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THE BEST CONSTANT OF THE SOBOLEV INEQUALITY

CORRESPONDING TO A BENDING PROBLEM OF A

STRING WITH A RECTANGULAR SPRING CONSTANT

Hiroyuki Yamagishi and Yoshinori Kametaka

Abstract. The Sobolev inequality shows that the supremum of a func-
tion defined on a whole line is estimated from the above by constant
multiples of the potential energy. Among such constants, the small-
est constant is the best constant. If we replace a constant by the best
constant in the Sobolev inequality, then the equality holds for the best
function. The aim of this paper is to find the best constant and the
best function. In the background, there is a bending problem of a string
with a rectangular spring constant. The Green function is an important
function because the best constant and the best function consist of the
Green function.

1. Introduction

Our study of the Sobolev inequality starts with [4, 5], in which we consid-
ered the best constant of Sobolev inequality in an n-dimensional Euclidean
space. Afterwards, we have the best constant of the Sobolev inequality cor-
responding to some differential equations with boundary conditions. The
bending of a string on an interval (−(d/dx)2 + a20)u = f(x) (x ∈ (0, L))
with Dirichlet [16], Neumann [16] and periodic [7, 16] boundary condi-
tions, and its discrete version [21, 22] are given. Moreover, we consider
some spring constants q(x) for the bending of a string on an whole line
(−(d/dx)2 + q(x))u = f(x) (x ∈ R). The spring constants are the con-
stant function [1], the delta function [8], the step function [15], and the
rectangular function in this paper. The bending of a beam on a half line
(−(d/dx)2+a20)(−(d/dx)2+a21)u = f(x) (x ∈ (0,∞)) with clamped, Dirich-
let, Neumann and free boundary conditions [6, 10, 13] are given. The bend-
ing of a beam on an interval (−(d/dx)2 + a20)(−(d/dx)2 + a21)u = f(x) (x ∈
(0, L)) with clamped [20], Dirichlet [16, 20], Neumann [16, 20], free [20], and
periodic [16] boundary conditions are given. Here, we introduce the char-
acteristic polynomial P (z) = (z + a20) · · · (z + a2M−1), where 0 < a0 < a1 <

· · · < aM−1. 2M -th order differential equation P (−(d/dx)2)u = f(x) on a
whole line [1] and on an interval with the preriodic boundary conditions [17]
are given. 2M -th order simple type (a0 = · · · = aM−1 = 0) differential
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equation (−1)M (d/dx)2Mu = f(x) on an interval with clamped [14], Dirich-
let [19], Neumann [19], free [12] and periodic [19] (the discrete version [9])
boundary conditions are given. In addition, we have the best constant of
the Sobolev-type inequality corresponding to a 2nd order differential equa-
tion (−∆ + a2)u = f(x) (x ∈ RN ) [18], a M -th order differential equation
P (d/dx)u = f(x) (x ∈ R) [3] and P (d/dx)u = f(x) (x ∈ (0, 1)) with periodic
boundary condition [11] are given. We collect our studies into [2].

A string is supported by springs with spring constant q(x). The spring
constant q(x) is a rectangular function (Figure 1, 2) as

q(x) =

 b2 (L < x < ∞),
a2 (−L < x < L),
b2 (−∞ < x < −L),

where a, b and L are positive constants.
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Figure 1. 0 < b < a < ∞.
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Figure 2. 0 < a < b < ∞.

Under a density of a load f(x), a bending of a string u(x) satisfies the
bending problem of a string (Figure 3):

BVP (Boundary Value Problem)
−u′′ + q(x)u = f(x) (x ∈ R),
u, u′ : bounded (x ∈ R),
u(i)(±L+ 0) = u(i)(±L− 0) (i = 0, 1).

Concerning the uniqueness and existence of the solution to BVP, we have
the following theorem in this paper. We define the hyperbolic functions
ch(x) = cosh(x), sh(x) = sinh(x) and th(x) = tanh(x) for short. We intro-
duce the maximum function x ∨ y = max{x, y} and the minimum function
x ∧ y = min{x, y}, which satisfies

x+ y = x ∨ y + x ∧ y, |x− y| = x ∨ y − x ∧ y.
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Figure 3. Bending of a string.

Theorem 1.1. For any bounded continuous function f(x) (x ∈ R), BVP
has a unique solution u(x) expressed as

u(x) =

∫ ∞

−∞
G(x, y)f(y)dy (x ∈ R).(1.1)

The Green function G(x, y) is

G(x, y) = g(x ∨ y)g(−x ∧ y) (x, y ∈ R).(1.2)

The concrete form of the Green function is given as

G(x, y) =(1.3)  g+(x ∨ y) g−(−x ∧ y) (L < y < ∞)
g+(x) g0(−y) (−L < y < L)
g+(x) g+(−y) (−∞ < y < −L)

(L < x < ∞),

G(x, y) =(1.4)  g+(y) g0(−x) (L < y < ∞)
g0(x ∨ y) g0(−x ∧ y) (−L < y < L)
g0(x) g+(−y) (−∞ < y < −L)

(−L < x < L),

G(x, y) =(1.5)  g+(y) g+(−x) (L < y < ∞)
g0(y) g+(−x) (−L < y < L)
g−(x ∨ y) g+(−x ∧ y) (−∞ < y < −L)

(−∞ < x < −L),

where the fundamental solution g(x) is

g(x) =(1.6)
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g+(x) =
1√

b(α+ β)
e−b(x−L) (L < x < ∞),

g0(x) =
1√

b(α+ β)

[
ch(a(−x+ L)) + a−1b sh(a(−x+ L))

]
(−L < x < L),

g−(x) =
1√

b(α+ β)

[
α ch(b(−x− L)) + β sh(b(−x− L))

]
(−∞ < x < −L).

Here, we use constants

α = ch(2aL) + a−1b sh(2aL) > 0,(1.7)

β = ch(2aL) + ab−1 sh(2aL) > 0,(1.8)

α+ β = 2ch(2aL) +
(
ab−1 + a−1b

)
sh(2aL) > 0,(1.9)

α− β = −a2 − b2

ab
sh(2aL)

 < 0 (0 < b < a < ∞),
= 0 (a = b),
> 0 (0 < a < b < ∞).

(1.10)

In order to present the Sobolev inequality, we introduce the Sobolev space

H =
{
u
∣∣∣u, u′ ∈ L2(R)

}
,

the Sobolev inner product

(u, v)H =

∫ ∞

−∞

[
u′(x) v′(x) + q(x)u(x) v(x)

]
dx,

and the Sobolev energy

∥u ∥2H =

∫ ∞

−∞

[ ∣∣u′(x) ∣∣2 + q(x) |u(x) |2
]
dx.

Theorem 1.2. There exists a positive constant C such that for any u ∈ H
the Sobolev inequality(

sup
y∈R

|u(y)|

)2

≤ C ∥u∥2H(1.11)

holds. Among such C the best constant C0 is

C0 = sup
y∈R

G(y, y) =(1.12) 
G(±∞,±∞) =

1

2b
(0 < b < a < ∞),

G(0, 0) =
(a ch(aL) + b sh(aL))2

a (2ab ch(2aL) + (a2 + b2)sh(2aL))
(0 < a ≤ b < ∞).
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If we replace C by C0 in the above inequality (1.11), the equality holds if and
only if the constant multiple of the best function

u(x) =

{
no existence (0 < b < a < ∞)
G(|x|, 0) (0 < a ≤ b < ∞)

(x ∈ R),(1.13)

G(|x|, 0) = ch(aL) + a−1b sh(aL)

b(α+ β)
×(1.14) {

e−b(|x|−L) (|x| ≥ L),
ch(a(−|x|+ L)) + a−1b sh(a(−|x|+ L)) (|x| ≤ L).

The engineering meaning of the Sobolev inequality is that the square
of the maximum bending of a string is estimated from the above by the
constant multiple of the potential energy. Among these constants, the best
constant is the maximum of the diagonal value of the Green function.

This paper is organized as follows. In section 2, we prove Theorem 1.1
concerning the uniqueness of the solution of BVP. In section 3, we prove
Theorem 1.1 concerning the existence of the solution of BVP. In section
4, we prove Theorem 1.2. In section 5, we show the relations of the Green
functions corresponding to some boundary value problems.

2. The uniqueness of the solution of BVP

In this section, we prove Theorem 1.1 concerning the uniqueness of the
solution of BVP. For the proof of Theorem 1.1, we prepare Lemma 2.1 to
2.3.

Lemma 2.1. The ordinary differential equation

−u′′ + b2u = f(x) (L < x < ∞)(2.1)

has a solution and a boundary value as

u(x) =
1

2b
(bu− u′)(L+ 0)e−b(x−L) +

∫ ∞

L

1

2b
e−b|x−y|f(y)dy(2.2)

(L < x < ∞),

(bu+ u′)(L+ 0) =

∫ ∞

L
e−b(y−L)f(y)dy.(2.3)

Lemma 2.2. The ordinary differential equation

−u′′ + b2u = f(x) (−∞ < x < −L)(2.4)

has a solution and a boundary value as

u(x) =
1

2b
(bu+ u′)(−L− 0)eb(x+L) +

∫ −L

−∞

1

2b
e−b|x−y|f(y)dy(2.5)

(−∞ < x < −L),
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(bu− u′)(−L− 0) =

∫ −L

−∞
eb(y+L)f(y)dy.(2.6)

Lemma 2.3. The ordinary differential equation

−u′′ + a2u = f(x) (−L < x < L)(2.7)

has a solution

u(x) = A(x)(bu+ u′)(L− 0) +B(x)(bu− u′)(−L+ 0)+(2.8) ∫ L

−L
G0(x, y)f(y)dy (−L < x < L),

where A(x), B(x), and G0(x, y) are the fundamental solutions as

D = b(α+ β) = b
[
2ch(2aL) + (a−1b+ ab−1)sh(2aL)

]
> 0,(2.9)

A(x) =
1√
D
g0(−x),(2.10)

B(x) =
1√
D
g0(x),(2.11)

G0(x, y) = DA(x ∧ y)B(x ∨ y) = g0(x ∨ y) g0(−x ∧ y).(2.12)

Proof of Lemma 2.1 Applying (2.1) to the new functions u0 = u and
u1 = u′, we have{

u′0 = u1
u′1 = b2u0 − f(x)

⇔
(
u0
u1

)′
=

(
0 1
b2 0

)(
u0
u1

)
−
(
0
1

)
f(x).(2.13)

Let

u =

(
u0
u1

)
, B =

(
0 1
b2 0

)
, e1 =

(
0
1

)
.

We rewrite (2.13) as

u′ = Bu− e1f(x) (L < x < ∞).(2.14)

The eigenvalues bi (i = 0, 1) of B are b0 = b, b1 = −b. Moreover, t(1, bi) (i =
0, 1) are eigenvectors of B corresponding to bi (i = 0, 1). Using

W =

(
1 1
b0 b1

)
=

(
1 1
b −b

)
, W−1 =

1

2b

(
b 1
b −1

)
,

B̂ =

(
b0 0
0 b1

)
=

(
b 0
0 −b

)
,

we have the Jordan canonical form B = WB̂W−1. We define v and d as

v = W−1u ⇔
(
v0
v1

)
=

1

2b

(
bu+ u′

bu− u′

)
,(2.15)
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d = W−1e1 ⇔
(
d0
d1

)
=

1

2b

(
1
−1

)
.

Using u = Wv and e1 = Wd, we rewrite (2.14) as

v′ = B̂v − df(x) (L < x < ∞),

⇔ v′i = bivi − dif(x) (i = 0, 1, L < x < ∞).

Solving this differential equation, we have

vi(x) =(2.16)

vi(L)e
bi(x−L) −

∫ x

L
die

bi(x−y)f(y)dy (i = 0, 1, L < x < ∞).

Here, because ui (i = 0, 1) are bounded, vi (i = 0, 1) are also bounded from
(2.15). We consider the case i = 0 in (2.16). Taking the limit x → +∞ on
both sides of

e−b0xv0(x) = e−b0Lv0(L)−
∫ x

L
d0e

−b0yf(y)dy,

we have

0 = e−b0Lv0(L)−
∫ ∞

L
d0e

−b0yf(y)dy.

Subtracting the above two relations, we have

v0(x) =

∫ ∞

x
d0e

b0(x−y)f(y)dy (L < x < ∞).

In the case of i = 1 in (2.16), we have

v1(x) = v1(L)e
b1(x−L) −

∫ x

L
d1e

b1(x−y)f(y)dy (L < x < ∞).

Taking a sum of the above relations, we have

u(x) = u0(x) = v0(x) + v1(x) =

v1(L)e
b1(x−L) −

∫ x

L
d1e

b1(x−y)f(y)dy +

∫ ∞

x
d0e

b0(x−y)f(y)dy =

v1(L)e
−b(x−L) +

∫ ∞

L

1

2b
e−b|x−y|f(y)dy (L < x < ∞).

Applying v1(L) = (bu− u′)(L)/(2b) from (2.15) to the above u(x), we have
(2.2). Applying x = L to (2.2), we have (2.3). This completes the proof of
Lemma 2.1. ■

Proof of Lemma 2.2 Applying

u(x)
∣∣∣
x=−ξ

= v(ξ)
∣∣∣
ξ=−x

, f(x)
∣∣∣
x=−ξ

= g(ξ)
∣∣∣
ξ=−x
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to (2.1) to (2.3) in Lemma 2.1, we have (2.4) to (2.6). We have proved
Lemma 2.2. ■

Proof of Lemma 2.3 Applying (2.7) to the new functions u0 = u and
u1 = u′, we have{

u′0 = u1
u′1 = a2u0 − f(x)

⇔
(
u0
u1

)′
=

(
0 1
a2 0

)(
u0
u1

)
−
(
0
1

)
f(x).

If we put

u =

(
u0
u1

)
, A =

(
0 1
a2 0

)
, e1 =

(
0
1

)
,

then we have

u′ = Au− e1f(x) (−L < x < L).(2.17)

The eigenvalues ai (i = 0, 1) of A are a0 = a, a1 = −a. Moreover,
t(1, ai) (i = 0, 1) are eigenvectors of A corresponding to ai (i = 0, 1). Using

W =

(
1 1
a0 a1

)
=

(
1 1
a −a

)
, W−1 =

1

2a

(
a 1
a −1

)
,

Â =

(
a0 0
0 a1

)
=

(
a 0
0 −a

)
,

we have the Jordan canonical form A = WÂW−1.
We introduce K0(x) and its successive derivatives Kj(x) = K

(j)
0 (x) (x ∈

R) as

K0(x) = a−1sh(ax), K1(x) = ch(ax), K2(x) = a sh(ax).

The initial values Kj(0) are as

K0(0) = 0, K1(0) = 1, K2(0) = 0.

Kj(x) satisfy −K ′′
j (x) + a2Kj(x) = 0 and Kj(−x) = (−1)j+1Kj(x). We

introduce the fundamental solution matrix

E(x) = exp(Ax) = exp(WÂW−1x) = W exp(Âx)W−1 =(
ch(ax) a−1sh(ax)
a sh(ax) ch(ax)

)
=

(
K1 K0

K2 K1

)
(x) =(

K0 K1

K1 K2

)
(x)

(
K0 K1

K1 K2

)−1

(0) (x ∈ R)

which satisfies the initial value problem and additional formula{
E′(x) = AE(x)
E(0) = I

, E(x+ y) = E(x)E(y) (x, y ∈ R),
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where I is a unit matrix.
Solving the differential equation (2.17), we have

u(x) = E(x+ L)u(−L)−
∫ x

−L
E(x− y)e1f(y)dy ⇔(2.18) (

u0
u1

)
(x) =

(
K1 K0

K2 K1

)
(x+ L)

(
u0
u1

)
(−L)−

∫ x

−L

(
K0

K1

)
(x− y)f(y)dy.

Substituting x = L into (2.18), we have(
u0
u1

)
(L) =

(
K1 K0

K2 K1

)
(2L)

(
u0
u1

)
(−L)−

∫ L

−L

(
K0

K1

)
(L− y)f(y)dy.

For (2.3) and (2.6), we have(
(b u0 + u1)(L)
(b u0 − u1)(−L)

)
=

(
bK1 +K2 bK0 +K1

b −1

)
(2L)

(
u0
u1

)
(−L)−∫ L

−L
(bK0 +K1)(L− y)

(
1
0

)
f(y)dy.

From

det

(
bK1 +K2 bK0 +K1

b −1

)
(2L) = −(b2K0 + 2bK1 +K2)(2L) =

− b
[
2ch(2aL) + (a−1b+ ab−1)sh(2aL)

]
= −b(α+ β) = −D < 0,

we have(
u0
u1

)
(−L) =

(
bK1 +K2 bK0 +K1

b −1

)−1

(2L)
{

(
(b u0 + u1)(L)
(b u0 − u1)(−L)

)
+

∫ L

−L
(bK0 +K1)(L− y)

(
1
0

)
f(y)dy

}
.

Substituting this t(u0, u1)(−L) into u(x) = u0(x) in (2.18) and introducing
the following functions(

A B
)
(x) =

(
K1 K0

)
(L+ x)

(
bK1 +K2 bK0 +K1

b −1

)−1

(2L),

G0(x, y) = A(x)(bK0 +K1)(L− y)− Y (x− y)K0(x− y),

we have (2.8). Here, Y (x) = 1 (0 ≤ x < ∞), 0 (−∞ < x < 0) is the
Heaviside step function. Applying (2.7) and (2.8) in Lemma 2.3 to f(x) = 0,
we have the fact that the homogeneous equation

− u′′ + a2u = 0 (−L < x < L)(2.19)

has a unique solution as

u(x) = A(x)(bu+ u′)(L) +B(x)(bu− u′)(−L) (−L < x < L).(2.20)
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The function u(x) = (bK0+K1)(L+x) satisfies (2.19). From (2.20), u(x) =
(bK0 +K1)(L+ x) is expressed as

(bK0 +K1)(L+ x) =

A(x)
(
b(bK0 +K1) + (bK1 +K2)

)
(2L)+

B(x)
(
b(bK0 +K1)− (bK1 +K2)

)
(0) = DA(x),

where D is

D = (b2K0 + 2bK1 +K2)(2L) =

b
[
2ch(2aL) + (a−1b+ ab−1)sh(2aL)

]
= b(α+ β).

So we have (2.9). The fundamental solution A(x) is

A(x) = D−1(bK0 +K1)(L+ x) =

1

D

[
ch(a(x+ L)) + a−1b sh(a(x+ L))

]
=

1√
D
g0(−x).

So we have (2.10). The function u(x) = (bK0 +K1)(L− x) satisfies (2.19).
From (2.20), u(x) = (bK0 +K1)(L− x) is expressed as

(bK0 +K1)(L− x) =

A(x)
(
b(bK0 +K1)− (bK1 +K2)

)
(0)+

B(x)
(
b(bK0 +K1) + (bK1 +K2)

)
(2L) = DB(x).

The fundamental solution B(x) is

B(x) = D−1(bK0 +K1)(L− x) = A(−x).

So we have (2.11). The function u(x) = K0(x − y) satisfies (2.19). From
(2.20), u(x) = K0(x− y) is expressed as

K0(x− y) =

A(x)(bK0 +K1)(L− y) +B(x)(bK0 −K1)(−L− y) =

A(x)(bK0 +K1)(L− y)−B(x)(bK0 +K1)(L+ y) =

D
[
A(x)B(y)−B(x)A(y)

]
.

Using the K0(x− y), we have (2.12) as

G0(x, y) = A(x)(bK0 +K1)(L− y)− Y (x− y)K0(x− y) =

A(x)DB(y)− Y (x− y)D
[
A(x)B(y)−B(x)A(y)

]
=

D
[
(1− Y (x− y))A(x)B(y) + Y (x− y)B(x)A(y)

]
=
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D
[
Y (y − x)A(x)B(y) + Y (x− y)B(x)A(y)

]
= DA(x ∧ y)B(x ∨ y).

This completes of the proof of Lemma 2.3. ■

Proof of Theorem 1.1 (The uniqueness of the solution of BVP)
Using Lemma 2.1 to 2.3, we can show the uniqueness of the solution of
BVP.

Using the connecting conditions u(i)(±L+ 0) = u(i)(±L− 0) (i = 0, 1) of
BVP, (2.3), and (2.6), we have the following relations

(bu+ u′)(L− 0) = (bu+ u′)(L+ 0) =∫ ∞

L
e−b(y−L)f(y)dy =

∫ ∞

L

√
Dg+(y)f(y)dy,

(bu− u′)(−L+ 0) = (bu− u′)(−L− 0) =∫ −L

−∞
eb(y+L)f(y)dy =

∫ −L

−∞

√
Dg+(−y)f(y)dy.

Applying these relations to (2.8), we have the solution (1.1) (−L < x < L)
and the Green function (1.4) as

G(x, y) =
√
DA(x) g+(y) = g+(y) g0(−x) (−L < x < L, L < y < ∞),

G0(x, y) = g0(x ∨ y) g0(−x ∧ y) (−L < x < L, −L < y < L),
√
DB(x) g+(−y) = g0(x) g+(−y) (−L < x < L, −∞ < y < −L).

We consider the solution (1.1) (−∞ < x < −L, L < x < ∞). If we
prepare

G(x, y) =


g+(y) g0(−x) (−L < x < L < y < ∞),

g0(y) g0(−x) (−L < x < y < L),

g0(x) g0(−y) (−L < y < x < L),

g0(x) g+(−y) (−∞ < y < −L < x < L),

then we obtain

∂xG(x, y) =


−g+(y) g

′
0(−x) (−L < x < L < y < ∞),

−g0(y) g
′
0(−x) (−L < x < y < L),

g′0(x) g0(−y) (−L < y < x < L),

g′0(x) g+(−y) (−∞ < y < −L < x < L).
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Hence we have(
bG(x, y)− ∂xG(x, y)

)∣∣∣
x=L−0

=
g+(y)

(
b g0(−L) + g′0(−L)

)
(L < y < ∞),

g0(−y)
(
b g0(L)− g′0(L)

)
(−L < y < L),

g+(−y)
(
b g0(L)− g′0(L)

)
(−∞ < y < −L),

and (
bG(x, y) + ∂xG(x, y)

)∣∣∣
x=−L+0

=
g+(y)

(
b g0(L)− g′0(L)

)
(L < y < ∞),

g0(y)
(
b g0(L)− g′0(L)

)
(−L < y < L),

g+(−y)
(
b g0(−L) + g′0(−L)

)
(−∞ < y < −L).

We prepare

g0(x) =
1√
D

[
ch(a(−x+ L)) + a−1b sh(a(−x+ L))

]
(−L < x < L),

g′0(x) = − 1√
D

[
b ch(a(−x+ L)) + a sh(a(−x+ L))

]
(−L < x < L),

and the constants

b g0(−L) + g′0(−L) =
b(α− β)√

D
, b g0(L)− g′0(L) =

2b√
D
.

Using these constants, we have(
bG(x, y)− ∂xG(x, y)

)∣∣∣
x=L−0

=

1√
D


b(α− β) g+(y) (L < y < ∞),

2b g0(−y) (−L < y < L),

2b g+(−y) (−∞ < y < −L),

and (
bG(x, y) + ∂xG(x, y)

)∣∣∣
x=−L+0

=

1√
D


2b g+(y) (L < y < ∞),

2b g0(y) (−L < y < L),

b(α− β) g+(−y) (−∞ < y < −L).
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Hence we have

1

2b
(bu− u′)(L+ 0)e−b(x−L) = (bu− u′)(L− 0)

√
D

2b
g+(x) =(2.21) ∫ ∞

−∞

(
bG(x, y)− ∂xG(x, y)

)∣∣∣
x=L−0

f(y)dy

√
D

2b
g+(x) =∫ ∞

L

α− β

2
g+(x) g+(y)f(y)dy +

∫ L

−L
g+(x) g0(−y)f(y)dy+∫ −L

−∞
g+(x) g+(−y)f(y)dy

and

1

2b
(bu+ u′)(−L− 0)eb(x+L) = (bu+ u′)(−L+ 0)

√
D

2b
g+(−x) =(2.22) ∫ ∞

−∞

(
bG(x, y) + ∂xG(x, y)

)∣∣∣
x=−L+0

f(y)dy

√
D

2b
g+(−x) =∫ ∞

L
g+(−x) g+(y)f(y)dy +

∫ L

−L
g+(−x) g0(y)f(y)dy+∫ −L

−∞

α− β

2
g+(−x) g+(−y)f(y)dy.

We note that

1

2b
e−b|x−y| +

α− β

2
g+(x)g+(y) =

1

2b

[
e−b|x−y| +

α− β

α+ β
eb(2L−x−y)

]
=(2.23)

1

2D

[
(α+ β)e−b(x∨y−x∧y) + (α− β)eb(2L−x∨y−x∧y)

]
=

1

2D
e−b(x∨y−L)

[
(α+ β)eb(x∧y−L) + (α− β)e−b(x∧y−L)

]
=

1

D
e−b(x∨y−L)

[
α ch(b(x ∧ y − L)) + β sh(b(x ∧ y − L))

]
=

g+(x ∨ y) g−(−x ∧ y)

and

1

2b
e−b|x−y| +

α− β

2
g+(−x)g+(−y) =(2.24)

g+((−x) ∨ (−y)) g−(−(−x) ∧ (−y)) = g+(−x ∧ y) g−(x ∨ y).

Substituting (2.2) into (2.21) and (2.23), we have the solution (1.1) (L <
x < ∞) and the Green function (1.3). Substituting (2.5) into (2.22) and
(2.24), we have the solution (1.1) (−∞ < x < −L) and the Green function
(1.5).



88 H. YAMAGISHI AND Y. KAMETAKA

This completes the proof of Theorem 1.1 (The uniqueness of the solution
of BVP). ■

3. The existence of the solution of BVP

In this section, we prove Theorem 1.1 concerning the existence of the
solution of BVP. For the proof of this theorem, we prepare Lemma 3.1 and
3.2.

Lemma 3.1. The fundamental solution g(x) in (1.6) satisfies

− g′′(x) + q(x)g(x) = 0 (x ∈ R),(3.1)

g(i)(x) → 0 (i = 0, 1, x → +∞),(3.2)

g(i)(±L+ 0) = g(i)(±L− 0) (i = 0, 1),(3.3)

g′(x)g(−x) + g(x)g′(−x) = −1 (x ∈ R).(3.4)

The fundamental solution satisfies the differential equation (3.1), the bounded
condition (3.2), the connecting condition (3.3), and the jumping condition
(3.4).

Proof of Lemma 3.1 The fundamental solution (1.6) is derived by (3.1)
to (3.4).

The ordinary differential equation (3.1) in x ∈ (L,∞) has a general solu-
tion given

g(x) = Aeb(x−L) +Be−b(x−L) (L < x < ∞),

where A and B are arbitrary constants. Using the bounded condition (3.2),

we have A = 0. By replacing C with B, we have g(x), g′(x) and g(i)(L+ 0)
as 

g(x) = Ce−b(x−L) (L < x < ∞),

g′(x) = −bC e−b(x−L) (L < x < ∞),
g(L+ 0) = C,
g′(L+ 0) = −bC.

(3.5)

The ordinary differential equation (3.1) in x ∈ (−L,L) has a general
solution given as

g(x) = Aea(x−L) +Be−a(x−L) (−L < x < L),

g′(x) = aAea(x−L) − aBe−a(x−L) (−L < x < L),
g(L− 0) = A+B,
g′(L− 0) = a(A−B),
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where A and B are arbitrary constants. By applying the connecting condi-
tion (3.3), we have

{
C = g(L+ 0) = g(L− 0) = A+B,
−bC = g′(L+ 0) = g′(L− 0) = a(A−B),

⇔


A =

a− b

2a
C,

B =
a+ b

2a
C.

Hence g(x) is given as

g(x) =
a− b

2a
Cea(x−L) +

a+ b

2a
Ce−a(x−L) =

C

2a

[
2a ch(a(x− L))− 2b sh(a(x− L))

]
.

Thus, we have

g(x) = C
[
ch(a(x− L))− a−1b sh(a(x− L))

]
(−L < x < L),

g′(x) = C
[
a sh(a(x− L))− b ch(a(x− L))

]
(−L < x < L),

g(L− 0) = C, g′(L− 0) = −bC,
g(−L+ 0) = C α, g′(−L+ 0) = −C bβ,

(3.6)

where α and β are (1.7) and (1.8).

The ordinary differential equation (3.1) in x ∈ (−∞,−L) has a general
solution given as

g(x) = Aeb(x+L) +Be−b(x+L) (−∞ < x < −L),

where A and B are arbitrary constants. If we put C0 = A + B and C1 =
A−B, then we have

g(x) = C0 ch(b(x+ L)) + C1 sh(b(x+ L)) (−∞ < x < −L),
g′(x) = C0 b sh(b(x+ L)) + C1 b ch(b(x+ L)) (−∞ < x < −L),
g(−L− 0) = C0,
g′(−L− 0) = C1 b.

By applying the connecting condition (3.3), we have{
C0 = g(−L− 0) = g(−L+ 0) = αC,
C1 b = g′(−L− 0) = g′(−L+ 0) = −b β C,

⇔
{

C0 = αC,
C1 = −β C.
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Thus we have

g(x) = C
[
α ch(b(x+ L))− β sh(b(x+ L))

]
(−∞ < x < −L),

g′(x) = C b
[
α sh(b(x+ L))− β ch(b(x+ L))

]
(−∞ < x < −L),

g(−L− 0) = C α,

g′(−L− 0) = −C bβ.

(3.7)

From (3.5), (3.6) and (3.7), g(x) is given as

g(x) = C

 e−b(x−L) (L < x < ∞),
ch(a(x− L))− a−1b sh(a(x− L)) (−L < x < L),
α ch(b(x+ L))− β sh(b(x+ L)) (−∞ < x < −L).

(3.8)

From (3.4), we determine C. Substituting x = 0 into the jumping condition
(3.4), we have

2g(0)g′(0) = −1.

Putting x = 0 into (3.6), we have

g(0) = C
[
ch(aL) + a−1b sh(aL)

]
,

g′(0) = −C b
[
ch(aL) + ab−1sh(aL)

]
.

Hence, we have

− 1 = 2g(0)g′(0) = −bC2(α+ β) ⇔ C =
1√

b (α+ β)
=

1√
D
.

Substituting this C into (3.8), we have (1.6). This is the complete proof of
Lemma 3.1. ■

Lemma 3.2. The Green function G(x, y) satisfies the following properties:

G(x, y) = G(y, x) (x, y ∈ R),(3.9)

(−∂2
x + q(x))G(x, y) = 0 (x, y ∈ R, x ̸= y),(3.10)

∂i
xG(x, y) : bounded (i = 0, 1, x ∈ R, For any y fixed),(3.11)

∂i
xG(x, y)

∣∣∣
x=±L+0

= ∂i
xG(x, y)

∣∣∣
x=±L−0

(i = 0, 1, y ∈ R),(3.12)

∂i
xG(x, y)

∣∣∣
y=x−0

− ∂i
xG(x, y)

∣∣∣
y=x+0

=

{
0 (i = 0)
−1 (i = 1)

(x ∈ R).(3.13)
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The Green function satisfies the symmetry of variables (3.9), the differen-
tial equation (3.10), the bounded condition (3.11), the connecting condition
(3.12), and the jumping condition (3.13).

Proof of Lemma 3.2 The symmetry of variables (3.9) is obvious from
(1.2). We rewrite (1.2) as

G(x, y) =

{
g(x)g(−y) (y < x),
g(y)g(−x) (x < y),

∂xG(x, y) =

{
g′(x)g(−y) (y < x),
−g(y)g′(−x) (x < y),

∂2
xG(x, y) =

{
g′′(x)g(−y) (y < x),
g(y)g′′(−x) (x < y).

From (3.1), the differential equation (3.10) is given as

(−∂2
x + q(x))G(x, y) ={
(−g′′(x) + q(x)g(x))g(−y) (y < x)
g(y)(−g′′(−x) + q(x)g(−x)) (x < y)

}
= 0.

From (3.2), the bounded condition (3.11) follows from

∂i
xG(x, y) =

{
g(i)(x)g(−y) (y < x)

(−1)ig(y)g(i)(−x) (x < y)

}
→{

g(i)(∞)g(−y) (x → ∞)

(−1)ig(y)g(i)(∞) (x → −∞)

}
= 0 (i = 0, 1).

From (3.3), the connecting condition (3.12) follows from

∂i
xG(x, y)

∣∣∣
x=±L+0

={
g(i)(±L+ 0)g(−y) = g(i)(±L− 0)g(−y) (y < x)

(−1)ig(y)g(i)(∓L− 0) = (−1)ig(y)g(i)(∓L+ 0) (x < y)

}
=

∂i
xG(x, y)

∣∣∣
x=±L−0

(i = 0, 1).

From (3.4), the jumping condition (3.13) follows from

∂i
xG(x, y)

∣∣∣
y=x−0

− ∂i
xG(x, y)

∣∣∣
y=x+0

={
g(x)g(−x)− g(x)g(−x) = 0 (i = 0),
g′(x)g(−x) + g(x)g′(−x) = −1 (i = 1).

This completes the proof of Lemma 3.2. ■

Proof of Theorem 1.1 (The existence of the solution of BVP) We
show the existence of the solution of BVP.
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We rewrite (1.1) as

u(x) =

∫ x

−∞
G(x, y)f(y)dy +

∫ ∞

x
G(x, y)f(y)dy.

Differentiating u(x), we have

u′(x) =∫ x

−∞
∂xG(x, y)f(y)dy +

∫ ∞

x
∂xG(x, y)f(y)dy+{

G(x, y)
∣∣∣
y=x−0

−G(x, y)
∣∣∣
y=x+0

}
f(x) =∫ x

−∞
∂xG(x, y)f(y)dy +

∫ ∞

x
∂xG(x, y)f(y)dy,

where we use i = 0 of (3.13). Differentiating u′(x), we have

u′′(x) =∫ x

−∞
∂2
xG(x, y)f(y)dy +

∫ ∞

x
∂2
xG(x, y)f(y)dy+{

∂xG(x, y)
∣∣∣
y=x−0

− ∂xG(x, y)
∣∣∣
y=x+0

}
f(x) =∫ x

−∞
∂2
xG(x, y)f(y)dy +

∫ ∞

x
∂2
xG(x, y)f(y)dy − f(x),

where we use i = 1 of (3.13). Therefore, we have

− u′′ + q(x)u =∫ x

−∞

(
−∂2

x + q(x)
)
G(x, y)f(y)dy+∫ ∞

x

(
−∂2

x + q(x)
)
G(x, y)f(y)dy + f(x) = f(x),

where we use (3.10). Using

u(i)(x) =

∫ ∞

−∞
∂i
xG(x, y)f(y)dy (i = 0, 1, x ∈ R),

we have (3.11) and (3.12). This completes the proof of Theorem 1.1. ■

4. Sobolev inequality

In this section, we prove Theorem 1.2.
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Lemma 4.1. For any u ∈ H and fixed y ∈ R, the reproducing relation

u(y) = (u(·), G(·, y) )H ,(4.1)

G(y, y) = (G(·, y), G(·, y) )H = ∥G(·, y) ∥2H(4.2)

holds.

This means that the Green function G(x, y) is a reproducing kernel for H
and (·, ·)H .
Proof of Lemma 4.1 We put v = v(x) = G(x, y) ∈ H and remark v = v.
Thus, we have

(u, v)H =

∫ ∞

−∞

[
u′(x)v′(x) + q(x)u(x)v(x)

]
dx =∫ ∞

−∞

[(
u(x)v′(x)

)′
− u(x)v′′(x) + q(x)u(x)v(x)

]
dx =

u′(x) v′(x)

{∣∣∣x=y−0

x=−∞
+
∣∣∣x=∞

x=y+0

}
+{∫ y

−∞
+

∫ ∞

y

}
u(x)

(
− v′′(x) + q(x)v(x)

)
dx.

Setting u = u(x) ∈ H and using Lemma 3.2, we have (4.1). Applying
u(x) = G(x, y) ∈ H to (4.1), we have (4.2). This completes the proof of
Lemma 4.1. ■

Proof of Theorem 1.2 Applying the Schwarz inequality to (4.1) and
using (4.2), we have

|u(y) |2 ≤ ∥G(·, y) ∥2H ∥u ∥2H = G(y, y) ∥u ∥2H .

Noting

C0 = sup
y∈R

G(y, y) = G(y0, y0)(4.3)

and taking the supremum with respect to y ∈ R, we have the Sobolev
inequality(

sup
y∈R

|u(y) |

)2

≤ C0 ∥u ∥2H .(4.4)

This inequality shows that (·, ·)H is a positive definite. In fact, ∥u∥H = 0
yields u ≡ 0 (x ∈ R). Applying (4.4) to u(x) = G(x, y0) ∈ H, we have(

sup
y∈R

|G(y, y0) |

)2

≤ C0 ∥G(·, y0) ∥2H = C2
0 .
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Combining this with the trivial inequality

C2
0 = (G(y0, y0))

2 ≤

(
sup
y∈R

|G(y, y0) |

)2

,

we have(
sup
y∈R

|G(y, y0) |

)2

= C0 ∥G(x, y0) ∥2H .(4.5)

So we see that the supremum of the diagonal value of the Green function
G(y0, y0) is the best constant and the Green function G(x, y0) is the best
function.

From (4.3), we can show the best constant (1.12). Using (1.2) to (1.5),
we have the diagonal value of the Green function

G(y, y) = g(y)g(−y) =

 g+(y) g−(−y) (L < y < ∞),
g0(y) g0(−y) (−L < y < L),
g−(y) g+(−y) (−∞ < y < −L).

From G(−y,−y) = G(y, y), G(y, y) is an even function. So we consider
y ∈ (0,∞) in the following. In the case of L < y < ∞, we have

G(y, y) = g+(y) g−(−y) =

1

b(α+ β)
e−b(y−L)

[
α ch(b(y − L)) + β sh(b(y − L))

]
=

1

2b

[
1 +

α− β

α+ β
e−2b(y−L)

]
(L < y < ∞).

In the case of 0 < y < L, we have

G(y, y) = g0(y) g0(−y) =

1

b(α+ β)

[
ch(a(−y + L)) + a−1b sh(a(−y + L))

]
×[

ch(a(y + L)) + a−1b sh(a(y + L))
]
=

1

b(α+ β)

[
ch(a(−y + L))ch(a(y + L))+

a−1b
(
sh(a(−y + L))ch(a(y + L)) + ch(a(−y + L))sh(a(y + L))

)
+

a−2b2 sh(a(−y + L))sh(a(y + L))
]
=

1

2a2b(α+ β)

[ (
a2 + b2

)
ch(2aL) + 2ab sh(2aL) +

(
a2 − b2

)
ch(2ay)

]
(0 < y < L).
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Differentiating G(y, y), we have

d

dy
G(y, y) =

1

α+ β


−(α− β)e−2b(y−L) (L < y < ∞),

a2 − b2

ab
sh(2ay) (0 < y < L).

Using (1.9) and (1.10), we have

d

dy
G(y, y)

 > 0 (0 < b < a < ∞)
= 0 (b = a)
< 0 (0 < a < b < ∞)

(0 < y < ∞).

Taking the supremum of G(y, y) with respect to y ∈ (0,∞), we have

sup
0≤y<∞

G(y, y) =(4.6) 
G(∞,∞) =

1

2b
(0 < b ≤ a < ∞),

G(0, 0) = (g0(0))
2 =

(a ch(aL) + b sh(aL))2

a2b(α+ β)
(0 < a < b < ∞).

Because G(y, y) is an even function, (4.6) is equivalently the best constant
(1.12).

From (1.2), we can show the best function (1.13). In the case of 0 < b <
a < ∞, the best function G(x, y0) does not exist because

lim
y0→∞

G(x, y0) =

(
lim

y0→∞
g(y0)

)
g(−x) = 0 (x ∈ R).

In the case of 0 < a ≤ b < ∞, because the function

G(x, 0) = g(x ∨ 0)g(−(x ∧ 0)) = g+(x) g0(0) (L < x < ∞),
g0(x ∨ 0) g0(−x ∧ 0) (−L < x < L),
g0(0) g+(−x) (−∞ < x < −L)

is an even function, we have

G(x, 0) =

{
g+(x) g0(0) (L < x < ∞),
g0(x) g0(0) (0 < x < L),

that is,

G(x, 0) =
ch(aL) + a−1b sh(aL)

b(α+ β)
×(4.7) {

e−b(x−L) (L < x < ∞),
ch(a(−x+ L)) + a−1b sh(a(−x+ L)) (0 < x < L).
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Because G(x, 0) is an even function, (4.7) is equivalently the best function
(1.13).

This completes the proof of Theorem 1.2. ■

5. Examination

L- L

a

x

q(x)

O

2

Figure 4. (i) 0 < a = b < ∞.
L- L

a

x

q(x)

O

2

Figure 5. (ii) 0 = b < a < ∞.

L- L

b

x

q(x)

O

2

Figure 6. (iii) 0 = a < b < ∞.

L- L x

q(x)

O

Figure 7. (iii) 0 = a < b → ∞.

(i) The case of 0 < a = b < ∞ (Figure 4).
Taking limit as b → a, we have

α = β → ch(2aL) + sh(2aL) = e2aL

and

g(x) =
1√
2a

e−ax (x ∈ R).

Thus we have the Green function

G(x, y) = g(x ∨ y)g(−x ∧ y) =
1√
2a

e−a|x−y| (x, y ∈ R)

of the following boundary value problem{
−u′′ + a2u = f(x) (x ∈ R),
u, u′ : bounded (x ∈ R).
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(ii) The case of 0 = b < a < ∞ (Figure 5).
Taking limit as b → 0, we have

α → ch(2aL), β sh(b(x+ L)) → a sh(2aL) (x+ L),

b(α+ β) → a sh(2aL)

and

g(x) =

g+(x) =
1√

a sh(2aL)
(L < x < ∞),

g0(x) =
1√

a sh(2aL)
ch(a(−x+ L)) (−L < x < L),

g−(x) =
1√

a sh(2aL)

[
ch(2aL)− a sh(2aL) (x+ L)

]
(−∞ < x < −L).

The Green function

G(x, y) =

1

a sh(2aL)
ch(a(−x ∨ y + L)) ch(a(x ∧ y + L)) (−L < x, y < L)

of the following boundary value problem{
−u′′ + a2u = f(x) (−L < x < L),
u′(±L) = 0.

(iii) The case of 0 = a < b → ∞ (Figure 7).
Taking limit as a → 0 (Figure 6), we have

α → 1 + 2bL, β → 1, b(α+ β) → 2b(1 + bL)

and

g(x) =

g+(x) =
1√

2b(1 + bL)
e−b(x−L) (L < x < ∞),

g0(x) =
1√

2b(1 + bL)

[
1 + b(L− x)

]
(−L < x < L),

g−(x) =
1√

2b(1 + bL)

[
(1 + 2bL) ch(b(−x− L)) + sh(b(−x− L))

]
(−∞ < x < −L).

Taking limit as b → ∞, we have the Green function

G(x, y) = g0(x ∨ y)g0(−x ∧ y) =
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1

2L
(−x ∨ y + L) (x ∧ y + L) (−L < x, y < L)

of the following boundary value problem{
−u′′ = f(x) (−L < x < L),
u(±L) = 0.
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