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A NOTE ON A HECKE RING ASSOCIATED WITH THE
HEISENBERG LIE ALGEBRA

FuMITAKE HYoDoO

ABSTRACT. This paper focuses on the theory of the Hecke rings asso-
ciated with the general linear groups originally studied by Hecke and
Shimura et al., and moreover generalizes its notions to Hecke rings asso-
ciated with the automorphism groups of certain algebras. Then, in the
case of the Heisenberg Lie algebra, we show an analog of the classical
theory.

1. INTRODUCTION

Hecke rings were introduced by Shimura [10], which generalize the ring
of Hecke operators studied by Hecke [3]. Later, in Chapter 3 of his book [12],
Shimura improved the definition of Hecke rings to a purely algebraic one,
and also introduced a part of the theory of Tamagawa [13] on the Hecke
rings associated with the general linear groups over Q. The Hecke rings
treated there can be divided into local and global ones. Let r be a positive
integer, and let p be a prime number. The former is the Hecke ring R,
with respect to the pair (GL,(Z,), GL-(Qp) N M,(Zy)). 1t is the polynomial
ring over Z on r variables (cf. Theorem 2.1). The latter is the Hecke ring
R, with respect to the pair (GL,(Z),GL-(Q) N M,(Z)), which is related to
the local Hecke rings R, in the following way (cf. Theorem 2.2).

(1) For each p, the local Hecke ring R, , embeds naturally into the global
one R,.

(2) The local Hecke rings R, , commute with each other in R,.

(3) R, is generated by the local Hecke rings R, , as a ring.

We generalize the Hecke rings R, and R, ,. Namely, for a prime number
p and a certain algebra L, we deal with the local Hecke ring Ry, and the
global Hecke ring Rj, respectively with respect to the pair

(Autg*(L ©2,), Endg(L ©2,) N AutfI (L& Q)
and the pair
(Aut;lg(L), End$?(L) N Aut@(L ® @)) .

Our previous paper [5] studied the local case of the Heisenberg Lie algebra
‘H, that is, the quotient of the free Lie algebra Ly on two generators over Z

Mathematics Subject Classification. Primary 20C08; Secondary 20G25, 20G30, 11F03.
Key words and phrases. Hecke rings, noncommutative rings.

215



216 F. HYODO

by the ideal [Lo,[Lo, Lo]]. As a result, it was proved that the local Hecke
ring Ry, is noncommutative, unlike the Hecke rings R, .
In this paper, we discuss the global Hecke ring Ry . First, in Section 3, we

introduce a Hecke ring }A%L associated with the profinite completion L of L,
which satisfies the properties similar to R, (cf. Proposition 3.1). Then, we

construct an additive map 77 : ]EEL — Rj,. Furthermore, the multiplicativity
and the injectivity are proved if L is the Heisenberg Lie algebra H. Finally,
in Section 4, we prove the nonsurjectivity of 7;,, and conclude with the
following result, which is analogous to the properties of the Hecke ring R,
except for assertion 3 (cf. Theorem 4.9):

Theorem 1.1 (Main Theorem). The following assertions hold.

(1) For each p, the local Hecke ring Ry, is embedded into Ry by nyj,.
(2) The local Hecke rings Ry, commute with each other in Ry.
(3) Ry is not generated by the local Hecke rings Ry, as a ring.

It is the most essential to show assertion 3, which is equivalent to the
nonsurjectivity of n7,. It is settled by calculating the cardinalities of the
['yy-double cosets of certain subsets of Ay (cf. Corollary 4.8).

It is worth pointing out that we treat a new type of noncommutative
Hecke rings. While the Hecke rings associated with classical groups due to
Andrianov [1], Hina-Sugano [4], Satake [9], and Shimura [11] are all com-
mutative, the local Hecke rings Ry, are all noncommutative as mentioned
before, and so is the global Hecke ring R containing them. Although Dulin-
sky [2] and Iwahori-Matsumoto [8] studied certain noncommutative Hecke
rings, our Hecke rings Ry and R, are different from them in general.

Further study of the Hecke rings Ry and Rp, is now in progress by the
author. In [6], we studied the local Hecke rings associated with the higher
Heisenberg Lie algebras. In [7], we investigated formal Dirichlet series with
coefficients in Ry, that replaces Shimura’s series with coefficients in R, [12].

2. PRELIMINARY

In this section, we recall the Hecke rings in [12, Chapter 3|, and define
our Hecke rings. Let us fix a positive integer r and a prime number p.
We put Iy, = GL,.(Z,) and A, = GL,(Q,) N M, (Z,). Denote by R,,
the Hecke ring with respect to the pair (I, A, ;). Hecke and Tamagawa
proved the following theorem.

Theorem 2.1 ([3] and [13]). Let us put

7 . N
quﬁz =TI, ,diag[l,...,1,D,....,p|yp € Ry p,
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for each v with 1 < i < r. Then R,, is the polynomial ring over Z on
variables T,a(z with 1 <1 <r.

Let us put I', = GL,.(Z) and A, = M,(Z) N GL,(Q), and denote by R,
the Hecke ring with respect to (I';, A,). By [12, Proposition 3.16] and the
elementary divisor theorem, we have the following theorem.

Theorem 2.2. The following assertions hold.
(1) For each p, the local Hecke ring R, , is embedded naturally into the
global one R,.
(2) The local Hecke rings R, commute with each other in R,.
(3) R, is generated by the local Hecke rings R, as a ring.

We next define our Hecke rings. Throughout this paper, by an algebra
we mean an abelian group with a bi-additive product (e.g., an associative
algebra, a Lie algebra). Let L be an algebra which is free of rank r as an

abelian group, and fix a Z-basis of L. Then Autgg(L ®Q), Autgf (L®Q,),

End9(L), and End%lpg (L®Z,) are all identified with subsets of M, (Q,). We
introduce the following notation.

G = Awg(L®Q), G, = Aud!(LeQ,),
AL = BEnd*(L)NGp, A, = Endj(L®Z,)NGy,,
I, = Autld(L), Tr, = Auwtg9(L®1Z,).

By [5, Proposition 2.1], one can define the Hecke rings R; and Ry, with
respect to (I'y, Ar) and (I'z,, A, ), respectively. Although the proposition
deals only with the case where L is a Lie algebra, its proof can be easily
applied to our case as well. Our Hecke rings indeed generalize the Hecke
rings R, and R, ,: If L is the ring Z" of the direct sum of r-copies of Z, then
we have AL = AMFLP = Fr,p,RL = RT, and RLp = Rryp.

3. HECKE RINGS ASSOCIATED WITH PROFINITE COMPLETIONS OF
ALGEBRAS

Let L be as in the previous section. First, we introduce a Hecke ring

associated with the profinite completion L of L. Let us define G 1, by the set
of elements (o), of [[, G, such that a;, € I'y, for almost all p, where the

product is taken over all prime numbers p. A 1 and T 1, denote (Hp A Lp) NG L

and Hp I'z,, respectively. Then it is easy to see that the A 1, is contained in
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the commensurator of T’ I in G 1. Hence, one can define the Hecke ring }ARL

with respect to (f Ls A 1) Since the monoids Ay, are all naturally contained

in A 1, and commute with each other in A 1, the Hecke ring EL satisfies the
following properties.

Proposition 3.1. The following assertions hold.

(1) For each p, the local Hecke ring Ry, is embedded into Ry, by the map
derived by the natural inclusion Ap, C AL.
(2) The local Hecke rings Ry, commute with each other in Rr.

(3) Ry is generated by the local Hecke rings Ry, as a ring.

We next construct an additive map 77 : Ri — Ry. Let us fix a Z-basis
of L, and let p be a prime number. Then Ay and Ay are identified with
subsets of M, (Q) and M, (Qy), respectively. Moreover, in this sense, Ay, is
contained in Ar,. The map nz then denotes the diagonal embedding of Ay,

into Hp Arp,. Clearly, nr(Ar) is a subset of A;. Then, we define the additive
map 77 : fA{L — Ry, by <fL@fL — ZFLBFL), where I';, BT, runs through

the set I’ L\ngl(f 1al')/Tr. Note that its kernel is the Z-submodule of R,
generated by elements I'7al', with nzl(fL&IA“L) = 0.
Next, we explain a relation between }ABL and L: Since L is isomorphic to

[1,(L ®Zp), the group T';, is naturally isomorphic to Autazlg (L). Moreover,

the monoid Ay, is identified with the set of elements & of End%lg (L) such

~

that LY are Z-subalgebras of L of finite index isomorphic to L. Hence,
Nz coincides with the restriction to Ay of the map from End%?(L) into

End%lg (L) induced by extension of scalars along the natural inclusion Z — Z.

Furthermore, by considering a Z-basis of L, the monoid A 1 and the group

I';, are identified with a submonoid of MT(Z) and a subgroup of GLT(Z),
respectively. In this sense, 777, is nothing but the natural inclusion.

Next, we give a sufficient condition for the multiplicativity and the injec-

tivity of n7. Let us denote by n.p, : I't\Ar — fL\AL the map induced by
nL.
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Lemma 3.2. If the map 1.1, ts bijective, then n} is multiplicative and in-
jective.

Proof. The injectivity is clear. We then show the multiplicativity. Let

fLafL and fLB\IA“L be elements of }AEL. Put

% = {TAePARATL | &7 Fuals| for cach £ s,
Xe = {I‘Lfy € I‘L\nzl(ngfL) | &yl e ngl(fL&fL)} for each £ € Ay,

By [5, Propositon 2.4], the product (fL&fL) . (IA“LB\IA“L) equals

> %

TLel el \AL /Ty

Tl

Note that |/'?g| = |)?€A,| if T &0, = T €T, then its image under n; is equal

to
> By 0| TreT
el \AL /T,

On the other hand, the product nz(fL&fL) : nz(fLBfL) is equal to
> |Xe| T L€T L.
PLélLelt\AL /T

By assumption, X¢ and /\AfnL (¢) have the same cardinality for each £ € Ay,
which completes the proof. [

For instance, we prove the bijectivity of 7,7 in the case where L is the
ring Z" of the direct sum of r-copies of Z.

Lemma 3.3. The map n.z- 1s bijective.

Proof. Let M, (resp. M\T) be the set of Z (resp. Z) submodules of Z"
(resp. Z") of finite index. Then, they are naturally identified with I'zr\Az-

and fZT \KZT, respectively. Moreover, the map 7,z- is nothing but the map

M, = M, being (M — M & Z), whose inverse map is given by (]\/4\ —
M NZ"). This completes the proof. [

Let H denote the Heisenberg Lie algebra. In the rest of this section, we
study the maps 7.3, and 7;,. To begin with, let us recall some results in [5,
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Section 3]. Let us regard Gz2, Az2 and I'z2 as subsets of GL2(Q), M2 (7Z)
and GLo(Z), respectively. Then, Gy is identified with the following group.

(1) The underlying set is G2 x Q2.

(2) For any two elements (A4,a) and (B,b) of G2 x Q?, their product
(A,a)(B,b) is defined to be (AB, Ab + |Bl|a), where a and b are
column vectors, and |B] is the determinant of B.

Clearly, we have Ay = Ay2 x Z2 and 'y, = I'z2 x Z2. Furthermore, a similar
argument shows that 37{ = 322 % 72 and fH = fzz x 72. Certainly, ny is

the canonical inclusion Ay x Z2? C 322 x 72
Now, we prove the bijectivity of ..

Lemma 3.4. 1.y is bijective.

Proof. Let D (resp. 25) be a complete system of representatives of I'z2\ Az
(resp. fzz \Az2), and let Z4 (resp. zZ A) be a complete system of represen-

tatives of Z?2/|A|Z? (resp. 22/|A|22) for each A € Ay (resp. A € Ags).
Then, by [5, Lemma 3.2], the sets

{(A,a) | AeD, ac Z,}and {(4,a) | A D, ac Z,}

are complete systems of representatives of I'y\ Ay and fH\AH, respectively.
Lemma 3.3 implies that the natural map from I'z2\Agz2 to fp\ﬁzz is bijec-
tive, which means that one can choose D contained in Ay2. For an element

A of Aya, 72 /| A|Z? is isomorphic to 22/|A|Z2, and thus one can choose Z4
contained in Z? as well. This completes the proof. [

By Lemmas 3.2 and 3.4, we obtain our desired property.
Proposition 3.5. The map n3, is an injective ring homomorphism.
Therefore, the proposition above and Proposition 3.1 together imply our
main theorem:

Theorem 3.6. The following assertions hold.

(1) For each p, the local Hecke ring Ry, is embedded into Ry by n3,.
(2) The local Hecke rings Ry, commute with each other in Ry.
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4. THE NONSURJECTIVITY OF 73,

In this section, we show the nonsurjectivity of the map 73, : ]%.[ — Ry.
To prove this, it is obviously sufficient to check that FH\nf;ll(quafH) /Ty

consists of more than one elements for some a € ﬁfH Our aim of this section
is to show the following theorem.

Theorem 4.1. For each prime number p, there exists an element & of Ay,

such that Ty \ny,' (Ty@Ty) /Ty consists of more than one elements.

Let us fix a prime number p and an element & of Ay,. Since a € Ay,
we have

FH&\F’H = FHpaF’HP X H Fqu.
q7P

Hence, it follows from [5, Proposition 5.1] that, to study the set FH\nﬁl (fH&fH) /T,
it is sufficient to consider the case where

a = (diag[pl,pl+k], (pﬁj)> with 0 <j<land 0 <i<k.
Then, we put
A = diag[p', p'*], a= (Pﬁj> :

Denote by I'g(p*) be the subgroup of FZ% consisting of the elements whose

(2,1) entries are divided by p*, and let AZ? be the subgroup of Z? consisting
of the products of the matrix A and column vectors with two entries of
integers. We first prove the following lemma.

Lemma 4.2. The following assertions hold.

(1) For each element (B,b) of nil(fﬂ&fﬂ), we have B € I'z2 AT'z2.

(2) For each element b of Z2, (A,b) € n;ll(fq.[@fq.l) if and only if b =
Xa mod AZ for some X € To(p").

(3) For any two elements b and ¢ of Z2, Ty (A, b)Ty = I'y(A, )y if
and only if b= Xc mod AZ? for some X € To(p*) NTyp2.

Proof. For each prime number g, let us regard Ay, as a subset of 322 x 72
Then, we have

7];{1 (fq_[afq.[) = FHpaF’Hp N (ﬂq;,gprq_[q) .
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By [5, Proposition 3.3|, we obtain
B e FZI%AFZ% N <ﬂq¢przg) .

On the other hand, there exist positive integers x and y such that x divides
y and diag[z,y] is contained in I'z2BT'z2. Since diag[z,y] € Ngxpl'n,, it
follows that x and y are powers of p. As diag[z,y] € FZ%AFZ%’ we have

diag[x,y| = A, which completes the proof of the first assertion.
The second and the third assertions are a straightforward consequence of
[5, Proposition 3.3]. O

Note that Z?/AZ? is isomorphic to Z2 /AZ2. Since I'g (p*) and To(p*)NT 2
act on Z2?/AZ? in a natural way, the lemma above implies the following
equality.

Corollary 4.3. The following equality holds.
T\ (B T

where To(p¥)(a mod AZ?) is the To(p*) orbit of (a mod AZ?) in 72 /AZ2.

= [Po(@*) NTz2\ To(p¥)(a mod AZ2)],

Next, we compute the right-hand side of the equality above. Let us denote
by ['(p', p"**) the set

{diag[1, 1] + diag[p!, p' MM (Z,) } 1Tz,

then we see easily that I'(p!, p"**) coincides with the set of elements fixing
every element of Z2/AZ?. Especially, it is a normal subgroup of T'g(p¥).
The quotient group I'o(p*)/T(p!, p'**) is written by G . Note that it also
acts on Z2/AZ?. Let us put Uy = Z,, and U; =1 +pin for each 7 > 0.
Since det(I'(p!,p'™*)) = U;, the determinant map induces the homomor-
phism detl’]{; : Gl,k — Uo/Ul. Put Gllkz = ker detl,k and Glik = detl_kl{:izl}.
We prove the following key propositién. 7 ’

Proposition 4.4. The canonical homomorphisms T'o(pF) NIy — Glik and
To(p) N SLa2(Z) — G}, are surjective.

To prove this, we prepare some lemmas.

Lemma 4.5. Let ¢, d and n be integers with ¢ # 0 and (d,n) = 1. Then,
there exists an integer x such that (c,d 4+ nx) = 1.

Proof. Since ¢ # 0, the set S of prime numbers which divide ¢ and not d is a
finite set. Let x be the product of all elements of .S, then x has our desired
property. [
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The following lemma slightly refines the well known fact that SLs(Z) —
SLo(Z/nZ) is surjective for each positive integer n.

Lemma 4.6. Let n be a positive integer, and let CCL Z be an element

of Ms(Z) whose determinant is congruent to 1 modulo n. If ¢ # 0 and
(d,n) = 1, then there exist integers a’, b' and d' satisfying that they are

/ /
respectively congruent to a, b and d modulo n, and that (CZ Z,) s an
element of SLy(Z).

Proof. By the previous lemma, we choose x € Z such that (¢,nz 4+ d) = 1,
and then choose y, z € Z satisfying cy + (nz + d)z = 1. By assumption,
there exists an integer r such that

a b
det(c nx-i—d)_l_nr'

Thus a’ = a+nrz, b = b—nry and d = d+nx have the desired property. [

Now we give a proof of Proposition 4.4.

Proof of Proposition 4.4. For any two elements X and Y of I'y(p¥), X1V
belongs to T'(p’, p! %) if and only if X —Y is an element of diag[p’, p'**| My (Z,,).
Hence, we may take a complete system of representatives of G, contained
in My(Z). Thus, the surjectivity of I'o(p*) N SLy(Z) — Gll,k is an easy con-
sequence of the lemma above. Since the matrix diag[l, —1] is contained in
Lo(p*)NI'y2 and its determinant equals —1, the natural map To(p*)NI'z2 —
Gfk is surjective as well, which completes the proof. [

By Corollary 4.3 and Proposition 4.4, we therefore have

PH\nﬁl(fHafH)/FH = ’Gli’k\Gz,k(a mod AZ?)|.

Let us denote by S, the stabilizer subgroup of (a mod AZ?) in Gjy.
Since det;; induces the isomorphism Gl,k/Gl{k — Up/U;, the right-hand
side of the equality above equals |Uy/ & det; ;(Sa)|. Hence we are reduced
to calculating det; ;(Sa).

Proposition 4.7. Put n = min(i,k —i,l — j). Then we have det; (Sa) =
U,/Uj.
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Proof. Let (pzc Z) be an element of T'y(p*). Then it belongs to the sta-

bilizer subgroup S, of (a mod AZ?2) in Ty(p¥) if and only if there exist ele-
ments x, y of Z, such that a =1 —bp'+plIrand d = 1 —pFie+pt=ith—iy,
By a direct computation, we complete the proof. [

Our aim of this section is settled by the following corollary.

Corollary 4.8. The following equality holds.

‘rﬁ\nﬁl(fﬂaf%) /Ty | = [Uo : £U,).
Especially, we have
18~ pp—=1)/2 ifp#2,1=2k=4,5j=0,1i=2,
La\iigy (Tpala) /Ty | = { 2 ifp=2,1=3k=6,5=0,i=3.
Proof. The proof is an immediate consequence of Proposition 4.7. [

In the conclusion of this paper, we obtain the following theorem.

Theorem 4.9. The following assertions hold.

(1) For each p, the local Hecke ring Ry, is embedded into Ry by nyj,.
(2) The local Hecke rings Ry, commute with each other in Ry.
(3) Ry is not generated by the local Hecke rings Ry, as a ring.

Proof. Assertions 1 and 2 have been proved in Theorem 3.6. Proposition
3.1 and the nonsurjectivity of 73, imply assertion 3. [
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