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ON INTEGRAL CLOSURES OF NOETHERIAN DOMAINS

Jun-ichi NISHIMURA

INTRODUCTION

Let A be a noetherian'doﬁain with field of quotients K .
The integral closure A of A in K ( = the derived normal ring
of A ) is always a Krull domain ( Mbri-Négata Theorem ). .

If the dimension of A is at most one, all rings betﬁeen A
and K aré,noetherian ( Krull-Akizuki,Thedreﬁ ).

If the dimension of A 1s at most two, A is always noeth-

.erian ( Mori-Nagata ).

~ There are examples of noetherian domains of dimension three’
whose derived normallrings are not noetherian ( Nagata ). N

In Section 1, we begin with a theorem of Matijevic which is -
a nice generarization of Krull-Akizuki Theorem. We give a half
part of Mori-Nagata Theorem usingthenseiizations (cf. Proposition :
(1.4)). ,

In Séction 2, using the results of global transforms of local .
domains, we'get an élementary proof of Mori-Nagata Theorem.

In Section 3, we give a criterion of a Krull domain to be
noetherian. This criterion has some applications, for ekample, :
the noetherianness of the derived normal ring of a noetherian dom-
ain of dimension at most two.

Terminology and notations are usual ones.

" 1. THEOREM OF MATIJEVIC

Let A be a noetherian ring. We define the total transforml‘
T(A) of A as follows: T(A) = { a € Q(A) ( = the total quotient
ring of A ) ; the conductor of a in A contains finite prod- -

ucts of maximal ideals } . If (A ,Am1 sevey m, ) is a semi-loc-:
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al ring with radical m = m;...m. we write T(A) by A(m) and
call it the global transform of A .

HEOREM (1.1) Let. B be an A-algebra contained in T(A) .
Then B/xB is a finite 'Armoduig for any non-zero divisor of A -

For proof, see [3].

COROLLARY (1.2) If A is reduced, B is always noetherian.
Especially, if A 1is a noetherian domain of dimension at most one,
then all rings between A and ifs field of quotiehts are noether-
ian ( Krull-Akizuki Theorem ). '

PROPOSITION (1.3) Let (A, m) be a henselian local domain with
field of quotients K . ILet (B, n ) be the integral closure of
A in a finite extension field.of K. Then [B/n : A/m] <=

Proof is given by induction on the dimension of A (cf. Krull-Akiz-

uki Theorem ).

Since the henselization ( hA., hm ) of a local domain (A, m)

is a reduced (noetherian) local ring with hA/hm = A/m , we have:

PROPOSITION (1.4) Let (A, m ) be a local domain with field of
quotients K . Let B be the integral closure of A in a finite
extension field of K . Then B has only a finite number of max-~

imal ideals ny and [B/n, : A/m] < @ for each maximal ideal.

PROPOSITION (1.5) Let (A, m ) be a local domain. Suppose
dim Kﬁ > 1 for any maximal ideal Ei of A. Then A(m) is

integr%l over. A .

" PROOF., Let B = A(m)(“\ﬁ . Then (B, Ny seees n. ) ié a semi-
local domain with radical n = ny...n, by Corollary (1.2) and
Proposition (1.4). '
We claim: A(m) =3B .
. 1) n: n=238. Since‘ n:n C A(m) :m= A(m) and
n:nC B=4, BC n:nC A@MA=B.
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2) 'B(n) =B, As dim Bh >1 forany 1, (B : ni)ni
Hence, B:n=n:n= Bi. ‘
3) A(m) =B . Since B 4is noetherian and rad(mB) = n ,

A = Loy ¢ e EEVER{CERUIES TN I

v>0 v>0
PROPOSITION (1.6) Let (A, m ) be a henselian local domain oﬂf

ni'o

' dimenﬁion greater than one. Write m'= a A+ ... + akA . Then ,

1
Qg' .
Proof is easy, because A(m) = /ﬂ\ A is integral over A by

Proposition (1.5). : j

2.  MORI-NAGATA THEOREM

. We begin by summerizing the results on global transforms of
local domains, which can be easily proved using Theorem (1.1) and
Proposition (1.4).

PROPOSITION (2.1) -Let (A, m ) be a local domain of dimension
greater than one with the derived normal ring ( A ’ ml seeey m ).
Then '
(2.1.1) ( A(m) , m{ seeey mg') is a semi-local domain.

Put B = A(m)MNA. .

Suppose that { m r 41 seees m } 1is the set of height one
maximal ideals of A ( which may be empty ). Then
(2.1.2) (B, My seees Mg
domain such’ that B = A(m) * forany 1 (1=1,..., 8) and
that B = Am for any j (J=1,i00, t =1 = T, ).

s+j T +j ,

COROLLARY (2.2) Let (A, m) be a local domain. Then A(m)
is integral over A if and gnly if A has no height at most one-

> Mg seees Oy ) is a semi-local

maximal ideal (cf. Proposition (1.5)).

PROPOSITION (2.3) Let (A, m ) be a local domain. Then

' (2.3.1) A(m) is integral over A if and only if dim R/; >1

for any minimal prime ideal ;“Lof 3 .



(2.3.2) A(m) is a finite -A-module if -and only if dim A/p > 1
for any associated prime ideal" ; of A .

By Corollary (2.2) and Proposition (2.3), we have:

PROPOSITION (2.4) . Let A be a noetherian domain, p a height
one prime ideal of A.and p =‘5("\A . Then depth 41‘..p =1,

" PROOF. We may assume A is local with maximal ideal p . Then
A(p) 1s not integral over A by Corollary (2.2). Hence ‘A has
a minimal prime ideal 5 such that dim 3/3 = 1 by Proposition
(2.3). Therefore, depth A=1.

DEFINITION (2.5) An integral domain A 1s called a Krull domain

1f A satisfies the following three conditions: .

(2.5.1) For each height one primé'ideal R of A, Ap is a
discrete valuation ring. '

(2.5.2) A= \ A .
o htp=1 P
€2.5.3) Each £ 4in A, f # 0, is contained in at most a finite

number of height one prime ideals.
By Definition (2.5), we get:

PROPOSITION (2.6) Let A be a Krull domain with field of quot~
ients K . '
(2.6.1) If K_ 1s a subfield of K, then A/K  1s a Krull
] domain.

(2.6.2) I1f L 4is a finite extension field of K , then the int-
) - egral closure of A in L d4s a Krull domain. ‘

Let {'Ai}ieI
field of quotients ).
(2.6.3) 1If {;} Ai = A satisfies (2.5.3) (e.g. if I 1is a finite

set ), then A is a Krull domain.

be a family of Krull domains ( with common

Now we prove:
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THEOREM (2.7) Let -A be a noetherian domain. .Then the derived

normal ring of A is a Krull domain.

PROOF. We prove it in several steps.

(2.7.1) Assume that Theorem (2.7) is rrue,for all noetherian dom-
ains of dimension at most (n-1). Then the assertion is valid for. -
all henselian local domains of dimension at most n by Corollary
(1.2), Proposition (1.6) and (2.6.3).

(2.7.2) Assume that Theorem (2.7) is true for all henselian local
domains of:dimension at most n . Then the assertion is valid
for all local domains by (2.6.1) and (2.6.3).

(2.7.3) Aosume‘that Theorem (2.7) is true for all. local domains
of dimension at most n . Then, since A = {’\Am , where m .
runs all maximal 1deals of A , the assertion is valid for all

noetherian domains of dimension at most n by Propositions (1. 4),
(2.4) and (2.6. 3)

(2.7.4) Theorem (2.7) is valid for all local domains by (2;7.1),
(2.7.2) and (2.7.3).

(2.7.5) Theorem (2.7) is valid for all noetherian domains by the

 same reasoning as in (2.7.3).

3. A CRITERION OF A KRULL DOMAIN TO BE NOETHERIAN
The following two theorems are well-known.

THEOREM (3.1) Let A be a Krull domain with field of quotients
K. ‘Let n(p) be a given integer for each height'one prime ideal
p of A, such that n(p) = 04 for almost all p .

For any preassigned set.{ Py seees p£ } of height one prime.
ideals, there is an x in K* such that Up (x) = n(p ) with
Up(x) 2 0 otherwise, where .Up is the associated valuation for

a height one prime ideal p .
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For proof, see [2, Theorem 5.8].

THEOREM (3.2) Let A be a'subring of a noetherian ring B .such
that B 4s a finité A-module. Then A is noetherian.

.For proof, see [1] or [4].

LEMMA (3.3) Let A be a Krull domain with field of quotients
K. Let p be a height one prime ideal -of A .
If A/p is noetherian, then A/p(e).~is noetherian for any

natural number e .

PROOF., By Theorem (3.1), we can find an x in K* such that
U (x) =1 and U (x) £ 0 for any other height one prime ideal q.

Consider the natural injection of A to A[x]. Then it in-
duces a natural isomorphism of A/p to A[x]/xA[x]. Since
A[x]/xA[x] 1is noetherian by assumptionm, A[x]/xeA(x] is noether-
ian. .

We have a natual injection of A/p(e) to A[x)/xAlx] ,
makirng 'A[x]/xeA[x] a finite (A/p(e))-module.’ Therefore, A/p
is noetherian by Theorem (3.2). ‘

(e)

PROPOSITION (3.4) Let A be a Krull domain. If A/p is noet-

herian for each height one prime ideal p , then A is noetherianm.

Since the derived normal ring of a noetherian domain is a

Krull domain, we get:

COROLLARY (3.5) 1Let A be a noetherian domain. Then its der-
ived normal ring %A is noetherian if A/p is noetherian for any

height one prime ideal p of A .

PROPOSITION (3.6) Let A be a noetherian domain of dimension
at most two. 1Let B be a Krull domain containing A .
If the field of quotients of B is a finite extension of

that of A , then B is noetherian of dimension at most two.
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PROOF. It is sufficient -to show that, for each height one prime

ideal P 'of B, B/P is noetherian and of dimension at most one.
We may assume P is not maximal. Take a prime ideal 0] of ,

B such that P S Q, and an x in Q such:that x £ P .

Thinking A[x] dinstead of A , we may assume p=PNA g

- 9=Q/NA . Then p is a height one prime ideal of A . Hence

Q(B/P) 1is a finite extension field of xQ(A/p) by Theorem (1.1).
 Since A/p is of dimension one, B/P is noetherian and of

dimension at most one by Corollary (1.2).

COROLLARY (3.7) The derived normal ring of a noetherian domain

of dlmension at most two is again noetherian.
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§ 0. Introduction. -
ing 8 3~ cemmutaline, neothrian , with unit 35,
33, L[NI5Vertrg 1E-T, wnenical madule o FX £ EA B,
At umphte fecal sing , & to mar. idwd, dimA=n, E & Hn
o infechive ool w55, Ky = Homa (Hp(A), E) v i, ( Hin 12
th v&mﬁwﬁmﬁﬁ pat am E £03)  Ka it funclin HomaCHRO),
E) o kBB b5 ie HmyhnM), E) = Homa(M, kp) fir AWM
(. ( ChI Satz5.2). ‘

At loclaing , A % %o wnphlion w35, FEy—
maa[u&a{A Z“és"‘é't)il KG’A KA 433xx R»ﬁﬂ‘é. \
contmical madube @ WA & Grothendieck b £y 3 E e B P B. X

A OTe1, IN1. (B ues, L4783, [3TIntroduction & AR LT Frn) %
LTu, medul a{afuw&guy rﬁ#e/\!mﬁa[d v e n TS, (41 i
duakiping module v 5-71%3.) £ H WW(%L%W&
X, padel Sy N) oA, Serre [ISIChpIL §4. 1 5P KT B,

(puded cqwde o B vy 051 € BT Fra) Mmhacaa[ayﬁmg
to conenical module 1w Sharp i X5 Penatiin module (of ik 1)
oo— %335 (LIS, L N1, &% 412 AR) XL, toks

L, ) ME LTINS, LT R, 34 Cfon acaubhy T

b7 A ca/wwcafnw{u[ﬁ W X ﬁww AL %L, )t)ﬂ
Y. LT, a/mﬁd/t Wnﬂ&tz mfww,actwm @%’ﬂ LA B,
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§1. Preliminaries.

B o BriisitIverde.

At sl aing , dimn v comnical madule K tH-30xT 5,
(L) KRRREBNT-EM T, dmn o ABRENIIZTE5, (L)
(1.2) A4 Pownaloin docalting R o #ABHELIN, k= Bep(AR)
(r=dimk-1) T 69, 3 pimeidl of A ot Rt3+ kb3 =7 5L
Ka 1 Ap o amsnical medule =43, ( L111) |
(1.3) VzeSupCk), dyp kg2 minlz, RE3}. (143D
(1.4) As(K)={2cAss(A)| dimAZ =2}, (n1)

(1.5) Ao complh 2305, ann(K) =00, H 5 ()CA o dm 7
o pumpy cemp. £ T EH, (LTI)
A o Cofon~nacoubay o <
(1.6) K u Chmhacanlry T, Hma(K K2 AL (LHI)
(1) R FE @ A Qewnalbin ) k2A  © pak<s0. (01I)

(1.8 n2/oer, 2u R @ k afbpive & Az fownsdiin

Yoo V3eSpcCA) witd fg=1. (L1

§2. The depth.
(2.1) Theorem (L3 Theoem 1), n,d,tk, d<d<7, 2 <t <n &5 % 95,

tovs, complets foclding A v, dim A=n, dpthA=d, dptf ky=t
2os0 b BAETB.

(A,m)tc&m,a[vlewi[w, Etdm o WWWMBZ&%@. wl, dim A=n
MA”Z b, (>d) MRS
2.2) Lemma (T2Tlemmna 1), 4= max Li<n| Ha(A) %03 va<,
() Hu(A & ETAPRES W‘kA={n—A+» if 450,
n Y A=o.
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n-d+utl w<d,

W) a=d 7, dh Homg(HEA, E)=W 35, gt K ={
b b ik n Y u=d.

(2.3)Exomple CL19183). & ¢ oomploleugulonr Jocal 2ing , dim k=0,
S=kIX,.., Xb,Yo,.., T x5, J<c<b 33 #$cnrR

C o AHBABL, J= (XYoo, KbaYoor, Xb, XoYoXis Vi Xi), = (0¥,
ceny Ko, Yo, Yo, XYy X Yo ) X B AR, (D, L) B 0<hi<
- <le< b Z3MAETERL 4\“%7&55&) = (XN, Xb Ve,
Koy Mo Yie Xic ), Y= OO XY, Yo, X0 Vi Xig, Yo ) 2 &<
T= Yy , wtTomen el T % Tn o inecline onwelope 233,

(2.8) Lenmo, (0197 Lemma®).  dim T=0th, dytd T=arc.
Hi(T=0 fr L#arh, arc.  Homp( HYT), I 2 k.,

C @M o prosf)

2stsn-doxs: A=n-tr/ k<, (23 rEwT, =0, b=7,
C=A xHwheEn T kY U= S/ X1, Xn, M, Yn) e H <,
A=TeU (duligalisn) =315 i # %o #lvbs,

nol<t <novs: W= t-nw[~/ e #<, (2,3) ?v‘n?/ =W,
b=n-i, C=d-u PnZezo TEetw 8040t 03,

2.5 Remark.  (2.2) @ Gorolory e 1T, [33 Corollary 1.3 KR
4] Gorollary 2.7, o B 3E £ 18 3.

§ 3. The endomorphism ving od the reflexivity.
A € bl ving v, anenical madube K & B2t 0,
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£: A = Hma(KK % mem,o x 33,
(3.1) Proposition (L2 Proposition 2). A e < AW wmwwz/ T

J
PAY

A o (S ¥ %A,

(3.2) Proposition. A # QMMWMW CFAEBIZ AmA2 V3
wim. pime, dime =dmA v3zxz, kR A 8%,

@ K m%m

B A wmbeddul pimg B AT, LT 0 prime @ L Ag i Dounain
Cpresf)  Homal ,A) = ¥ v Z< 4 Fapimyr AL kg 4 Az o
camsnicad madule =3 3. ((1.2))

@ ¢ ko K L AsKO=Spp(KIN Ass(A) = Ass(A). (1.4 1 Ak
omfolled prime LR LN, RET O prime 3 % e A0, 3¢ AssCA). - Ay i
Ca&?;mc@d%( ke v agflopine. 3.7, Az (;;a,%,iz&(/n ((1.8)

MD>W: dim A=/ oe R ML fmA>/, dmA-/Zr Tioeds Aed
BEQ 8wy wlinian, Gownalein ©&z. . K®Q Q. K tedi
pur (L) K ds, K> kgQ=Q, #r. K i torkisnbug.

2xact Aeglpnce 0 = K —= K — C 0 i2%Z, man vin pime
Frml, Cg=0va3 . f(Q1<0. Cro i3y, dptC=0. vise
dopth K 2 min {2, dimAY =2 dpdh K> mim (2, depth A = | A7 23, pamct
agunce Xy dpthc>o. oc=o e kou eflerive,

84, The projective dimension.
A e dacal aing v, canonical medube K £ B2 b0 e,
(4.1) Theoremn ([23Theorem 2). K 2 A 02 pdp K =X,
Cpusf)  Aloomplol T d5v LT X, plak<® &4 2T 3.
o (K)=0 ¥45, VeeAss(A), dimAg=dimA €15, 14 Ax (S)E
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SAdubrs ) Hma (L0 A, 2 BF Q2 olinian, Jownslin w2,
.20 pef ¥, K 73 Wm/idza[wié, W, K xa dnlef A
pla L <00 £ #3,  Buchsboum-Eisenbnd © fin. WJM.m whtctune oo
nERY)y, X=xb J(;)et.??li%’?ﬂ = bR padezz,m z’zﬁazf, %3 5,
a7 0= K —> A = A 0o emcl £4%,  HAA =2 HJ}‘(K)‘. (n=

dim A, w2 A 0 ma. ideal) Etf%nmbﬁid&%wm&faﬁz‘;gl K=
Homa ( Hm(A), E) = Homs (Hon(K), B) = Homa(K, K3 2 A .'

§ 5. Almost complete intersections.
Rt el fewlaing, Tt imlof R REI=T «¥5, Iosad
REoMBa rel mavs, Ra ot olmih complele infmection 105,

(5.1) Proposition.  A=FR1 % dmpats wm,nﬁrf& infnaection . K £ Ao cunsnital
medule ©3 5.
A pda K =0, (023 Popsition]. 1.« &za 41))
(i) (LaTPropositipn 1.) I & pume 0¥, Ra wmcéwm W %493
o — K — A" — /12 —> 0 (r=ft 1)

(5.2) Theorem. (I Theorer. andl T4 Theorem ). R £ B4k, R = RIX, . Xty
(2 prne), TeSpecCRY ¥35 A=RT & olmaat wm,m&/(l indordeclion
R, medule s{ c(i,[,(cmfia,& QA/P o pwf. dim. 0y 2 PR

F.oe «u;(%u -,[bt(a[\m%f, TeSpec(R) , RtI=r , RA & almeat wm,«fe&
(//LW(&/IL v 3§ A3, T 11 Theorem @ ,M&ﬂ( ), IZ & /W/mmcl/ ‘(“i(/ P A XD
cmledrea prime £33 REPA=1 T hBiya MB i, U2IGnhoyll,

4 heh, Ko B0 &= @ k3535 LFE, U2Crlary12. ¢ & ZD
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B YY), e © LiEs |

(5. ) Theorem CrunzDixl). R & sgpulor 2ing |, T eSpecCR), T 1 AR

#e comphb infinasction » almast vomplits infinsection <" b3 L, A=RA

<, vnvr, XL AG.

@ Thr n ternisn e Amedul | te. T av primuny

& K1 medya,{f& L, Ag QWMWOM,

© Ky eflonine Amadule . (k n Ao cnsniond meduly.)
(IBIEWTE, @b S QO ¥ BNEBLor RN TWD, — O

BAL, MARE LT 4251 E (ETRE0NE>5:3T))

Lo H T Rk Ty o R Ay Herzog 101 1w B 5 3.
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AN APPLICATICN OF THE STRUCTURE THEOREM OF
HEIGHT TWO PERFECT IDEALS TO INVARIANT THEORY

Junzo WATANABE

INTRODUCTION

Let R = k[xl, X . xn], and let G be a finite subgroup

of GL(n,k) acting oi R by linear transformation of the varia-
bles. Write the ring of invariants as RG = k[fl, f2,..., fm].
Assume for a moment ch k = 0. Because dim R = n, the least pos-
sible m is n, and Chevalley and Serre proved m = n if and only
if G 1is generated by reflexions. As to the number m, the next
easiest case to deal with is probably the case m =n + 1, or phras-
ing it, RG is a hypersurface. (In this kind of words, Chevalley
and Serre treated the case RG is an Affine space.)

Consider the ideal J of R which is generated by all the
maximal minors of the Jacobian matrix [’Gfi/ ij]. By the very
fact proved by Chevalley and Serre, we assume (as we may) G. dose
not contain any reflexions. Then, if m = n + 1, it can be proved
that J has height 2 and R/J 1is Cohen-Macauley (which is the
same as saying J 1is a perfect ideal of height 2). On the other
hand, by a theorem due to K. Watanabe, if G contains no reflex-
ions, and if m=n + 1, G has to be contained in SL(n, k). It
is quite likely that for any finite subgroup of SL(n, k) having
some property from which we can derive the condition of J to be
perfect of height 2, the ring of invariants is a hypersurface.

Note that the condition of J is something to be interpreted in the

terms of the matrices of the group.
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Although the condition on - J is extreamly a strong one, it
becomes automatically satisfied in the case dim R = 2 (provided
that G contains no reflexions). Now one might be interested in
the minimal number m for G < SL(2, k). F. Klein, in his book [2],
computed, among other things, a set of basic invariant forms for
each finite subgroup of SL(2, C). And the result enables us to
conclude: FOR ANY FINITE GROUP G < SL(2, C), THE RING OF INVARI-
ANTS IS A HYPERSURFACE.

In this note we give a new proof for this fact using a theorem
of homological algebra. The theorem to be used is stated in the
first section. (The theorem is applied to the ideal I of R
generated by a set of basic invariant forms, and not to J consid-
ered above.) v

In what follows we assume finite generation of RG with its
proof (when G is finite and ch k = 0) to be well known. This is
to say that the following, which let us call a theorem, is taken
for granted:

THEOREM: Assume ch k = 0 (or if not, (ch k, o(G)) = 1). Let
I be the ideal of R generated by Rf. Then the minimal number
of generators of I as an ideal is equal to the embedding dimen-

sion of RG.

In fact, finite generation of RG is proved by showing that a

set of generators of I (chosen from among the invariant forms)
generates the ring of invariants as a k-algebra. This is the proto-
type of argument in the proof of finiteness theorems for various
groups. '



1. THE STRUCTURE THEOREM OF HEIGHT TWO PERFECT IDEALS

Let R be a polynomial ring over k, an arbitrary field,
and I a homogenedus'ideal of R minimally generated by fl’ f2,
o fn+1 such that hd R/I = ht I = 2 (such an ideal is called
a perfect ideal of height 2). Let

be a minimal free resolution of R/I. We write an element of a
free module as a row vector and think of a homomorphism between
free modules as a matrix in such a way that, in the notation
M:R" > Rn+1, for example, if veRn, then its image by M is
vM which is the usual matrix product. With this convention, F
is a column vector (a matrix consisting of only one column). En-
tries of F are a set of minimal generators of I, thus we may

assume F is such that 'F = [f1 f2 (tF is the trans-

. fn+1]
pose of F). Certainly all the entries of M can be taken to be
homogeneous. Now let us state the structure theorem of height two

perfect ideals in the form suitable to our purpose.

THEOREM (1.1): With the above notation, let Mi be the matrix
obtained by deleting the i-th column of M, and det Mi = Di'
Then there is a constant cek, such that fi = (-1)1cDi. M can

be adjusted so that ¢ =1 or -1.)
For proof, see Peskin-Szpiro [3].

DEFINITION (1.2): An element in ker F is called a relation of
F. A row of M (considered as an element of Rn+1) is called a

basic relation of F. If _[a1 Byenes an+1] is a relation of F,

139
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then we have: deg alfl = deg a2f2 = ....= deg an+1fn+1 (when-
ever a, # 0). Say this number is equal to p. Then p is call-

ed the degree of the relation.

Let M = [aij]’ and assume the i-th row of M is a relation
of degree P;- Set di = deg fi‘ Then by definition deg aij =
P; - dj for aij # 0. The theorem in particular says:

COROLLARY (1.3): Py +Py*+ ...+ p = dl + d2 + o0+ dn+1'

(cf. Buchsbaum-Eisenbud [1] p. 466 )

REMARK (1.4): The numbers p; may also be explained as follows:
If R(p) denotes a free module on one generator having degree p,
then p; are such that make M a degree 0 map in the sequence

M ntl
08 R(-p;) + _TER(-d)

¥

R(0)

The next easy lemma, together with Prop.(3.5), is crucial in

the sequel.

"LEMMA (1.5): Let R=k[x, y], I a homogeneous ideal of R mini-
mally generated by fl’ f2 and f3 such that ht (fl’ f2) = 2,
With di = degAfi, assume that d1 + d2 = d3 + 2, Then we have
(£1, £5) : £5 = (x, ¥).

PROOF. Note, in R, any ideal of ht 2 is perfect. Let M = [aij]
and F be as above with n + 1 = 3. Then it is easy to see that
(fl’ fz) : f3 = (als, 323)' Since ht (fl, f2) = 2, a5 # 0 and

a23 # 0. That is deg ais >0 for i=1, 2, because a;; can-

3
not be constants. Thus, if Py and p, are the degree of the
first and second rows (=relations) of M, then p; 2 d3 + 1 for

i =1, 2. This says that 2(d1 + 1) < P+ Py = d1 + d2 + dS'



- Because of the condition posed on the degree of the generators,

the only possibility is that P, = d3 + 1, which implies deg a;s

= deg ay7 = 1. These two elements generate an ideal of height 2,

hence (a13’ a23) = (x, ¥).

REMARK (1.6): For any two elements f1 and f2 in R = k[x, y]
with ch k = 0, if f3 is the Jacobian of f1 and f2’ then

the condition of the lemma concerning degree is satisfied.

REMARK (1.7): Assume M and F are as before. As was said in
the proof of the lemma, the ideal of R generated by all the ele-
ments that appear in the last column of M is the ideal ‘

(£15 £ppeees £ 0 £ .

2, THE REPRESENTATION o

In this section we consider finite subgroups of GL(2, k)
acting on R = k[x, y]. We assume ch k = 0. For G c GL(2, k),
G _
let R’ = k[f], £,,..

. . - '
invariant forms, and let I (fl, fZ”"’ fn+1)R. Note fi [

, .
o fh+1], where fi s are a set of basic

are also a set of minimal generators of I, (See the last part
of Introduction.) ‘
As in the previous section, let us consider a minimal free

resolution of R/I: .

n g n+l g t

(® 0->R R R, where F=[f, f,.... fn+1]'

1 72

When geG is applied to this sequence, we obtain, as a result,

a new exact sequence

g
0—>RnM> n+1§

R R, where, if M = [aij]’ M® denotes

14|



|42

[aiﬁ]. So, by the exactness of (°), there is an nxn invertible
ijek, such that M = CM. Because such C
is uniquely determined by g, we may define a map p by p(g) =C.

matrix C = [c..], ¢
1)

Clearly p 1is a homomorphism, and thus we have obtained a represen-
tation: p : G > GLk(V), where V is the vector space spanned by
all the rows of M, or we can also say, V is the vector space

spanned by a set of minimal generators of the first syzygy of I.
Certainly a different choice of M for fixed F only causes con-
jugation of p(G).

THEOREM (2.1): (i) p(G) < SL (V).
(ii) If Vv = V1 ® V2
of V by G-submodules, and Pyt G ~»> GLk(Vi) are the correspond-

is a proper dicomposition
ing representations, it never happens that pi(G) c SLk(Vi)’

PROOF. (i) Let M1 be the matrix obtained from M by deleting

the first column. Then, since det M, is an invariant of G by

1

Theorem (1.1), we have det M1 = det M% for all geG. On the other
hand, M% = p(g)Ml, and by taking determinant we see -det p(g) = 1.

(ii) We may assume that V., is the vector space spanned by the

1
first n, rows of M, where n = dim V., Let N be the matrix

consisting of these rows, and let {tb;& ;e the set of all the max-
imal minors of N. If we assume pl(G) c SLk(vl)’ then all the

br are invariant, hence breI. According to Theorem (1.1), fi's
are the maximal minors of M, and so each fi is a linear combi-
nation of br's with coefficients in (x, y), as long as V2 # 0.
(For this, just recall how determinant is computed.) Thus it fol-

lows that I < (x, y)I, which is an obvious contradiction.

REMARK (2.2): It is easy to see that all of the basic relations of
F of the same degree span a G-submodule of V.

REMARK (2.3): We have made no effort to elucidate the nature of p.
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For example, we do not know what ker p is. We conjecture, how-
ever, that it is the subgroup generated by all the reflexions in G.
If this is true, proof will be easy. What we can say for sure is:

ker p = G.&> G is generated by reflexions.&n = 1.

EXAMPLES (2.4): In the following, G is a cyclic group generated
by &g. ‘

(i) g-= sz, where w is a primitive n-th root of unity.
e P xn-ly X220, e
:y . B
-y x O
M = A
I RAESY
p(g) = wE

(ii) g=[w ’l..._,whgr_e__w5=1. w# 1,
2
w

L
t 3 5 5
F = [xy Xy x y']
-x2 y O 0.
M=| 0 x2 -y 0
3
Ly 0o o0 -xJ
2 -
p(8) =] w
2
w
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0 i
L2 2 4
F =[x xy y']

y2 -X 0
0 -y2 X

2
-E,, ker p =(g%)

(iii) g = [-1 o] i = .1,

=
]

p(g)

REMARK (2.5): p can be defined in the same fashion for G and
k of arbitrary order and characteristic. Theorem (2.1) is valid
under the assumption (ch k, o(G)) = 1.

3. THE NUMBER OF BASIC INVARIANTS OF G c SL(2, k)

In this section we assume ch k = 0, k =X. G always de-
notes a finite subgroup of SL(2, k). As before, R .is k[x, y],
on which G acts by linear transformation of x and y. RG is
the ring of invariants. We will be always assuming G is non-
trivial, in which case G cannot leave a linear form invariant.

NOTATION (3.1): For fl’ f2 € R, J(fl’ f2) denotes the Jacobian
of the two elements, i.e. J(fl’ fz) = det [Gfi/ exj], where

X; =X and Xy =Y.

LEMMA (3.2): If f, h e RG,_ghgn J(£f, h) € RG. More generally,

if £ and h are semi-invariants of G such that fthG, then
J(£, h)erS,

Proof is easy by direct computation.

) G _ .
PROPOSITION (3.3): Let R° = k[f}, f,,..., f ] with deg £ <
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" deg f, < deg f; for i > 3. Assume deg £, > 2. Then ht (f f))
= 2. -

PROOF. Everything will be considered in R. Assume ht (fl, fz)

= 1. Then f1 and f2 have a greatest common divisor. Let it be
f. Write fi = fhi, i=1, 2. Then ht (hl, hz) = 2, for h1
cannot be constant. Since f1 is an invariant of G, G permutes
the divisors of fl’ and the same is true for f2' From the fact
that h1 and h2 have no common divisor, it follows that f and
h1 are semi-invariant. By the preceding lemma, J(f, hl) is an -
invariant whose degree is equal to deg f + deg h1 -2 = deg f1 - 2.
Because of the minimality of the degree of f1 and the assumption
deg f1 > 2, this is a contradiction.

PROPOSITION (3.4): For £, h e R such that ht (f, h) = 2,
J(f, h) ¢ (f, h).

Proof is left to the reader.

PROPOSITION (3.5): Let RC = k[f), f,,..., £ .1, with £'s

a set of minimal generators of the algebra (or equivalently, of
the ideal (RS)R). Assume 2 < deg f1 < deg f2 < deg fi for all
i>3, Set &= J(fl, f,). Then fl, f2’ d can be a part of a
minimal generators of R as a k-algebra.

fn+1)RG be the maximal ideal of RG.

PROOF. Let m = (f,, f2,...,
Note deg § = deg f1 + deg f2 - 2. Then by considering the de-
grees of generators of m~, we see that, if Segf, then the only
possibility is J = flz, which is not true by Prop.(3.4). Thus.
6(58, and again by Prop.(3.4), we see that fl’ f2 and 5 are
linearly independent mod g?, which is exactly the meaning of the
assertion.

G

PROPOSITION (3.6): Let R = k[fl’ f fn+1] with minimal n

2,.-.,
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which makes this expression possible. Assume 2 < deg f1 < deg f2
< deg fi for all i 2 3, and fh+ = J(fl, f2)° Then

(fl, f2""’ fﬁ) : fn+1 = (x, y).

1

PROOF. (fl’ fz,..., fh) ; fn+1 > (fl, f2) : fh+1 = (x, y), by
Lemma (1.4). (cf. Remark (1.7))

] . G _ . .
THEOREM (3.7): Write R = k[fl’ f2""’ fn+1] with minimal n.

Then n = 2. Moreover we can choose fi’ so that f3 is the

Jacobian of the first two.

PROOF. Case I. Assume deg £, >2, forall i. Then, by
Prop. (3.5), we may further assume deg f1 < deg f2 < deg fi for
i=>3, and fh+1 = J(fl’ fz). Let M be a matrix (with entries

homogeneous) making the following sequence exact:

g n+l F

R -+ R, where t

n -
0 » R F=1[f £ ... £.].

1 72

Then we have p : G + GLk(V), where V is the vector space span-
ned by the rows of M. (See Section 2.)
' By Prop.(3.6) and Remark (1.7), there are at least two basic

relations of degree equal to deg fn + 1, which, say, is equal

+1
to p. Let Mi be the matrix consisting of all the rows of M

which are relations of degree P (see Definition (1.2)), and M2

the matrix consisting of the other rows of M. Let V1 and V2

be the vector spaces spanned by the rows of M, and by those of

1
M2 respectively, V decomposes: V = V1 ] V2
correspondingly p = Py @ Pys where Pyt G~ GLk(Vi). (cf.
Remark (2.2))

Let us restrict our attension to Ml’ V1 and Py

as G-modules, and

Because all the rows of M1 are relations of degree p, all

the elements of the last column of M1 are either linear forms or

0. Thus, in view of Prop.(3.6), we may assume that the last column
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of Ml is t[x y 0 ... 0]. (Just for saving space we write
the transpose.) Now consider the effect of geG to the last col-
umn of Ml' g transforms t[x y 0...0] to t[xg' yg 0...0],

and hence pl(g) takes the form

P (8 X
pylg) = |
O rn@ ,
[ .

where p..(g) 1is a 2x2 matrix satisfying
11

X x8
pll(g) y = yg , So that det pll(g) = 1.

This shows that the first two rows of M spans a G-module. Now,
by semi-simplicity of G-modules and by Theorem (2.1), we are forced
to conclude that there have been only two basic relations, and
therefore n = 2,

Case II. Assume deg f1 = 2. Then f1 is either a product of
two independent linear forms or a square of a linear form. Hence
we may assume, by change of variables, that f1 is either xy or
x2. Keeping in mind the fact G < SL(2, k), one easily sees that
in the first case (fl = xy), G 1is generated by

w 0
0 w1 , where o° =1,

and in the second cése, G =<:-E2). In either case R

k[xy, xs, ys] for some s, hence n = 2. Rewrite RG
k[xy, x>+ ys, x> - ys]. Then the last generator is the Jacobian
of the first two. Q.E.D.

REMARK (3.8): Certainly we wanted to conclude n = 2 without
computing the invariants. So treating Case II in the proof of the
theorem as an exceptional case is something undesirable, though
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the argument is very easy. The exception occurs. because of

Prop. (3.3), for which there is possibility of improvement.

CONJECTURE: For G c SL(n, k), assume G 1leaves no linear
forms invariant. Then the type of the ideal (RE)R is equal
to n. (The type of a primary ideal belonging to the maximal

ideal is the "last rank" of a minimal free resolution of the ideal.)
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