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工8. 吐-Ga1oisex七ension

Le七 A be q-Ga工oisand 1ef七 1oca11yfini七eover B. By Th. 17.16， 

H/B is ou七erGa10is and A/H is 1oca11y fini七e. If B' 
1.f 

七heni七 isf-regu1ar and A/B' is q-Gaユois(Ths. 6.1 and 6.9). Since 

V!CB'i is outer Ga10is over B'， B'[H] is a山

over H lTh.工6.5C】a)). According工y，Th. 17.16 (b) yie1ds B' [H] = 

三(B't. Moreover， as H I OJ (古(B') /B' )ζ 唱(H/B) (Ths. 6・5(c) and 
工6.5 (a)し σ一一今日|σ is a continuous monomorphism of the compact 

group 容(古(Bり/B'i 知七o ~ (H/B) and i七simage is a c10sed Ga10is 
group of H/B'パ H CProp.工6.2and Th. 16.5 (a)). Hence，σ一一今 HIσ

is an isomorphism onto 匂(H/B'ハH) CTh. 16.5 (b)). Next，le七 .A' 
be in JL If A' [HJ is 1ef七 finiteover H then A' contains 

some B'E 9L，.&' suchthat A'[H]=B'[H]，andso A' isf-reguユar.
1.f 

Converse1y， if A' is f-regu1ar then A' contains some B'長£
ー時~ 1.f 

such七ha七 V̂  (B') = V ̂  CA'). Hence， A' [H] = B' [H] = Vζ(B') is finite A'-'" ，. .LL'-'U'-''-'， .n L.LLJ .LJ LUJ  Y
A 

over H. Moreover， noting that A'[H] is outer Ga10is and 10ca工工y

fini te over A' (Th.工6.5)，the above argumen七 enab1esus to see七hat
守(A'[HJ/A' l Q:-守(日/A'ハHi by七hecont:r、actionmap. In the seque1， 
those fac七sno七edabove wi11 be used of七enwithout men七ion. Now， we 

sha11 prove七hefo11owing transi七ivitytheorem. 

Theorem 18.1. Assume七hat A is q-Ga1ois and 1eft 1oca11y fini七e

over B. Let A' be in ~ ，and H' an intermediate ring 0f H/B 

七ha七 isGa10is over B. 

Ca i. A ' [H ' ] is outer Ga工oisand 10ca工ユyfi叫 teover A' and 
号(A'[H' ] / Aつど匁CH'/A'(¥H') by the contraction map. 

(b) If 肝 is an arbitrary subse七 of H 旦主主 A'[H門 主と主£

and A' [肝]ハ H= (A'ハH)[H後]. 1n particu1ar， if H徒 主と主主
intermediate ring 0f H/A'ハH then A'[H吋ハ H=肝.
(c )_ 工f A* is an in七ermedia七ering 0f A'[H]/A' then A'[A後(¥H] 

= A後.

Proof. Cbi and (c) are easy consequences of Ca) and Th.工6.5.

Thereby， i七 suffices七oprove (a)・ WesetAf=iDTe;J where ET= 

{eh}is a sys七emof ma七rixuni七swith七hedivision ring D' = VA，(E'). 
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By Th. 6.3， A' contains a B' E ~ 1・f/E' such that B'[F'] is in 

~， ~ for every finite subse七 F' of A'， and so A' = V Bv ' where 
工.f
B.. runs over a11 the subrings of A' 1ef七 finiteover B'. Then， 
V 

2 
A' [H] = にノ B.，[H] and every A" = B，，[H] = V~(B，，) is a 工regu工ar工rsub工rinvL...J ~..~ ~'~-oJ ~.v -VL..~ 'A¥--v 

of A with [A. :H] く∞・ Since七henon-empty fa.mi1y {A.J is a v'.L.LJL 

directed set， A'[H]υA is in ~ CProp. 3. '7) . Next， A' = 
V 

A' f'.. A is eviden七工ysimp1e and V ̂ CA') = V ̂ (B ). Moreover， one wi1ユv ~~ ~. ~~~..~~OJ ~~.'.r~~ ~..~ 'A ，.....v I 'A ¥--v 

readi工ysee 七hat A A' [H]， A' = にノ A' and A'ハH= A'ハH. Hence， 
v v v v 

by七heremark cited jus七beforeour七heorem，守CAv/A' )公:句(H/AJハH)
=写(H/A'ハH) by七hecon七rac七ionmap. According1y， for every τ 
in .% CH/A' ハH) 七here exis 七s a uni比queユ児e工勾yd仇e七悦err宜叫I
S印ucぬh七凶ha抗七 H叫IT

V
= τT， and 七henone wi1l easi1y see that if Aい:> Av 

then Av!写(Aい/A;〕=AJ[H]|匂CAい/A;)= 守(AV/AJ).By七heaid of 

七hisf叫， we can consider七heinverse工imit ラ=己主写(AV/AJ)，
which may be regarded as an automorpfuism group of A'[H]. Then， Avlち
=ゆ(AV/AJ)(Prop.l.工)， and so A'[H]/A' is outer Ga1ois. Fl凶 her，

ち isloca11y fini七eby the defini七ionCProp. 16.1 Ca)). Hence， 
A'[H]/A' is 10ca11y finite cTh.工6.1Cb 1)， and then i七 fo11owsthat 
場 isdense in dJω， [H] / A ，) CTh .工6.51，whence it is easy七osee 
七ha七 HOJLA'[H]/Aつく H. Consequent1y， by七heusua1 argumen七， we 
see 七hat "fLA' [H]/A'} こと ~ (H/A'ハH) by 七hecon七ractionmap. Now， 
assume七ha七 H' be an in七ermediatering of H/B 七hatis Ga10is over 

B. Then ， OJ. CH' /B) = H' Iヲ(H/B) by Th. 16.5 (a) and (d)， and so 
by七heva1idi ty of H I OJ (A ' [H] / A ，) =句 CH/A'ハH) we see七ha七七he
simp1e ring A'[H'] is 匁(A'[H]/A')-invarian七 Consequent工y，again 

by the usua1 argument， one wi11 easi工ysee .our assertion. 

Coro工工ary18.2. Let A be q-Ga1ois and 工eft10ca1工yfinite over B. 

Cal If B' is in J乙 and 肝 isan intermediate ring of 
一一 一一一一一 工.f 一一ー

H/B' (¥ H wi七!:. [H* :B] L く ∞ ， t主主主 [B' [H刈:B '] = [H*: B 'ハ H] and 
[B' [H袋]:H吋L= [B':B'ハH]L・
Cb 1 If B ' i s in 1L， ~ and 肝 isan intermediate ring of 一一OlVl.f 一一

H/B'ハH，些竺 [B'[H*] :肝]L~ [B':B'ハH]L' !ioreover， if B' 主
主 ~1 ・ f/11 盟主主 B'[H発]=肝・B' 笠立)[B' [H発]:伊]L= [A*:A*ハEi]L=
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[B':B'ハH]L !or every intermediate ring 肝 of H/B'ハH and every -
intermediate ring A* of B' [H]/B'. 

Cc) If A' is an f-regu1ar in七ermediatering 0f A/B then A/A' 

is 10ca11y fini七e.

主辺Z・ By Th. 18.1， H/B and B'[H]/B' are outer Ga10is. We set 

H' = B'ハH and OJ I 匁(B'[H]/B'}.
(al If M is an arbi七rary ~(H/B)-invariant shade of H発 then

~ (B' [M] /B I 1 = B I [M] I ~'と MI 匂 ~(M/H') (Ths. 7.4 and 18.ユ)， which 

imp1ies [B' [M] :B' ] = [M:H']. Since B' [肝]E 9L， .L> and 肝=
工.f

B' [H発]ハ H (Th. 18.1)，七heabove argumen七yie1ds [B' [M] :B' [H吋]= 

[M:H後]. Hence， we ob七ain [B' [H後]:B'J [H後:H'J，and consequen七ユy

[B' [H後]:H保]L= [B' :H' J
L・

(TL The first assertion is an easy consequence of (a). Now， 

assume七ha七 B' is in ~， ~/ö. Since B' is 1inear1y disjoin七 from
1.f 

H CTh. 工8.工 andLemma 17.9 Ca U， we 0 b七ain [B':B'ハH]T = [H*. B ' : H吋 γL - --- • L 

~ [B' [H*] :li*] L毛 [B':B'ハH]L<∞，  whence our assertion is obvious 
by Th.工8.1.

(c) A' con七ainssome B後任 JL， .r> such that V ̂ (A ，) = v ̂ (B特). 1. f ---------- . A 

Then A is q-ωωand 1ef七工0叫 1yf凶七eover 肝 and V! (B*) .:> 
A'.> B後 (~h. 6.9). Thereby， wi七hou七工ossof genera1ity， we may 

assume that A' is contained in H. Le七 F be an arbi七raryfini七e

subse七 of A. Choose an arbi七rary B' in J乙 /F，and set H* = 
1.f 

A' [B'ハH]. Then， [肝:A']く∞ byTh.工6.5(a). Moreover， by (b)， 
[B ' [H*] : H* ] L 毛 [B':B'ハH]L く∞・ Hence，i七 fo11ows [B' [H器J:A' J

L 
〈 ∞ which means七he工eft工oca工 fi叫七enessof A/A'. Reca工工in

七凶ha抗t A/B is rig酔h七 工O∞ca工工均yf口in凶i七切eand right q-Ga1ois (Th. エ7.工6)， 

we see七ha七 A/A' is right 10ca1工yfini七e，七00・

Proposition 18.3. ~主主 A/B be q-Ga1ois and 工eft10ca11y finite. 

If B' i三三旦 £工.f 笠生 σ 主主 OJ (B' ， A; B) 些主主 ∞>  [B':B] ? 
2 

[V : V J]3 ， }] = [V: V ̂ (B '(j")J = [V~ (Bり:HJ= [B':B'ハH]. A \.-~ v I.J L • A 

Proof. 工fwe se七 H発=CB'ペH)[O] and B発=B' [H勺，七hen H後=
2 

P ペH (Th. 18.ユ)， and七hen [V~CB'):H]T = [B'[H]:H]T = [B*[H]:H]T = A ，-- ，---.. L 
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[B*:B後ハ H]L=[BT[H袋]:肝]T= [B' :B'ハH]T (Cor.工8.2(b)， (a)). L .. - . - ， . --... L 

Since A is B'.V.CB')-A-i!・reducib1eand A-B.V-irreducib1e (Ths. 6.9 
A 

and工7.16).， i七 follows [B':B'ハH]T ~ [V:V.(B')] 矛 [V:(B') :HL = 
L'~ ..... A ，，- I .J R'/ L'  A 

[B' :B'ハR]T (Prop. 5.4}. Hence， we ob七ain [B' :B'ハH]T::: [V:V.(B')] L L"'A'~/ .J R 

::: [V!lB'):H]L' and simi1a向 [B':B'ハH]，..， ::: [ V : V • CB ' ) ] T ::: け2(B『):H]b・R .. . . . A ，.- '~L .. . A ，- ，. .. ~ R 

Since [B'ハH:B]T::: [B'ハH:Bln by Th.工6.ラ(c).，i t is on1yユeft七OR 
prove [B':B'ハH]T::: [B' :B'ハH]，..， and [V : V ̂  LB 'li ) ] ::: [ V : V ̂  (B' ) ] . R L"  'A 

No七ing七ha七 A is B'・V.(B'トA-irreducib1e，we have [B':B'ハH]L ~ 
A 

[V: V ̂  (.B ' i ] T lProp.ラ.4(b)}. Symmetrica11y， we obtain [B':B'ハH]R
A'~ . ~L 

d [v:v̂ (B'}]，..，. Hence， i七 fo11ows [B':B'ハHL ::: Iv:V.(B')]ι A VL-' J. J R • ~.L'-~.H.. '-， .... v ... ~...L.""''-'" ...， L.LJ ， • ...~ J L -1.' . . A ¥....， I J R 

[B':B'ハH]，..， ::: [v: V • (.B ' ) ] T ~ [ B' : B' 1¥ H] T' name工y，[B' :B'ハE]L= A ，...... I ~ L --.JL 

[B' :B'ハH]R' Fina11y， by Th. 6.5 Cc)，七herehoユds B'σハH= (B'ハH)σ.
Then， we ob七ain [v:v. (B'a)J [B'σ:B'σハH]::: [B'σ:CB'ハH)σ]::: 

A 

[B':B'ハH]::: [ V : V A (B ' )J . 

B. 

Coro11ary工8.4. Let A be q-Ga1ois and 1eft工oca11yfini七eover 

(a) If A'ε 1L is f一regularthen ∞>  [ V : V • (.A ' ) ] = [ V: (A ' ) : H ] 
A 

[A' :A'ハH]. 
Cb) If A'E~ ~s f-regu1ar the~ A' I OJ(A*， A; B) く句 (A'，A; B) 

for everY A発 E1L/A'. 工n par七icu1a~， HI匁(AペA;B)ζ 守(H，A; B) 
=句(H/B) for every A* E !K，/H. 

(c) If A' is an in七ermedia七ering 0f A/B such that A is 

A'-A-irreducib1e and [v:v.LA')J，..， <∞ (or [v:v.CA')JT <∞)七henA V.  I.J R ~ ~ ¥ ~ L'" A ¥..n. I J L 一一一一-
A' is f-regu1ar. Converse1y， if A' is f-regu1ar an~ V A (A' ) 主主

a division ring then A is A'-A-irreducib工e.

立oof. Ca). Le七 N be an arbi七ra!γOJ(H/B)-invariantshade of d.. 

Then， by Th. 18.1， we have [A'[N]:A'] = [N:A'ハNJく∞ and A'[N]ハH
::: A' [(.A'ハH)JN]]ハH::: (A'ハH)[NJ. Since A'(¥ H is in ~ (Th. 16.5)， 
we ob七ain [A'[N]ハH:A'ハH]::: [CA'ハH)[N]:A'ハHJ::: [N:A'ペN]::: 
[A' [N] :A'] く∞ againby Th. 18.工 Wechoose here a simp工eintermediate 

ring B' of A/B such七ha七 [B':B] く∞ and V ̂  (B ') ::: V ̂  (A ' )， and L .A'-'.A 

set 伊:::B'[N]. Then， B後 isin ~工 .f (Th.工8.1). Recal工ingthat 
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肝[H]=号(肝)J A' [N] ::>肝::> /:'， Cor.工8.2and P町工8.3imp1y 

that [A' [N] :A' [N]ハHL= [B発・B後ハ H]= [V:VA(B後)]= [V:VJB')] く ∞.  L ' ~~J L'  • • A 

Combining七hiswi七h [A'[N]ハH:A'I¥H] = [A'[N]:A']く∞， i七 fo11ows
a七 once [A':A'(¥ H]L = [A'[N]:A'[N]ハH]T= [V:V̂(B')] = [V:V̂(A')]. L L ' - • A ¥.- -'-A 

Then， we ob七ainsymmetrica11y [A' :A'ハH] T"¥ = [ V : V A CB ' )] = [ V~ ( B ' ) : H ] R L'  - 'A 

[ V! (A ' ) : H] by Th 工7ユ6and Prop 工8.3

lbI By (a}，七hereexis七ssome B'モ ffL.， 1> such七ha七 A'= 
工.f

B' [A'ハH]. Ifσis in 0; lAペA;B) 七hen B'σ モ~ 1.f and 

lA'ハH1σζ(A後 I¥H)σζH (Th. 6.5 (b) and Cc)). Hence， A'σ= 
CB'σ)[(A'i¥ H)σis in ie. (Th. 工8.1). The 1a七七eris now evident 

by Th.ユ6.5(a). 

(c) Since A is A'-A-irreducib1e， VA(A'} is a division ring 
A 

andt(νis in !fL CP均・ 5・4la} 1・ Since A is A-B.V-

irreducib1e lTh. 17.16) and A'[H]-A-irreducib1e， we have [A'[H]:H]L 

~ [ V: (A ' } : H] 長 [v:vACA')]n= [v:vACA'[H])] 毛 [A'[H] :H]T (Prop. A".Cl. ，...I..I.JL L"'Av '- JJR L"'A~ L，UJ/JR 

5.4 (bl)， whence i七 fo11ows七ha七 A'[H] coincides witn七hef-regu工ar
2 

in七ermedia七ering v~(A'l. Hence， we can find a finite subse七 F of A "... 1-' ....--......""--， 
H and an in七err日 dia七ering B' of A'/B such that VA(B'[F]) = 

V ̂  (A ') and B ' [F]モ1?v， .t' We sha11 prove now七hat A is B'-A-
工.f

irreducib1e. Le七 a be a non-zero e工ementof A. Since B'aA is 

a B-A-submodu工eof the B-A-comp工eteユyreducib1e modu1e A (Th. 17.16 

and Prop. 5.41， B'aA = vA with some vξV. Then， we see七ha七 B'aA

= vA is 1eft B'[F]-admissib1e. Reca11ing七ha七 A is B'[F]-A-

irreducibユe (~h. 6.1)， it fo11ows then B'aA = A. Hence， B' and A' 

are simp1e by Prop. 3.8. lrf [V:V̂LA'}]T <∞ then there exists A'-- ~.. L 

some B後ぞ£:・f such七ha七 V
A
似 iく VA(A').， and七hen [V:VA(A')]R 

[V:V ̂  lB後lJ く∞ byProp. 5.4.} The converse par七 iseviden七 byA....- I-JR 

Th. 6.工 (b). 

As an app1ication of Prop. 18.3， we sha11 present七hefo11owing 

in七erestingtheorem. 

Theorem工8.5. Le七 A be B.V-A-irreducib1e and A-B ・V-irreducib1e，

叫う aG山 issemigroup 0f ゆ
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(a) 註t T b三三 B-B-submodu1e0f. A <:2ossessing a 1eft B-回丘三

and a righ七 B-単己宣・ 立 A/H is 1eft 1oca11y finite 七he~ [T:B]L = 

[T:B]R' Erovided we do no七 distinguishbetween七woiば i凶 tedimensions. 

(b) Le七 V be con七ainedin B. If T is an in七e工rn官n肘I

of A/B 七hen [T:B]T = [T:B]n' provided we do no七 distinguishbetween 一一一一 L L........，JR' 
two infinite dimensions. 

Proof. One may remark firs七七ha七 B and H are regu1ar by Prop. 

5.4 and Cor. ラ.6，and assume七ha七う con七ains V. 

(a) Since A is H.V-A-irreducib1e and 1eft工oca11yfini七eover 

H =古(H)，A/H isユo叫 1yfi山 (Cor・山2)・ Hence， by the 

symmetry of our assumption， it suffices to prove that if [T:B]L <∞  

七hen [T:B]R毛 [T:B]L・ Now，1e七 {ε工 ε七} be a VR-basis of 

(TIち)V
R
七h抗 formsat七hesame七imean ~-basis of (TI ~ )~ (Lemma 

5.8}. By Prop. 18.3，七回・eholds七hen ∞>  [H[E， V ~ TE
i
] :H] = 

七
[V:VA(H[E，ν工Tεi] ) ] . Henc e， [ T : B] R 毛 [T:B]L (Prop. 5・9). 
(b) Again by七hesymme七ryof our assump七ion，i七 sufficesto prove 

that if [T:B] く∞七hen [T : B] n ~ [ T : B] T' Sinc e U '= V J T ) = V Tl ( T ) R -.，.. L'" .....，JL. 

く V
A
(THom~T ， BAUζV (field) and [V:U'] ~ [T:B]Lく ω(Prop， 5.4)， 

our asser七ionis again a consequence of Prop. 5.9. 

As a direct consequence of Th.工8.5(a)， we obtain the fo11owing: 

Coro1工ary工8.6. 註iLA E三 B・V-A-irreducib1eand A-B ・V-irreducib1e，

盟主 T an intermediate ring 0f A/B. 立 J(写}= B 盟主 A/H !三

工ef七工oca11yfinite七hen [T:B]T = [T:B]n' provided we do not distin-L L'" .....，JR' 

guish between七woinfinite dimensions. 

Lemma 18.7. Le七 A be q-Ga1ois and 1ef七工oca工工yfini七eover B. 
I -̂1__2 

If B' iとよ旦 ~l.f 些主主 B' I OJ( V~ ( B ' )， A; B) = 写(B'，A; B). 
2 

立包Z・ By Th. 工8.1，H後=V~ (B ') = B' [H] i s ou七erGa工oisover B'. 

We set here 肝=V B~. ， where B~. ranges over al1七he OJ(肝 /B')ー
αα  

invariant shades. Now， 1et p be in 写(B'，A;B). Then七hese七

九=={p'モ匁 (B;，AsB)L B'ip v=p}is non-empty by Th.6.5・ If p' 
is in 老，七hen B~p'/B'p is Ga10is and B~p' = ((B~ ハ H)[B'])p' く

αα  
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H[B'p] =岱B'p}(由工8.工) Hence， OJ (B ~ρ ， /B' p) = B ~p ， I OJ (V~ (B' p) /B' p) 
α α 1"¥. 

= 句(B;pf，As B'p〕(Ehs. 6.5 and 工6.5(b) and (d)). Consequen七工y，

匂(B~ p " A; B' p)_ ;ごと ~ (B~/B' i is finite， and so -t is fi叫七e，七00・
αα  

Thus， by Th・ 6.ラandProp・1・1，the inverse 1imi t .t =とm -bαis 
non-emp七y，which means七hat p can be ex七ended七oan isomorphism p発

of 肝 into A・ Since VA(H*p*) = VA(¥J(ー(HハB;)[B'])〆)=VA(B'p)，
〆 is in 句(~*， A; B)， and so 句(B'，A; B)ζB' IOJ (伊， A; B). The 

converse incユusionis secured by Th. 6.5. 

Theorem 18.8. 主主 A be q-Ga工oisand 1eft 10ca11y finite over B. 

(a) 工f A， ~ Af"¥ are f-regu1ar intermedia七erings 0f A/B 七hen一一 工./ ~-2 一一一一
句CA
2
，A; B) = A

2 
I守(A工， A; B). 工npar七icu1ar，if A

1 
~s an f-regu1ar 

intermediate ring 0f A/H then A， = Vι(A， )， [A，: H ] <∞  一一一 --1 . A '-~1/ L--1 

H I OJ (A
1
， A; B) =匁(H/B). 

(b ) 1 f A， :> A"， are f-regu工arintermediate rings 0f A/B then 一:... --1 - --2 一一一一
J(等(A
1
，A; A21) = A

2・
(ρ If A' is an f-reg叫 arinterr日 diatering 0f A/B 七hen A 

is q-Ga10is and 10ca11y finite over A'. 

(d) If A' is an f.守 egu工arin七ermediatering 0f A/B then 

[V:VA(A'σ)J = [V:VACA')] 盟主 IVAlA'σ) I = I V A (A ' ) I !or every σ ぞ

句(A'， A; Bt. 

Proof. (s} Obvious1y， Af"¥ contains B 正f" 1¥ such that V ̂  (Bf"¥) '~~2 ....'-'.u v...........u.... ......2 工.f ---------- . A "'-2 

2 1.  ¥ ~.2 
= V̂ (Af"¥)' Then， A~ = V~(Af"I) = V~(Bf"I) = Bf"¥[H] is fini七eover H A \~.21 . ....~~....~~， ~~2 . A \.~~2' • A '......2' ......2 

(Prop. 工8.3). We sha工工 prove first OJ (A
2
， A; B) く A21哲(A2，A; B). 

If σ is in 守(A
2
，A; B) 七hen B21σ= B21l for some l迂号(A2，A; B) 

(Cor. 18.4 and Lemma 18.7). Reca工工ingthat Af"I = Bf"I[A パH] (Th. 工8.工)， 2 -2 L--2 

we see that A2σ = CB2σ) [(A2ハH)σ]ζ(B2τ)[H]= A2l (Cor.工8.4(b))， 

and so στ-1 is contained in A21管(A2/B2) (Ths・18・1and 16・5(a))， 
whence it fo110wsσ 巴 A21"JCら-

= A21句(A2シ，A; B) CCor.工8.4(b)). S凶山y，if Ai =古(A工)七hen
II (A1， A; B) = A1 I OJ. lAl' A; B). Nex七， we sha11 prove A~I守(A~ ， A; B) = 11グ工，..¥" ....， J • .L.'-~ V， "'-v....t.A"..L...L. .t-'..L V V ""'" rl.

2 
I""d 工'
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常(A2.'A; B). Be七ween Al and B2 七hereexis七ss ome Bi E !k 1 . f 
2 

uch that A~ = v~(ß~l = B;[H]. If B~ = A;ペB! then B く B~ く A'工 A'--1'- ユ 2 ~-2 工 2 ~ -2 ...... 662 

= V: lBr.) ， and hence B~ is in $." 1> (ThS. 工8.1and 16.5 (a)) and A .... -2 t ， ~66~ 66_66__ -2 "'" 1. f 

ら=古(B2)=り1]. S i nc e B 2. 1 0; (A
2
， A; B) =ヲ(B

2
，A; B) 

B21 OJ (B1， A; B) = B21句(Ai'A; B) (Th. 6.5 and Lemma工8.7)，for every 
τE 守(A2，A; B) we can find some ρE匁(Ai'A; B) such七ha七

B21p' B2IT'. As A/B
2 
is q-Ga1ois (Th. 6.9) and A2τ'=(BU')[H] 

-1 
= (B
2
P')[H] = A2.p' CCor.工8.4(b))，τγis  in ~ (A~/B~) 2'-2 

句(A;.../A~ ハ B~) = A:I 守(A.~ /B~) ( Th. 18.工). Hence， T' is in 2' ~.2 .工 2I () "'1'-1 

A21 "~(Ai ， A; B)， name1y，写(A2，A; B) = A21 OJ (Ai' A; 
B) (Cor. 18. 4 (b)). 

It fo工工owstherefore ~ CA2， A; B) = A21 OJ.(A2， A; B) = A21 (A2.1 oJ (Ai' A; B)) 

= A21 (A工11(Ai' 
A; B)). = A21 C7J CA1

， A; B)・ The1a七teris obvious by 

Cor.工8.4(a) and (b i . 

(b) By Th. 6.9 CaL we may assume七ha七 A_ is contained in H. 
2 

Then， noting七hat OJ (A工， A;A2);> A工Iv，we ob七ain J(~ (A1， A; A2)) = 
J lOJ (A1， A; A2 i)ハ H= J(匁 (A1ハH，A; A2)) = J CA工ハ H 1 OJ (H/ A2 )) = A2 
((a) and Ths. 6.5 (ρ). and工6.5).. 

(c L Again by Th. 6.9 CaL we may assume七ha七 A' is contained in 

H (and so V = v.(A')J. Then， A is A'.V.CA')-A-irreducib1e (Th. 17.16) A
戸 .J-.l.~'-'.L...， I"l. .{""l. - Y 

A 
¥_ 

and工oca工工yfini te over A' CCor. 18.2 (c)). Now， 1e七氏特 be七hese七

of aユ1 Tξ 怠o/A' such七hat [T:A'JLく∞・ Then .j' 
{守 (T，A; A'); T E 11v発} is a 1eft q-system of A/ A' by (a) and (b). 
Hence，官1. 工7.工6yie1ds a七 onceour assertion. 

(d) Choose a simp1e in七ermediatering B' of A'/B such七ha七
2 

VAlB'j = VA(A'). Since V~(B'l B'[H] = A'[H] is f-regu1ar， by (a) 
A 

we can find σtεOJ CA' [H]， A; Bl such tha七 σ=A' 1σ'・ Then，by 

Cor. 18.4 Cb) and Prop.工8.3，we ob七ain [V:V.(A')] = [V:V.(B')] = 
A'-

[V:V 
A 
(J3'σ)] = [V: V 

A 
(B ' [H ]σ
， ) ] [ V : V 

A 
(A 'σ)]. In particu1ar， the 1as七

imp1ies V 
^ 
(A'σ) = V. (B'σ)， and hence the 工a七七erasser七ionis obvious 

A 
by Th. 6. 5 ( b) . 

Now， we sha11 consider七hefo11owing condi七ion(viii) besides 
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(i) ー (vii)introduced in ~ 17 . 

(viii 1 H/B is Ga10is and H I ~ (A'， A; B) :>ヲ (H/B) for every 
A' E 1l o/H with [A' :H]L く∞-

Then， we can add other equiva1en七 condi七ionsto Th.工7.ユ6(a). 

Coro11ary工8.9. Let A Ee 1eft 10ca11y finite over a simpユe

subring B. 1n order七hat A/B be q-Ga10is， i七 isnecessary and 

Sufficien七七ha七 anyof七hefo110wing equiva1en七 condi七ionsbe sa七isfied:

(QI} (iv} + (viii) and (Q8) (v) + (viii). 

立盟主・ If A/B is q-Ga10is then a11 the condi七ions(i) ー (viii)

are satisfied (Ths. 17.16 andユ8.8}. Converse1y， assume (QI) or (Q8). 

Then， A/H is lef七 10ca1工yfinite by Cor. 5.5 (川 If T is in !L ~ ル工.f

then J(oJ (T， A; B) 1く JCTI OJ CT[H]， A; B)) = J(TハHI句(T[H]，A; B)) 
ζJCT (¥HI句(H/B}}= B. Hence， A/B is q-Ga10is by Th. 11.16. 

Let A be q-Galois over B. A (ぷ)-regu1arsubgroup うof OJ 
is caユ1eda (持fl-!egu1arsubgrou1: of 'd if [V:V(ラ}]R<∞，  and a 
(FfJ-regl山 rsubgroup ぢ of dJ with simp1e J('1 i is cal1ed an 
f-regu1ar subgroup of ヴ・工f A/B is q-Galois and left locaユ1yfini te， 

七henevery (戸f)ー目gu工arsubgroup of ~ is proved 七obe f.ィ eguユar.

To see this， 七hefo工工owing1emma wi11 be needed. 

Lemma 18.10. Le七 A be q-Ga10is and 1eft 10ca工工yfinite over B， 

竺呈ヲ' 三(戸f)-!egu1arsubgroup 0f. oJ ・ 立 A'= J( dJ ' ) 些主主

[A' :A'ハH]L く∞・
立oof. Le七 N be a ヲ(H/B)-invariantshade of d， 匂袋= 句CN)ハ01'
= oJ' (N)， A後 = J(OJ発) (，) A' [N] 1 and H後=A後ハ H. Then， tJJ発 is an 
invariant subgroup of 句 and C匁， : Cド)= #(NIす，)壬 #o;(N/B) = 
[N:B] く ∞ (Th. ，.4}. As H鋳=A後ペ H is a を'-invarian七 simpユe
subring of H CTh. 16.5 Ca)J，肝/A'ハH is outer Gaユoisand [H*:A'パ H]
= #(H袋 IC1J ')毛 CiJ. ' :ゲ)く∞ (Th・7.4). Fur七her，we can see that 
V(守谷=vC oJ 'i = V ̂  CB[F] ) for some fini te subset F of A. Now， 1et A'o 

Bo be in i(.，l.f/B[F]. Then v(()J発)= VA(B[F]} ~ VA(B
o
) yields 

2 
A*[H] C_ v

A 
CvC'1刊)く V~(Bol ， so that [A巾]:H] ~ [古(B。):H] く∞



[A*:肝 ]L= [H.A*:H]L (Lemma 17・9(a))， 

[A*:肝 ]L・[H発:A'ハH]= [H.A*:H]L・[H*:A'ハH]
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Noting七hat

we obtain [A':A'ハH]L~ 
[V~CBo) :H]・[肝:A'ハH]

18.3. by Prop. 

B， and 1eftユoca11yfinite over 

工f

VA(V') 

[V:V' ]Rく∞

of A 

く∞

話主 A b三斗ーGa10is

and V' a simp1e subring 0f V 

V̂ (V̂ (V'HF])く V'
A' 'A 

a simp工ering. 

By Cor. 17.12 and Th.工7.16，A/H 

such七ha七

for some fini七esubset 

Lemma 工8.ユ工.

く

lS then 

is h-Ga1ois and 1oca11y 

is h-Ga1ois and 10ca1工yfinite 

V ̂  (K) = Y Vd1.-1_ (simpユe)， V2(K)=K 
L '~hk 

F 

A 

Proof. 

finite. Hence， we may assume七hat

and As H = B. and B over 

further七ha七ユ7.12，we may assume B'V = K・IVd
hk
， by七he1ight of Cor. 

is a division ring. 

B' = VA(V'). 

[B' :B]毛 [V:V']Rく∞

V"=VA(B")(ζV' ) 

= [V:V"] = [V:古(V")ハ V]
is V-A-irreducib1e， Prop.工6.7(b) yie1ds 
1~. 七
(VIB")人、=⑦ (vlσ)人、 (σ 正 B")， where every 
I ~ '~'R 工 1Vi'" 'R 'Vi 

V-A-irreducib1e is七henAccording工y，A B 

A-B ・V-

(Prop. 

エSA Since 工7.12and Prop. 5.4). 

工7.工2)，七hereho1ds 

!R， ~ ~/B' [F] 
1.f 

We se七(Cor. 

irreducib1e (Cor. 

B" 七henand 

[B":B] ∞>  and 

lS 1n 

VA(V") = B" CTh. 17.ユ8(b)) 

(Prop.工8.31.

HomCT"V， n"A) VlI " V 

A Since 

If 5.4) . 

A
I
f
 

VIσi 

V~-人、-submodu1e Hom(n'V， n，A) -""R ---------- ._-."，v，.， V' 
is comp1et向 reducib1e:Hom(V'V， V，A) ⑦:働J

is free over 

then 

(vlσ:1Ao is Vo-Ao-irreducib1e and every 
l 工 R -- . R ~'R 

(Prop. 5.7 (a)1. Hence，七he

HoαI以IV".， V" wi七h

lS 4世レ
J 

By Prop. 5.7 (c)， every 4ψ~. 's. 
J 

VR-~-ir・reducib1e submodu1es 

A
 
X
 

W

1

J

V

 

L

恥~

・
吋

υ

S

I

l

l

n

u

b

M

r

 

i
l
-
-

「
L

O

V
v

・

-

手

よ

B
 

e
 

h
 
+
U
 

P
よ

。

and 

lS 

u， and non-zero 1n 

b 
J 

obvious七hat

σ 

with some 

with some Cv IσuL)~ 

物 j= CVlbjL)~ 
Hom(V'V， V，A)， it is 

M = V'vA CvξV) be a 

of the form 

so we may set 

b 
j 

A such七hat

lS 1n contained in 

V'-A-submodu1e of 工e七

A V'-A-submodu1es of is minima1 a且ongthe non-zero 

M V'-A-irreducibユesubmodu1e of an arbi七rarylS V'yA 

BV'yA ;: V' (ByA) 

If (x E v1. 

(b) ) . 

ユsa ByA 

A (Th. 6.1 

for 

B-A-modu1eo 

u' E V， with some 

direc七 summandof the comp1e七e1yreducib1e 

= V'(u'A) 七hen



Hence， by七h加em山i

:bMM ed B V『、by刊A=@iV『vyiAA'where vviA is vv-A-isornoゆ ic七o V'yA・

Since V'VζV and A is V~ ， VM(V~)-irreducible ， it fo11ows then 
L 'at，"L  

V = v ( V L . V (V L))-= CV' v }Hom ly ， V， V' A ) L v' V -11ち=2i，JbJ(V'YiA)・
Now， b~ being con七ainedin B'， every b~CV'y~A) is V'-A-hoαmoαII 

J 工

to V ViA2V f yA.Hence ， A is homogeneously V f -A-COInputely 

reducib1e， and consequent1y B' is a simp1e ring. 
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Theorem 18.工2. Le七 A be q-Ga工oisand 1eft工oca11yfinite over B， 

竺主 句t 生(後f)-.!:egu1arsubgroup 0! OJ己主主 A'= J(守，) . 

(a) OJ' 1:s f-regu1ar and dense in OJlA') ，盟主 A is h-Ga1ois 
andユoca11yfinite over A'. 

Cbl す.C1l' =ヲ(A'ハH). 
(c) 立う isan open subgroup 0[ dJ- !hen the group index 

(C1 ~' : Cうハ C1dJ' i・V( ~ ， );V). 1:s finite. 
立公主・ 臼lemay remark here that H' A'ハH is f-regu1ar (Ths. 

2 つ
工7・16and工6. 5 ) . As [ V : V C号'iJ

R
く∞ and V(勾')= V~ (vC句，) )， V~ (A' ) 

= VA(V(守，)) is simp1e by Lemma 18.11・Further，by Lemma 18.工0，

there ho1ds [A' : H' ]く∞ Since A/H' is 1oca11y fini七e(Th. 18.8 
L 

2 
Lc)J ，七hecen七ra1izerof A' in V~CA') coincides wi七h七hecen七erof 

A 
2， . • ¥ I 

V~ (A '). and J C V~ (A ， ) I OJ ，). = A'， Cor. 7・5proves七ha七 A' is simp1e， 

and so A/A' is q-Ga1ois and 1bcaユ工yfinite LTh. 18.8 Cc)). If T is 

in $.， 0 / A ' and [ T : A ' ]く∞七hen A is T-A-irreducib1e and ∞〉
L 

[T:TハV2;(.A')]= [V̂LA'I:V̂CTU CProp. 18.3). Hence， A/A' is h-Ga1ois AV~ /-" A戸

and ヲ isdense in ~ LA' 1 LProp. 16.7 (b))， which comp1e七es七he

proof of Cal. Reca11ing here七ha七 [T:H']L= [T:A']L'[A':H']Lく∞

for every σin C工(17.cl 守') we can find an e1emen七 TζV.C1t7J.' 

such七ha七 TIτ=TIσ ， and七hen στ-lis con七ainedin 句(T) く匁 (A') 

C工守 by(a). Hence，σis contained in V. Cl OJ'， which means 

that V. C1 '1' is a c10sed (戸f)-regu1arsubgroup of守 wi七h

J(V・C1OJ') = H¥According1y， (~l is a consequence of (a). Fina11y， 

we sha11 prove (c). Since J(C工ヲ')= A' and V( C1 OJ ') = V( ~ ， )， i七
suffices七oprove our assertion for c工osed 句守(A， ) . Moreover ， 
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withou七工ossof ge附 'a1i七y，we may assume七hat す=dJ (B' ) for some 

y ££;・f・If T = A' [B r] 七hen [ rr: : A ' ] L く∞ and OJ r (T) is a 

c10sed (勺t-regu1ar subgroup of OJ' wi th J ( OJ ' ( T) ) T (Cor. 6.10)， 

and then it fo110ws ーちハヴ，1・V(ラ， 1 ゲ(T)・VA (A') = 

OJ'白ペ V!(A'D by Cb 1.. Hence， we obtain (OJ': (うハCiJ').V( Od')) = 
2 I • • ¥ ¥ 11 I _ __2 

(OJ ' : OJ' (T ハ V~CA ' ))_ = # (T ハ V~(A ')IOJ') = [T ハ V~(A') :A'] く∞

CTh.工6.5 Lc)J. 

We sha11 conc1ude七hissec七ionwi七hthe fo110wing七heorem，七ha七

wi1ユbeneeded a1七er七oexpose the gap between (後)-regu1arityand 

N特-regu1arity.

Theorem 18.ユ3. Let A be q-Ga工oisand工eft10ca11y fini七eover B， 

竺立 OJ' ~n N*-regu1ar subgroup 0!. trJ. The旦， dJ' ~三(勺)-regu1ar

2 
1f叩 don1y if [V:工(OJ" }]R く ∞， V~(J:勾， )) =工(OJ ') =工(C工句， ) 型空

(C1 '1 ' : (ラペ C1OJ' L' I(匁， )"'1く∞ forevery open subgroup ち of dJ・
立竺ζ・ 工f 句 is C* f)-r~gu1ar then I( OJ ') coincides with V( ':J' ) ， 

and hence the on1y if par七'Sobvious by Th.工8.12. To prove the if 
par七， we may res七社ctour proof七O 七hecase七ha七 守 isc10sed. By 

Th.工8.工2 (a)， V
A
(工(句 ')1 is simple and七hereexists a fini七esubset F 

of v
A 
(I(守， ) t such七ha七日(B[F]1 =工(dJ ' ) .工fwe se七づ ~(B[F])

七hen dJ* =ヲハヲ isa subgroup ofラ containing I(ヲ，)rv， and so 
七hereho1ds B[F]ζJl~ *1ζV

A
(工(OJ' ) )， which imp1ies 1 (守')= 

2 
V
A 
CB[F] 1.:> v0匂袋t::> V~(I(勺， )) =工(ヲつ Wesee therefore七ha七 等条

is a c10sed C~ f)-regu1ar subgroup of ~ with V(句発)=工(匁'). By 

assump山 1，(句引く∞ OJ'νlvσi Now，we叫が=J(引)

and A' = J(勾'). Then，写後=ヲ (A後 and A is h-Gaユoisand 1oca11y 

f凶七eover A*臼h・18.12(a) 1， and hence A** = A*[ V ~ A*σi]is a 

ゲーinvariantsimp1e ring as an in七en凶 a七ering be七ween 古(が)= 

V A CV( OJ各))= V
A
(工(OJ ' ) ) and A *白hs.ユ7.16and 16.5). Le七 σbean 

arbi trary e1ement of OJ'・ If σ induces an inner automorphism in A繁栄:
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A料 |σ=A制 I _~ lvモV
A州
ω，2)_， then A*ハHIσ=工， and so σis 

contained in ヲlA*ハ Hl=。長.す lTh・ 18・12(川):σ= T1r (T E OJぺ
-1 rv ~ 

U モvt. Bu七七hen， τ σ=  u 正勾'ハ v=工l~ '} imp1ies σετ・工(ラ， ) 
くす後， so七ha七 v is con七ainedin V

A梢
(A餐)= V

A制
(A州). Hence， 

A** Iσ= A州|守=ユ， which means七ha七 A“IOJ' is an outer group of 
fini七eorder. According1y， A袋持 is outer Ga10is and finite over the 

simp1e ring A' (Th. 7.4i. Moreover， noting七ha七 q長=匂袋.(すハヲ，) 

= tJI*'Vハ句写(A持ハ H)ハヲ句 '(A恭パ H)，we ob七ain [A*:A'] = 
#(A後IOJ')-= (守， : dJ列 = #(A'[A後ハ H]I~'ì = [A'[A*ハH]:A' J by 
Th. ユ6.5 (c)， whence there ho1ds A* = A'[A後ハ HJ. We see七herefore

our assertion 1 ( OJ 'i = V(匁刊=v( OJ ' ) . 

E11iger [工J;Nagahara [8J， [10]， [工工J;Nagahara-Tominaga [5J， [工oJ， [工1J; 
Nobusawa-Tominaga [2]; Tominaga [8]， [10J， [11]. 

/ 
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エ9. Funda.ment a工七heoremof infinite Ga10is theory 

工norder七os七ate七hefundamenta1 theorem for aユef七 1oca11yfini七e

q-Ga1ois ex七ension A/B in the usua工form，we have七oadd七hesupp工e-

men七aryassump七ion [A:H]L ~ ~o' Neverthe1ess， the supp1ementary 

assumption wi11 no七 spoi1our projec七七ogive a unified Ga10is theory 

for simp1e rings. One may remark further七hatif A/B is a 1ef七

工oca11yfini七eq-Ga1ois extension and [A:H]T ~封七hen A/B is 
L - 0 

1oca11y finite and [A:H] ~点(Th. 17.16 and Prop. 18.3). 
O 

Lemma 19.工 Le七 A be q-Ga1ois and 1ef七工oca11yfinite over B， 

and [A:~I] T も氏.工f A' is an f-regu1ar in七ermediatering 0f A/H 
上 o

些主主 A'I句 =句 CA'，A;B).Inparticu1a!:.' HIOJ = 句(H/B) 盟主 A/B 

is h-Ga1ois. 

笠公主・ By Th.工8.8，[A':H]く∞ and HI写(A'，A;B) "J (H/B) . 

Therefore， in case [A:H] く∞ theequa1ity is c1ear. Henceforth， 
L " 

we sha11 restrict our a七tentionto七hecase [A:H]L = ~ o' Let 

工， .....2' .} be a coun七ab1yinfinite 1eft H-basis of A， and ~ = 

H [ E， a
1
， ... ， a

k
] ( k 1， 2， ・・・).. Then， [~: H] Lく ∞ by Th. ユ8.8.

Let T be an arbi七rarye1emen七 of ~J(A' ， A;B). As ∞>  [A'T:Hτ] = 

[A'τ:H] ，七T町 eexis七sa positive integer h
1 
such七hat ~_:> A'T・

l 

Then， there exists an e1emen七 σ 岳写c九， A; B) such七hat A'τ|σ= 
一工

τー工 (Th. 18.8). Repeating the same argument for σ instead of τ ， we 

can find a posi七iveinteger k1 > h1 
and τ1 E ラ(~_ ' A; B) such 

l 
-1 

七hat ~_.J ~σand ~σ|τ工 =σ ・ Here ， one wi11 readi1y see 
1 ..1 

that T = A' I T 1 and ~_ T 1 .:::> ~_:> A fτRepeating the above procedure 
1 - --1 

for τinstead of T ， we can find positive integers k~ > h~ > k 2 ..2' .-1 

and τ2ξ 守(~~， A; B) such七ha七九=~_ I T 2 and ~~ T 2 .> ~~ ;:> 
2 ~-1 

~し τ工・ Continuing the same procedure step by s七ep，we ob七aininductive工y

po吉1七iveintegers ki 〉 hi 〉 ki-land τi モヲ(~. ' A; B) such that 
工

Ti_工=AK. 『 |ti and AK.1〉 AT1.〉 AK14(AK=At， τ。=T). 
エー工 i - --i --i-工 O 

Then， we can define an ex七ension T正"J(A， A; B) ofτby  the ru1e 
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1¥.I:r =τi li =工， 2，...1. Since 日 )V
i
~・ A ， L is obvious1y 

1. 1. 

an au七omorphismof A. We have proved therefore 写(A'，A; B) = A'IOJ- . 

Now， 七he1a七七erasser七ionis eviden七by Cor. 工1.工2.

Coro11ary 19.2. L主主 A be q-Ga10is and 1ef七工oca工工yfini七eover 

B， and [ V : C _ ]毛公 If X = { x" X~ ， ...} is a countab1e subse七一一一 0- -.0 一 工， J>.2' 

of A，七hen七hereexists some A'εR  /H[X， V] such that A' /B is 

h-Ga10is and [A':H]ζ £0. 

Proof. -Let T be in $， ~・ f. We凶 Ti=T[xl，...， xil，A;=

H[Ti匁(Ti，A; BL， VJ and A' lJ Ai. Since [~(Ti' A; B)VR:VR]R = 

[守 (T
i
，A; Bl~:~]R = [Ti:B] <∞ (Prop. 5・1 (b)) 釦 d[V:C。]ζ 点。，

we ob七ain[Ai:H14A0・ Hence，notingthatA:く A;+ユ， i七 fol10ws
七hen [A' :HJT 耳石 ~ _. 工f B' is in !R.， ~.p and contained in A' L - -， 0 ・ 1.f

then B' is con七ainedin some AJ， and then one wi11 easi1y see七hat
l 

B'号(B'，A; B Lく A!ζA'，n釧 e工y，守 lB'，A; B) =守 (B'， A'; B). 
o - 1. 

Hence， by Prop. 5.1 (a) and Th. 11.16， we see七ha七 A'/B is q-Galois. 

Accordingユy，A'/B is h-Ga10is by Lemma 19.ユ.

Now， we arrive at the posi七ion七os七a七e七hefo110wing main七heorem・

Theorem工9.3. Le七 A be q田 Ga10isandユef七 loca11yfinite over B， 

and [A:H]T ζ-*_. Le七 A' be an arbi七raryf-regu1ar in七ermedia七e
L -. 0 

ring 0f A/B. 

(副主主主c. p 主主 OJCA'，A;B) ~an be ex七ended七oan au七omorphism

of A. 

(b) A/A' is h-Ga工oisand local1y fini七e.

(c 1 There exis七S a 1-1 dua1 correspondence between closed 

(戸f)-regu1arsubgroups 0f 守 andf-regular intermediate rings of 

A/B， in七heusua1 sense of Ga10is七heory.

立公主 ByTh. 18.8 Ccl， A/A' is q-Ga10is and 10ca工ユyfini七e.
2 I • • ¥ .， 

According1y， no七ing 七ha七 [A:V~CA')]T ~ [A:H]T ~ .)十， (b) is a A \-..~ J JL ~ L"~.UJ L -..: 

consequence of Lemma 19.1. Now， 1et A" A' [H] . Then， A" is in !l 
(Th.ユ8.1)and f-regu1ar. Hence， we have A' IOJ = A' 1 (A" 1匁)= 
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A'I~(A" ， A; B) ==写(A'，A; B) by Lemma 19.工 andTh.工8.8(a)， which 

means (a). Fina11y， (c) is an easy consequence of (b)， Cor.工7.12and 

Th.工8.工2 (a). 

工ncase A/B is an a1gebraic fie1d extension， i七 iswel1 known 

七hat A/B is Ga10is if and on1y if it is norma1 and separab1e. The 

1atter of 1βmma 19.ユmaybe regarded as an extension of七hisfac七七O

simp工ering extensions. 

Coro工工ary19.4. 1f a division ring A is Ga10is and 1eft 1oca11y 

finite over a division subring B and [A:H] 毛 A 七henthere 一一一一 L '" ...， 0 

exis七sa 1-1 dua1 correspondence be七weenc工osed(災 )-regu1arsubgroups 
f 

of 唱 andf-regu1ar intermedia七erings 0f A/B， in七heusua1 sense 

of Ga工ois七h.eory.

An exa皿p工egiven by Jacobson [5] shows that Cor.ユ9.4is no 10nger 

va1id for弘主 in七ermediaterings of A/B. CThe examp1e was given， in 

七hefirs七 p1ace，for七hepurpose of showing that we can no七 exclude七he

assumption [B:Z] く∞ fromTh. 7.13.) 

Theorem 19.5. Le七 A be q-Ga1ois and lef七 1oca11yfinite over B， 

and [A:H] T ミs:: .N _. Le七 T be an f-regu1ar in七ermediatering 0f A/B， 
L ~. 0 ーーー

ラ七hegroup of a11 B-ring automorphisms 0f T，工={σ作 Tσ==T} 
主主主 ド==t.Vは f・ 立 J(ラ).== B 虫旦 γisdense in 守，叫
converse1y. 

Proof. By七heva1idity of Th.工9.3，七heproof proceeds in the 

sa且eway as in七ha七 ofTh. 7.14. 

Let A be q-Ga1ois and 1ef七 1oca1工yfini七eover B， and [A:H]Lζ 

A0.As an easy conseglence of Th .工9・3，we see七ha七 anf -regu1ar 

in七err日 diatering T of A/B is ヲーinvarian七 ifand on1y if 守(T)
is an invarian七 subgroupof 匁・ Moreover，we can prove七henext that 

corresponds exac七工y七o七hec1assica1 norma1ity theorem. 

Coro11ary 19.6. 話t A be q-Ga工oisan生よ認とよoca工工yfini七eover B， 

and [A:R]τ 延命 Let T be an f-regu1ar intermediate ring 0f A/B. 
L .. 0 

If 'l'/B ~s Ga10is and eithe~ '}' C H or Vく T 些en T i三 0]-

invarian七， and七heconverse is true provided Vヂ(GF(2) ) 2 



• 

工ラ工

E巳of. 工ncase T C H， our assertion is evident by Th. 16.5 (d). 

Whi1e， in case Vく T，V is contained in X = {σE ~ Tσ= T }， 

and七hen 之 isdense in 守(Th.19.5). Hence， T "J = T:t = T. The 
converse is contained in Prop. 8.工o.

Fina11y， we sha11 prove 七hefo工工owing:

Theorem 19.7. Let A Ee q-Ga工oisand 1eft 10ca1工yfini七eover B， 

and [A:H]γ 呉氏.工f T is a OJ-invariant f-regu1ar intermedia七e
L -.0 一一ー ー一一一

dng 0f A/B then the group ラιa11 B-ring叫 OαI汀m附n
equ叫iva工en七 (i.e. isoαmo工r、phicand hoαmeoαmorphic)主♀守/d](T).

立oof. Since T I OJ =ぢ (Th.19.3 Ca)J， the contraction map p: 
σ一→ TIσisa con七inuousepimoゆ ismof llJ ontoラwith七hekerne1 
写(TL In wha七 fo工工ows，we sha工ユ prove 七ha七 ρ is an open map. 

Eviden七工y，T con七ains B' ε K， .D such七hat V ̂ (.B') = V ̂ ( T) . Then ， 一1.f ---------- "A 
A is h-Gaユoisand 10ca11y finite over B' (Th.工9・3)，V~ ( 13 ') ) T ) B' ， • A 
and T/B' is Ga工ois. Now， for an arbi七raryfinite subset F of A， 

choose B" from Z 1. f/B' [F]. Then， T I OJ (B" [T] /Bつ=ヲ(T/B"ハT)
by Th. 18.工 Since A is h-Ga1ois and 10ca11y fini七eover B" (Th. 19.~ 

and [A:V2Y)]L毛点。，七hereh札 ds '}(B"[T]/B") = B"[T] I守(B") by 

Th. 19・3. We obtain therefore ラCB"ハT)=ヲ(T/B"ハT)= TI守(B")
く T IOJCFt. As eviden七ユy ラ(B"ハT) is open， so is TIヲ(F)， 
whence i七 f0110wsour assertion. 

Nagahara [10J; Nagahara-Tominaga [8J， [9]; Tominaga [10]; Wa1ter [工]. 
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20. Ex七ensionsof compatib1e pairs 

工n七hissec七ion，fo11owing Nagahara [工0]，we sha11 deve10p the 

extension七heoremsof isomorphisms七oob七ainmore exp1icit resu1七S・

Assume七hat A/B is q-Ga1ois and 1ef七工oca11yfini七e. Let A
1 
be 

in JC ，and A~ an f-regu1ar intermediate ring of A/B. If 8 = 
2 

A ハ A~ is a simp1e ring such that V̂(8) = V^CA~) 七hen A_ is said 工 2 -------.r-- ----0 ----- "A ，~~， "A '---2 

七obe annexab工e七o A~. Evident1y， A， is annexab1e七oevery inter目2' ~'~~-~-~J'.~ 

media七ering of H/B CTh. 16.5 (a)). If Aユ isannexab1e to A
2 
then 

A is q-Ga1ois and工oca11yfinite over七hef-regu1ar in七ermediatering 

8 (Th.工8.8(c))， and then， noting that 8 C A ζV:(8) = 8[H]， 
2 - "A 

七hereho1ds A~ = 8[AハH] and A， [A~] = A，[AハH] is in j，乙 (Th.18.工). 2 ~ L ~.2" ， ~~.1 ~.1 L ~ .2 ~ ~.1 L ~ .2 

Ifσ工長守(A
1
，A; B) and σ2正等 (A

2
，A; B) are compa七ib1e， name1y， 

if 81σ工=81σ2 七henwe denote by σ工Vσ2 七he(no七necessari工ysingユe

va1ued) mapping of A， [A~] in七o A defined as fo11ows: 
I --.r.r---o -- -.1 L--2 

2(工)(2)l(:)l(3)
ak1 ~1 ・・・ akIIL au  )(σ1Vσ2) = 

:(工)_¥1_(2) 日)at)
(akiσ工)(akiσ2) ... (a~σ工) (a~江 σ2) ， 

ー(i)
~jεAi(i=l ， 2) ・ For any subse七呼 of 守(A.!， A; B)， 

d工 u

we se七七hen 有 V予={σVσsσ ぞ宅 and σ モキ are compatib1e} .t 1 "52 '-1' -2' -1'" dユ 2'- d 2 --------J: - - - - - - ， 

With those nota七ions，we ahve the fo11owing proposition which is 

usefu1 in the subsequen七 considera七ion.

Proposi七ion20.工. Assume七hat A is q-Ga1ois and工ef七工oca11y

finite over B・主主 A
1 主 j( be annexab1e to an f-regular in七er-

media七ering A~ ， and 8 = AハA_.2 一一:. ~ ~.1" ~.2 

(a). dJ (A
1 
[A
2
]， A; B) =γ(A工[A

2
]，A)ハ(号 (A

1
，A; B) V 守(A

2
，A; B)). 

(b) 主主 σVτ 区与す (Aユ， A; B). V ヲ(A
2
，A; B). 立 (A1σ)V 

(A~Iτis inγCA~ [A~] ， A) for every AJ E Sv， .L' contained in A~ 
l 一一一一ー ユ 2J' .~I -'-~J .~i ユ.f

七henσVT is in 守(A，[A~] ， A; B). 
一一一 一一一 工 2
(c) 旦写 (A

1
[A
2 
J， A; B). =号CA工， A; B) V OJ (A

2
， A; B) 些主主

A11 OJ (A工[A2]，A; B) == OJ(A1' A; B)， A11OJ.(A1[A2]， A; A2) =匁(A1，A; 8) 

竺~ A21匁(A1[A2]，A; A1) 写(A2，A; 8). 



ldl Assume tha~ Oj(A工[A
2
]，A; B) =ヲ(A1，A; B) V ~(A2' A; B). 

If 81手(A1，A; B) =守(8，A; B) 些旦 A21dJ (A工[A2]，A; B) = 

匁(A
2
，A; BL ~nd converseユy.

立辺Z・ (a) 工f p is in ~CA1[A2]' A; B) then A21p ~ 

dJ (A
2
， A; B 1 (Cor.工8. 4 Cb li and (A

2パ
H)pζH(Th. 6. 5 (c))， and 

七hen V
A
(A
1
P) = V
A
LA
1
[A
2ハH]ρ)=VA(A工[A2]pl is simp1e. Hence， 
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OJ-(A工[A
2
]，A; B) C 写CA

1
，A; B)マ勺 CA

2
，A; B). Converse1y， ifσV T 

is an isomorphism then AσE .9.乙 and lAハH1TζH yie1d七ha七
工 2

A
1 
[A
2
] (.σV τL = A工[A

2ハHJ(σVτ) = (A工σ)[ (A2ハH)τ] ~ ~ (Th・ 18.1). 

(bi This is an easy consequence of (a) and Th. 6.3. 

(c 1 工fσisin ~(A1' A; Bl then 81σ= 81T for some τ 

in ~(A2' A; Bl (Cor.工8. 4 Cb} and Th.工8.8(a))， and then σV τε 

ヲ (A， [A~] ， A; Bl is an ex七ensionof σCombining七hiswith (a)， we 
工 2

obtain a七 oncethe firs七 equa1ity. The other ones wi11 be a工most

evident. 

(d) This can be proved by the si凶工armethod as in (c). Converse1y， 

by Cc 1 and Th.工8.8(a)， we obtain 81 守CA
1
，A; B) = 

81 (A11 OJ (A1 [A2]， A; B)J = 81 lA21 l1J (A工[A2]，A; B)) = 81 ~ (A2， A; B) 

=守 (8，A; B). 

Lemma 20.2. Assume七hat A is q-Ga10is and 1ef七ユoca11yfini七e

over B， and [A:H]T ~ ~ _. Let A" A~ be f-regu1ar intermediate 一一一 L -.. 0 .~1' .~2 

rings 0f A/B， 呈旦主 S = A工ハ A2・
(a) The fo110wing conditions are equiva1en七: (ユ)Every compa七ib1e

巴江 C01'σ21 (σ〆守(Ai，A; B).) !!as a common extension i~ U;， 
(2) OJ (8) = 守(A

2
1・等(Aュ)， (2')_ 等(8)= ヲ (A工〕・~(A

2
)， ( 3 ) A

2 
1写(A
1
)

=匁(A
2
，A; 8)_，盟主 (3'1 A工1t7J (A21 = OJ CA1， A; 8). 

(b i工f V ̂ cs 1 = V ̂ CAr¥ i七hen A_ is annexab1e to Ar¥， and so A 一.::..- . A \-~ 1- • A V-2 一一一 --1 --------.----- --2 ' ーーー一一一
is h-Ga10is and 10ca工工yfinite over 8 and any of the condi七ions (工) ー

(3' ) in (a) is equiva1en七 wi七h七hefo110wing : (.4 ) dJ (A， [A~] ， A; B) 
工 2

OJ (A
1
， A; B) V OJ lA

2
， A; B). 

立oof. (a) (工}→ (2): Ifσis in OJ (8) 七henthere exis七s

some T記号 CA工 suchthat A2lT = A21σ ・ Obvious1y，σ= (σT-1)τ 
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and στー工モ守 (A
2
).・ (21=争(3): By Th. 19.3 (a)， 匁(A

2
，A; 8) = 

A21 OJ (8) = A21 dJ (A21・OJlA1) = A21 dJ-(A12. (3)=→(工): Let (σ工， σ2)

be a compatib1e pair Cσiモ守 (Ai，ALB)).By m .u.3(a)¥七here

exists some τ工長 OJ such七ha七 σ1 = A11 T1・ 8ince y =σ2T1 E 

ヲ(A
2
，A; B). = A21 "J (A工)， y = A21T wi七hsome τ と守 (A1)， and七hen

σ=τT
1 
is an ex七ensionrequested. 

(b) No七ing七hat Jlラ(A.:}). = A.: CTh. 19.3 (c))， it fo11ows a七
1 ユ

once J(匁(81)= 8， which means七hat CJ (8) is 勺2-regu1ar. Hence， 
8 is f-regu1ar by Th.工8.12Ca)_. Now， the工atterassertions are easy 

by Th.ユ9..3and Prop. 20.工 (a). 

Proposi七ion20.3. Assume tha七 A is q-Ga1ois andユef七工oca11y

fi凶七eover B and [A:H] 毛穴 Le七 A，，AA be f-regu1ar 一一一 L ~ 0 ，u1' '<''2 
in七ermediaterings of A/B such七ha七 V̂(8)= V̂(AA)' where 8 = AハAA ~...， I • A ¥，u2 I ， 一一一一 ".1f 1 ".2. 

lat 1f every compatib1e pair Cσュ， σ2) (σi E 守(Ai，AsB)) 単三三
common extension i~ <iJ 些en A1 ~s 1inear1y disjoin七 from A

2・

lbl Assume that A1 ~s 1inear1y disjoin七 fro~A2 ・ 2工 A' E !R /8 

is a subring 0f A工 left finite over S th主主 A' I守(8) = A' I OJ (A
2
) . 

Ccl Assume七ha七九 is工ef七 finiteover 8. 工norder that every 

compa七ib1epair (σ工， σ2) Cσiモ写CA
i
，A; B)) ~ave a common ex七ension

L旦 ocf ，J:七 isnecessary and sufficien七七ha七 A1 Ee 1inearユydisjoint 

立旦 A2・
(d) If A

2 
J:s w-Ga1ois over 8 then every compatib1e pair 

(σl'σ21 Cσ〆守 (Ai，A2B〕)hasa common extension in oJ・

Proof. By Lemma 20.2 (b)， A is h-Ga1ois and 1oca1ユyfinite over 

the f-regu工arin七ermedia七ering 8. 

(a} Le七 A' be an arbitrary intermediate ring of A，/8 1ef七 finite
l 

over 8. Then， by Lemma 20.2 (al， Hom(oA'， oA) = A' IHom(nA， nA) = 8~. '8.~' ..1. 1..~~'\8.~' 8 

A' I 守 (8)~=A'1 OJ(A工). OJ (A21 = A' I OJ (A2) ~く A' IHom(A~A ， A~ A) ， 
2 ~'2 

which proves eviden七工ytha七 Aュ is 1inearly disjoin七 from A
2 
(c f. ~ 19 ) . 

(b) 8ince A/AA is h-Ga1ois and 10ca工工yfinite (Th. 19.3 (b))， 
2 

our assumption yields Hom(sy ， sA)=ATlHom(A2A2 ・ A 『 'A2A)=A'| 句 (A2)~
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= 2 G""け(A
2
L(A' Iσ)~. Now，工et T be an arbi trary e1ement of 守(S). 

Then， by Cor. 6.6 (c}， A' Iτ= A' IOv for some σ乏がA
2
) and v 壬

VACsγ=  V
A
(A
2
l.'. Hence， A' IT is contained in A' I守(A

2
)，name1y， 

A' IすCs1 = A' I OJ CA
2 
) . 

(c) This is an easy consequence of (a)， (b) and Lemma 20.2 (a). 
2 

Cd 1. Since S 乙 AζV~Cs t and AA/S is Ga工ois，we ob七ain2 -- . A \ -~ 1- ~ ~2 

A21守(A工[A2]/A11=字(A2/S)-=写CA2，A; S) CThs.工8.1(a)，ユ6.5(d) 
and 19.3 (aiL. Noting that V̂ (A，[AA]) = V̂ (A，)， Th. 16.5 (d) and A V~l L~~2 J 1 • A ¥.4.1 

Th. 19.3 Ca)_ yie1d ヲCA工[A
2
] / A
1
)-= A工[A

2
]11(Aュ)， whence七ogetherwith 

七heabove i t fo11ows A
2 
I OJ (A工1=チ(A2'A; S). Now， our asser七ion

is c1ear by Lemma 20.2 (a). 

Coroユ1ary20.4. !lssume七hat A is q-Ga1ois and 1ef七ユoca11yfinite 

over B. Let A" AA be intermediate rings of H/B. If one of七he-一一一 一一~ H1' 4.2 
subring~ A

1 盟主
A
2 
i:s Ga10is oveE. A1ハA

2 些主主
of (A
1 
[A
2 
J， A; B) = 

ヴ(A
1
，A; B)_ V字(A

2
，A; Bl. 

立oof. Since ヴ〈Ai，ALBi=字CA
i
，H; B) and ヲ(A

1
[A
2
] ， A; B) = 

trJ (A
1 
[A
2
]， H; B) CTh. 6~ 5 (.c)) and 1 CA

1
， H; B) V 写(A

2
，H; B) = 

字(A，[AA]' H; Bt (Prop. 20.3 (d)し ourasser七ionis evident. 
工 2

Lemma 20. 5 . Assume七hat A/B is q-Ga10is and 1ef七工oca11yfini七e.

Let A' be in j乙， and 肝 anin七ermedia七ering 0f H/B. If 

A'ハ肝 A'ハ E 些主主 0; CA' [H*]， A; B) =勿 (A'，A; B) V守(肝， A; B) 

守CA' [H**] ， A; B} V 守(肝， A; B) for every in七ermediaterinfl H** of 

日発/A'r、H後.
Proof. Since A'[H**]ハ H= H** CA' [H料]ハ H)ペH恭=A' [H**]ハ H後

(Th. 18.1 (b)l， it suffices七oprove七hatevery σV  τin 年(A'，A; B) V 

OJ-(瓦後， A; B) is an isomorphism (Prop. 20.1 (a)). By Th.工8.工，

H 1 01 (A' [H ] / A '1. = 1 CH/ A 'ハ Hl=ヴ(五/A'ハH後)， and so 1 (肝， A; A'八肝)
= H* 1 o;}(HlA'ハH*l. =肝l~ CA' [H] / A ' )ζ 肝 Ir(A'[H*]，A; A') (Ths. 6.5 
and 16.5). Hence 守(HペA;A'ハ H後)= H刊写 (A'[H後]， A; A')， 
name1y，守 CA'[H吋， A; A' 1 { CA' 11} V p'; p' ぞれ肝， A; A'ハ肝)} 

(Prop. 20.工 (a))_. We shaユ工 prove firs七 our 1emma for 七hecase that 

[A' :B] <∞ and [H後:B] <∞ Let N発 bea 守(H/B)-invaria凶 shade
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of H*， and 伊 in j乙 /A'[N後]. Then， T 肝 |τforsome T _ f 
1. f' -- ~_. ------， < 

f}J-(N* /B )_ and σ=  A' 1σ発 forsome σ谷正写(伊， A; B) (Ths. 6.5 and 

16.5). By the remark stated at the beginning of七hisproof and 

Th. 16.5， we obtain 肝1OJ (A' [H刈， A; A')σ後=0](肝， A; A'ハ肝)σ後

ζ 守(肝， A; A'ハ EWho-Since 9字(肝， A; A'ハ肝)σ後=

4写LH鋳， A; A'ハH川T く∞ CTh.工6.5).，we have then 
O 

H義 I~ω ， [H後]， A; Aつけ=守(肝， A; A'ハ肝)T09t ・ Hence， τ 

Tσ発=伊1C(A' I工)V T')σ器 for some τ， E予(伊， A; A'ハ肝)， whence 

i七 fo11ows σ V T= ((A'11). V T'iσ後 ξ r CA' [日発]， A). We sha11 proceed 

next in the genera1 case. Let A" を~， .t be a subring of A ' ， 
工.f

H料 an interr日 diatering of H*/B wi七h [H制 :BJ く ∞ ， and 日後 an

intermedia七ering of H*/H料 [A"ハHJ with 肝， :BJく∞・ By
Th. 6.ラωi，A" Iσ モ手 (A"，A; B i and Hド IT モ守 (H後¥A;B). 

Since A" 1σ and Hド |τ are compatib工eand A"ハ肝=A"ハ H，

七hefirst step imp1ies (A" Iσ1 V (H後， Iτ)そ守CA"[H後，J， A; B). Henc e ， 

we obtain (ム"1σ)V CH州 ITl= A"[H州 JI(A"Iσ)V (H後， I T )ξr  (A"[H**J， A). 

Our assertion is therefore a consequence of Prop. 20.工 (b). 

Coro11ary 20.6. Assume七hat A/B is q-Ga1ois and 1eft 10caユ1y

主旦主主・ 詮t A' be主主 2乙 ，盟主 H* an in七ermedia七ering 0f H/B. 

工fone of the subrings H後 and A' r、H is Ga工oisover A' I¥H発
then OJ (A' [H吋， A; Bl =匁CA'，A; B) V ~ (H発， A; B). 

Proof. Le七 σVτbe in OJ (A " A; B) V OJ (肝， A; B). Since 

A'ハHIσ ぞ守(A'ハH，A; B) (Cor. 18.4 (b))，七hereho1ds (A'ハHIσ)V Tモ
守(A'ペH，A; B) V写(H各， A; B) 守((A'ハH)[H餐]， A; B) (Cor. 20.4). 
Moreover， noting that A'ハ(A'ハH)[H吋=A'ハH，we obtain 
事CA'[肝J，A; B) =守(A'， A; B) V 字(CA'ハH)[H刈， A; B) (Lemma 20. 5 ) . 
Hence，σV U.A'ペ HIσ)V τis  in OJ (A' [H吋， A; B) and coincides 

with σV τ， and then our assertion is c1ear by Prop. 20.工 (a). 

Now， we can prove the fo11owing: 

Theorem 20.7. Assume七ha七 A/B is q-Ga1ois and 1ef七工oca11yfini七e.

主主 A
1
E':JL ~e annexab1e七oan f-regu1ar in七ermediaterinfL A

2・」工
2 

one of the subrings An and A ハ V~CAn) is Ga10is over S AハA2 一一 ..1I 1 • A ¥-..2 I ~~ ~~~~~~ ~. -~ ..1' ， ..2 

些主主 oj CA
1 
[A
2
]， A; B) = dJ (A

1
， A; B) V OJ (A

2
， A; B)， A工I~ (A

1
[A
2
]， A; B) 



• 

=写 (A
1
，A; B)， A11 tlJ (A

1 
[A
2
] ， A; A
2
) =守(A

1
，A; 8) and 

A21 0; (A
1 
[A
2
]， A; A工)=写(A2，A; 8). 

E立2工 Weset H
2 
= A
2ハH. If A2/8 is Ga1ois， then so is 

H，.，/8ハH(Th. 6.5 (ρ1). On the 0七herhand.. if A ハ V~(8)/8，~... A'"l'" A 

Ga10is七hen ~ (A工ハヨ(8)j8)= A工ハヨ(8)1. ~ (古(8)/8) (Th. 16・5)， 
and so A工ハ HlUJ (A工ハヨ(81/8)= A工ハ Hl "J (H/8ハむ (Th・此工)， 

2 
whence we obtain へハ H)-'1(A1ハ V~(8)/引く (A1 ハ V~(8) }八 H= 

Alハ H，which imp1ies七ha七 A ハ H/SペH is Galois. Hence， no七ing
工

七ha七九ハ H2=.SハH，Cor. 20.6 yie1ds七ha七"J(A
1 
[A
2
] ， A; B) = 
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OJ (A工[H2]，A; Bl = bJ (A1' A; B) V OJCH2， A; B). Now， le七 σVT be in 
匁CA
1
，A; B 1 V dJ CA

2
， A; B 1 . Then ，σV CH2IT) i s in ヲ(A

1
[A
2
]， A; B) 

and coincides with σV T・ Hence，we obtain OJ (A
1
， A; B) V 

写(A
2
，A; B 1 = 0; CA工[A

2
]，A; B) Ccf. Prop. 20.工 (a)). According1y，七he

O七hersare valid by Prop. 20.ユCc1 • 

Lemma 20.8. Assume that A is q-Ga1ois and 1eftユocal1yfinite 

over B. Le七 Y ぞ;t，1:>. If s = [B'ハ H:B] and 七=[V:V̂(B')] 一一ー ルエ.f. 一一
七hen "J(B'， A;B)=ν;ザ (directunion) and 

一
@try..A2 Aγ、 withsome v.εV. • 

〆、，

G""iV~ = 

j=工 工エj-~

立巴主・ A七firs七， we shal1 prove ヲCB'，A; B'ハ H)= B' Iv. 

Le七肝 bein ZO /BT and m=肝ハ H. Then， B'ハ肝=B'ハ H.工.f'.>.J ， 
Hence， by Th. 6.5 Cc} and七heproof of Lemma 20.5， we have 

B' [肝]1 ~CBペ A; B') =ヲ (B'[H後J，A; B') = {(B' 11) V τT  E 

勺(肝， A; B'汽肝)}. According1y，今(B'[H持]， A; B') = {B'[H後]Iτf， 

. ， B' [H後]lT:後}， where t:6ヲ(BペA;B') and s発=
# OJ-(HペA; B'ハH川 = [日鋳:B'ペH後] LTh. 16.5). Reca工工inghere 七ha七
[肝:肝=[V:VA(.B*}] = [V:VA(B*Ti1J CProp・工8.3)and [TiV~:~]R = 
[V:V A CB*Ti)J (J>rop. 5.工 (d)}， we readi1y ob七ain 守(BペA;B'ハH)= 

s* ，，~ 
OJCB*， A; B'ハ狂的L= Vi TiV CTh. 6.9 (a) and Prop. 5・7)• It fo11ows 
七he乙efore う(B'， A; B'ハH1 = B' 1 dJ CB *， A; B'ハH)=ν了B'Iず=
B' IV (Th. 6.5 Cal). Now， we sha11 prove our assertion. Ifσ， p 

are eユemen七sin 句LB'，A; B) such七hat B'ハ HlσB'ハ HIρ ，七hen
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p =σεwith some εε 守CB'σ，A; CB'ハH}σ). Since (B'ハH)σ=
B'aハH by Th. 6.5 (c)，七heproposition sta七edat七hebeginning 
proves thatε= B'σIv. We have seen thus 守(B'，A; B) =ν;σJ ， "" 

(direct union}， where 守CB'f¥ H， A; B) = {B'ハHIσ工， B'ハHIσs}
(Th. 16.5 L If {v i1' ... ， v i七}ζv ・ ~is a right V A (B 'σ1)-basis 

of V (cf. Prop. 18.31， then we readi1y ob七ain σ:V~ = )七 σV.!~~
百 L j=ユ i. ij''R' 

and HomCBB'， BA} 守臼¥A;B)~ = I i，j σλj~. Combining this 
with s ・七 = s ・[B':B'f、H] = [B' :B] (Prop. 工8.3)，we obtain a七 once 
HomC:JB'， nA) = $~_， G1 t σ. 守!.!~
百 ， B 工ー工 j=工 エエjtl

Proposition 20.9. Assume that A i s q-Ga1ois and 1ef七工oca11y

fini七eover B. 詮t A' E j乙 be Ga10is over B. 主主主， ?J(B'， A; B) 
=B『19(AP，ALB)JY19(At/Biv for every.- B' E ~乙 l ・ f ~ontained in 

A' ，盟主匁 CA'/B}V is dense i~ ~CA' ， A;B) .ctn 七he finite七opo1ogy). 

In par七icu1ar，if A' contains V 些旦 A'/B is h-Ga1oi~ ， 0; (A'/B) 

is dense i~ OJ (A'， A; B) 盟主句(A'，A; B) =匁(A'，A'; B). 

立公主・ Obvious1y， A'ハH is outer Ga10is over B and A'~HI 写 (A'/B)

is dense in OJ (A'ハH/B) by Ths. 6.5 (c) and 16.5. According1y， noting 
that A'ハH is OJ (H/B)-invariant (Th.工6.5(d))， we obtain 
B'ハHIOJ(B'， A; Bl =ヲ(B'ハH，A; B) = B'ハHIOJ (H/B) = 
B'ハHICA'ハHI匁(日/B)J= B'f"¥HIヲCA'ハH/B)= B'ハHI(A'ハHI守(A'/B)) = 
B'ハHI守(1¥' /B) CThs. 6.ラCaland 16.5). Hence，守(B'，A;B)=
B' I匁(A'/B)_V=B'I.1(A'，A;B) byLemma20.8andTh. 6.5 (b)， andso 

o;.CA' /B)V is dense in DJ CA' ， A; B) by Th. 6.5. Nex七， assume that 
A' J V. Since A is B.V-A-irreducib1e (Th. 17.16)， A' is B ・V-A'-

irreducib1e by Prop. 5.ユCa). Hence， A'/B is h-Ga1ois by Cor.工7.12.

Now， 七he1a七七erasser七工onwiエユ beobvious by the former. 

We sha11 conc1ude七hissection wi七h七hefo11owing theorem， which 

is si叫工arto (and essen七iaユ工ycon七ain)Th.工8.1(a). 

Theorem 20.10. Assume七ha七 A is q-Ga1ois and 1ef七 loca11yfinite 

over B. Let A工E'$.. Ee annexab1e七oan f-regu1ar in七ermediatering 

A，.... of A/B， and S = A， f'"¥ A 
2 一一 "一一一 工 2. 
(a) Assume七ha七 oneof七hesubrings 

門

/
γ
Aハーム

A
 

則一九/』



Ga10is over 8. Then， the contraction maps 中 a一→ A11a ~工

号(A1[A2]，A; A2) 主主ー中 T一→ A21 ; of ヲ(A工[A2]，A; A工) 主主
工-1 onto 似A1'A; 8) 竺生 1-1 竺包匁 (A2，A; 8)， Eespec七ive1y，

竺d Jl匁(七[A2]， A; A1)J = A1・ If Ai I "J (A工， A; 8) =勾(Ai'A; 8) 
for every Aiモ9L/8 contained in A~ such 七ha七 [A~ :8] く∞

工 工 L

then J(守(A，[A，.J， A; Ar. t = A 一一一一 工 2J' ....， ....2 1- - ....2. 
(b) If A

1 
~s Ga10is over 8 and con七ain~ V

A 
(8) then 
日-

1ラ9

A工ハv:臼)/8 is outer Ga10is， A工[A
2
]/A
2
i:s h-Ga1ois， and 中 induces 

an equivaユence: 匁(A
1
[A
2
] / A
2
) ~ oJ CA工/8).

Cc) If A， and Ar. are Ga10is over B and A守:>V 七hen一一 工一一 ~~2 ~~ - ~~~~~~ ~. -~一一 工 一一一-

A
1
[A
2
]/B i:s h-Ga1ois and 句CA

1
[A
2
]/B)=ヲ(A工/B) 'il llJ (A

2ハH/B). 
(d) 旦 A

1 竺立 A2 ~re Ga10is over 8 盟主 A
1
:>VA(S) 虫色

A工[A
2
J/8 ~s h-Ga工ois an~ CTJ (A

1 
[A
2
] /8) = OJ (A

1
/8) 'v ~ (A

2
/S) 主主

equiva1ent to the direc七product OJ (~/8) x 匁(A
2
/S). 

Proof. (a) By Th. 20.7，中 and ~ are evidentユyonto and 工-1.

Nex七， we sha11 prove the 1ast part. By Th.工8.8(c)， A/S is q-Ga1ois 

andユoca1ユyfinite. Hence， A
1 
contains a subring U ε~ /8 1eft 

finite over 8 such that U[F] E 1L for every finite subset F of 
A， (Th. 6.3). If a is in A，[Ar.]¥Ar. then we can find regu1ar 工 2'"\~~2 

in七ermedia七erings AJ of A~/8 工eft finite over 8 such that a ~ 
工工

A~[A~]. Obvious1y， A~ is annexab1e to A~ (Th.工6.5)，and then by ユ 2.1' '""~'~'""~~~J' 工 2

Th.ユ8.8(b)， we have JCラ(Ai[AdJ，ALA3)=A8・ According1y，ap'ヂa

for some p'モOJlAi[A2]，A; A2)' 8ince Ailp'正号(Ai'A; S) by 
Th. 6. 5 la)， by as sump七ion Ailp' = Ailp for some ρ正ヲ(A

1
，A; 8). 

Then p = p 'v (A01工 isin '1 (A， [A0 ] ， A; A0 ) (Th. 20.7) and ap = 2' -，- d ユ 2.J'~~， ~~2 

a ((Ai I p) 'v lA21工))= ap'ヂa，wl山 hmeans J(ι1 CA
1 
[A
2
] ， A; A
2
) = A
2・

Fina11y，七heva1idity of Th・工8.8(a) enab1es us to app1y a simi1ar 

argumen七七oprove七heremainder. 

Cb) By Th. 18.8 Cc)， A/8 is q-Gaユoisand 1oca1工yfinite.' Hence， 

A工ハヨ(8)/S is匂山 (Th・6.5(c))， and七hen 中 is 工-1 and 0∞n凶t
ワ(Aユ， A; 8) by Ca). Moreover， we obtain QJ (Aュ[A

2 
J， A; A

2
) = 

{σ'il(A
2
11) ;σ £匁 (A

1
，A; 8)} ( Th・20・7) and ~ (A工， A; 8) = 

OJ (A
1 
' A
1
; 8) (Prop. 20.9). Hence， we see that an e工e町 nt p in l' ~~1 
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勾(A工[A
2
]，A; A
2
) is an automorphism if and on1y if so is A11p'. If 

Aiε :IL /8 is a sゆ ringof A.
1 
1eft fini七eover 8 じhen CJ (A

1
， A; 8) 

= A11守CA.L" A; 8) = A11 CJ CA1/8) CProp. 20.9). Hence， for every a ε 
A工[A2]¥A2 we can find some p Eヲ(A工[A2]， A; A2) such that A11P'岳
写(A工/8t and apヂa(cf・七heproof of (a)l. Then， p is an automor-

phism by the above remark， which means that A，[ÂJ/Â is Ga10is 1 ~~.2'" '..2 

Hence， A1[A2J/A2 and A工/8 are h-Ga10is by Prop. 20・9and Th.工8.8(c). 

Fina工工y，七heequiva1ence wi11 be easi1y seen. 

lC 1 If Ĥ  = AハH then Â  = 8[Ĥ] and A， [Â] = A，[日]. 2 ~.2 " .. ~.2..... L u2 J ~.1 L".2 J ".1 L ..2 

According1y， no七ing七hat Ĥ/B is Ga10is by Th. 6.5 (c)， we may assume 
2 

from the beginning七ha七 A
2
is con七ainedin H. By Th. 20.7， 

OJ (A
1 
[A
2 
J， A; B 1 =匁CA

1
，A; Blマ守CA

2
，A; B). From ~ (A

2
， A; B) = 

A210J CH/Bt =零 (A2/BllThs. 6.5 Ccl and 16.5i and 守(A1，A; B) = 。(A
1
，A
1
; Bl白rop.20・91，i七 fo110wsthen 事(A

1
[A
2 
J， A ; B) = 

11 CA
1
， A
1
; B)_ 'iJ 0; (A

2
/B L Hence， P' E OJ (A

1 
[A
2
J， A; B) is an automorphism 

if and on1y if A，IP' is an au七omorphism. Therefore，今=
11 

年(A工/Bl'iJ乍 (A2/Bl is the group of a11 B-ring au七omorphismsof A工[A2]. 

8ince 81 OJ (A
1
/B)ζ 守C8，H; B) = 81守(A

2
/B) (Ths. 6.5 (c) and 16.5)， 

we have A11 ~ =字 C~/B). According1y， no七ing七ha七九[A
2
J/A1 is 

Ga工oisby Th. 18.1， we readi1y see七ha七 J(ち)= B， name1y， A， [Â]/B d' I ~，............'--"-，} ，工 2

(Ga10is and so) h-Ga工ois(Prop. 20.9) and ラ=dJ (A
1 
[A
2 
] / B) . 

(d) Since A/S is q-Ga10is and 10ca11y fini七e(Th. 18.8 (c))， 

(d) is an easy consequence of lC). 

Bia工ynicki-Biru工a[工];Nagahara [ユ0];Nagahara-Tominaga [8]; Yen [工]. 
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21. 守-10ca11yGa工oisex七ension

A七 firs七， we sha工工 consider the case that A/B is Ga10is and 

[v:C] く∞

Theorem 21.1. 1β七 A be Ga10is and 1ef七 a1gebraicover B. If 

[v:CJく∞虫色 A/B 与 OJ -~oca1工y Gaユois.

Proof. Since A is Ga10is and finite over H， A is H.V-A-

irreducib1e (Th. 6.工). Hence， A/B is h-Ga10is by Cor. 16.6 (a). 

工f [B:Z] =∞ then A/B is 1eft 1oca11y finite by Th. 11.5. Whi1e， 

in case [B:Z] <∞，七he工oca1finiteness of A/B is given in 

Cor. 11.11. Now， 1et B' be a member of jt， ~/r such that A = 
工.f

B' [H]. Since J(B' IOl i = B， there exists a fini te subse七ナ of 守
such that J CB' Iタi= B. 工f N is an arbitrary 等(H/B)-invariant

shade of B' [に)~ ， 1" B'σ]ハH then B' [にノ B'a] is con七ainedin the 
σEセ

simp1e ring M = B'[N] (Th.工8.1i. Moreover，ラ=守(B')[f']

induces an飢七omorphismgroup of M・ Since JCMIうi= B (Cor. 6.10) 
and VM(sl is simp1e， M/B is Ga工ois，which means七ha七 A/B is 

10ca11y Ga1ois. Hence， A/B is ヲー10ca11yGa10is by Cor.工1.13.
As an app1ica七ionof Th. 21.工， we can prove七hefo11owing: 

Theorem 2工.2. Ca). If A/B is 1oca11y Ga工ois七hen H is simp1e 

and for every finite subset F of A there exists an A' E ~ /H[F] 

such七ha七 [A':H] く∞ and A' /B is Ga10is. The converse is七rue，L - .::::=. 

provided A/B is 1eft a1gebraic. 

(b) 工f A/B is工oca11yGa10is七henso is A/A' for every 

f-regu1ar in七ermedia七ering A' of A/B. 

E盟主・ (a) By Th.工1.工6，H/B is outer Ga10is and A/H is 10ca11y 

fi凶七e. 工f B' is an arbitrary A/B-shade of B[E， r] then A' = 

B' [H] V B' [N_]， where N ranges over a11七he OJ (H/B) -invariant 
α α  

shades. Now， 1e七 B" be an A/B-shade of B' [N ]， and or' = 
α o  

{σ モ匁 (B"/B); B'σ= B'}. Then， noting七ha七守(B'/B) = B' I守'

(Th. 1.2).， Th. 18.工togetherwi七hThs. 6.5 and 16.5 proves七hat

B' [Nα]/B is Ga1ois. Hence， A'/B is ユoca工工yGa10is， and so A'/B is 

Ga10is (Th. 19.3 (b))， for [V̂t(B)・V̂，(A')]= [V̂，(H):V̂，(A')]ζ A ， '~/"A'\~ IJ L.A"....'..A 

[A':H]Lく∞ byProp. 5.4. By七hesame reason，七heconverse part is 
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an easy consequence of Th. 21.1. 

(b) Choose a subring B' E :K， .c> of A' such七ha七 VA(B')= 
~ 1.f 

V̂(A'}. Then， A/B' is 1oca11y Ga1ois， and then for every fini七e
subset F of A 七hereexis七san A"ξ 忽 /V2(B')[F]such七hat

A" 

A"/B' is Ga10is and [v^ ，， (B'l:v^"(A"}] 毛 [A"-:-V~(B' ) L <∞ (see A"'-.LJ L'VA"¥".l"1- I-J -= L.l"1- .vA¥.LJ 'JL 
七heproof of CalL. Th. 21.1 imp1ies七hereforethat A" /B' is 

ヲ(A"/B' J.ァ1oca11yGa1ois. Since A"/A' is h-Gaユoisand 10ca工1yfi凶七e

(Th. 工9.3)，A"/A' is 工oca工工yGa10is again by Th. 21.工 Wehave 

proved七herefore七ha七 A/A' is 1oca11y Gaユois.

Coro1工ary21.3. .!工 A/B is工oca11yGa工ois an~ [A:H]Lζ 氏O
七hen .A/A' is 守CA')ー工oca11yGa10is for every f-regu1ar in七ermedia七e
ring A' of A/B. 

立2ζ・ Since A/A' is h-Ga工oisand ユoca工工yGa10is by Ths. 19.3 

and 2工.2(Tl， our assertion is c1ear by Cor.工7.13.

Next， we sha11 consider七hecase七hat A/B is Ga10is and 

[V:CO] く∞

Lemma 2工.4. Assume七hat A is Ga10is and 2-a1gebraic over B 

盟主 [V:C。] く∞・ 話主 Q be七hese七 ofa11 q モA such七ha七 B[qJE 

2L O .工f. Bq..C ~hen 七here ho1ds七hefo11owing: 
工.f 一一 千

(β.1 Q contains an e1emen七 q' such七ha七 H is no七 con七ained

in the center 0f 古臼[q'] 1・
(bl There exists an e1e即時 a such七ha七 H [a ] ~ V and H i s 

not contained in the cen七er0f H[aJ. 

Proof. (a) By七hepro∞of of Cor. 8.ラ， we can easi工ysee A = B[Q]. 

In case n = 工， for an ar七bi七工rary b モB¥C 七hereexis七san e工emen

q'ξA such七ha七 b，q'ヂq'b，and七hen H is no七 con七ainedin七he

ce耐 rof三CB[q']1. 地斗e，in case n > 1， we may assume tha七 B
contains an e1emen七 b=}  x..e.. wi七h x~ 工 and x. 0 for 

L. -~ij -ij 工n :Ln 

every i ~ 2 (Prop. 8.31. Then， by Lemma 8.4 (b)， q' = u(E， 1) is 

in Q. Since 吋ヂ仇 H is not con凶削 in七hecemof v:(h']) 

(b) By (a)，七hereexis七ssome q'巨 Q such七ha七 H is not 
2 

con七ainedin七hecenter C' of A' = V~(B[q']). We se七 B'= B[q']. 
A 
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Case工 c'<1-C 0 : For any x E C '¥co，there exis七ssome y長 V

such 七ha七 V = C，Jx， y] CTh. 工工.工6)• 1f B" = B' [y] = B [ q' ， y] 七hen
o 

A" = v~ CB" t:> B" [A'] .~ H[x， y] :> V. Further， we obtain ∞>  [B":B]L 

> [VA"(B):V
A
，，句")]R= [V:V A，，(A")J CProp・5.4). Hence， A" is inner 

Ga工oisand fini七eover H CTh. 7.7). Since H q.' C' in:叫ies H ct. 
V A" (A")， there exis七ssome a such that A" = H[a] (Th・工1.工6).

Case 11. C'ζC
o
: Obvious1y， V' VACB') is a centra1 division 

a1gebra over C'， and so V~ C 'V' = C~ ~r1 'V' is a simp1e intermedia七e， ~u~....~ 0 ~o ~O_-C' 

ring of V/C~ (Props. 4.2 and 4.31 and vc:.;.lv~) = V~ (Th. 7.7). Accord-
v.....'o~ 0 

ing1y， in case V 乙 V 七hereho1ds c_ c vu(v_l = vu(v')く A'，and O 芋 V~~~~ ~ ~~~~~.... ~ 0 ;;= • V ¥.. • 0 1- • V ¥. 

hence for an arbi七rary x E VVCVo)¥cothere exis七san e1emen七 Y such 

七hat V = Co[x， y] CTh. 11.工6). Then， by the same argument as in Case工

we can find an e1emen七 a requested・ Whereas，in cas e V。=V，A"= 
A'・V' A'③C' V' is a centra1 simp1e a1gebra over C' containing V， 

for [v':c'] = [v:c_] く∞・ Since ∞>  [B':B]L ・ [V':C']~
O 

[V:V' ]・ [V':C'] = [v:v̂，，(A"l.J by Prop. 5.4， A" is finite inner Ga10is 
A 

over H CTh. 7.7). Now， in七hesame way as in the 1ast part of Case 1， 

our proof wiユ1be comp1eted. 

Theorem 21.5. 工f A i s Ga10is and 2-a1gebraic over B， and 

[V:C_J <∞， then A/B. i s C7J-工oca11yGa10is. 
ハー

Proof. 工ncase B ζC， our theorem is contained in Th. 21.1. 

Henceforth， we may assume a1ways B q.， C. Le七 Q be 七heset of a工工
qξA such that B[q] E Jt ~~. Then， we can choose a finite subse七

工.f

Q' = { q1' ... ， ~} of Q such七ha七 B[F]C B[ Q'] (cf. the proof 
of Lemma 21.4). By Lemma 21.4 (b)， there exists an e1emen七 a

1
such 

that A， H[a， J contains V and H is no七 containedin the center 1 --~-1 

2 
of Aュ 1f B

2 
= B [a1， q1] and A2 = V~ CB2) C.) ~) then ∞〉

[B
2
:B]L ~ [VA~ (B):V

A
_ (A
2
)] (Prop. 5.4). Hence， A

2 
is fini七einner 

Galois over H?Since H《 VA(A工 imp1ies H 1-V A_ (A
2
)， we can find 

1 - -~ 

an eユemen七 a
2
such that A

2 
= H[a
2
J CTh. 11.16). Repeating the above 

argument for B[a
2
， q2] instead of B2' we obtain a

3 
such七ha七

V2(B[a，q]}=H[a ].COIl七inuing七hes加 leprocedure step by step， we 
A~-L-2' ~2~. ~L-3 
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obtain even七u山 a2'…， at+1 E A such山古(B[九， qk]) = 
H[a
k
+ユ] Ck = 1， ... ，七1. Noting that Q'ζH[a七+工]， there exis七S

a fini七esゆ set F' of H such tha七 B[Q']ζB[F'， a... "' ] . 
七+1

H/B is ou七erGa10is and 1ef七 aユgebraic，there ho工ds B[F'J = B[h] 

for some h E H lTh. 16.5 Cc l} • Hence， i七 fo11ows [B[F]:B]L壬

[B[h， a.1. I，]:B]T <∞， which means七ha七 A/B isユeft10ca工1yfini七e.
七+1"--"L 

Now， 1e七 S= {s" ... ， s _ } b e a C -b as i s 0 f V .工f B' is in 工， .....p~ "'9 

z;.ρV F then B' I OJ =-V~ CB' Iず)forsome Tiそ守 (Prop・5・1)
We附 here B" = B' [B 'σB'σand  A":; V~ (B") ( .::> V). 工'...'m
Noting七hatVACB"〕=VA(B"[C。])=VA(B"[V])and B"[V]is cg-
invariant， it is eviden七七ha七 A" is OJ -invariant. Hence， A" is 

Ga10is and工ef七工oca11yfini七eover B and [V ̂  " (B) .: V ̂  " (A" )] ~ A""'-"-"A 

[B":B]L く∞ CProp. 5.4)， so七ha七 A"/B is 10ca11y Ga10is by Th. 21.1， 

which means七ha七 A/B is工oca11yGa1ois. We have proved七herefore

A/B is ~ -loca11y Ga10is (Cor. 11.ユ3). 

Combining Th. 21.5 with Cor. 19.2， we readi1y obtain 七hefo工ユowing:

Coro11ary 2工.6. Let A be 1eft 10ca工工yfinite over a regu1ar 

sゆ ring B， and [v:c_J く∞ If A/B is q-Ga1ois七henit is工oca1工y
0- ーー

Ga1ois. 

Moreover， we can prove七henex七七ha七 con七ainsProp. 1.16. 

Coro工1ary21. 1 . Le七 A be inner Ga10is and 1ef七 2-a1gebraicover 

B ，and [ V : C _ ]く∞ Le七 B' be a simp1e in七err日 diatering 0f A/B 
一一一ー 0-

left finite over B. If B'/B is inner Ga10is then the center Z' of 

B' is contained in Z， and converse1y. 

Proof. By Th. 21.5， A/B is 守ー工oca工工yGa1ois. Hence， A/B' is 

inner Ga10is by Th・川6(b)・ 工f B'/B is inner Ga10is then V~ ， (B) 
:; B yie1ds a七 once Z' C B ハV:; Z. Now， assume converse1y Z'ζZ. 

2 
Then， V is eviden七1yan algebra over Z'. Since V~(B') n. VA(B') :; Z'， 
vAlB') is a centra1 simp1e a1gebra of finite rank over Z' (Cor. 1・1工). 

Hence， we obtain V = v̂ (B')0..." V...，， (B) (Th. 4.8). From the 1as七A---I Vz' 'B' 
re1a七ion，we see七hat V' = v"[)，CBl is si町工e. Fina11y， i七 fo1工ows
:':'. ¥ __ 1__. ¥ _ __2/_， ¥ 

J (B '1 V') = V ̂  (V' 1 ハ V~CB ，) = V ̂  (v) = B. A..... ， "A'-- "A 



. 

工65

Now ，工e七~ and A
2 
be inter.mediate ~~~gs of A/B， and Ji) in 

D仏.;'A; B)い=1， 2t. The pair eoC1}， O(2)) is said to be compa七ib1e
c工t_ ̂ ~ ^ I . (21 

if A1ハA
2
¥o 'I.-~ 1- = A1ハA21 o 

Theorem 21.8. Assume七ha七 A is Ga10is and 1ef七 2-aユgebraicover 

B， and [V: C _ ] < 00' Let A" Ar， be ト regu1arintermediate rings of 一一一 O く ∞ 一一一 工， .H2 
(工) ，，( 2) 

A/B，盟主 S= A1ハA
2・
In order七ha七 everycompa七ib1epai!:.. (o ¥..J../ ， O 

(i) 
(-0そ D(Ai，hBl)havea common ex七ensionin D(A; B)，斗is

necessary and sufficien七七hatany of七hefo工10wingequiva1en七 condi七ions

be satisfied: 仏t D LA" A; S) = 0 or D (Ar" A; S) = 0， ane. ( 2 ) V J S ) 工， ~ ~ ， ~ I ...， ¥'-.A;L2' ...， ...... I '-' ，一一ー

= V ̂  CA，) or V ̂  (ArJ . A '.--1' . A "'--2 

立oof. Since A/B is ~-loca11y Ga10is (Th. 21.ラ)， the equiva1ence 

between (工)and (2) is easy by Th. 6.工3(b). Now， assume七ha七 every
(工) " (2) 

compatib1e pairβ ，o¥'C't has a common extension in D(A; B). Then， 

for any o E D(A; S) there exis七ssome o特長 D(A;A工 such七ha七 A
2
¥o袋

= A
2
¥o . Since o - o後と D(A;Ar，) and o = o後+Co-o発)， we ob七ai， "'2 

D (A ; S t = D CA; A
1
). + D (A; A21. 工nparticu1ar， if c is an arbi七rary

e1emen七 of V ̂  CS 1 then o =ド+o" (o' E D (A; A，) and o" E D (A; Ar，)). A ¥J-' 1- C ¥ v ~ ....， ¥.....， ''''1 
Now， 1e七 B.:E 9L， .&' be a subring of A.; wi七h V ̂  CB -!) = V ̂  (A -! ) 1. f ..."......... ........... ...~~O "'... "~i . A 

(i = 1， 2}， and 1et N be加 A/B-shadeof B1¥J B
2・
Then， N¥o' = 

Nlo
c
' and Nl.o" = Nloc" for some c'ξV A (B1

) and c" ~ V A (B
2
) (Th. 

6.13)， and七heni七 fo11ows c c + c' + c" wi七hs ome c 0 E V A (N) C' 
O 

VJA， )ハ VA(Ar，). By the proof of Th. 2工.5，we can find a simp工esubririg A ¥ --1' ， ¥ . A ¥ --2 

A* of A such七hat A*:> A工V A
2 
V V and [V:V

A後
(A発)]く∞・ If

[VA(A工):V
A後
(A後)]ゑ [VA (A

2
) :V
AぷA

後)]七hen VA(S) = VA(A
1
) + V
A
(A2) 

imp1ies [V ̂  CS}:V ̂  (A， )]・ [V̂  lA， ) : V ̂  JI. ( A判]く 2・[V̂  (A， ).・ V̂ M.(A鋳)]， and hence A ¥-'"-' 1. • ， A ¥J1-1 1 J L Y A \...~11 • ， A発 A 工.'A* 

七hereho1ds VA(A) = VA(A，}， proving (2). Converse1y， assume that 
{ :(ユ1 rC21 VA(S). = v̂ CA，) and (o，_.J..L， O'-l:.L) is compatib1e. Take an e1ement v'ξV A ¥-1-1 

such that o(工)= A1¥ o
v
' (Th. 6・工3)・ Since Slo(2) = S¥o(工 S¥ ov" 

( 2 ) . _...L _ -' _. _ ~ T"> { ^ '"' ¥ r (.2 ) 
O¥LI _ Af')l o~p ， is contained in D(AI")' A; S). Hence， O¥.L-I - A0Io..r' = 2' ..~， ""'1' -----~-， --2 I 

A2¥ov" with some v"モVA(S)= VA(A1). (.Th. 6.13)， and o = ov' + ov" 
is an extension requested. 

Combining Th. 21.8 with Prop. 20.3 Ld)， we readi1y obtain the next: 
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Coro11ary 2工.9. Assume七hat A is Ga10is and 1ef七 2-a1gebraic

over B ， [ v : C _ ]く∞ and [A:H] 毛~ A' Le七 A" AA be f-regu1ar -一一一 o J --，一一一 .......JL - ...J，¥ O' 一一 工， "2 

in七ermediaterings of A/B such七hat A， /AハAA and AA/AハAl' ~.1' . ~.2 一一一 2' --1 "--2 

(工，.(2)¥ (，.(i) 
are w-Ga1ois. 工fevery co即 atib1epair ( o ¥-.J.. 1， O ¥ L.. t) (. OξD(Ai，ASB)) 

has a common extension in DlA; B) 七henevery compa七ib1epair 

Lσ工， σ2t(σi E 句(Ai，A; B)J !!as a cornmon ex七ensionin 

Fina11y， by七heway， we shaユ工七reatwith a1gebraic extensions of 

bounded degree. In Cor. 9.7， we have seen that if A/C is a工gebraic

and of bounded degree then A is finite over C. Our principa1 aim is 

七oprove the S8且efor Gaユoisex七ensions.

Lernma2工.工O. 1β七 B be an intermediate fie1d 0f A/C. If A/B 

is 1ef七 a1gebraicand of bounded degree then [A:C] <∞.  

立笠f. A七 first，we sha11 prove B/C is a1gebraic. If no七，七here

exis七ssome xモB 七ha七 is七ranscenden七a1over C， and七hen

{1， xo' x~ ， ... } is BT-free (Prop・5・1). Now， 1et X be an R' J>.R' ... J ~L 

arbitrary non-zero B-B-sゆ Iωdu1eof A wi七h [X:B]，. <∞， lJv(入) a 
L ' ...x 

minima1 po1ynomia1 of xlxo over BT， and 1et n(X) be the degree I~.R -L 

of lJ
X
(入1. Then， there exists some u εA  such七hat UU..r(XTJヂO.UlJX¥xR 

If X工=X + BuB then [x， :B] く∞ and n(X，) > n(X). Con七inuing工 L - ---- --"'-.1 

the same procedure， we can find a B-B-submodu1e Y of A such七ha七

[Y:B]L < ∞ and nCYl > m = max { [B[a] :B]T}' As is we工ユ known， there 
aEA 

n(Y)-l 
exis七san e1ement yと Y such tha七 {y，yx

R
， ... ， yx~ 

1ef七 B-free(cf. Jacobson [3; p. 69， Th. 1]). But，七hisimp1ies a 

contradic七ion nlY)' 毛 [ByB:B]L ~ [B[y]:B]L毛 m. Second1y， suppose 

七ha七 [B:C]=∞，  and take an intermedia七efieユd B袋 of B/C such 

七hat m く [B餐:C]= k く∞ Since A is inner Gaユoisand fi叫七eover 

七hesimp工ering A袋=V. (]3叫 and V ̂ (A持).= B恭 ζA発 (Th.7.7)，七hereA'''- ~ "A 

exis七 some a E A and non-zero b
1
， ... ，b

k 
~ B発 such七ha七

，、、J

{ab" ... ，ab-，_} is a 1ef七 A後-basisof A (Cor. 9.5). Reca1工inghere l" " --k 

七ha七 BC A*，七he1as七 yie1ds七hecontradic七ion k ~ [B [ a] : B] L ~ m ， 

which proves [B:C] く∞ According1y，we ob七ain [A:C] く∞ byCor. 7.9. 
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Proposi七ion2ユ.11. 己主 A b~__1~Xt a1gebraic over a simp1e ring B. 

men， the fo11owing condi七ionsare equiva1ent: (工) [B:Z] く∞ and A/B 

is of bounded degree， (2} [A:C] く∞盟主 B・C/B is of bounded degree， 

and臼) [A: C] く∞ and Z.C/Z is of bounded degree. 

Proof. Evident1y， B・C= B @t7 Z ・C and (2)=→(3) . (工)ーテ (2): ， ....-v ....， ~ Z 

By Cor. 8.5， we can find some B' = ) n D'e~ ， E ~ ~ ~ such that 
/..， 1 --ij - .，.，.... 1. f 

V^({eJ~}}/D' is 1ef七 a1gebraicand of bounded degree. Since [D':VB，(B')] A ~ l-ij 

く∞ (Cor.7.111， V̂C{e; ~}) is 1eft a1gebraic and of bounded degree AH-ij 

over the fie1d Vn，(s').C. Hence， by Lemma 21.10， [V^({e;~}):C] く∞B' ¥--U I ......"'-.L.L'-'-， LJJ '--L ...LV， l Y A ¥ l"'-ij 

name1y， [A:C] く∞・ (3tー→(工}: Let A = ) ~ Ca~ ， where a， = 1. There L. 1 v.....i' 

exis七sa positive in七eger k such七ha七 everysubring of七heform B[c] 

(cモcipossesses a B-basis consis七ingof a七mos七 k e1er日 n七sof C. 

According1y， if c
1
' ... ， c七 arein C then B[C

1
， ... ， c七 possesses

七
a B-basis consisting of a七 mos七 k~ e1emen七sof C. 1n case Bく C，

2 
theユastyields[B[x]:B14S -ks +S for every xεA. On the other 

hand， if B <1. C then A = (13・C)Ja] wi七hsome a (Th.工2.ユ). There 
exists therefore a fini七esubset F of C such七hat {a"... ， a_}ζ 

l' 
B[F， a]. 1f x = y s cJa~ is an arbitrary e1ement of A and F' = 

/..， 1 -i-i 

{c1' ... ， c~} (く C1， i七 isobvious七hat B[x]く B[F，F'，a].
Hence， [B[x] :B]L ~ [B[F， F'， a] :B]L = [B[a]・B[F，F'] :B)L ~ 

s+#F 
[B[a] :B]・k~ . TT J.

O

• Fina11y， [B : z] く∞ byCor. 7.11. 

Coroユ1ary2工.12. L主主 A be 1ef七 a1gebraic and of bounded degree 

over a simp1e subring B with [B:Z] <∞ 1f Z.C is a separab1e 

fieユdex七ension0f Z then [A:B] く∞

立旦Z・ By Th. 21 .11， [A : B] L ~ [A : C]・[Z・C:Z] く∞・ Since七he

simpユering V̂(Z.C) coincides wi七h B ~ t7 V (Ths. 7.7 and 4.8)， V is 
Z 

a simp1e ring. Now， our asser七ionis a consequence of Prop. 7.工2(b). 

Theorem 21.13. 工f A/B is Ga工ois，1eft a1gebraic and of bounded 

degree， then [A:B] く∞.

Proof. To be easi1y seen， one may assume tha七 B is a division 

ring. Since V/Z is Ga工ois，a1gebraic and of bounded degree， we obtain 

[V:Z] = [V:C_]・[C_:Z]く∞ (Cor.7.9). 工nc as e [ B : z] <∞， our 
O 

asser七ionis evident1y contained in Cor. 2工.12. 1t remains therefore 
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to prove the case [B:Z] =∞Then， by Cor. 8.5，七hereexists a B' 

L i 円モ~ ~.f. Since BxB' = (Bx}L i B円 ζ li B[x]~ ， we see七ha七
[ BxB' : B ] L ~ r叩 forevery x E A， where m = max [[B[y]: B] L}. Suppose 

yEA 
now 七ha七[守 ~:~]R =∞Then， for an arbitrary integer 七>mp， we 

can find a subset {σ工 σt} of 匁七ha七 isfree OVer ~ (Prop. 

5・7i.Choose here an arbitrary non-zero B-B '-S11bmodule Mo of A 
七

with [Mo:B]L く∞・ If [2 ~ (Molσi)~:~]R く七 (cf. Prop. ラ・7)，then 
t 

七hereho1ds a ∞ト七riviaユre1a七ion:L ~ (Molσi)a
iR 
= O. Since α=  

L ; ・ n-zero，there exis七ssome a'モA such七ha七 a'α ヂO.1 U i -iR 
七

men .Ml=M。+Burislef七 finiteover B and [L ~ (Molσi)~:~]R 
< [2 ~ (M1 1σi}~:~]R ・ Repeating the same procedure， we can find 

evmfua均 a B-B'ー帥mod山 M = 2 i Bdj of A such 七ha七 L ~ (MIσi)~ 
= EDi CJ.1 1σi)-~ ・ As [V: z] く∞， N=2iJ(djσi)V is a finitely 

generated righ七 A-submodu工eof A. Hence， there exis七 acoun七ab1y

infini七enumber of non-zero e工ements b_ _ b~_ ... in B such七ha七
l' .....2' 

L ~ Nbi-= (f) ~ Nbi lProp. 11・工1・ Now， 1et a = 2 i djbj ε M)， and 
α， = I ~ CMIσi〕viR an aぬ i七rarye工emen七 of ED ~ (MIσi)V

R・
Sinceevery 

d.:a' is in N， ') (句，1v-， =ω=  ') (d.la')b ヂO. Hence， we have j ~ .. ~ L. ¥--V i 1-. i L. ¥ -j - I ~ j 

proved that {8.(11' ... ， aσ七} is right V-free. We obtain七herefore

t'IVl毛 [a句VRIV]. On the other hand， if M' = BaB' then [a守VRIV]

毛 [(M'I匁}VRIVR]= [(M' I~ )VR:VR]R・IVI 毛 [M': B ] L' I V I ~ mp・IVI
(Prop. 5.7 (b)). Hence， combining七hoseabove， we obtain a con七radiction

t ~ mp. We have proved七hus [OJ ~ :~]R <∞，  so七hatthe two-sided 

simple ring 匁~ is simp1e Ccf. ~ 7} . Now， v(J( (匁~) = B
L 
yie1ds our 

assertion [A:B] く∞ CTh. 3.11 Ca)J. 

Bia工ynicki-Biru1a[工];Jacobson [6]; Nagahara' 15]， [6]; Nagahara-
Tominaga [4]， [6]， [8]， [9]; Nagahara-Nakajima-Tominaga [工];Nagahara-
Nobusawa-Tomina伊， [1]. 



工69

22. Some exa.mp工es

22a. By Ths. 21.1 and 19.3， we see that if A is Ga10is and工eft
a1gebraic over B and [V:C] く∞七hen七hereexists a 1-1 dua工corres-

pondence be七weenc10sed (刈-regu1arsubgroups of ~ and regu1ar 

intermediate rings of A/B， in the usua1 sense of Ga10is七heory.

However， even in七hiscase，七hereexists a gap be七ween(後)-regu1ari七y

and r可侵-regu正arity. Prior 七ogiving an exa皿p工e，we sha工工 specia1ize 

Th. 工8.工3as fo工工ows:

Proposi七ion22.1. 詮jL A be Ga10is and 1eft a1gebraic over B， 

盟主 [V:cJく∞ If OJ' ~s an N*-regu工arsubgroup 0f 匁 旦主主

工(C1(，;t ') = 工lOJ' t， 七henthe fo工工owingconditions are equiva工en七:
(ユ OJ' ~三(列-regu1ar land so regu工arby Th .工8.12)，(2) 立 A

{R.
k
} ~s a 1ef七 H-basis 0f A 盟主 q努 =OJ(B[E， A]) 虫主主

(C1 OJ': (ヲ後代 C工守， }・工(ヴ， f')く∞ ，笠生 (3) (C1ヲ， : (ラハ C1oJ ，). 

I(句，r-)< ∞ for every open subgroup ぢ of 守.
-_ __2 

E旦Z・ ByTh. 7・7，[ V : c] = [A : H] and V~ (工(0;')) =工(守， ) . 

According1y， by七he"，-a工idityof Th.工8.13，it is 1eft七oprove (2)=今(3). 

Without 10ss of genera1i七y，we may assume here七ha七守 isc10sed and 

ラ=ヲCB') for some intermediate ring B' of A/B [E， A] 1eft fini te 
over B. Since CJ後ハヲ isa c10sed subgroup of七heouter group 

守秘= ~ lA/B[E， A])， T = JlOJ袋ハ句， ) is regu1ar and OJ後ハOJ-'= 

守(T)CTh. 19. 31. 1 f T後=T[B'] then [T*:T]く∞ (Th.19.3). Hence， 

by Th. 16.5 (c)， we have (守録ハヲ， : OJ (T川)= #lT発I(守袋ハ 01'))= 

[T*:T] < ∞， whence it fo110ws that ((句*ハ句， )・工(匁')~:47(T発)・工(OJ')"") 

く∞ Notinghere that 普くOJ-*， we obtain (守， : (ラハ匁， )・I(等， )I'V) 
F、 ν

= (写， : (句発ハ'1'}・I("}')1・C(OJ後ペ句， )・工(ox-'r:OJ(T判・工(1')-)く∞

Coro11ary 22.2. 詮jL A be Ga10is and 1eft a1gebraic o~er B. 工f

OJ-~ s a1mos七 outerthen every c工osedN*-regu1ar subgroup ヲ of 1 
i s regu1ar. 

立oof. 工nany rate， [v:c]く∞ and 0( is工oca11yfinite (Prop. 

16.2) . 工f B後=B[E， A] and 匂袋=句 (B各) Cunder the nota七ionsin 

Prop. 22.工)then ∞>  #(H刈ワ')= (守， : OJ *ハ "f') ~ 

(句， : (旬発ハ匂， )・工(匁，) ). Hence， Of' is regu工arby Prop. 22.工.
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Examp工e22.3. Le七 C be七hea1gebraic c10sure of the rationa1 

number fie1d P. As is we11 known， the Ga工oisgroup OJ-(β/P) con七ains

an automorphismσof infinite order. Now， consider七he 2 x 2 
l"' 2 

comp1ete ma七rixring A = >: L. Ce.:.! = (p}r) @n  C over C with七heム工 ij \--~ '-2 '->' P 

system of ma七rixuni七s E = {e.:.!}. To be easi1y seen， A is Ga10is 
ij 

and 

ユoca11yfinite over B P， and [V:V̂(A)] = [A:C] = 4， and 守(C/p)
A 

may be natura工1yregarded as a subgroup of 守=守(A/B).工fwe se七

a 工+e21
七hen J =工+ke21 for every integer k. Let ゲ be

七hesubgroupσ宮] of ヴ genera七edby σa. No七ingthatσぎ=ぎσ

and σ is of iぱ i凶七eorder， one wi11 readi1y see that OJ-t is an 

ou七 e~ group of infini七eorder. Moreover， if T is an arbitrary 

e工err

A/八(pL.， wi七h [B-， :P] く∞七hereexis七 in七egers k" kr) such七ha七i 
.... J "'............. ~ ......n......... v ...... v.....o~... ..... ..L1

， ..L2 

Bilτ = Bi I (1σalki (i = 1， 2)， whence we have (p)2Iak1-k2 = 1， nameユy，

l + (k -k  )e = akュー
k
2ξ P. Hence， i七 fo11ows k， k~ ， which means 

工 2I -21 " 
~ - .._..--，工 2

τ=  cσalk1 E OJ 
t
・ Thus，we have seen that ~' is a c10sed (outer) 

N*-regu1ar subgroup of 勾・ Fina均， as H 古(B)= C， OJ (B[E]) = 
匂C(p)2) can be taken as OJ

発 in Prop. 22.工・ If τ=  (σa)
.l¥. 
is 

IVk 
contained in 句後ハ匁' 七hen CP12la

l¥. 

= (P)2IT =工 wi工1yie1d at once 

k = 0， which proves that 守努ハヲ=1. According1y， it fo11ows七hat

(OJ' : C句袋ハ句つ・工(Pd').ケ)= u勺工)=∞ Hence， 句 cannot be regu1ar 

by Prop. 22.1. 

22b. In Th.ユ9.3，七heexis七enceof Ga工oiscorrespondence had七O
be restricted to f-regu1ar in七ermedia七erings. In case A/B is inner 

Ga10is and h-Ga1ois， an in七errr肘I

is no七hingbu七 saying七ha七 T is a simp工esub工ring工ef
、
tfini七eover B， 

叩 ds印oTh. ユ功9.3(いc)makes essentia11y no progress 七拍ha飢nPηro句p.6. ユ江工 In 
what fo1ユows，we sha工1dea1 with a specia1 inner Ga10is extension of 

which七heGaユoisgroup is no七 1ocal1ycompact but 1.f.d.， and for which 

七hereexists Ga10is correspondence between邑1the c10sed regu1ar 

subgroups and込よ七heintermediate rings. 

Throughout the subsequent study， we assume a1ways七hat A と



• 

‘ 

O}-l:oca11y Ga10is over a fie1d B 盟主宰 1sabe1ian. Under this 

si七ua七ion，the 1a七terpart of Cor. 9.5 (b) is sti11 va1id. 
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Proposi七ion22.4. If A i三 oj-1oca11y Galois over a field B 

盟主宰 isabelian，七heneither A is a fie1d 0r B coincides wi七h

V， and so every intermedia七ering 0f A/B is simp1e. 

立公工・ By Cor.工7.13， A/B is Ga1ois. In case OJ is ou七er，七he

comm.uta七ivi七yof A has been shown in Cor. 4.9. Therefore， in wha七

fo11ows， we may res七ric七 ourattention to the case VヂC. Le七 v be 

an arbitrary e1ement in V¥C. Then，七hereexists some a ξA  such 

七hat vaヂav. Now， for every w正V，we can find a 守-shade A' of 

B[a， v， w]. Since <lJ(A' /Bl (く A'1 OJ 1 i s abe工ianand VA，(B) does 
no七 coincidewith the center of A'， v̂，lBl = B by Cor. 9.5 (b)， which YA' 
proves evident1y V = B. The simplicity of every intermediate ring is 

七hena consequence of Cor. 6.2. 

工nwha七 fol1ows，we assume further that A is non-comm.u七a七ive，

namely， A is inner Galois over七hemaxima1 subfield B (Prop. 22.4). 

We sha工工 in七roducehere the fo工工owingconditions: 

(il If C' is an intermediate field of B/C with [B:C']く∞，

and T an in七ermediatering of A/B wi七h Vm(T)ζC' ，七hen七here
T~-' 

exists an intermedia七ering B' of T/B such tha七 V
B
'(B' )ζC' 

and [B' :B] <∞.  

(.ii) If C' is an intermediate field of B/C then there exists 

a fami1y {C'} of in七ermediatefields C' of B/C such七ha七 [B:C'] 
α αα  

く∞ and (¥ C' = C'. 
αα  

(iii 1工f C' is an intermediate field of B/C wi七h [B:C'] く∞

七hen [c":c'ハC"] く∞ forevery intermedia七efie1d c" of B/C. 
If T and T' are arbitrary (simple) intermediate rings of A/B 

七hen VACT) = VT'臼1= V B CT 1， and J (T I吉=B， and hence T/B is 
a1ways inner Gaユois. In particular， if [T:B] く∞七hen [T:VT(T)] = 

[B :VT(T)]ι== [T:B]ι く∞

Lemma 22.5. 詮t AヂC b三 OJ-工oca11yGalois over a fie1d B， and 

詮!. "J Ee a泊bel工i勾an.
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[B:C'] <ω ，盟主 T 田 intermediaterin~ 0l' A/E 註主主 VT(T) C C' 。

A8sume the condltion (1). I1' T' is阻世七日目rYlntermediate rinR of 

A!T 笠旦 VT，(C').!s a central simple al~ebra 01'口ロiterank ove，r C' 
主旦t. By the condition (1)， there exists副 lntermedle.色erlng B' 

01' T/B 加 chth叫九，lB'}ζC' e.nd [B':B] < • 四回.by the 

曲。'verem帥 ・四 have [B':VS，(B'}] <皿，副 80 ~ ， (C')::: C' 日田町
、回目的eroz f=vB1ω，) coin巴id田 with C'. If B・司 VT，(C')
( ::> S") then 0' C VS，，(B*)， C YB*臼")::: VB"白")=0'，0醐 ely，VS，，(B") 
'" V B* lB*) :: C I • We obtain therefore 舗:> [B":C'] ::: [B":VS，，(B*)] 

[B*:V世田"lJ'" [B*:c'l 

Theorem 22.6 註主 AヂC b三 oj-!ocallv Gaユ。印刷era fiel2:. B， 

盟土1.t 帯註」単込旦 玉ft主主主旦邑込旦主(i)， (ii)盟且 (iii)旦旦
gatlsfled then there exlets e. 1-1 duol巴orresDondencebetween closed 

r'"叫町"'泌氏rOUPB0f. 111 6lld inter理ediaterin，.;s 0f A/B，!旦主主主且旦邑
aen白e01' Ga.loh色heorv.

宝盟主.Le必 T be田町bitraryi同 ermediatering ot A/B，田d x 

arbltrary element 01' T' = r.lTl. 1f T， ::: S[x] and C， = Vm (T，) IAl1T1  1 

出回~ > [T1:B] [B:C1]， Notins拍同九;;VT
，(T1) .:> VT，(T') ;; 

VTli'} ;; VT(T). we see油国 VT，(C1)皿 d VT(C1} are central simp1e 
algebr回 offinite rank over C

1
仏園田 22.5). Hence， [B:C

1
] ∞1ncides 

w1th [V臼)'BJ，阻d50 X 15 CO叫 ainedin V"，，(C、)= Vm(C、}く官。T'"-l' .-.， -- 官、-1' "T'-l'_ 
We have prov凶愉us V;tTl;; T. Next， we sha11 prove出品 vile')=c，
for every 1ntermediate field C' of B/C. By the cond1t1on (1i)，出ere

existsa family {C』} ofint町田diatefie1ds c; 。T B/c such出品
[B:C' J <個 andハ C''" C'. Since every V̂(.C') 16 a centr叫 simple。αA.
algebra (，ρf fln1te rank) ov町 C'(Lemma 22.5)， C~ ;; V~(G') ハ九 (0') = 

古り‘It白11oW'sther曲目 C'cfv)ι ハ;fIH;)三へ“cJ=Cl，
n皿ely ， v~lC'l=C ' ， F1nally，四 shal1pro四曲目 A川 1sleft locally 

finlte， Let F be an arbitrary fin1te subset of A， If we set T骨=

B[F] and C・.V
T・(T*)，then [B:伊;;[T*:B] < .. Accordlngly，臼

cflzVT{T)=vAtT) 柏田 [C" :C・ハ c"]<・ by拍 econdit10n (111) 
Since the center of T， = V.(C・ハ C") coincides w1th T.'(C・ハ c")1 "A'"v "._~..".~~".v ~ ~U.. "A 

c・f"¥C" by the日 cond回 BEEtiongiven above，weobtainITl VTl(C")lz 
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[ c"。円ゲ<"'. Recail.ing here that T
1
.) V A (門=令官):: T by 

也、efirst 8.ssertion given 曲。ve，抗 18evident the.t T:: VA(C") '" Vm (c"l 
-1 

We obta!n therefore 丸一T]::[C":C*r'lC"]. Since T
1 
conta!ns 

。bviously T* as well由民 itfo:日明白油田 [T[F]:T]L~ [T
1
:T] <・

whicb proves the left local fin!乞eneS6of A/T. Since A 1s B-A-

irreduclble by Th. 6.1. A 1s T-A-irreducible much more. Accordingly， 
A/T 1s h-Ga1ois by Cor・17.12，阻d$0 OJ(T):: Cl VA(Tf" by Th.ュ8.12

Ex四lple22.7 工nwhat l'。ユ10W5，we shall presen七""ex岨叫epromised 
at the opening of this 8ubsection. By G 陶七hel工J，there exlst a 
count由 ly!nflnite number of lnon-c咽 mutative) cen色raldivisioD a1gebras 

Ai of flnlte rank over the ra七10n8.ユ numberfield C 目uchthat [Ai:C] 

a.nd [Aj:C] 町 erelatively prime for every 1ヂJ. Slnce every Ai 

18 a cyclic divi目。nalgebra over C (Brauer-Hasse-Noether [1])， Ai 

conta1n8 a max1maエsubfie1d B， that 18 a cyc1ic extens10n of C 
(i) 占

岱len，A ，-， A， ~" '.. @" A~ is a central div1s1on al.gebra over C .1 ~C ... '"'C."1 

(Cor. h.h). If 1 毛 J th田 bythe canon1ca1 18冊。rphi阻 A(1) ma.y 
(J) 

be regarded as a d1v1s1on subaエgebra0/ A~~' ， and so we ma.y cOss1der 
l i) 

もhecen色raJ.d1v1sion algebra A ~ lim A'-I over C. Obv10us1y， 
(i) ←サ (i)

:， ~l@C ... ~C B
1 
is am阻 imalBubfie1d of A'-'，皿@出回 B'

(i 1 
1im B' -I i9 a maxima1 5ubf込e1dof A. Since B" B~ ， ••• are 
-ー今 l' -2 
indep四 dentover C as subf1elds of B (namely， the四 tersectionof 

every B
1 
vith乞hecomposi也eof a11 B.1 's excep.色 B

1
1s C andセhe

composi te of叫 1 B，'s 1s B)， ve shaIi write B =廿"B Evidenty， j .-_..- "ユ i
J(吉). B， lA'Bl胃.>>0' and七hereexisも回 infinitenumber of non-f-
目 gularintermed1ate rings of A/B. If F 1e即位、itr町， fi叫同

(i) 
叫 .bseも of A. F 1s conta1ned山田町 A，-， ， so that 副Flく

Alil. @，.. Z(i). vhere Zli) = lT:"" B. Hence. [B[F] :B] 毛
" 1+1 

(i) _ _li) 
[A''''' IilC Z~."':B] <園， which proves出 e1eft 1oca1 finite問自 of A/B. 

According1y， ~ 1s not 10calユ.y，凹pact(Prop. 16.3) but l.f.d. (Prop 

16.h). In be1ov， we sha1工曲。vth叫 tbeabove extension A!B satisfies 

the condit1ons (i)， (ii)阻.d(ii1) lntroduced曲。ve. Eve可"1i ~ 
(v) _ ~~n(V) 唱(Br!C) c阻 beregarded natural1y a8 a subgroup 0/ "1' v， =唱(B'V'!C) 
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for ¥1 ~ 
(¥11 __.:1 ，"(¥1)一(¥1) i， and then 守 and OJ ~ ー写(B'VI /B~) coincides wi七h
工工

v 

七hecyclic group C1J 1 x ・・・ × 勿V and 号工× ・・・ × qi× ・・・ ×久 ， 
(¥1 ) I 

respec七ively. Now， 1e七 C後 bean arbitrary intermedia七efield of B ¥. I /C， 

and ラ=守 (B(¥ll/C*l. Then，七heGalois group ち.OJ~ \I) of B(¥I) /C発ハ Bi
りユ

coincides with うハヴii× qfJ)，and七henit叫 ows七hat ラ=
-1.. '" hT ¥ m (¥1 1 ハ:=工(ラハ守i2 x 守i - Hence，we obtain C傍=(c後ハ B1)@C ... C o 

(C特ハ BνL. 工f C' is an arbi七raryintermedia七efield of B/C then 

C' = TT~ Cc' ハ B~l. In fact， for every c'モ C'，C鋳=c[c'J is contained 
ムい) ム

， and so七heabove remark shows that C脅=(c特ハ B.，)~ 
工 C

・~，.， (c器パ BV〕， whencewe readily obtain CT=π∞ (c'ハB.)・ 工n
ユ

what follows， this fac七wil1be used free工ywithou七mention. Obviously， 

B is f凶七ewer CJ= 寸1(C'ハBi〕@Cz(αand C' =寸:(CTハB
i
)

=ハ~ C~ ， which provesω). Now， assume that )[~:C'J <∞Then， 
3 ω)  

C' =寸~ (C'ハBi1 o C z'-<J I for some sufficiently large j， and so for 
any intermediate field c" of B/C there ho1ds c"ハC'= 
廿 i(hcvハBi1~ C寸;+工 (C川 BiI Re叫 ling七hat C" = 

寸iLCH ("¥ Bi 1 o C 1T;+工 (β川 Bi)，wer倒均 ob七山 [C":C"ハC']
〈 ∞ ， proving (iii). Final工y，we sha工工 prove (i). Let T be an 

(¥1) """ <"7(¥1) arbitrary intermedia七ering of A/B. 工fwe set T = (A ¥ V I <8>門 Z¥V/)ハT
¥1 ¥J 

then T = V∞ T ， and so Vm(T) ハ∞ Vm(T) =ペ∞ V"， (T). Since 工¥1' ~~-... ~ ~ . T ¥. ~ I • ¥ 1 . T ~~ ¥1 I . 1 1 . T 
V 

V T LT ¥1 1:> V T . ~ C T ¥1 +工)， we Obtain Bi 〉 Bli 〉 B2i 〉 ・・・ ( ) c)， 
¥1 -¥1+工 v

where Bvi=VT(TJ ハ Bi-However，as ハ:=工~=(ハ :vT(Tv))ハBi
¥1 ¥1 

= VT(T)ハB~ and [ B ~ : C ]く∞，七hereexists an irluger vi such七ha七ュ
BV ， .=VTLT) ハ B~ for every ¥1' > \I~. Accordingly， if ~ > 
工 工

max { ¥1" ... ¥1 .: }七hen V m (T. i = lT∞ B .ζ(Vm(T)ハ B.，)o 
V j J • Tト υ 11 i=工いi ¥ 'T 工 C 

・ o，.， (vm(TlハB.!)~ ，.， z (j )ど C'・ Thistogether wi th [T. :B] <∞ C -"T¥.-"" '-j' 'U' C 

shows the validity of (i). 

Ko七he[工];Moriya-Nagahara-Tominaga [工J;Nagahara-Tominaga [8J; 
Tominaga [12 J . 

』惨
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