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AN IMPROVEMENT OF THE INTEGRABILITY OF THE
STATE SPACE OF THE ¢;-PROCESS AND THE SUPPORT
OF THE ¢;-MEASURE CONSTRUCTED BY THE LIMIT
OF STATIONARY PROCESSES OF APPROXIMATING
STOCHASTIC QUANTIZATION EQUATIONS

SEIICHIRO KUSUOKA

ABSTRACT. This is a remark paper for the ®3-measure and the associ-
ated flow on the torus which are constructed in [1] by the limit of the
stationary processes of the stochastic quantization equations of approxi-
mation measures. We improve the integrability of the state space of the
d3-process and the support of the ®3-measure. For the improvement,
we improve the estimates of the Holder continuity in time of the solu-
tions to approximation equations. In the present paper, we only discuss
the estimates different from those in [1].

1. INTRODUCTION

Recently by the new theories such as regularity structure [9] and para-
controlled calculus [8], singular nonlinear stochastic partial differential equa-
tions became solvable via renormalization. In particular, the singular sto-
chastic partial differential equations associated to stochastic quantization of
the ®3-measure are solved (see [1], [5], [6], [7], [10], [11], [12], [13], [14] and
[15]). Moreover, the ®3-measure is able to be constructed from the stochas-
tic quantization equations (see [1], [3], [4], [7] and [13]). For the detail of
the history and background of the ®3-measure and stochastic quantization,
see the introduction of [1].

In [1], we considered the probability measures which approximate the <I>§—
measure, and the stochastic quantization equations associated to them, and
provided the stationary solutions to the approximating stochastic quanti-
zation equations. By proving the tightness of the stationary solutions we
obtain the ®3-process as a limit. Moreover, we constructed the ®3-measure
as a limit of the marginal distributions. Here, note that the approximation
sequence of the marginal distributions is an approximation of the (formally
defined) ®3j-measure. The most remarkable advantage of considering the
stationary solutions is that we are able to construct the time-global limit
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process and the ®3-measure directly. This is a difference between [1] and
the earlier result [13]. We remark that there is another delicate difference
between [1] and [13]. In [1], we first prepare the probability measures {uy}
approximating the (formally defined) @g-measure, and consider the stochas-
tic partial differential equations associated to the stochastic quantization of
{pn}. On the other hand, in [13], they first consider the stochastic quan-
tization equation associated to the (formally defined) ®3-measure and show
the existence of the global solution to the stochastic quantization equation
by approximation. So, between the arguments of [1] and [13] there is a dif-
ference on the order of the two operations: approximation and stochastic
quantization. This makes a delicate difference in the concerned stochastic
partial differential equations. Indeed, approximation operators appear in
the stochastic quantization equation in the case of [1] (see Eq. (4.1) in [1]).
Because of the difference, we only have an energy functional with square
and fourth-power integrals in [1], while the pth-power integrability of en-
ergy functionals is obtained for all p € [1,00) in [13]. Hence, we have some
restriction on the integrability of the function spaces in the argument of [1].

In the present paper, we improve the integrability of the state space of
the @%—process and the support of the @g—measure obtained by [1]. We
will show the tightness of the approximating processes in smaller Besov
spaces by improving the estimates of the Holder continuity in time (see
Proposition 3.4) and the estimate uniform in time (see Proposition 3.5).
They enable us to improve the main estimate in [1] (see Theorem 3.6) and

by using the estimate and the Besov embedding theorem we obtain the
—1/2—

12/5 ¢ for the limit process and the

better integrability of the state space B

support B of our ®4-measure (see Theorem 3.7). We remark that in
the setting of [13], which is different from our setting as mentioned above,
much more integrability for the state space of the <I>§-process is obtained. On
the other hand, the supports of the @é—measures obtained here and obtained
in [13] are the same.

We also remark that the state space of the ®3-process and the support
of the @%—measure obtained in the present paper are different. Note that
null sets of the @%—measure can be ignored in the support of the measure,
but cannot in the state space of the @%—process. Only polar sets can be
ignored in the state space of the @%—process. Moreover, generally polar sets
of processes are smaller than null sets of the invariant measures. Hence,
such a difference naturally appears in the main theorem (see Theorem 3.7).

The organization of the present paper is as follows. In Section 2 we recall
the notation and setting of [1]. In Section 3 we consider the improvement
of the integrability. To do it, we give some estimates better than those in
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[1]. We only discuss the different parts of the argument in [1] and show the
main theorem (Theorem 3.7).

2. PREPARATION

In this section we recall the notation and setting of [1]. Let A be the three-
dimensional torus given by (R/(27Z))3. Let LP and W*P be the pth-order
integrable function space and the Sobolev space respectively, with respect
to the Lebesgue measure on A, for s € R and p € [1,00]. Denote by (-, ")
the inner product on LQ(A C). Let {ex;k € Z3} be the Fourier basis on
L?(A;C) and k? := Z] 1 /{:J2 for k = (ki, ko, k3) € Z3.

To define approximation operators on D'(A) (the space of distributions on
A), let (M) be a nonincreasing C*°-function on [0, 0o) such that ¢ (r) =1
for 7 € [0,1] and (M (1) = 0 for r € [2,00), and let 1)(®) be a nonincreasing
function on [0, 00) such that ¢(® (r) = 1 for r € [0,2] and ¥ () = 0 for r €
[4,00). We remark that 1)(?) is not necessary continuous. For N € N, i = 1,2
and ks = (kn, ks, ks) € Z3, denote ) (2~ [k [Jp) (2Nl )i5® (2N k) by

(%), and define Py by the mapping from D'(A) to C*°(A) given by
Py fi= 30 oy P R enden
keZ3

Let po be the centered Gaussian measure on D’(A) with the covariance
operator [2(—A + m3)]~! where A is the Laplacian on A and mg > 0, and

let
(1),©3/,4) 2
o _ Cas)
= 27r3Z k2+m3

kez3
2 2 2
oM=Ly (@) (o0 w)” (o8 + 1)
27 2(2m)8 s Am) B +mE) ([ + 85+ (b +12)* +3mg)

The constants CfN) and CQ(N) are renormalization constants, and satisfy

limy oo C) = limy 00 CY) = 00. Let Ay € (0,00) and A € (0, )] be
fixed. Define a function Uy on D'(A) by

unto) = [ {30001 =T (0 - 58" (PP o) |

and consider the probability measure py on D'(A) given by
un(dg) = Ag' exp (~Un(9)) po(de)
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where Ay is the normalizing constant. We remark that {un} is an approx-
imation sequence for the ®3-measure which will be constructed below as
a stationary probability measure of the flow associated with the stochastic
quantization equation.

Letting W;(z) be a Gaussian white noise with parameter (¢, z) € (—00, 00) X
A, we consider the stochastic partial differential equation on A

(X[ () =Wi(e) = (=L +mg) X ()
AP {5

21)
=3 (et =) PP XY (@)}

where £ is an initial value which has py as its law and is independent of W;.
Then, X% is a stationary process (see Theorem 4.1 of [1]). Supplementary
we prepare Z; defined by the solution to the stochastic partial differential
equation on A:

(2.2 { O Zi(x) = Wilz) — (=D +md) Zu(), (1) € (~00,00) x A,
Zo(z) = ((z), x €A
where ¢ is a random variable which has pg as its law and is independent of
{Wi;t € [0,00)}. We choose a pair of the initial values ({n,() so that the
paired process (X7, Z) is a stationary process. For the existence of such a
pair, see Section 4 of [1].
Next we prepare notation of Besov spaces and paraproducts. Let x and

¢ be functions in C*°([0, 00); [0, 1]) such that the supports of x and ¢ are
included by [0,4/3) and [3/4,8/3] respectively, and that

x(r) + ng(2_jr) =1, rel0,00).
=0

Then, it is easy to see that
0277 p(27Fr) =0, 7€ [0,00), j,k € NU{0} such that |j — k| > 2,
X(r)e(277r) =0, re0,00), j€N.

Let S(R3) and S’(R3) be the Schwartz space and the space of tempered
distributions on R3, respectively. For f € D’(A), we can define the periodic

extension f € S'(R?). By this extension, we define the (Littlewood-Paley)
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nonhomogeneous dyadic blocks {A;;j € NU{—1,0}} by setting

Af@) = [F(x(-DFF)| @), weA
Aif@) = |[FH(e@ - NFF)| (@), weA, jeNu{o),

where F and F~! are the Fourier transform and inverse Fourier transform
operators on R3. We remark that

Arf =Y x(ED(frerer, Dif = o277 |k)(f, ex)ex
keZ? keZ?

hold for f € D'(A) and j € NU{0}. We define the Besov norm || - || g5 and
the Besov space B, , on A with s € R and p,r € [1,00] by

( 1/r
m .
> XA f , 1T €[l,00),
1fllBs, =4 \;==1
sup  27%||A; fl L, r = 00,
| jeNU{-1,0}

B;, o= {] € D'(A)||fllp;, < oo}

For simplicity of notation, we denote B, ., by B, for s € R and p € 1, 00].
Let

j—1
= ) Ayf, jeNuU{o}.
k=—1
For simplicity of notation, let A_of :=0 and S_;f := 0. We define
fQg:=> (SiHAjng, [fOg:=9Qf,
j=0
fOg:= > Ajf(Aj g+ A9+ Ajig).
j=—1

By the definitions of {A;}, {S;}, &), &, and (), we have
fa=[fRQy+ fGg+ f&y.
Let fQg:= fQg+ fE&g and f&g := f&)g + f&g. For the properties of

Besov spaces and paraproducts, see Section 2 in [1] or [2]. We also remark

that P](\,l) is a bounded operator on By for p € (1,00) and s € R, and

moreover, sufficiently good for commutator estimates with paraproducts (see
Section 2 of [1]).



102 SEI. KUSUOKA

Now we prepare notation of the polynomials of Ornstein-Uhlenbeck pro-
cesses as follows.

zN = pl 7z,
2 = (PP 2 - o,
28N = (P 2,)? -3¢ Py Z,

¢
Zt(o,zN) ::/ e(t—s)(A—mg)P](Vl)ZSQ,N)OZS7

—00

t
Z03.9) ::/ (=) () pL) ZBN) g

2,2,N 2,N 1 0,2,N N
223 . ZN QP 500 _ o)
Zt(2,3,N) — Zt(Q,N)@P](Vl)Zt(O,B,N) . 3C§N)Zt(1’N),

for t € (—oo0,00) and N € N. Denote PZ(VQ)XN by XN. To show the tightness
of the laws of { XV}, by using these notations we transform (2.1) for a better
equation. In the present paper, we omit the detail of the transformation and
just write the result of the transformation. Consider the following:

XM= PP (XN - 22) + a2,

N,(2),< g (t—s)(A—m2) p(1)
Xt = —3)\/0 e 0 PN

(POXF® - aPP 203} @22 as,
X);N’(2)a2 = X];]V)(Q) _ thva(2)7<.

Note that (X%, X5"%) = (0,X5°@) = (0. By (6w — O+ 225",
Let

t
\Ijgl)(w) - /O e(t—s)(A—m?))(p](Vl))z [(ws _ AP$)3§0,3,N)) @ZﬁQ’N)] ds
t
- (wt —/\P](Vl)zt(o’?”N)) Q / (=) (Bmmd) (P2 (M) g
0

t
\PEQ) (w) = [(wt _ )\PZ(Vl)Zt(o,:a,N)) ®/0 e(t—s)(A—m%)(P]ifl))ZZ§2,N)d8:|

ez*"
— (we = ARG M)

t
% {/ e(t—s)(A—m%)(P](Vl))QZS(ZN)dS@Zt(Z,N)] ,
0
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1 1 N 1 0,3,N
+3A [(2Z§1’N) AP 204 PR 205 @
o (w) = =3 (w, — APPZO*) 92PN 1 axz23 )

+ 97 (w, — AP 20

0 2
X (z§2,2,N) _ Zt(Q,N)@/ (t=5)(L—m2) (P](Vn) ZS(Q’N)dS)
2
3 1N 1) -(0,3,N
oY (w) = -3 (Z,f ) ap{ 2! >) Ow?

+30 | (220 = AP 200) PP 20| Q.

Then, in view of the argument in Section 4 of [1], the pair (XtN’@)K, ng,(z);)

satisfies the coupled partial differential equation:

( (0, — A +m2)xN@<

— _3)\p](\[1) Kp(l) xN@< 4 P(l)XN (2),> )\P](Vl)zt(O,?:,N))
@Zt(ZN)] :

(0 — A +m3) x>

_ Y {( PRUXNES 4 px N2

(23) §  apPel(pH) xN@:< 4 ph) xN@).2)

+AP](\]1)©§2)(P](\[1)XN,(2),< + P](Vl)XN,(2),>)

3

APP P (PO XN@:< . pD) xNi(2):2)
+9)\2P(1) [\I/(l)(P(l)XN @<y P(l)XN )92V
LA PO T (D xN@:< 4 p) y N(@)2),

By showing the tightness of the laws of X, N2 _ N(Z)’/ + X, N,(2),<

will obtain the tightness of the laws of X}V.

, We
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Remark. Some typos in [1] are corrected in (2.3). Precisely, in [1], P](\,1 ) of

P](\,1 )Zt(o’g’N) is dropped in the equation corresponding to (2.3) and also in
the coefficients U(®) and &),

For estimates we prepare the following. For n € [0,1), v € (0,1/4) and
€ (0, 1] define :{/\777( ) and PN (t) b

tt0im [ (7 s o], oo, o

+ sup LA/
s/ E[0,]:8' <t! (' —s)7
¢
x¥@<|’ e / [xxe=| | as
/ H ia o IIN°7 By

To simplify the notation, we denote by ) a positive polynomial built with
the following quantities

1N
sup || 2 )||BO—O<1+E>/2, sup [Py Zi|l g=a+are,

te[0,T] te[0,T]
2,N 2,2,N
Sup Zt( )H —1—e/24 7 Sup Hzt( )H 75/4 )
te[0,T) Beo te[0,T7
(0,2,N) (0,3,N)
sup ||Z ’ /g sup HZ ‘ Cias
te0,7) ! By te[0,T7 KLre
(2,3,N) (LN) ( p(1) z(0,3,N)
@) sup 220 e s |20 (PP 20)] e
(1,N) ( (1) (073,N)>
su Z Py Z
i | N po(+e)/2
and sup

5,t€[0,T];s8<t (t - S)W ’

with coefficients depending on Ay, €, 1, v and T, and we also denote by
C a positive constant depending on Ay, €, n, 7 and 7. We remark that @)
and C' can be different from line to line. A constant depending on an extra
parameter § is denoted by Cs. As in Section 3 of [1], we have the square
integrability of those in (2.4) with respect to the probability measure. In
view of this fact and hypercontractivity of Gaussian random variables, any
polynomial consists of the elements in (2.4) are integrable with respect to
the probability measure, i.e. E[Q] < C.
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3. IMPROVEMENT OF INTEGRABILITY

Let a € [0,1/2) and choose € € (0,1/16], v € (0,1/8) and n € (1/2,1)
such that 4e < v, n > a+2v and 2a+ 4y + ¢ < 1. In the present paper, we
only see the difference from [1] and omit the argument of the parts which
are the same as those in [1].

We prepare some lemmas for estimates of the terms in (2.3), which are
different versions of estimates in [1].

Lemma 3.1. Let p € [1,2], s,t € [0,T] and § € (0,1],

t
— _O‘/Q_'Y (1) (1) N’(2) (27N)
[ = [P x )0z [,
unH pxN@ _ px N<2>‘
<§ sup LP
u,v€[0,t];u<v (U - u)fy

+ HP“)XN,@)H“ )7/8 du + Cs5Q
15/16 N “u 14 o

o [ (e
0 By

Proof. Applying Lemmas 4.3 and 2.3 in [1] and Holder’s inequality, we have

t
a/2—y lI,(l P(l)XN (2 Z(2N
A H 02, du
< Q/ —o)2— (/ (u — 21/32 Hp 1)XN 2)’ 151 >du
0
1/2
t ‘ 7| O x M@ _ p g7 /
+ Q/ (t—u)" 27| sup
s rel0,u) (u - T)’Y

(I

+/u v (g — ) /212 Hp(l)XN (2)‘
0

12 dv) du
+Q
t u
<Q / (t —u)=/2 ( /0 (w—v) 22| PPN dv) du
S p

1/2

7‘77 HP](\]I)XTZLV,(2) _ P_](V1>XT )

+Q sup
ru€l0,t];r<u (u - T)PY

« Ust(t u) /2 || P

1/2
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t U
+/ (t . u)—a/2—’y (/ v—n/2(u . v)fy/2—1—35/2
s 0

o) du

Ca 1
<Q/ /2—~+11/32 HP( )XN(2)‘ - du
0 x M) _ pl)x M@\
+Q sup L
ru€l0,t];r<u (u - T)7
! —af2— (1)XN (2) 1/2 d
xl/s(t—u) HPN " L,
t
+/ U—n/Q(t B U)—(OH—’Y+3E)/2 Hp(l)XN7(2) 1/2 dv
0 N Lp
(1) v ,(2) ]|/
HP X ‘ 15/16
1 H PO XN _ p) x M@ 12
+Q sup LY
ru€l0,t];r<u (u - r)fy
. 1/2 " 1/2
X (/S (t—u)_o‘_zvdu) ( PN xXN@ . du)

t 1/2 t 1/2
+< / v—”(t—v)—<a+7+35>du> ( / | PP x| dv)
0 0 P

Hence, noting that 2a + 4y + ¢ < 1 and that

t t
</ v (t — U)_(O‘+7+3E)dv) (/ ”P](\,I)qujv’(z) dv)
0 0 Lp

t 1/2
< Ctl—n—(a+7+35) -t1/2 (/ HP](Vl)X’(JJV,(Q) 2 dv)
0 Ly

t . 9 1/2
=¢ (/ HPJ(V)Xéwz) L dv) ’
0

+ Q.

—_
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we obtain
t
/(t— w) "2 “YH\IN) (PP XN
1) o274
< [l
i HPJS)X,,T’(Q) —pOxY 2
+Q sup
ru€l0,t];r<u (u - r)fy
t 1/2
X (/ HP](\,D dv)
0
) 7/4
/ HP( )X 2)‘ i
i HP(”XN @ _plx
+46  sup
ru€0,t];r<u (’LL - T)Py
t . 9 7/4
n (/ HPI(V)XQJ)V’(Z)HL dv) + C50.
0 p
This inequality and Holder’s inequality yield the assertion. [

Lemmas 3.2 and 3.3 below improve Lemmas 4.8 and 4.9 of [1], respectively.
These improvements enable us to find the smaller state space and support
of the ®3-process and the ®3-measure, respectively.

Lemma 3.2. Forp € [1,2],t€[0,T] and 6 € (0,1],

|2 (P x @)

<o)

—1
B ()72 L +07°Q.

Proof. Estimates of the paraproducts (see Proposition 2.1 (ii) in [1]) imply

H(I)ig)(P](Vl)XN@))HB o S Q < '( PO x (2)) + HP ™ )
<M +0
L
< 6| PP X L tie.
Thus, we have the inequality. -

Lemma 3.3. Forpe[1,2],t€[0,T] and 6 € (0,1],
i )02(e)

B8
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<o ([ mx

+5HX (2):< N,(2)> 45720

14¢
BP

‘ +(5HX

Proof. An estimates of the resonance term (see Proposition 2.1 (iv) in [1])
implies

1) +N,(2),> 2.N
H PO X N2 7 >’ p
P<1>XN<2> ’

(3.1) - CHZt(2 N)H

Bgolfe/B B}1)+€/4 '

By the interpolation inequality of Besov spaces (see Proposition 2.1 (vii) in
[1]) we have

HP](Vl)XtN’(z)%

B}19+E/4
(1) +N,(2),>]|>/? (1) N,(2),> ]| 1/3
(3.2) < HPN X, pLe/ Py Xy Bit+e
(1) N, (2),> |2 —1/2 || (1) N, (2),> ||/
< 6HPN X, )Bl_a/g + o5V HPN X; ‘BHE.
P P
In view of
‘ pOXN@=|" < CH PO xN@>
Bp Wil—e/8p

)

(1) xN,(2)
=¢ (HPN Xt ‘ Lr
from (3.1) and (3.2) we have
1) +N,(2),> 2,N
[ x2D)020)

) +efpxres,

= ’VP](VI)X;V 2>

Lp

B8

sa(Jrxre,

+712Q|| PP x>

e

1) +~N,(2),>
(1) x N2) ‘

2
Lp

<50 <HP1)XN(2)H +va(1>XN(z> H )+5Q”P(1)XN(2)<‘

1/2
B1+5 + Q’

Lp

o [P

—2
Bll)-i-e + 6 Q
Hence, by replacing § and using the uniform boundedness of Pz(vl )in N (see

Proposition 2.5 in [1]) we obtain the assertion. O

The following proposition is an improved version of Proposition 4.13 in
[1], and actually the regularity of the Besov space is improved by «.
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Proposition 3.4. Fort € [0,7],

'y H xM® _x 2)‘
E sup Pz
s\t €[0,t];s' <t (tl - 8/)7
< CE | sup r" HXN (2),> ‘ Bt +CFE | sup r" HXN (2), <) Ba+2'v]
r€[0,t] 4/3 r€[0,t] 4/3

o [ [+ oz pror o m e[l

+C.

Proof. In view of (2.3) it follows that
XtN,(2),< _ e(t—s)(A—m%)XéV,(2),<

t
_ _3)\/ e(t—u)(A—mg)P](vl) [(Pz(vl)XiV’(z) _ )\P](\,I)Z,L(LO’?”N)) @Zﬁz’m} du
for s,t € [0,T] such that s < t. Hence, for s',t' € [0,T] such that s’ <
t’, the smoothing property of the heat semigroup and an estimate of the
paraproduct (see Proposition 2.1 in [1]) imply

‘th/\@(2),< B XN,(2),<}

S/

BOA

4/3

< | =sN2-md) _ 1 N,(2),<

— Ba+2'y B s’ Ba+2’y
4/3 P43 4/3

t/
—I—S)\/

e plD)

(PP XY@ - APP 204 @23N]|| | du
Brs
N,(2),<
<o -y [x2O| L
4/3
t/
+C>\/ (¢ — )~ (e+D/2-¢/2
% H( (1)XN @) _ )\P(I)Z(Oi%N)) Qz N)’ . du
4/3

<O — Y HX;W)“

a+2y
B4/3

t/
+ )\Q(t/ B s/)'y/ (t/ i u)—(a+2'y—|—1+s)/2

s/
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HP DxN@ _ \pl) z(03, N>‘

L4/3

Thus, by applying Holder’s inequality we have for ¢t € [0,7] and ¢ € (0, 1]

S/)n HX;/\[7(2)7< _ X';]Y?(Z)a ‘

BO(

sup 4/3
(3.3) st €[0,t];s' <t/ (" — ')
< n N,<2>,<‘ H (1) 3 N,(2) ‘
<C Tsél[lopt] T HX” B +0A Py’ X, oy du
+C5Q.

Similarly, from (2.3), for s’, ¢ € [0, T] such that s’ < ¢/, we have the estimate
HXN (2),> _ N(2)

Bl

<o -5y ||x®

a2y
B4/3

o - [ -wer PP x|

LOME - 8 / (= w2 o ® (PO XN
FONE — ') / t (t' — w)~o/2=r1/1=¢/2 H@?(P}V”XN’(?))] o du
+ At — &) / t (¢ = wymo/2 Al o) () XV 2)) —
+ Ot — §') / Itl(t’ — )2 | (PP XN@)QzEN|| | d
o -y | " — w2 | (PO XN 2 N>\

s 4/3
FONE =) / ' (' — u)~ /2 W&z)(P](\})XN’@))‘ o du

s 4/3

For § € (0,1], applying Lemmas 4.4, 4.5 and 4.7 in [1] and Lemmas 3.2 and
3.3 with replacing 6 by (t'—u)® with suitable 3 for each lemmas, and applying
Lemma 3.1 and Holder’s inequality, we have for 6 € (0,1] ¢',¢ € [0,T] such
that s’ <t/

BCK
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<o x>

a2y
B4/

+C)\(t’—s’)/ (HVXN<2> ‘

szl

+ Ot — ') / (HXN@)} e L4) du
t/
;o N,(2),< I vy N,(2),>
+C(t' - &) / X, ‘ L du+Q(t' —s) /S/ ‘Xu B du
|| PPx® PO XN
+6(t' —s)7  sup L2 qu

u,v€E[0,t];u<v (U - u)ry
+ C(;Q(t/ — S/)V.
Here, we remark that applying Lemmas 3.2 and 3.3 instead of Lemmas
4.8 and 4.9 in [1] respectively, enables us to improve the regularity of the
estimate by a € [0,1/2). It is also remarked that Lemma 3.1 is provided for
the clarity of the proof.

From this inequality and (3.3) we obtain the conclusion by following the
proof of Proposition 4.12 in [1]. O

The following proposition is an improved version of Proposition 4.17 in [1],
and again the regularity of the Besov space is improved by a. We need the
version, because the supremum in time of the norms on BZ‘JF%Y nd Bz/%:;?v
appeared in Proposition 3.4.

Proposition 3.5. For g € (1,8/7), t € [0,T] and § € (0,1], we have

B | sup HXN(Q ‘ +E| sup HXN(Q
re(0,t] Byt ref0,t] By
N,(2) N N
< CE HX ‘ —— CSE [2Y, (1)] + COE [N (2)7] + Cs.

Proof. By Lemma 4.14(i) in [1] we have

Ba+2'y]

Q sup (/ (r — )~z
] 0

rel0,¢

E [ sup 1" HXN@) <)
r€[0,t]

< A\E

<|lPxe - apzes| au)’).
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Hence, by applying Holder’s inequality we have for § € (0, 1]

¢ 4
(3.4) E | sup " ] < OAE l/ |PP x| du] + Cj.
0

‘Xg,<2>,< H3
r€[0,t]

a2y
B4

Similarly to the proof of Lemma 4.14(ii) in [1] we have for s,t € [0,7] such
that s <t

N,(2),
HX “ Ba“”
4/3
- N7 2 >>
S C(t o 8) K ‘XS @) a+2v—2n
By

o [y [pxse)

t
+CA / (t =)=t oD (PP XN | du

L4/3

t
—(2c € 1
Y K el IS N
S 4/3
t
—(2a € 1
+CA / (t =)ot 2/ o) (pQ XN @) L d
S 4/3
t
_on—(a+29)/2 (1) v N,(2),> 2N
+C)\/8 (t — w2 || (PO XF@) 92N
t
+C)\/( ) (Oé+2’y E)/QH\I,(l) 1)XN 2))@22]\[‘ ’LL
s 4/3
t
(2 1
+C)\/ (t — u)~(@t2y 5)/2“\1132)(P](\,)XN’(2)))B€ du.
s 4/3

Similarly to the proof of Proposition 3.4, for 6 € (0,1], applying Lemmas
4.4, 4.5 and 4.7 in [1] and Lemmas 3.2 and 3.3 with replacing & by &(t —u)?
with suitable S for each lemmas, and applying Lemma 3.1 and Holder’s
inequality, we have

E | sup T”HXN(Q) ‘
r€[0,t] BZL/EQ’Y
N,(2)
<CE HX (2) ‘BMHU + 0B [2Y, (1] +6E DY (1)1] + Cs.
4/3

Here, we use the assumptions of the parameters «, v and . Therefore, by
this inequality and (3.4) we have the assertion. O]

Now we obtain the following uniform estimate in N.
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Theorem 3.6. Let o € [0,1/2) and choose € € (0,1/16], v € (0,1/8) and
n € (1/2,1) such that 4e < v, n > a+ 27y and 2o+ 4y + ¢ < 1, and let
q € (1,8/7). Then, we have

s H xN@ _ X;v,@)‘

le
E sup LA+ B (XY, (D] + E[9N(T)1]
5,t€[0,T];s<t (t—s)
3
+ E Sup /,nn HX’I{V’(2)7<‘ + E Sup r77 HXT]‘V’(2)7>
re[0,7] By re[0,7] By
< C.

Proof. By following the proof of Theorem 4.18 in [1] with applying Proposi-
tions 3.4 and 3.5 instead of Propositions 4.13 and 4.17 in [1], we obtain the
assertion. O

Theorem 3.6 improves the regularity of Besov norms in Theorem 4.18 in
[1] by a. By using the improvement we are able to show the tightness of
the laws of {X™V} in the spaces smaller than that in Theorem 4.19 in [1] as
follows.

Theorem 3.7. For & € (0,1/16], the laws of {X™V} are tight on

C([O,oo);Bl_;/g_é). Moreover, if X is a limit in law of a subsequence

{XN(k)} of {XN} on C’([O,oo);B_l/Q_g), then X is a continuous process

12/5

—1/2—-¢
on By, s
stationary measure with respect to X and it holds that

(35 J 1612 o) < .

Proof. We follow the proof of Theorem 4.19 in [1]. Choose o € [0,1/2)
sufficiently close to 1/2 so that a+ & > 1/2, choose v € (0,1/8) and ¢ €
(0,1/16) sufficiently small, and choose n € (1/2,1) sufficiently large so that
the assumptions in Theorem 3.6 and ¢ < & hold. Let T' € (0,00) and
to € (0,7). For h € (0,1] and & € (0,1], Chebyshev’s inequality implies
that

, the limit measure p of the associated subsequence {fin )} is @

sup P sup HXL{V’(Z) — Xév’@)‘ > ¢
NeN s,t€[to,T];|s—t|<h Bff/g

ST H thv,<2> B XSN"Q)‘

hY
< ol sup
€'ty s,t€[to,T);s<t,t—s<h (t—s)

B33
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Hence, from Theorem 3.6 we obtain

(3.6) lim sup P sup HXN (2) Xév’@)‘ >e | =0
hl0 NeN s,te€lto,T);|s—t|<h B

for &/ € (0,1]. On the other hand, Chebyshev’s inequality implies that, for
any R > 0,

N,(2) 1
sup P HX ’ iy >R < =5 sup B
NeN < o B4/J§,2V Rt} nen

Hence, by Theorem 3.6 we obtain

N,(2)
sup 7" HX ‘ . :
rel0,7] 4/—’:_),27

3.7 lim sup P HXN (@) >R | =0.
( ) R—00 NeN < BZ‘/EQ'Y

In view of the fact that the unit ball in BZ‘/E 7 is compactly embedded
in Bf5 (see Theorem 2.94 in [2]), the tightness of the laws of (XN}

on C([tO,T]'BZ‘/3) follows from (3.6) and (3.7). By the Besov embedding

theorem (see Proposition 2.1 in [1]) we have Bi)5 C Bl;/{,)z :

. Hence, we
have the tightness of the laws of {X~ 3} on C([to, T7; 31—21/{52 ?). The rest of

the proofs are completely same as that of Theorem 4.19 in [1] except (3.5).
Now we prove (3.5). The stationarity of X*V implies

.. 2
J 191 s entd) < min [ 1012, s-eruvoo (do)

— it £ ||,

k—o0

1 2
- Tli}gi(gf/ E lHXtN(k)H _1/2_51 dt

<ot ["B[[xOO , Jare

k—oo

Since the Besov embedding theorem implies

O e

Y

1/26— Bls

we have
T
/||¢H o pi(dg) < Chmmf/ E U\Xt |
N i N
< Climinf B [X), ()] + Climinf E [9.(T)] + C.

N—o0

Jase
2
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Therefore, we obtain (3.5) from Theorem 3.6. O
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