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THE IRREDUCIBILITY AND MONOGENICITY OF
POWER-COMPOSITIONAL TRINOMIALS

JOSHUA HARRINGTON AND LENNY JONES

ABSTRACT. A polynomial f(z) € Z[z] of degree N is called monogenic
if f(z) is irreducible over Q and {1,6, 6%, ...,0V '} is a basis for the ring
of integers of Q(0), where f(0) = 0. Define F(z) := 2™+ A2™ '+ B. In
this article, we determine sets of conditions on m, A, and B, such that
the power-compositional trinomial F(a? n) is monogenic for all integers
n > 0 and a given prime p. Furthermore, we prove the actual existence
of infinite families of such trinomials F(z).

1. INTRODUCTION

Unless stated otherwise, when we say that f(z) is “irreducible”, we mean
irreducible over Q. We let A(f(x)), or simply A(f), and A(K) denote the
discriminants over Q, respectively, of f(z) and a number field K. If f(x) is
irreducible, with f(6) =0 and K = Q(6), then [3]

(1.1) A(f) = [Zx - ZI9])? A(K),

where Z is the ring of integers of K. We define f(x) to be monogenic if f(x)
is irreducible and Z g = Z[6], or equivalently from (1.1), that A(f) = A(K).
When f(x) is monogenic, {1,6,62,...,0%()=11 is a basis for Zg, com-
monly referred to as a power basis. The existence of a power basis facilitates
computations in Zg, as in the case of the cyclotomic polynomials ®,,(z) [26].
We see from (1.1) that if A(f) is squarefree, then f(x) is monogenic. How-
ever, the converse is false in general, and when A(f) is not squarefree, it
can be quite difficult to determine whether f(x) is monogenic.
In this article, our focus is on trinomials of the form

(1.2) F(2) := Fnap(z) =2+ Az™ 1 + B € Zz].

We determine sets of conditions on m, A and B so that the power-compositional
trinomial F(xP") is monogenic (and hence irreducible) for all integers n > 0
and a given prime p. We then prove the actual existence of infinite families
of such trinomials. Although much research has been conducted concerning
the irreducibility and monogenicity of trinomials [2,4,7,11-14,16,17,20,21,
23, 24], the approaches presented in this article are novel, and they allow
us to construct new infinite families of monogenic trinomials in a manner
unlike any methods previously used. Our main results are as follows.
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Theorem 1.1. Let F(x) be as defined in (1.2), and let p > 3 be a prime.
Define

(1.3) D:=m"B — (—1)"(m —1)""1A™,

(1) When m =2, let A = 4pu +p? + 2 and B = 2pt + 1, where u,t € Z
are such that B, B —1 and D are squarefree.

(2) When m € {3,4}, let A = 4p*u+ 1 and B = 2pt + p, where u,t € Z
are such that B and D are squarefree.

(3) When m > 5, let A = 4p*>u + 1 and B = 2pt + p, where u,t € 7Z
are such that B and D are squarefree; and assume that F(x) is
irreducible.

Then, in any case above, F(aP") is monogenic for all n > 0.

Corollary 1.2. Let F(z) be as defined in (1.2), let p > 3 be a prime, and
let w e Z. Let D be as defined in (1.3). Then, in any case of Theorem 1.1,
there exist infinitely many prime values of t such that F(xzP") is monogenic
for allm > 0.

Remark 1. Note that in any case of Theorem 1.1, we have that |B| > 2.

2. PRELIMINARIES

The formula for the discriminant of an arbitrary monic trinomial, due to
Swan [25, Theorem 2], is given in the following theorem.

Theorem 2.1. Let f(x) = 2™ + Az™ + B € Q[z], where 0 < m < n, and
let d = ged(n,m). Then A(f) =
(_l)n(n—l)/2Bm—1 (nn/dB(n—m)/d _ (_1)n/d(n _ m)(n—m)/dmm/dAn/d)d'

The following immediate corollary of Theorem 2.1 is of pertinence to us
here.

Corollary 2.2. Let F(x) be as defined in (1.2), and let p be a prime. Then,
for any integer n > 0, we have

(2.1) A(]:(xp”)) — (_1)mpn(TVLpn*1)/2B(m71)p"71pmnpn,Dpn’
where D is as defined in (1.3).
The next two theorems are due to Capelli [22].

Theorem 2.3. [22, Theorem 22] Let f(x) and h(zx) be polynomials in Q[z]
with f(x) irreducible. Suppose that f(a) = 0. Then f(h(z)) is reducible
over Q if and only if h(x) — « is reducible over Q(«).
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Theorem 2.4. [22, Theorem 19] Let ¢ € Z with ¢ > 2, and let o € C be
algebraic. Then x¢ — « is reducible over Q(«) if and only if either there
is a prime p dividing ¢ such that o = P for some 8 € Q(«) or 4 | ¢ and
a = —4p* for some € Q(a).

The following theorem, known as Dedekind’s Index Criterion, or simply
Dedekind’s Criterion if the context is clear, is a standard tool used in de-
termining the monogenicity of a polynomial.

Theorem 2.5 (Dedekind [3]). Let K = Q(0) be a number field, T'(x) € Z[x]
the monic minimal polynomial of 8, and Zk the ring of integers of K. Let

q be a prime number and let * denote reduction of * modulo q (in Z, Z[z]
or Z[0]). Let

k
T(x) = [ 7ilx)
i=1
be the factorization of T'(x) modulo q in Fy[z], and set
k
g(@) =[] 7(=),
i=1

where the 7;(x) € Z[x] are arbitrary monic lifts of the Ti(z). Let h(x) € Z[z]
be a monic lift of T'(z)/g(x) and set

Then
[Zk - Z[0]]) #0 (mod q) <= ged (F,g,h) =1 in Fglz].

The next result is essentially a “streamlined” version of Dedekind’s index
criterion for trinomials.

Theorem 2.6. [10] Let N > 2 be an integer. Let K = Q(6) be an algebraic
number field with 0 € Zy, the ring of integers of K, having minimal poly-
nomial f(z) = N + Ax™M + B over Q, with ged(M, N) = dy, M = Midy
and N = Nidy. A prime factor q of A(f) does not divide [Z : Z[0)] if and
only if all of the following statements are true:

(1) if q¢| A and q | B, then ¢* | B;

(2) ifq| A and qt B, then

either q| Ay and g1 By or qtAs ((—B)MlAéV1 — (—Bl)Nl> ,

o .
where Ay = A/q and By = w with ¢’ || N;
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(3) if gt A and q | B, then
either q| Ay and gt By or qTAlBéV[’l ((_A)MlAivl_Ml . (_BQ)N17M1> ’

£
where A1 = w with ¢* || N — M, and By = B/q;
(4) if ¢1 AB and q | M with N = s'¢*, M = sq*, q 1 ged (s, s), then the
polynomials
k

Az*®" + B+ (—Az® — B)?
q

2 + Az* + B and
are coprime modulo q;
(5) if gt ABM, then
qQJ( <BN1—M1N1Nl _ (_1)M1AN1M1Ml (Ml _ Nl)Nl_Ml) )
Remark 2. We will find both Theorem 2.5 and Theorem 2.6 useful in our
investigations.
The next theorem follows from Corollary (2.10) in [18].
Theorem 2.7. Let K and L be number fields with K C L. Then
A(E)EET L A(L).

Theorem 2.8. Let G(t) € Z[t], and suppose that G(t) factors into a product
of distinct irreducibles, such that the degree of each irreducible is at most 3.
Define

Ng (X) =|{p < X : p is prime and G(p) is squarefree}|.

Then,
(22) No(X) ~ Corzs
where
2
(2.3) Ca= ][] (1 _ Zi&@))
£ prime

and pg (€2) is the number of z € (Z/*Z)" such that G(z) =0 (mod ¢?).

Remark 3. Theorem 2.8 follows from work of Helfgott, Hooley and Pasten
[8,9,19]. For more details, see the discussion following [14, Theorem 2.11].

Definition 1. In the context of Theorem 2.8, for G(t) € Z[t] and a prime
0, if G(z) = 0 (mod %) for all z € (Z/(?Z)", we say that G(t) has a local
obstruction at £. A polynomial G(t) € Z][t] is said to have no local obstruc-
tions, if for every prime ¢ there exists some z € (Z/EQZ)* such that G(z) Z0
(mod £?).
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Note that Cg > 0 in (2.3) if and only if G(t) has no local obstructions.
Consequently, it follows that Ng(X) — oo as X — oo in (2.2), when G(t)
has no local obstructions. Hence, we have the following immediate corollary
of Theorem 2.8 which is used to establish Corollary 1.2.

Corollary 2.9. Let G(t) € Z[t], and suppose that G(t) factors into a product
of distinct irreducibles, such that the degree of each irreducible is at most 3.
To avoid the situation when Cg = 0, we suppose further that G(t) has no
local obstructions. Then there exist infinitely many primes p such that G(p)
is squarefree.

We make the following observation concerning G(t) from Corollary 2.9
in the special case when each of the distinct irreducible factors of G(t) is
of the form a;t + b; with ged(a;,b;) = 1. In this situation, it follows that
the minimum number of distinct factors required in G(t) so that G(t) has a
local obstruction at the prime ¢ is 2(¢ —1). More precisely, in this minimum
scenario, we have

2(6-1)
Gty =[] (ast+b)=C(t—1)*(t—2)>--(t— (¢ —1))* (mod 0),
i=1
where C' # 0 (mod ¢). Then each zero r of G(t) modulo ¢ lifts to the ¢
distinct zeros

r, T+l TH+20, ... , T+ —=1)le (Z/KQZ)*
of G(t) modulo ¢? [5, Theorem 4.11]. That is, G(t) has exactly £({ — 1) =
#(¢£?) distinct zeros z € (Z/EQZ)*. Therefore, if the number of factors k of
G(t) satisfies k < 2(¢ — 1), then there must exist z € (Z/EQZ)* for which
G(2) # 0 (mod £2), and we do not need to check such primes ¢ for a local

obstruction. Consequently, only finitely many primes need to be checked for
local obstructions. They are precisely the primes ¢ such that ¢ < (k + 2)/2.

3. THE PROOF OF THEOREM 1.1
Before we begin the proof of Theorem 1.1, we require the following.

Lemma 3.1. Let f(x) € Z[x] be monic and irreducible, and let p be a prime.
If |£(0)| > 2 and f(0) is squarefree, then f(zP") is irreducible for all n > 0.

Proof. Suppose that f(«) = 0. Let n > 1 and assume, by way of contradic-
tion, that f(g(z)) is reducible, where g(z) = 2P". If p > 3, we deduce from
Theorems 2.3 and 2.4 that o = P for some 8 € Q(«). Then, by taking the
norm N := Ny(a)/q@; We have that

N (B = N(a) = (=1)* ) f(0),
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which contradicts the fact that f(0) is squarefree since N(3) € Z and
|f(0)] > 2. The argument is similar when p = 2, and we omit the de-
tails. 0

Note that the conditions in part (3) of Theorem 1.1 contain the assump-
tion that F(x) is irreducible. Under this assumption, we obtain the following
immediate corollary of Lemma 3.1.

Corollary 3.2. Let m € Z with m > 3 and let p be a prime with p > 3. Let
F(x) be as defined in (1.2), and let D be as defined in (1.3). Suppose that
A = 4p’u+1 and B = 2pt + p, where u,t € Z are such that B and D are
squarefree. If F(x) is irreducible, then F(xP") is irreducible for all n > 0.

Computer evidence suggests the following, which, if true, implies the con-
clusion of Corollary 3.2 by Lemma 3.1, since |B| > 2 in Corollary 3.2.

Conjecture 3.3. Let m > 3, and let F(z) be as defined in (1.2). If A=1
(mod 4) and B =1 (mod 2), with B squarefree and |B| > 2, then F(z) is
1rreducible.

The next lemma is similar in nature to Lemma 3.1 in [15]. We let T be
the set of the 12 possible ordered pairs (a, b), where 0 < a < 3and 1 <b < 3,
corresponding respectively to the possible congruence classes modulo 4 of
A and B (excluding b = 0 since B is squarefree). For any integer z, we let
z € {0,1,2,3} be the reduction of z modulo 4.

Lemma 3.4. Let F(x) be as defined in (1.2) with m € {2,3,4}, and let
p be a prime. Suppose that B is squarefree with |B| > 2. Then F(aP") is
irreducible for allm >0 if (A, B) € T'y,,, where

- :{ {(0,1),(0,2),(1,1),(1,3),(2,2),(2,3),(3,1),(3,3)} ifme {2,4}
" {(072)a(171)7(173)7(272)7(37 1)7<373)} ifm:3-

Moreover, for each m € {2,3,4}, and each (a,b) € T \ I'y,, there exist

integers A and B with (A, B) = (a,b) such that F(zP") is reducible for all
n > 0.

Proof. We begin by showing, for each m € {2,3,4} and each (4, B) € Ty,
that F(x) is irreducible. It is easy to check that F(x) has no zeros modulo
4, which verifies that F(z) is irreducible when m € {2,3}. When m = 4,
we also need to show that F(x) cannot be written as the product of two
irreducible quadratics. Suppose then that

Flx)=a*+ A2 + B = (2® + ciz + o) (2% + dyz + dp),
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for some ¢;,d; € Z. Expanding this factorization and equating coefficients
yields the system of equations:

constant term : codgp = B

r: copdy +c1dg =0

(3.1) 22 co+do+cidi =0

.7}3: c1+d = A.

It turns out that for each (A, B) € Iy, the system (3.1) is impossible modulo
4. For example, if (A, B) = (3, 1), then
either c¢p=dp=1(mod 4) or cop=dyp=3 (mod 4).

In either of these cases, we see in (3.1) that the congruence correspond-
ing to the coefficient on x contradicts the congruence corresponding to the
coefficient on x3. Similar contradictions are easily seen to occur for each
(A, B) € Ty, and we omit the details. It follows that F(2P") is irreducible
for all n > 0 by Lemma 3.1.

To complete the proof, for each m € {2,3,4} we give, respectively, in
Tables 1, 2 and 3, an example of each (A\, E) € T\ T, such that F(xP") is
reducible for all n > 0. We also give the factorization of F(zP"). O

(4,3) (2" +1)(z?" +3)

(5.6) (@ +2)(a"" +3)

(2,1) (2" + 1)

(3,2) (zP" + 1) (2P" + 2)

TABLE 1. Examples for (4, B) € 7\ I'y and their factorizations

Computer evidence suggests the following extension of Lemma 3.4.

Conjecture 3.5. Let F(z) be as defined in (1.2), and let p be a prime.
Suppose that B is squarefree with |B| > 2. Then F(xP") is irreducible for
alln >0 if (A, B) € I'y,, where
{(0,1),(0,2),(1,1),(1,3),
Iy = (21 2)7 (27 3)7 (37 1>a (37 3)} me =0 (mOd 2)

Remark 4. Note that the truth of Conjecture 3.5 also implies the conclusion
of Corollary 3.2.
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(A,B)e T\Ts (A,B) Factorization of F(a?")
(0,1) (—4,5) (zP" 4+ 1)(2?" — 5zP" + 5)
(0,3) (—4,3) (2P" —1)(z%" — 327" - 3)
(1,2) (—3,2) (xp —1)(2?" — 227" — 2)
(2,1) (=2,1) (@ —1)(@*" -2t 1)
(2,3) (—2,3) (2" 4+ 1)(z®" —3xp +3)
(3,2) (=1,2) (zP" 4+ 1) (2" — 22P" 4+ 2)

TABLE 2. Examples for (A, B) € 7\ T's and their factorizations

(j, E) eT\I'y (A, B) Factorization of F(xP")
(0,3) (4,3) (2" + 1) (%" + 322" — 322" + 3)
(1,2) (=3,2) (2P" —1)(z%" — 222" — 227" — 2)
(2,1) (2,1) (2P + 1)(@%" + %" — 2P 4+ 1)
(3,2) (3,2)  (2P" + 1) (23" 4 222" — 227" +2)

TABLE 3. Examples for (A, B) € 7\ T'y and their factorizations

Lemma 3.6. Let F(x) be as defined in (1.2). Suppose that B is squarefree
with |B| > 2, and that D, as defined in (1.3), is squarefree. If F(x) is
irreducible, then F(z) is monogenic.

Proof. We have by Corollary 2.2 that
A(F () = (=)= D2B™ 2 (B — (=1)™(m — 1)1 A™)
— (_1)m(m—1)/2Bm—2D.

Let K = Q(0), where F(0) = 0™ + A9™ ! + B = 0, and let Zy denote the
ring of integers of K. We check that all statements in Theorem 2.6 are true
with N :=m and M := m—1, and all primes ¢ dividing A(F(x)). Note that
statements (1) and (5) are always true for any value of ¢ since, respectively,
B and D are squarefree.

Suppose first that ¢ | B. We see immediately that statements (2) and (4)
are trivially true. For statement (3), we have £ = 0 so that A; = 0. Hence,
q | A1, and g 1 By since B is squarefree. Thus, statement (3) is true and
Zic : ZI6)) # 0 (mod g).

Suppose now that ¢ is a prime such that ¢ | D. Observe that if g | A
and ¢ 1 B, then ¢ | m, which contradicts the fact that D is squarefree.
Hence, statement (2) is trivially true. If ¢ { A and ¢ | B, then ¢ = 0 so
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that A1 = 0. Hence, ¢ | A1, and ¢ t B2 since B is squarefree. Therefore,
statement (3) is true. Suppose next that ¢ t AB and ¢ | (m — 1). Then
q | m since ¢ | D, which is impossible, and so statement (4) is trivially true.
Thus, [Zk : Z[0]] Z 0 (mod q), and consequently, F(z) is monogenic, which
completes the proof of the lemma. O

While Lemma 3.6 is new and of some interest in its own right, we note
that in light of Remark 1, Lemma 3.6 can be applied to F(x), and is crucial
to establish the monogenicity of F(x) for the base case of the induction
argument in the proof of Theorem 1.1.

Proof of Theorem 1.1. For part (1), we see that
(A, B) € {(3,1),(3,3)} C T,.
Thus, F(xP") is irreducible for all n > 0 by Lemma 3.4, and F(z) is mono-
genic by Lemma 3.6. By Corollary 2.2, we have that
(3.2) AGF(@")) = (—1)P" =0 g =L pp”,
where D = 4B — A2. Define
0, :=0""" and K, :=Q(b,) forn>0,

noting that 6y = 0 and Ky = K from the proof of Lemma 3.6. Further-
more, observe that F((6,)?") = 0 and [K,41 : K] = p for all n > 0. We
assume that F(zP") is monogenic and proceed by induction on n. Then
A (F(a?")) = A(K,), and we deduce from Theorem 2.7 that

A (F@))" | A(Kngr).
By (3.2), we have that
A(F (")) JAF (") = BP1p™

n+1

Hence, to show that F(zF""") is monogenic, we only have to show that

(3.3) [ZKnH : Z[9n+1]] #0 (mod q)

for all primes ¢ dividing Bp. We check that all statements in Theorem 2.6

are true for such primes, when applied to f(xpn+1) = 22" 4 A" 4+ B,
Suppose first that ¢ = p. We use Theorem 2.5 with T(z) := F(zP"").

Since A =2 (mod p) and B =1 (mod p), we get that T(z) = (z + 1)

Thus, we can let g(z) = z + 1 and h(z) = (z + 1)2""'~1, so that

n+1

n+1 n+1 n+1
— X

(z+1)% — AzP"" - B
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2p”+171 (2pn+1) ; (25?,::1) _ A - 1_B

3.4 = - P —
(34 ZE: p p p

j=1
J#pntt

To show that ged(g, F) = 1, it is enough to show that F/(—1) # 0 (mod p).
Since

2pntl—1

(P )=t ()
, J p

j=1
j#pr !

it follows that

2pn+l 2pn+1 ) 2pn+1
> ( )(—1)J =2+ ( n+1) =0 (mod p?) [1,6].
— J p

j#pnHl

Hence, since A =2 (mod p) and B — 1 is squarefree, we see from (3.4) that

F(-1) = 1_7 #Z0 (mod p).

Thus, we conclude from Theorem 2.5 that (3.3) is true for ¢ = p.

Suppose next that ¢ | B. Note that ¢ # p. Here we use Theorem 2.6, and
we want to show that all statements are true for F(2?""') with N = 2p+1
and M = p"*l. Statement (1) is true since B is squarefree. We see that
statements (2), (4) and (5) are trivially true. For statement (3), we have
that £ = 0, since ¢ # p and N — M = p"*! and hence, A; = 0. Thus, ¢ | A
and g | By since B is squarefree. Therefore, (3.3) is true. Consequently,
F(zP") is monogenic for all n > 0 by induction.

For parts (2) and (3), we give details only for the case m = 3 since the
other cases are handled in an identical manner. In particular, for part (3)
(cases of m > 5), we use Corollary 3.2 and proceed as in the case of m = 3.

For the case of m = 3, we see that

(A, B) € {(1,1),(1,3)} C Ts.

Thus, F(xP") is irreducible for all n > 0 by Lemma 3.4, and F(z) is mono-
genic by Lemma 3.6. By Corollary 2.2, we have that

(3.5) A(F(aP")) = (—1)%p" G =1/2 g2 =1,3np" pp"

where D = 27B + 4A3. Using (3.5) and Theorem 2.7 for

n+1)

Fa) =" 4 A" 4 B,
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and arguing as in part (1) with 6,, and K,, defined accordingly, we deduce
that we only have to check primes dividing B, since B =0 (mod p) in this
case.
Suppose first that ¢ = p. We use Theorem 2.5 with T'(x) := ]-'(xpnﬂ).
Since A =1 (mod p) and B =0 (mod p), we get that
—_— n+1

T(z) = 22" (z + 1)P
Thus, we may let g(z) = z(x+1) and h(z) = 22" ~L(z+1)P""' =1, so that

F(z) =
() )
B 2pn+1 ({1} + 1)p'n+1 N xgpn+1 . A{]j2pn+1 o B
p
pn+l_1 pn+1
(36) — Z ( j )x]’+2pn+1 + <]. — A) x2pn+1 . E
p p p

To show that ged(g, F) = 1, it is enough to show that F(c) # 0 (mod p),
where ¢ € {—1,0}. Note first that since A =1 (mod p?), the middle term
in (3.6) disappears in F. Observe next that the sum in (3.6) is zero when
x = —1. Hence,

F(e) = —i #0 (mod p),

since B is squarefree. Thus, we deduce from Theorem 2.5 that (3.3) is true
for ¢ = p.

Suppose next that ¢ | B with ¢ # p. Here we use Theorem 2.6, and we
want to show that all statements are true for F (man) with N = 3pn*!
and M = 2p"*l. Statement (1) is true since B is squarefree. We see that
statements (2), (4) and (5) are trivially true. For statement (3), we have
that £ = 0, since ¢ # p and N — M = p"*!, and hence, A; = 0. Thus, ¢ | A;
and g | By since B is squarefree. Therefore, (3.3) is true. Consequently,
F(2P") is monogenic for all n > 0 by induction. O

4. PROOF OF COROLLARY 1.2

Proof. For all cases of m in Theorem 1.1, we define G(t) := BD. We wish
to apply Corollary 2.9, and so we must check for local obstructions. In light
of the discussion following Corollary 2.9, since B and D are both linear in
t, we only have to check for a local obstruction at the prime ¢ = 2.
Specifically, for part (1) of Theorem 1.1 (when m = 2), we get that

G(t) = p(2pt + 1)(8t — 16pu? — 8p°u — 16u — 4p — p).
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Since G(1) = 1 (mod 4), there is no local obstruction at ¢ = 2. Thus,
by Corollary 2.9, there exist infinitely many primes p such that G(p) is
squarefree. Therefore, we see that |B| > 2, and both B and D, individually,
are squarefree for such primes p. Note also that B — 1 = 2pt is squarefree
when ¢ = p > p. Consequently, for each t = p > p, F(2P") is monogenic for
all integers n > 0 by Theorem 1.1.

When m > 3, we get generically that

G(t) = p(2t + 1)(m™ (2pt +p) — (=1)"(m — 1) (4p*u + 1)),
from which it follows easily for m > 3 that

3p (mod4) ifm=0 (mod4)
1 (mod4) ifm=1 (mod4)
p (mod4) ifm=2 (mod4)
3 (mod4) ifm=3 (mod4).

Therefore, in each of these cases, we conclude from Corollary 2.9 that there
exist infinitely many primes p such that G(p) is squarefree. Consequently,

for each t = p, F(«P") is monogenic for all integers n > 0 by Theorem
1.1. ]

G(1) =
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