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A NOTE ON A HECKE RING ASSOCIATED WITH THE
HEISENBERG LIE ALGEBRA
Fumitake Hyodo

Abstract. This paper focuses on the theory of the Hecke rings associated with the general linear groups originally studied by Hecke and
Shimura et al., and moreover generalizes its notions to Hecke rings associated with the automorphism groups of certain algebras. Then, in the
case of the Heisenberg Lie algebra, we show an analog of the classical
theory.

1. Introduction
Hecke rings were introduced by Shimura [10], which generalize the ring
of Hecke operators studied by Hecke [3]. Later, in Chapter 3 of his book [12],
Shimura improved the definition of Hecke rings to a purely algebraic one,
and also introduced a part of the theory of Tamagawa [13] on the Hecke
rings associated with the general linear groups over Q. The Hecke rings
treated there can be divided into local and global ones. Let r be a positive
integer, and let p be a prime number. The former is the Hecke ring Rr,p
with respect to the pair (GLr (Zp ), GLr (Qp ) ∩ Mr (Zp )). It is the polynomial
ring over Z on r variables (cf. Theorem 2.1). The latter is the Hecke ring
Rr with respect to the pair (GLr (Z), GLr (Q) ∩ Mr (Z)), which is related to
the local Hecke rings Rr,p in the following way (cf. Theorem 2.2).
(1) For each p, the local Hecke ring Rr,p embeds naturally into the global
one Rr .
(2) The local Hecke rings Rr,p commute with each other in Rr .
(3) Rr is generated by the local Hecke rings Rr,p as a ring.
We generalize the Hecke rings Rr and Rr,p . Namely, for a prime number
p and a certain algebra L, we deal with the local Hecke ring RLp and the
global Hecke ring RL respectively with respect to the pair


alg
alg
alg
AutZp (L ⊗ Zp ), EndZp (L ⊗ Zp ) ∩ AutQp (L ⊗ Qp ) ,
and the pair



alg
alg
alg
AutZ (L), EndZ (L) ∩ AutQ (L ⊗ Q) .

Our previous paper [5] studied the local case of the Heisenberg Lie algebra
H, that is, the quotient of the free Lie algebra L2 on two generators over Z
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by the ideal [L2 , [L2 , L2 ]]. As a result, it was proved that the local Hecke
ring RHp is noncommutative, unlike the Hecke rings Rr,p .
In this paper, we discuss the global Hecke ring RH . First, in Section 3, we
bL associated with the profinite completion L
b of L,
introduce a Hecke ring R
which satisfies the properties similar to Rr (cf. Proposition 3.1). Then, we
bL → RL . Furthermore, the multiplicativity
construct an additive map ηL∗ : R
and the injectivity are proved if L is the Heisenberg Lie algebra H. Finally,
∗ , and conclude with the
in Section 4, we prove the nonsurjectivity of ηH
following result, which is analogous to the properties of the Hecke ring Rr
except for assertion 3 (cf. Theorem 4.9):
Theorem 1.1 (Main Theorem). The following assertions hold.
∗.
(1) For each p, the local Hecke ring RHp is embedded into RH by ηH
(2) The local Hecke rings RHp commute with each other in RH .
(3) RH is not generated by the local Hecke rings RHp as a ring.
It is the most essential to show assertion 3, which is equivalent to the
∗ . It is settled by calculating the cardinalities of the
nonsurjectivity of ηH
ΓH -double cosets of certain subsets of ∆H (cf. Corollary 4.8).
It is worth pointing out that we treat a new type of noncommutative
Hecke rings. While the Hecke rings associated with classical groups due to
Andrianov [1], Hina–Sugano [4], Satake [9], and Shimura [11] are all commutative, the local Hecke rings RHp are all noncommutative as mentioned
before, and so is the global Hecke ring RH containing them. Although Dulinsky [2] and Iwahori–Matsumoto [8] studied certain noncommutative Hecke
rings, our Hecke rings RL and RLp are different from them in general.
Further study of the Hecke rings RL and RLp is now in progress by the
author. In [6], we studied the local Hecke rings associated with the higher
Heisenberg Lie algebras. In [7], we investigated formal Dirichlet series with
coefficients in RL that replaces Shimura’s series with coefficients in Rr [12].
2. Preliminary
In this section, we recall the Hecke rings in [12, Chapter 3], and define
our Hecke rings. Let us fix a positive integer r and a prime number p.
We put Γr,p = GLr (Zp ) and ∆r,p = GLr (Qp ) ∩ Mr (Zp ). Denote by Rr,p
the Hecke ring with respect to the pair (Γr,p , ∆r,p ). Hecke and Tamagawa
proved the following theorem.
Theorem 2.1 ([3] and [13]). Let us put
i

(i)
Tr,p

z }| {
= Γr,p diag[1, ..., 1, p, ..., p]Γr,p ∈ Rr,p ,
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for each i with 1 ≤ i ≤ r. Then Rr,p is the polynomial ring over Z on
(i)
variables Tr,p with 1 ≤ i ≤ r.
Let us put Γr = GLr (Z) and ∆r = Mr (Z) ∩ GLr (Q), and denote by Rr
the Hecke ring with respect to (Γr , ∆r ). By [12, Proposition 3.16] and the
elementary divisor theorem, we have the following theorem.
Theorem 2.2. The following assertions hold.
(1) For each p, the local Hecke ring Rr,p is embedded naturally into the
global one Rr .
(2) The local Hecke rings Rr,p commute with each other in Rr .
(3) Rr is generated by the local Hecke rings Rr,p as a ring.
We next define our Hecke rings. Throughout this paper, by an algebra
we mean an abelian group with a bi-additive product (e.g., an associative
algebra, a Lie algebra). Let L be an algebra which is free of rank r as an
alg
abelian group, and fix a Z-basis of L. Then Autalg
Q (L ⊗ Q), AutQp (L ⊗ Qp ),
alg
Endalg
Z (L), and EndZp (L ⊗ Zp ) are all identified with subsets of Mr (Qp ). We
introduce the following notation.

GL

= Autalg
Q (L ⊗ Q),

GLp

∆L = Endalg
Z (L) ∩ GL , ∆Lp
ΓL

= Autalg
Z (L),

Γ Lp

= Autalg
Qp (L ⊗ Qp ),
= Endalg
Zp (L ⊗ Zp ) ∩ GLp ,
= Autalg
Zp (L ⊗ Zp ).

By [5, Proposition 2.1], one can define the Hecke rings RL and RLp with
respect to (ΓL , ∆L ) and (ΓLp , ∆Lp ), respectively. Although the proposition
deals only with the case where L is a Lie algebra, its proof can be easily
applied to our case as well. Our Hecke rings indeed generalize the Hecke
rings Rr and Rr,p : If L is the ring Zr of the direct sum of r-copies of Z, then
we have ∆L = ∆r , ΓLp = Γr,p , RL = Rr , and RLp = Rr,p .
3. Hecke rings associated with profinite completions of
algebras
Let L be as in the previous section. First, we introduce a Hecke ring
b of L. Let us define G
bL by the set
associated with the profinite
completion L
Q
of elements (αp )p of p GLp such that αp ∈ ΓLp for almost all p, where the


b L and Γ
b L denote Q ∆Lp ∩G
bL
product is taken over all prime numbers p. ∆
p
Q
b L is contained in
and p ΓLp , respectively. Then it is easy to see that the ∆
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b L in G
bL . Hence, one can define the Hecke ring R
bL
the commensurator of Γ
bL , ∆
b L ). Since the monoids ∆Lp are all naturally contained
with respect to (Γ

b L and commute with each other in ∆
b L , the Hecke ring R
bL satisfies the
in ∆
following properties.
Proposition 3.1. The following assertions hold.
bL by the map
(1) For each p, the local Hecke ring RLp is embedded into R
b L.
derived by the natural inclusion ∆Lp ⊂ ∆

bL .
(2) The local Hecke rings RLp commute with each other in R
bL is generated by the local Hecke rings RLp as a ring.
(3) R

bL → RL . Let us fix a Z-basis
We next construct an additive map ηL∗ : R
of L, and let p be a prime number. Then ∆L and ∆Lp are identified with
subsets of Mr (Q) and Mr (Qp ), respectively. Moreover, in this sense, ∆L is
contained in ∆Lp . The map ηL then denotes the diagonal embedding of ∆L
Q
b L . Then, we define the additive
into p ∆Lp . Clearly, ηL (∆L ) is a subset of ∆


P
∗
bL α
b L 7→ ΓL βΓL , where ΓL βΓL runs through
bL → RL by Γ
bΓ
map ηL : R

bLα
bL )/ΓL . Note that its kernel is the Z-submodule of R
bL
the set ΓL \ηL−1 (Γ
bΓ
bLα
b L ) = ∅.
bLα
b L with η −1 (Γ
bΓ
generated by elements Γ
bΓ
L

bL and L:
b Since L
b is isomorphic to
Next, we explain a relation between R
Q
b L is naturally isomorphic to Autalg (L).
b Moreover,
(L ⊗ Zp ), the group Γ
p

b
Z

b L is identified with the set of elements α
b
the monoid ∆
b of Endalg
b (L) such
Z

b αb are Z-subalgebras
b
b of finite index isomorphic to L.
b Hence,
that L
of L
alg
ηL coincides with the restriction to ∆L of the map from EndZ (L) into
b induced by extension of scalars along the natural inclusion Z → Z.
b
Endalg (L)
b
Z

b L and the group
Furthermore, by considering a Z-basis of L, the monoid ∆
b and a subgroup of GLr (Z),
b
b L are identified with a submonoid of Mr (Z)
Γ
respectively. In this sense, ηL is nothing but the natural inclusion.

Next, we give a sufficient condition for the multiplicativity and the injecb L \∆
b L the map induced by
tivity of ηL∗ . Let us denote by η∗L : ΓL \∆L → Γ
ηL .
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Lemma 3.2. If the map η∗L is bijective, then ηL∗ is multiplicative and injective.
Proof. The injectivity is clear. We then show the multiplicativity. Let
bLα
b L and Γ
b L βbΓ
b L be elements of R
bL . Put
Γ
bΓ


−1
bγ ∈ Γ
b L | ξb
bLα
bL
bLγ
b L \Γ
b L βbΓ
b L,
Xbb =
bΓ
Γ
b∈Γ
for each ξb ∈ ∆
ξ

Xξ



−1 b bb
−1 b
−1
bL)
=
ΓL γ ∈ ΓL \ηL (ΓL β ΓL ) | ξγ ∈ ηL (ΓL α
bΓ

for each ξ ∈ ∆L .

bLα
b L ) · (Γ
b L βbΓ
b L ) equals
By [5, Propositon 2.4], the product (Γ
bΓ
X
bL.
b L ξbΓ
Xbξb Γ
bL ∈Γ
b L \∆
b L /Γ
bL
bL ξbΓ
Γ

b L , then its image under η ∗ is equal
bL = Γ
b L ξb′ Γ
b L ξbΓ
Note that |Xbξb| = |Xbξb′ | if Γ
L
to
X
Xbη (ξ) ΓL ξΓL .
L

ΓL ξΓL ∈ΓL \∆L /ΓL

bL α
b L ) · η ∗ (Γ
b bb
On the other hand, the product ηL∗ (Γ
bΓ
L L β ΓL ) is equal to
X
|Xξ | ΓL ξΓL .
ΓL ξΓL ∈ΓL \∆L /ΓL

By assumption, Xξ and XbηL (ξ) have the same cardinality for each ξ ∈ ∆L ,
which completes the proof.

For instance, we prove the bijectivity of η∗L in the case where L is the
ring Zr of the direct sum of r-copies of Z.
Lemma 3.3. The map η∗Zr is bijective.
b submodules of Zr
cr ) be the set of Z (resp. Z)
Proof. Let Mr (resp. M
b r ) of finite index. Then, they are naturally identified with ΓZr \∆Zr
(resp. Z
b Zr \∆
b Zr , respectively. Moreover, the map η∗Zr is nothing but the map
and Γ

b whose inverse map is given by (M
cr being (M 7→ M ⊗ Z),
c→
Mr → M
7
r
c ∩ Z ). This completes the proof.
M


Let H denote the Heisenberg Lie algebra. In the rest of this section, we
∗ . To begin with, let us recall some results in [5,
study the maps η∗H and ηH
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Section 3]. Let us regard GZ2 , ∆Z2 and ΓZ2 as subsets of GL2 (Q), M2 (Z)
and GL2 (Z), respectively. Then, GH is identified with the following group.
(1) The underlying set is GZ2 × Q2 .
(2) For any two elements (A, a) and (B, b) of GZ2 × Q2 , their product
(A, a)(B, b) is defined to be (AB, Ab + |B|a), where a and b are
column vectors, and |B| is the determinant of B.
Clearly, we have ∆H = ∆Z2 × Z2 and ΓH = ΓZ2 × Z2 . Furthermore, a similar
bH = ∆
b Z2 × Z
b 2 and Γ
bH = Γ
b Z2 × Z
b 2 . Certainly, ηH is
argument shows that ∆
b 2.
b Z2 × Z
the canonical inclusion ∆Z2 × Z2 ⊂ ∆
Now, we prove the bijectivity of η∗H .

Lemma 3.4. η∗H is bijective.
b be a complete system of representatives of ΓZ2 \∆Z2
Proof. Let D (resp. D)
b Z2 \∆
b Z2 ), and let ZA (resp. ZbA ) be a complete system of represen(resp. Γ
b 2 /|A|Z
b 2 ) for each A ∈ ∆Z2 (resp. A ∈ ∆
b Z2 ).
tatives of Z2 /|A|Z2 (resp. Z
Then, by [5, Lemma 3.2], the sets
b a ∈ ZbA }
{(A, a) | A ∈ D, a ∈ ZA } and {(A, a) | A ∈ D,

b H \∆
b H , respectively.
are complete systems of representatives of ΓH \∆H and Γ
b Z2 \∆
b Z2 is bijecLemma 3.3 implies that the natural map from ΓZ2 \∆Z2 to Γ

b contained in ∆Z2 . For an element
tive, which means that one can choose D
b 2 /|A|Z
b 2 , and thus one can choose ZbA
A of ∆Z2 , Z2 /|A|Z2 is isomorphic to Z
contained in Z2 as well. This completes the proof.

By Lemmas 3.2 and 3.4, we obtain our desired property.
∗ is an injective ring homomorphism.
Proposition 3.5. The map ηH

Therefore, the proposition above and Proposition 3.1 together imply our
main theorem:
Theorem 3.6. The following assertions hold.
∗.
(1) For each p, the local Hecke ring RHp is embedded into RH by ηH
(2) The local Hecke rings RHp commute with each other in RH .
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∗
4. The nonsurjectivity of ηH
∗ :R
bH → RH .
In this section, we show the nonsurjectivity of the map ηH
−1 b
b H )/ΓH
To prove this, it is obviously sufficient to check that ΓH \ηH
(ΓH α
bΓ
b H . Our aim of this section
consists of more than one elements for some α
b∈∆
is to show the following theorem.

Theorem 4.1. For each prime number p, there exists an element α
b of ∆Hp
−1 b
b H )/ΓH consists of more than one elements.
such that ΓH \ηH
(ΓH α
bΓ

b ∈ ∆Hp ,
Let us fix a prime number p and an element α
b of ∆Hp . Since α
we have
Y
bHα
b H = ΓHp α
ΓHq .
bΓHp ×
Γ
bΓ
q6=p

−1 b
b H )/ΓH ,
Hence, it follows from [5, Proposition 5.1] that, to study the set ΓH \ηH
(ΓH α
bΓ
it is sufficient to consider the case where

 j 
p
with 0 ≤ j ≤ l and 0 ≤ i ≤ k.
α
b = diag[pl , pl+k ], i+j
p

Then, we put

l

A = diag[p , p

l+k

],

a=




pj
.
pi+j

Denote by Γ0 (pk ) be the subgroup of ΓZ2p consisting of the elements whose
(2, 1) entries are divided by pk , and let AZ2 be the subgroup of Z2 consisting
of the products of the matrix A and column vectors with two entries of
integers. We first prove the following lemma.
Lemma 4.2. The following assertions hold.
−1 b
b H ), we have B ∈ ΓZ2 AΓZ2 .
(1) For each element (B, b) of ηH
(ΓH α
bΓ
bH α
b H ) if and only if b ≡
(2) For each element b of Z2 , (A, b) ∈ η −1 (Γ
bΓ
H

Xa mod AZ2p for some X ∈ Γ0 (pk ).
(3) For any two elements b and c of Z2 , ΓH (A, b)ΓH = ΓH (A, c)ΓH if
and only if b ≡ Xc mod AZ2 for some X ∈ Γ0 (pk ) ∩ ΓZ2 .
b Z2 × Z
b 2.
Proof. For each prime number q, let us regard ∆Hq as a subset of ∆
Then, we have

−1 b
b H ) = ΓHp α
bΓHp ∩ ∩q6=p ΓHq .
ηH
(ΓH α
bΓ
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By [5, Proposition 3.3], we obtain



B ∈ ΓZ2p AΓZ2p ∩ ∩q6=p ΓZ2q .

On the other hand, there exist positive integers x and y such that x divides
y and diag[x, y] is contained in ΓZ2 BΓZ2 . Since diag[x, y] ∈ ∩q6=p ΓHq , it
follows that x and y are powers of p. As diag[x, y] ∈ ΓZ2p AΓZ2p , we have
diag[x, y] = A, which completes the proof of the first assertion.
The second and the third assertions are a straightforward consequence of
[5, Proposition 3.3].

Note that Z2 /AZ2 is isomorphic to Z2p /AZ2p . Since Γ0 (pk ) and Γ0 (pk )∩ΓZ2
act on Z2 /AZ2 in a natural way, the lemma above implies the following
equality.
Corollary 4.3. The following equality holds.
−1 b
b H )/ΓH = Γ0 (pk ) ∩ ΓZ2 \ Γ0 (pk )(a
ΓH \ηH
(ΓH α
bΓ

mod AZ2 ) ,

where Γ0 (pk )(a mod AZ2 ) is the Γ0 (pk ) orbit of (a mod AZ2 ) in Z2 /AZ2 .
Next, we compute the right-hand side of the equality above. Let us denote
by Γ(pl , pl+k ) the set
n
o
diag[1, 1] + diag[pl , pl+k ]M2 (Zp ) ∩ ΓZ2p ,

then we see easily that Γ(pl , pl+k ) coincides with the set of elements fixing
every element of Z2 /AZ2 . Especially, it is a normal subgroup of Γ0 (pk ).
The quotient group Γ0 (pk )/Γ(pl , pl+k ) is written by Gl,k . Note that it also
acts on Z2 /AZ2 . Let us put U0 = Z∗p and Ui = 1 + pi Zp for each i > 0.
Since det(Γ(pl , pl+k )) = Ul , the determinant map induces the homomor−1
phism detl,k : Gl,k → U0 /Ul . Put G1l,k = ker detl,k and G±
l,k = detl,k {±1}.
We prove the following key proposition.
Proposition 4.4. The canonical homomorphisms Γ0 (pk ) ∩ ΓZ2 → G±
l,k and
k
1
Γ0 (p ) ∩ SL2 (Z) → Gl,k are surjective.
To prove this, we prepare some lemmas.
Lemma 4.5. Let c, d and n be integers with c 6= 0 and (d, n) = 1. Then,
there exists an integer x such that (c, d + nx) = 1.
Proof. Since c 6= 0, the set S of prime numbers which divide c and not d is a
finite set. Let x be the product of all elements of S, then x has our desired
property.
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The following lemma slightly refines the well known fact that SL2 (Z) →
SL2 (Z/nZ) is surjective for each positive integer n.


a b
Lemma 4.6. Let n be a positive integer, and let
be an element
c d
of M2 (Z) whose determinant is congruent to 1 modulo n. If c 6= 0 and
(d, n) = 1, then there exist integers a′ , b′ and d′ satisfying
they
 that
 are
′
′
a b
respectively congruent to a, b and d modulo n, and that
is an
c d′
element of SL2 (Z).
Proof. By the previous lemma, we choose x ∈ Z such that (c, nx + d) = 1,
and then choose y, z ∈ Z satisfying cy + (nx + d)z = 1. By assumption,
there exists an integer r such that


a
b
det
= 1 − nr.
c nx + d
Thus a′ = a+nrz, b′ = b−nry and d′ = d+nx have the desired property. 
Now we give a proof of Proposition 4.4.
Proof of Proposition 4.4. For any two elements X and Y of Γ0 (pk ), X −1 Y
belongs to Γ(pl , pl+k ) if and only if X−Y is an element of diag[pl , pl+k ]M2 (Zp ).
Hence, we may take a complete system of representatives of Gl,k contained
in M2 (Z). Thus, the surjectivity of Γ0 (pk ) ∩ SL2 (Z) → G1l,k is an easy consequence of the lemma above. Since the matrix diag[1, −1] is contained in
Γ0 (pk )∩ ΓZ2 and its determinant equals −1, the natural map Γ0 (pk )∩ ΓZ2 →
G±

l,k is surjective as well, which completes the proof.
By Corollary 4.3 and Proposition 4.4, we therefore have
−1 b
b H )/ΓH = G± \Gl,k (a
ΓH \ηH
(ΓH α
bΓ
l,k

mod AZ2 ) .

Let us denote by Sa the stabilizer subgroup of (a mod AZ2 ) in Gl,k .
Since detl,k induces the isomorphism Gl,k /G1l,k → U0 /Ul , the right-hand
side of the equality above equals |U0 / ± detl,k (Sa )|. Hence we are reduced
to calculating detl,k (Sa ).
Proposition 4.7. Put n = min(i, k − i, l − j). Then we have detl,k (Sa ) =
Un /Ul .
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a b
be an element of Γ0 (pk ). Then it belongs to the staProof. Let
pk c d
bilizer subgroup Sea of (a mod AZ2 ) in Γ0 (pk ) if and only if there exist elements x, y of Zp such that a = 1 − bpi + pl−j x and d = 1 − pk−i c + pl−j+k−iy.
By a direct computation, we complete the proof.



Our aim of this section is settled by the following corollary.
Corollary 4.8. The following equality holds.

Especially, we have

−1 b
b H )/ΓH = [U0 : ±Un ].
ΓH \ηH
(ΓH α
bΓ

−1 b
b H )/ΓH
ΓH \ηH
(ΓH α
bΓ


p(p − 1)/2 if p 6= 2, l = 2,k = 4, j = 0, i = 2,
=
2
if p = 2, l = 3,k = 6, j = 0, i = 3.

Proof. The proof is an immediate consequence of Proposition 4.7.



In the conclusion of this paper, we obtain the following theorem.
Theorem 4.9. The following assertions hold.
∗.
(1) For each p, the local Hecke ring RHp is embedded into RH by ηH
(2) The local Hecke rings RHp commute with each other in RH .
(3) RH is not generated by the local Hecke rings RHp as a ring.
Proof. Assertions 1 and 2 have been proved in Theorem 3.6. Proposition
∗ imply assertion 3.
3.1 and the nonsurjectivity of ηH
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