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whence i Žµ fo1 •Hows our asser Žµion.

(b) If T •©•̈ ƒÐvR (v E A) under Žµhe �B�R�-�~�-�i�s�o�m�o�r�p�h�i�s�m�Ä�~ N; �Ã�~ ÿ�

then for every �b�'�~� B' we have �b�~�T !•!’ �b�.�.�!�Ã�v�_� =ƒÐ(b '0 • v )•C...•C and R" . -Rv'R . 'R 

ƒÑ(b' T )R •©•̈ ƒÐ(V.b'T)R' whence it fo110ws b'ƒÐ •Ev = V.b'T •E In particular •C 
if b' is in B Žµhen b'v vb' •C which proves v is in V.. Hence •C 

ƒÐ=ƒÑ Žç The converse is obvious. 

(c) By �(�a�) ÿ� �Ã�~� is BR-AR-isomorpr Ž R Ž µo some TAR hƒÃ ƒ‰) . 
Hence •C our conc1usion is given by (b). 

Coro11ary 6.7. Assume Žµhat A is w-q-Ga •Hois and 1eft •Hoca ƒ†•H y

finite over B. 1eŽµ B' be an in Žµermedia Žµe ring 0f A/B 1eft finite 

Š}ŽåŽå B•C–¿Žå p ’æ B-ring homomorphism 0f B' ŽåŽåŽå•Š A. If A Žå

�B�'�p�-�A�-�~�r�r�e�d�u�c�i�b ]å �e then A L ŽO B'-A-irreducible •Cand converse1y. 

—§”bZ•E By Th. 6.5 •C T21 �~� (T •H•C A; B) =–æ (T 2 •CA; B) for every 
O 

T1 :> Tr) in 1l �~� +•C. If �A�~� is an arbi trary member of [l ‰³o 1:' /B' •H 2 """" 1. f . �~� 4 0 �~� �~� �~�4�.� �~�~� �~� �~� v �~� �~�~�"� �.�.�.�.�.�~�.ÿ��.�~� �~�.�.�.� ol)v 1. f 

thenƒÏ= B' I T wi Žµh some ƒ Ñ E  OJ(A o ' A; B) (Lemrna 6.4 (a)). Accord-

ing •Hy •CA is B'-A-irreducib1e by Prop. 5. •H (b). (Note Žµha Žµ B'

(B'ƒÏ)ƒÑ4.)Conversely •Cassume Žµhat A is B'-A'irreducib1e. Then B' 

is in $.1 •Ef (Prop. 3.8 (a)) •C and so p is an isomorphism. Hence •C 
our asser Žµion is c1ear by Žµhe firs Žµ part.

Le mma 6. 8. Le Žµ B be a simple ring •C and B' in .1‰³.•H fê̂=.. --1. f 
Hom(BB' •C BA) Žç(B' •CA; �B�)�~ †keæ �J�( [ˆ �(�B�' ÿ� �A�;�B�)�) B•E

Žå”bŽå. •Hf Žµ is in J( Žç(B' •CA; B)) \ B Žµhen B* B[ Žµ is a 

subring of B' proper1y con Žµaining B. Since Hom(nB Œã A) = 
�B�~� •C B 

BŒã!“ú om(BB' •CBA) (B ”­ I OJ (B' •C A; �B�)�)�~� �=Sp_Œ�|]å�)�~ÿ� it fo11ows a 

contradic Žµion [B Œã:B]L =•H.

We can prove now Žµhe fo11ow ƒGng ƒGmportan Žµ theorem.

Th eorem 6.9. Let A/B be w-q-Ga10is and ƒ†ef Žµ•Hoca11y fini Žµe.

If B' is in R ..•C -'" then there ho •Hds the fo110wing: ê̂̂ê̂ê̂ê̂ê ]̃'-' 1.f 
Ca) Hom(B •CB" •C B•CA) =‹å (B" •CA; �B�'�)�~� for everY B" E :JL •H.f/B' •E

(b) J( “õ (B" •CA; B')) = B' for everY �B�"�¶�~� 1.f/ B '. 

’S of. (a) Le Žµ T be an arbitr ’ù y member of d.ƒÏt ’¬ ide ‹© y •C
Hom(B •CT•C B•CA) is a �T�R�-�~�-�s�u�b�m�o�d�u�1�e� of Hom(B T •C BA) Žç(T •CA; �B�)�~ ÿ�� 

Žç
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and七hen HomLB ， T ， rA)=e:σ凸L~ wi七hsome σi ~ヲ (T ， A; B) 
and non-zero u~E V (Prop. 5.7 (a)， (c)). By Th. 6.工，七hereexis七S

l 

some T' in $.， ~.ρ such七hatevery均七ermeω七ering A' of A/T' 
is homogeneous1y B'-A'-comp1ete1y reducib1e with [A'IBL.AE] = IVA(B')I 

and Hom(BT， BA') = ヲ(T，A';B)A占・ Now， 1et σu
L 
be an aぬ i七rary

σiUiL・ By Th. 6.5， there exis七ssome σ発正す(T' ， A; B) such七hat

σ=  TI〆・工f A" = (T'cr*) [T'， u] 促~ ~.f/T') ， then 〆工=T'σ緑|τ"
with some τ"正句 (A"，A~ B) again by Th. 6.5. We se七 here A' A"T" 

(ζ 1[( ~. f/T' ) and σ=τ"4.LdMo  be a I山 irr.叫r
of A' such七ha七 N = Mσ'uT is non-zero (and so B'-A"-irreducib工e). o --oV-L 、

Obvious1y， A' = Mo ~ M1 ~ ・・・ @Mt and A" = No @N工@・・・ ⑦ Nt 
with some B V-At-isomorphic M.'S and B F-A"-isomorphic Ni'S ，where ェ
七+1 = !VA(B')!. Then， we can easi1y find a B'-isomorphism v of 

A' onto A" such七hat a占v = v(a'σ')R for every a'E A'・ As

v
ーム

σ'u
L
is con七ainedin HOm(B，A"A'" B，A"A") = (VA，，(B'))L (simp1e)， 

'uT = VV.， T + ... + VV_T with some v-' 's in V̂ ，，(B')・(Prop. 3. 5 ) . L 
vY
1L' 

vY
mL 

n.J..VJ..L ""V~U'- v

j 'A' 
A'J 0 

No七ing七hat T is in ぷ~ 1. f' 
one wi工工 readi1y see 七ha七every 

(TlvVjL)~ .is a TR-~-irreducib1e submodu1e of Hom(B，T， B，A") C 

Hom(BT，Bf)= 守(T，A勺 B)~. It fo11ows 七herefore 七ha七 (TlvvjL)~
= τWJLqwi七hsome τモヲ(T.，A"; B) and non-zero wj E VA，，(B) 
(Prop ・5・7(c))・ Wehave七hen A" = v.A" = v ・(T-A')v=vJ・Tv.A"= j-- . 

j 

T(Tlvv-'T)A!! = w.・TT.A"= w.A"~ whence it fo11ows七ha七 w. is a unit I V'  jL ・・R"j "j--， 

of VA，，(B)・ Hence， tqJ is corl七ainedin 写(T，A"; B)ハHom(B，T，B，A") 

We have proved七husσu
L
= T!σ'uL 

is contained in 句(T，A; B " )~ ， 

and so Homl~tT ， ~tA) =句(T，A; B')人、 Ourasser七ionis now a B''''' B''<.'. 0¥......'....' JJ  1'<百
consequence of Lemma 6.4 (b). 

(b) This fo1lows a七 oncefrom (.a) and Lemma 6.8. 

Corollaη6.工o. 詮主 A be工ef七1oca1工yfinite over a uni七a1
山 plesub山口，笠主ち as山 et0f 守叫が=づ・

(a) 工f 哲人、 is dense in V，..，(BT) 七hen J(ろ=B， and d -~ -- ------ --- .Qt¥--L 一一一-
¥. d 

句(B'，A; B) = B' Iラ， ラ (B')~ i:s dense i!!. V l7t (Br)型主 J(ラ(B'))= 
B' for everY B' in ff( -0.1 

ー ール1.f
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七henevery simp工eintermedia七eV侃(B
L
)

[B' :B]Lく

is dense in 立 V~

己主B. B' of A/B 

V!CB') = B' 

(b) 

iL ~ -D then ヲ(T，A; B)く Hom(...，T，...，A) 工.f Q ，，~， ~.， -I ..~- ¥ B ~， B 

Hom(BT， BA) =匁 (T，A; B)~ and ヲ(T，A; B) = T¥ラ

(Prop. 5.7). According1y， for any A' E ~ ~ ~/B' 
工.f

ヲ(B'，A; B) = B' I守(A'，A; B) = B'I(A'I~)) = B'Iラ
our asser七ionwi1工beeasy by Lemma 6.8 and Th. 6.9. 

In七heproof of Th. 6.1 

is regu1ar and there ho1ds ()() 

lSエn

wi七h

T If (a) 

(T \う)~

Now， 

七hereho1ds 

(Th. 6.5). 

yie1ds 

守(T袋， A; B) A' = A)， (a) (if we se七、、B
，，，
、hu，gsL
 

v 
J 

(B' e)桝 v..(B'eA)= v..M 
J J - J 

proves that A is homogeneousユy

V A (B' ) 

for some 

Hom(_.T後‘ .A)句
、 B'~ ， B'.." 

工七 fo1工owstherefore MJ = 

M， which 

4骨(， = 

T後Iv
l' jL 

is contained in VA(B'). 

is a B'-A-homomorphic image of 

(T刊vJL)AR

is con七ainedin 

σJち L~ = and hence 

Reca11ing七ha七

by (a)， =F!? 

v. E V. 
J 
see七ha七

Hence， B'-A四 comp1e七e1yreducib1e. 

The rest of the proof is obvious by (a). is simp工e.

is especia1工ysha11 present the fo工ユowingproposi七ion七ha七Next， we 

L2lB be 山 ph う
and 1e七ラ~ Ee dense in V侃(BL)・立

ring 0f A/B such that A is B'-A-irreducib工eand 

辿主主 J(う(.B')) = B' . 
Proof. 

[(B' 1] )~:~]R = 

(B' IσiV)~ 

= [(B " <!ìtV)~:~]R = 

= V ̂ (B' )σ= V ̂ (B")σ= V ̂ (B"σ:) (cf. A ¥.- I Vi 

+・'"

I i (B"IσiV)~ = 
arbi七rarye工emen七 ofラ， B' Iτ 

in七hes七udyof division ring ex七ensions.

a subgroup 0r ~ ~ontain­

B' is an intermedia七e

[B' :B]Lく ()() 

ーム可ムfb
 
n
 

0
 

・工+U 
.ユS
 
O
 
D晶、J

'

u
~
v
 

p
 

impor七an七

〉。。七henB" J(ラ(B') ) 
ラ・7，(B' \ラ)~ = 

We sha11 prove firs七七ha七 if

[(B"\ ラ )~:~]R ・ By Prop. 

[(B' \σiV)'~:~]R ∞〉and七hereho1ds σiεう

[ (B"σi\V)~:~]R = 

with some 
七
⑦工

VA(B'σi) [(B"\σiV)~:~]R' for 

Fur七her，by 

an 工Sτ If 

5.1 (d)). 

σiV)~ ， 
with some 

Prop. 

(f) 1 (B" ¥ 
= B' ¥σJ字

B"¥τ 

Prop. ラ.7(d)， 

ε 

v EミV

'̂" σ.v 
J 

p 
J 

= B" Iτ(O j字)-1(σJ亨)= B 

and 

Hence， we have ( Prop . 5. 7 ( d) ) . 
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L ~ (B"Iσ山~， whence i七 fo11ows [(問う )~:~JR = L ~ [(B"\σ♂~:~]R 
+、，

= L ~ [(B' \σiV)~:~]R = [(B'I ~ )~:~JR' as reques七ed. Suppose now 
七ha七 B7BT.Then，七hereexis七sa 1ef七 B-subr叫 1山 M of B" 

proper1y con七aining B' and possessing a finite 1eft B-basis. Since 

Hom(BM， BA) = MI ~ ~ = MI (B" I ~)~ by assumption，七E悶 eho工ds [M:B]L = 

[MI (B" I ヲ )~:~JR ・ Hence ， we have [(B'I ラ )~:~JR = [B' :B]L < [M:B]L ~ 
[ (B" I ち )~:~]R' which is a contradic七ion.

Cor山 η6.12. Let A 盟主 B be divi山 n山 gs，ラ asubgroup 
of 句 con七aining V， a止主主 T be an intermediate ring 0f. A/B 2.ば主

finite over B. 立 J(ラ)= B 担 r(T，A; B) = TIラ誕 J(ラ(T))= T・
Proof. Since ~ ~ is dense in ~H(BT) (Cor. 5.6 (b))， the d ~‘R ~~ ~~U~~ ~.. 'O(\.~L 

asser七ionsare eviden七 by Props. 5.7 (d) and 6.工工.

Le七 A1.:> A
2 
be sゆ ringsof A. D(A

1
， A; A
2
) wi11 deno七ethe 

se七 ofa1工七hederivations of A
1 
into A vanishing on A2' in 
工

particular， we write D(A， A; A
2
) = D(A; A

2
) and D(A

1
， A; 0) = D(A工， A). 

A regular subring T of A containing B is ca工工edan f-regu1ar 

in七ermedia七ering of A/B if [V:VA(T)]R <∞・ Incase A/B is 

w-q-Galois and 1eft loca1ユyfinite， every T in ~， ~ is f-regular 
ψ 工.f

(Th. 6.工 (b)) . 

Theorem 6.工3. Le七 A/B be w-q-Gaユoisand lef七 locallyfini七e.

(a) Let B' be a simp1e in七ermedia七ering 0f A/B 1ef七 fini七e

over B. If 0 is in D(B'， A; B) then 0 = B' 10 wi七hsome vξV， 
ー一一一一 ， v 

where 0 is七heinner derivation v~ -V~ effected by v. 一一一一::.. ~v ~44_ ~'444_~ ~-~~，-~~_.. 'R 'L 

(b ). 並主 A' be an f-regular intermediate ring 0!. A/B. -.l工 o is 

in D(A'， A; B) then 0 = A' 10.. for some v ξV. 
一一一 v

Proof. (a) Let e be an arbitrary pri凶七iveidempoten七 of B'. 

As eo e
2
0， we readily ob七ain e.eo・e= O. If a = [eo， eJ 

eo・e-e・eo then [e， aJ = -eo. Thus， 0' = 0 + B' 10_ is an elemen七
I a 

of D(B'， A) wi七h eo' = O. Obviously A ED， B'ea， (a 疋 A)， 
入 入入

B'-isomorphism of B'e on七o B'ea，. Hence， 
入R

by (L入円ea入)s= L入 (bp)v.a入 =L入円0'.ea入 wecan define s E侃・
Ifαs  + a 七henfor each b' E B' we have (b~ ea， ) [b~ ，α] = 

ド L 入入 L 



工s J.n 6 Since (b'O)T = [b~ ， α] . L L. ~L 

[b
L
，αfor every b モ
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b'ô ・ (b~ea，)， whence it fo工10ws
入入'

D(B'， A; B)， 0 = (bO)L = B， name1y，αis in 

Then 1( ~ ~/B' 1.f 
句(T，A; B))， 

be an arbi七rarymember of 

唱(T，AsB)~=@: 

L ~ 

T Now， 1e七V.w(BT ) • 侃 L

Hom(...，T， ...，A) 
B"" B 

σiXiR 

σi = TI九
Le七 b' be an arbi七rarye1emen七 of

七Yi
= (b'七)σi-b'(tσi) (i = 1， 

and i七 iseasy七osee tha七 every

and σi~ (σiζ 

A (Prop. 5.7)， xi壬wi七his unique1y represen七edas 

TIV σi1 
B' . 

and ， s' i =工，

s. 

Yiモ Hom(T，A) by 

七RYi=yi(七σi)R(七 ξT)， 

TR-~-homomorphic to七heirreducib1e modu1e 

for where we may assume tha七

+ 1， .，
 

s
 --

・1

If we define 

for 

Yi~ 七hen

Hence， by 

S

1
ム

L
K
2
 

σ
 

J.s 

Y.:X.:n = i4~iR 

--L 
、、E
a

，，.，

F

O

S

『・ム

『

O

F

}

ム

，，，‘、巾4一一L
 

、、•• 
，，
 。ob

 

，，e
目、、
、‘‘，，，
R
 

1
ム

巾
4
，，E
E

‘、
5.7 (d)， we have Prop. 

(T1YiR)[vi
， b']L' where 

A of 、E
P

J

-

N

H

S

 

U--

r
t
s
 
a
 

b
 

s
 

・1
s
s

・-
a

h

 

b

七

、1f
O

4

T

o

 

，，s
・‘、V
A
m
 
e
 

+u n
 
--

(T 1 [v i' 
b'] L)y iR 

= 

Now， choose an arbi七rary1ef七

L ~ 

.，
 1晶一一

一一

ーム

R

u

 

-
-
-

x

・エ

・1

X

+

u

y

l

a

 

四・
1
‘
n

V

七

=

h

 
e
 

--u 

y

s

 

s' 
工

Then Y.: 
工

and represen七

--，NF 
V
 

Obvious1y (Tlu
い
R)[;iviYiLi'b ']L・(TI1R)(b'O)L = 

determined independen七1yon 

by the proposi七ionsymme七ric七O

工七b' . V 

b '6=[v:，b t]=b '6J 
工

an e1ement of J.s v.Y 
工 l・1い
fo11ows七hen

Prop. 5.1 (d). 

(b) 

V 
A 
(B ') = V 

A 
(A ' )， and then B' I o = B' I o v 

Since A/B' is w-q-Ga1ois and工oca11yfini七e

古川/B'
D(A'， A; B')， it suffices七oprove七ha七

工ef七A' /B of B' There exis七sa simp1e in七erτnedia七ering 

for such tha七B fini七eover 

• 、、‘，，，a
 

'
『

L

C

M

・1

y
 

b
 

vモVsome 

6F26-AT|6v and an intermedia七ering of (Th. 6.9)， A' 

ヱSA' if is con七ainedin 

A' =νB.  • where 
入入'

1eft fini七eA' /B 

by (a). 

To see七his，we se七

runs over a11七hesimp1e in七ermedia七erings of 

B
入
lo= B

入1
O
v、
wi七hsome v入信 V

for a工l 入，材hencei七 follows

o = o. 七henH con七ainedin 

r
 
e
 

入

V

B

o

 
Hence， we Then B. 

o = o. = 0 p
n
u
 、八

B
 

have 

is said 

Symme七rically，

句~ is dense in 
is said to be 

A/B 

is w-q-Galois. 

Whi工e，

Now， we shal1 introduce the fol1owing defini七ions:

A/B 

is regular and 

A/B 七obe q-Galoi~ if B is regular and 

we can define right q-Ga1ois extensions. 

h-Ga1oi~ (resp. righ七 h-Ga工ois) B if 
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in V01..(B
L
) (resp. if 匂A

L
is dense in V~(BR))' 

Proposi七ion6.14. Assume七ha七 forevery fini七esubse七 F of A 

七hereexists an in七ermediatering A* of A/B[F] such七ha七が/B

is h-Ga工ois. If A/B is 1ef七 1oca11yfini七ethen A/B is q-Ga1ois. 

Proof. Le七 T be in ~ ~ ，..， and A*ωintermedia七ering of A/T 
1.f' 

such七ha七 A*/B is h-Ga1ois. Then Ho叫 T，nA) = Hom(nT， nA発)~ = B.....' B..rl.
' 

..."''''''...U.¥B.....' B~. ，-百

((T I 旬発)~)~ = 句作， A; B)~ ， where 旬発 is七hegroup of B-ring 

au七omorphismsof A後 Tosee七ha七 V is simp1e， we represen七七he

simp工ering VA*(B) as the comp工e七ema七rixring over a division ring 

wi七ha system of帆a.trixuni七s r発 If T発=T[r発]七hen V
T後
(B) is 

a simp1e ring. Since V = lJの o V~~(B) ， our asser七ionis a 
'-'TE!K':，.. 'T発'

<>AJ 1.f 

consequence of Prop. 3.7. 

If J(句 B，A/B is said七obe w-Ga1ois. A/B is defined七obe 

Ga工oisif B is regu1ar and A/B is w-Ga1ois. In case A/B is Ga工ois，

句 isca11ed七heGaユoisgroup of A/B and deno七edby ヲ(A/B)，and 

in genera1 a subgroup づ of す wi七h J(市 B is ca11ed a Ga10is 

区盟主 of A/B. 工f A/B is h-Ga1ois and 1eft 1oca11y fini七e七hen A/B 

is Ga10is by Cor. 6.工O. On七he0七herhand， if A is h-Ga1ois over a 

division subring B 七henone wi11 easi1y see七ha七 A/B is Ga1ois. 

According1y， in case A is a division ring， the notion of Ga10is 

coincides wi七h七ha七 ofh-Ga1ois (Th. 2.5). One wi11 see工a七er七ha七

fini七e(dimensiona1) Ga10is extensions，工eft工oca11yfinite Ga10is 

ex七ensionswi七h七he1oca11y compac七 Ga10isgroups and 0七herimpor七回七

Ga10is extensions treated by now are a11 h-Ga1ois， and Prop. 6.14 

enab1es us七osee七ha七工eft10ca工工yfinite h-Ga1ois extensions and七he

re1a七edex七ensions(for ins七ance，10ca工工yGa10is extensions (cf. ~工6) ) 

are q-Ga1ois. 工ncase A/B is h-Ga1ois and 1eft 1oca11y finite， 

Ths. 6.1 and 6.5 wi1工beused often without mentioning the va1idity 

of Prop. 6.14. Fina11y， we sha11 s七a七e七hefo11owing: 

Proposition 6.工5. Le七 A be w-q-Ga1ois and 1ef七 10ca工工yfinite 

over B， and :t = V....， (BT . BTJ .工f T is in !L ~七hen T Iヱ=
'一一 .ot.\.~L ~R 一一 一一一..u.....-工.f 一一一~ '"" 

Hom(BTB' B~) =句 (T，A; B)VR・ 工np町七icu1a!:.'1 ~ 1:s dense i!!. Vot ( BL) . 



'も

、斗
1
斗

立旦f. Obvious工y，TI:tく Hom(BTB' B~) =句作， A; B)V
R 
(cf. 

Prop. 5.7). Now， we sha11 prove converse inc1usion. Le七 σbean 

e1ement of 句(T，A; B). We consider here the f出ni1y争={(f， M)} ， 

where M is a T-T-submodu1e of A con七aining T and f is a B-B-

homomorphism of M in七o A such七ha七 T¥f=σDefining七heusua1 

ordering in 争， we readi1y see七hat 争 isinduc七ive . Let ( f' ， M') 

be maxima1 in 争， and suppose七ha七 M'ヂA. There exis七S 七hensome 

T'ぞ£:・f/T such that T' 1-M'. If M" M'ハT' 七hen M"lf' = 
M"¥g for some g in OJ(T'， A; B)V

R・
Tobe easi1y seen，七hewe11-

defined map h:が+t'一→ m'f'+七、 (m'モ M'，t'ξT') is contained 
in HOm(~M' + T')B' B~)' which contradicts七hemaxima工ityof (f'， M'). 

Nagahara [8]， [工0]，[工工];Nagahara-Tominaga [8]， [9]， [斗]; 
Tominaga [8]， [9]， [ 10 J， [工工]. 
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7. Fundamen七a1七heoremof fini七eGa10is theory 

The s七atemen七sin Props. 5.工and5.7 are especiaユ1yva工idfor七he

case B' = A. In wha七 fo工ユows，wi七houtmention， we sha工ユ use free1y 

七hose.

工kβ七ラ bea釦na飢u巾 m附i

i勾S A~R -A~R -c∞orn時n叩P工1e七te工勾yreducib1e and each of i 七s homogeneous components 

is of七heform σラ。AR where ラ。=ヲペ X.Le七工(す bethe sub-

ring of A genera七edby a11 the units v of A with 字£づ We

have 七henσ ラ。ARσ工(ラ )L'~' and henceσ ウ。AR:~]R = [工(づ): c]・
It fo11ows therefore う ~:~]R = (ち:ラ。)・[工(ラ): c] ，七ha七wi11be 
ca11ed the reduced order of ラ・ Now，assume七hat B = J(ラ is
simp1e and [A:B]L く∞ Then，we have ∞>  [A:B]L = [~侃(BL ) :~]R 

み[ラ ~:~]R = (ラ:ラ。)・[工(ラ ):c]. Next， assume 工(づ is七wo-

sided simp1e. Since 叩 arbi七rary ~四~-irreωcib1e s山 nodu工eof 

づ~ is σuL~ with some σぞす and non-zero u EO A and isomorphic 

七o σ~ ， we have σuL~ に σラ。AR σ工作 )L'~' whence i七 fo11ows 

七ha七 uT is contained in VT/~ ¥ ^ (人、)= I(時)T. The 1as七fact工(ラ )L・ARAR-7L・

enab工esus七o see 七ha七づ~ is七wo-sidedsimp1e. We aSSill日 here

addi七iona1工y七ha七七hereduced order of 移 isfinite. Then 工(ラ and

づ~ are eviden七工ysimp1e， and Th. 3・11proves 七ha七 B
L 
= ~仇(ラ~)

is simp1e and ヲ~=域(づ~)=~汎(BL) ・ Hence ， we have [A:B]L = 
[ヲ ~:AR]R く∞・ Moreover ， we obtain V

L 
A
LハV九(BL)= 

AL ハづ ~=工(ぢ )L' n姐 e1y， V = 1 (~ ) . 

.An au七omorphismgroup ~ of the ring A is ca11ed an N仁 group

if I(唱 issimp1e， and an N*-group of fini七ereduced order is 

ca11ed an N-group. Every fini七eN仁 group う is eviden七工yan N-group 

and七hereho1ds [A:B] 壬がう for B = J(う)， and wi工ユ beca11ed an 
F-group. 工f I(ラ isa di vision ring and ~ is of fi叫七eorder， 
thenづ isca11ed a DF-grom・ Incase A is a division ring， every 

finite automorphism group ~ of A is a DF-group. 工f ラ isan 
N*-group (resp. N-group) and I(ラ)rvくづ then う isca11ed an 
N丸 regu1argrouQ (resp. .N-regu工argroup). We sha工工 define here V(ラ) 
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as the s山・ing VA(J(う))・工f V(ラ issimple and V(う)""'くう
七henづ is叫工eda 伊)-regu1argroup， and a (器)-r叩 1argroup す

with simp1e J(す iscal1ed a regular group. Obvious1y， every 

(発)-regulargroup is N仁 regular，in par七icular，if A is fini te 

Ga工oisover B then OJ (A/B) is N-regu工ar. Converse1y， assume 

七ha七を beN-regu1訂 and B = J(~). Then V~(BL) =移~ (and so 

A/B is h-Ga工ois)and V =工(ち )̂'C ラ， and hence ~ coincides wi七h
1 (A/B) (Prop. 5.7). Summarizing the above， we obtain七hefo11owing: 

Proposition 7.ュ. (a) 旦う isan N-group 0f A 出en B = J(ラ)
盟主 H are simp1e， V = r(ラ)， [A: B] = (ラ:ラ。)・[r(ラ): C] く ∞型立
V侃(:8
L
)=ぢ AR'and hence A/B is fi叫七eGa10is. 
(b) 詮iLA be Ga工oisand 1eft fini七eover B wi七ha Gaユois

巴旦ぢ・The♀ [A:B]R= [A:B]L' ~nd the削 10wingco凶七ionsare 

equivale此(工)ラ isan N*-grou.p， (2) 手 isan N-group， and (3) 
弘(B
L
)=ヲ A

R・ 2工ヲ isN-regu工ar七hen す coincideswith ヲ-
Combining Prop. 7.1 with Cor. 6.10， we obtain 七hefo工工owinga七 once. 

Theorem 7.2. Let A be fini七eGa工oisover B. 

(a) There exis七S a 1-1 dua1 correspondence be七weenregu1ar 

intermediate rings 0f A/B and N*-regu1ar (or (併)-regu1ar) subgroups 

of 匂， in七heusua1 sense of Ga工ois七heory.

(b) 主主主 B-ringisomorphism be七weenregu1ar intermediate rings 

2工 A/B can be extended七oan e工ement0f 句・

In case A/B is an infinite Ga工oisex七ension，as wi11 be shown in 

322，七hereexis七ssome difference between N丸 regu1argroups and (発)-
reguユargroups， and the fundamen七a1theorem for七hecase of infini七e

dimension wi11 be concerned with (後)-regu1argroups. 

By七heva1idi七Yof Prop. 7.1，七hefirs七 assertionof the nex七 is

a consequence of Prop. 3.8 and Th. 6.工 (b)，and the second is con七ained

in Cor. 6.2. 

Proposi七ion7.3. Le七 A be finite Ga10is over B. 

(a) Let T be an intermediate ring 0f A/B. If A is T-A-

irreducib工ethen T is a simp1e ring such七ha七 Va(T) is a division A 
ring， and conversely. 

/1 



(b). If V ~ê_ a di3is1-_op ring then eV~1:Y__ip_terIllediate ring of 

A/B is simp1e， and converse1y. 

Concerning七heou七ercase， Props. 7.工， 7.3and Th. 7.2 prove七he

fo11owing，七ha七 maybe s七a七edwi七hou七 proof.

Theorem 7.4. 詮註主 う be a f山i勾凶n叫i七ωeい ou山七旬町e白r凱机叫…l比山川川七ω同川Oα叩I宜m附n
S叩uωchい七h凶抗 Bド=Jパ〈ラ)川(竿と主 A be fi叫七eGa10is over B wi七han 
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outer Ga10is group ち). Then， every intermediate ring 0!. A/B is 
註旦主主， [A:B] = # ~ = #守， V = C， and there exis七Sa 1-1 duaユcorres-
pondence be七weenin七err日 diaterings 0f A/B and subgroups 0f C} ， in 

七heusua1 sense of Ga10is theory. 

Coro工1ary7.5. 主主主 A be 1ef七 1oca11y fini七eover a simp1e 

Subri昭 B， and "J' ~ subgroup 0!. OJ 弘主主 A' = J( ~'). 立 [A':B]L 

(仰 笠ii VA(A')=C 些主主 A' is a simp1e ring. 

出 of・工f B' = A' [E]， then (B' I "d ')~ =吋 (B'Iσi)~ wi七h
some σi豆ヲ， (Prop. 5・7). No七ing七ha七 VA(A')= C， one wi11 readi1y 

see七hat B' I 0"fJ' = {B' Iσl' ... ， B' Iσm}(prop・5・7). Obvious工y，

B。=BY[〉iBfσi ] is a ~'-invariant simp1e sゆ ri時 of A and Bol句'
is an automorphism group of fini七eorder. Hence， A' = J(B

o 
I q.') is 

simp1e by Th. 7.4. 

Le七 A be Ga10is over B. The case七ha七勾 con七ainsno inner 

au七omorphismsexcep七七heiden七i七y，na皿e1y，七hecase V = C， and the 

case七ha七 J(V) = B are the ex七remes. We say七ha七 A/B is ~旦主主

Ga10is or inner Ga10is according as i七 happens七hefirs七 caseor the 

second case. By Cor. 4.9， every ou七erGa10is ex七ensionover a fie1d 

is commuta七ive. 工f A/B is finite Ga10is七hen A/H and H/B are 

respec七ive1yinner Ga10is and outer Ga10is (cf. Prop. 3.5) and one wi11 

readi工ysee that [A:H] = [V:C] and [H:B] =匁:す)(Prop. 7.1). We 

sha工工 presen七here a par七ia1converse of Th. 7.4. 

Proposition 7.6. 詮主 A be fini七eGa10is over B. 立 [A:B]

coincides with the order 0!. OJ- 些主主 A/B is outer Ga10is. 

立辺工・ Since 守:す=[H:B]， we ob七ain # V = [A:H]. Thus，七o
our end， it suffices to prove tha七 if A is inner Ga10is and finite 
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over B and # V = [A:B] [V:C] g then g =工 As # V く∞，
ei七her V = C or # V く∞ byProp. 3.ユO. Hence， in wha七 fo110ws，

we may restric七 our a七七entionto the case # V く ∞ Le七 V = 

I ~ Ug
nn
， and choose an arbi七rarybasis {u" ... ，u_} of U over 1 ~Opq' ~..~ ~..~~~~ ~.. ~~~~~~~~J l""l' .....s 

C = GF(七). Suppose firs七七hat r >工 Then，the fo110wing se七 X 
2 

con七ainedin V' defines s(r
C 

+工) ( > g) different inner automor-

phisms: X = {u~ (i 1，. .. ， s)， u.: (工+g_ _) (i =工， s; pヂq)，
エ エ pq

u-' (工+g-，)(工+g，_) (i 1， ... ， s; pヂ工)， u.: }' _ g 
p1'~- olp' ， ~， ~ I ~" ~i L P opr_p+工

(i =工， ... ， s)} ・Thiscontradic七ionmeans r 工， name1y， g = s ・
r、"

Suppose nex七 g > 1. Then # V = (U':C ・)= (七g 工)/ (七一ユ) > g， which 

is a con七radic七ion.

Concerning七heinner Gaユoiscase， we obtain七hefo110wing that is 

known as the fundamen七a1七heoremof simpユerings. 

Theorem 7.7. 1f 1 is a simp1e intermediate ring 0f A/C wi七h

[工:C] く ∞，笠~ B = V A (1)，些主主 A/B is inner Ga工ois，V 1， 

[A:B] = [工:C] ， 匁 1，包生工'一一歩 V
A
(工， ) 盟主 B'一一今 VA(B') 主三

mutua工工yconverse ユーユ dua1 correspondences between simp1e in七ermedia七e

込当三 l' of 1/C ~nd simp1e intermediate ring~ B' of A/B. 

Proof. Since 1 is an N-regu1ar group and every simp1e in七er-

media七ering of A/B is regu1ar (Prop. 7.1 and Cor. 6.工o(b))， our 
theorem is c1ear by Prop. 7.1 and Th. 7.2. 

Coro工工ary7.8. Le七 A be Ga工ois 叩 dfini七eover B. 1f T is 
2 L旦£虫旦 H[T]= V~CT) ~s outer Ga10is over T 盟主守(V~(T)/T)

こと 句(H/TハH) by七hecon七rac七ionmap. 
2 

Proof. As A/T is Ga工ois (Th. 7.2)， V~(T)/T is ou七erGaユois.， Y A 
2 

Hence， H[T] is simp1e as an in七ermedia七ering of V~(T)/T (Prop. 7.3). A¥.-'f- ¥-......-r. 
2 

Moreover，七hereho1ds VA(V~(T)) VA(H[T])， and so we obtain V~(T) A"A'-" 'A 

H[T] by Th. 7.7. The res七 of七heproof is evident by Th. 7.4. 

1n case R is 1ef七 aユgebraicover a unita工simp1esubring S， 

R/S is said七obe 0f bounded degree if [s[x] :sL (xモR) is bounded 
L 

wi七ha fixed in七eger.

， 
・4
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Coro11ary 7.9. 1f a division ring A is a工gebraicand of bounded 

degree over C then A con七ainsa separab工emaxima1 subfie工d M 

over C and [A:C] く∞-

Proof. 工tsuffices七oprove the case tha七 A is of charac七eristic

PヂO. Let A be七hese七 ofa工工七hee1ements X of A separab1e 
O 

over C. Then七hereexi st s an x E A such七ha七 [C[x。]:C122
o 0 

[C[x] :c] for a1工 xE" A_. We sha工lprovethen M=C[x。]isa maxima工
O 

subfie1d of A. Suppose on the con七rarγM'=VA(M)議 M. Then 
V~(M) = M by Th・7・7，and hence M coincides wi七h七hecen七erof M'. 

Since every e1emen七 of MヘM is inseparab1e over M，七hereexists an 
elemen七 a豆 MヘM such七ha七 aP E M. Hence， we have ぎー工)p= 

，、，
aPーエ =0， where a is considered in M¥ Choose here an e1ement 

c εM' wi七h acヂ ca，i. e. c (ぎー工)ヂ O. Then， reca工工ing七ha七

cCぎー工)p= 0， we can find a positive integer i such七hat d(笠ーエ)

ヂoand d(a-工)=O for d =C  (a -l).If  b =d(d(Z-l))-l 2 IIV _ ¥ i-工

七hen ba -b ユ (No七e七ha七 d(ぎー工)ぎ=d(ぎー工).) On七heother 
~f 

hand， b~ is con七ainedin M for some positive integer f， and so 
f ...，f ~， ......f ......f......f 
bP = bP~ ~ = (b吉)p~ = (b +工 )p~ = bP~ + 1， which implies a con七ra-

diction 0 = ユー We have seen七hus M is a maxima工 subfie1d. Fina工工y，
2 

[A:C] = [A:M]・[M:C]= [M:C]~ by Th. 7.7. 

Proposi七ion7.10. If A sa土isfiesa s七andardiden七1七y七hen

[A:C] く∞・

Eζoof. To our end， i七 suffices七oprove七heasser七ionfor七hecase 

七ha七 A is a d工visionring sa七isfying七hes七andardiden七i七Yof degree 

m. Let M be a maxima工subfield of A. If we se七 S = M @c  A こと

ML'~' A may be regarded as an irreducible (fai七hfu1)right S-modu1e. 

Hence， S is a primitive ring wi七h E(Ar<) = ~・工f [A:ML =∞七hen，8' -"L 

by七heproof of Prop. 3.1， for every posi七ivein七eger p we can find 

a sゆ ri時 T of S such七ha七 (M)_ is a homomorphic image of T. 
P 

Evident1y S = M <8')，.， A satisfies the standard identity of degree m， 
C 

and hence so does (M)_. Bu七，七hiscon七radic七sProp. 3.13. We ob七ain
P 2 

therefore [A:C] = [A:M] く∞(Th.7.7).
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Coro11ary 7.11. 詮主 B be a simp1e subring 0f A. 立 [A:C] く ∞ 

then [B:Z]く∞・ Converse1y，if [A:B] く∞ and [B:Z]く∞七hen
~ L....."'-'JL 一一一

[A:C] く∞・

立oof. As A sa七isfiesa s七andardiden七i七y，七hesubring B does 

七hesame. Hence， [B:Z]く∞ byProp・7・10. Converse1y， if [A:B]L 
〈∞ and [B:Z]く∞ then [A:Z]L = pく∞， and so A may be 

regarded as a subring of the comp1e七ematrix ring (Z)_ over the fie工d
p 

Z. Since (Z)_ sa七isfiesa s七andardiden七i七y，[A:C]く∞ againby 
p 

Prop. 7.10. 

As an app1ica七ionof Cor. 7.1工， we ob七ain七hefo工10wing:

Proposi七ion7.12. 話主 B be a simp1e subring 0f A 己主主 [B:Z]く∞.

(a) 工f [A:B] く∞七hen [A:B] く∞. According1y， if A/B 一一 L 一一 L...~~R

is 1ef七工oca1工yfini七ethen i七 is (七wo-sided)工oca工工yfinite. 

(b) 立 B is a regu1ar subring 0f A 些旦 [A:B]L= [A:B]R 

provided we do not distinguish be七weentwo infini七edimensions. 

Proof. (a) Cor. 7・11proves A = ) s a~C. Since C.B = )七
L 工 i ・ L 1 "，-，'"'j 

(c -'モ C)， i七 fo110ws ). a~c -， B = ) a~C.B = A， which means 
L i，j ~i-j~ L i 工

[A:B]良〈∞・

(b) Assume [A:B] く∞ Since B. V B 0 '7 V is a simp1e 
Z 

intermediate ring of A/C and [A:C] く ∞ (Cor. 7.工工)， we ob七ain

[A:B・V]=[C。:C] 〈Th・7・7) and [B.V:B] [v:z]. Hence， [A:B]L = 
[A:B]R 

Now， 1e七 A be a 1ef七 quadraticextension of a simp工esubring B: 

A = B <D Ba. 工f x is in A¥B，七hen BxA + B is a subring of A 

proper1y con七aining B， and BxA + B = A. Hence，七hereexis七san 

e1ement bモB such七ha七 a-b E BxA. Noting，'七ha七 A= B +忘(a-b)， 

we ob七ain A(B(a -b)A) (B + B(a -b)) (B(a -b)A)ζB(a -b)A， 

and hence A = B(a -b)A = BxA. We have seen七hereforethat A is 

B-A-irreducib1e. According1y， V is a fie工dsuch七ha七 [V:C] 長

[A:B]L = 2 (Prop. 5.4 (b)). Now， we sha11 prove 七hefo工工owing:

Theorem 7.13. 工β七 A be a 1ef七 quadra七icextension of a simp工e

註単 B. 立 B is finite over Z and no七 ofcharacteris七ic2 些主主
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is Ga10is 

Proof. A is inner Galois 

VヂC

A/B 

If C (Cor. 7.工工). 

(Th.7.7). 

and fini七eover 

Hence， in wha七is inner Ga10is C， A/B B :> or 

C. To be easi1y seen， there 
2 
c モ

Bt  

such七ha七

and v = C assume fol1ows， we 
Now， one wi11 see 
B) 
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8. Pre1iminary computa七ionwi七hma七rixuni七S

The presen七 sec七ionis exc1usiveユydevo七ed七ogiving severa1 

pre工i叫 naryproposi七ionswhich wi1工beneeded in S~ 9-工2and j 21， 

and whose proo~s wi11 be accomplished by somewha七 comp工i七a七ed

compu七a七ionswithma七rixuni七S・ Throughou七七hepresen七 sec七ion，A 

is assumed七obe a simpユer工ngWl七h七hecapaci七y n >工， and B a 

uni七a1simp1e subring 0~ A. 

Lemma 8.工 If e..AハBヂofor every i 1， ••• ，n then 
一一 II

• e are aユ1contained in B. 
1工 nn
Proof. Since ~. = e..AハB is a non-zero righ七 idea1sof B 

エ 工工

and IBI 呉 n， we ob七ain B = な工@・・・ @ En- Hence el  + ... + enn 

= 工 = b、 + ..• + b wi七hsome b. E ~-' ζ e，-，A， whence i七 fo工工ows
~ n l 工 工工

eii=biモ B.

Proposi七ion8.2. Let T be a simp工eintermediate ring 0f A/B 

lef七 a1gebraicover B. 

(a) 註主 (xiJ) be an e1emen七 of (D)_ with x ヂo and x.n 
n 一一一一 1n 一一一

= 0 for every i > 1. If T con七ainsthe e1emen七?_a=i.
f.， --ijエJ

u = > n e.. ~ then T con七ains E and x.. 's 
f.， 2 -ii-ユ一一一 一一工.i.=.. 

(b) Le七 xヂ0，y， d and d' be e1ements 0f D. 工f n = 2 

and T contains七hee1ements a = de_~ + d'e~~ + e~~ and v = 
工工 2工 工2

+ ye 七hen T contains E， X， y， d and d' . 
2ユ 22

k-1 n-工
Proof. (a) Evident1y， u""-..L.auU-..L = x， _ e，_， is a non-zero e1er日 n七

工n-k1

of e" A f¥ T (k = 工 2~ ... ~ n). Hence T contains a工工 e. . 's kk.n..， '-L ¥ .u.. ..L， '-， ， J.J. J 

(Lemma 8.1)， and so x，__e，_ = e"ae モ T and x， = (u + x，__e，__)nモ T.工n-ln -ll--nn" - --ln 、工n-1n'

ー工 i-1_ ..n-j 
工t ~ollows 七herefore e，__ = x~~(x ， __e ，__)モ T ， and七hen e ・=u 1n ..1n ユn-1n'''' -~ ---------- -i.i -ln 

d x.. >ーij ムk ekiaejk are エロ
(b) av xe" + ye'A and v are non-zero e1ements of e"AハT

l工 " -12 工工

and of e~~A ハ T ， respec七iveユy. Hence T con七ains e 22H I I ...， ユ工 22 

(Lemma 8.1)， and so e'A = e"aeAA and xeA， = eAAve" are contained ， _u_ ---12 ユ工 22 --- -::-21 -22' -1工 『

in T. 工七 fo1工ows七hen x = (e + Xe )2モ T and e = x-l(xe 工)モ T・
工2 ..-2工 21
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D， and 

C. not contained in 

such 七ha七 a~ = I 
for every i > 

be e工ementsof y 

A 

and X ヂO

an elemen七 of

同一

h
u
 

xiJ eiJ 

工.

A' 

x~ x and x. 0 
ムn 1n 
2 then七hereexis七san elemen七

r E an element 

Proposi七ion8.3. 

a =2diJeiJ(diJモ

(a) There exis七s

(x
ijモ
D)

(b) 

wi七h

such七ha七

x. 0 
1n 

A' r E 

wi七hD
 

n > 

f
て・1
U
・工x
 

，，，、、
・1υ

・

・1
1
ム

e
 
・1υ
〉

・工
X

・工

If 

for and x_ x _ x_ v 
工n "，..， "'''ln-l ol 

三エery

an e1ement of 

a七 a+ (d.. - cl. ) 
、kk 寸lh'-hk 

Whi工e，in the second case，七hereexis七san e工emen七

at a + (da -ad)e 
工2

is diagonaユ七henei七her七hereexis七 dis七inc七

not D d 手 dhh ( ~kk 

In七hefirs七 case，we ob七ain

工Sa or 

a 

with 

工f

k
 

h
 

O
4
 0
-
s
 

o
-
e
 

r
一
C

P
L

・工fi
 
pよu
 

門

b

C. con七ainedin 

七=工
hk' 

daヂad

for 

七=工+de 
工2'

for and wi七hD d ぞ

If is non-diagona1， a from七hebeginning，七ha七We may assume thus， 

， n，七hen七hemapping 工， 2， an arbi七rarypermuta七ionof (' ~i) 
I YijepiPj 

A is inner Ga10is 

エS

D-ring au七omorphism工sa 、11
JD
 
ιk ・1υ・工y
 

r
I
L
 

-
1
J
U
 --
e
 
z
l
u
 

.工Y
 

F

、.，
L

π 

工san工nnerD，π 

;ceiJ(m.7・7)・

工ossof genera工ity，we may assume fur七her七hat

and finite over As A. of 

According1y， 

Under 

ーム
一-n
 

品
百
可
ム
d
 

d工nヂO.

t=(yn-le +d  e )(l-d d-le 
L 1 -ii -ln-nn"- -nnユn-n1

a* at )' d~ ， e.. (d号.モ
“工J1J 1J 

= 2 n-l - 一工
工 eii x nn 

au七omorphismeffec七edby a uni七 of

withou七

this si七ua七ion，if 

with D) 七hen、、.，，，
ーム
円
ζe
 

ーム

n

-

1

ム
d
 n
 

門
/
L

d
 

1
4
 

，，ー、、

七hen

i >工， proving for every ハU=

ーιL

n
y
 

i

y

 

x
 

If i > 1. 

a*~ = )' x. .e.. wi七h x_ = x L .~ij -ij .. ---- .~ln 

(a) . To see (b)， choose an e1emen七

and 

for every dき o
1n 

and 

d持+yl y. 
1n-l 

such七ha七D 

x_ =‘ 工n --~ 
with a後SI = ) x. .e. . 

臼エJ1J 
Sl = s(l -yte

nn
_工)we ob七ain

for every 

Then， for 

i >工.x. 0 
工n

and x_ y 
ln-1 " 

A. be a subring of T Le七Lemma 8.4. 

and x
1nヂ
O

T-A-lS 

wi七h

A 

D
 

七hen

a = ) x. . e.. ¥.x.. E 
臼工J1J 工J-

D x. -s 工n
l 一一ーーーー

wi七hnon-zero 

con七ainsT 

f" n 
u = ) ~ x.e.. 、

u c:. 工 エエーム
irreducib工e.

If (a) 
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(b) Le七 T be uni七a1and 1ef七Artinian. 1f T con七ains a = 
zx  e (xξD) wi七h x_ = 1 and x. = 0 for every i >工Lj -ij '~.ij 一一 --ln 一一 in 

n 
and u(E， d) = deA， +)' U e.!.! with non-zero d in D，七hen T --2工 L 3 -ii-工 一一一一一ー
con七ains E ，d 22ii xiJ'三・
Proof. (a) Le七 M be an arbitrary non-zero T-A-submoduユeof A. 

円 n
Then M con七ainsan e1ement a = Y --d. e . wi th d =F o. Since 

O ム P 1 1n p 
n-p 
= X_ ••• X_.， d_ e___ be10ngs to M， e is in M， whence i七o n --p+工p"nn ...."................0..... .....， "nn 

n-k ~ ~ k 
fo工10wstha七 M con七ains u . x. e. = ~ x illn  ln よ2Xn-k+i... Xi +工xinen_k・+in

+ X ••• x~x_ e 
n-k+工 2工n-n-k+1n

(k = 1， 2， ... ， n). Re c a1工ing七h抗 x
1n
'1と0，

one wi工工 see inductively 七ha七 e
nn
， e
n
_工n' ... ， e工n are in M. 

According1y， every e~~ is con七ainedin M， whence we obtain M = A. 
エJ

(b) By (a) and Prop. 3.8 (a)， T is a simp1e ri~g. We se七 u= 
k-1 nーエ 2 u(E， d). Since u.L'--.L.au......-.L. d'-e，_， is a non-zero e1emen七 of Tハe_.A

kユ kk
T con七ains e" ， eAA， ... ，e (Lemrna 8.1). 1七 fo11ows七herefore工工， "22' "nn 

e"ae____ f T and d = (u + e，__)n廷 T. Hence， we have ê， = 工n 工工 nn '1:ζ 工n' ....-...._-， ..----.- -2工
-2， _2 \~. ~ n 
d-'-(d'-ê， )モ T and )' U e.!.! = (1 -d)e

A
， + u εT. Now， our 

2工 L 2 -ii-1 -'-2工

asser七ionis a consequence of Prop. 8.2 (a). 

Coro工1ary8.5. 1f A is 1eft a1gebraic (resp. 1eft aユgebraicand 

of bounded degree) over B，七henthere exis七ssome B' = Y n 
L 工 ij

£O such七hat V^({e~~})/D' is 1eft a工gebraic(resp.工efta工gebraic工.f ---------- 'AH-ij 

and of bounded degree). 

Proof. 1n case B is con七ainedin C，七hereis nothing to prove. 

Hencefor七h，we assurne B 1. C. By Lemrna 8.3 (a)，七hereexists an 
'v  

e1emen七 rモA. such that Br contains an e1ement a = >. x.: ~ e.: ~ wi七h
ム ij 工J

x
1n 
-工 and xirl z O for every i 〉 l.Given a non-zero e工emen七

d モD，we se七 u= u(E， d). Then， (B~)[uJ is 1eft finite over 首

and contains E and d (Lemma 8.4 (b)). 工fwe se七肝=(B~)[E] = 

I D後eiJ wi七h七hedivision ring D発=V
B袋
(E)，七hen D/D発 is工ef七

ザ』工
a1gebraic. Hence， B張工、 can be 七akenas B' reques七ed.
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ララ

Lemma 8. 6 . Ie七 A be of fini七erank over a subfie1d 争 of C， 

n = 2，盟主 f(入) =入2_ c入-c' a po1ynomia1 in C(入]. If x 盟主 y
-1 

are non-zero e1ements 0f D 己主主 f(y--Lx)ヂO 虫主主 争[a，v] f'¥ De 
21 

ヂ0，where a = ce" + c'e，..." + e，，...， and v = x 
11 --21 工2 一一一 2工 22. 

Proof. To be easi1y seen， va = (xc + yc')e，..." + xe，...，，...， and (va)ι= 
2工 22

X2c + xyU)e2l + X2e22・ Now， 1et g(入)= 2 ~ ci入工£ 争[入 bea 
minima1 po1ynomia1 of y with c = 1 and c ヂo. As v1 = 

o m" 

i-工 i ャ m i-工
(i ~ 1)， we obtain g(v) = e" + y 2工 22 ¥-- -" ""-------- 0¥"  -11 t.. 1 -i" ---21 

2 
m l ーよ

o 
c
i
y-e
22 
= e
11 -
y -xe
21
， and then one wi11 easi1y verify七hat

22 -11 J ~-21' 

r I 2 2 ー工
(va)~g(v) = {(x~c + xyc')e

，..." 
+ x~e ，...，，...， l.(e，， -y L ¥-- - ~-" - '-21 ---22) ¥ -11 " ---2工

r ーユ 2 I -1 ¥ .1 -xy{(y-~x)~ - c(y-~x) -c'te ) -21 

Proposi七ion8.7. 主主 A be of finite rank over a subfie1d 争
- ，..、後

of C， and B an in七ermedia七ering 0f A/争 1β七 A録 = )" U D特許.
ω ム 1J

(E後 ={eL} a sy訪問 ofmatrix units and D* = VA*(
肝) a division 

註当)be a simp1e in七ermediatering 0f A/B with七hecen七er C発，

and Z.C後=z[c_] for some c E A*ハC.ー一一一 O 

(a) Assume七ha七日夕 2 and a = Y x.! ~ e ~.: ( x.! .: E肝)一t..--i j -i j ¥ --i j 一一-
e工emen七 of A保 wi七h x ヂo and x.! __.1{. = 0 for every i >工.

一一一 ~~ln* I 一一::. --in鋳

ZZCo is con七ainedin Z[{x.!.:}] and D後=C発[{x-， .: } ] then there 日一一 日

exis七sa unit a' of A* such七ha七が=Z[a， a']. 

(b) Assume七ha七日=2 and a =台後+どが+が
一一~ - --11 --21 -12 一一一一一

e1emen七 of A後(d，d' E D後). 

y εD発 such七ha七 Z[y]ラ Co

Z[a， ye各]. 
2工
(c) Assume七ha七日 2

工fthere exis七sa non-zero e1emen七

and D後=C発[y，d， d'] 生主主 A* = 

ロY1r1 ロ = 円凸鋳 .. ，..'凸* + p* ; r::: Rn 
ニニニ ー --11 --2工 }工2 こι」ニニ

e1emen七 of A後 with c， c'εC後 1f七hereexis七 non-zeroe1emen七S
ー工 2 

x， y εD後 such七ha七 Z[y]タ c_，D各=C発[x，y] and (y-
-L

x) ー
0' 

c(y-lx) ー c'# 0 七hen A後 Z[a，xe後+ye義， ---21 " -22 

¥' n* 
Proof. (a) Se七世 =7 H and T=Z[a，司Then，がム 2 -ii-1 

is T-A*-irreducib1e (Lemma 8.4)， and so T is a simp1e ring (Prop. 
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3.8 (a)}. Hence， in vir七ueof Prop." 8.2 (β1， i t fo工10ws T J 

Z[E後， {x ・ ~}J ;: Z[E*， {X~4}' c~J f= A後，七ha七 is，T ;: A発 Now，a' = jJJ ~ ，-，~......， c....ijJ' '"'0 

1 -・u袋 isevident1y七hedesi:red e1e沼len七.
(b} If T = Z[a， ye~lJ 七hen A後 is T-Aし ir:red叫 b1e，and so T 

is simp1e (Lemma 8.4 and Prop. 3.8 (a)). Hence， Prop. 8.2 (b) yie1ds 

T J Z[E後， d， d'， yJ = Z[Eペd，d『， y，c。]=A後.
(c)工f T = Z[a~ xe発+ye養 then Tパ併リヂ o(Lemma 8. 6) . ， ....'"'2工 22J - ， . - -2工

Hence， A* is T-A*-irreducib1e (Lemma 8.4}， and七her~s七 of the proof 

proceeds justユikethat of (b). did. 

Proposi七ion8.8. 与iLA be a unita1 (込旦且三}subring of a ring 

Sラ工 and T a sゆ ring0f S such that TAく T. 工f Te く T
pq -

for some e then TA = T. lNeed1ess to say， in case T con七ains
pq -一一-

1， A C T rep1aces TA = T.} 

Proof. 工f Pヂq then T':> (ユ=e _JTe_ _ (工 +e__i-1 = 
qp- pq - qp 

T(e__ + e -e -e__I and T JTe imp工Y T J Te _ _ ( e _ _ + e 
pq qq pp qp- p吐 pq"pq qq 
e _ -e _ i = T ( e __ -e し or，T ::> Te__ Now， for any iヂp and pp qp- pq pp-- pp 
d そ D， we ob七ain T::> C工+ de.: _ITe__ (1 + de.: _)_ーム = T(e__ + de.，_). 

工p". pp - 1 P -- -pp 1 P 

Accordingly ，itfolows T 〉 Tde. ，andsimilarly T 〉 Tdepi・
工p

Now， it is easy to see T = TA. 

Coro11ary 8.9. ~ssume 七ha七 a1工七he assump七ionin Prop. 8.8主主主

satisfied and七ha七 A iS of charac七eris七ic2. 

(ai.工f T(x + e，.." lく T for $ome xモ D 七hen TA = T. 
一一 21 一一一ー

(b) 工f n > 2 and T(J ~ e.，.: ， + e.， __ + e， __ .， i.く T 七hen TA = T. 
一一一 ム 2 ~ii.....工 ユn ユn...工 一一一ー

Proof. Set a~ = x + e~~ ~ a~ :: }---e.. ~ + 一一一一 -1 -2工 '~2 L. 2 '"'iエー工 ln ln-l d 

が =e
11 
+_ e
22 
+ e
12・
Ineither case， we ob七ain T::> (1 + e工21Tai

(工 + e，，..，iーム = T(a.: -a後L，whence i七 foユ工ows T::> Ta後 Hence，T 12L _ -""'-i 

T(a発 - a発乙=Te
12
， and 七hen TA = T by Prop. 8.8. 

Proposi七ion8.10. 主主主 S be a ring wi七h ユ， 主主主 T a two-sided 
S imp1e subring 0f S. 

(a) Let A' be a unita工simp1esゆ ring0f S differen七 from
，、

(GF(2 i22・工f TA' C T 七heneì七he~ TA' = T or A' C V S (T) . 
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(b) Let A' Ee a unita工 subring0f s，盟主 2Tヂ O. 立

TOaζ T for everl... a .!旦 A' 七henei七her TA T=T 2工 A'く VS(T). 

Proof. (a) 1β七 AT=?n'DTe f where ET ={e'J is a sys七emL 1 ~ '"'ij' nu，"，，，，，，，， l'-'ij 

of matrix uni七sand D' = VA，(E') a division ring. 工f a is a unit 
of A' and {a， 1} is not 1eft T-free~ then 七 aー七 = 0 with "'1U. - "'2 

some 七工ヂ 0，七2E T， and then， noting七ha七 T is七wo-sidedsimp1e 

and TA' T， one wi11 easi1y see Ta ζT. Next， if a is biregu1ar 

(i.e. if a and 1 -a are units of A') and {a， 1} is 1eft T-
free then， for every 七 in T， (ユー a)七 t"(工-a) and a七=七'a

(七七"モ T) yield 七=七"= t'， whence i t fo11ows七hat a is contained 

in VS(T). Particu1ar1y， in case A' is a division ring，七heabove 

remark shows七ha七 forevery element a of A' 七hereho1ds either 

Taく T or a正VS(T). Now， we sha11 prove our asser七ion.

Case 1. n' =工:工f A' 1-VS(T) 七henthere exists 叩 elemen七
a εA'¥ VS(T) and Taく T by七heエas七 remark. Suppose now that 

七hereexi山 ane1ement a
o 
E A' such七hat Ta

o 
1-T・ Then，again by 

七heabove remark， a and a + a_ are con七ainedin VS(T)， which 
o 0 

imp1ies a con七radiction aモVS(T). Hence， we have TA' = T・
~、，

Case 1工 n' > 1: One may remark七ha七 Vrt(T)A'ど Vrt(T). First1y， s，-，.. '-- 'S 
if A' is no七 ofcharac七eris七ic 2 七hen a = 2 + e~ 

o -21 

biregu工ar，and so Ta ぐ T or a_ ~ V0 (T) by七heremark mentioned O ¥ O  ¥S 

a七七hebeginning. Hence， Teふく T or eAlξ V 
S 
( T)， whence i七

fo工工ows TA' T or A' く V~(T) by Prop. 8.8. Next， if A' is of 
S 

characteris七ic 2 and D' is differen七 from GF(2)，七hen a工=

e~ ， is biregu1ar for any x in D' different from 0 or 1， 
21 

and hence Ta
工
ζT or a1ξ VS(T) by七hesa皿eremark. Then， 

Cor. 8.9 (a) yie1ds a七 onceour assertion. Finally， assume七ha七 A'

is of characteristic 2 and n' > 2. As a_ } 
n 

2 L 2 '"'ii-l' '"'ln' 

+ e~_" is biregu工ar，our assertion is， this time， a consequence 
工n'-l
of Cor. 8.9 (b). 

(b) Let a be an arbitrary e1er附 1七 of A'. Then， for any t E T 
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we have 七， a] :;::七a-a七=七 [[t，a]， a] =七 and 七， a2]f七3ユ LL.V，{"".4.tJ'  (""NJ ""'2 
wi七h 七 in T. A br工efcomputa七ionimp1ies七hen 2t，a == 2( 七a~ -a七a)工、 J

=七+七壬 T. According1y， if {a， 1} is 1ef七 T-free七hen 七 0，
2 -3 

or， aモVS(T). On七he0七herhand， if {a， 1} is no七 1eftT-free 
七heni七 wi11be easy七osee七hat Ta ζT  by our assump七ion. We 

have seen七herefore七ha七 forevery element a E A' 七hereho1ds 

ei七her aモVS(T) or Ta ζT・ Consequent1y，七heres七 ofthe proof 

proceeds in the same way as in Case 1 of (a). 

Brauer [工];Car七an[3]; Hua [lJ; Kasch-To叫 naga[工];Kishimo七o[工]; 
Kishimo七o-Nagahara-Tominaga[工];Nagahara-Tominaga [3]， [7J. 
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9. Norma1 basis七heorems

工f A is a finite Ga10is ex七ensionfie1d over B 七heni七 is

we11 known七hat A possesses a norma工basis {句 Sσ モ年}， or 

equiva1ent1y， A is 勺BR-homomorphicto 匂B
R・
Th.efo11owing 

theorem asserts七ha七七he1as七 proposi七ionis s七i11va工idfor simp1e 

rlngs. 

Th.eorem 9.1. 主主王 寺 be an N-group 0f A 己主主 B = J(う)• 
立 N 江 2旦旦 ラ十-in肝v訂叫i叩叫七 r礼i凶似七Ar凶山nun叫 i七ωa叫工 su山l

~ i勾sgenera七edby {x" ... ， X~} with 七ど [A;B]く∞ (cf・l' ， .At J 一一一ー ¥ 
Prop・7・1) 些主主 A 主主ヲ NR-rlomomorp1山七o 多N

R・
In particu1ar， 
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A is a1ways ラBR-homomorphic七o ラB
R・
Ifmoreover ち isabe1ian 

七hen A is ちB_-isomornhic七O 略B_.一一一一 一 d-R ------... グ R
.s. . _ m t"' 

Proof. Since ラ~ = (f) i σi~ = L i，jσiXjRNR with some 
σiξ ラ， the subri時ラ NR of づ~ sa七isfies七heminimum 

condi七ionfor righ七 idea1s ・ Noting 七ha七ラ~=~ち = L ~ xjRN
Rづ

= 1:七九(ぢ Nr.) ヲ~ is ぢN_-ho叩omorphic七o (ち NT¥)(七 On七he工 .iR ¥. d ..， R I ， o"‘R d "'R ....""...."'...."".... .t".......... ¥. d "'R 

(m) 
other hand， as V~(BL) = ラ~ (Prop・7・工)and [A:B] = m， A 

~~-isomorphic to ?~ (Th.. 2.15). Hence， A(m) ・~-isomorphic to 略Ao(Th.・ 2.15). Hence， 
R 

~ 1IT ¥ (七)hoαI肌

ho叩moα叩Imoぽrp1山七ωo 1 N
R 
(ωCoωr. 3.1“6 (ωωaω)け). Fina1工y，assume ちisabe1ian. 

Le七 σ= yσy~n LY.:εA} be an arbi七rarye1emen七 of ラTh.en
L. -i" iR ェ

for every τeラ七hereholds 

whence it fo工工ows yi = yiτ . 

B. na且elv. 巧B_=的m li"'.B ， -----"， 0 -R """ 1 ... i -R 

L TσiYiR =τσ=στ = L Tσi(yit)R' 
We see七husevery Y.: is con七ainedin 

l 

Now，七hefina工 isomorphismis eviden七.

Lemma9・2. L主主 ~ Ee an N-group 0f A 出 B = J(ラ)， [A:B] = 
m，主主主 N 主主 十 invarian七 rightAr七inianunital叫 ring0f A 
such七ha七 A posseE?s.es a righ七 N-basis {x ・入 E A}. 工f V = C 

入 ' 一一
VζN  then ちNr. possesses a right N_-basis consisting 0f m 一一一 d-'R ，c-------- --9--- -"R 
deme山 of ち and {X ・入 ξA} forms a right ラNR-basis0f.. ~ ~・7 一一ー 入R' f¥ "410.1 ................u......，..... ....~9~~V iJ 

(m) I~ ^ Proof. As in七heproof of Th. 9.工， A'-' is 句人当-isomorphic七O



60 

ぢ~ and V07... (BL) =ラ AR=@?σiAR=@fARσi wi七hsome σi E ラ
工f V = C 七hen {σy ・・・ ， σIIi} coincides with CZ (TIl-7.h). ∞ 
七he0恥 rhand， if VζN 七hen J VR = <13 ~σゐくG7 ~σiNR

(Prop. 5・7ω)・ Thus，in e山町 case，す NR=@fσiNR and ラ~=

D i ~À xARN σ ⑦ x、〈ぢ Nn)，n出ne1y， {xAR;入廷 A} is a right エ‘入 λR-'R工 入入R"d -'R 

ラNR-basis of ラ~・

Lemma 9.3. Let A be finite Ga10is over B， Vヂ(GF(2) )ハ， and ----
N 主ヲ -invariantunita1 simple subring 0f A・立[写NR:NR]R= 

[A:B] 七hen V = C or V ζN. 

、立oof. Suppose on七hecon七rary七hat V is nei七her C nor 

contained in N. Every e1emen七 of V is a finite sum of e工emen七sin 

V' (Prop. 3・5) and [句 ~:~]R = [A:B] (Prop. 1.工). In what fo110ws， 

we shal1 prove tha七七hereexist some v， v~ ， ... ，~ in V' such ， '1' ， Yk 
~ャ k....， 

七ha七 {v" ... ， v，_} is C-free and v =)' v.!a.!n wi七hsome a.モA'k j V'  ~... '-'- ........~"'" /...工 i-iR

not a11 con七ainedin N， which imp工ies [~A百:~]く[ <-J Nn : Nn] n . To o ‘ーR'-"R.lRσR---R"'R 

¥' r 
七hisend， we se七 V 2 ~ Ug~_ and dis七inguishbetween七wocases. 

L. 1 -Opq 

Case工 r=工 Le七 {v~ 1~ v~~ ... ~ v} be a C-basis of V. 1 -.....， v
2
， Ym 

Then， VヂC imp1ies m >工 Wedistinguish fur七herbetween七wocases: 

(i) C 1-N: Let c be an arbi七rarye1emen七 of C¥N. If v = 
工+v_ and v' 工+cv

2 
then 亨=Tv-工+守 (vr.v-工)n and ~， = R '2'-'2' 'R 

lv':工+亨 (vr.cv'ー工)n' Suppose 七ha七 both v and v' are in N. R '2"'2-' 'R- --rJ: 

(v -l)v， = vr. = C ム(v' -l)v， yie1ds a con七radic七ion c = 
工 2 工
-1 _ __ -1 工

(v -1) (v' -1). 壬 N. Hence， one of v ，v' ~ does no七be10ngto N. 

(ii). Cく N: As C C N and V ct-N， withou七 10ssof genera1i七y，

we may assw日七hat v 2 ~ N. Then， for v = 1 + v 2 we have v = 

均一工 ~(v v-工) 叩 d v-14 N. 
R '2"'2' 'R 子

Case 工工 r> ユ These七 {工 f~ _ = 1 -g_ _ ( p， q = 1， 2， ... ， r; pq ~pq 

pヂq} contained in V' is C-free， and in case r is even so is 

the se七 {f_ = g__ + y ~ 
q Oqq ~ p=工 pr-p+工

(q = 1， 2， ... ， r)}. Since 

NVく N and V 1 N， N is contained in H by Prop. 8.工O. No七ing

ι 



ー

that V i¥N is七hencontained in the cen七erof V， it is obvious 

七ha七 nonon-diagona1 e1ements of V are con七ainedin N. Now， we 

sha11 distinguish between two cases: 

(i) V is not of charac七eristic2: In七hiscase， every f' = 
pq 
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'̂" ー工 ~ ユ
工+f is in V. and f' =工(f ~ ~.L ) n + (_ _ ( f_ _f ~ ~.L ) '"' wi七hpq ----- -pq -'-pq 'R -pq'-pq-pq 'R f' 工d:N. 

pq T 

(ii) V is of charac七eristic2: If r is odd七hen u 

+2 r f ~ V ーユ r -:-is in V. and u i~.L + )' .l. ( _ ，_(f__ ，__u-.L) 
2 -p-1p ~'""R "L  2 ~p-1p"~p-1p~ 'R with 

U-l 4N.Onthe O七herhand， if r is even七hen 工=) 
ム 1 p 

and 

'v γ• r¥/ 

= Y -f f _ wi th f (f" N. 
L 1 -p-pR -p i 

In七heproof of Lemma 9・3，七heassumption Vヂ(GF ( 2 ) ) 2 was 

needed on工y七osecure tha七 N is con七ainedin H provided V is not 

contained in N. According1y， for N = B Lemma 9.3 is va1id withou七

七heassump七ion Vヂ(GF(2))2・ However，the assump七ionis indispensab1e 

in Lemma 9.3 (cf. Kishimo七o-Onodera-Tominaga[工]).

Theorem 9.4. Let A be fini七eGa10is over B， Vヂ(GF(2) )門， and 

N a 句-invariantunital simp1e subri時 Of A. 

(a) The fo工工owingcondi七ionsare equiva1ent: (工 V C or 

V乙 N，竺主 (2) [~NR:NRJR = [A:BJ. 
(b i工f [A:N]，"， is an infinite cardina工numberωand any of七he

一 ..----"~R

Condi七ions (工)， (2) ci七edin (a) is sa七isfied七hen A i三守 NR-

isomorphic 七~ (~'J N
R
) 
(ω) 

(c) 旦 [A:N]R=七竺豆七 mq+ r (0 ~ r く m= [A:B]) 虫旦
each of the condi七ions(工)， (2) cited in (a) is equiva1en七七0七he

( q) 
following: (3) A 主 4NR-isomorphic七o(qNR) @併，些竺三件

(m) 
is a ~ NR-~omomorphic image 0! <-1 N

R 
~uch 七ha七 --11φ 主主匁NR-

isorωrphic t~ (ld N
R
) 
(r) 

Proof. Ca) is a direct consequence of Lemmas 9.2 and 9.3. Fu工廿ler，

asFr  is 引戸omorphic七o OJ~(cf ・ the proof of Th・9・1)ヲ
the 1atter ha1f of Lemma 9.2七oge七herwi七hCor. 3.16 (b) or 

Cor. 3.工6 (c) yie1ds a七 once(b) or (c). 
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Coro11ary 9.5. 工β七 A be finite Ga10is over B. 

(a) The fo11owing conditions are equiva1en七: (工 v= C or 

V ζB  ， (2 ) [OJ B
R
: B
R 
] R = [ A : B]， o.n d ( 3 ) A と守BR-isorωrphic

to 守B
R

(b 2立。 isabe1ian and [B:Z]く∞些旦 A/B is ei七herou七er
Ga10is or inner Ga10is. 1n partic叫 ar，if 句 isabe1ian and B 主
a fie工dthen A is a fie工d0r B coincides wi七h V. 

Proof. By七heremark s七a七edjust af七erLemma 9.3， we readi1y 

ob七ain(a). If す isabe1ian七hen V = C or V ζB  by Th. 9.1 

如 d (a). Since [B:Z] <∞ yie1ds [A: C] <∞ (Cor. 7.11)， (b) is 

a consequence of Th. 7.7 and Cor. 4.9. 

If ラ isan F-group of A and B = J(づ)， we have seen in ~ 7 
七h抗 A/B is Ga10is and [A:B]ミ 4う Wesha11 凶 roducehere七he

fo11owing definition: 工f づ isωF-groupof A wi七h B = J(等)
and [A:B] coincides with #ヲ，七hen A is said七obe 場-regu1ar

or A/B is づ-regu工ar. 工七 is c1ear 七ha七 if A is outer Ga10is 
印 dfini七eover B then A/B is づ-regu1ar.

Proposi七ion9.6. 担ヱラ be an F-group 0f A 笠主 B= J(づ). 
men，七hefo11owing co凶 i七ionsare equiva1en七 (1) A/B ~三ヲー

regu1ar， (2) づ is free ove!: ~ 主主主 (3) 七heree山七 some

， y~ in A such七ha七 yユヲ・・・'七'工 七一一 L.. i Jiv-"'i -v1σ 

(σ £ラ)・立 A/B ~三づ -regu1ar 七hen Hom(nA， nB) = ~・ 2σバB.u， B......' 百 σι ポ

Proof. 工)ゃ→ (2)is obvious by Prop. 7.ユ. (2)=守 (3): If り

f = )σa.T"¥ is in HomCnA， nB) then for every τ延( we have L σoR  u......LU¥'B...' B......' v............ ............ ............J • 'C d 

2στ(a T)=ft=f=2σa __ whence it fo1lows a τ=  a 
σ σR  L σσR' 
Hence， it follows f = a ・)σNow_1e七 {f" ... ， f~} bean 1R'L σ........n' -'-....v ~....1' 七 J

~-basis of V01(BL
) contained in Hom(BA， BB) (Prop. 2.6). SinC'e 

fi = YiR'Lσσand L i fゾiR 工 forsome ximd  yi in A，one 
wi11 easi工ysee七ha七 y~ y σ. X~ = o， _ • ( 3 )=今 (2): 工f)'σa _ = 0 L i J i V -J>..i 工σ ¥.J/I'¥.....，. L σ 

(aバ A) 七henfor every τ£う wehave 0 = L i YiRτ(Lσxi0・aσ)R=
-1 

2σ( L i YiRτσ xiR)σaσR = TaτR' nar日工y，aT=0・

σ. 
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Next， we sha11 give ano七herapproach to七hec1assica1norma1 basis 

七heorem.

Theorem 9・7・ 主主 A/B 主主ぢ -regu1ar，#ラ:::h， and 1e七 N 主三
叩ラ -invarian七 righ七Ar七inianuni七a工叫ring0f A such七ha七 A
possesses a righ七 N-b竺と {u入』入 ξ A} 

(a) 立 A is infini七e七hen七hereexists a s山 e七 {x入;河川

of A such七ha七 {x入σS入モ A ，σeラ}is a righ七 N-basis 0f A. 
(b) If # A =七=hq + r (0ζrく h) 七hen A con七ains q 

e1emen七s x" ... ，x and an 巧Nn-homomorphicimage M of 可Nn
1.- q 一一- o nJ  て百 d rt 

such七ha七{X;σi 工， q，σ£巧} is righ七 N-free，M 
ラム (r) (/ 
lh-isomorphic七o (ラ NR)22A=(⑦i，σ(xiσ )N)ED M・
Pr竺f. Since V~(BL) =ラ~ =$σξ 略 σ~，七here ho1ds 

⑦ aNp' Hence， as 工n七heproof of Lemma 9.2， we see七ha七
σ ム1

ラNR=
ラNR

，P.  .(h) ，p 
is a righ七 Ar七iniansubring of ~An and A 工S ちNR-isomorphic

.." 1¥T ¥ (# ̂  ) (略 NR)A.OLIrasser七ionsare七henconsequences of Cor. 3.16 (b) 

and (c). 

App1ying Th. 9.7 to the case七ha七 A is a division ring， we 

ob七ainthe fo11owing a七 once:

Cor011aη9・8. Le七 adivision ring A b三づ -regu1arwi七h
of order h， and 1et N 己主づ -invariant仙 ision帥 ring0f A. 

工! [A:N]R =七=hq + r (0 ~ r く h) 七henthere exis七 q+工 e1er日 nts

，x in A such七hat A = (⑦q(@J  X.σ. N) )⑦  0' ....1' ....q ~~~U ~.~~~ '>¥.J.j i=工 σぱ

(⑦ xσ.N)， where (t"'.. ranges over sui七ab工e r efemen七s0f 巧j """ou j ..... I ，一一一 V j -'-...........5'"'.... '-'. "'-'-.............. v...............'" "'......"'.u."'......~.... '-'~ d 

The next is the specia1 case of Th. 9.7 for N = B. 

Coro11ary 9・9・ 旦 A/B 土と三 守-イre句gu叫工a町r七拍he叩n七拍h町e
a とと A such that {aσL σそづ}is a righ七 (resp.1ef七) B-包註三

of A. Such a B-basis {aσLσε ラ} and such an e1ement a wi11 
be ca11ed a righ七(resp.1ef七)ラーnorr叫 basisof A/B and a right 

(resp. 1ef七)づ -norma1basis む ment(abbreviatedヲーn.b.e.) ， 
respec七ive1y. 立 a is a righ七ラ -n.b. e.， ther~ Ttt( a) = L日時 aσ
is in B'， and so Tv(A) ー {Tit.(x);xE A} = B. 。一一ーラ - l..I.~ 
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The nex七 iswell known for七hecommuta七ivecase. 

Theorem 9.工o. L主主 ト {σy ・・・ ，ω be an F-group 0f A 
出主 B= J(う) 工norder七ha七 anelement a 主 A be a工ef七十
Il.b.e. (resp. a righ七づーとLと)， i七 isnecessary and sufficient 

七ha七七hematrix (aσσ) (resp. the matrix七ransposed 七(aσ.σj) ) 
i~j 

be regular. 

Proof. The sufficiency is easy. We shall prove the necessity， 

and assume七ha七 a be a lef七づ -n.b.e. By Prop・9.6，we can find 

f， = y ・) .σin  L ・)σsuch七ha七). aσ.σ ・yσ=k "kR L. j ~j ・~ L. j ~j ---------- L. j -~i~j "k-j 

aσifk = oik (i， k =工， ... ， n). Hence， (aσiσJ)is regular . 

Fai七h [4]; Kasch [6]; Kishimo七o-Onodera-Tominaga[工]， Nagahara-
Onodera-Tominaga [ユ];Onodera [工J;Tominaga [6]. 
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工0.'Witt's theorem and Noe七her-Speiser's七heorem

Le七 R be a ring wi七h ユ， andラ afinite group of ring automor-
phisms of R such 七ha七 T~(a) :::工 forsome aそR・工ffor every 

(J E ラ therecorresponds an ele附 lt x in R and七hereho工ds
σ 

x + Xτ::: Xσ ， τξ 場)， then七hereexis七san e1emen七 x in 
τσσT  V 

R such tha七 X ::: -X + Xσ ・工nfact， a direct computa七ionwi1工show
σ 

七ha七 X::: -} x .aτsatisfies the re1a七ionproposed. In 
“ T~ ち T

particu1ar， by the va工idityof Cor. 9.9， we obtain the foユ工owing

generaユiza七ionof Wi七七'stheorem・

Theorem 10.1・主主山 E三十叩工払 Iffor every パラ
七herecorresponds an e1emen七 x in A and七hereho1ds xτ+ Xστ= 

σ--
xσ ，T ~，e)， 七hen 七here exis七san e工ement x in A such七ha七
σT -d 
x -x + Xσ and converse1y. 工nparticu1ar， if σ 一一→ x_ is a 
σ U 一一一一
homomorphism 0f ぢ in七othe addi七ivegroup 0f B then there exis七S
an e1emen七 x in A such七hat x ::: -X + Xσ 

σ 

Le臼叩印棚mn:町1磁una

立 N = J以(先引) 些三包旦 A/N i主三 花-守r児e句gu山九 [N:氾刈B叫]::: (匂ヲ :冗1t) 竺主

を(N)=冗 1npar七i叫 ar，if冗 is 叩 invarian七 F-subgroup0f ラ
竺竺 Nlヲとづ/党.
Proof. Since A/N is ~ -regular by Prop. 9.6， we obtain 

4ヲ =が冗.(ラ :π) ~ [A:N]・[(NI ~ )~ :~]R ::: [A:N]・[N:B]::: [A:B] 
::: #ラ ωras 

工emma10.3. Le七 A be a cen七ra1simp1e a1gebra of finite rank 

主主 C， ラan al山 morphismgroup 0f A such七h抗 J(ラ)::: C 三主主
4場=pe C p a prime)・立 C contains no pri凶七ive p-七hroots 
of 1 七hen A::: C. 

立竺工・ Suppose on the contrary e > O. As ヲ(A/C)::: A (Th. 7.7)， 
If. 件ヲ r~ "" ~P-ll 七hecenter of ち containsa subgroup ~::: {工， v， ， 'vJ:' ~} 

order p. Then， for every σ=首長屯，ヤσ=σ子 imp1ies v G"'::: vc 

with some cσE C. According1y， v♂P一uyPu-1工 (V(Jσ)戸P=VJPc:，w凶hen
i七 fo工10ws cP =工 i.e. c:::工， which means obvious1y vσv. 
σ σ  

Hence， v is contained in J(ラ:::C， n姐 e1y， γ=工・
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Lemma川 L止す bean F-group 0f A 叫け=pe (p e:凶me)
呈nd B =川)・立 Z ∞ntains no prim山~ p-th roo七s0f 工組

v coincides wi七h七hefie1d C.Z. 
〆U 白 山

Proof. Le七ぜ=埼パ A. Then， V =工(略)=工(ち) and [V: C] 
-ーーーー一一 o 0 d ヲ " 0 

く ∞ (Prop・7・工)・ ∞vious工y，c。|す is the Galois group of C。/z，
and so [C~:Z] = #(CJ看〕 divides Pe.Hence ， CO con七ainsno 

o' u 

primitive p-七hroots of 1. Since V IすO is m 叩七omorphismgroup 
of V such七ha七 #(VI ~ .. J divides pe and J(V I ~~) = C~ ， Lemma工0.3

'00' 00' 0 

yie1ds七hen V =C0.Suppose now Vよc・Z，andぬ oosean e1emen七
v E V¥c・Z such七hat -::;ι 考 No七ing七ha七七hefie1d V is Ga10is 

d 0 
e 

and fini七eover C ・Z and七hep~-th power of v is con七ainedin C， 

we can find an e工emen七 U ヂv in V such七ha七 upe=vpe.However，

as CO =V  contains no primitive p-七hroo七sof 1，七hisis impossib1e. 

Theorem山・ Let A Qe of charac七er山C.. pヂ0，and ト
ラェ x x すe anF-group 0L A， VIhere everL 1i ~s a CYC1iC 

s ubgroup g … a七ed b y σ O山fれ or向d白伽e訂L p. .-lL 仰 i ヲナ-rイ一r
ユ

七here凶 s七 some xリ.•• ，X in A euch七h此 (工 x-'~ = X~ - X.モム
ょ e 1 

(2) 七heinner derivation o induces a deriva七ion..a， :ill. B -2よよ♀i
x. 工

也2l ai?is inner， (3) 

B[x工まi，...， Xe]

垣正・ As V =工(す)

工

A = B[x" ... ，x_]， (4) B = B[x.:] ペ
ょ e

叫 L5) B[xi]/B 主込L づ戸 e印叩E凶u山1困a訂r
is a fie1工d (仏工Lemma工叩0.4川)， every intermediate 

寸T 七.
ring of A/B is simp工eby Prop. 7.3. For every i，σ=日

川 j "j 

一一→七i defines a homomorphism of 有 in七O七headdi七ivegroup of B. 

Hence，七hereexis七san eユement x. in A such七ha七 x.σ=x.: +工
工 工 1 1 

and xiσε=xi for every Jヂi(Th・工0.1). 工七 isobvious七ha七 九=

B I o__ is a deri vation of B. Since (x干)σ=x~ +工， we ob七ain
l' 1 工

x.~σ.1= x.3， Whence i七 fo工工ows x.;S E: B and al is inner. Now， in 
工 l

virtue of Lemma工0.2，we can see七ha七 B[x
1
' ... ， xiJ = 

( ~ .: " x ・・・ × 考 )， and hence 七herest of 七heproof is eviden七.
di+1 ^ Je' 

Corresponding 七oTh. 10， we sha工工 give an ex七ensionof Noether-

Speiser's七heorem.
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Theorem 10.6. 竺t A/B 竺す -regu工ar. 1f for every σE  ') 
there corresponds 叩 e1emen七 xJA  and七hereho1ds x τ・XOl = xoτ 、

(σ ， l ε す)， then there exists ω e1emen七 x モA. such that % = xt・が ， 

and converse1y. In particu1ar， if 0 一ーナ x. is an an七i-homomorphism
σ 

of ヲ主主o B・七hen七2日 eωstsan e1emen七 XξA. sUCh_M抗

x 0 = x)も・

Proof. Eviden七工y，e = σx_T is a 1-1 An-semi1inear trans-συσL  --- -- ."R 

forma七ionof A be工onging七O七heautomorphismσ The assumption 

X .xτ tσ = x__ yie1ds七hene e e__， whence we have especia11y στστ  

6工=工 Hence，Oi' = L σeσ~ is an in七err附 ia七ering of 侃/~・ Since

Vot(BL) = ぢ~ = ffiσ寸 σ~ is simp1e (Prop. 7・ユ)and 中 L σuσR 

-→ L eσuσR is an ~-ring homomorphism of ヲ~ on七0侃中 has

七obe an isomorphism. According工y，中 canbe extended to an inner 

a叫u七ωon:且即i
-工 -工 -工一

η=  x
L 
for some x 長 A. and σX

L 
x
L 
eσx
L σxσ
Lσ(Xσ)LXσL. 

We ob七aintherefore our assertion x = x-1.xσ 
σ 

If A/B is ラーreguユar，七hen ち may be regarded natura1工yas 
an F-group of (A)_， and then (A)_/(B)_ is 略-regu1ar. Accordingユy，m- -m . -m グ

we obtain七hefo11owing genera1iza七ionof von Neumann's七heorem・

Coro11aη 工0・7・込 A/B ~三十re広u1ar. 1f for every σf~ 

there corresponds a regu1~~matrix X ぞ (AL. ~nd there ho1ds 
σ m  

~・ (XJ)=Xστ(σ ， τe ラ) ，七hen七I日 eexists a re肌 1arm此 rix X 
ー工

in (A)m such七ha.t x = x ・(ゐ)， and converse工y.
σ 

The nex七 is we工ユ known， and an easy consequence of Th. 工0.6.

Coro11aη 工0.8. 工f B = GF(qJ 盟Q.. A = GF(♂)七hen N ̂ !T.， (A) = B. 
一一一一一 A/B 

Now， as an app1ica七ionof Th.工0.6，we sha11 deve工opa Kummer-1ike 

theory for simp1e rings. To七hisend， we sha1工provefirs七七he

fo11owing: 

Lemma 10.9・ Let ト [σ] be a CYC工icF-groun 0f A wi七h七he
genera七or σof orde!:...- m， B = J(ラ)， e:nd七hefie1d BハC c，ontain a 



If七hereexis七san e1emen七

A=@34Bai=@:-laiB・

Proof-Assmethatf(x)=boJ+blJ-l+ 

a po工ynomialwi七hcoefficients in B such七ha七

a ェn工.1; of 

then 

m-七hroo七

郎=a 1; 
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O 

The nex七七heorem
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~ -Kummer ex七ensior1.
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B[x
1
， ... ， X

e
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1
is an 宅.:-Kummerex七ensionand (6) if 
一一 -
genera七edby x" ... ，x then G ("¥ B l' ， ~e 一一一一
G/(GハB) is isomorphic七o

be a primitive 
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G lS 
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エn，Xe 

and 

Proof. con七ainedin ユof m -th roo七
O E Le七
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工

defines a σ = 寸 σ 七J→ E・七ij ~j 
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(ー工ー工 、 ー工ー工 J 

)σ= x~-x~-x~x~ for every σE ~ ， or wha七 is七hesam.e， i ..j ..r.j I 

that G/(G八 B) is abe1ian. No七ingthat J(， 2 x ・・・× づe) mMins 
x
1 
and ラェ-regu1ar(Lemma工0・2)，Lemma 10・9yie1ds at once 

吟 2 x ・・. x れ)::: $ ~1-1 BX~ = B[x
1
]・ Rep叫 ingsimi1ar 叫 um却.uner山，

~ I~ ill ーム .， .t:l 1 
we ob七ain J(ち x x ち)= {D -::-J占 J(ち x x ヰ )x~ = d j+工 ・・・ d e I - ¥..v i ~o ... ¥ (J j " ... " J e I .A. j 

B[x工，...， xJJ，inpar七icu1ar，A = B[xリ.•• ， X_]・ Wehave proved 
m.ー工ー i

七hus (工)ー (5). Since B[xJ:::⑤:!l_ Bx:，七heisomorphism in (6) is 
.1 - 1=0 .1 

now a consequence of (工)and (4). 

1n Th.ユ0.10，if A is a fie工d七hen G ・B' coincides wi七h A発=

{aモA・3♂oE B}・ 1nfact， if a is an arbitrary e1ement of A* 
-1 

七hen x = a ・aσ is an m-七hroo七 of 1 ‘ and σ一一今 x is a homomor-
σ oσ  

phism ofち in七o B・(m.L0.6).Hence， x-=57i with some y. 
σ』

(i = 1， ... ， e)， and we see 七ha七 a 一→Tr σ~j is a homomorphism of 
11 -j 

A* in七oぢ wi七h七hekerr閃工 B'. No七ing七ha七 G・B'C A* and G・B・/B・
乞 G/(GハB}とち (Th.10.工0)，we readi1y ob七ain G・B' A*. 
The fo工工owingtheorem gives a condition for an ラ-regu1ar ex七ension

七obe 叩 ラ十-Ku陶加ω山u凶四澗澗IDI即l立町I汀r

Theorem工叩O.工l工 Le七 略{n， ， η}  be a DF-group of A 一 d L "1 ' "h 
whose exponent is m_， and 1et A/B be ぜ-regu1ar. 1f A/B is an 

O 一一(!

h う-Kurrur町 extensionthen A ⑦ a.B wi七hsome パ A' such七ha七工 i- ~--- ---- -i 
ー工

every c・弓 = a. ・a.;~ ~ .!s contained in B ハC，and converse1y. 
J 1 l~J 

Proof. Le七号=ム×・ xすe With cyclic ti =[σi] of 
order mi'C a primi七ive m-七hroo七 of 1 con七ainedin B ハC.

O 

m~/m.! 
If Ci =E-o'l 七hen，as in the proof of Th. 10.工0，there exist some 

x" ... ，x in A' such that x σx~ç~ and l' ..e ---------- --i-i 

Jヂi and七ha七 A=@xte...Jl・B ・
o~ 七 i く mi e 

(0 ~ s.! く mi)and a z 点 ..x:工七hen an ::: 
e ..1 
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and so a-
1
.an is contained in BハC. Converse工y，assume七ha七 A:;: 
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We have 

工f

c ij 

k-工 -1 _k 
c . .11-: a. ・a.11-: 
1J J 1 工 J

こそj =工~ whence i t fo工工ows七ha七
1.1 

Br¥C. 

(k 0， 1， 

is con七ainedin and every 
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(i = 1， 2)， 

江主EL-n.b.e. of 
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d
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A
O

Coro工工ary工O.工2.

ヲェ×
三工主主主L

且 A附/川B 単 2旦旦 ヲ十-Kumn附n氾nn立m
described in Th. 工O.工1. 工norder七ha七

Coro工工aryユO.工3.

a =2aibi ， -~.b. e.， i七 isnecessary and suf、ficien七七ha七 every

a ;a'ibiEiJ・

(b
iSij
) = 

In vir七ueof Cor. 9.9，七here

Hence， an . ) a. n . . b. = 
J 臼工 J 1 

if and on1y if七hema七rix

By assump七ion，

is regu1ar. 

is regular. 

(51J) 

if and only if七hediagonal ma七rix

.， bh}・(ζiJ)
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be easi1y seen from七heproof of Th. 10.11， there exist some (non-zero) 

a， = 1， a門， ~ ξB  ・and aモB・suchthat A =の a.aj2 ' -m "- -1 -.... ~2 ~ ........u y~~~ y ~工

一工
(工壬 i毛 m，0 ζJく m')，a.! ・a.:nεBハC for every n足元門 and エエ.-dと

匂ユ=al，;' wi th a primi七ive m'ー七hroo七 r;' of 1 con七ainedin 

_ _， I~ +l...~_ n' s n' n'入
B ハC. If n' = m'/s. then a σ工=a--， and so {a--" 0ζ 入く s}

forms a righ七 B-basis of B . 工七 f0110ws 七herefore {a'iau s 工~ i ~ m， 
O 

o ~μ くが}is a right B，"， -basis of A and (a.: alJ ) -1. (a.: alJ )η ι 
O ユ

B ハC for every n E ぢ0・ Now， if U = 2 1J aiaV(2 入 an'入biい入)

is an を-n.b.e. of A/B then every b d ------ _. --" -iい入
=Y.a  .alian T入b.
ムエ，μ，入 エ ユい入

is non-zero by Cor. 10.工3，whence we see七ha七 every 7an'入b.
t... . iい入

a non-zero e1emen七 of B~. Hence， again by Cor. 10.工3，u is an 
O 

ヲ。-n・b.e.Of A/B0・

lS 

A subgroup S of a fini七eabe1ian group G is ca11ed a correc七

subgrouQ if G has a factorization G = [g，] x ・・・ x [ιsuch tha七工。七

S = [g~リ × ・・・ x [g~t] with some αi' 

Lemma工0.15. 主主 G b三三 p-primaryabe1ian group of fini七eorder. 

If a subgrouE. S of G ~ontain~ GP={;>;g モG} 虫主主 S is correc七.
e 立己主 Let G be of order p..... The case e = 1 being trivia1， 

we proceed wi七h七heinduc七ionre1a七ive七o e. We assume e > 1 and 

SヂG or 工 As S::> GP ~ SP， GP is a correc七 subgroupof S by 
七heinduc七ionhypothesis: S = [s，] x ・・・ x [s，J (s ヂ1) and T = ユ k" '-i 

GP = [sif] × ・・・ x [苧1・ Hence， by 七her山，七ion GP:> SP， we m 
se七 α=工 for iく h and α=  P for i ~ 診 h. For every i く h，

工

- -P 曇「there exis七s giモG such that S i-gi・ If G恭一 Lg1' ... ， gh-1' 

s，~， ... ， s'-] 七hen G発 [g，] x ・・・ x [ g1.. ，] X [S1.. ] X ••• X [S1.]' h' ， -k" L01"..  LOh_1.J L-h 

In fad， d1..gift sド・・ s:t=工 imp1ies 工=sif fE1 

8 
(sわ孔 (sのtモ T，whence it fo工10ws 中=工 (i く h)，nam向，
s
i 
= PY i (i く h). We ob七ain七her的 re 工 =S11 s~化・1 S.si. ••• s~ t h-1 -h . _. -k 
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モ S， and even七ua工工y gB1= sYt= l g84L-1 = sY4k-1= 工， S84L= 工
工 工， 5h_工 h-工

， s~t= 工・ 工f G = G伊鋳ぺ oぽ工1en邸鵬E

工e抗七 g~ be i知n G引¥¥G伊特Then s g_PモT = [s，] x ••• [S'l...，] x o ~-1~ ~-h-工

[s， P] x ・・・ X [SLP]， Recaユ工ing七ha七 s.: = g.:P (i く h)， we obtain k ~. -._--~~~--O ----- -i oi 
s =七P with some t 正 G袋 Since 七ヂ g~ and (tg=工)p= 1， g =七g-工o -~o 

is of order p and Gペg]= G鋒 x [g]. If GヂG* x [g]， an obvious 
induction comp1e七es七heproof. 

Theorem 10.工6. Le七 A be a division ring. If A/B is an 

十k.ummerex七ensi∞七henit is comp工e七e1ybasic，七ha七九町ヲ -n.b.e.
of A/B 主主主ず-n.b.e. 0f A/J(ラ後) for every subgroup ゲ

of ，・
立公主・ As is we11-known， ラ=う工×・・・ × ラ七 wi七h七he

Pi-primary componentS 351・工f ラO is a subgroup ofラwithprime 

index p 七hen 句 =時録 x 宅後 wi七ha subgroup 省後 and 守谷=Jo  "J1 d 2 ----------o---r Jユ d2 

写 ×・・ ×当・ As (ぜ・略発=p， imp1ies <後〉場 P1，~後2 ̂  .•• ~ 'd七 dl' '31 ユ d1 -- -(J 1 -， eJ 
is a correc七 subgroupof ラェ (Lemma10.ユ5). Hence， by Lemma工0.14，
we see七h抗 anyラ-n.b.e. of A/B is an ヲーn.b.e. of A/J(者。)・。o (7 

Now， the proof of our七heoremwi11 be comp1e七edby七heinduc七ionwi七h

respec七七othe order of ぢ-

A centra1 simp1e a1gebra of rank 4 over a fie1d not of characte-

ris七ic 2 is ca11ed a qua七erniona工gebra...，which may be characterized 

as in the nex七七heorem.

Theorem 10.工7. A is a qua七erniona工gebraif and on1y if A/C 

isヲ-regu工arfor some (abe1ia吋ぢ oforder 4. 
Proof. By Lemma工0.3，i七 is工ef七七oprove the on1y if par七.

Assume七ha七 A be a qua七erniona1gebra. If A = (C)2 then A = 

(0 1¥ 10 工、
C [ i， j] for i = t i ; ) and j = {工;J ' and七hereho1ds 

2 
ij = -ji， i~ =工 and j-=ー工. 白1七he0七herhand， if A is a 

division ring then any maxima1 subfie1d M of A can be represen七ed

.2 
as C[i] wi七hsome i such七hat i 長 C. Eviden七ly， σC

o
+ c
1
i 

t 
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一一→ Co-cli (co ，c工モ C) is a C-ring automorphism of M of order 
f'V 

2， and can be ex七ended七oan inner au七omorphism 3 of A (Th. 4.6). 

""，2 . ~ ~ r • • ， • 2 
Since M I J'-;;:工 and ij;;: -i， A ;; C [i， j] and j モVA(M)ハC[j] ;;: 
C. Thus， in ei七hercase， we have seen七ha七 thereexis七 some i， j E 

.2 _ ~ .2 
A・ such七ha七 A;;:C[i， j]，工 E C， j モ C and ij = -ji， and七hen

ぢ={t，τ，r，Z}isa group Of order h and J(g )=c. 
工f A is a qua七erniondivision algebra then under七henota七ion

in 七heproof of Th. 工0・工7，ラ= {L T} × {工 j} and A/C is an 
ラーKunm町 ijdemion-However，vA(C)=A is notcommtuive，md  hence 
ヲ(A/C)= A is not commutative by Cor. 9・5・

ハ
Nobusawa-Tominaga [工];'Ohori-Tominaga 工]. 
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ユ工 Genera七inge1emen七sof Ga10is ex七ensions

Throughou七七hepresen七 section，we assume again B is a simp工e

ring. Concerning genera七inge1emen七sof a fini七eGa10is extension 

A/B，七hereare a number of interesti時 resu1七s，and one wi11 see that 

the七oolsused in七herespec七ivecases [B:Z] =∞ and [B:Z]く∞

are s七riki時 1ydis七inc七 Atfirs七wesha11 dispose of七hecase [B:Z] 

= ∞ To 七hisend， we sha工工 consider 七hefo11owing proper七ies:
(工 Forevery finite1y genera七edrigh七 V-submodu1e N of A 

there exis七 acountab1y infini七enumber of e1emen七s b_. b 工， ~2' 

B. such七ha七 恥
∞
『
上@
 

肌
山
∞
1
ム

(1') For every fini七e1ygenera七edrigh七 Z-submodu1e N of A 

七hereexis七 acoun七ab1yinf・ini七enumber of e1emen七s b_. b l' ~2' 

B. such七ha七 I ~ Nbi =⑦:恥i・
(工工 Forevery B-B-sゆ modu1e X of A 1ef七 finite over B 

there exis七san e1ement x such七hat X = BxB. 

1f A/B possesses the proper七y (11) and is 1eft a1gebraic then 

for an arbi七raryfini七esubset F of A we can find an e1ement f 

such七ha七 B[F]= B[f]. 工npar七icu1ar，if A/B is 1ef七 a1gebraic

Cresp‘工ef七 a1gebraicand of bounded degree)七hen A/B is 1e抗ユoca11y

finite (resp. [A:B]L く ∞ )， provided A/B possesses 七heproper七y (工工). 

Proposi七ion11.1. 主主 B be a division ring. 

(a) 立 [B:Z] = ∞ 些主主 A/B possesses七heproperty (工， ) . 

(b) 1f A is a division ring and [B:Z] ∞七hen A/B posses-

ses the proper七y (工). 

立盟主 (a) Case工 B/Z is a工gebraic: Le七 M be a maximal 

subfie1d of B，七hatis obviously infini七eand 10cal工yfini七eover Z 

(Th・7・7). We se七 here N = ED ~ x..z. We may assume then， wi thout 1 ..u 

10ss of genera1i七y， y. ~ x.. M = EÐ 七 x..M 七~ s)， and we can find L 1 "̂"u 工 u..... ¥... -...;;: ... I ， 

an in七ermediatefie1d M
1 
of M/Z finite over Z such七hat Nζ  

2ixA  Choose ar山・ari1yan 山 men七 bE M¥円・ 1f I ~ xuYu 
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+
U
1
-

円、

}
L

--
x..by.'. for some Y..' Y.'. in M 七hen Y.. = by.'.， whence i七u ~ .， u --1 "u -" u 

fo110ws Y.. = 0 = Y.'.. We have seen therefore 0 = よ七 x M ハ
U 臼工 u--1 

::xu判::> NペNb， so七hat N + Nb = N lD Nb. Assume now七ha七we
have found such non-zero e1emen七s b_. ... • b in B 七ha七l' ... ， .... q 

L ~ Nb.! = ED 一(f)~ Nb.:. Then， we can app1y七heabove argument for N' = 
工エ ~l

L i Nb
i 
in p1ace of N 七oob七aina non-zero e1ement b'εB with 

N' + N'b' N' <D N' b '. Se七七ing b _L' = b _ b'， we ob七ain
q+工 q

L ~+1 Nb. = ffi ~+1 ー七日 Nb.:， which comp1e七es七heinduction. 1 工 v

--ー
Case 工工 B/Z is no七 a工gebraic: There exis七san e1emen七 x in B 

七ha七 is七ranscendenta10ver Z. If F.!(く B) is七hequotien七 fie1d
エ

f')1. 

of Z[xι ] (i = 0， 1， ・・・)， 七hen F 0':> F 1 ::> ••• (:> Z). We set here 

N = ED ~ x.. Z and n (i) = [ )' s x..F.! : F.! ]，..， (~ s)， and we sha11 prove L 1 ""u" i . ... i J R ¥ ~ ...." 

七hat max n(i) = s ・ Supposeon the con七rary max n(i) = n(p) s' < s ・

Then， wi七hou七工ossof generaユi七y，we may assume tha七 )' s x..F ~ = 
L. 1 --u-P 

t"' s' 
@S  X F，sothatx ， =Y  x f vith some f in F. 1 --u-p~ -- ----- _.s '+工 L 1 _.u-u ，.--------- u p 

Since {x工，...， xs}

is no七 con七ainedin Z. 

is free over Z， some one of f..' s， say 
U 

We叫 fl=(23yJV「 23yJzj)

f.. 
l' 

(y = x2P y x.....- and z.:， z!ξZ)， and choose a positive integer t such七ha七j' OUj'-....，，， 

2t 〉 m.AS F 〉 Fmd七hemaxima1ity of n(p) imp1y n(p+七)= 
p ~ p+七

n(p) ，七herehoユds;Sx F=@S  'x F whence itfollows七ha七
L 工 up+七工 up+七'

2七-1
f_ is con七ainedin F~l ..j... According1y， no七ing七ha七{ 1， y， ... ， y } 

p+七
ャ m ~~j _ I _ I ヤ m .j_ ¥ 

is 1inearly independent over F~ ..L..j..， yVz!一( } : yVz.:)f， yie1ds p+t' L 0 J ~ j 、L oJ  oUj'工

z! = z.:f， (0壬 Jζm). Since some of z.:'s is non-zero， we ob七ain
j -j工

a contradic七ion f工E Z. Hence， we have seen n(p) = s， namely， 

2S  x S K-工=⑤  x..F _ . N ow， no七ing七ha七七hesubse七 {b
1
_ = y.-1 _.u-P '-L/ 1 _.u-P 

k =工， 2， ... } of F~ is free over Z， i七 iseasy七osee七ha七
P 
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S 00 _00  

I i Nbk =⑦i xu(⑦工 bkZ)= ED i Nbk， which is our as 
(ωb) The proof wi工1be comp1eted by a slight modifica七ionof七ha七

of (a). 工ncase B/Z is algebraic，七akea maxima1 subfie1d M of B. 

Then M. V M (8) Z V is a di vision ring that is 10ca11y fini te and 

infini七eover V. Hence， in Case 1 of七heproof of (a)， we can rep工ace

Z and M by V むld M. V， respec七ively. On七heother hand， assume 

七ha七 B con七ainsan e1emen七 x 七ha七 istranscenden七a1over Z. Then， 

{xJ } is free over V， and so七hedivision subring F~ genera七edby 
エ

っエ っユ
V[x~] is a quo七ien七 divisionring of七hepo1ynomia工 domain V[x~ ]. 

Hence， in Case 11 of七heproof of (a)， we can rep工ace Z by V. 

Lemma工工.2. Let A be Ga10is over a division ring B， and B ・V-A-

irreducib工e. Le七 X be a B-B-submoduユe0f A 工ef七 fini七eover B. 

1f x is an arbi七rarye1ement 0[ X， x ~VR Eossesses a right V立笠と

and [x句Vn:V]n= [BxB:B]y' In par七icu1ar，if x is an e1emen七 of X 一一 L~L -d • R' . .1 R .. ~~L~ • - .. L 

such七hat [x句Vn:vL... = [X:B] 七hen X = BxB. 'δ R . ， J R L ~L • ~ J L 一一一一
立oof. The mapping BxBIα ーぅ xα (α £ ヲV

R
) defines a 

VR-isomorphism of BxB I ~VR on七o x守V
R・
According1y，i七 fo工10ws

[BxB:B]L = [(BxB I句)V
R
:VR]R = [x ~VR :V]R by Lemma 5.8 (a). 

Proposi七ion11.3. 主主 B be a division ring. 王手 A is Ga工ois

over B and B・V-A-irreducib1e，七hen (1) imp1ies (I工). 

Proof. Le七 X Bx~ + ... + Bx. Then N )' ~ x. d1 1 .........m L. l....i -d 'R 

fini七e工ygenerated righ七 V-submodu1eof A (Lemma 11.2). Hence， by 

七heproperty (工)，七hereexis七 acountab工yinfi凶七enumber of non-zero 
円 。コ - ロコ

e1emen七s b~ ~ b~~ ... in B such七ha七)~ Nb. =切Nb..工fwe 工 ""'2' uu.v.L.L V .1.~~...， L 1 ，L'''''i -""工工

se七 x= L m x.b.ξX) ，七henone wi11 easi1y see七hat xlα-→xα 
ω ム工工

( α £ 句V
R
) is a V-isomorphism. 工七 fo工10wstherefore [x~ V

R 
:V]R = 

[(X I句)VR:VR]R= [X:B]L (Lemma 5.8 (a)). Now， by Lemma 11.2， we 
ob七ain X BxB. 

Combining Prop. 工工.工 (b) wi七hProp. 工工.3，we ob七ain七henex七:

Coro工工ary11.4. Le七 a division ring A be Ga10is over B ，~旦土

[B:Z] =∞  
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(a) For every B-B-sゆ modu1e X of A 工ef七 fini七eover B 

there exis七san e1ement x such七ha七 X:;;: BxB. 1n par七icu1ar，every 

in七ermedia七ering T of A/B 1ef七 fini七eover B is sing1y genera七ed

over B， name1y， T:;;: B[七] for some 七.

(b) 工f A/B is 1ef七 a1gebraic七hen A/B is 1ef七工oca工工y fini七e.

(c) If A/B is 1eft a1gebraic and of bounded degree七hen [A:B]く∞

Theorem 11.5. Assume七ha七 町人、 isdense in V ~ (BT ) and -d -~ σ['-L 一一一
[B:Z] :;;:∞ 

(a) 工f A/B is工ef七 a1gebraic七heni七 is工ef七ユoca11yfi凶七e.

(b) If A/B is 1ef七 a1gebraicand of bounded degree七hen

[A:B]L く∞

Proof. By Cor. 8.5，七hereexis七ssome B':;;: I n D'eJ伝記 Oムユ ij - ~ 1.f 

ch 七ha七 V^(.{e~.})/D' is 1ef七 a工gebraic (and of bounded degree in (b)). A ¥-'~.i j 
Since J(写(B')):;;: B' by Prop. 6.工工， VA({eiJ}) is Ga工oisover 七he

division ring D' wi七h [D':V""，(D')] ∞ (Cor. 7.11). Hence， by 
D' 

Cor. 11. 4 (. b )， V ̂  (. {e!. }) /D ' i sユef七ユoca1工yfini七e. According1y， . A ¥. '''"ij 
A/B' and hence A/B is 1ef七工oca工工yfinite. Simi1ar1y， (b) is a 

consequence of Cor. 工工.4(c). 

Lemma 11.6. Assume七ha七山川-Ga1山・ L主主 T 己主£:f/r，
and W:;;: T f¥ U， where U:;;: Vn ( r). 1f a subset 0f T is righ七 free一一一一:.. 'V 

over W，七henso is over U. 

主oof. Since J(句(.T)):;;: T by Prop. 6.11， ul匁(T) is a Gaユois
group of U/W. Now， assume 七ha七 {七工， ... ， u } is a subse七 of T七ha七
is not right free over U. Then， wi七hou七工ossof genera工i七y，we may 

assume七ha七七 I~七 u. (.u.. E U) is a non-七rivia1re1a七ionof 工心 2-j -j '.-j 

七heshor七es七工eng七h. Since 0 七ー七 a よm七 lu..-u..σ) 工工 L. 2 ~j 、j ~j I 

every σin  OJ (. T)， i七 fo110ws七hen u
2
， ... u

m 壬
W，n叩 e1y，

{七，，七}is no七 righ七 freeover W. 
よ m
Now， we are a七七heposi七ion七oprove七hefirs七 principa1七heorem.

Theorem 11.7. Let A/B be h-Ga10is， and [B:Z]:;;:∞ If A/B is 

left a1gebraic then for every B-B-submodu1e X of A 1eft finite 

over B 七hereexis七san e1ement x such七ha七 X= BxB， in par七icu1ar，
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for an arbitrary fini七esubset F of A 七hesubring B[F] is sing1y 

genera七edover B. 

Proof. By Th. 11.5， A/B is 1eft loca1ユyfinite. Hence， A is 

B'V-A-irreducib1e (Th. 6.工). Then，七aking七heva1idi七Yof Cor. 5.6 (b) 

in七othe mind， we may assu且efrom the beginning七ha七 B is a division 

ring. Now， 1et N be a finite1y generated righ七 V-submodu1eof A， 

and U == Vn ( r). Then， N ==⑦ m七 U. Take an arbi七rary T in '-v 1 vj 

~~.f/ {r ， t1， ... ，七m }， and sd W=TハU and N' = ED ~ t j W . 
Obviously， [W: z]ζ[V T (B) : Z ] ~ [ T : B] L く∞ (Prop.4.2). Accord-

ing1y， by Prop. 11.1 (a)，七E町、eexi st a coun七ab1yinfinite nm山erof 
円。 00

non-zero e1emen七s b" b̂ ， ••• in B such that L， N'b~ = ffi， N'b~ l' .....2' ...，....'-.. V .L.L.....v l...工工工

= et) ~ t~b~W. Reca11ing 七ha七 every 七 b~ is contained in T， 
vhJ  Jエ【 j.....i

Lemm.a 11.6 i町工ies七ha七 i 七 b.U==⑦ 七 b__U = EB 
~ i，j ~j""'i~ ~ i，j ~j""'i~ 

We have seen七hus A/B has七heproper七y (.工). Now， our assertion is 

c工earby Prop. 工工.3.

Corol1ary 工工.8. Assume 七hat A is Galois and fini七eover B and 

[B:ZJ 00 

(a) 立 X is an arbi trary B-B-submodule 0f A 虫主主 X == BxB 

for some x. 1n par七icu1ar，every intermedia七eri昭 of A/B is 

S ing工ygenera七edover B. 

(b) If A' is an intermedia七ering 0f A/B・V then A' = B[a'] 

wi七hsome uni七 a'・ 工npar七icu1ar， A = B[a] with some u凶七 a.

(c) If V is a division ring， then for every in七ermedia七ering 

A' 主主 A/B 七hereexis七sa uni七 a' ♀ζ A' such七ha七 A' B[a']. 

Proof. We sha工工 prove here (b) and (c). 

(b) As B . V == B ~ r7 V i s s imp工eand V ̂ (B・V)= C _， A' is a Z -..... ----.r;------- . A 
simpユering by Th. 7.2 and Prop. 7.3 (b). According1y， we have A' 

ilTD『eb Where ET ={e!}is a sy向 m of matrix units such七hat
工J

VA，(E') is七hedivision ring D'. Obvious1y， by (a)， it suffices to 
prove七hecase n' >工 Moreover，in vir七ueof Prop. 8.3 (a)， we may 

assume七ha七 B contains an elemen七 b 1 x ~ . e ~ ~ (xJ ξD' ) μijユj ¥ --ij 

as xin=工叩d x;n=O for every i>ユ Weconsider here the 
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simp1e ring B， = B[E'] = I n' D， e~~ ， where D， = V~ (E') 
ム 1 .....l'-ij' 工 B1

division subring of D'. We may assume further E' con七ains 了

工七 fo工工ows七hen VA(B
1
) = VV(E') = VU(E') is a division ring， and 

七herefore VACE') is Ga10is and fini七eover D， by Th. 7・2. Since 
工

D1 is infini七eover i七scenter (Cor. 7.工工)， we can find a non-zero 

e1emen七 d' such七ha七 D' = D1[d'] (by (a))， Se七七ing a' =工ー

(d'e む+ : ; e i i -l ) ， a ' i s a u zl i 七 of A' and L民加同Jβ創却e印倒IDI宜ma
A『 =BIb， dTe'+;n'e!.1=B[av]. 

21 ん 3 工i-1
(b) As V is a division ring， A' is simp1e by Prop. 7.3 (b) 

and七heproof proceeds in the same way as in (b). 

Concerning七hecase [B:Z] く∞， as one wi11 see soon 1a七er，

a number of impor七antresu1ts wi1l be given as consequences of an 

efficien七 proposition.

Lemma 11.9. Le七 A be a division ring wi七h [A:C] =七2，and M 

a maxima1 subfield 0f A. If M = C[m] 七hen七hereexis七S 叩 e1emen七
血七-1 _i__j 

a such七ha七 A=の
"" i，j == 0 
'̂ f'¥.; 

立旦Z・ Since M is abe1ian and M'MR = ~'MR' A is ~.~-

isomorpl山 to ~.~ = 日:;=o InHcR (Th・9・ル If a ←M 
under七heabove isomorphism七heni七 isobvious七ha七 a 工S 七hee1emen七

reques七ed.

Theorem 11.工O. If A is a separab1e simp1e a1gebra of finite rank 

over a fie1d 争七hen A =争 [u，u主] wi七hsome u， r E A・.

立巴Z・ Case工. n = IAI =工 A con七ainsa separab1e maxima1 

subfie1d M over C (Cor. '{'.9). Since M =争 [u] wi七hsome u正M・，

七hereexis七san e1ement r壬 A・ suchthat A = ED. . uirujC = 
マエ，J

I i，j ui(ur)jc =争[u， ur] (Lemma 11・9)・
Case I工 n >工 As D is a separab1e division a1gebra over 争

by Case工七hereexis七 x， d モD・ such七hat D = ~ [x， Xd]. We se七

t = I ~ e.: _ .， (=七-1) リ= I n e.:.! and v後=u吃=ー工+工 ， ~ ~ 2 '-ii-1 

en， one wi工工 easi1y see 七ha七 e ・j U後iーエv発n-lu*n-lv後j-1
i-工i

n
ク』
円、、ri“
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(i， j =工， ... ， n)・ Incase D =争，争[工-u*， (1 -u後)ゼ]= 

争[u後， v後=争 [E]= A and 1 -u恭モ A・ Thus，in wha七:fo11ows，we 

may restric七 oura七七en七ion七O 七hecase D ヂ争 Under this situation， 
'y -1 

i:f xd.x =工， or xd = x 七hen 争 [x，xd] 争[xland X2#1. 
，、，

According工y，we may assume :fUr七her七ha七 xd.xヂユ. 工:f u =ポ+xe 
工n

-1 -1 
and v = ud七=v持+xd.e 七hen u = v持+X e 壬争 [u] yie1ds 

n1 -n1 

(x-l-xd)erll=u-l-vモ争 [u，v]， whence it fo工工ows 工-xd.x)e
nn 

(u-工-v)u モ争 [u，v]. No七ingthat x = un and xd = vn are 

con七ainedin 争[u， v]， we obtain e E-争 [u，v]， which forces 
nn 

e .. = vnー工e uI1-J 4 争 [ u， v]. Conseq四 n七工y，we have 
工J nn 

争 [u，v] = 
争[x，xd， E] = A， compユe七ing七heproof. 

Coro11ary 11.11. 与主 A be a simp1e a1gebra over a per:fect fie1d 

争. If A/争 is3-a工gebraic七henit is工oca11yfini七e.工f n >工

and A/ 争 is 2-a工広ebraic七henit is 1oca11y finite. 

Proof. Firs七， assume tha七 A is a division ring and 3-a1gebraic 

over 争.工f a~ _ a~_ a~ are in A 七hen 争 [a" a"， a-.] =争 [a~ ， a;，] エ， ....2'....3 ....... '-' .......工， ....2' ....3 工， ....2 

with some a~ ， a~ (Th. 11.工0). Hence， an easy induc七ionwi11 prove 工， ....2 

七ha七 A/争 is1oca11y finite. Next， assume that n >工 and A/争

is 2-a1gebraic. Le七 d~ _ d~_ d~ be non-zero e1emen七sof D.工f a~ = ユ， .....2' '-'-3 

I x~~e~ where x" = d" x"， = d"， x，_ =工 andeach of 0七herij'"'ij ~11 .....1' ~21 .....2' 工n

ャ n
x..'s is 0， and a" = d....e"， +)， e...!" 七hen 争 [a" a，，] is fini七e.i ...~ ~， ....u.........2 .....3~21. L 3 '-ii-1 工， ....2 

over 争 andcontains a11 d.! 's (Lemma 8.4 (b))， which means七hat D/争
1 

is 3-a工gebraic. Hence， A/ 争 is 10ca工工yfinite by 七hefirs七

asser七ionproved above. 

Coro11aη 工工.12. 立 A is fini七eGa10is over B 盟主 [B: Z] く ∞ 

七hen A = (BハC)[u， u釘 for som~_ u， r E A・.
Proof. Since [A:CJ く. ∞ byCor. 7.11 and C is finite Ga10is 

over B ハC，A is separab1e and of finite rank over B ハC. Hence， 
our assertion is obvious by Th. 1工.10.
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Coro工工a:rγ 工工.工3. Let A be a separab1e division a1gebra of fini七e

rank over a fie1d 争.工f a i s an e工emen七 of A no七 con七ained

in C then A =争 [a，a'] for some a'. 

Proof. Le七 T be an arbi七ra:rγintermediatering of A/争

proper工ycontained in A， and y an e1emen七 of A¥T such七ha七

ayヂya. Now， suppose七ha七七hereexis七 differen七 e1emen七i3 C" cn， 工， ....2 

c
3 

E 争〆 such 七ha七 a~ = (y + c~)a(y + c~)-l are con七ainedin T 
エ l 工

(i = 1，2，3). Then， (y + c~)a = a~(y + c~) (i 1，2，3) yie1d 
1.- 1.'~ 1. 

(c~ - c~)a = (a~ - a~)y + (a~c~ - a~c~) (i， j =工 2，3). From七hese，i ......j/J. ¥.....i....i ......j....j' ¥...， tJ ......，.....， 

we ~eadi1y ob七ain {(c， - c~)(a， - an)ー (c， - cn)(a， - a~)}y + ------" ------- ~ "-1 -3 I "-1 -2' "-1 -2' "-1 -3 
(c， - c~)(a， c ， - ancn)ー (c， - cn)(a，c， -a'")c'")) = 0， or equiva1en七1y，工 3'"-1工 2....2' ¥.....1 ....21¥......1 "1 .....3....3 I V-， 

(c， - c~)(a， - an)ー (c， - cn)(a， - a~) = 0 and (c， - c~)(a， c ， -1 -3 工 2 ・工 2' "-1 -3 工 3 ' "-1 ....1 -2 -2 

-(c， - c，.J (a， c， - a'}c .. J = o. Subtracting 七heエa七七erfrom the former 工 2'"-1-1 -3-3 

mu1tip工iedby c" it fo110ws (c， -C'}){ (cr) - c， )ar) + (c， - cr))a')} = 0， l' ... "" ... ...，...............，...... ¥-....1 ....3 l' ¥.....2 工 2 '-1 -2'-3 

= a_. We have七hen (cn - c~)a = an(cn - c~) ， so七ha七2 -3" ..---_.------- "-2 -3'- -2'....2 ....3" 

a = a
2 
and (y + c

2
)a = a(y + c

2
)， which yie1ds a contradic七ion ya = 

ay. We have seen七hus七hereexis七 a七mos七七wo c's in 争 such七hat
-1 

(y + c)a(y + c) モ T. By七he1igh七 of七hisremark， we can prove 

our coro11ary. As was shown in七heproof of Th. 11.工0，七hereexis七

some u， v such七ha七 M=争[u] is a maxima1 subfie1d of A and 

A =争[u，y]. Since七hereare on1y a finite number of in七ermediate
fie1ds of M/C，七henumber of in七ermedia七erings of A/M is fini七e，

七00(Th. 7.7). Now， 1e七{ T... .•. • T } be七hese七 ofa11七he， .."-'-' '" ~l' """q 

intermediate rings of A/M differen七 from A. Then， v is no七

contained in any T~. We may assume here七ha七 vaヂav. 工nfact， 
l 

if av = va 七hen a(u + v)ヂ仇+v)a by a手C，and七hen A = 
争[u，u + v] enab1es us七osee七ha七 u+ V can rep1ace v. Under 

七hissi七ua七ion，for every i 七hereexis七 a七most七wo c's in 争 such
-1 

七ha七 (v+ c}a(v + c) ぞ T.. As 受 isinfinite by AヂC，we cail 
エ

find七henan e1ement v _ = v + c (c _ E 争 suchthat a~ 4' T~ for 
O ・o"-0υ ア
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=争 [a，ベ-1]・
00 [B:Z]く

=争 [aZo，u]

be finite Ga工oisover 

A = M[a九]
Let 

a simp1e in七ermedia七ering of 

According1y， i七 fo110ws

A Lemma 11.14. 

~. a11 

C袋A/B A* and 

主と旦s..

(a) 

(b) If 

z[Co]wi七hsome c。モ A発f¥C

y εD後 such七hat D後=C後[x，y] 

Proof. (a) Since [A:C] く

simp1e and V ̂ (H) = V ̂ (B・C)，we see tha七A ¥---， . A 

ing工y，CO =Z  ・C. No七ing七ha七

争 wi七h七heGa10is group 

where D後eき.
1.1 

D傍=VA*(E袋)

A後== B (¥C， and 争Let C 
O 

contained in 

{ eき.} 
エコ

a division 

A発f¥C.

and 

co ぞ

no七 con七ainedin 

is a sys七emof ma七rixuni七S

for some non-zero Z'C後 =Z[c。]

is an e1emen七

E後=

Z.C後=and C後D後of x 

七hen七hereexis七sa non-zero e1emen七

工S

c 
O 

B -c=B @Z  Z ・C

(Th.7.7). 

笠 d 査[y] con七ains

∞ (Cor. 7.ユ工)， 

Accord-

is a fini七eGa10is ex七ensionfie1d 

cl写

H = B.C 

C 

〆、d-匁(C。/Z)
Hence，七heintermediate fie1d 

， we see七ha七over 

Z.C後by七hecon七rac七ion.、IJ
ワ山
J
I
'
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@

O
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J
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u
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u
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C' with some in七ermedia七efie1d Z'C' is represented as of 

A* r¥C， i七coぞwith some non-zero 争 [c
o
]

z・c後 =z-c'=Z[co]. 

C' = Since 争of 

y' an e1ement (Cor. 7.1工)，七hereexis七S

D後=C発[x，y'] (Cor. 11.13). 

く[D持:C後]Since 

fo工10ws

(b) 
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such七ha七D発ユn

4・

Consequen七1y，C後[x，y] 

争and七hefie1d 

争[co，y']=
C袋[x，yT，Co]=D鋳.
We can prove now the fo工工owingefficient proposi七ion.

争 [co'y'] 

wi七hsome y. 争[y]

争separab1e over 

and so 

[B:Z] wi七hB be fini七eGa10is over L三七

a simp1e in七ermed:i，a七ering of 

is con七ainedin 

A Proposition ユ工.工5.

such七ha七七he

C 
O 

A後 =Z[colvi七hsome co ・

con七ainedin C後七hen七here

A/B 

A袋

A後

ぱ
一
一

p

， and 
C後

00 

cen七er

(a) 

(b) 

く

is commutative七hen工f

no七

A後=Z[a， a'] . 

A後1s an eユemen七 of

such七ha七a' 

a 

+
U
 

白
・
工
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-
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Proof. (a) is evident by Lemma 11.山 (a). To prove (b)， we se七

YI* 
争=B ハC and A* = >' u 併が where E* ={ e発} is a system of L 1 ...， '-ij' nu'-...'-..... 1. '-ij 

matrix units and D後=V
A
後(肝 adivision ring. Then， [A: 争]く∞

by Cor. 7・11. Again by Lemma 11.14 (a)，七hereexis七S a non-zero co 壬

P ハC such七ha七 Z.C袋=Z[c_]， and hence a11七heassumptions in 
O 

Prop. 8.7 are fu工fi工工edprovided n発 ~ 2. 工f n袋= 工， 七hereexis七S

some a'己 D後 such七ha七 D発=C発[a，a'] and 争 [a']ラ c。(LeIIma
11.14 (b))， and so Z[a， a'J = Z[a， a'， c_] = (Z ・C緑)[a，a'] = D後=A発.

O 

Thus， in wha七 fo110ws，we may res七rictour atten七ion七O 七hecase 

n後~ 2. 1n genera工， if r is a uni七 of A後七hen七hecen七ersof 

首 and VA(Br) coincide with Z空 and C~~ respective工y，A is 
O 

finite Ga10is over Br， B主ハ C= q， ，( Zr)・C後=(Zr;[c_J and [B主:Z笠]
O 

〈 ∞・ Hence， a工工七heassump七ionsa七七achedto A/B and A* by now 

are preserved for A/Br and A発 1nbe10wヲ七heremark wi1工beused 

of七enwi七hou七 men七ion. We sha11 dis七inguishhere be七weenthree cases. 

Case工.D発 C後Thereexis七sa unit r E A発 suchthat ar = 

2 ~後 x e9e wi七h x~ ~ = c and x. ~ = 0 1 ..ij -ij .----- --ln後 o ln後

(Prop. 8.3 (a)). Hence， there exists a uni七

(Z~)[a主， a"] = Z[a， a"γ工] (Prop. 8.7 (a)). 

for every i ~ 2 

a" E A袋 such七ha七 A保=

Case 11. D徒主 C後 and n器> 2: For an arbi七rarye1emen七 x in 

D袋¥C鋳 wecan find a non-zero e1emen七 y such tha七 D発=C[x， y] and 

争 [y]ラc (Lemma 11.14 (b)). Since we can find a unit r in A* 

YI* M n 
such七ha七 ar=2l xiJefJ wi七h xlm=x，xlnL工=y and xim=O 

for every i ~ 2 (Prop. 8.3 (b))， again by Prop. 8.7 (a)七hereexis七S

a unit a" of A後 such七hat A* = (Z宮)[ar， a If] = Z [ a， a "r-1] . 

Case 111. D後主 C鋳 and n袋=2: Again by Prop. 8.3 (a)七here

exis七sa uni七 r of A* such七ha七 ar= de発+d'e~_ +ポ (d，d' そ11 --21 -12 

D後). 1f {d， d'} 4 C後七henwe can find some non-zero y ぞD持
such七ha七 D発=C後[y，d， d'] and 争 [y]うに (Lemma11.14 (b))， and 

""，-1， 
七hen A* = Cz主)[ar，ye2工]= Z[a， (ye五 )r-~] by Prop. 8・7(b)・Whi1e，

if {d， d' }ζC発， in any ra七e，there exis七 non-zeroe1emen七s x， y 

in D後 such七ha七 D後 C後[x，y] and 争 [yJ ラ c。(Lemmal・14(b)). 
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2 
We consider here七hepolyno叫 a工 f(入)= 入-d入-d' in C汽入]. 

-1 
主f z = y-~x and z + y-~ are roots of f(入 in D後七henby a 

-1， _1 -1 
brief compu七a七ionwe see七hat f( z + s y -~) = f( z + Y -~) + (s -工)

-2 _ ¥ -2 
{f(z + y-1) _ f(z)} + s (s -1)y-2 = s (s -1)y-2 for every sモ争.

Reca11ing here tha七 [A:争]く∞ and D*言Cペ争 iseviden七1y
an infini七efie1d. According1y， we can find some yE争 such七ha七

-1 
f(y-工(x+ y)) = f(z + yy-~) ヂ O・ Wemay assume七husfrom the 

ー工
beginning七ha七 f(y-"'x)ヂ0，and七heni七 fo110ws A* (Zr) [a;， 

ye袋=Z[ a， (xe後+ye袋 )'r-工] (Prop. 8・1(c))・ Wehave seen 
21 .. ，y<;;22J - L.lL<.Ao' \.n.~2工 22

七husin either case A後=Z[a， a"] with some a"・ No七ingagain 

is infini七e，one wi11 easi工ysee 屯ha七七hereexis七san e1emen七 α廷争

such七hat a' = a" -αis a uni七 of A後 Then，we ob七ain A袋=

Z[a， a"] = Z[a， a']， 

Combining Cor. 11.8 (t) with Prop. 11.工5and Cor. エエ.12，one wi11 

readi1y see the fo110wing: 

Theorem 11.16. Le七色 befini七eGalois over B. 

(a) 工f a is an e1emen七 of A no七 con七ainedin C 七henthere 

exists a unit a' such七ha七 A= B[a， a']. According1y， A/B is 

sing1y genera七edif and on工yif A = C 0ζB <1-c. 

(b) A = B[u， u;] wi七h som~ u， r E A'. 

Coro11ary 11.工l' Le七 A be 1eft algebraic over B. 

(a) 1n order七ha七 [A:C] く∞， it is necessary and sufficien七

七ha七 [v:C] く∞ and [B: Z] く∞

(b) If [A:C] く ∞ 七hen A/B is 10ca工工yfinite. 

立辺工 (a)By Cor. 1.11， i七 sufficesto prove the sufficiency. 

There exists some B' = 1: ~ D' eJ ~ E s?. ~ ~ such tha七 V^({e;~}) is 1 - -ij - """"l.f -~~~~ -~.~- 'A' l~ij 

1ef七 aユgebraicover D' CCor. 8.5). Since [B':VB，(B')]く∞ again
by Cor. 1.11， we may assume from七hebeginning七ha七 A is a division 

ring. Then， no七i昭七ha七 B-c=B  @z z・C，七hereho1ds [B.C:C] = 

[B・C:Z.C]・[Z・C:C] ~ [B:Z]・[V:C] く∞ Hence，B.C = V~(B ・ C) = 

VA(V)， and so [A:C] = [A:B・C]・[B・C:C]= [V:C]・[B・C:C] く∞(Th・ 7・1). 
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(b) In case B is contained in C， our asser七ioncan be seen by a 

direct compu七ation. 工nwha七 fo110ws，we sha11 assume七ha七 B</-C. 
Then， by Th. 1工.16Ca九七hereexis七san e1ement a such七hat A = 
(B・C)[ a] . N ow， 1e七 F be an arbi七raryfinite subset of A. Then， C 

contains a fini七esubset F' such七hat B[F]ζB[F'， a] = B[a]・B[F']. 

Since we can easi1y see [B[F']:B]L <∞，  our asser七ionis a conse-

quence of (a) and Cor. 7.12. 

The nex七 con七ainsobvious1y Cor. 11.工7(b). 

Theorem 11.18. Let A be 1eft a1gebraic over B， and [B : Z] く∞.

工norder七ha七 A/B be 10ca11y fini七 e~ it is necessary and sufficient 

七hat A/B・C be 1ef七 10ca11yfini七e.

立公主 1七 remainson工y七oprove七hesufficiency. At first we 

sha11 prove our assertion for the case七ha七 B is a regu1ar subring. 

Since B ・C= B 69 n Z.C， Z ・C is a subfie工dof C and B ・C is a Z ...... '"" 

simp1e ring wi七h [B・C:Z・C]= [B:Z]く∞ Now，1e七 F be an 

arbi七raryfini七esubse七 of A. Then， A' = (B・C)[E，F] is a simp1e 
ring wi七h [A':B・C]Lく∞， and so [A': V A' (A' )] <∞ by Cor ・7・11.

Hence， A' /B isユoca11yfinite by Cor. 11.17 (b)， which means evident1y 
七he10ca1 fini七enessof A/B. Nex七， we sha工工 prove 七hegenera1 case. 

By Cor. 8.5 and Prop. 7.工2七hereexis七ssome B '=I n yt.ε 
L ユエJ

z:.f ハl.~・ f such七ha七 VA({eh})isleft algebraic over DT. 

Since B'・C= 1. ~ (D'・C)eJ. isユeftfini七eover B.C， A/B'・C is 
ム 1 ，- -'-ij 

1eft工oca11yfinite， or what is七he same~ V̂({eJ.})/D'・C is 1eft ， 'A"'-ij 
10ca11y finite. Hence， noting七ha七 [D':VT¥，(D')] 毛 [B':Vn，(B')]

D' 
〈 ∞ (Cor. 7.工工)， 七hefirst step proves 七ha七 V n ({  eJ .，} ) /D' 

A' '-ij 

10ca11y finite， or equiva工ent1y，A/B' is 10ca11y finite. Conse-

quen七1y，i七 fo110ws七ha七 A/B is工oca工1yfini七e.

Alher七 [i]，[2]; Faith [5]; Inatomi [エ];Jacobson [7]; Kasch [工]， [2]; 
Kasch-Tominaga [エ];Moriya-Nagahara [1]; Nagahara [工]， [2]， [3]， [4]， 
[5]， [7]; Nagahara-Tominaga [6]， [7]， [工2]，Nagahara-Nakaぷma-
Tominaga [工]. 
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工2. Generating e工emen七sof Ga10is extensions (Con七inued)

As app1ications of Prop.工1.工5，we can prove a number of in七eres七-

ing theorems. The firs七 oneis七hefo110wing ex七ensionof Cor. 11.13. 

Theorem 12.工 Le七 A be a separab1e simp1e a1gebra of finite 

rank over a fie1d 争 If a is an e工ement0f A r10七 con七ainedin 

C 出旦 A=争[a，a'J with some a' E A・-

Proof. By Cor. 7.9 and Th. 4.6 (a)， we can easi1y see七ha七

七hereexists a fini七eGaユoisex七ensionfieユd C* over 争 such七ha七

A発 =A@C C後 coincideswi七h (c持). Then， A後 isfini七eGa工ois
m 

over ~ ， and so we can app1y Prop. 1工.15七o A*/争 and A 七osee 

七ha七七hereexists a unit a' such七hat A =争 [aラピ]. 

The next is equiva1en七七oTh. 工2.工.

Theorem 12.2. Let A be a cen七ra1simp1e a1gebra of finite rank 

ove工 C， 主旦iL T a uni七a工 subring 0f A such七ha七 TハC is a fie工d
and C is finite and separab工eover TペC. 工f A is commutati ve 

or T q.. C 出旦 A= T[a] with some aモA・， and converse1y. 

Coro11ary工2.3. Let A be Gaユoisand fini七eover B of 

charac七eristic 0， and T a simp1e in七ermedia七ering 0f A/B. In 

order七ha七 T/B be sing工yge閃 m七ed，i七 isnecessary and sufficien七

七ha七 ei七her T be commu七ative0E. B cf-VT(T). 
Proof. By七heva1idity of Cor. 11.8， i七 suffices七oprove the 

case [B: Z] く∞. As [A:BハC]= [A:C]・[C:BハC] く∞ by
Cor. 7.11， T is a separab1e simp1e a1gebra of fini七erank over B ハC.
Hence， our asser七ionis a direc七 consequenceof Th. 12.2. 

The res七 ofthe presen七 sec七ionwi11 be devo七edexcユusiveユYto七he

study on genera七inge工ementsof in七ermedia七erings of a finite Ga10is 

ex七ension. We sha11 prove now the fo1工owingusefu1七heorem.

Theorem 12.4. Le七 A be Ga10is and fini七eover B. 工f V is 

commu七a七ive七henfor each intermedia七ering T of A/B 七hereexis七S

a unit 七 of T such that T = B[七]. 

立包f. I七 suffices七oprove七hecase [B:Z] く ∞(  Cor. 11.8 (c)). 

Since T is a simp1e ring (Prop. 7.3 (b)) and V^(T)ζV = C_， if 
A 
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B is no七 con七ainedin七hecen七er C' of T 七henfor an arbitrary 

e1emen七 bE B¥C' we can find a uni七七 such七ha七 T= Z [b ，七] = 

B[七] (Prop. 11.15). 匂1七he0七herhand， if B is con七ainedin C' 

七hen V/B is Ga10is. Hence，七hefie1d T = Vm(B) is separab1e 
T 

over B， and so sing1y genera七edover B. 

Now， we sha11 prove an ex七ensionof七he1a七七erpart of Th. 11.工6

(a)，七ha七 wi11be given af七灯油efo110wing 1emma. 

Lemma 12.5. 主主主 A be fini七eGa10is over B，型企 BヂZ. 詮t

T be an in七ermedia七ering 0f A/B. If T乙 H or T:> V 七hen T 

is sing1y genera七edover B. 

Z巴of. If T ζH， our asser七ionis contained in Th. 12.4. Thus， 
七akingCor. 11.8 into our considera七ion，we may assume七ha七 T ~ V 

and [B: Z] <∞ Since B.V = B ~Z V is a simp1e ring and 

VA(B.V) is七hefie工d C_， A is fini七eGa10is over B.V (Th・7・2)
O 

and T is a sir昭1ering such七ha七 V̂  ( T) C V J B . V ) = C ( Prop . A ，-， 'A 

7 . 3 (b)). 工f b is an arbi七rarye1ement of B Z then b is in 

T¥VT(T) of course， and h台ncewe can find an e1emen七七 such七ha七

T = Z [b， 七]= B[七] (Prop. 工工.15). 

Theorem 12.6. 担t A be finite Ga10is over B，担d T a simp1e 
〆、，

in七ermedia七ering 0f A/B such七ha七 TVく T. 工f T is commu七a七ive

or B is no七 con七ainedin七hecen七er0f T 七hen T/B is sing1y 

genera七ed，and converse1y. 

Proof. Again by Cor. 工工.8，i七 suffices 七oconsider 七hecase 

[B: z]く∞.工f C is fini七e七henso is T by [A:C]く∞ (Cor.

7.1工)， and so T is a separab1e simp工ea工gebraof fini七erank over 

BハVT(T). Hence， T/B is sing1y genera七edby Th. 12.2. 工nwha七
fo110ws， we may assume七herefore七ha七 C is infini七e. Then， V ζT  

or TζH  (Prop. 8.工o(a)) and our asser七ionfor七hecase BヂZ
has been shown in Lemma 12.5. Hence， we may assume further七ha七

B Z. Now， B = Zく Co implies VA(C。)=v，andhence H coinci-
des wi七h七hefie1d C (Th. 7.7). 工f T is commu七抗ive七hen T ζ H 

O 

in any rate (even when V く T)and T/B is sing1y genera七edby 

Th. 12.4. On七heother hand ，if B q.. VT(T) 七hen V く T，for 
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TζE=co imp工ies B く T= V T CT) . H.enc e V A (. T) C H = C 0' whi ch 

enab1es us to app工yProp. 11.15七o A/B and T. According1y， if b 

is an arbi七rarye1ement of B'¥VtnlT) 七hen七hereexis七san e1emen七七
T 

wi七h T = Z[b，七]= B[七]. 

Coro11ary 12.7. 主主主 A be Ga10is and finite over B. 工f T is 
F、，

a simp1e intermedia七ering 0f A/B such七ha七 TVく T 七hen T = 

B[七， tr] for some 七壬 T 盟主 rξT・.
立旦Z・ By七he1igh七 ofTh.工2.6，i七 suffices七oprove the case 

B C VT(T). If C is fini七e七hen T is a separab1e simp1e a1gebra 

of fini七erank over B by [A:CJ く∞ (.Cor.7.11)， so tha七 our

asser七ionis c工earby Th. 11.工o. On the 0七herhand， if C is infini七e
七hen T C H or T:> V .> VA(Vm(T)) :> T， name1y， T = V (Prop. 8.工OA¥"T¥.-'-'I ...， 
(a)). Hence， this七ime，our asser七ionis a consequence of Ths.工2.4

and 11.16 (o). 

Lemma 12.8. Le七 A be fini七eGa10is over B， and V 

註旦ιIf T工:> T
2 

~re intermedia七erings 0f A/B 七hen

b[T2:VT2(Z)]・

a division 

[T、:Vrn (Z)] 
ー ー工

立oof. A七 firs七， one may reca工工七ha七 everyin七ermedia七ering of 

A/B is simp1e (Prop. 7・3(b)). 工f K. is七hecen七erof Ti 七hen
工

∞>  [v:sハC] ) [K.! .Z:K.!] = [T.! :vtn (z)] (Th. 7.7). Now， we can i ~ ---i ~ .. -i -. T. 
l 

find a subse七{Z_， ••• .. z.} of Z as a K~-basis of K~.Z. 工fl' ...七 2

{Zl' ... ， z七} is tiot free ・over V
A
(T
2
) 七hen，wi七hout10ss of 

genera工i七y，we may assume七ha七九 =:;zゾi(v i E V A ( T2 )， 2 妥 s

毛七 isa non-七rivia1re1a七ionof七heshor七est1eng七h. For every 

σin 句CT2)，we have七hen L ~ z凸=zl = zlσ=2;zi(viσ)・
Since every viσis in V

A
(T
2
)， i七 follows viσ=vi(i=2，...， S )， 
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