Trip to Riviera di Ponente
Evening Social Dinner (Ristorante Claudio, Bergeggi)

Thursday June 1

09.15 - 10.05 B. Trager (Yorktown) Good reduction of curves and applications

10.05 - 10.30 Cocoa Break

10.30 - 11.20 F. Winkler (Linz) A p-adic approach to the computatiion of Grébner
bases

11.30 - 12.20 M. Sweedler (Cornell) Bases for subalgebras

14.30 - 15.20 H.M. Mdller (Hagen) On solving systems of algebraic.equations by
decomposition

15.20 -.16.00 Cocoa Break

16.00 - 18.30 Demos

Friday June 2

09.15 - 10.05 M.F. Roy (Rennes)  Effective real algebra and geometric applications
10.05 - 10.30 Cocoa Break
10.30 - 11.20 J.J. Risler (Paris) Connected components of real algebraic and semi-
algebraic sets
11.30 - 12.20 W. Lassner (Leipzig) Ordering problems and symbol representation in
envelopping algebras

14.30 - 15.20 G. Carra’Ferro Minimal Hilbert polynomial in algebraic geometry
(Catania) and differential algebra
15.30 - 16.20 P. Gianni (Pisa) Efficient computation of zero-dimensional Grébner

bases by change of ordering

16.20 - 16.50 Cocoa Break

16.50 - 17.40 M. Stillman (Cornell) Finding the image of a polynomial map correspond-
ing to a line bundle

17.50 - 18.40 D. Bayer (Harvard) How to culculate multiplicities

Saturday June 3

Crazy Weekend : An informal microprogram in Commutative Algebra
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NATIONAL INSTITUTE

UNIVERSITY
FOR SCIENTIFIC OF BUCHAREST
AND TECHNICAL CREATION FACULTY
DEPARTMENT OF MATHEMATICS
OF MATHEMATICS

ROMANIAN SOCIETY OF MATHEMATICAL SCIENCES

ALGEBRA AND ALGEBRAIC GEOMETRY
Bucharest July 3 - 8, 1989

ORGANIZING COMMITTEE

T. Albu, L. Bidescu, C. Binici, S. Basarab, A. Buium,
A. Constantinescu, P. Ionescu, C. N&stisescu, H. Pop,
D. Popescu, N. Radu

Secretary of committee : A. Zaharia

Collaborators : N. Buruiani, M. Cipu, C. Ionescu, M. Tibar

CONFERENCES

Algebraic Geometry : Amphitheatre ”S. Haret”
Commutative Algebra : Room 1
Ring Theory : Room 3

Communications in other fields of Algebra (usually in Romanian language): Room 12

GENERAL INFORMATIONS

The programme is a preliminary version.

All sessions will take place at the Faculty of Mathematics of the University of Bucharest, 14,
Academiei Street.

Wednesday, July 5 : Excursion
Thursday, July 6, 18.00 : Official dinner.




09.30 - 10.15
10.30 - 11.15
11.45 - 12.30
16.30 - 17.15
17.30 - 18.00

09.30 - 10.15

10.30 - 11.15
11.45 - 12.30
16.30 - 17.15

17.30 - 18.00

18.00 - 18.15

09.30 - 10.15

10.30 - 11.15
11.45 - 12.30
16.30 - 17.15

09.30 - 10.15
10.30 - 11.15
11.45 - 12.30
16.30 - 17.15
17.30 - 18.15
09.30 - 10.15

10.30 - 11.00

COMMUTATIVE ALGEBRA
(Room 1)

MONDAY, July 3

J. Nishimura (Kyoto) Some examples of noetherian rings.
J. Backelin Invariants rings ; Veronese subrings and Golod-
(Stockholm) Lange attachedness.
R. Achilles (Halle)  On isolated intersection in complete analytic
geometry.
U. Nagel (Halle) Castelnuovo’s Regularity and Hilbert functions.
T. Ogoma (Kochi) A note on the syzygy problem.

TUESDAY, July 4

J. Herzog (Essen) The Grothendieck group of a quotient singularity
defined by a finite abelian group.

W. Bruns(Osnabriick) Algebras defined by power of determinantal ideals.

B. Urlich (Michigan) Resolution of maximal Pfaffian ideals.

J. Strooker (Utrecht)

A. Naoum (Bagdad) On the ring of homomorphisms of finitely generated
modules.

M. Cipu (Bucharest) Reduction ideals for maximal Buchsbaum modules.

THURSDAY, July 6

C. Tonescu (Bucharest)  Finiteness of the integral closure of a noetherian
ring.

R. Froberg (Stokholm)  Castelnuovo bounds for 1-dim. graded algebras.

H.B. Foxby (Kobenhavn) Fibres of homomorphisms of local rings.

H. Matsumura (Nagoya) Report on the work of Hashimoto-Kurano on
determinantal ideals.

FRIDAY, July 7

J. Herzog (Essen) A homological approach to symbolic powers.

M. Roczen (Berlin)  On the Brauer-Thrall conjecture.

- D. Popescu (Bucharest)

H. Lindel (Miinster) On cancellation properties of projective modules.
W. Spangher (Trieste) Some remarks on a classical theorem of M. Kneser.
Discussions : Open questions in commutative algebra.

SATURDAY, July 8

S. Basarab (Bucharest) Morgan-Shalen compactification over local rings.
L. Panaitopol - Applications of the Newton polygon.
D. Stefanescu (Bucharest)
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Mathematisches Forschungsinstitut Lorenzenhof
Oberwolfach D-7620 Oberwolfach-Walke
Phone: (0)7834/979-0

Kommutative Algebra und algebraische Geometrie
August 6 (arrival day) — August 12, 1989 (departure day)

Chairman: E. Kunz, Regensburg
H.-J. Nastold, Miinster
L. Szpiro, Paris

Monday August 7

09.30 - 10.30 Sh. Abhyankar (West Lafayette)
Fundamental groups of algebraic varieties
10.45 - 11.35 R.Y. Sharp (Sheffield)
Generalized Hugh complex
11.45 - 12.30 F. Ischebeck (Minster)

15.30 - 16.15 C. Rotthaus (East Lansing)
Rings with approximation property
16.30 - 17.15 B. Urlich (East Lansing)

17.30 - 18.15

Tuesday August 8

09.00 - 10.00 D. Eisenbud (Waltham)

Double structures on P! (ribbons)
10.15 - 11.15 E.G. Evans (Urbana)

Betti numbers of modules of finite length
11.30 - 12.30 R.-O. Buchweitz (Scarborough, Ontario)

15.30 - 16.15 I. Vainsencher (Recife)
The Hilbert scheme component of elliptic quantic curves
16.30 - 17.15

17.25 - 18.15 P. Roberts (Salt Lake City)




‘Wednesday August 9

09.00 - 10.15

10.30 - 11.15

11.30 - 12.15

S. Kleiman (Cambridge)

Difference and double points
M. Brodmann (Ziirich)

Kohomologietheorie projectiver Varietaten
W. Bruns (Vechta)

Thursday August 10

09.00 - 09.50

10.00 - 10.30

10.45 - 11.30

11.45 - 12.30

15.30 - 16.20

16.30 - 17.00

17.15 - 17.45

17.55 - 18.35

H. Lindel (Minster)
On a question of Suslin concerning stably free modules
Litkebohmert (Minster)

J. Nishimura (Kyoto)
Some examples of noetherian rings
R. Waldi (Regensburg)
The Grothendieck group of a quotient singularity defined by a finite

group

K. Nishida (Kdln)
The finite generation of symbolic Rees algebras
G. Horrocks (Newcastle)

W. Vasconcelos (Rutgers)
Commuting varieties of Lie algebras
J. Herzog (Essen)
Linear maximal Cohen-Macaulay modules

Friday August 11

09.00 - 09.45

10.00 - 10.45

11.00 - 11.35

11.45 - 12.30

15.30 - 16.15

16.30 - 17.15

L. Avramov (Sofia)
Homomorphisms locally of finite flat dimension
H.B. Foxby (Kobenhavn)

Bass series of local ring homomorphisms of finite flat dimension
J.R. Strooker (Utrecht)

D. Ferrand (Rennes)

J.F. Boutot (Strasbourg)
p-adic uniformization of Shimura varieties

G. Lyubeznik (Chicago)
The topology of algebraic varieties of small codimension in projective
space
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CoCoA

A Macintosh System for Computing in Commutative Algebra

System Design and Implementation by
Alessandro Giovini & Gianfranco Niesi
Department of Mathematics, University of Genova, Italy

CoCoA is a small special-purpose system for
COmputing in COmmutative Algebra, which runs
on any Macintosh with at least 512K of RAM.

CoCoA has been designed for offering the max-
imum ease of use and flexibility to the mathe-
matician with little or no knowledge of computers.

CoCoA is capable of performing both simple
and sophisticated operations on various data
connected with multivariate polynomial rings (data
can be polynomials, ideals, modules and matrices of
polynomials); polynomials may have coefficients
either in the field Q of rational numbers or in the
residue ring Zp.

Every operation is performed within a “current
ring” (which by default is Q[t, x, y, z]); the user can
easily change this ring by just pulling down a menu
and editing some values.

The advanced user has also the possibility of
changing the values of some special parameters
(which affect the way in which some specialized
algorithms work). The default values supplied by
the system however suffice in most cases for an
optimum use of the system. )

The user can open up to 8 standard text-cditing
Macintosh windows in which data can be entered in
a very simple format. Several kinds of computations
can be performed on the entered data and the
results can be stored for later use. If the user modi-
fies the ring, then the already entered or computed
data can be easily transferred to the new ring (when
that makes sense).

The system is capable of performing basic op-
erations, as for example the following ones:

s sums, products, powers, derivatives, gcd, lem
of polynomials,

¢ sums, products, powers of ideals,

e sums of modules,

¢ sums, products, powers, determinants of matri-
ces,

* operations between heterogeneous values, like
the product and the division between an ideal
and a polynomial, etc.

Besides these, more advanced operations like
the following ones are available:

* intersection and division of ideals;

* syzygies of ideals or of modules;

* resultant of two polynomials;

* elimination of variables from an ideal;

* Poincare series and Hilbert function of an ideal;

*  Grobner basis of ideals and modules;

» Standard basis of ideals.

The syntax for the expressions that the system can

evaluate has been chosen to be as close as possible

to the usual mathematical notation; the system
displays the exponents as superscripts and the
indexes as subscripts, taking advantage of the
graphics capabilities of the Macintosh; for example,
to eliminate the indeterminate t from the ideal
generated by the three polynomials t31 + t6 - x, t8-y

and t10- z one has simply to evaluate the following
expression (whose result is a value of type ideal):

Elim(t, Ideal(t3! +t6 -x, 8-y, t10-2)).

The core of the system is an implementation of
Buchberger’s algorithm for computing the Grobner
basis of an ideal; the algorithm has been optimized
in several senses and it is used as a ‘building block’
for some of the operations that the system is
capable of doing; for most uses the user can how-
ever completely ignore the theory of Grébner bases
and cven their existence: the system will do all the
necessary ‘Grobner stuff’ in the background.
However, for an optimum use of the system (and of
some system parameters) some knowledge of the
theory may be useful.

The system is freely distributed to anyone who requests it by sending a blank diskette at the address below.

Alessandro Giovini.or Gianfranco Niesi,
Department of Mathematics, University of Genova,
viale Leon Battista Alberti 4,16132, Genova — ITALY.

Questions and suggestions can be also sent to the following electronic mail address:

cocoa@igecuniv.bitnet

The system is continuously evolving; known users will be kept up to date about new releases via EMail.



Certain ascending chain of local rings

By
Masayoshi NAGATA
In this article, we mean by a ring a commutative ring with identity,
and by a local fing a noetherian ring with.qnly one maiimal ideal. A
quasi-local riﬁg is a ring with only"one’maiimal ideal. When we say that
(A, m) is a (ﬁuasi-]local ring, we understand that A 1is a (quasi-)local
ring with maximal ideal m.
Assume that.an ascending chain of local ring (Ai, mil da=1,2,
is given.. Then one sees easily that the union B of all Ai is a
quasi-local ring withlmaXimal ideal M = um, . Surely, there are many
eiamples of such chains so that B is not noetherian.
. The purpose of this article is to discuss sufficeient conditions
for B to be noetherian.
The writer is conjecturing as follows:
Conjecture. Assume that the ascending chain of local rings
(Aif'mil satisfies the following conditions:
1) m.A, =W for all i=1, 2, ..., and

i1+l

(2) each Ai+ is flat over Ai G=1, 2, ...),

1
.then the union B is noetherian.
At the moment, the writer is not able to prove this conjecture,

and is proving the following theorem.ll

1) Motivation of this study was originated by an oral quesition raised
by Professor Kashiwara of R.I.M.S. asking the theorem under a stronger
-condition that each.Ai is regular.

\




Theorem. Under the circumstances of the conjecture, assume
furthermore that:
(3) Each Ai« is Cohen-Macaulay,

then the union B is noetherian.

1. Some well known results.
The following lemmata are well knoyn.zl
Lemma 1. If a module M is flat over a ring R and if 11,
IS are ideals of R, then the following equalities hold:

) (11 n 12 n ... n ISIM = IlM n IZM n ... nN ISM,

@) (I1 : aR)M = IlM : aM for any a e R.
Furthermore, the module M/IIM is flat over R/Il’

‘Lemma 2. Assume that local ring (A, m) contains another local
ring (B, n). If nA =m and if Krull-dim A = Krull-dim B, then the
multiplicity u(A) of A is not greater than the multiplicity wu(B)
of B; If furthérmore, A 1is flat over B, then u(A) = u(B)

Lemma 3. Let Q1 n ...n Qt be a shortest primary decomposition
- of zero in a local ring A, and assume that Krull-dim A/Qi = Krull-dim A

if and only if i <u (< t). Then

ign length A/Qi < u(Al.

Lemm 4. A ring R is noetherian 'if every prime ideal of R is

finitely generated.

2) Seé, for inst., Nagata, Local Rings, John Wiley 1962 (repr. ed.,
Kreager])
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Lemma 5. Assume that A is a Cohen-Macaulay 1oca1 ring. Then
" for any prime ideal P of heiglit zero, it holds that
Krull-dim A/P = Krull-dim A.

As an immediate consequence of Lemma 2 and Lemma 3 above, we have

Proposition. Under the circumstances of the conjecture, we see
that:

(1) Krull-dim Ai+1 < Krull-dim Ai for each i =1, 2, ...,

(2) letting P; be the set of prime ideals P of Ai such that
1’ each P; is a finite set and

Y length (A dp < HQAD .
Pepi
Lemma 6. If a local ring A donimates a local ring B and if A

Krull-dim Ai/P = Krull-dim A

is flat oyer B, then A is faithfully flat over B.
Lemma 7. If ring R contains a ring B and is faithfully flat over

B then, for any ideal I of B, it holds IR n B = I.

2. Proof of the theorem.

Let P be a prime ideal of the union B, and it suffices to show
that P is finitely gener;ted (Lemma 4). Set Pi =Pn Ai for each
i. Then the sequence of Krull-dim Ai/Pi is non-increasing. Thus,
there is a number N such that Krull-dim AN/PN = Krull-dim Ai/Pi for
all i > N. Then oliserving the chain of Aq with i 2 N, we may assume

that N = 1. If height P, = h is not zero, then we take h elements

1

h
a,, ..., a, of P, so that height(:z a.A,) = h. Then, considering the
ot S TRt : ja1 31
chain of Ai/(;z aiAi), we may assume that h = Q.
2

Consider height zero prime ideals in A;. Then,
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by Lemma 5 and Proposition, we can choose another sarting Ai’ and
we may assume that

(*) Each Ai has exactly m prime ideals of height zero, say

Pil’ cee Pim and (i) Pi+1,i n Ai = Pij and (ii) length
(Ai+1)P. o= length CAi)p.. for all i, j; Pi = Pil'
i+l,j ‘ ij
There is an element a of A1 so that P11 =0 : aAl.

Then, O : aAi is a primary ideal belonging to Pi1 (Lemma 1). Then,

1

i (Lemmata 6,7). Thus P must be generated by 0 : aAl. This proves

that P is finitely generated, and we complete the proof.

considering its length in (_'Ai)p , we see that P;.L =0 : aA, for all
i

Addendum: After the symposium, the author was told by Shiro Goto that the con-
jecture has been proved in Grothendieck’s EGA Chap. 0;1; Lemma 10.3.1.3.
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Characterization of Graded Toric ASL Posets

and Classification of Homogencous Toric ASL Domains of rank 2

Atsushi NOMA Waseda University

Abstract. A graded toric ASL (algebra wi;h straightening laws) is a
semigroup ring which is a graded ASL on a poset consisting of the
system of generators of the semigroup. The purpose of this paper is
to characterize the posets (partially ordered sets) of graded toric
ASL's towards development of a general theory of graded toric ASL’s.

As an application of the characterization the homogeneous toric ASL’s

of dimension 3 over a field are classified. This classification

extends the work of T.Hibi.

Introduction. An algebra with straightening laws on a partially

ordered set T is an algebra admitting a presentation with generators

indexed by W and relations having particularly nice properties. A

graded toric ASL is a semigroup ring which is a graded ASL on a poset

consisting of the system of generators of the semigroup.

Graded toric ASL's are used to give examples for certain posets to
be posets of homogeneous Gorenstein ASL’s of rank 3 by K—i.Watanabe
(Wa). Also graded toric ASL’s on posets of rank 2 are classified in
homogeneous Gorenstein case by T.Hibi (Hi).

The purpose of thjs paper is to characterize posets of graded toric

ASL’s towards development of a theory of graded toric ASL’s (No) and

classification of homogeneous toric ASL’s. As an application of the
characterization we classify the homogeneous toric ASL’s of rank 2.
In our toric case the posets are naturally represented by finite

ordered graphs embedded in affine spaces although the posets are
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usually represented by Hasse diagrams. This is essential to this
paper.

In Section 1 we define graded toric ASL. In Section 2 we
characterize graded toric ASL posets. In Section 3 we examine
combinatorial aspects of the graded toric ASL posets. In Section 4 we
give a correspondence between graded toric ASL’s and finite posets
embedded in affine spaces with certain conditions given in the
section 2. This correspondence reduces classification of homogeneous
ASL’s to classificatioﬂ of the posets embedded in affine spaces.
Finally, in the section 5, the homogeneous toric ASL of rank 2 are
classified. This classification extends the work of T.Hibi (Hi).

By the‘same way as in the case of rank 2, we can classify the
homogeneous toric ASL-posets of rank 3. These results will be given
elsewhere.

The author is grateful to Professor Kei—ichi Watanabe for valuable

suggestions during the preparation of this paper.

§ 1. Definition of Craded Algebra with Straightening Laws and Graded
Toric ASL

First we introduce a definition of graded algebra with

straightening laws.

Definition. Let S be an algebra over a commutative ring k and W< S
a finite subset with a partial order <, called poset for short.

A product of the form €1~~-§ , m € Z>0, Eie M such that ils--~s E

m m

is called a stanrdard monomial. S is a graded algebra with
straightening laws (a graded ASL, for short), if the following

conditions hold:
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(Hed S = @ Si is a graded k-algebra such that S;= k, T consists
iz O

of homogeneous elements of positive degree and generates S as a
k—algebra.

(H;> The standard monomials are linearly indepéndent over k.

(Hp) For all incomparable E,v € T, the product £v has a
representation
€] Ev = 3 a,u, a,¢€ k, # standard monomial,
satisfying the following condition: every a contains a factor & € T
such that t<E, g<v (it is of course allowed that £v = 0, the sum
p a,u being empty).

When T < S1 we call that S is homogeneous. When the right hand
sides of relations (%) are 0, we call S is discrete

We define some termfnology on an abstract poset T.

Definition. A chain of T is a totally ordered subset. The length of a
chain is the cardinality of the chain minus one. The ramk of the
poset T is the maximal length of chains in W. The height of'an
element t€m is the maximal length of chains descending from & in T
When all maximal chains in T have the same length, we call that the
poset T is pure. We denote by K(m the abstract simplicial complex
consisting of chains of M and by IK(mM | the geometric realization of
K(m.

We summarize some fundamental facts about a graded ASL ( S; T D). For
the proofs of facts below and further discussion of this notion the
reader is referred to (BrVe) and (DEP). Nete that our graded ASL is
called a graded ordinal Hodge algebra in (DEP).

(1.1). When every element of T is not a zero—divisor the poset T has
a unique minimal element.

(1.2). A unique minimal element in T is a non—zero-divisor.
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(1.3). dim S = dim k + rk 7 + 1.

Now we define graded toric ASL.

Definitioﬁ. Let A be the Laurent polynomial ring with
r—indeterminantes Xy, ", X, over a commutative ring k. By>a usual
Laurent monomial we shall always mean a term of the form

Xy 1---xrhr, where hl.-~-,hr are integers. Also by a Laurent
polynomial we mean a linear combination of usual Laurent monomials.
We denote by H(r) the set of Laurent monomials in A and by ﬂ+(r) the
set of Laurent monomials of positive degree in A. Let T c K+(r) be a
finite poset. Then we set S = k(M <« A and call it a graded toric
ring with ordered generators. When a suitable change of degree of S
makes the graded toric¢ ring homogeneous, we call S is homogeneous. A
graded toric ring with ordered generators ( S,T ) is called a graded
toric ASL if S is a.graded ASL over k on T By definition the
commutative ring k might as well be taken to be a field or the ring
of intgger&

Under the map log, H(r) is mapped isomorphically onto the group AR

as Abelian groups:

log: K(r) _ z' < RF
h ..o h r
xy71 x'r |l Ei=1 hilog(xi)
where log X is the symbol representing ( 0,...,0.{.0,...,0 ). We

denote by exp the inverse map of log.
Throughout this paper we assume that log(m generates Z¥ as an
Abelian group and that dim S = r + dim k, which are guaranteed by the

following lemma:
Lemma 1.4. Let ( 5,71 ) be an (n+dim k)-dimensional graded toric ring

with ordered generators over k with dim k < +=,. Then the vector

subspace V of R spanned by log (M) has dimension m. Moreover, S is



homogeneous if and only if there exists an (n—1)-dimensional affine
subspace Pn—l containing log (M and mot containing O.

Proof. The proof is -left to the reader.
§ 2. Characterization of Graded Toric ASL Posets

In this section we shall give conditions for a graded (resp.
homogeneous) toric ring with orderd generators ( S,T ) to be a graded

(resp. homogeneous) ASL in terms of configuration of logd(m.

Proposition 2.1. For a graded toric ring with ordered generators
(S,m) the following conditions afe equivalent:

(@) ¢ S,m) satisfies the condition (H,).

(b) The finite posef log (M < RY satisfies the following condition:

(H,”) For any two distinct chains 1og(Al)< --- < log(xt) and
log(py) < -0 < log(us) (t=1,s>1) in log(M, we have
rel intC 3,1 R glog) norel intC 35 R glogluyd) = ¢,
where rel int(:) denotes its relative interior.
Horeover if S is homogeneous the condition (H,’) is equivalent to
the following: )
(H,") For any two distimct chains log(xl)< cee < log(xt) and
log(uyd < - < log(uy)d (t21.521) in log (M, we have
rel int(llog(xl),---.log(xt)l) N rel int(llog(ul),-".Iog(us)l) = ¢
where Ilog(xl),-~-,log(1t)l denotes the convez hull of the log(Ai).
Proof. Since T consists of usual Laurent monomials in A, which are
linearly independent over k, (a) is equivalent to the following:
(¢) The forgetful map from the standard monomials to the usual
Laurent monomials is injective.
For any chain x <---<x,, log(xi) (i=1, ---t) are linearly independent

over R under either of (H;> and (H;’). Hence equivalence between (c)
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and (b) results from the following lemma, which concludes the proof

of (2. 1.

Lemma 2.2. For any two chaims im T, 11< cee < Xy and u1< cee < By
(t=1,s2=1), whose logs are linearly independent over R respectively,
the following conditions are equivalent:

(1) Tﬁere erxist positive integers li(i=1,~--.t) and mj(j=1,~-',s)
such that 1111---1t1t = ulml---usms in S.

(2) U:= rel int( Eiilkzolog(Ai)) N rel int( Zjilkzolog(uj)) is mot
empty.

Proof. Trivial.

Proposition 2.3. For a graded toric ring with ordered generators
C 5,1 ) satisfying (Hy), the following conditions are equivalent:
(a) C S, ) satisfies (H3).
(b) The finite poset log(M satisfies the following:
(H,’) For any incomparable log(u), log(v) in log (M there ezist
log(il) <...< log(im) in M such that log(u)>log(il).
log(W>log(£), and log(w + log(w = 3.0 logCg,.
Horeover if S is homogeneous, (H,') is equivalent to the ;oLLouing:
(H,") For any incomparable log(v), log(u) in log(M, there ezist
log(£,) < log(&y) im log(M such that log(&;) <log(V),

log(g ) < logw, and —%—log(v)+ ; log (W) = ; log (£ )+ —%—log(&z)

in Pr_y

Proof. Trivial.

§ 3. Combinatorial Aspects of Graded Toric ASL Posets

Let ( S,7 ) be a graded toric ASL of dimension r + dim k. In this
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section we examine further into the combinatorics on log(m c RT.

We adopt the following notation, to be held throughout this paper.
Let @ be a unique element of W of ht O 1. 1. Let (ol,‘--,am) be the
simélices consisting of maximal chains in log(m and K(log(m) be the
set of simplices whose vertices consist of elements of chains in
log(m (2.1). Set Q = alu---u g We denote by <t the cone joining to
O to all points of T € K(log(M). The cones T are simplicial
strongly convex cones by (2.1), where a strongly convex
cone is a Eonvex cone without positive dimensional linear subspace.
Set @ = o,U---U 3m. We denote by T(K(log(mM)) the system of the cones

1

I, T € KUog(M). Setting ¢ = l.c.m ({ degB ) r-1

Ben)' we denote by H

the affine (r—1)-plane spanned affinely by { ( c/degB)log(8) )BGW
Let ¢ be the projection from O to Hr_l'which maps Q
r=1_ Pr—l

homeomorphically onto -its image. Of course we have H and

@(@)=Q in case S is homogeneous.

Lemma 3.0. The composition of the forgetful map in (c) of the proof

of (2.1) and the map log induces two bijectioms:

{ the standard monomials }/~ —— Q nof
h, 5
™= ¢, M1 - g P | BN Jp— R PRSI 1
1 t =l h 3 |
gl<---< gt, gie hif ivi ]
{ the standard monomials } /~ —— o(@ n @F
h.
LR LS | = log (£)
ITH(=.h.) (deg £ J
iti J
where, for standard monomials § and £, g ~ E implies that §n= ih for
some positive integers n and h.
Proof. Trivial.
Lemma 3.1. @ (@Q) is a convezx polytope. Horeover Q is a strongly

convezr cone in RF.
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Proof. This follows from (3.0) and (H;').

Lemﬁa 3.2. For any simplices T To € K(log(mM) such that
tlﬁ To = ¢, TN T, is a face of o and Tgy- Therefore K(log(M) 1is a
simplicial complez with |K(log (M) |=Q.

Proof. The proof is left to the reader.

Proposition 3.3. For a simplez o, whose vertices comnsist of a mazimal
chain in log(mM, we have dim g, = r-1. Hence a poset of a graded
toric ASL is pure.

Proof. If dim 9, is smaller than r—1 then there exists an element
log(g) in log(mM not belonging to the vector space spanned by 9
because at least one (r—1)-dimensional simplex exists by (1.3). Fix a
rational point p of rel int(w(oi)). Since rational points densely
exist on the segment pp(log(g)), we have a sequence of rational
points converging to p on the segment. Take a simplex w(aj)
containing infinitely many points of the sequence. It contains p by
the closedness. By (H;’) w(oi) must be a proper face of ¢(aj). which
contradicts the maximality of the chain ver Iy
Lemma 3.4. Let g, be a marimal dimemsional simplex of the form
llog(a)=log(§1).---,log(;r)l and let L be the vector subspace of RF
spanned by t=|log(ty), -, log(s ). Then L N @ is an
(r-1)-dimensional face of Q.

Proof. In fact if there exists an element of log(M™ on the opposite
side of log(x) with respect to L, using the same argument as in
(3.3), we have a maximal dimensional simplex 7, adjacent to A with <
as common face. This contradicts uniqueness of the element of height

zero in (1.1). Hence L is a supporting hyperplane carried by LnQ.
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Lemma 3.5. Any two mazimal dimensional simplices o, and oj in

K(log(mM) are connected i.e. there exists a sequence it 9y of
1 t
mazrimal dimensional simplices im K(log (M) such that o, =9, 0.= 0.,
' 1 t
and o, is adjacent to o, for k=1, -+, t-1.
'k k+1

Proof. Since the connectedness is an equivalence relation, the
maximal dimensional simplices in K(log(m) is decomposed into some

connected components. Let (ai,--~,oi } be a connected component. Set
1 h

R = 3iu~--u By the same argument as in (3. 4) we have aR=aQ.

1

Therefore we have R=Q.

g
h

Lemma 3.6. Let FJ be a j-dimensional face of Q. Then the subset

an log(m of log(m with the induced order from log(M satisfies the
conditions (H;’) and (H;’). Hence Fj N log(M is a poset of a graded
toric ASL of rank j-1I.

Proof. The proof is left to the reader.

§ 4. Correspondence of Graded Toric ASL’s and Posets Satisfying (H;’)

and (H3’).

In section 2 we have shown that graded toric ASL posets satisfy the
conditions (H;’) and (H;’) and that homogeneous toric ASL posets
satisfy the conditions (H;") and (Hz;").

In this section we shall consider the converse. First we adopt the

notion of an equivalence of ASL’s in the sence of (HW).

Definition. Let C S,,m;) and ( S;,T;) be two graded ASL’s over a

commutative ring k. We say that S; and S; are equivalent as ASL’s if
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there exists an isomorphism ¢:T ——>1N, of partially ordered sets such
that the k—linear map %:Sl——*SQ induced from ¥ becomes a k—algebra
homomorphism.

In accordance with the equivalence of ASL’s we define equivalances

of posets in Rf- (0} and Rr_y

Definition, Let I'y and T, be two finite posets in R'-(0) of rank r-1.
We say that I'y; is equivalent to T'; if there exists an automorphism of
the vector space RF inducing isomorphism of partially ordered sets
from I'y to T's. Also let ©; and ©, be two finite posets in Rr—l of
rank r—-1. We say that 8, is equivalent to 6, if there exists an
affine transformation of Rr—l inducing an isomorphism of partially

ordered sets from 8, to O,.

Let r be a positive integer and k a commutative ring. Let
I « Rf'-(0) be a finite poset of rank r—1 generating a strongly convex
cone and satisfying (H;’)> and (H;’). Since the group generated by T
in RY is free of rank r, we consider it to be the isomorphic image
log (K (rd). We may assume exp:Zr——4ﬂ+(r) maps I' into ﬂ+(r) by’
assumption of T'. Set W:=exp (') with induced order and S:=k (M. Then
we have a graded toric ASL ( S,7 ). From another finite poset I’
equivalent to I' we get a graded toric ASL equivalent to the graded
toric ASL ( S, ™ ) by the construction and the definition of
equivalence. A similar statement holds for finite posets of rank r-1
in Rr-¥ satisfying (H;")> and (H2"), homogeneous toric ASL’s of rank

r—1, and their equivalences.
Theorem 4.1, Let r be a positive integer and k a commutative ring.

The correspondence ( S, M ) |—log (M gives a bijective map between

the set of equivalence classes of graded toric ASL’s of dimension




dim k + r and the set of equivalence classes of finite posels in
Rf-(0) of rank r-1 generating strongly convexr cones and satisfying
(H,") and (H;"). Its inverse is the map TTl—>(C k (exp (D), exp T ).
The same map also gives a bijection betweén the set of equivalence
classes of homogemeous toric ASL’s of dimemnsion dim k + r and the set
of equivalence classes of finite posets of rank r—-I1 in Rr—l
satisfying (H{") and (H;").
Proof. We have only to show that the map ( S, 7T )|—>log (M is
well—-defined. By (3.5) we have reduced to showing that if a maximal
dimensional simplex ol=|log(§1),~~~,log(§r_1),log(u)| is adjacent to
a maximal dimensional simplex o5= Ilog(gl),"',log(gr_l),log(v)l then
the position of log(v) is determined only by 7, and the straightening
relations. In fact since 2?;1 log(gi) belongs to rel int(glu 32),

1

we have log(u) + log(v) + h~2§;1 log(gi) € 319 39 for a

sufficiently large integer h. Hence wé have

log (W) + log(v) + h-EE;llog(gi) = 2§;inilog(§i) +n logl) --- ()
or log(u) + log(u) + h'EE;ilog(gi) = zg;imilogcgi) +m log(w) -+ (b
for non—negative integers n; and m;. Note that, in the case (b),

m . is not equal to 1 by the linealy independence of
(log(;l),-~-,log(§r_1),log(u)). This completes the proof of

well—definedness of the map ( S, T )|—>log(m.
§ 5 Classification of Toric ASLs of rank 2

In this section we classify the homogeneous toric ASL’s of rank 2
up to equivalence defined in 8 4. To classify them, by (4.1), we have
only to classify the posets of rank 2 in Rz satisfying (H;") and
(Hz") up to affine transformation. We call them homogeneous toric ASL
posets of rank 2.

First we show the following lemmas.
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Lemma 5.1. Let ( S,n ) be a homogeneous toric ASL of rank r-I1. Let
log(w), log(v), and log(f) be distinmct three elements of log(M Llying
on a tine in RF Y¢x P71y in this order. Them log(uw) and log(®) are
mutually incomparable, log(W)<log(u), log(W<log(®), and the
mid-point of the segment log (W) log (8) coincides with log (V).

Proof. By assumption there exist positive integers t and s such that
t-log(u)+ s-log(&) = (t+s)-log(v). Since the left hand side is
standard, by (H;”) and (4.1b) in (BrVel), log(u) and log(%) are
mutually incomparable, log(vw<log(u), and log(w)<log(£). If we have
t#s the staightening relation of log(m)+log(&) contradicts (H;").

Hence we have t=s.

Corollary 5.2. A homogeneous toric ASL poset of rank I in Rl are

equivalent to one of the followings:

0 1

where i denotes elements of log(M of height i and the symbol a
denotes that a is comparable to b and that mo element lies strictly

between a and b.

Lemma 5.3. Let ( S, 7 ) be a homogeneous toric ASL of rank r—1. Let
log(w), log(a), amnd log (%) be mom-collinear elements of log(m of
height 1, 0, and 1 respectively such that log(u)+log(¥) is
staightened by log(@) +log (V) for some log(V€log(M. Then log(v) is
comparablé to log(u) and log(v) is also comparable to log(¥).

Proof. Staightforward

Lemma 5.4. Let I’ be a homogeneous toric ASL poset of rank r-I in Rr—y
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Let p and q be mutually incomparable elements of I'. Then any affine
hyperplane passing through the mid-point between p and q intersects
the subset of elements smaller than p and q or separates the subset
into two mon-empty subsets lying on mutually opposite sides with
respect to the hyperplane.

Proof. This follows from (H;").

Now we classify homogeneous toric ASL posets of rank 2.

Theorem 5.5. Up to equivalence as ASL’s, there erxist eighteen
distinct homogeneous toric ASL’s of dimensiomn 3 over a field k. They

correspond to the homogeneous toric ASL posets of rank 2 as follows:

Fig.1 Fig.2 Fig.3 Fig.4
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Proof. Let I be a homogeneous toric ASL poset of rank 2 in R2. By
(5.3> and (3.1, T has less than three elements of ht 1 on the same
side with respect to any line passing through the element of ht 0.
Therefore the configuration of the elements of ht O and ht 1 in I is

one of the followings up to affine transformation:

I—O I
a

IIl I
The fype of T' is the type of the configuration of the elements of
ht 0 and ht 1 in I'. Note that type III, may have infinitely many
non—isomorphic classes.
IV:If I is type IV, by (5.3), T necessarily has four elements of ht 2.
Hence the element log(x) of ht 0 is sﬁrrounded by facets not
containing 103(&)(5.4). Hence T is equivalent to the homogeneous
toric ASL poset in Fig. 1.
III,:1f T is type III,, by (5.3), I necessarily containds the poset

as a subposet:

If T has other elements of ht 2 than the elements in the figure above
then they are . Jnrder  the line cab by (3.4). It follows
from (5.4> that there is only one element of ht 2 in this area. This
implies that the element of ht 2 in this area is comparable to the
elements b and c. Hence the element of ht O is surrounded by facets
not containing iog(a) (3.4). By the same way as in (4.1) the position
of the element of ht 2 is completely determined (up to affine
transformation) by the straightening relations in (H;) between this

element and other elements of ht 2. Therefore if I is type III; then




I' is equivalent to one of the homogeneous toric ASL posets in Fig. 2,
3, and 4.

I111,:1f I is type III;, by the same way as in IV, T is equivalent to
the homogeneous toric ASL poset in Fig. 5. As a result we find out
that the configuration of the elements of ht 0 and 1 is unique up to
affine transformation.

I11,:1f I' is type II,, T contains the following poset as a subposet:

1f T contains other elements of ht 2 than the elements in the figure
above, then they are in the area A and B (including boundary). By
(5.4) there is at most one element of ht 2 in each area. Moreover if

each area contains an element of ht 2 then they and the element a are

collinear. Therefore if I' is type II,, by (Hz"), T is equivalent to
one of the homogeneous toric ASL posets in Fig. 6, 7, 8, 9, and 10
[I,:1f T is type II;, by (H;"), no element of ht 2 lies on the line
cab. It follows from (5.3) and (5.4) that there is at most one

element of ht 2 on each side of the line cab, and that the elements

of ht 2 are compérable to b and ¢. Therefore, by the straightening
relations in (Hz"), T is equivalent to’one of the homogeneous toric
.ASL posets in Fig. 11, 12, 13, and 14.

1:1f I is type I, by a similar argument as in II;, T is equivalent to

one of the homogeneous toric ASL posets in Fig. 15, 16, 17, and 18.

Remark 5.6. T.Hibi (Hi) classifies {up to equivalence) 3—-dimensional
Gorenstein homogeneous toric ASL’s over a field k and the homogeneous

toric ASL's which are subrings of k(x,y,z\ 3.

Note that our
homogeneous toric ASL posets is called toroidal posets in (Hi). By

(5.5) we find out that his classification covers the homogeneous
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toric ASL’s. But he drops the poset in Fig. 16.

Remark 5.7. By the same way, we can classify homogeneous toric ASL’'s

toric ASL's of rank 3. These results will be given elsewhere.
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£-T&% 5%,

I. 2RLDHE

¥9 (2) Da, biItHLTRIPE2xEMDFEEL TRAKILT %,
Om= (x, b) Q@HA¥k=z=z2¢teEmdAHFHELTa=x" +tbd
ZIh 3,

(3) ®a, bicBLTE. ((4) Da, ciC2VWTHBELILETSH
50, ) bHyeEmPHFHELT
Om= (a, v) QOHAHEm=2iseEmdPb-Tb=sa+y" &&
3 LICEBLTES, 20L&

EE1. 1 (1) a€Em?, b&m? 0:&, R&ES,
=R [b/a]l v OBI®ORLR" si@R [b./x" ] (n o xiy) (1
k—1) &,

(2) ad&m?, beEm? O&&, RES, =R [b . a]
(N¥ (m, b/a)) OB®RLR siER [a/v' ] (navi)
(l1=i=m-1) o& |

IA
iIA

COEFEBOMHBEICIF, UTo#EL*HVWE, 7
&1, 2 R%2#2-dim RLR&L.m= (x, yv) &8, 2D
L&, T>REUNZHEEDPD2-dim RLRIEHLT,. x/ v or

y./xeT.

COMBREEALSBTSCHIN S, COBELHVZERABOAS,
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ME1. 3 (1) m= (x, b) Ta=x" +1tb (tEm) &9
2., CDEEXR<T<S, =R [b/a] v XBRLR" sOAEFZLS
LEICR [b/x] mo.xo <T&W%,

(2) m=(a, y) CTb=sa+y" (s€m) &¥5LERLT
<S, =R [b/aly &83RLR" sOFICHLT
R [a/v] (nayw <THRDIUD,

COMBEICEDEERK (Fidm) ORMWETIEHT 2 LN TE S,

I 1 —RRTOBE
EMAEBILBIC, a€Em® , bXm? OFADA, BB LT
2. d=30ECR. EEAXFEALVWOT, 2RTiICreduced?
SEAHE- sl lcdnE., TOEHEL. 1A2HVBEIENTES, T
DHDOFRELT. ROBEEXHET %,

E%Z. 1 a, b *R-%l&Ed3, Ass (R/ (a., b))

= {P., .. .. P, ) &LTROITDHID, , . . ., p. &
BFELT

® P: = (b, p:i) R

@ P BR=R/bRTHx

® p: ROET

@ a=up, ™. .. Dp,"r + tb (t€m, ueU (R),
n,, ..., n. >0)

4 S=R [b/a] v tEBL, EDLEZ

HE2. 2 HEFEDAssR,/  (a, b) DL PickWLTQE
Spec (S)XEELTQNR=PH»>dimSqe =209 IILD,
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ke yICHLZHERIRROLDTH 5,
H®E2. 3 AssR,/ (a, b) ={(P,, ..., P}l ik2oW0T
R:Rp|ﬂ. .. RPy.ﬂR [b/a]N

DER D LD,

S=R [b/a] N 5:*’}LTR<T<S&U5RLR%%2_TQi o=
Q: NT&HL, DL ZF

2. 4 (1) HEBOiIiKS2WTTe =Ry 6@, T=RTH5%,
(2) MFEEDOiKKDPVWTTq =So 45, T=S

STCERBRRIRDES T B,

E® 2.5 a=up;: ™. .. Dpr,"r + tb&lL. n=3%xn:
B, av %P1, ..., pr®PmonomialT Tdegai =

k (1§k§n—1)®¥)0)&‘§_50 C@CE%\S
DfEldregular local ring &
R [b/ak ] (m.b/aK)o)&"C&éo

R[b/a]NJ:R

LT TEEOBMBAAR~XSE I &LICT 5,
EEDAssR/ (a, b) ®x P;: (=P&H<,) HLTQ,;
=Q, Q:  =Q &LTHK,

® Ppr = (a, b) R»

® Per ¥ (2a, b) Re, tEP

® Pr ¥ (a, b) Re, t&P
DFHIC. T ZTNTe <Tq ' <Se 222 %, dimRep

=dimTe =dimSq =2&HB3DT. 2RTOEELLD, @,
@owvwoIhicxLTdH
TQ’=RP or TQ’ZSQ or TQ'Eb/D_J((léji

%
=




A

n: —1) ARALTHIEP DD

pEx P., P, DBEARDEINIER S,
1=si<io T TQ: =RP;
i 4+1=isi. T TQ:  3b/pl"
i, +1=i=rTc TQ: =SQ:

%2. 4% i Xr, i, *Oﬁ‘ﬁ‘i@ﬁ.?l&&:&%tfjﬁ(o D&

C=Di K L D AP T P T
LBt . b/ cETHERTESE, THITNE,
R” =R [b/c] (mobrer EBLIEWCEDR <T<S=
R’ [(b/c) / (a/c)]n&iEd,
1 .

a/c=upi M. .. Dio"hPir1 % pi\k*\ + tb/c
rhn=>n: ODRMETCEEOHERINEHINS,

(3) KOWTHEBRLPIFABRRTEL LT %,

M2, 6 a&m?, bem?, NX (m, b/ /a) &L,

b=sa + up: ™. . . pr"r (s Em)
&%Lt&%\ R&_S@ﬁzﬁ@RLRLiR [a/Bk] (m,a,,«ﬂk)@J}’Gdﬁ»%o
Z T\ Bkcipl,...,prGJmonomial'C“degBk:

k (1=k=Zn, —1) &9 3%,

Referen
1 S. Abhyanker, On t

o
(¢
»

jon
@

valuations

centered in a local domain, Amer
J. Math 78 (1956) 321—-348.

2 B. Johnston A finiteness condi-—
tion on regular local overrings

o f a l ocal domain, T. A. M. S. 299
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(1987) 513-524.

J. Sally, Regular overrings of
regular local rings, T. A. M. S.
171 (1972) 291-300.

D. Shannon, Monoidal trans forms
o f regular local rings, Amer. J.
Math. Soc. 95 (1973) 294-320.
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A FTNOERTHOEE
B faxX
(EX - 322L)
Ag*—y—ﬁ,I%A@4¥7Wtb‘u?ﬁ¢$&i@@ﬁ%i%5.
:mté\—mm.uﬂhua/ﬁﬂitu~uUFua/r5+1 T.
%mzbem%%b%@lﬁﬁAtImﬂﬁmehfnb.%:T~
R=A[T1.J=IR+TR rdaks, uJ=mI+1 ORULL.
uﬂhuﬂ/f)mmﬁmonf~:h#&%t6.~ﬂ.Mﬂ=mv+1
u.—mnﬁbﬁﬁ%ﬁfﬁbﬁ\%%.EM#LD‘L#b.:mﬁ%n
HHTB.%h#mniﬁtbmﬁﬁéib#ofh&h.bbpmkim
SHERROEENA FT M oWT, uld)=nU+1 MR DT,
(Theorem 1) Xh. Murthy's CQluestion (thtn2HARNEE
GJ?TwuonT.um=nﬂ/V))wémﬂ&§3%16®?.cm
ro5npaty, u@=uD+1 DHsEIR. P NBLWI ENDPS.
LIT. 285 2&XNX 3 CEDD. |
A:3—7—-1R
1:ADAFTWN
R=AI[T]
J=IR+TR

(Theorem 1)
ud)=u(D+1 ZbiX, w(D=u1 /1),

(3E#3)

n(l/l’)=r4‘:b. 1= (a, ., ay) +Iz t¥5.

Jeel, 1=(e, a, =, &), e=e* mod (a, -, a) t%b
([3)). L&, .

J=(e. ap =+ an T) =(e+ (1—e) T. an =, a).

aHsu(l /1) +1
pIH1su(l1/ 1) +1
wsul /1) kY.



(Example 1.1)

I M. camrlefe intersection (i. e. u(I)=ht 1) DLE,
u(J)=p(l)+ 1,

(Example 1. 2)

ull)J=1 DLE,

plH=pu(l)=1e1H idempotent THERINTWS, .
(3f8) (Theorem 2. 1) ERRIZ.
ull /1) =1=up(d /) =2
wile. ald)=ull)=1eu1 /1)) =0 kb,

(Example 1. 3)

A=R [X, Y1/ (X*Y-1), R: %%k, I=(x-1,vy),
L. X, yid. X, YOATO@, T3, Cots, ull=2,
uJ)=2Th5s,

(Example 1.4) (cf. [2])

—@lc. ABUFDOLE, u()=2 7%bif. wd=3 Thd (Cor.
2.5). LdL. a(D=3 TL. ud)=4 LizWs6Lw, BELT,
A=R[X., Y, Z)/ (X*Y4%Z~1), I=(x-1,vy,2)t¥
pr.cors, mD=3, 1/ =2 XH. uJ)=3 Thb.

PIF. a0/ 3 =u(I1 /1) +1 = (%) ORILEROVWTELS,
CAN—BIER D AONY S kbl bk uld)=y D+ 1 EE-T,
FRHBDAOBEN S <ML TVWE, bL, (%) FRDADE.
» D=l /1) %bH, ud)=pD+ 17 L, Zhid, (Th.
1) OET. WLRED2ODERBIIABETHLI L bRS, 512 (%)
0. u=ud /3 Hbiph, Zhid. T$HEARNOmMonick®d
BAFTMeoWT. wl)=ull /1) HEVIEL2P, 3 LW REEDH
N BEDBEIL>TVS,
(Theorem 2. 1)
pul /1) =r OLE bLL. HEENrank r—1dstably
free A/l—mBEnfreekbif. ulJ/ J) =r+1,

SEERIcABHIIC. Corol lary®bi¥s.




(Cor. 2. 3) :
ANBHROLE, @ /J) =u1/T) +1.

x5lc. wI=pIH+1,

v 372. rankl stably free Ml freeX®.

(Cor. 2. 4) , |

2l /1) =2 %bi. uld /) =3.

(Cor. 2. 5)

A:UFDDEE. uD=2 ZHbid. ud)=3.
(ﬁ%)(Cor.2.4)10‘uuhuﬂ/f)§%ﬁﬁ+ﬁ.
L#L. A: UFDXD. ht 122:LTLINADT,

g=ht I1sul/P)sulll=2 XD,
37 Bass’s Cancellation L.
(Cor. 2. 6)
ull /) zdim A/1+2 ora. wd /3 =ul/ 1) +1

(Th. 2. 10H)

u(J /3 =ul /1) =r L EETaE. 281 (A/1)=I/ T
$22.J/J=1/T®A/] Yo tag: (A/1)=1/TL
h: (A/1)—A/1 LichmWTs, CotE Ker h . 1E
ln,freen&O‘@iK.(A/Ifi@ﬁﬂrﬁﬁﬁb~ht=9
t&a.mﬁu.pu(A/IfweA/Iumﬁﬁ.Q.m.e¢
(A/IYQEEtTé.I=(g(ﬂ).m.g(w))+f .
m=gr(q)tht\I=(mw".m)+f ria, Tibb.
J/J=1m fr=(at+T, az =, a) +J, Kt mod T+a,
tLtté,J/f&l/fﬁ&bmf‘rﬂu,uﬂ/f)=rnﬁ16.
Wwale. uld /J) =r+1, iEB#,

Biklcgiliima LT, thk LOZHERARICOVWTELS. 29, XD
sEHFENILo. A=k [ X, - Xd LTBHLEE,
(Theorem 3. 1) (Mohan Kumar)
wl/ 1) 2zdim A/T+2 b, w(ll=unl/T).
2-C. (Cor. 2. 6) 0.



|
Ls

(Cor. 3. 2)
wl/ 1) 2dim AT +2 b, ud=u)+1,

Wil HHLBEL LTRDEREHES.

(1) n=3nL&, ulJ)=un(ll+1,
(GEB) 10k LTIV DT. dim A/1s2, Wiz,
ul/1) 24 okiii(Cor. 3. 2) X0,
Ml /P2 orsid, [11X0, Beoldul /1) =3,
ht I=10Dr&nAk, ZHLE, A:UFDX) I=f1"
YHBINE fr.ht 1' 22%34FFPNHEETE, &
D& J' =1"R+TRETBE, I )=u(l")+1,
uJZp@’), wll=pd")ED, uJ=n(I)+1,

(1) n=4, k=kors, ud/J3)=u1,/7)+1,
(sfM) k=k X Y. Suslin’s Cancellation . (Cor. 2.
6) b, u(1/1I"Y2dim A/1+1 DLk,
w(d /) =p(1/1) +1, 92, (1) EAMIZ. ht I
=1, #(1/1") =30H&HES. ', J' 2ALIIEE
F3L. [11X0. u(I)=30b ul' /1'")=3%23,
LT, (1) LRARIREN S,

B % 30

[1)M.Boratyfiski,A note on the set-theoretic
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[4] N.Mohan Kumar,Complete Intersections,
J.Math.Kyoto 17,533-538(1977).

[5]N.Mohan Kumar,On two conjectures about
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2EMEERABIcBIF2p —HE

A= (HAEBAEI¥E I X),
FEL (BATEXRY).

FHE. k2ER p ORIk ET S, A=k[zy, 0] & B=kly,p] 2 2 EHETH
KRBT ADBDA? b [k(z1,22) : k(y1,92)]=p BBbDETE. ZDEE, o
EMRK DL,

(1) At B bic pEEEb-.

(2) B it A b1z pBEE b,

k BREEEE VI REDTIC R. Ganong 2] RCOFEBEI D KO BERER
Z/BTVWA. L LS oBOTWR, E SO FEAKER OEHA L Hamburger-
Noether expansion D& IcFELKELTWS. 4R COEEE, pBENRITH
KREETHCLEDBAE LTI REMIICEERT 5.

E#% (S. Yuan [8]). ADB 2E¥ poBET3. AL B oEoREEHE
T35, A3 BosueriikEnd.

(1) A & HRRER B-#.

(2) AD B D Ar.

(B)A i’ BFMicB Lic pBEEb2. WuhAse ADEROKAFT
NQIKSDWTg=QNB & & Ag ik By it pEE%Xb-.

B (S. Yuan [8])). ADBOC 2 poRETE. AR BoAuTihK
Tho AR C oA THRET NI, > EMBHEDILD.

()BRCoHaTKkTdHs.

(2) Derc(B) @3ttt Derg(A) ®3tic —BMcikE s 3.

(3) Derg(A) = A - Derc(B) @ Derp(A).

8 (WA, Theorem 27.3, [7]). A %1% p ®®, D € Der(A),z € A, Dz =
1,DP=0&¢43%. Ag={a€A|Da=0} &tuiE, Ak A Lic {z} %3 p-
HE* b .
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B (K-N3]). R& R *FRIBFBTROR DR Bsb0,d5. O
Lx RO R-MEELCERERTENE, RIE R Lic pEEZ b .

Lemmal A & BREHEELLDETEE, ARB LT TH o AP
tcbAueTEn Hf-T,BRA EAa7Elis &5, DEMBKDILD

(1) Derp(A) 13 B8 10 Hii AMBTH 5.

(2) Derar(B) & B34 1 » Bl B-lNFTH 5.

GEH) A DFEOFRAF7T NV Q iexd LT g=BNQ L BiHi¥ Ag D B; D (Ag)
LRy, CROREABHETSS. Ag WHBAR B MBETH 255, E8 (K-N)
L0 Ag i B, bic pEEE b5 TOBHR 1Ts5. WA, ARB Exa7
EKTH 3.

S E i, Qp,(Ag) = Up(A) @4 Ag kD> E%183,

Derg(A) ®4 Ag = Homa(Qp(A), A) ®4 Ag

= HomAQ(QB(A) ®a AQ,AQ)
= DC'I‘BQ(AQ).
ch&v, Derg(A)®sAg MBS 1 OHM Ag-BETH 3. 6> T, Derg(A)
B 1 oM A-nBf & 723 (Theorem 2 of §5, Chap.IL[1]). —%, A W&
K7 » 5 Serre’s conjecture (T.Y.Lam [6]) it & » T Derg(A) HHEH 1 0 HH

A-InEE &7 5.
(2) bEIMICTE 3.

, LEMMA 2. k 2iE% p o&tke L, F,G,o1,00 € A=k[z1,22) £ 4 5. 0
& &,

OF |08z, = 0, GP,0F [0z = a,GP = F = oGP + 7" (a,7 € k[z1, 22)).

GEW) o & 27?7 0EE bRV S OF/0z = a1GP &
F=a;G"+p, (03€mA, f€ A[z)).

SE, Ch% o, TREDT 5




dF [0z, = GP(8a3/0z,) + 0p/0z,.
—%, OF [0z, = 05GP 1iHh 5,
B=C5+~, (§€mA,yEA).
INELEORRRALT a=a3+6 &R
F=aG++, (a,7€A).
LR - TRDHDZAVBESNS.

EHOIEN.

2) ZEWFHIE+HTH 3.

B oHBEORAFTVEQ EL g=QNA? LBL. B iz A? EERERKRT
-TBg it (AP), Lic pBEZbo» 5 B iz Bl A-MHTH 3. Lfchi> T,
B AAoraTiikchds. B, AR BoreTiikcsnEi AR A
OfiaTEATHE S, EH (S.Yuan [8]) b

Derpp(A) = A+ Deras(B) ® Derp(A).

c T, Lemmal & Derge(B) 85 ¥ 7 1 OHH B-MBHTHY Derg(A) &
Sv7 10HH A-MBETH 5.
£l T,

DCTAP(B) = Bd,, di € DerAp(B)

Derg(A) = Ads, d; € Derp(A)

EBIH,
DCTAP(A) = Ad] 2] Ad2
—% 8/0z1,0/0z, € Derap(A) #2105,

8/0zy = aydy + Prdz, (01, Pr € A),
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0/0z2 = azdy + Pady, (02,02 € A),

ERTENBTE S,
F % B—AP DT 21,12 COVWTORMBBR/NOEHERET 3.

F iz 0/0z,,0/0z, 254 &
6F/62!] = ozlle, (al € A,le € B),

3F/3:v2 = Olzle, (a2 S A,d]F € B)

(a) FoRBUOAELD, FEA THBCL.

F AP =kl[z},z5) v 0OF/0z, #0 £ #:130F/0z,#0. 22T O0F[0z, #0
E42&, %R 0F/0z) = aidi F £ v deg(F) > deg(0F[dz,) > deg(dL F) %18 5.

T5L, LFEBEMPS F ORBUALD iF € AP THRIFAE RSO,

Lemma2 &b
F =adiF +97, (a,7 € A= k[z1,2,)]).
ST o REHHA, TROLbE A =k[z} s} owE b B VELTE V.

(b) toR&xn oz€<I>(B) TBREHITHI IS a€EB EL5. 7‘:7:“L,<I>(B)
X BofkizEidboLt 3.

() diF €k THB &, 1L k*=k—-0 TH3.

bL diF=0¢&¢32E F=9y€A” TFE. »&icd Fegk* LRET 3
L, a ity AAOFRBTWASER F =adiF++9° &b deg(F) > deg(F—~7) >
deg(a). Chid, ik F OBUKTES 5.

d df=0Thsrc.

diF €k* 25 F g B(AP). wXiT

©(B) = &(A%)(F) = &(AP)[F].

chiv dE=0%E503.



Dtttk -,

di(FldiF) =1 > df =0 255, 8 ([7]) oEBL F/dF 3 B o
Kerdy={z |z € B,diz=0} Lo pBELLS. LA BRA LoHa7
JEKTHIDS Kerdy = AP. 6> T FJ/dF i3 A L BopERERY, ZLT
F & Bo A" Lo p-BEICK3.

. EEEELESEMES.

(1) A/BopHEEDO—2%F &¥2L, T8O pBERT T cli+m,
ceEk*nmeEBR3ETHEALNS.

(2) B/A? 0 pEEO—2% F, L35&, T8O p-BERT ST R+,
c€k*,neEANRBETHEILNS.

() (2) 2EHShE (1) bEKIKTES. B2 pBELT 5L, Q(B) =
Bd, F; = Bd,G.

iz, 5% B O bb BEEL T,

i F; = b1diG,diG = bydi Fy, by,by € B

2 DR

+5&, (1-biby)diF; =0 T Que(B) BEE BMBLE» S, bby=1 2L T
B BEHERARES 5, b, by €K* THRHAE RS M. U, di(G —bF) = 0.

G — byF; € kerd; = AP.

G=bF+%,7 €A

AEL COFRBI 4 ELTRREhTVS.
#& 2. EKunz (p243,[5]) icd 2 LS EHD 3 LI E~DIKER i still

missing T&» 5.
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Complete rewriting system & Algebra @ REOV—

Nk E B (ER B8)

@ x Y AT LIGHEEREOME TRITBALHEEh TV S, Ehid
KREOHHHZBACHU T, BEANRFEFREEX 3 —DOBNRERL
x5 THRTWVWS, TJERO Grobner HEQOHRWZO—DOTH%. O
HWETU. ~RCETRBOSRERL Y AT AL S3FRABSNE. TORD
MBEOEHHAEPHENTESZ ERiENS,

S it alphabet CFRFhBZHEMREST. 3 W S TEMThIHHE
J4FRET. K EBATELOWBET KG> = KX 2 Y TEMEh

2 K LOHBRBET S, 3 XKO> OHHES R 2RATERLY R
FAh (rewriting system) &\, #Oj (u, v) % rule &L
u- v &Ry, ZBIER f ¢ K> O cw, uw, (c (#0) ¢ K,

Wi, W, € Z*) 2 rule u- v 28HU. FOEE cw, vw, TEXH
2TCHEINBBIERN g DX, f I R © rule THEXMixoh g i

RBEVL, B9 E#<l, R LBk g @ reflexive

transitive closure % % ¢¥%E7., R I noetherian T»H5&E.

PR f1 B f2 B BEIEULRVWEZXENVS, R 8 confluent
THBEW. £ ;‘3 g, f § h 23 f' BEELT 9 § £', h g £rox

h3¥ExBWWS, noetherian »2 confluent Y AF LR
(complete) &BXR, f ¢ K> » R-irreducible TH3&W.

g h 2% h BEEULRLEZERL S, I

IR?&{u-vlu—»v
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€ R} THEMIXHhB KOO @ ideal &7 3,

EHE 1. R H KQD OFRERAY AF LR

(1) HF8O f ¢ KS> e, £ 3

B f 725M—® irreducible

f € K> BFEET S, (f 2 f @ canonical form &\, )

(2) f =9 iff f=gmod I, 2. f =0 iff f ¢ 1.
(3) R-irreducible ZIFERADLEWRRE A = KEH/I ©
K-linear base %247,

BARR A = K/1 BREm#EMAYAFA R THRREHhS algebra
VS, LEBLY. BREMBRI SV AFLATERERENS algebra OFOD
FRBE AR TH 5. BMA Y AT LAOEMIERYIET 3 LOHOEAMZERITR
Td5%.

EFH 2. R PEMBEIYVAFLTH S LDOLEHRE.
(1) R I noetherian C&% 5%,

(2) x 3 f, X3 9 RBEED x e S* ¥ £, g ¢ K> 12U h

£ K> BEIEL £ % h, g % h 13,

SH. R WRHERAYZAFAEUT. T3 I % KE> 0d3—2D
BAEE S 2EX 5. BN f O cuw (c ¢ K) # S @ rule T
cvw RESMAT 9 MESNBEE. £ 3 g L. TOEIK 5 O
rule 2 f OHOAHRTFROABEHTSLE. S RHRMAVATA
(right rewriting system) &®&, - = g Ug &8%. 2% -

@D reflexive transitive closure &9 %, B -~ BEgDd
.S R LERTHZENDS, J = Jg 2 {lu-viu-veS?

TERENS A = K>/1 OF ideal ¥U. B = A/J &8, B i
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REH A-NFETH 5.

DT, S WRoZHR#HE2T R Lmﬁ*mtiﬁxsz—Ata“%o
(1) V & R-reduced. ¥%bhs. FED S @ rule u » v &L,
u, v & R-irreducible.
(2) V it prefix-free. ¥ithb. ¥® V Oxd V OO
prefix (EHET) WKRoRRW.

E X ¢ Z* » minimal R-word &ut. x BH#X R-reducible
TH3M. Xx ODEOLERAFIWE R-irreducible Q& &RV,

R-irreducible RREDH| v = (vl,vz,...,vn) T v1 e V »D

vivi*l (i = 1.....n-1) i minimal R-word T»3dD% (V

B &3 3) n-chain &S, y(m %2 n-chain 2K0ESGE L. &

w v -y, v - v ez,

EE 3. R DEEEMIVAFAL. S B R LEERRGERIVATL
olf. LORiEOHET. & A-NE B OHHSW

5 5. 8
Ly mgm- g LA S,

» effective WwimitEs. ot vi™a u v\? camxhzH
i A-MBETH 3.
ZOFEBOIAE VT,

FH 4. K 2Hr¥3. D BH¥EEd 3 chain OmKOREY r
ALY
gl.dimA<Tr.

1. > = {ay,...,a.} Lo (D SBEAR K21 Wxisd#ifiz
YAFA R = {aiaJ. - a5ay 11 <i< j<r} THRRXNB, S
= {s. 201} i=1,...,r) RHEMIVAFTLELT. EEITH
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BEh 398 Koszul Complex T&%,

M 2. > = {a,b,c}, R=4{ab~-> Db, ac - b, bc = b}, S

= {a-1,b-1, c- 1} &4%, ZOE%. V ={a,b,c}, v'2’
= ((a,b), (a,o), (b,ory, v =ta,b, 0y, v - g ¢
H%, ETH3 THRIh I8

5 5 5

0-v3a 3y@y 3 yp L8

T &, BXxct5xoh 3.

5,() = a-1, § () = b-1, sl(c) = c-1,

§, = a®b, §,(a,c) = aBc - bVl + 81,

2 2
82(b,c) = b8c - b1 + cB1,
83(a,b,c) = (a,b)® (c-1).

A
3

gl.dim A = 3 &R%,

ZhHPd Tor, (K, K) = K BHBDT. K BROE 2ILEEL LY

ZOMEDFMITRER>hRW,

Y. Kobayashi, Complete rewriting systems and homology
of monoid algebras, to appear in J. Pure Appl. Algebra.




On a conjecture of Geramita-Weibel concerning the

conormal bundle of ideals

WL B K % KCE R A R
i 4 7 BB

A HEAEHB -7 IR, MASMBRER R -MBEEE L E
v (M) T M nENEBREOBEBERbT IERRLET .
W BADAFTAIOBACE T OB/NERROOIEH
» 1 @ conormal module I/1? D ENE RO EH D
Bl- kO RERHBHY I EHHMONTVET .

he (1) = v (1/12) = v (D) = » (I/1?) + 1
FZTHARIE |

Fas v (1) = v (I/12) BOOHILT L2027
FLnac BRSO ET. T @X2] KWBEVWT
Geramita-Weibel RO FHEAEZRHL ZL L.

Conjecture. ( Geramita-Weibel ) A BTl 2O

Al Er-v—R., J%& A DA TFT7NLETD. TDHF,
J #aB2TDOD A DEATTI P LT
v (J/J2 ) > ht{ p) + dim( A/p )

BRI TiE v(J) = »(J/J%) T 5.

t
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zzZTlE. v (

J)

v ((J/J% )

MR LA T 7

HErO LI REREEHRLIPENDI I EEFTZET.,

T

AEYELEFREICHLERERXRS DT Lyubeznik
BN T ACELEIDTHANL

=l

WEBWET

Geramita-Weibel O F2E I D> W T ¥

DR TERHOHBE LLOXFHRICBNT
T LD TCHFNEEXRIHTCEELVWERNXT.,
COHmEETE.

R
J;
I

AT

A Fol ZEH%EAR

A OATTIL

(J.T)

v
#

COMEAEZLLLETDT AT 7 H Lyubeznik

D F 18

KT D A

BEH» &Y

ELET.

KROGEIRBBRBEOBRTI
. v (I) + 1

v (J/J?) £33,
ORFEMEE A/ -NESEHE A/ -NETHOLL
MY LD,

— v (J) v (J/J?)

L L2 TOEH r-1

v (J)

r

v (I/1%) =1 + 1

KROBERERERBCORLELTESNZE T,
H L

* 3. v (J/J2)= dim( A/J ) + 2 Tdnit

v (J/J%) + 1 HRH Lo,

HEiro, BRI ALTEXROZEDBHRYILEET.,




4 A KEMBEELIOTZ 7oA vHRE W
ﬁ®¢®ﬁﬁmﬁiw77747ﬁﬁ®ﬁ\vUN”;
dim( A/J ) +1 TsnE v (1/1%3) = v (J/J%) + 1

.:_K{

ALY D,
G, COEHOLDIKROEBEBVNHLET.
== oA Im, d AFAEEBEHELEYT. 20L&,
A : d - Hermite <> 3$AXTOMEE=d D EE B
BE A -MBEBEBE AN
TH b, |
Hie, COLOREH d 0OHIBTHR/NOLBDE A D
Hermite dimension & B A T H-dim(A) TERbHT Z &L
7.
cHoLEFE. RKOBESHASATVWET .
( Suslin ) A BHEBMEAKEDOT 7 71 v RHEOF.
H-dim(A) =< dim(A)-1 T&®h 5.
( Vaserstein ) A BEREKORBLE KR LT 7 714~
K¥ o, H-din(A) = dimn(A)-1 TH 5.

HoT. GE20RESHLEAZOT v (1/17) -
v (J/J%) + 1.
|
4 J & Geramita—Weibel@??ﬁ@ﬁi%?ﬁf:*’“ . B

A DA FTLELET. COB. () = 1 ERE



18]

T&E5DT »p J ., dim(A/J) = dim(A/p) R 3 FH
4 F7NL p HEoTEBITHE

v (J/J?) > ht(p) + dim(A/p)

(\Y

ht(J) + dim(A/J)
> 1+ dim(A/J)
&9 |
v (J/J2)= 2 + dim(A/J)
tﬁﬁ%@f“?@:ﬁ%&‘q v (1/1%) = » (J/J%) + 1 #
BOUbErd. 2. ABICLT A BRA4DLHLOD
WTAPTHNLEEED A DATTL JIKHLT
v (I/1%2) = v (J/J?) + 1 HBHEODILI>TEBEYET.
Dbtz THEET L. A
(1) B
A (ii) KHWEHELED 7 7 74 v HE
i) AREORBIEKR LD 7 7 7 4 ¥ HHE
OonTFns»T J H Geramita - Weibeld FEORE %
N IR = N
y(I) = v (J) +1 <= v () = v (J/J?)
Thithid oW EBBEY £7.
EEEDLILEDIEESTEITREVWET.
CASE.1 v (I) = » (J) + 1
COEAEEGEL LY Geramita - WeibelDRE L L IZ



y (J) = v (J/J?) HBEHONOZTEHBRY ET.

CASE.2 v (I) = v (J)

y (I) = » (J) + 1 <> v (J) = v (J/J?)
AEFIHMcOBEEE v (1) = v (J) zooTcRRZHIE

i) v (I/1%3) = v (J/J?) + 1.

1+ v (J/J2) = v (J)
= v (I)
=z v (I/1%)
= v (J/J%) + L

Fo vy (J) = v (/) v+ 1 HBHROTIOHA
LECODAZHE A
i) v (I/1%) = v (3/37)
LLCOE. v (J/J7)= 2+ din(A/J) LRE
B ER3 LY v (I/17) = v (J/JF) +1 &
HBDTIREFPEERYET. £o T,

v (J/J2)= dim(A/J) + 1 TRFAE 2D EE A
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¢ - AMNA . Geramita-Weibel O FHE DR E I
E->7T p 2 J . dim(A/J) = dim(A/p) 7 3
EA4F7)N p HEoTEBTE

v (J/J?) > ht(p) + dim(A/p)
= ht(J) + dim(A/J)
= dim(A/J)
o TN v (J/JE)= 1 + dim(A/J) &L KT,
LizmM->T. vI(J/J?) =1+ dim(A/J) ThRITNE Y X

' Ao

LI FDOERICLY., Case2 OB AWXCEFTUTOEHEDODTT
Geramita-Weibel D FREMBEL VWD EI P EFZTANIETER
NWZ EMBEYFET,

(a) ht(J) =0

(b) » (I) = » (J)

(¢) v (I/1%) = v (J/J7)
(d) » (J/J?) =1 + dim(A/J)

COBEXCHODWTHEREEERBOBEBERK L EEWHIEEL L
TWT, B LEBRBFEEIBEOSNTVWIE ISR ERIER
Wiz EFE-TWVWEHA.
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KROFEEZZET.
BEHCKOEEPSHEDLVWERVET .
EHEDH. A EREL. T % A DA TFTTNLELET.
cHDEE. ADAT TN BRDEHFEEBIZT & &
I ® reduction EMIENET. Bl 5.

JC 1. % r>0 LT I = JIT.
. J2 K 725 I O reduction K BEELZOV
B . JIix I ® minimal reduction ThHhrEEFENZE T
2 (6] 0BT Lyubeznik HIROEFEEEZRL L 1.
FH6E. A HSEBREKEDO 0 EHZENXIR A -

k(Xi..... Xo], I H A A F7ALTHNE T EnT

L;J:‘Oﬂiﬁﬁéné reduction % £ D,
V. AROZARTCANPERKLED n RT7 7 71 ¥ KK
O, ANOBFLA T 7TV 1T & ntl T £ D HER
xf 2 reduction xF>T L BRLELIL.

# 2 T. Lyubeznik BFXROFHEZEHELEL L.

Conjecture( Lyubeznik ). A: F —7 - &L

dim(A) = n -1 &35, FED A DBKRKATT7I m
R LT EFOERE A/n BWERETHLILERET 5.
I # A Z£fld AX] oA TFT7ILET B, TDLE,
I n Tk 9EEnsd reduction Z#F .
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N

cCTlH. ROEESHOVIUDEAERLLVERWNWF T,
il & .
FWT7. A:x—F B &L dim(A) =n -1 &LFET.
J &=
JJ =m N ---N me for some m:e Max(A)
A A ODATF7NLEL |A/mil=00 (I=Si=t) 2D
ht (m.) >0 for some i L{REL T . HL T T. Max(4)
T A OBASATF7ILERODEEGZXRDT I LIKLET.
COB. JIE n mic LV EMEINS reductionEF 0.
HBHOEDIC. DPLEREZL T,
£%8. (Am) 2BFFEEL IA/ml= 0 LRELZE T,
. Jx A DATTILELET. 2O, EULXNLLE
ME %, (r)- din( J7/ndT ) HEAKEE £0 1 H
LT roERCHKIcEEFLI<HASATVET,
ZO%ER%E Pu(r) LEFYT. TDLE,
1(J) :analytic spread of J <> 1(J)=deg(P,s(r)) + 1
EEELET.
analytic spread KB L TKOERBHONTWE T,
M 9. ( Burch ) (A.m): local ring & L [A/m|= o0

YIREFELET. BIZ. JHE A OATT7LELET,
Tl E, 1(J)= dim(A) MR IO,




EM10.( Northcott-Rees ) J: reduction of I & U
Kiveonn xs & J OWNEEELET. CORK. JHB I
@ minimal reduction ToniE r = 1(I) Thad.
FITHEEELT |
EE. (Am) ERFBEEL IA/nl=00 ERELET.
B, 1% A O nm- EBREALATT7LELET. 2OL &,
Northcott-ReesiZ & ® I @ reduction J BFHET S
ZEHAHONTVWET. - T, BUED220FERI
r->T v (J) =1(I)= dim(A) LA EBICEFELET.
EFEOBEBELTAT7LOEBR TOBEHICTEL TK
D2ODHEEHSHENTNET, |
EE11.(Rmi. ..., m: JE¥RFABRELMEBREM
R -mEe L£x7d. £ 1.
u = Max { v (Ma,) }

1<i<r

rLET., coEE. MiZ v TTHEBRENS,

EFE 1 2.( S.Mandal ) A 2B il zF oA —-2 -
BE.R=A[X 122 L0 1 ZEHZEARELIZ RO
4 FT7NLETE. 45 TEE=2vw25EEXEZ2EH D
v ((I/12 )= dim( R/1 ) + 2 W TERET 5.
COBE. v (1) =v (1/I* )¥8E YLD,

—205—



Urto#fEob e TEEOIEHA L £ 7.
EFE 7T DHEH. R =A[T]. I =JR+TR B=x% T,
coEeE,. HBopl I H n T LOERBRINS
reduction #fFH> 2 ¢ 2 Rr¥E+49T¥. 2 T.

M.=m.R+TR(1§1§t)
LEEXF T L Mie Max(R) (1

IA

1=t ) o

-/_I = Ml N - N Mt
ER->TWBZEEHe»TY., 2T,
RME/MiRMi = R/M. = A/m-. for all 1 ( 1=1i =t )
Lk—(f bi?‘tﬁ'ﬁ@(iabui‘] Iui‘j: n ;E‘:J:OEE"’&
2N 5 reductions (Kiluw, HFEHO D EH#EH T,
+ Z T.

G+l r
(Iui)+ = ( Ki )Iw, (In,) for some r;>0

EEVNWTHEBEET., COB., AWK I o@Yhhsa
HIFABBICLY ri=1 (1 =
o Fxxd., 22T,

IA

t) & LT LWEH

i

-
n
-

<‘::B<<‘: (Ki)mi Ci MiRM- -i‘?—éﬁ'(?"’T}btcd)’C
(Ki)Mi N R T M - i%%’(??)bt(tﬁ’)f(ﬂi'ﬁ—o



IA
IA
o

for all 1 (1

rFioTwnazEICHEELEYT. INLKD.

Y+

(Iw,)

B E T

Ku |

IA

(Iu)" for all i (1 =i=t)

roangd. 1K OFHERFE M OB

TdHhLPoIngL?h

[r*t = K IT

rrao 4., bk n% T I 1d reduction K %
BEoZEHMSABO 7.
ceHEnLET. £FIT.

S =

X

oD K A on tTHEBREINS

R\M]U - U Mt

A ROBBEAGELELET. COFF. Rs EHEXATTL

{ MiRs }(

=1 =

(Is)m,rg =

DT

(Ki)w,ng

(Is)uins

t

)

Tw,

W

FHOXFBRIRELVET.

for all i (I=1 =t )

n 7T CHM XN reduction

EHOESBEOETT. Lo T, EELI1 XY

v (Ks)

=

IA

Max{v ((( Ka)s)uins )) }

Max{ v ((Ki)Mi)}
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#1894, #2T. f...... fo & Ks OB REL £79,

o E. fi..... fo e KERELTEWNW., 22T,
Ks = ( fi..... fn ) Rs
DT
K(1/s] = ( fi..... fn JR[1/s]

tfiéﬁ:seShiﬁEbiT; Y. Kl I @ reduction
it JI1=JK WLy (s) + K = (1)
BT, Lz T.

Ll 2ESEYET., HIZ. K/K2 E n ot fi(modK?)
.fn(modK?), THEINZ2EHMBWEVET. 23T
Apnic. v K/K)=ES 1 ERELTHETE

v ( Kui) v( KMR/KM 2 )

IA

v (K/K?)

IA

1
ED Ku, (1Si=t) X Ru, OBEAF7LEL IS

EBMROVET., LA HB45. TEE=9v27F2EA X %
aH. D J1 =L Kz20T X e1<C JI=JK
g9 X'g K &3 1>0 BEESTDLHIEPRY FT.
o T.,. KbEhT2v 7% BEBXAEEC LB £ 7,
i, Kk, bERTZVvI2FERXREESLNT



1 = grade( Ku,)= ht( Ku,)

IA

y b E T, BBINLO. ht( K )= 1 (1S 1]

#E T, LA, KOEOHF LD Ku, & M

-
z

ERATTLROTINE

ht( M: ) = h | M:Ru )
= ht( Kui)
= 1

AEHRLET. Lo T M =miR+ TR (1 =1 =t)
rOTINEY ht(mi) =0 (1 =ist) #2/FFXT
hizhtj:ﬂiﬁ ht (m;)>0 for some i IFEL £ 7.
BlFicko-T. vI(K/K3)= 2 %8%3. £2a8. 5
dim( R/ZK) =0 ZzoTZn&9

v (K/K?) = 2

= dim( R/K ) + 2

HOaAREXEEBET. 261, KIZXERXRLEEILK
Tov2ZERAEESUTDOT Mandal OEFEE 1 2 & T
Y (K) = v (K/K*) #%@%+. LlEi&>T, K5 n
TV ERINB L HBRY ET.
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Principality of ideals

of polynomial rings

ENLFERAFEES TH E
EHHERF X =

Letrodhd, Ol ¢ Rush 335% [0.0] 1= Nz <o
NBIRESEDR (213,

Theotom:  R:numg, T R o ldeel 43, =,
RD%_; ot & T iwertdd, Ao c(1)=R

T 7 RIXT o invettidle jdeal e drdtid” fEet”

RIXJ-module T3 ¥ 1= R-module (T Fut

3. T o I?/)/é S:LZ":"’)’I—D a.beR 1zxz17

(aRNBR)T = aL NbL

il 7:3\(')?7 217 KFPsmns,

Defimurton,

R:nmg ) M; R-—motule v 73,
~abE.

M : LcM-stofbe R-podule

= Ya bR rzr¢
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A RCA T PRadhk ¢q3. Richman I3 kY
[R] (=FnuT A# R9 oveVUng (2e QCACQ(R))
NP AP R-mdube iz LcH-STodte T" AU
A 17 ot R—modute €743 B ERLT=,

RFE 3 LA RRUT Raidal oA
LCH=-stdls THUIT 0L 12 jhveatifle 1"5H3 5 E
(e

IHFHBR TIT L A R-modele ¢ LT LeH-stble
LHICNTF BIFSTT T T By RDY # flot
R- module w73 BEFHT .

seminomal iz wntiz [GH] B0 o =,
ZIUNE B e ORa 2R 1Z 1T 23R (T FK,

) R : seminormad o PEC(Q)QPIC(RDCO
D Resemnomd o YgeSec®) maz

Rs 5 Seminormol
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AT R BE EEE LTR L,
Dpu (R) 1= { g eSpac (R) | dapth (Ry) =1
(1) ; I1=A3 BIRD o Mta iz F) Em 1

R o ideod.
Fw e KIXJ 172317
(0l
C (F0) ; ‘S(X) o GR T P ERTUI K 9
P - Suxbmod#ﬂ&

Ko R-submodule 01 12231

Q' i= ] dek | amt e RY

DQ‘}EMJ’H;%..
(1)

%(x)e—RD(] ) SWpev primiive Ponnomto—Q

B clyw)T=pr
(2) TAZN3 % TRXN» BRI L d ¢32¢

min (1) =§ JooeT | dog o) =d |

Remarks. (1) T € RLYD o ideal v 43, 19K

KLX) & 1deod B2 I® Ki= 200KIx] <743 mMonic

Po,@;;/nmua;@ 2(x) e WIxJ 4737243,
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Z(X)=xte 2 4 2q, ZeEeR
YFL, —abF dg(Z)=d T'H3.
) = oeR | azx eR[XJj
(43, zans. L= (N (Ri2) Th3, €T

L=/ Y\ Le UHiBrRey, $itca n
FeDrlr)

Wn e mL;=m /‘A\(Rﬁit‘)

3?DN1(P~) 3&%‘[;;) c=

TOHIF §Fd o) 1, 2 eDnlR) 123317 uekR 2 ¢ Ry

0T ©e MR =R B3, X

WZ¢ 6—‘23 T2
3 lp)

Wzce (N Ry =R . £, uekR;z2¢ 41
Jebnip)

A
e (N(Rs2:)= L 73,
C=q
(2) min(I)=LZ06) 3 BRLATH3IS,
S SR AR 1 Eoe T3,
demma. [ Fx) eRfx ETUIF 213 BB .

() Foo - SUPRL primitive  pol ynam:of

(=) clFm) &3 Fou ote F€Drlr)
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Paoposition.2

T E RIXT @ tdeel € 93 05 2 13 AB |

) T=Fw RIX] Ao I =(Igk)N RIX]

2) 7L(><) & Supn primitire Po'@;?’”m“éé .
F e un (I),

S o ¥R & o, BRI CAPIE L LS s
¥ UT TFAE TESEPA T DU T B AR 137
NT. Mo N% - LTS Zx3

AT T B 2T TRE 12 79358 LUE
B BIRAFE o STV 0 BBy = 1)3 4 "R
LR NS DAL BOUT- A28 MR 7lia e
TR XBl-0 UHU O T ToadPERE £ 20
t7 TRE39.

ST HEE AT Ohm v Ruch NFEE - B R

5 seminomol Bz 1, v 33 WEAF T T
A3 4 B39, 205,
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Theovem.

R : Nootheuan seminomald domaum

0 > T R[{b]—ﬁl?[o(]—v“D
X — &

T R - moduley 0 Hact Sesuence v 43,
Bl 113 &5+

D I= (Iek) N R

W ClI) =R

W) L LoH- Stoble Romodule
tZH=7 «43. Zoby. REI 13 {0uk P—mm
7). L 13 el jdend ¥ 743,
Cproof ) RIAT 4§06t Romodube € 5 2 1= 5
538, o) R eSrec(R) 123F (T ReldT 2 L oot R; —
edsde 183 B E RCFED. cops 2o (M)
() () 13 Locolrge 1T % CEHTIU TN g 7
(R-we) 1% Locos Mg T 3 (z';:;)o

dim(R) 1= T3 B34 £ @ 03,
dom (R)=0 0 8 12 R 13 AR 7hore RE
3 Fo R-module CTH3, BT TI34 Pt
R-medule 70T = %8 /& BI 93,
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(=457 dim(R)Y>0 Y (T &II,
A depth (R)>1 ¥ SB/ET3. -ab5 $EE o
g eDp(R) E Xz’ g Ert b2
dim (Rg) < dim (R)
T'h3. T ')%/%N:Z\Q AEE?/]T-;)Z Pg[olj /d

#lat Ry —mocule T'H3I. Lxoct Sesumce

0 >IZ Rg[xj——>123[ou—>0

I—Hh'ncT RgLo{] (1P -E,Qoi_ Rg—*}’wm T2
[0-R] =%T Ty 17 RgIx] o invemtible ideod
T'h3. X34 Qg T Seminormed Fa

(0) = Pic(Rg) == Pic(R/IxI)
TH3. Bair Ty=JwR[x] )3 Jwel
D MBI d 3. BRLHIT 00 e minli) 7153,
~ob5. I, = (1, QW) A RDA B2 Bopesition

2 5 —)[(x) > Ré L o Supec- ph‘mi%im& Po/@fnmmaﬁ
T'h3, odepth Ry =] 7ot
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Lewwo | &) c(§00) & ¢

@ am. T = min (D) RIXT

Cproof of Lawm)

I2 mn(T)RKI] 13 BRS%7 82 & €T,

R gmel E X3¢ go0=Z0R(K) 743
hoelIX] #BALE3, =apF. h(x)e LRIX] &
RLTZ0. $EB o geDulrR) 12331C ETRLT:
B z25)  minlz) 5 Fox) , c(F0) t2 W3
Joel TIHBRTI. TX)=aZK, a3 ) o
Rroduing  Cotffivent

B Dedekind - Mewens o 3% & agx)-=

(aZ0) h(x) 1= BE 434 ¢

m+/
c(azoo)8 ¢ (hn)y = C(a?(ﬂ); c[a;m)g

Y743 positive integer m A 7371 d3.
Yi3m A, C(“ZW)g’*Qg B> aels 34
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