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INSEPARABLE GAUSS MAPS AND DORMANT OPERS

YASUHIRO WAKABAYASHI

ABSTRACT. The present paper aims to generalize a result by H. Kaji
on Gauss maps in positive characteristic and establish an interaction
with the study of dormant opers and Frobenius-projective structures.
We prove a correspondence between dormant opers on a smooth projec-
tive variety and closed immersions into a projective space with purely
inseparable Gauss map. By using this, we determine the subfields of
the function field of a smooth curve in positive characteristic induced
by Gauss maps. Moreover, this correspondence gives us a Frobenius-
projective structure on a Fermat hypersurface.

INTRODUCTION

0.1. Let X be an algebraic variety of dimension [ > 0 over an algebraically
closed field k embedded in the projective space P¥ for some L > 0. Denote
by Grass(l+ 1, L 4+ 1) the Grassmann variety classifying (I + 1)-dimensional
quotient spaces of the k-vector space k“t!; it may be identified with the
space of l-planes in PL. The Gauss map is the rational morphism ~ : X --»
Grass(l + 1, L + 1) that assigns to a smooth point x the embedded tangent
space to X at x in P,

The notion of Gauss map is generalized (cf. §1.1) by using linear spaces
tangent to higher order, often called the osculating spaces; see, e.g., [4], [5],
and [30]. Also, a different generalization of Gauss map can be found in,
e.g., [40]. The study of the Gauss map and such generalizations have been
a subject of algebraic geometry for a long time.

It is a well-known fact that the Gauss map of a smooth non-linear sub-
variety of a projective space in characteristic 0 is finite and birational onto
its image (cf. [40, (I, 2.8)]). On the other hand, when the base field has
positive characteristic, the birationality is no longer true in general, and
the Gauss map can be inseparable. Various properties of Gauss maps in
positive characteristic have been investigated by many mathematicians; see,
.g., [6], [7], [17], [18], [19], [21], [27], and [28].

For example, a result by H. Kaji (cf. [18, Corollary 6.2]) asserts that
giving a closed immersion X — P from a given smooth projective curve
X with purely inseparable Gauss map of degree pv (N > 0) is equivalent
to giving a rank 2 vector bundle on the N-th Frobenius twist X(™) of X
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satisfying certain conditions. As mentioned in Remark 2.4 of the present
paper, this data may be interpreted as a dormant GLo-oper of level N, in
the sense of [37, Definition 4.2.1]; that is to say, it gives a certain rank 2
vector bundle on X equipped with both an action of the sheaf DE(N_U (:=
the ring of differential operators on X of level N —1, introduced in [2]) and a
Hodge subbundle satisfying a strict form of Griffiths transversality. We refer
the reader to, e.g., [26], [35] for the study of dormant GLg-opers on curves
(which are also known as dormant indigenous bundles), and the higher-rank
cases were investigated in, e.g., [14], [16], and [38].

0.2. The present paper aims to refine and generalize Kaji’s result in order
to build an interaction between the studies of dormant opers and Gauss
maps in positive characteristic. To do this in a unified formulation involving
multi-dimensional varieties, we introduce the notion of a dormant (n,N)-
oper (cf. Definition 2.1), which extends the classical notion of a higher-level
dormant oper. (However, our discussion deals essentially only with the case
where n = 2 or the underlying variety has dimension 1.)

Let X be a smooth projective variety over an algebraically closed field k
of characteristic p > 2 and x := (n, N, d) a triple of positive integers with
1 <n < p. We shall write

Zzz...

(01) Opx,—&-imm

(cf. (2.14)) for the set of isomorphism classes of dormant (n, N)-opers on X
equipped with certain additional data. On the other hand, we write

(0.2) Gau}

(cf. (1.7)), where X\ := (n — 1, N,d), for the set of isomorphism classes of
closed immersions ¢ : X < PL (for some L > 0) of degree d whose Gauss
maps of order n — 1 factor through the N-th relative Frobenius morphism.
Then, the main result in the first half of the present paper is the following
assertion.

Theorem A (cf. Theorem 2.9 for the full statement). Suppose that the
quadruple (X, n, N,d) satisfies one of the conditions (a) and (b) described
in §2.5. Then, there exists a canonical injection of sets

Zzz...

(0.3) =, : Gau} — ODPy timm-

Moreover, this map is bijective when n = 2.
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0.3. We here describe two applications of the above theorem proved in
the second half of the present paper. As the first application, we use the
bijection =y y 4) to determine the subfields of the function field of a given
curve induced by Gauss maps.

Now, let k& be as above and X a smooth projective curve over k of genus
g > 1. Denote by K(X) the function field of X and by K the set of subfields
K of K(X) satisfying the following condition: There exists a closed immer-
sion ¢ : X — PL (for some L > 1) such that the extension of function fields
defined by the Gauss map associated to (X, ) coincides with K (X)/K.

H. Kaji proved (cf. [18, Corollaries 2.3 and 4.4]) that K (X) itself belongs
to K, and that any subfield in K is of the form K(X)P" := {v*" |v € K(X)}
for some integer N > 0, i.e., the inclusion relation K C {K(X)pN |N >0}
holds.

To improve this result, we combine the above theorem with the previous
study of higher-level dormant opers on curves developed in [36], in which we
have shown the existence of a dormant (2, N)-opers for every N > 0. The
resulting assertion is described as follows.

Theorem B (= Theorem 3.3). Let us keep the above notation, and suppose
that 2 < p and pt (g — 1). Then, the following equality of sets holds:

(0.4) K= {K(X)PN ’ N> 0} .

In particular, for every nonnegative integer N, there exists a closed im-
mersion X < P! (for some positive integer L) such that the extension of

function fields defined by the Gauss map coincides with K (X)/K(X )pN.

0.4. The second application concerns higher-dimensional varieties. We
shall recall from [36, Definition 1.2.1] (or [9, Definition 2.1]) the notion of
an F'N-projective structure; this is a positive characteristic analogue of the
classical notion of a projective structure on a complex manifold discussed
in, e.g., [8], [22], and [23]. Roughly speaking, an FN-projective structure on
a smooth variety X (for N > 0) is a maximal collection of étale coordinate
charts on X valued in P4™(X) whose transition functions descend to the
N-th Frobenius twist X(™) of X.

One ultimate goal of the study of FN-projective structures is to give a
complete answer to (the positive characteristic version of) the classification
problem, starting with S. Kobayashi and T. Ochiai (cf. [22], [23]), of varieties
admitting projective structures. In [36], we developed the classification for
some classes of varieties, including curves, surfaces, and Abelian varieties.
The difficulty is that, unlike the 1-dimensional case, there are nontrivial ob-
structions for the existence of an FN-projective structure. Indeed, because
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of our lack of technical knowledge, only a few examples have been previously
found for higher dimensions.

However, the bijection Z(; v 4) asserted in Theorem A enables us to con-
struct an FV-projective structure by using an example of a projective variety
whose Gauss map is in a certain special situation. The assertion obtained
in the present paper is described as follows.

Theorem C (= Theorem 4.1). Let N be a positive integer and L an integer
with L > 1, L # 3. Denote by X the Fermat hypersurface of degree p™v + 1
in PL (cf. (4.1)). Then, X admits an FV-projective structure

(0.5) s

au

arising from the Gauss map associated to the natural closed immersion X —
PL. Moreover, if p { L(L+1), then X admits no F2N*1-projective structures.

As mentioned in Remark 4.3, the existence of such an F™-projective
structure may be thought of as an exotic phenomenon of algebraic geom-
etry in positive characteristic. In fact, any unirational projective complex
manifold which is not isomorphic to a projective space, such as a Fermat
hypersurface, admits no projective structure.

Also, note that the only previous examples of FN-projective structures
on higher-dimensional varieties except for those on projective spaces were
derived from FN-affine structures on Abelian varieties or smooth curves
equipped with a Tango structure. By calculating Chern classes on the Fer-
mat hypersurface X, we see that S(’;au cannot be constructed in that way
(cf. Remark 4.4). This means that the FN-projective structure asserted in
the above theorem is essentially a new example.

Notation and Conventions. Throughout the present paper, we fix a
prime number p and an algebraically closed field & of characteristic p.

By a variety (over k), we mean a connected integral scheme of finite type
over k. Moreover, by a curve, we mean a variety over k of dimension 1.
Unless stated otherwise, we will always be working over k; for example,
products of varieties will be taken over k, i.e., X7 x Xg := X7 X Xo.

Let X be a variety over k. We shall write Qx (resp., Tx) for the sheaf
of 1-forms (resp., the sheaf of vector fields) on X over k. If V is a vector
bundle (i.e., a locally free coherent sheaf) on X, then we denote by P(V)
the projective bundle over X associated to V.

Next, let N be a positive integer. We shall denote by X) the N-th
Frobenius twist of X, i.e., the base-change of X by the p’V-th power map

k — k. The N-th relative Frobenius morphism is denoted by F)(g,z X =
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XN When N = 1, we write Fx, instead of Y Also, we set X(© := X

X/k
and F )((O/)k = idx for simplicity.
Recall from [2, § 2.2] the sheaf of differential operators DS(N_I) = Dg?/fgplgc( )

on X of level N — 1, where Spec(k) is equipped with the trivial (N — 1)-

PD structure. If V is a left Dg?)—action on an Ox-module F extending its

Ox-module structure, then we will use the same notation to denote the cor-

responding connection F — Qx ® F. Also, for a D&N_l)—action V on F

extending its Ox-module structure, we shall write V(%) for the Dg?)—action

(or equivalently, the connection) on F induced by V via the natural mor-

phism Dg?) — D&N_l).

For an Oy (n)-module G, there exists a canonical left DE(N_U -action
(0.6) Voen 1D = Endi(Fy"(G)
on the pull-back F' )((]7,3* (G) with vanishing p-(N —1)-curvature (cf. [24, Defini-
(N-1)

tion 3.1.1 and Corollary 3.2.4]). Given an Ox-module F and a left Dy, /-
action V on F extending its Ox-module structure, we shall write FV for

the subsheaf of F on which DE(N_DJF acts as zero, where DE(N_DJF denotes

the kernel of the canonical projection D&Nﬁl) — Ox. Note that Y may be

)

regarded as an Oy (v)-module via the underlying homeomorphism of Fy Ik

The trivial D&N_l)—action on Ox will be denoted by Vg\ifv_l)
Finally, for each positive integer L, we denote the L-dimensional projec-

tive space over k by
(0.7) PL .= Proj(k[to, - - - ,t1])
(={[to:t1:---:tr]| (o, -+ ,tr) #(0,---,0)}).

1. GAUSS MAPS IN POSITIVE CHARACTERISTIC

In this section, we recall the higher-order Gauss map associated to a
closed subvariety of a projective space. After that, we will observe that,
under a certain assumption, the Gauss map induces an action of the ring of
differential operators on a jet bundle (cf. (1.11)).

1.1. Let X be a smooth projective variety over k of dimension [ > 0.
Denote by Z the ideal sheaf defining the diagonal in X x X. Also, for each
1t = 1,2, we denote by pr; the i-th projection X x X — X.

Let us fix a line bundle £ on X and a nonnegative integer m. The sheaf

(1.1) I (L) = pro.(pr3(£) © Oxxx /T™)



6 YASUHIRO WAKABAYASHI

forms a vector bundle on X of rank (Hm), and it is called the m-jet bundle

of L. This sheaf is equipped with an (m + 1)-step decreasing filtration
(1.2) {Tn (LYY

given by putting J,(£)? := Jp,(L) and J, (L) := Ker (Jn (L) — J;—1(L))
(j =1,---,m+1). For each j = 0,---,m, we have an isomorphism of
O x-modules

(1.3) SIQx) @ LS T (L) ) (L),

where S7(€2x) denotes the j-th symmetric product of Qx over Ox.

Note that pry,(pr3(£)) is canonically isomorphic to the vector bundle
HY(X,£)®,Ox. By applying the functor pry, (pr3(£)®(—)) to the quotient
Oxxx = Oxxx/I™, we obtain an Ox-linear morphism

(1.4) HY(X, L) @) Ox — Jm(L).

Next, suppose that we are given a closed immersion ¢ : X < P* for some
positive integer L. This induces the composite

(1.5) ar s 02 (= HO(PL Opi (1)) @1 Ox)

— HO(X, " (0p(1))) 1, Ox

(1.4) %

— Jm (7 (Ope(1))),
where the first arrow is the morphism induced from the natural morphism
Opr(1) = 1:(¢*(Opr(1))). Let Grass((”m),L + 1) denote the Grassmann

m
I+m
m

. If U™ denotes the open locus of X where o is surjective, then the
restriction of " to U™ determines a morphism

variety classifying ( )—dimensional quotient spaces of the k-vector space

k.L+1

(1.6) A UM — Grass((T), L+ 1).

m

We call it the Gauss map of order m associated to (X,¢). When m =1,
the morphism 7" coincides with the Gauss map in the classical sense (cf.
Introduction).

Given a triple of positive integers A := (m, N, d), we shall denote by

(1.7) Gant
the set of isomorphism classes of closed immersions ¢ : X < P¥ (for some

L > 0) satisfying the following two conditions:

e The closed subvariety Im(¢) of P* has degree d;

e U = X and 7" factors through F)((]jlz
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Here, two such closed immersions ¢; : X < P (i = 1,2) are said to
be isomorphic if there exists an isomorphism h : PX1 5 PL2 gatisfying
ty = hot. Thus, it makes sense to speak of the isomorphism class of a
closed immersion ¢ : X — PL as above.

By putting Ays := (m, N’,d) for each positive integer N', we obtain the
following sequence of inclusions:

(1.8) Graul;1 D) G&UE\; D) Gaqu3 2.2 GauEN I

1.2. Let t: X < PX (where L > 0) be a closed immersion, m a nonneg-

ative integer, and N a positive integer. Suppose that U” = X and 7"

factors through F' )(( /; Then, we can find a unique morphism ¥ : X(N) —

Grass((l+m) L+1) with yoF )(32 ~/"*. Let us denote the universal quotient
on Grass((Hm) L+1) by

(1.9) Guniv : O = Quui,

where Ouniv denotes the structure sheaf. The pull-back of quniv by ¥ de-
fines an Oy (wv)-linear surjection go : O?E(ULJI) — Qp. It follows from the
definition of /" that there exists a unique isomorphism 7 : X /k (Qo) =

I (t*(Opr(1))) which makes the following diagram commute:

O?E(L—i—l)
(1.10) P ) o
X/k "(Qo) - I (" (Opr(1))).
The DE(N Y_action V(N Cir)l (cf. (0.6)) corresponds, via T, a D&N_l)—action
(1.11) V) DY s Endi(Jn (05 (1))

on the m-th jet bundle J,,(:*(Opr(1))) of *(Opr(1)). By definition, the
D%N Y_action ijéau) has vanishing p-(N — 1)-curvature (cf. §2.1 discussed
below).

2. DORMANT (n, N)-OPERS ON A VARIETY

In this section, the classical definition of a (higher-level) dormant oper is
generalized to multi-dimensional varieties. The main result of this section
describes a relationship between higher-order Gauss maps and generalized
dormant opers (cf. Theorem 2.9).
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2.1. Let X be a smooth projective variety over k of dimension [ > 0, and
let N, n be two integers with N > 0, p > n > 1. For a rank n vector
bundle V on X and an integer a with 1 < a < p, we shall write T%(V)
(cf. [34, Definition 3.4]) for the subbundle of V¥ generated locally by various
sections ZUE&; €o(1) ® -+ @ €4(q), Where &, denotes the symmetric group
of a letters and each ¢; (i = 1,---,a) is an element in a fixed local basis
{e1, -+ ey} of V. Also, we set T°(V) := Ox. Note that the subbundle
T%(V) does not depend on the choice of the local basis {ei,---,e,}, and
that since a < p it is isomorphic to the a-th symmetric product S*(V) of V
over Ox via the composite of natural morphisms 7%(V) < V& — §%(V).
Next, we shall recall from [24] the higher-level generalization of p-curvature.

Denote by IC%V_I) the kernel of the morphism Dg(N_l) — Endy(Ox) defining
the trivial D&N_l)—action on Ox. If V is as above and V is a D&N_l)—action
on V extending its O x-module structure, then we shall refer to the composite

(2.1) Py KT o DY Y endy(v)

as the p-(N — 1)-curvature of V (cf. [24, Definition 3.1.1]).
Now, let us consider a collection of data

(2.2) F = (F,VAF 1)
consisting of a vector bundle F on X, a D&N_l)—action V on F extending

its O x-module structure, and an n-step decreasing filtration {F7 Yo on F
such that 7Y = F, F* = 0, and F/F! is a line bundle.

Definition 2.1. (i) We say that .#" is an (n, N)-oper on X if it sat-
isfies the following conditions:
— For each j = 1,--- ,n — 1, the inclusion relation v©) (F7) C
Qx ® F7~1 holds and the Ox-linear morphism

(2.3) KS o« FI/FIH = Qx @ (FI7 ) F7)

induced naturally by V(© is injective. We call KS;@ the j-th

Kodaira-Spencer map associated to .Z 7.
— For each j = 0,--- ,n—1, the image of the Ox-linear morphism

(2.4) FiIFH 5 of @ (F/FY

obtained by composing various KS;QQ s coincides with 77 (Qx)®

(F/FYH C ng ® (F/F1). (If either | = 1 or n = 2 is satisfied,
then this condition is equivalent to the condition that (2.4) is
an isomorphism for every j.)
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Moreover, the notion of an isomorphism between two (n, N)-opers
can be defined in a natural manner, so we will omit the details of
that definition.

(ii) An (n, N)-oper .ZY := (F,V,{FI 7o) is called dormant if V has
vanishing p-(N — 1)-curvature, i.e., the equality P1)y = 0 holds.

Remark 2.2. If the underlying variety X has dimension 1, then the defi-
nition of an oper using the ring of higher-level differential operators can be
found in [37, Definition 4.2.1]. In the cace of n = 2 (but X is arbitrary), an
equivalent definition was discussed in [36, Definition 2.3.1] under the name
of (dormant) indigenous D&N_l)—module. Also, it follows from [36, Theorem
A] that, when p { (dim(X)+1), equivalence classes (with respect to a certain
equivalence relation) of dormant (2, N)-opers are in bijection with what we
call FN -projective structures. (In §4.1, we will mention briefly the definition
of an FN-projective structure.)

Remark 2.3. Here, let us recall a typical example of a dormant (p, 1)-oper
on a multi-dimensional variety provided by X. Sun (cf. [34, Theorem 3.7]);
this is a generalization of the dormant (p, 1)-oper on a curve discussed in [16,
§5].

Given a line bundle £ on X, we shall set V := F)*(/k(FX/k*(E)). The

Ox-module V forms a vector bundle on X and admits a connection V :=
(0)
Fx i (£),can

step decreasing filtration {17 }5‘):0 given by the following construction:

with vanishing p-curvature. This sheaf is equipped with a p-

e V0 := V and V! is the kernel of the morphism V — £ correspond-
ing to the identity morphism idp, Jre(£) via the adjunction relation
« )*(/k(_) - FX/k*(_)”

e For each j =2, -+ | p, we define V7 inductively as follows:

(25) W i=Ker (W 50y @V S8 0 @ (17207,

Then, the resulting collection (V,V,{V’ }?zo) forms a dormant (p,1)-oper
on X.

Remark 2.4. Suppose that X is a smooth projective curve of genus g > 1
and N is a positive integer. According to [18, Corollary 6.2], the existence of
a closed immersion X < P with purely inseparable Gauss map of degree p™¥
is equivalent to the existence of a rank 2 vector bundle G on X V) satisfying
the following condition:

(x)g : F)((J(Vl‘/l;*(g) is stable and F{\)*

Xk (G) = Ji(L) for some line bundle £
on X.
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In this Remark, we shall examine the relationship between such vector

bundles G and dormant (2, N)-opers. Let us take a dormant (2, N)-oper
= (F,V, {.7-7 _o) on X.

Flrst we shall prove the claim that, for every positive integer N’ with

N' < N, the rank 2 vector bundle F)(((N,>/}3 (FV) on XN) is stable. (The

following discussion is available for a general n, but we focus on the rank 2
case for simplicity.) Suppose, on the contrary, that F (N=N')x (FV) is unsta-

XV /k
ble, i.e., there exists a line subbundle £ of F)(gwé\; k)*(]-'V) of degree > % -a
where a := deg(F)((]YN,g\;lz (FV)). Then, deg( )(</k)*(£)) = pV' - deg(L) >
al

5+ a. Since KSgN is an isomorphism, we have

(2.6) deg(F') — deg(F/F') = deg(Qx ® (F/F')) — deg(F/F")

=2g — 2.
On the other hand, the following equalities hold:
(2.7) deg(F') + deg(F/F*') = deg(F)

N

= deg(Fy),"(F{l, S (FY)

= pN
where the second equality follows from the isomorphism

(N")% ¢ 2(N=N")x =V FW)* v

(2.8) (FO ES T F) =) FOX(FT) S F

resulting from [24, Corollary 3.2.4]. It follows from (2.6) and (2.7) that
deg(F1) = p ca+g—1and deg(F/F') = p2 -a — g+ 1. By comparing
the respectlve degrees of )(( /k) (£) and F/F!, we see that the composite of
natural morphisms

") —N")x (2.8)
29)  FQN0) = PO EG ) (FY) == F — F/F

coincides with the zero map. Hence, the composite of the first two mor-

phisms in (2.9), which we shall denote by h, factors through the inclusion

F! < F. The resulting morphism F )(( Ik

morphism at the generic point n of X. Let us identify each local section

of F)(gk)*(ﬁ) with its image via this injection. Then, the stalk of F! at n
(0)

is closed under the connection V" . Since V(LO)can is compatible with V
via h, the stalk of F! at 7 is also closed under V. But, it contradicts the

assumption that KS}@ is an isomorphism. Consequently, F' (]:[N’i\;k) (FV)

) (L) — F! is injective and an iso-
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turns out to be stable, and the proof of the claim is completed. In particu-

lar, F)((]zfl)/l]z (FV) is stable.

Next, observe that, since KS}OJQ is an isomorphism, the following compos-
ite is an isomorphism:

(2.10) DY @ (F/FLY 2, pN @ 7Y s FY,
where Dg( <1) denotes the subsheaf of D( 2 consisting of differential op-
erators of order < 1 and the second arrow denotes the morphism induced
naturally by the dual of V. If we write £ := F/F!, then the dual of this
composite determines an isomorphism F = Ji(£). (This isomorphism pre-
serves the filtration, i.e., restricts to an isomorphism F' = J;(£)!.) Thus,
we conclude that the rank 2 vector bundle FV on X V) satisfies the condition
(*)zv described above.

One may verify that the resulting assignment F° — FV gives a bijec-
tive correspondence between dormant (2, N)-opers on X and rank 2 vector
bundles G on XN) satisfying ()g.

2.2. We shall prove the following assertion concerning dormant (n,N)-
opers.

Proposition 2.5. Let #" := (F,V,{F’},) be a dormant (n, N)-oper on
X. Denote by o the morphism X — P(F) induced, via projectivization,
from the natural quotient 7 — F/F!. Also, denote by & the composite

projection
_—

(2.11) 7: X HP(F) (=X xxm P(FY)) P(FY).

Then, the following assertions hold:

(i) Suppose that dim(X) = 1. Then, 7 is birational onto its image.
(ii) Suppose that n = 2 (but dim(X) is arbitrary). Then, 7 is a closed
immersion.

Proof. First, we shall consider assertion (i). Denote by Y the nomalization

of the image Im(7) of 7. Suppose that the field extension K(X)/K(Y) is
nontrivial. Since F )(( /,1 X — X factors through a morphism h: X — Y,
there exists an integer M with 1 < M < N such that Y = XM) and h =

FM  Denote by G the pull-back of FV to X (M) In particular, its pull-back

X/k
F)((]‘/Q*(g) may be canonically identified with F. The section (Y =) X(M) —
P(G) induced by the composite of the normalization Y — Im(a) and the
inclusion Im(7) < P(FV) determines a surjection G — Q for some line

bundle @ on X(™)_ Under the identification F )({J\/dk) (G) = F, the pull-back
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of this surjection G - Q by F)((]\/Q coincides with the natural projection F —
F/F', and the equality V() = (V(gM_l))(O) holds. Hence, the subbundle F*

,can
of F (which may be identified with the pull-back of Ker (G — Q)) is closed
under V(. But, this contradicts the fact that KS;N is nonzero. Thus,
we have K(X) = K(Y), meaning that & is birational onto its image. This
completes the proof of assertion (i).

Next, we shall prove assertion (ii). For each point x of X, we can find
an open neighborhood U of z in X such that there exists an O (w)-linear
isomorphism FV [ — (’)ﬁgjt)l
bundles

(2.12) P(FY|yan) = UM x P

Let us consider the isomorphism of Pi-

induced by this isomorphism. Since KS}?@ is an isomorphism, the composite

(2.13) v 1% P(FY ) R12) 17(N) 5 i Profection, py

is étale (cf. [36, Corollary 1.6.2]). This implies that the restriction 7|y of &
is unramified. By applying this argument to various points z of X, we see

that & is unramified. Moreover, since F' )((713;
o is universally injective. Thus, & turns out to be a closed immersion. This

completes the proof of assertion (ii). O

factors through @, the morphism

Given a triple of positive integers y := (n, N, d) with 1 < n < p, we shall
write

Zzz... Zzz...
(214) Opx,—i—bir (resp., Opx,+imm>

for the set of isomorphism classes of pairs f := (FY,q) consisting of a
dormant (n, N)-oper Z := (F,V,{F’};) on X and a surjective morphism
of D&Nﬁl)—modules q:(Ox, Véﬁ\ifvfl))@@/“) —» (F, V) for some Ly > 0 that
satisfies the following two conditions:

e The morphism
(2.15) Lt X — Pl

determined, via projectivization, by the composite of ¢ and the sur-
jection F —» F/F! is birational onto its image (resp., a closed im-
mersion);

e The degree of the closed subvariety Im(ss) of PL is equal to d. (This
is equivalent to the condition that F/F' has degree d with respect
to the ample line bundle :7(O,z, (1)), in the sense of [11, Definition
1.2.11].)
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Here, two such pairs f; := (ﬁf,qi) (i = 1,2) are said to be isomorphic if
there exists a pair (hg,hp) consisting of an isomorphism of (n, N)-opers
he : 331@ = 332@ and an isomorphism of D(N_l)-modules

(216) ho : (OX,V( ))@(L/l—i-l) (O v( )) (Lg+1)

triv triv

satisfying ¢ o h@ = hg o q1. Thus, we can deﬁne the isomorphz’sm class of
Zzz..

a pair £ := (F7,q) as above. It is clear that OpX 4imm © OPy {pir-

2.3. Hereinafter, we shall use the notation O to denote either “bir” or
“mm”. Let f := (F,q) (where FV = (F,V,{F’};)) be a pair clas-
sified by Op)Z::‘_HD. For a positive integer N’ with N’ < N, denote by
VW'D the D&N/_l)—action on F induced from V via the natural morphism
DE(N,_I) — DE{N_I). Then, the collection F¥WN) .= (F, VIN'=1) (Fi1)
forms a dormant (n, N')-oper and the morphism ¢ determines a surjective
morphism of D&N,_l)-modules ((’)X,VErlv ))Q(Lﬁl) - (F,vWV'=1y 1n
particular, the pair f(N/) = (90( ),q) is an element of Opifiﬁ, where
X' = (n,N’,d). The map of sets Opiz’:ﬁ — Opfjf;m given by f — f(V)
is verified to be injective. This injection allows us to regard Opf::ﬁ as a

Zzz...
subset of Op,/ 4 q.
Thus, by putting x ' := (n, N’,d) for each positive integer N’, we obtain
the following diagram of inclusions:

Zzz... Zzz... Zzz... Zzz...
(217) OpX1,+bir 2 Opxz,—l—bir = Opxg,—l—bir 2 2 OpXN,—I—bir 2
Ul Ul Ul Ul

Zzz... Zzz... Zzz... Zzz...
OpX1,+imm 2 Opx2,+imm 2 Opx;;,—&—imm 2 2 OpXN,+imrn DEEE

The following assertion gives a necessary condition for the set Opif:'_gir
being nonempty.
Proposition 2.6. Suppose that there exists a pair f := (F",q) classified
by OpX;bir. Denote by deg(2x) the degree of Qx with respect to the ample
divisor H determined by ¢7(Opz, (1)), i.e., deg(Q2x) := c1(Qx) -H'=1. Then,
we have

(2.18) ;V- (deg(QX) + d<l+1)> : (Hn_ 1) € Z.

n—1 n—2

In particular, if X is a smooth projective curve of genus g, then Opf::i)ir =
Zzz..

OD,y, {imm = 0 unless p" [ n((n —1)(g — 1) +d).
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Proof. Let (F,V,{F7};) be the collection of data defining .Z%. It follows
from [34, Lemma 4.3] that for each integer j with 0 < j < n — 1(< p), the
following equalities hold:
(2.19) deg(T? (2x) ® (F/F))
= deg(TV(Qx)) + deg(F/F") - tk(T7(Qx))
l+5—-1 l+5-1
—deg(QX)~< - )—l—d-( J >,
Jj—1 J
where deg(—) = ¢1(—) - H=!. Hence, we have
n—1
(2.20)  deg(F) =Y deg(F’/FIT1)
j=0
n—1

= 3" deg(19(2x) @ (F/FY)
=0

5 v (317 00 (147)
= deg(Qx) - (52”; 1> s <l4;n—1 1>
- (s A1 (e

n—1 n—2

On the other hand, according to [24, Corollary 3.2.4], the natural morphism

(N)x
FX/k

implies that deg(F) is equal to p¥ - deg(FV) and hence divisible by p?V. By
this fact together with (2.20), the proof of the assertion is completed.  [J

(FV) — F extending the inclusion FV < F is an isomorphism. This

Zzz...

2.4. Denote by Pic(X™®)) the group of line bundles on X, If Op,, n
denotes the set of isomorphism classes of dormant (n, N)-opers on X, then
we can define an action of Pic(X(V)) on Opizjv as follows: Let A be a
line bundle on X(V) and # := (F,V,{F7},) a dormant (n, N)-oper on X.

Denote by VS\J/VC;l)(@V the D&N_l)—action on the tensor product F)((]R* (M)QF
(N-1)

induced by Vj, .7 and V in a natural manner. Then, one may verify that
the collection of data

(221)  Foy=(FYL W) e F Vi @ VARSI V) @ FIY)

forms a dormant (n, N)-oper on X. The resulting assignment (N,.Z%)

ﬁg v defines a desired action of Pic(X (N)) on Opzzjv In particular, we
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obtain the quotient set
(2:22) Opn = Op,y /Pic(X ™).

We write [.% "] for the element of Gpnzj\}‘ represented by .Z V. In the case of
dim(X) = 1, this set may be identified with the set of dormant PGL,-opers
of level N on X, in the sense of [37, Definition 4.2.5].

Proposition 2.7. Suppose that dim(X) =1 (resp., n = 2). Then, the map
of sets

Zzz.. — Zzz.
(2.23) H OP N,y +bir = OPn.n
d€Z>()

— Zzz...

Zzz..
resp., H Op(2 N,d),+imm - Op2 N
d€Z>o

given by assigning (ZF",q) — [F"] is surjective.

Proof. We only consider the resp’d assertion since the non-resp’d assertion
can be proved by an entirely similar argument (by applying assertion (i) of
Proposition 2.5 instead of (ii)).

Let Y = (F,V,{F’};) be a dormant (2, N)-oper on X. Denote by
7 :P(FV) — XN the natural projection. Then, we can find a very ample
line bundle A" on X™) such that the line bundle Op(zv)(1) ® 7*(N) on

P(FV) is very ample. Write op for the closed immersion P(FV) « PF
(where L > 0) defined by the complete linear system associated to 7*(N) ®
Op(rvy(1). Since . (7*(N) ® Op(zv)(1)) may be identified with N © FV
by the projection formula, op coincides with the morphism induced, via
projectivization, from the natural morphism

(2.24) HY(XM N @ FY) @1 Oxiv) = N @ FV.

Hence, the pull-back of (2.24) by F F /; gives, after choosing an identification
HO( M N® FV) = k*1, a surjective morphism of Dg( Y_modules
(225)  q: (Ox. Vig, D (FEY V) @ FVRL] @ V).

Since the composite 7 : X —> P(FV) 2 PL is a closed immersion by Propo-

sition 2.5, (ii), the pair (%, ®N’ q) specifies an element of HdeZ>0 Opf;ZN d) +imm

mapped to [F7] € Op27N via (2.23). This implies the surjectivity of (2.23),
so the proof of this proposition is completed. O
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2.5. Let us construct, under a certain condition, a dormant (n, N)-oper by
using the Gauss map of order n — 1 on X associated to a closed immersion
into a projective space. To this end, we shall consider the following two
conditions on a quadruple (X, n, N, d):
(a) X is a smooth projective curve over k of genus ¢ > 1 and n, N, d
are positive integers with 1 <n <p and pt (g — 1);
(b) X is a smooth projective variety over k whose tangent bundle Tx
is stable with respect to some ample line bundle and n, N, d are
positive integers with n =2 < p, ptd.

Then, the following assertion holds.

Proposition 2.8. Let (X, n, N, d) be a quadruple satisfying one of the con-
ditions (a), (b) described above. Let £ be a line bundle on X of degree d
with respect to some closed immersion from X to a projective space. Also,
let V be a left D&Nﬁl)—action on J,—1(L) extending its O x-module structure
whose p-(N — 1)-curvature vanishes identically. Then, the collection

(2.26) (Jn-1(£), V, {Tn-1(£) }} o)

(cf. (1.2) for the definition of the filtration {.J,,_1(£)?};) forms a dormant
(n, N)-oper on X.

Proof. First, we shall consider the case where the condition (a) is satisfied.
Let B be the subset of {1,---,n — 1} consisting of integers j satisfying
VO (J,_1(£)) € Qx ® J,_1(L)?~L. Suppose that B # {1,---,n — 1}.
Then, there exists the minimum number jo in {1,---,n — 1} \ B. Since
1 € B, we have jy > 2. The integer jo — 1 belongs to B, so the following
Ox-linear composite can be defined:
(2.27) Jn_1(£)701
(0) )
—>V QX & Jn—l([')]Oiz

, , (1.3)
- Qx ® (Jnfl(E)]O_Q/Jnfl(ﬁ)jo_l) ( &

Q;@}(Jo—l) ® £> )
It follows from deg(€2x) > 0 and (1.3) that this composite becomes the zero
map when restricted to J,,—1(£)? (C Jn—1(£)7~1). This implies VO (J,_1 (L)) C
QOx ®J,_1(L£)7°~1, which contradicts the fact that jo ¢ B. Hence, the equal-
ity B={1,--- ,n — 1} holds.
Now, let us fix j € {1,---,n — 1}, and denote by KS’ the j-th Kodaira-
Spencer map (cf. (2.3)) associated to the collection (2.26). We shall prove
the claim that KS’ is nonzero. Suppose, on the contrary, that KS/ =
0. Then, J,_1(£) is closed under V() and we can define a connection
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v§0) on Ju_1(£)/Ju_1(£) induced from V© via the quotient J,_1(L) —
Jn—1(L)/Jn_1(L). Since V;O) has vanishing p-curvature, the Ox-linear

morphism
(2.28) F o (Ker(V\")) = Juo1(£)/ Jn-1(L)?

extending the inclusion Ker(Vgo)) 5 Jn1(L)/Jn-1(L) (regarded as an
Ox-linear morphism via the underlying homeomorphism of F ;) is an
isomorphism (cf. [20, Theorem (5.1)]). By putting v .= V() we obtain
the following sequence of equalities for each j' € {j,n}:

(2.29) D - deg(Ker(Vg.(,)))) = deg( )*(/k(Ker(Vg-?))))
= det(Jn_1(L)/Jn-1(L))

-/

<
I
—_

deg(Jn-1(L)"/Jn-1(L)™)

~
I
o

<

<.
I
—_

deg(Q% @ L)

I
i{ng

<

<.
I
—_

(i- (29 —2) +d)

o

1=
— (=) (- 1) + ).

This implies (from the assumption n < p) that both (j —1)- (¢ —1)+d and
(n—1)- (g9 — 1)+ d are divisible by p. In particular, the integer

(230) (g-Dn—j)(=((n=1)-(g-1)+d)—((G—-1)-(g—1)+d))
is divisible by p. This contradicts the assumption that p t (¢ — 1). Hence,
KS’ turns out to be nonzero, and this completes the proof of the claim.

Moreover, by comparing the degrees of the line bundles J,,_1(£)7 /J,—1(£)7 !
and Qx @ (J,_1(£)7™1) /Jn_1(L)7), we see that KS’ is an isomorphism. Con-
sequently, the collection (2.26) forms a dormant (n, N)-oper on X.

Next, let us consider the case where the condition (b) is satisfied. Suppose
that the 1-st Kodaira-Spencer map KS* : J;(£)! — Qx @ (J1(L)/J1 (L))
associated to (2.26) coincides with the zero map. This implies that J3(£)! is
closed under V()| so we can define a connection Vgo) on L (= Ji(L£)/J1(L)")
induced naturally from V(. By an argument similar to the above argu-
ment, we have d(=deg(L)) = p - deg(Ker(V&O))), which contradicts the
assumption that p { d. Hence, KS! specifies a nonzero endomorphism of

Qx ® L (= Ji(L)' = Qx @ (J1(£)/J1(£)Y)). Since Tx (hence also Qx @ L)
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is stable, KS! must be an isomorphism. That is to say, the collection (2.26)
defines a dormant (2, N)-oper. This completes the proof of the proposi-
tion. U

By applying the above proposition, we obtain the following assertion,
which is the main result of this section.

Theorem 2.9. Let (X, n, N,d) be a quadruple satisfying one of the condi-
tions (a), (b). We shall set x := (n, N,d) and X := (n — 1, N,d). Then, the
following assertions hold:
(i) Let ¢ : X < PF (where L > 0) be a closed immersion classified by
Caul. Write £ := 1*(Opr(1)), and we shall set
(2.31) F7 = (Jne1(£), VOt ATnoa (LY ).

L t,Gau

Then, the pair £ := (Z, a1 (cf. (1.5) for the definition of a~1)

L) L
. Zzz...
specifies an element of Op, i..,. Moreover, the map of sets

(2.32) 2, : Gaul — Opifiimm~
given by ¢ > £, is injective.

(ii) Let N’ be a positive integer with N < N. We shall set x' :=
(n,N',d) and \' := (n—1, N’,d). Then, the following square diagram
is commutative:

Zzz...
Opx,+imm

F
Gauy

(2 . 33) inclusion inclusion

Zzz...

Opx’,—i—imm'

(iii) Suppose further that n = 2. Then, the map =, is bijective.

Proof. First, we shall consider assertion (i). It follows from Proposition 2.8
that .Z forms a dormant (n, N)-oper on X. Since y"~! factors through

F)((]y]l, there exists a morphism h : X&) — Grass((ljﬁ_ll),L + 1) with

holPF )(g]z = fyf‘l. If qo : (’)i’?((ﬁrl) — @ denotes the pull-back of quniv

(cf. (1.9)) by h, then F)(g,z*(qo) may be identified with o”~!. This implies
(N-1)

that a"~! defines a surjection of Dy ’-modules (OX,VEI{Y;D)@(L“) —
(Jor (£), VED

1,Gau
Zzz...

of Opy, {imm- Moreover, the injectivity of =, follows immediately from the

). Thus, the pair (%, a”~!) turns out to be an element
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observation that each closed immersion ¢ : X < PL in GauE may be re-
constructed as the projectvization of the composite of a”~! and the natural
quotient Jp,—1(¢*(Opr(1))) = ¢*(Opr(1)). This completes the proof of asser-
tion (i).

Also, assertion (ii) follows from the definition of Z,,.

Finally, we shall prove assertion (iii), i.e., the surjectivity of =, under the
assumption that n = 2. Let f := (Z#7, q) (where F" = (F,V, {F}iz0))

Zzz...

be a pair classified by Op, iip,. It follows from Proposition 2.5, (ii),
that the morphism ¢ = ¢ : X — PLf (cf. (2.15)) is a closed immer-
sion. Let us write £ := "(Op,(1)). Also, write o : X — P(F) (resp.,
G : X — P(FVY)) for the morphism induced from the surjection F —»
F/F' (resp., the composite FV « F —» F/F') as defined in Proposi-
tion 2.5. Then, the surjection ¢*(Qpr) — Qx induced by ¢ can be de-
composed as ¢*(Qpr) — 77 (Qp(rvy) — Qx. Since the differential of the

composite X & P(FV) projection, ” x(N) (which coincides with F)((%Z) is
the zero map, the surjection 7 (Qprvy) — Qx factors through the quo-
tient 7" (Qp(rv)) = " (Qp(rv) xv)). The resulting morphism between line
bundles (o*(Qp(r),x) =) " (Qprvy x) — Qx is surjective, hence it is
also bijective. This implies that the families of linear subvarieties in P%/
(parametrized by X) given by q and o1, respectively, are identical, i.e.,

P(J1(L£)) = P(F). It follows from the various definitions involved that the

. . . ~ . Li+1
associated isomorphism J,,_1(£) — F between quotient bundles of Oi’?( s+
defines an isomorphism f = (9’57, o™ 1). This shows the surjectivity of Ex

so the proof of assertion (iii) is completed. O

3. PURELY INSEPARABLE (GAUSS MAPS ON A CURVE

In this section, we consider a sufficient condition for the nonemptiness of
the set Opiz’:{j (where O € {bir,imm}) in the case of dim(X) = 1. As an
application of this result, we show (cf. Theorem 3.3) that, for any N > 0,
there always exists a closed immersion X — PL with purely inseparable
Gauss map of degree p”.

3.1. Let x := (n,N,d) be a triple of positive integers with n > 1, and let
X be a smooth projective curve over k of genus g > 1.

Proposition 3.1. Let L be a positive integer. Suppose that there exists an
integer a satisfying

L+1 d+(g—1)(n—1)

(31) T —+g-1> S (g-1n-1)

+2g+1.
pN

:az
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Also, suppose that n < p (resp., n = 2 < p). Then, there exists an ele-
ment f := (ZY, q) of Opf::})ir (resp., Opizilmm) such that L, = L and the
underlying vector bundle of .Z" has degree p" - n - a. In particular, if d is
sufficiently large relative to g, n, N and satisfies d = —(g — 1)(n — 1) mod

Zzz...

p™, then the set Opiﬁigir (resp., Op ) is nonempty.

X,+imm

Proof. We only consider the non-resp’d assertion since the resp’d assertion
can be proved by an entirely similar argument (by applying assertion (ii) of
Proposition 2.5 instead of (i).)

Let us take a theta characteristic of X, i.e., a line bundle ® on X to-
gether with an isomorphism ©%? = Q. According to [36, Theorem 7.5.2],
there exists a dormant (2, N)-oper .ZV := (fo,VO,{fg ?:0) on X with
Ft = O and F)/F} = ©Y. Denote by S"1(Fy) the (n — 1)-st sym-
metric product of Fy over Oy. Note that S" !(Fy) forms a rank n vec-
tor bundle on X of degree 0 and admits a Dg(Nfl)—action Sn=1(Vg) in-
duced naturally by V. Moreover, S 1(Fy) is equipped with an n-step
decreasing filtration {S™~1(Fy)? }1—o induced from {fg}j; to be precise,
we set STTHF)0 = SH(Fy), SV Fo)" := 0, and S"H(Fy)! (for each
j =1,---,n—1) is defined as the image of (F3)® ® ]-'0®(n7j71) via the
natural quotient ]:89("71) —» S"1(Fy). This filtration satisfies that

(32) s (Fy /5" (Foy 2 0P 0 Y
for every 7 =0,--- ,n — 1. Since KS;@ is an isomorphism, the assumption
<0

n < p implies that the Kodaira-Spencer maps associated to the collection
(3-3) (5" 1 (Fo), 8" (Vo) {8™H(Fo)’ }i=o)

are verified to be isomorphisms. That is to say, this collection forms a
dormant (n, N)-oper on X.

Since Vg (hence also S 1(Vy)) has vanishing p-(N — 1)-curvature, the
inclusion S"~1(Fy)V — S"1(Fy) extends to an isomorphism of D&N_l)—
modules

N)*; cm— N-1 ~ an— e
(34) (P (" (F0)), Vot w can) = (5" (F0), 8™ (V)
(cf. [24, Corollary 3.2.4]). Hence, the faithful flatness of F)((]y; implies that

S (Fy)V forms a rank n vector bundle of degree 0 (: 2 deg(s™! (.7:0))>

P
on X)),
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Now, let us choose a line bundle N on XV) of degree a and a quotient
line bundle M of N’ ® S"~!(Fy)V having minimal degree. Write

(35) Fi=FQ) (V) ©8" ! (F) and F = F{) (V) @ SN (Fy)
(j =0,---,n). The degree of F is given by
(3.6) deg(F) = n - deg(F{,)"(N) + deg(S" (Fo))
=n-p" - deg(N)+0
Also, we have
(3.7) deg(F/F") = deg(Fy)) () @ 620—m)
Noa+(g—1)(1—-n)
—d.

By (3.2) and (3.4), F N)*((N® S Fo)V)Y) may be identified with FV
and has a filtration whose graded pieces are isomorphic to the line bundles

(3.8) FOTWY) @ 620 g f ™7

(j =0,---,n—1). Hence, since r X/ (./\/lv) specifies a line subbundle of

X%*((N®5n Y(Fo)Y)Y), we have

(3.9)
deg(M)

1 *

=~ - deg(Fyg" (M)

> _;\/ max{deg( ijlz*(/\fv) ® 0®"-1) & Q®( Mlo<j<n- 1}
1

=—x deg(F{)) (W) © 09(n71)

1

=a——w-(n—1)(g—1
v (=g —1)

>2g+1,

where the last inequality follows from the assumption (3.1). This implies
that N'® S 1(Fy)V is globally generated and very ample (cf. [13, Proposi-
tion 2, (iii) and (iv)]), and moreover, the following equalities hold:

(3.10) N @ S Y F)Y) = hO(W @ S" HF)V)Y @ Qx) = 0.
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By the Riemann-Roch theorem, we have

(3.11) RN @ S (F)Y)
=N @S Y F)Y) - NV @S HF)Y)
=na+n(l—g)
<L+1,

where the last inequality follows from the assumption (3.1). Hence, there
exists an O y(v)-linear surjection

(3.12) g0 OL - N @ s" Y (Fy)Y
such that the associated morphism
(3.13) PN ® S"1(Fy)Y) — PE

is a closed immersion. It follows from Proposition 2.5, (i), that the following
composite is birational onto its image:

(3.14) L X 5 P(F) (= X <y PV @ S HFo)Y))

projection IP(N ® Snfl(‘/__.o)v)
3.13
(3.13) pL,

where the first arrow denotes the morphism arising from the quotient F —

F/FL. If V denotes the D&Nﬁl)—action on F induced by V%V;;l) and S"~1(Vy),

then the collection of data
(315) y@ = (fava {fj}?ZO)v

forms a dormant (n, N)-oper on X (cf. [37, §4.2]). Moreover, the pull-back
1)

of go by F )((]jlz, defines, via (3.4), a surjective morphism of DE(N_ -modules
(3.16) q: (Ox, Vi, )P (F,9).

It follows that the pair (# 7, q) specifies an element of Opifigir. This com-
pletes the proof of the assertion. O

Corollary 3.2. Suppose that 2 < pand pt (¢g—1). Also, let d be an integer
satisfying p™V(2g+1) < d and p" | (d+g—1). Then, GauaN’d) is nonempty.
If, moreover, the integer d satisfies pV’ f(d+ g —1) for a positive integer
N’ (> N), then Gau?LN,d) is empty.

Proof. The assertion follows immediately from the resp’d portion of Propo-
sition 3.1 and Theorem 2.9, (iii), in the case where (X, n, N, d) satisfies the
condition (a). O
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3.2. Let us describe an assertion improving a result by H. Kaji (cf. Intro-
duction). We shall denote by K(X) the function field of X and by K the
set of subfields K of K (X) satisfying the following condition: There exists a
closed immersion ¢ from X to some projective space such that the extension
of function fields K (X)/K (Im(vy.)) defined by the 1-st order (i.e., classical)
Gauss map ~, associated to (X, ) coincides with K(X)/K.

Theorem 3.3 (= Theorem B). Let X be a smooth projective curve over k
of genus g > 1. Suppose that 2 < p, p{ (¢ —1). Then, the following equality
of sets holds:

(3.17) K = {K(X)pN ’ N> o} ,

where K(X)P" := {o?" |v e K(X)}.

Proof. By [18, Corollaries 2.3 and 4.4] (cf. the discussion preceding Theorem
B) together with the fact mentioned in Remark 2.4, the problem is reduced to
proving that, for every positive integer N, there exists d > 0 with Gau}i N,d\

Gaui ~Ni1d 7 0. (In fact, the extension of function fields associated to a
closed immersion in GauEN’d\GauiN_H’d must be equal to K(X)/K(X)pN )
However, we can always find an integer d with p™ (2g+1) < d, pV | (d+g—1),

and pV*1 { (d + g — 1), and Corollary 3.2 implies that such an integer d
satisfies the required condition. O

4. A FROBENIUS-PROJECTIVE STRUCTURE ON A FERMAT HYPERSURFACE

In this final section, we construct a Frobenius-projective structure on a
Fermat hypersurface by applying Theorem 2.9 and the previous study of
Gauss maps in positive characteristic. We also show that this Frobenius-
projective structure cannot lift to sufficiently high levels.

4.1. Let N be a positive integer and X a smooth projective variety over k
of dimension [ > 0. Denote by PGL;y; the projective linear group over k
of rank [ + 1, which can be identified with the automorphism group of P’
Let us denote by (PGLZH)%V) the Zariski sheaf of groups on X given by
U + PGLy, 1 (UWN)) for each open subscheme U of X. Also, denote by P
the Zariski sheaf of sets on X that assigns, to each open subscheme U of X,
the set of étale morphisms U — P!. Note that the sheaf 7735} has a natural
(PGLyy1) M -action (cf. [36, §1.2)).

Recall that a subsheaf S* of Pg} is said to be a Frobenius-projective

structure of level N (or, FV-projective structure, for short) on X if it is
closed under the (PGLHl)%V)—action on P}é(t and forms a (PGLHl)()éV)—torsor
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with respect to the resulting (PGLlH)%V)—action on S* (cf. [9, Definition
2.1], [36, Definition 1.2.1]).
According to [36, Theorem A], there exists an assignment from a dormant

(2, N)-oper on X (i.e., a dormant indigenous D&Nﬁl)—modules, in the sense
of [36, Definitions 2.3.1 and 3.2.1]) to an FV-projective structure (cf. Re-
mark 2.2); moreover, if p t (I + 1), then this assignment defines a bijective
correspondence between the set of FV-projective structures on X and the set
of equivalence classes of dormant (2, N)-opers. (We here omit the details of
the equivalence relation on dormant (2, N)-opers. When dim(X) = 1, each
such equivalence class was referred, in [37, Definition 4.2.5], to as a dormant
PGLs-opers of level N.)

4.2.  As an application of Theorem 2.9, we can construct an FV-projective
structure by using the Gauss map of a certain Fermat hypersurface (cf. [39,
§7)).

Hereinafter, let us fix an integer L > 1, and suppose that X is the Fermat
hypersurface of degree pV + 1 in the projective space P, i.e., the smooth
hypersurface defined by the homogenous polynomial

N N
(4.1) Sy o=t T

Write ¢ : X < P for the natural closed immersion. Let us identify
Grass(L, L+ 1) with PL in such a way that if an L-plane in P (i.e., a point
of Grass(L, L + 1)) is given by an equation Zz‘L:O vi - t; =0 (vg,- -+ ,vg €k,
(vo,---,vr) # (0,---,0)), then it corresponds to the point [vg : -+ : vf]
of PL. Under this identification, the 1-st order Gauss map b X — PL
associated to (X, ¢) can be described as the assignment

42) ai=lao oo arlo (| S0 oo P <Y st

That is to say, the morphism X — Im(~y!) induced by ! coincides with

the N-th relative Frobenius morphism F)((]ylz of X. It follows that the closed

F

(17N7pN+1).

Theorem 4.1. Suppose that L # 3 and p > 2. Then, the Fermat hyper-
surface X of degree p”¥ + 1 in P admits an FN-projective structure

(4.3) S

Gau’

immersion ¢ defines an element of Gau

which corresponds to the dormant (2, N)-oper .7 (cf. (2.31)). Moreover,
if p{ L(L + 1), then X admits no F?N*+!_projective structures.

Proof. By the assumption L # 3, the tangent bundle T is stable (cf. [25, Re-
mark 3.2] or [29, Corollary 0.3]). In particular, the quadruple (X,2, N, p" +
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1) satisfies the condition (b) described in §2.5. It follows that we can define

the map = v~ 1) asserted in Theorem 2.9, (i), and the image via this

map of the element ¢ € Gau?1 NpN+1) determines a dormant (2, N)-oper, or

equivalently, an FN-projective structure, on X. This completes the proof of
the former assertion.

Next, let us consider the latter assertion. For each vector bundle V and
an integer m > 0, we shall use the notation “c;,”*(V)” to denote the m-th
crystalline Chern class of V, which is an element of the 2m-th crystalline
cohomology group Hfg}s(X /W) (W denotes the ring of Witt vectors over

k). Denote by H the restriction to X of ¢{”*(Opr(1)). Then, the Chern
crys

polynomial ¢, ”°(Tx) of Tx is given by
(4.4)
¢ (Tx)

= 1+ H) (1 + (Y + )HY ™

= (1+H)" Q= " + DHE+ (0 + DHE? = (0" + DHE? + ),
where the first equality follows from the natural short exact sequence
(4.5) 0— Tx — *(Tpr) — Ox (@Y +1) — 0
and the Euler sequence on PX. Since HL. (X/W) = {aH?|a € W} (cf. [3,

crys

Exp. XI, Theorem 1.5], [1, Chap. VII, Remark 1.1.11], [12, Chap.II, Corol-
lary 3.5]), the equality (4.4) implies

Crys 1 L Crys
@0 T~ g (5) T

L? - L L-1
:<p2N_pNL+pN+ > >H2—<(L—p)2- 2L>H2

2L

# 0 (mod p*"*1),

where the last “Z” follows from the assumption p  L(L 4+ 1). Thus, the
assertion follows from [36, Theorem 3.7.1]. O

Remark 4.2. In the case of L = 2, the variety X defined by (4.1) is known

as a Hermitian curve; this is a smooth projective curve of genus M
having large automorphism groups so that it violates the classical Hurwitz
bound (i.e., #(Aut(X)) < 84(g — 1)). In fact, let us define Us(p?") as the
subgroup of GL3(F,2v) (€ GL3(k)) leaving (4.1) invariant, and PGU;(p*Y)
as the factor of Us(p*"V) modulo its center. Then, PGUs3(p?") coincides
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with the full automorphism group of X, and its order is given by p3 (p3V +
DE*N 1) (> s - ).

Since the closed immersion ¢ : X — P? is compatible with the respective
PGU3(p?")-actions on X and P?, the Gauss map v} : X — Grass(2,3)

is compatible with the respective PGU3(p?"V)-actions. By the definition of
E(2,NpN+1), the dormant (2, N)-oper obtained from ¢, hence also the FN-

projective structure Séau, turns out to be invariant under the PGUg (p2N )-

action on X. So S(’;au has large symmetry in this sense and descends to any
étale quotient of X.

Remark 4.3. According to [31, Corollary] (or, [32, Proposition 1], [33, The-
orem III]), the Fermat hypersurface X (g IP’L) is unirational when L > 3.
Recall that any unirational projective variety over the field of complex num-
bers C admits no projective structure unless it is isomorphic to a projective
space; this is because such a variety contains a rational curve (cf. [15, Theo-
rem 4.1]). In this sense, the example of an FN_projective structure resulting
from the above theorem embodies an exotic phenomenon of algebraic geom-
etry in positive characteristic.

Remark 4.4. Recall that there is an “affine” version of an FN-projective
structure, which is called an FN-affine structure (cf. [10, Definition 2.1], [36,
Definition 1.2.1]). By a change of structure group from the group of affine
transformations to that of projective transformations, each FV-affine struc-
ture yields an FN-projective structure. The only previous examples of
FN_projective structures on higher-dimensional varieties except for those
on projective spaces were obtained, in that manner, from FN-affine pro-
jective structures on Abelian varieties or smooth curves equipped with a
Tango structure via, e.g., taking products, étale coverings, or quotients by
a finite group action (cf. [36, §6.1, §6.5, §8.1]). On the other hand, the
degree pV + 1 Fermat hypersurface X embedded in PL with p 1 L satisfies
N (Tx) (= (L —pN)H) # 0 (mod pV) in Hgyo(X/W) (= {aH |a € W}).
Hence, it follows from [36, Theorem 3.7.1] that X admits no F'V-affine struc-
tures. In particular, the FN-projective structure S(‘;au resulting from the
above theorem does not come from any FN-affine structure via changing
the structure group. This means that Séau is essentially a new example
constructed in a way that has never been done before.
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