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EYAfE, -2 FER & 8
o= iy M < dyth A-f € dowBr Af - < o B
T43. x3 MM T BEsAFE0EFHGI0E ¢
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2 —Buchsbaum complex WL2WT
RHASEBERBFHE - B/ Fik

1. Stanley-Reisnér%
K% & & b;K_l:@%lﬁiﬁ%hk[xl,...,xn]&monomial'éiﬁﬁéni’a4’-3“'7)1«%’
HohBReELRVET S,
i i
|=(m1,m2,...,mt), mi=x11,...,xn
bl IR T h- 38 ﬁbl‘vgﬁxll’XIZ"'”x21’x22""’xnl’xn2"'"&Fﬂﬁb“c‘
mi=xllX12...X1i1X21X22-..Xnin
EBE.
I’=(mi,...,m,’o)
&A’=K[X|J|X|Jli||Ii,II|é,...,m%o)qjl:fﬂn%] @4?7)1/&?“(&\ . VARN Y
A’/1’ % regular sequence x“-xlz,xll-x13,...,le-xzz,...,xnl-xnz,...’6
EBEXhB3LAF7ILTHRERERS. HoTRLLOBBEREBZLABLELD LT
idsquare freeimonomial TEME N TV R EZBA TRV IE RS, FI TR

F T, |H¥square freekmonomial CEKETh TV B & T %,
V={x1,~o.,xn}&§§&é1$®$’a\t U. A={o QVI(erax)ﬁll}t:BGﬂiAL;L

(i) €A, €0 > TEA
khbT. XOW. RABEREWMOBVT. TRTOXEVRHMUT. xEITH
3¢3h il
(i i) FIRTOXxEVRIU. {x}EA
LRV, ABVEHAAEAGLTAEHRBEERTHSIZ EPDHD S,
B, VEHASESGE T2 ERBKBERABE RO O R E &, VO 2 FDEE
TP EE-> TEEHARKxIxEVIE DY,
IA=(xil...xitl{xil,...,xit}ﬁA)

EFhid. |5 Wsquare free Zmonomial TEMEh AT 7 NIKRY. 2D

WIS LY. VEHAEAL T3 EMBKEK L. KIxIxEVID. EHR TRV,
square free’Zmonimial TEBEhEAF 7L ER 1M 1 EHET S, HE-T. %
HERAESnonomial TERXhEAF7ALTHA> LROWER. HRAEKEFOH
RUBEWMAONBEIEWRB, €T TRIXIXEVY/Ip RKIAJEEHER U,

Staniey-Reisnerfz & FE3,

n

Example

A= KEY=KIAY)

A= a3 K= KLY '3M13>

2 ¥ 2 W
A:o———o——-—@'——‘a

KCal = KTA 3,2,V (e, 5o, )



AVBERBAERTHZ L X, ADTTOZ LR ADface BU. AR faceD

ChfacetE LR, CODE X
PA=0 ¢ :facetPo

(BU. P =(xEVIXE 0)) W1, Dprimary decompositioni2 dT. K[ATW

reduced ringT® %, ¥z~
dimK[ A J=max cohtP ; =dimA +1
THB52&dbbhd B,

K[ A 1#3Cohen-Macaulay (Buchsbaum. etc.) T»H 3 & X2, ALK LECohen-
Macaulay (Buchsbaum. etc.) TH 3 & WS, TH. ADfacetDREMBINTE
LueEE. AllpureTd 3 &0S. UT. BKRBIELU CHEREDSZDT. TKEY
CVISTFEWNEKT S, FRUTTE. ZIHARKIXIXEVIRATRULU. ZOEH
TERENhEBAKATF 7L (XIXEV)RBATRT .

2. Topological properties of Cohen-Macaulay and
2-Cohen-Macaulay complexes
Leak& R, 2O00BBA LA OMMENRABAM TS o2 E LT
Fh dDStanley-ReisnerROBEFREVWRIBE-RDORRBR>TWVE, &AW,
Cohen-Macaulay WO HBRBEAUTVLAWY. AHRLOTEXB|MATHRENS
Z & M. Reisner,MunkresiC &> THIOhTWVWAEDT. UTRZOHMER EXS,
TTROCEE2IDIZ MWD &I, (FEHWI [5] 28)

EE2. 1 (Hochster) a2 Z"OERDOTE T 3L ¥,
Ha(KLAD) =3 Hi gsuppo -1{1inka (suppa)) if a=0,suppa €A

0 otherwise

BU. c€eAlHU. linkA(0)={‘[€A|‘tﬂO'=¢,‘tU0'€A}o ¥ k.
suppa={leaj¢0}o

2. 2 (Reisner) @O 2%HIMEIE.
(1) AliCohen-Macaulay.

(2) EED o€ ALi<din(linky (o NH U H(linky (6))=0
SEB (1) 2 (2) LOoEHRHE. XOZehohEBREhbdD S,
dimK[AJ=dimA+1
dim(linkp (g ))=dimA-%0
(2) 2 (1) ABpureTHB3Z2 20T LV, dinARBETIBAHETET,.
dinA=S0D & XL, #FIZAWEpure,
dimA21&9 35, A=linkA(¢)7§‘.0)7;\ HO(A)=Oo s, AlERE. — RN
HBEORES. EEDproperRlinkidpureRdC. AHBB dpureTdH 3 &BH
»3.

%2. 3 (Munkres) IAI=X T3¢ X. RO2%H T MHIE,
(1) AlXCohen-Macaulay,

(2) EEpeXE. i<dinXiZ® Uy H, (XO=H, (X,X-p)=0



G pEX Mo E€ADinterior pointTH B & X,
Hi (X, X-p)=H; _g 5 (Tinkp (o))
ThHrIeEhrohdb,

28128 & h kCohen-MacaulaynessD B #E T F k. XOZAEATNR LS RBVDO
72D T. Cohen-MacaulayE WO MHEUBAHREKCTE XMATOIRLELZIEY
b3,

W izBaclawskill & - TE#& X v J22-Cohen-Macaulay (doubly Cohen-Macaulay)
FuSEEODVTENRS,

£% 2. 4 AhCohen-MacaulayT. 2. EEOxEVEHU TAD & x2HWY
WTEShZEE (xR faceld TRXTHDP L B) ANxdCohen-MacaulayT.
dimA=dim(ANX)T® 3 & 212, All2-Cohen-MacaulayT&H % &\ S,

2-Cohen-MacaulayE WS S HHEL=ZAKAHOUP R LRV I EBHOATL
%,

E® 2. 5 (Walker) A% Cohen-Macaulay#ik. X=1A1EF % & &, w®D 254
Vi fE.
(1) Alt2-Cohen-Macaulay,

(2) EE@DEX‘:*‘:’ U~ Hdimx_l(X‘P)=0

EBVS &, BHEWLYT. ValkerD R D W T2-Cohen-Macaulayl SHEEHED
CHEANCEORBRVEVLSIZERFUDM SR> ROT. ZOEHRENR
VWREZREZE. RDEIRDDOBEBS>h k. ‘

M2, 6 A%Cohen-MacaulayBik. dimA=d-1. X=1A1& T B & &, KDAS
H X EE,

(1) Alt2-Cohen-Macaulay.

(2) FEZDnon empty face ¢ €AWX L. canonical map

Hy.1(A)>Hy.1€A,AN0)
deg. BU. ANo={r€alT R0}
(3) fF&EDnon empty face 0 €AW U. Hy.9(AN\ 0)=0,
(4) EEOpEXEH UL Hyjpy-1(X-p)=0
(GEHW [3]1 £8)

Z® (2) »Buchsbaum case® EZ B L XRXEERREURIL T,

3. Topological propreties of Buchsbaum and 2-Buchsbaum complexes.
ZZTdH. ROETHEEEDIC LD oEDED, (GIHWI [2]1 28)

EE3~ 1 MI(xiyoooyxfI])tj—%tgx



Ext{(A/m;,K[A D)
ﬁi-#suppa-l(”""A (suppa -Edy.p) if a €{0,-1,...,-1}"

0 otherwvise
BU. E={xjla =-1}. k. VOBAREGVHUL. A ={c€Alo ¥l

ét‘ol;\ aé{O,-l,...,-lfl}"O)?:%ti\ canonical map
ExtaCA/m;,K[ATD) o > HR(K[AD) 4 "
a8,

%&3. 2 (Schenzel) XD 3 X HIIHEBE.
(1) AlXBuchsbaum,
(2) AllpureT. fEFEDnon empty faceog W U. IinkA(a)tiCohen-

Macaulay.

(3) X=lAIEFT B, FEOpEXE i<dimXiZH U Hi(X,X-p)=0

it LoEEE. FHEH2. 1o, (1) &¢&ko (4) BRABETHZ &R
surjectivity criterionic & D hHh v %,

(4) FEFEDnon empty faceog ¥ U

Hi-gg-1(1inkp (a))=0 (if i<dimA)
Zhe. IinkA(our)=link“nkA(a)('r)"6’&3%‘2&7536§5¢Zb753%o

B, (3) oHBUE=ZAEADNZL>RVDHODRO T, Buchshaum& W S HHIIL
HHREATEEBITCOERELBZIEBDOD S,
RiZ. Cohen-MacaulayQIBEHFRRIVRDEELR T 5,

EFES3. 3 AbBuchsbaumT. 2. FEDXEVIZHUTANSxEHVEBRVT
Boh3#HEHEANxDBuchshaumT. dimA=dim(ANX)TH B & X2, AlX
2-BuchsbaumTd % & W S,

Z M2-Buchsbaum& WHAHHLEN U TdH. ThRAELRESTEXEL THHRE
hA3DEVLSERBBEUSIN. ChIIEEHCRRETZZENTER, TTRD
HELHET 3.

WHE3. 4 AldpureRERTHBHET %, CDE&E. AM2-BuchsbaumTH 3 Z
&, EEDnon empty face aLzﬁblinkA(o)bfz-Cohen-Macaulay'Gé%Z.
ClimEE, -
it xg o THHhU.

'i“kAV_x(“)=”"kA(‘7)v-x

ERBZIEDLOIDOD B,
EHM3. 5 ABBuchsbaumT. dimA=d-1TH3L T3¢ %. RD4XHILEE,
(1) AlX2-Buchsbaum,

(2) o212 dEEDnon empty faces 6. T U. canonical map
Hd_l(A,A\T)"’Hd_l(AyA\O')



2.
(3) 621t 2iERTHEZDnon empty faces 0. T MU,
Hd_z(A\O',A\T)=O
(1) FEDOpEXWHU. p2BLHEAUTKRD (a), (b) RiEkIDHON
#Ej‘%o i
(a) AE8EE» > inducexhkheny —HOER
H. (X-U)—=>H. (X-p)
>R
(b)) EEDgeViZH U
Hd_z(X'q,X'U)=0
SEEOEK (1) © (2) BLo#wHE:. TH2. BLXROERDPSOLD S,
Hd'l(A’A\T)ng'#T'l(llnkA(T))
My CALAN ) 2Hy g, 1 (linkp (T, linkp (TONCO-7) )
TH Y. canonical mapBZhsOEABMIZE->TREN S,
(2) © (3) HKREOV—FHDlong exact sequence
Hd_l(A,A\T)"')Hd_l(A,A\U)

-’Hd_z(A\ g ,A\ T )"Hd_z(A ,A\ ‘l')

ZBWT Hy o(A, AN T)Hy gy o(linka (T)0THBZZED S H > 3B,
(3) © (4) pPHALUTETADfacek 1 &T 5L, U=X-1AN T IDIRGER
Z2hERVIERDMZ., (ChRIZBVOERRET 3. ) a¥ o271 OHAR
THhL. q€UT. ZLORERICKDY

Hd-z(X'q,X'U)EHd_z(A\ g ,A\ T)
THB52 B3, ThhroFwmBEDIN S,

BIZOEEORKE (4) . XO=ZAKA B EBE{RRD T, 2-Buchsbaum&
LHORBURAHRERTESBATOLRERZZED DD o R,

Example N T
A= A im
Z

K[ A J=K[x,y,z,w,v]/(xy,x2wv,yzwv) 2-Cohen-Macaulay

K[A I=K[x,y,2z,w,u,v1/(Zu,2Vv,wu,wv,Xy2w, Xyuv)
Cohen-Macaulay. 2-Buchsbaum€7# W\



(4| =~ @ Tov us

2-BuchsbaumT & % HCohen-Macaulay TR W

‘ 4. Skeletons :

A&l & © T2-Cohen-Macaulay®2-BuchsbaumD T I BE o h b BH. 2
-Cohen-Macaulay® % W IlX2-BuchsbaumT 3 % & 5> REEOHI 2 K X AESHiE
BROTHESEID. FO—DOBZOHTHEN Bskeletonk &3 & T 3,

¥ 9 Baclawskill & 52-Cohen-MacaulayBE R OB BT T Hh oD LS. ROTHE
252 ¢hosdi, (FHWE [2] 28)

EEA4. 1 (Hochster)
Tor’?(K[A],K)a= Hgsuppa -i-1€Bsuppa ) if a €{0,13"

0 otherwise

EFH® 4. 2(Baclawski) AllCohen-MacaulayT. dimA=d-1,$V=nTd 3 &3 3.,
ZDEX, RITFEE,
(1) Ali2-Cohen-Macaulay,

(2) Torh 4 (K[ATK) =0 ifaz(l,1,...,1)
&t Be
O*Fn_d_)Fn_d_l"" ¢ o . —)Fo")K[A]_’O (%)

ZK[LAJDA-module& U TDminimal free resolutionT® 3 &3 3, FEBEDxXEV
3 U TKIANXIJEKIAIOXWCBE T B degree S0D AR D T

o o o—)GJ+1—)GJ—)GJ_1—)o . o (**)

B (X) OxIZHET SdegreeB0DEATH B3 EThIE. (k%) BK[LAN\xIDB=
A/(x)-module& U CTDminimal free resolution. > T
AN xdCohen-Macaulay T~ dim(AN\x)=d-1 @G, _¢=0

xBVORX L RZhhkoTES>ELIL.
AlX2-Cohen-Macaulay < (Fn-d)a=0 if suppa #V

Zh &lochsterOEHA. 1 HoERRES,
2-Cohen-MacaulaynessO Z OR#EIT I 2HVT. XOBEENEIHh 3,

EHA. 3 (HIL) ADfaceso,09,...,0 y BROZHRHRLLTVEET S,
(i) ojUa;gA if i#]

(ii)Ap={r€AlIVijo KrIed 3L &, dinA <dind,

CO&E. AdCohen-MacaulayTH hid. A ld2-Cohen-Macaulay. ¥ic.

AD(dimA -1)-skeletonld 2-Cohen-Macaulay,
GEBH dimA=d-1,8V=n& 9 3%,



a(i)=(a§i2a§i?..,ar(]i)),agi)= 1 if xjéai
0 if XjéO'i
zzcko'ca(12a(22...,a<t)&i§¢nm i Dexact sequence® i d h %,
([1] &8) '

0= BKstar 5 (0 I o P>KIAT=K[A 110 (% % %)

’LE_llJaeAl:ﬁbstarA(a)={'t€AlrUaeA}o
Klstarp (o )1=K[linkp (o DI[xIx¢ 0 ;1RDT. iR 5& & Baclawski®
THA4A. 212&Y0.

TorA_ (K[starp (o DICG-a),K) =0 if a#(1,1,...,1)
—FH (X X%X) i)"BdepthK[AIJEd'lﬁ@T (Aﬂ’o’&:U‘starA(ai)li
4 X TCohen-Macaulay TR EMd-1TH 3 Z & WFEE) « AW Cohen-MacaulayT
dimA |=d-2, % > TBaclawski DEEDP S HRERH 5.

2-BuchsbaumnessiZ ¥ U THHELPOERBK Y IL D,

EEA. 3 0,09 .-+,04 BEEX - XO%H (i), (ii) 2#ERLUT
W3¢+ 3, W¥. AdBuchsbaumT. %IinkA(ai)b‘iZ-Cohen-Macaulay
TaHWE. A ld2-Buchsbaum, iz, ADO(inA-1)-skeletonld

2-Buchsbaum,
W o kA DEEDnon empty facek ¥ 3, IinkA(lo)Li‘ link (o)

lZAiJHBAl&fﬁafaOJtIﬁJUT%VF’&BEbT?%éh%o Lo TCTEHEL., 2K
J:DIinkAga)Lﬂ:2-Cohen-Macaulay° HoTHBA3. A4R&KY AW

2-Buchsbaum,

EMA. 3dDCohen-MacaulayD B4 % %D F FBuchsbaumiC @ & 2 2
statementiC X RBIBH %,

Example
3

Al = Az = \
A
(dimA1=dimA2=1)\ A=A1*A2={0UrloéAl,réAz}t‘d‘%o

ZDEE. AliCohen-Macaulay (% - TBuchsbaum) T. o={x,y1&9%&
link 5 (0 )=A {:2-Buchsbaum

linka N\ g (x)=A p-not 2-Cohen-Macaulay

M- T AN l22-Buchsbaum T2V,
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L .
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on the canonical filtration of higher dimensional purely ellptic

singularity of special type.(*) -

Masataka TOMART (vé g% »%iiﬁ%fl”ﬁ'?{)

Let (A,m) be a normal d-dimensional local domain and (W,w)
be the associafed singularity as W = Spec(A) and w = V(m).
In the studies of minimal model problem of algebraic varities, the
finite generatedness of the canonical ring is an essential and
important problem ( [R1,2]1[KMM] ). on the other hand, in [TW1] a

general theory of the filtration F = { Fk }kSZ on A whose

Rees ring is finitely generated A-algebra was developed. Let
X = Proj( & Fka ) — W/E({he filtered blowing-up with respect to
k=0 e

F. We had studied the Cohen-Macaulay property , the canonical
modules, and criterions for X to has only rational singlarities
[TW1]. The purpose of this paper is to study the (RZ)—condition of

X and criterion for X to have only terminal singularities.
By using these, we will study the canonical filtration of purely
elliptic singularities.

We assume G = ©& Fk / F

k>0
be the integral closure of G in the quotient field of G.

k+1 is an integral domain. Let G

Further we shall assume G/ G has finite length ( cf. Lemma(5.2)
[TW1] ). Here let us represent the normal graded domain G by
Demazure's method as follows ([D],[W2],[W3]) ; G = R(E,D) ; E =
Proj(G), and ample Q-Cartier Q-Weil divisor D £ Div(E)eQ. Let us

study the singular locus of X at a closed point X of E.

* ) This is a preliminary version.



Lemma I. Assume w satisfies the (Rz)—condition and G/ G
has a finite length. We shall represent G as G = R(E,D).
Let a closed point Xx g EcX be as above. Then the following
two conditions are equivalent each other.

(1) O satisfies the (R2)—condition.

X'x .
(2) The Demazure divisor' D is integral Weil divisor on E

at X.

Now we shall study arbitrary complex analytic singularity (V,p).
The classification of 3-dimensional terminal singularities was first
proposed and studied by M. Reid[R1,R2]. Further Danilov,

D. Morrison - G. Steeven had classified cyclic quotient case, and
S. Mori had given the important explicit normal forms for general
cases [MS, M2]. At last J. Kollar - N.I. Shepherd-Barron had
comleted the classifcation ( Theorem (6.4), and Theorem (6.5) [KSB],
). Recently J. Stevens[St] had given several good sufficient
conditions'for the singularity to be canonical ( or terminal ). By
using his results and basic works due to M. Reid, we obtain the

following.

Lemma II. Let (V,p) be a normal d-dimensional complex analytic
singularity which satisfies the (Sa)—condition and the (Rz)—condition.
Suppose there is a divisorial ideal J of OV,p which satisfies
the following four conditions

(1) oV,p / J is a normal (d-1)-dimensional Gorenstein

rational singularity.

(ii) J defines a torsion element of the divisor class group

cl(OV D ). Let us denote the torsion order of cl(J) by r.
(iii) the reflexive hull (J%H** of J? ( denoted by J[a]
) satisfies the (SS)-condition for ¢« =0,1, ... , r-1.



(iv) V is a terminal singularity at points in the complement of
the support of OV,p / J.
Then
(1) cl(J) = cl(KV ) in Cl(OV’p), and

»P
(2) (V,p) is a terminal singularity.

The second assertion follows from Stevens' arguments if we
obtain the first. So the contribution of this paper belongs mainly

to the first assertion. As a corollary we obtain the following.

Theorem III. Let (A,m) be a d-dimensional normal singularity
where SpecA-V(m) has only terminal singularities. Let { Fk }kez
be a filtration (1.1) on A such that G is an integral

domain. Suppose G/G is of finite length where G 1is the
normalization. Let us describe G by Demazure's rule as G =

R(E.D). Let ¢ : X = Proj( ® FET¥ ) —— spec(a), ¥ '(m) = E =

k>0
Proj(G) be the filtered blowing-up of Spec(A). Let X be a

closed point of E. Suppose the following two conditions holds:
(1) D is an integral Weil divisor on E at P.
(2) (E,P) is a rational Gorenstein singularity.
Then (X,P) is a terminal singularity. Here the index of the
singularity (X,P) equals the torsion order of the divisor ciass

cl(D) in the group Cl(0 ).

E,P

One of our application of our theorems is the following.

Theorem IV. Let (A,m) be a normal d-dimensional isolated
singularity such that the canonical sheaf Oy is trivial. Then
the following two conditions are equivalent each other.

(1) (A,m) is a purely elliptic singularity of (0,d-1)-type



and the canonical ring of (A,m) is finitely generated. ( cf.
Definition VI-1 ).
(2) There is a filtration { Fk }ksz on (A,m) which

satisfies the following conditions:

(2)-0. ® =@ Fka c A[T] is finitely generated over A
k>0 .
and satisfies the conditions of (1.1).
(2)-1. G = @& Fk/Fk+1 is a normal domain.
k>0

In a represention G = R(E,D) as Demazure's construction, we have
(2)-2. E = Proj(G) has only rational Singularity,
(2)-3. D is an ample integral Weil divisor, and
(2)-4. 0 = OE.
Under these equivalent two conditions, we have the relations HE(A)

= B} (6) = Hq‘l(E,oE) for 2 <4q < d-1.

+

Definition IV-1. Let o : VO — W be a resolution of

singularity w. Then ® w*(mgg) is an A-algebra and is

k>0

independent of a choice of resolution ¢ ([R11]). We call

-3 ¢’(m$¥) the canonical ring of (A,m).
k>0

In the case w.= A, we have the relation ® w[k].Tk = A[T]
A W
k=0
and R = @ w.(mkk]).Tk is a subalgebra of AlTI]. From this

k>0

identification, we obtain a filtration F = { Fk }kzo on A as

Fk = w*(mék]) for k = 0. We call F the canonical

filtration on A.

If ® wi(mgg) is an A-algebra of finite type, then there is
k=0

a partial resolution ¥y : X — W by X = Proj( e ¢*(w$¥)) where
k>0

X has only canonical singularities andr oy is relative
Q-¢y-ample. Hence we call '] the canonical resolution of V. (

see [R1,2],[1I2]1,[KMM] for further related definitions and remarks ).



In the case dim A = 2, the existence of the canonical resolution

had been shown by J. Lipman, J. Wahl, and H. Laufer. In the case
dim A = 3, the existence of canonical resulution has recently been

proved as a corollary of Minimal Model Theory ( S. Mori, V. Shokrov.,

M. Reid., Y. Kawamata .,[K1] [M2], [KMM] ). Here we want to note
several references cited in [KMM]. In the case dim A = 4, there
is no definite result on this subject. In the present paper, we

will see the existence of canonical resolution for some special

purely elliptic singularities in Theorems VI, VIII, and IX.

Definition IV-2. A normal isolated singularity (W,w) is a
purely elliptic singularity if am(W.w) =1 for any integer m 2
1 [W5]. Here am(W,w) is the m-th. Lz-plurigenus of (W,w)

m[ ] [m]
which can be computed as 8 (W,w) = dim W ¢ (o m-1)A ))
h b d ( ) ( / 9,0 X ( ) red

) via a good resolution o : (X,A) — (W,w) [W5].

In the case that the canonical module of (W,w) is Q-Cartier,
S. Ishii had introduced the Hodge structure type of purely elliptic
singularity [I1,I2]. When (W,w) is a d-dimensional purely
oy = Ow, we call (W,w) is of (0,1)
type if Hd_l(E,OE) is the (0,i)-th component of Hd-l(E,C)

elliptic singularity with

in the sense of Deligne's canonical mixed Hodge structure for a
good resolution (X",E) — (W,w) [I1].

In the case d=2, purely elliptic Gorestein singularity of
(0,d-1) equals the simple elliptic singularity [S]. In the case
d= 3 , the purely elliptic Gorenstein singularity of (0,d-1)type is

called simple K3-singularity [I1,I2,IW,Y].

Remark V. In the situation of Theorem IV, here we assume the

equivalent two conditions hold. Then the remaining singularities of



.the canonical resolution of Spec A = W are all terminal.
Further the canonical resolution is given as the filtered blowing up

X = Proj( @ Fk) -_— W. The index of each terminal singularity
k=0

of X is computed by the rule of Lemma II

In 1987, S. Ishii had shown that the exceptional locus E of
a minimal partial resolution satisfies the conditions of Theorem IV
if the minimal resolution ¥ : (X,E) — (V,p) exists. Here a
partial resolution ¥y : (X,E) — (V,p) is minimal if X has

only terminal singularities and ") is relatively numerical

X
effective with respect to . In our studies of the present paper,

her insights are essential as seen in the proof of Lemma (3.3).
By using Theorm(3.8) [W4], we obtain a graded version.

Theorem VI. G =@ Gk ; normal d-dimensional graded ring finitely
k>0

generated over C = GO‘ Then the following four conditions are
equivalent each other.
(1) G has an isolated singularity and KG = G. Here KG
is the canénical module of G in the sense of Goto-Watanabe [GW].
(2) G = R(E,D) ; Demazure's description as follows : E = Proj(G)
with D g Div(E)eQ | ample Q-Cartier divisor
E : normal Gorenstein with op = 0E .
E has only cyclic quotient singularity
D : ample Q-Cartier integral Weil divisor such that
Cl((OE’p)“) = Z.cl(D) at each point p of E.
(3) The canonical module of G is trivial at G, and
(Spec(G),V(G+)) is a purely elliptic isolated singularity of

(0,d-1)-type.



(4) The canonical module of G is trivial at G+ and

(Spec(G).V(G+)) is a purely elliptic isolated singularity.

Remark VII. In particular the canonical ring of Spec(G) is

isomorphic to Gh = ® G K where G|k = @ G{ by Theorem IV.
k=0 {20 -

and is finitely generated.

Now let (W,w) be a d-dimensional Gorenstein purely elliptic
singularity of (0,d-1). Here we will study the sufficient
conditions for certain filtration to be the canonical filtration of

the purely elliptic singularity as in Theorem Iv.

Theorem VIII. Let (A,m) be a normal d-dimensional Gorenstein
isolated purely elliptic singularity of (0,d-1)-type. Let F = {
Fk }kSZ be a filtration (1.1) on A which satisfies the

following two conditions

(i) G = @ Fk/Fk+1 . Gorenstein ring with a(G) =0 . Here
k>0
a(G) is an invariant of the graded ring G as a(G) = max { o
g 7 | [Hg (6)1, # 0 } by Goto-Watanabe[GW] ( see also [TW1]  for a
+

role of this integer in the studies of filtered rings ).

(ii) There is an integer N such that G, = 0 for k > N.

k
Then G is a normal Gorenstein domain with a(G) = 0 and
Proj(G) has only rational singularities. ( Hence F is the
canonical resolution of (W,w) by Theorem IV. ). In particular

Spec(A) = W has the canonical resolution ( i.e., of finiteley

generated type ).

Example. (A,m) : hypersurface d-dimensional singularity written as

follows : A = C{x ,xd}/(f), f g C{x}. Let us put the

o *1°



.weights on regular paramz2ter system Xgr oo+ 9%y as deg(xi) =

q; € N(i=o0) with g.c.d.(qy,9;, ... ,q4) = 1.. Now we
introduce the filtration F on A by the monomial degrees as
d
follows ; Fk = { xJ | deg xJ = > q.j. =2k }.A.
ivi
i=0
We shall call such a filtration as " a monomial -filtration " in this
paper. Let us take the weighted Taylor expansion of f as f =
S fi where f1 is weighted homogeneous of degree i with
i2p
respect to the given weight and we assume fp = 0. Then G is
written as G = f[xo,xl, “e ’Xd]/(fp) and hence a(G) = p -
d ;
> q; - Now we will study the criterion for the monomial filtration
i=0

to satisfy the second condition of Theorem VIII.

Proposition IX. (A,m) : d-dimensional hypersurface purely elliptic
singularity of (0,d-1) type. Let F be a monomial filtration on
A introduced as in Example with certain weight. Suppose the
condition a(G) =2 0 is satisfied. Then there is an integer N

such that Gk 0 for k > N.

As a corollary of Theorems IV and VIII, the filtration F in
the assertion is the canonical fitration of (A,m).

In general, we have no proof for the existence of the monomial
canonical filtration for the hypersurface purely elliptic
d-dimensional singylarity of (0,d-1)-type in the case d > 3. As
an evidence for existence of the monomiél canonical filtration, we
shall remark the following. If the defining equation f is
nondegenerate with respect to the Newton polyhedron F+(f) of A
= C€{x}/(f), then we can find a monomial filtration as in Assertion IX

by using [W6].
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”

In Summer of 1987, the members of our Seminor were trying to study
Simple K3-Singularity " as three-dimensional analogus of K. Saito's
simple elliptic singularity. Of course one can find such attempts
in several articles ., e.g., [R1],[Ww5], [I1] ... etc. In that time
our interests were in a deep understanding of the " minimal
resolution " of higher dimensional singularities in the relation with
MINIMAL MODEL PROBLEM. Then our colleagues had contributed in
several own way. I heratily thank to K.-i. Watanabe , S. Ishii. T.
Yonemura and Kimio Watanabe for several interesting discussion on

this topics.

§ 1. Codimension of the singular locus after filtered

blowing-up ( Proof of Lemma I ).

(1.1) We shall recall basic terminologies which are used in this
note ( see [TW1] for more general one ).

Let A be a Noetherian local ring with the maximal ideal m,
which is essentially of finite type over an algebraically closed
n

field k. A filtration on A is a decreasing sequence { F

} of A satisfying the following conditions

neZ
(1) F® % (0) for every n g Z, F®' = A for n<0 and n
n=0
! = (0).
(ii) Fi Fj c Fi+j for every i,j g Z.
We define two " Rees algebras " for this filtration :
# = o F' 1™ ¢ A[T] and
n=0
2 = e F* T c A[T.T-ll, where the symbol T denotes an
neZ
. . n,.n+l n X
indeterminate. We put G= e (F/F ). T . Here we assume that
n=>0
®# is finitely generated over A = Qo. This condition induces the
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N _ N,n

relations F" (F) for n >0
we assume FN is an m-primary
We denote W = Spec(A), X =

(®#(n))~ are as in E.G.A.ChapterII.
Further we assume

(1.1.1) For a natural number o,

then o 1.

»

Let

_ Fm+1

X be a point of E.

such that X € D+(f')

m * _
f T ¢ mm. Here D+(f ) NE =D

m+1

mod F as an element of G

divisor on #.+ and m%*/T_l

relations &
keZ
P ( resp.

Ox(k)|D+(f') = m%*

Let P) be the hom

G ) associated to X. At the

following

Lemma (1.2)( (5.9.1)[TW1]).

above. Then

the integers

N(X,x) min { agZ |l x>0

min { ¢ & Z

G(P) },
G.C.D.{n¢gZ

unit of

N(E,x) l e« >0

unit of

N(P) |l n>0

N(P) G.C.D.{neZln>0

are the same. Here m(P) ( resp

localization by all the homogeneou
not contained in

P ( resp. P)

Now we prove Lemma I. Here

m°

with some integer N. Further
ideal.

Proj(®), E = Proj(G), and OX(n) =
§§2,3,8. '

G(ot)

if the relation = G holds
Then there is an element f e Fo
Spec( (mfc)o) c X, where £*
+(f) = Spec((Gf)o) for f ="
Then u = T } is a non-zero
Qf* = G§. Here we have the
k
,and ® 0_.(k)T = = Gz
B b, (%) F
ogenous prime ideal of ® ( resp.

point X v(pP), we recall the

Let the situation be as in the

and Ox(u)x = (Q(P))a contains
and OE(a)x = (G(P—,))Ot contains
and (.‘R/P)n 0 }, and

and (G/f’)n #0 }

. G(ﬁ) ) denotes the

s elements of ® ( resp. G )

G is an integral domain and
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G/G has finite length, where G be the integral closure of G in
the quotient field of G ( see Lemma (5.2) of [TW1] ). We represent
G by Demazure's construction [D]: G = R(E,D) with ample @-Weil

divisor D on E.

(1.3) Proof of (2) —(1). We keep the notation as above. Let

y be a closed point of EcX and b.¢ a scheme point of X
which contains y and dim 0X X be two. If X does not
belong to E, then x & X-E = Spec(A)-V(m) and 0X X is
regular by the (R2)—condition of Spec(A). Now suppose X is
contained in E. Then dim oE.x =1 and OE.x is regular by

the normailty of E.

By the assumption the Demazure divisor D is an integral

divisor at X. Since Cl(OE x) =0, D is an Cartier divisor
at x. Hence 1 = N(P). By Lemma (1.2) (Q(P))1 contains a
_ .S .
unit t of Q(P)' Hence (QR(P))s =t (GR(P))o for any integer
-1
o= @ .
s and Q(P) = (%(P))o kit,t 1] Further we have the relations

-1 el . = = 1yl
Rpy / Ty = 65 = (6(p))ooKIE.(D)7M,
where t € G(P) 1 corresponds to t g (Q(P))l’ Hence tT ! g
_1 ~ _
(Q(P))o and (Q(P))0 / tT (M(P))0 = (G(P))o is a regular local
ring. Hence (Q(P))o is a regular local ring ( cf. Claim

(5.11.1) [TwW1] ).

(1.4) Proof of (1) — (2). Here ® is a normal domain ( cf.
§ 1, §2, and § 5 of [TW1] ). We have the following exact sequence
0o — OX(m+1) —_ Ox(m) — OE(m) — 0
for any integer m. Here OE(m) = OE(m.D).Tm and ox(m) =

OX(—m.E).Tm. Let P Xreg — X be the canonical immersion of

the regular locus. We have the relations OX(—k.E)lX =
reg

-1 _ -1 _ k -~ ~
] OX(-k.E) = (1 OX( E)) . Further OE(mD) & OE(m) e
—103—



‘Ox(m)/OX(m+l) = OX(-m.E)/OX('(m+1).E) =

t (e top(-mE)) /i, (17 oy (- (me1) .E)) —%—s

1, (17 04 (-m.E) /0y (<(m*1) .E) }) = 1,{ Oy  (-m.E)/Oy (-(m+1).E) }

reg reg
@ -
=, ({0, (-E)/0, (-26) 1% ) = ¢ (¢« Yo_(m.[D))).
» X X » E
reg reg
Now look at the point x -in X. Since the codimension of
E—(Xreg Nn E) with respect to E is not less than two, we have

the relation t.(t_loE(m.[D])) = OE(m.[D]) at X. Moreover the
morphism OE(m.D) —_ OE(m.[D]) induced from the above relations
is isomorphic over E—(Xre n E) and is isomorphic at X.

g
Therefore the relation m.D

m.[D] holds at X for any integer

m. Hence D is integral at X.

§. 2. A criterion for singularity to be terminal ( Proof of

Lemma II ).

(2.1) Our singularities on X appear as the zero-th part of
Z-graded ring and are cyclic quotients of some known singularities (
[F1],[TW1}). Our purpose is to investigate such a cyclic cover
associated to the divisor class of the Demazure divisor in the
divisor class group Cl(oE,P) and to prove Lemma II.

We shall review the following results due to J. Stevens [St]:

Theorem (2.2) ( Theorem 2, J. Stevens [St] ). Let f : (X,P)
— (S,0) c (C,o0) be a flat deformation of a canonical
singularity X0 of index one. If Xt = { f_l(t) } has only

terminal singularities for t =# 0, then (X,P) is terminal.

- Remark (2.3). If we assume the condition " X - Xo has only

terminal singularities " instead of the condition " Xt , t =0 ,

—104—



has only terminal singularities ", we can conclude that (X,P) is

terminal by same arguments of J. Stevens.

Theorem (2.4) ( Theorem 5, J. Stevens [St] ). Let (X,P) be
a normal d-dimensional singularity with Q-Cartier canonical divisor

KX of index r. Suppose there is a normal Weil divisor D of

(X,P) such that cl(D) = -cl(KX) in cl(o and that D

X,P)
has only rational singularity. Then (X,P) is a canonical

singularity.
(2.5) Proof of Lemma II (1). Denote the support of OV P/J
by E. By the assumption, E has a normal Gorenstein rational

singularity, and we can write J[u] as J[a] = 0V P(-k.E) for

any integer k. Let us set R as R= @0 (-k.E).Tk c

xeZ P
K(OV.P)[T,T'I]. Then we can easily see
(2.5.1). min { «a e Z | «>0 and R, contains a unit of R
} = the torsion order. of cl(E) in Cl(OV,P)’
Further we see the following
Lemma (2.5.2). (1) J[k]/J[k+1] is a divisorial OE-module.

(2) 1f we write 373120 as  3/3121 = 0 (D) by an integral Weil

divisor D on (E,P), then we have the relation J[k]/J[k+l]

OE(k.D) for any integer kK. (2) The torsion degree of cl(D)

in Cl(oE,P) equals the integer r.

Proof. (1) Since J[k] satisfies the (S3)—condition for
any integer k, J[k]/J[k+1] clearly satisfies the (Sz)-condition
as 0E = OV,P/J -module. Here J[k]/J[k+1] is of rank one on

OE. Hence the assertion of (1) follows. (2) Let t Vreg —_—
v be the canonical immersion of the regular locus. Here the
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podimension of E-(V N E) with respect to E is not less

reg
[k+1]

than two. Since both J[k]/J and OE(k.D) satisfy the

’

(Sz)~condition as OE—module and are isomorphic over E n Vreg
OE(k.D) = J[k]/J[k+1] holds for any integer k as same as in
(1.5). (3) Here R is H-local in the sense of Goto-Watanabe ( §
1 of [GW] ). Hence we can show the equality min {aeZla>0

and R contains a unit of R } - min { c g€ Z | ¢ >0 and

o
glod glaxt] o (gIkl,  lk+11,
keZ

in (5.9.1) of [TW1]. Our assertion follows fromb(2.5.1). Q.E.D.

contains a unit of } as same as

Take a homogeneous unit f.Tr e J[r].Tr of R with f.0 =
3Tl weput B=( o ¥ % ),1-£.177), and c -
keZ

( o (glKl glk+1ly 7Ky, (1 F 7T)  where T g gl ylr+ll (3 4
keZ

corresponds to f. We have B/T_lB
1 r-1

C. Here B and C

R

are local rings and T " = £.T ‘is a nonzero divisor of B.
Lemma (2.5.3). C is a Gorenstein rational singularity.
Proof. Since os = HomoE(OC,mE) and o = 0E , We obtain

0 = OC’ The cyclic cover Spec(C) —— E 1is etale in

codimension one. By Proposition (1.7) of M. Reid [R1], C is a

canonical singularity. Hence C is a rational singularity (

[(E],[F1] ) and, in particular, has the Cohen-Macaulay property.

Since 0o, =0 C is Gorenstein. Q.E.D.

C C’

We shall complete the proof of (1) of Theorem II. Since B
is local and C = B/T'lB is Gorenstein with nonzero divisor T—l,
B is a Gorenstein local ring. The cyclic cover p : Spec(B) —

A\ which is etale in codimension one and further is etale over vV -
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E. Associated to this cover we have the exact sequence

*

0 — Z.c1(J) — C1(0y p) — P ,c1(B),
where p"(cl(I)) = cl(Hom (B,I)) € CL(B) for «cl(I) g C1(0,, )
Oy.p V.P
with a divisorial 0 -ideal I ( see Appendix of J. M. Wahl

V,P
[W1], or [TW2] ). We have the relation 0 = cl(KB) = p'(cl(Kv))

in Cl(B). Hence there is an integer o of {o0,1, ... ,r-11}

such that cl(J[u]) = cl(KV) in Cl(O ). This induces the

V,P

relation cl(J[a]) = cl(KV) in Ccl(o ). Therefore we obtain

V,P

- _ la-1], (]
the relations (0] = OE,P(KV+E) =J /J =

E,P = “E,P

OE P((u-l).D) as divisorial O -modules. Here the torsion order

E,.P
of cl(D) equals r by (2) of Lemma (2.5.2). Hence o =1,

i.e., cl(J) = CI(KV,P) in Cl(oV,P)'
(2.6) Proof of Lemma II (2). By (2.4) (V,P) is a canonical
singularity and p is the canonical covering of (V,P). To show

that (V,P) is a terminal singularity, we shall study the flat
deformation t : Spec(B) — Spec(C{T_l}) induced from the

1

canonical inclusion C{T ~} — B. Then t_l(O) = Spec(C) is a

Gorenstein rational singularity. Further Spec(B) - t_l(O) =

Spec(B)-V(T 1

) has only terminal singularities, for

P|spec(B)-v(T 1) : Spec(B)-V(T}) — V-E  is etale. Hence by

(2.2) and (2.3), B is terminal. Since we already had shown that
(V,P) is canonical, we can conclude that (V,P) is terminal by

(II) of Proposition (3.1) of M. Reid [R2].
§ 3. We shall prove Theorems IV and VIII.

(3.1) Proof of Theorem IV, (2) — (1). Let F = { Fk }kzo

be a filtration on 0w W as in the statement. Let us describe
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G by Demazure's method as follows : G = R(E,D), E = Proj(G),
D € Div(E)eQ. By the assumption, D is an integral Weil divisor

on E and 0E = o

be the filtered blowing-up with respect to F , wWhere R =
@ Fka ‘¢ A[T] as in (1.1). By Theorem III X has only
k>0 .

terminal singulariries. Since

Let ¥ : X = Proj(®) —— Spec(A) = W

&= Ow ~ and E is 1rréducible,

. Oy

there is an integer m such that 0, = OX(—m.E) = Ox(m). By the

X
exact sequences

0 — oy — mX(E) — op — 0, and

0 — Ox(m) —_ OX((m—l)E) _— OE((m—l)) —— 0, we obtain
the relations 0

=

E op = OE((m-l)) = OE((m—l).D). Since D is

an ample integral Weil divisor on E, m=1. Hence is

“x
relative ¥ ample and '] is the canonical resolution of (W,w)
by Definition VI-I in Introduction.
In the rest of this paragraph (3.1), we shall prove that (W,w)
is a purely elliptic singularity of (0,d-1)-type by Ishii's
criterion [I1]. Let ¢ : X" — W be a good resolution of

(W,w) such that X~ dominates X, say Tt : X~ — X. Let

m
¢_1(w) = U Ej be the decomposition of the exceptional divisor for
j=1
¢ into the irreducible components and El be the strict
tansformation of E by T. In our situation Ez, e Em
are blown down to X by T and the image t(E2 VoL, UEm)
is contained in a closed subvariety of E. Since oy = OX(~E), we
m
can write the canonical divisor Ky. of X7 as Ky. = > aj.EJ
-E, with a,gZ, =2 m. We have RY 1y (0,.) =
1 j ’ ’ oo » . » X~ =
Rd—lw'(ox) & Rd—lw*(OE) , since X has only rational

singularities and Rd_lw'(ox(—E)) = Rd_lw'(wx) = 0 by the
Grauert-Riemenschneider vanishing theorem. Since E has only

rational singularities, we have the relations C = Hd-l(E,mE) e
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d-1 o d-1 . ood-1 _
H (E,OE) = H (El,OEl). Hence dim R ¢.(OX-) =
aim #971(E,,0; ) = 1. By Proposition (3.8) [I1] a; 20 for J
1
=2, ... ,m. Hence (W,w) is purely elliptic [W5]. Here

Hd_l(El,OE ) is the (0,d-1)-part of the Hodge decomposition of
1

Hd-l(El,C). Hence the type of purelly elliptic singularity (W,w)

is (0,d-1) by Definition (4.1) [I1]. Q.E.D.

(3.2) Now we shall show the following Lemma (3.3) as the first
step of the implication (1) — (2) of Theorem IV. This was first
stated and proved for the three dimensional case by S. Ishii ( see
§'s 4 and 5 of [I2],[I-W] ). We follow her basic idea. In fact
(3.3.2) and (3.3.4) can be seen in [I-W]. Further we will refer

these arguments in (3.5) for a proof of Theorem VIII.

Lemma (3.3). Let (W,w) be a normal d-dimensional isolated

singularity with Oy = 0w and be purely elliptic of type (0,d-1)

in the sense of Definition (4.1) [I1]. Suppose that the canonical
algebra @ 5.((mw~)°k).Tk c K(A)[T] is finitely generated over
k>0
A = Ow,w
— W be the canonical morphism defined by X =
Proj( ® &, ((ay-)%).15).
k>0
Then we have the following conditions:
(1) X has only terminal singularities.
(2) The canonical sheaf oy of X is written as
. _ -1
04 (-E) with E = (¢ “(W)) . 4-

o~

ox

(3) E is irreducible. Further E has only Gorenstein

rational singularities and satisfies the relation =0

o E*
Proof. (3.3.1) Since mAs A, , we introduce a filtration F
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L k k [k]

={F }kzo on A as F = w.(mx ) for k 20 ( cf.
Def.IV-1 in Introduction ). Since ® is a finitely generated A
-algebra, there is a positive integer N such that FmN = (FN)m

N equals the non-canonical

holds for m 2> 0. The support of A/F
locus of W = Spec(A) by (I) of Proposition (1.2) [R1]. We have

the natural diagram :

mN U [mN] 8 [mN]
l /
~ g%, [mN]
OX = ¥ (mw )

By (II) of Proposition (1.2) [R1] ( see also Theorem 0-3-12 [KMM] )

oy is ¥y-ample and X has only canonical singularities. Hence
there is a positive integer M such that 8 induces the
isomorphism FmNOX = m&mN] for m 2> M. Therefore the

discrepancy A ( cf. [R1] ) of ox and Oy is introduced

by A= ( oN. Ky

_ N
OX(mN.A) = F 0X

W_l(mN.Kw) )/mN  and satisfies the relation

[mN]
ox

1

for m=>0. In particular the support

of A equals E.

(3.3.2) Let ¢ : X — W be a good resolution of (W,w)

such that X~ birationally dominates X as in (3.1). Let

m
w_l(w) = Vv Ej be the decomposition of the exceptional divisor for
J=1

7] into the irreducible components. Since (W,w) is purely

elliptic of (0,d-1)-type, there exists E1 where the relation

3
Ky~ = a
X j=2

For a proof of this essential fact, we refer to the arguments for the

j'Ej - E1 with aj >0 for j=2, ... ,m holds.

proof of irreducubility of the divisor which belongs to the set "

E(d-1,d-1) " in page 549 of [I1]. Further we have the relation
[m]
ox

R

= t.((mx~)°m) for m 2 0, because X has only canonical
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singularities. Since T is a birational morphism of normal

varieties, the codimension of the critical locus in X, i.e., the

image of the exceptional locus of T, is not less than two in X.
m

Hence by the relation OX(N.A) = T, (0g-( N.jzzaJE - N'El))’ we

obtain the following conditions:
m

(3.3.2.1) the codimension of (v Ej ) in X is not less
Jj=2

than two,

(3.3.2.2) -A is reduced and equals E = w-l(w)red, i.e., oy =

Ox(-E), and
(3.3.2.3) E = t(El) and T E1 — E is a proper modification.

(3.3.3) Now we shall compute the discrepancy At of Og~

. _ e |
and 0g- Here At is written as At = { N.Kx- T (N.KX) }/N

g Div(X~)eQ. We shall write as T (w[N])

R

*
T (Ox(—N.E)) =

= N. P =2, ... ,I.
0x-~ 2 bJ j N El) where bJ 1 for j 2 m Hence

m
we obtain the relation A_ = 2 {( N.a, + b,)/N}.E.. Therefore X
T o J J J

has only terminal singularities.

(3.3.4) We shall show that E is a normal Gorenstein scheme
with the relation o = OE. The proof is exactly same as in the
arguments of the proof of (1) — (2) Theorem 17 [IW]. So we only
check the key points which are needed in there.

Since X has only terminal singularities, X satisfies the
(Rz)—condition [R1,2]. Since the essential divisor of any good
resolution of (W,w) is reduced and irreducible, we can show that

E (cX) satisfies the (Rl)—condition as same as in Proposition
(4.7) [I2]. Further we have the relation OX(—E) = 0y - Since X

is a Cohen-Macaulay scheme[F1],[E], is a Cohen-Macaulay

%
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~Ox—module. Hence E has the Cohen-Macaulay property. In

particular, E is a normal scheme. Further we obtain the

relations +E) = Therefore E is a normal

op = E(
Gorenstein scheme.

E'

(3.3.5) We shall show that E has only rational singularities.

By the exact sequence

0 — oy~ — wx~(El) —_— mEl — 0
and the Grauert-Riemenschneider vanishing theorem th'(mx~) = 0,
we obtain the following exact sequence
0 — t'(wX-) _— t'(wx~(E1)) —_— t'(wE ) — 0
Here we have the relations (3.3.2)
(1) t.(mx~) = oy, and
(2) t.(mx~(E1)) = t‘(0X~( 2 aj j )) o 0
m
In (2), these coincide on X - t( U Ej ). Since 0X satisfies
j=2
the (Sz)—condition, we obtain the equality T (OX-( E ajEj = OX
over X by (3.3.2.1). Hence t'(mE ) satisfies the
1
(Sz)-condition as OE—module and equals Op- By G. Kempf's
arguments ( pp.50-51 [KKMS] ), E has only rational singularities.

This completes the proof of Lemma (3.3).

(3.4) As a continuation of the arguments of Lemma (3.3), we
shall prove that F (3.3.1) satisfies the desired conditions of

Theorem IV in the following four claims.

(3.4.1). Ox(—kE) is Cohen-Macaulay as Ox—module for k g Z.

Proof. We have mék] = OX(—kE) on X. Let P é EcX
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be a closed point of E and the integer r be the index of the

r-1
canonical singularity (X,p). Then the canonical cover @ w&kg
k=0
is rational [F1],[E]. Hence each finite direct summand m%k; is
a Cohen-Macaulay OX p—module. Q.E.D.
(3.4.2). (1) OX(—kE)/OX(—(k+1)E) is a divisorial OE—module.

(2) If we write Ox(—E)/Ox(—ZE) as OX(-E)/OX(—ZE) = OE(D) by

an integral Weil divisor D on E, then we have the relation
OX(—kE)/OX(-(k+1)E) = OE(kD) for any integer k.
Proof. Since X has only terminal singularities, X

satisfies the (Rz)—condition ([R1,R2]). By noting (3.4.1), the

proof follows as same as in (2.5.3) and (1.5).

(3.4.3). Let D be as in (3.4.2). Then we obtain the
kK, k+1 0 .
relation F/F = H (E,OE(kD)) for k > 0. Here D is an
ample Q-Cartier divisor on E. Hence G = o Fk/Fk+1 is a
k>0

normal domain and represented as G = R(E,D) as Demazure's method.

Proof. Since X has only terminal singularities, we obtain
Riw.(ox(—kE)) =0 for k=1 and i=1 by the relation
K, = -E (Theorem(1.2.5) and Remark (1.2.6) [KMM] ). By the

X
k+1

relation Fk = ¢'(0X(—kE)) for k >0, we have F /Fk =

¥, (04 (-KE) /0, (- (k+1)E)) = H'(E,0p (kD)) for k=20. Let N be
the integer introduced in (3.3.1). Then Oy (-NE) = Froy is an

invertible Ox—module. We have OEQOX(—NE) = OE(ND) , since the
both satisfy (Sz)-condition and coincide on the regular locus of X.
Hence ND is a Cartier divisor on E. Further the ampleness of

ND follows from the y-ampleness of OX(—NE).
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(3.4.4). K;=G and H}A) =H} () = Hq'l(E,oE) for q = 2,

G +

,d-1
i i-1

Proof. We have the relation H. (G) = e H (E,O0. (kD))

) G E
+ keZ
for i=2, ... ,d-1 [w2],[GW]. Since D is an ample divisor on
E and the relation 0p = 0E holds, the Kawamata-Vieghweg

vanishing theorem (Theorem(1.2.5)[KMM]) implies () Hl(E.OE(kD))
=0 for i1 and - k = 1. By duality (%w) Hi(E,OE(kD)) =
0 for i< d-2 and k < -1. For k = 0, let us consider the
q q q+l ~
following exact sequence R ¢*(OX) — R ¢'(OE) — R wi(OX(-E)) =
Rq+1¢'(mx). By the Grauert-Riemenschneider vanishing, we have

RQ+1¢’(mx) =0 for q=>0. Since (W,w) is an isolated

g+l ~ pd - _
singularity, we have Hm (Ow) = R ¢*(OX) for q=1, ... ,d-2.
Since D is an integral Weil divisor, the canonical module KG
of G = R(E,D) is written as K. - @ H'(E,o.(kD))TX by [W2].
G E
keZ
Since 0, =0 and (#=#+) , we obtain K. = G.

G
This completes the proof of Theorem VI.

(3.5) Proof of Theorem VIII. Let E c X = Proj(®) —ﬁ—» w ¢

and T be as same as in (3.3.2). There exists an irreducible
_1 m
component E of ¢® (w) where the relation Ky = 2 a,.E, -
1 2 S
E1 with aj 20 for j= 2, ,m holds.
(3.5.1) Since G= @ Fk/Fk+1 is a Gorenstein ring, we have
k>0
a(G)

p (W,w) 2 > dimn(G,) ( Theorem (4.2) [TW1] ). Here p (W,w) =1
g k20 €k g

and a(G) = 0 by the assumption. Hence the equality holds in
the above inequality. By Theorem (4.9) of [TW1] X is normal and

has only rational singularities. Further
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&= 04 (a(G)+1) = #(a(G)+1)~

ox
by (1) of Theorem (3.5) [TW1]. We have the exact sequence

0 — Ox(n+1) —_— Ox(n) —_— OE(n) — 0
for ngl ( cf. §.1 and §.5 [TW1] ). " For n =1, Ox(n) is

a divisorial Ox—ideal sheaf of 0 such that the support of

X
OX/OX(n) equéls the support of E = Proj(G). We have the
relations Ox(l) = OX(-E) 2wy = t!(mX") = t*(ox~(j§2aJEJ - El))
with aj 20 for j =z 2, since X has only rational
singularities. These imply the conditions : t(El) = E, oy =
Ox(—t(El)), and E = Proj(G) is a reduced variety. Since
OX(n) is a divisorial Ox-module, we can write it as Ox(n) =

OX(—s(n).E) with s(n) € Z. Now Ox(n) is Q-invertible

0,-module for neglZ. Hence is a y-ample Q-invertible

X

Ox—module sheaf.

ox

As same as in (3.3.3), (3.3.4), and (3.3.5), we can prove the
following assertions
(3.5.2) X has only terminal singularities.

(3.5.3) E has only Gorenstein rational singularities and satisfies

R

the relation o OE.

(3.5.4) To prove the assertion a(G) = 0, we shall show the

relation Ox(n) = OX(-nE), i.e., s(n) n for neglZ. Since

E is a normal variety and OX(n) is a divisorial Ox-module.

we have the relations: s(k) £k for k=1, s(k+1) = s(k),

and 1lim s(k) = O® . Let N be a positive integer where the
k— 0
mN N,m -
relation F = (F) holds for m=0. Then OX(N) = ®(N)

is an invertible Ox—module and the relation OX(mN+n) =
OX(mN)OOX(n) holds for any integers m and n ( see §.1 [TW1] ).

That is to say, for such integer N , we obtain the relation
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m.s(N) + n = s(m.N + n ) for m and n g Z.

Since G and A = Ow W are Cohen-Macaulay rings, R' =
® Fk.Tk is also a Cohen-Macaulay ring ( Proposition (1.6) [TW1]
keZ
). Hence ® = @ Fk.Tk satisfies the (Sz)condition and we have

k>0
the relation Fk = ¢.(Ox(k)) for k 2 0 ( Proposition (1.6)

[TW1] ).
By {(3.5.2), (3.5.3), and the ampleness of oy = OX(—E), the
Kawamata vanishing theorem (Theorem (1.2.5) [KMM]) implies the

condition le*(ox(—a.E)) =0 for o =1. Hence Fk+1/Fk =

OX(-s(k).E)
¥
*( OX(—s(k+1).E)
0,(-s(k + m.N).E) O,(-s(k).E - m.s(N).E)
: - v (o ) - vl
k + m.N * OX(—s(k + 1 + m.N).E) * OX(—s(k+1).E - m.s(N).E)

) for k 2 0. We obtain the relation

) for any integers m and n. By the assumption, there is an
integer M such that Gk Z 0 for k > M. Therefore s(k+1)
# s(k) for every integer k. This implies the relation s(k+1)

= k+1 for every integer k.

(3.5.5) By (3.5.4) , we obtain the relations G =

@ ¢ (0.(n)) = &y 0, (-nE)/0,(-(n+1)E) |. Now we can find an
k20 * k=0 ’( X X )

ample Q-Cartier integral Weil divisor D on E which
satisisfies the conditions OE(n) = OE(n.D) for neiZ by the

same arguments of (3.4.2) and (3.4.3).
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