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ON HOOK FORMULAS FOR CYLINDRIC SKEW
DIAGRAMS

TAKESHI SUZUKI AND YOSHITAKA TOYOSAWA

ABSTRACT. We present a conjectural hook formula concerning the num-
ber of the standard tableaux on ”cylindric” skew diagrams. Our formula
can be seen as an extension of Naruse’s hook formula for skew diagrams.
Moreover, we prove our conjecture in some special cases.

1. INTRODUCTION

The hook formula gives the number of standard tableaux on Young dia-
grams and it was discovered in 1950’s [ERT]. A generalization of the hook
formula to skew diagrams was obtained relatively recently in [Nai|, where
Naruse gave the following formula by introducing excited diagrams.

Theorem 1.1 (Naruse [Nai]). Let X and p be partitions with X\ O p and
N 1| = n. Then the number fM* of standard tableauz on the skew diagram
A is given by

o P 8

DEE, (1) TEA\D

where Ex(u) denotes the set of all excited diagrams of p in A, and hy(x)
denotes the hook length at x.

For example, for the partitions A = (2,2) and g = (1,0), the formula

leads
1 1
2 = 3!
3 (2-2~1+3-2-2>

(See Figure .) Several proofs and generalization have been known. Morales,

FIGURE 1. The excited diagrams of p = (1,0) in A = (2,2).
Here, the number in each cell expresses the hook length.

Pak and Panova gave a g-analogue of the skew hook formula ([MPH]).
Naruse and Okada generalized the skew hook formula to the case where
Young diagrams are replaced by general d-complete posets ([NOJ).
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In this paper, we will treat periodic or cylindric analogue of skew diagrams
([GKl, Pad]) and standard tableaux on them.

Let w € Z>; X Z<_q. A periodic skew diagram of period w is a skew
diagram consisting of infinitely many cells which is invariant under the par-
allel translation by w. We will define a standard tableau on a periodic skew
diagram as a periodic array of natural numbers whose entries increase in
row and column directions. (See Section 3 for precise definition.)

Figure 2 indicates the periodic diagram

Ni=Mp+7Zw={u+kw|ue\u kel

of period w = (2, —2) associated with the partitions A = (3,1),u = (0,0),
and two standard tableaux on it. (In this case, these two tableaux exhaust
all the periodic standard tableaux.)

FIiGURE 2.

The image of a periodic skew diagram of period w under the projection
7 72 — 72/Zw is called a cylindric skew diagram. The set of standard
tableaux on a periodic skew diagram can be identified with the set of stan-
dard tableaux on the corresponding cylindric skew diagram.

We remark that the cylinder Z?/Zw has a poset structure induced from
that of Z2, and cylindric skew diagrams can be seen as d-complete posets
consisting of infinitely many cells (cf. [Sti]).

We also note that periodic/cylindric skew diagrams parameterize a certain
class of irreducible modules over the Cherednik algebras (double affine Hecke
algebras) ([SV], Suz]) and the (degenerate) affine Hecke algebras [Kld, Ruff])
of type A, and cylindric standard tableaux also appear in those theories.

We will introduce excited diagrams for periodic skew diagrams, and present
a conjectural hook formula (Conjecture 53) concerning the number of peri-
odic standard tableaux on a periodic skew diagram. The formula in Conjec-
ture b4 looks similar to Naruse’s skew hook formula, but for periodic skew
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diagrams, there are infinitely many excited diagrams in general and the right
hand side is an infinite sum. For example, in the case where A = (2), u = (0)
and m = £ = 1, our hook formula leads

1 1 1
1=2! e
<1-3+3~5+5-7+ )
We will prove that our conjecture is correct in the following cases (Theorem
68 and 69):
e (bar case) A = (n), p=(0) and w = (1, —0).

m m—1

—N— —N—
e (hookcase) A\=({+1,...,0+1), u=(¢,...,¢0)and w = (m, —¥).

Acknowledgments. We thank H. Tagawa for suggesting us a formula
which leads a proof of Theorem B=8. We also thank K. Nakada for discussion
and valuable comments.

2. CYLINDRIC DIAGRAMS

For w € Z>y x Z<_4, we let Zw denote the subgroup of (the additive
group) Z? generated by w, and define

Co=72)Lw.
We regard Z? as a poset with the following partial order
(a,b) < (d,V/) <= a=d and b 2 V' as integers.
Then, the cylinder C,, admits an induced poset structure, namely,
r <y <= 3T,y € Z? such that 7(Z) =z, n(y) =y and 7 < 7,

where 7 : Z? — C,, is the natural projection. Note that the projection 7 is
order preserving.

Definition 2.1. Let (P, <) be a poset. A subset F' of P is called an order
filter if the following condition holds:

zeF, x<y = yekF.
An order filter F is said to be non-trivial if F' # () nor F # P.

Definition 2.2. Let w € Z>; X Z<_;. A non-trivial order filter 8 of C,
is called a cylindric diagram. The inverse image 7~ 1(0) C Z? is called a
periodic diagram of period w. An element of a cylindric/periodic diagram is
called a cell.
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For a poset P and its order filter F', we denote by P/F the set difference
P\ F.

Note that a cylindric (resp. periodic) diagram 6 is a poset and its order
filter n is a cylindric (resp. periodic) diagram such that n C 6.

Definition 2.3. For a cylindric (resp. periodic) diagram 6 and its order
filter 7, the set difference 0/n is called a cylindric (resp. periodic) skew
diagram.

We sometimes parameterize periodic/cylindric diagrams by /-restricted
partitions:

Definition 2.4. Let m,{ € Z>;. An non-increasing integer sequence A =
(Ay. ..y Am) is called a generalized partition of length m, and it is said to be
L-restricted if it satisfies

A=A S 4.
We denote by Py, ¢ the set of l-restricted generalized partitions of length m.
(Note that we allow \; to be negative).

For a generalized partition A = (A1,...,\y,), we define
A={(a,b)eZ?|1<a<m, b< A},
A= 5‘(m,—f) = X+ Z(m, =),
A= Xm0y = (M)
Note that A = AN ([1,m] x Z) and X is a fundamental domain of A with
respect to the action of Z(m, —¢) (see Figure B).

It is easy to see that if A € P, then A is a periodic diagram of pe-
riod (m,—¢) and X is a cylindric diagram. Moreover, any periodic (resp.
cylindric) diagram of period (m, —/¢) is of the form A (resp. m(\)) for some
AE 'Pm75.

For generalized partitions A = (A1,..., A\p) and p = (1, .., fm), We
write A D p if A; = p; for all ¢ with 1 < ¢ < m. For A D pu, the set difference

A/ is an ordinary skew diagram associated with A and p, which is denoted
also by \/p.

3. LINEAR EXTENSIONS
For two integers a, b, we use the following notation:
[a,b] ={z €Z|a <z < b}.

Definition 3.1. For a poset P such that |P| = n, a linear extension (or a
reverse standard tableau) of P is a bijection ¢ : P — [1,n] satisfying

r<y=ce(x) <ey).
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(4’ _4)

FIGURE 3. The periodic diagram of period (4, —4) associate
with \ = (5,4, 4,2).

Let RST(P) denote the set of all linear extensions of P.

Let A and p be generalized partitions such that A D p and [A\/pu| =n. It
is easy to see that a bijection € : A\/u — [1,n] is a linear extension on the
finite skew diagram A/pu if and only if the following conditions hold:

(1) e(a,b) > e(a,b+ 1) whenever (a,b), (a,b+1) € \/p.
(2) e(a,b) > e(a+ 1,b) whenever (a,b), (a+1,b) € \/p.
Fix m,{ € Z>,.

Definition 3.2. Let A, € Py, 0. A linear extension € on A/u is said to be
{-restricted if it satisfies

£(1,b) < e(m,b—¥) whenever (1,b),(m,b—1¢) € X\/p.

We denote by RST,(\/u) the set of all f-restricted linear extensions of
A .

Note that the projection 7 : Z? — C,, gives a bijection \/p — 7(\/u) =
A/f and that a map € : A\/p — [1,n] induces a map € : A/ — [1,n].

Lemma 3.3. Let A\, pu € Py, y. A bijection € : N/ — [1,n] induces a linear
extension on the cylindric skew diagram A/ if and only if € € RSTy(A/ ).
Namely, the set RST(A/f1) and RST¢(A/ ) are in one to one correspondence.
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FIGURE 4. Two maps from )\/,u to {1,2,3,4,5} with A =
(4,2), p = (1,0) and ¢ = 2. The left is a linear extension,
but the right is not a linear extension.

4. EXCITED DIAGRAMS
In this section, we fix £, m € Z>;.

Definition 4.1. Let A and p be two partitions such that A D pu.
(1) Let D be a subset of A. A cell z = (a,b) € D is said to be D-active if

(a+1,0), (a,b+1), (a+1,b+1)€ A\ D.
(2) For a D-active cell z = (a,b), we put
Dy = (D\ {z}) U{y},

where y = (a + 1,0+ 1). The replacement from D to D, is called an
elementary excitation at x.

elementary excitation at x
Y] L

(3) An excited diagram of p in X is a subset of A obtained from p after a
sequence of elementary excitations on active cells. Let £x(u) denote the
set of all excited diagrams of p in .

We extend the concept of excited diagrams to the case of cylindric/periodic
diagrams.

Let A and p be two f-restricted partitions of length m such that A D pu.
Put w = (m, —¥).

Definition 4.2. (1) Let D be a “periodic” subset of A (i.e., D +w = D).
A cell (a,b) € D is said to be D-active if

(a+1,b),(a,b+1),(a+1,b+1) € A\ D.
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(2) For a D-active cell (a,b), put
Dy =D\ ((a,b) + Zw) U ((a + 1,b+ 1) + Zw).

The replacement from D to D4y is called a periodic elementary exci-
tation (see Figure B).

(3) A periodic excited diagram of [i in )\ is a subset of A obtained from
after a sequence of periodic elementary excitations on active cells, and
the whole set is denoted by &5 ().

Remark 4.3. It is easy to see that if x € D is D-active then z + kw is also
D-active for any k € Z and D, is periodic.

Definition 4.4. (1) Let D be a subset of the cylindric diagram A. A cell
x = m(a,b) € D is said to be D-active if (a,b) is 7~ 1(D)-active as a cell
in \.

(2) For a D-active cell z = 7(a,b), put Dy = (D \ {z}) U {y}, where y =
m(a + 1,b 4+ 1). The replacement from D to D, is called a cylindric
elementary excitation.

(3) A cylindric excited diagram of fi in )\ is a subset of A obtained from 7}
after a sequence of cylindric elementary excitations on active cells, and
the whole set is denoted by &5 (f1).

Note that we have & (1) = {m(D) | D € &;(j1)}.
5. CONJECTURAL HOOK FORMULA FOR CYLINDRIC SKEW DIAGRAMS

Definition 5.1. Let A be a partition. For a cell x of the corresponding
finite Young diagram \, the hook Hy(z) of = in A is given by

Hy(@) = A0 ({2 + (5,0) | k € Zsg} U{w+ (0, k) | k € Zo1}).
and the hook length hy(x) is the number of cells of H)y(z).
Fix m,{ € Z>; and put w = (m, —/).
De}i’nition 5.2. Let A € Py, 4. For acell x € )\, define the hook Hi(z) of x
in A by
Hy(x) = An ({:r—l— (k,0) | k € Zag} U{z + (0,k) | k € Zzl})

The number A5 () of cells of Hj () is called the hook length in A (see Figure
B).
Definition 5.3. For a cell x € 5\, define

where y € 77 1(z).



198 T. SUZUKI AND Y. TOYOSAWA

FIGURE 5. A periodic elementary excitation.

Note that hjs(z) is well-defined since
hi(y +w) = hy(y).

For a skew diagram \/u, we denote by fME the number of linear exten-
sions of \/pu:
fA=RST(A/p)-

Theorem 5.4 ([Nai]). Let A and p be partitions with X\ D p and |\/p| = n.
Then,

61 peen S

Deé&y (n) zeX\D

where Ex(w) is the set of all excited diagrams of p in A\, and hy(x) is the
hook length of x© in .
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FIGURE 6. The hook Hj(x) of z in the periodic diagram A.
The hook length hj(7(z)) = 10.

For a cylindric skew diagram )\/ i of period (m,—{), we denote by fj‘/ fi
the number of linear extensions of A/

B = [RST(3/ji)| = [RSTe(Mp)]-

Conjecture 5.5. Let m,{ € Z>; and N\, € Py, g such that X O p. Put
n = |\ u| = |\ p|. Then,

(5.2) TR S | hixy

De&s(j1) zeS\D

where &5 (j1) is the set of all cylindric excited diagrams of ji in 5\, and hs ()
is the hook length of x in A

Remark 5.6. If / = )\, then
E (1) = Ex(m),
hi(m(z)) = ha(z),
and hence Conjecture b3 follows from Theorem B4, O

Example 5.7. Let us see the simplest non-trivial example. Let A = (2),
p = (0) € P11. Then \/f has just one linear extension.
The hook length on fundamental domain of A are as follows:
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------ 21[19[17]15]13[11] 9 [ 7[5 31

The excited diagrams of & in A are as follows:

L]

Therefore, by computing the right hand side of (62),

5 /s 1 1 1 1
Al — 91
f ( tygtertegt )

1-3 35 5.
> 1
=9!.
> rOEETs
1 & 1 1
—9!._. _ -1
2 2 Z(2k+1 2k;+3) !

k=0
O

By similar case by case compilation, we have confirmed Conjecture B3
for any shape with n < 4.

In the rest, we denote the right hand side of (52) by gs‘/ .

gi/ﬁzn! Z H hal(x)'

De&; (i) ze\\D A

The proofs for the following two theorems will be given in the later sections:
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Theorem 5.8. (Bar cases) Let n,{ € Z>y. Put A = (n) and p = (0),
which belong to Py ¢, and let A= 5\(1’_@ and jt = fi1,_g) be the corresponding
cylindric diagrams. Then

(5.3) MR =1 = gMit,

Theorem 5.9. (Hook cases) Let {,m € Z>;. Put X = (({+ 1)) and

p=(£m~1,0), which belong to Py, s, and let A= /O\(m7_g) and 1 = fi(y,—p) be
the corresponding cylindric diagrams. Then

(5.4) fME = <€ e 2) = gV,

m—1

F1GURE 7. The shapes indicated by Theorem BX and b, respectively.

It is easy to see the following:

Proposition 5.10. Let m,{ € Z>; and A, i € Py, p with X D p. Foru € 72,
put

H=aA+u), »=n(i+u).
Then 1 and © are cylindric diagrams in 72 /Z(m,—{), and
M — gl M gl

By Proposition b0, Theorem B9 implies that Conjecture b is also true
for A= (£ +1,171) and pu = (0™).
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6. PROOF OF THEOREM B X

Fix {2 1andn 2 1. Let A = (n), u = (0), A= /O\(L_g) and /1 = fi(1 _g).-
The cylindric skew diagram A /f has a unique linear extension, in which
1,2,...,n are arranged in order from right to left. Hence the first equality

in Theorem B8 holds: )
=1

We will show gs‘/ i =1 in the rest of this section.
For i € Z>1, we denote the cell 7(n—i+1,1) by p;. Note that for a subset

D of 5\, a cell p; is D-active if and only if
pi €D and pi_1,pi_s,piv-1 €A\ D,
and hence

Dy, = (D\Api}) U{pi—e-1}

De+5|Po+4 | Pe+3 | De+2 | Po+1| Do |Pe—1| semnnnn b3 | P2 | P1

P5 | P4 | P3 | P2 | P1

Take g, € Z such that
(6.1) n=U+1lqg+r, ¢=20, 0=r=V/.

Put

o ={(i1,...,ig) €2 i1 2r+1, iy —ixp 2L+1 (1SkSg—1)}.
For (i1,...,iq) € Epy, define

Y(in, - ig) = A\ ([Phpr] U <|_| [Pz’k,pz'ﬁz])) :
k=1

where [p;, p;| = {pi, Di+1,.-.,pj} C \ for i < j and [p;,p;] =0 for i > j.
Proposition 6.1. The map 1 gives a bijection from .y, to E(f1).
Proof . First, we show that (i1, ...,i,) € £5(j1). We proceed by induction

on
q
M = Z ik
k=1
The number M takes the minimum value

Moy = %q(q )4+ 1) g+ 1)
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when iy =r+1,io={(+1)+r+1,...,9,=(¢—1)f+1)+r+1. For
such (i1,...,1q), we have

Wi, - ig) = i € & ().

Let M > My, and suppose that (i1, .. .,i,) € E () for all (i1,...,4,) €
Evn such that -7 _ i S M —1. Take ¢ = (i1,...,4q) € Epn with D1, i =
M. As M > Myin, there exists g € [2,¢ + 1] such that iy —ig—1 > £ +1
(we consider “ig41 = 400”). For such g, we have (i1,...,ig —1,...,i4) €
Eon. Put D = 9(ir,...,ig — 1,...,4y). By induction hypothesis, D €
E;(ir). Now p;,1¢ € D. Note that [p;,—1,pi,—14¢] C A\ D. In particular,
Dig—15Pig> Pig+e—1 € A \ D, and hence the cell p; ¢ is D-active. Hence

Dpig+Z = (D \ {Pig+é}) UApiy—1} = ¢(ir, -y ig, - ig) € E5(f1)-

Next, we show that the map 1 is surjective (injectivity is obvious). It is
obvious that fi = 9 (i1,...,iq) as ix = (£ +1)(k — 1) +r. Take D € &;(j1).
Suppose that there exists (i1, ...,4q) € Epp such that D = 4(iq,...,4,). Any
D-active cell is of the form p; 4411 for some g € [1, ¢] such that ig4 1 —i4 >
0+ 1. Since igy1 —ig > L+ 1, (i1,...,0g+1,...,14) € Ep. We have

Dy, o1 = V(i1 .. yig + 1, 0) € E ().
Hence 1 is surjective. Il
We will use the following lemma, which was suggested by H. Tagawa.

Lemma 6.2. Let l,c,q € Z>y, v € Z>q and let (a;);>1 be a numerical
sequence such that

e a;#0 foralli =1,

e lim; ., a; = +o00,

e a y—a;=cforalli=1.

Then
1 1
(6'2) Z ¢ = To—1 .
(81,0-0y0q); ?}:1 Hu:() Qi tu q!Cq Huq:O Ar414u
i12r+1

ik+1—ikg£+1 (k=1,2,...,q—1)
Proof . By assumption, for j,t € Z>,, we have
1 _ 1 B Qjypt — Q5 N ct
lt—1 0t - 0t - 0t ’
Hu:O Aj4u Hu:l Ajtu Hu:O Ajtu Hu:() Ajtu

We proceed by induction on ¢ to prove (B2).

(6.3)
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If ¢ = 1, then we have
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o] 1 1 0o .
Z 1-167 e Z Hzi
i1=r+1 11lu=0 Aiy+u i1=r+1 Llu=0 Qi1 +u
1 & 1 1
DI - = (by (63))
11=r+1 HuzO Qj14u Hu:l Ajy+uy
1 i 1 1
. —1 T -1
¢ i1=r+1 Hu:O Aj14u Hu:() A +14u
N
) 1 1
T e ]\}E;(cl)o =1 R
i1=r+1 Hu:O Ay +u Hu:0 Aj+1+u
1 . 1
=T i L e e e
c Hu:O aT+1+u C HUZO aN+1+u
1

—
c Huzlo Ar+4+1+u
Suppose g > 1. We have

2.

(i17"'7iq);
i1 27‘—&-1
i1 —ip2l+1 (k=1,2,...,q—1)

1

q l

1

q 4 )
v=2 Huzo Qi +u

1
= D> = >
i1=r+1 HU:O @iy +u (12,0-50q);
12201 4+4+1
ipp1—ip2l+1 (k=2,3,...g—1)
- ? ) ¢(g—1)—1
i1=r+1 [Tu—o @i 4u (g —1)leat Hu(io ) iy +0+1+u
(by induction hypothesis)
- _ 1\1qg—1 Y]
(q 1)let i1=r+1 Huqzo iy +u
1 < 1 1
- - by (63)
| Z lg—1 Y] ( Y
q.cq i1=r+1 ]._[uq:O Qi1 4 uq:1 Qjy+u

1

lg—1
q!cq Hu:O

Qr4+14u
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This completes the proof. O
The hook length for each cell p; is
hs(petyj) = L+ 1)t +j for t € Zx, j=1,2,...,L
Put h; := hg(pi). By Proposition B, we have

/e | 1
N _ n.

i q l ) :
i=1 (i17-~~7iq)€SZ»n v=1 Hu:ﬂ hlv—i-u

By applying Lemma B2 with a; = h;, c = ¢+ 1 and ¢, r as in (E), we have
i Lq+r
nl /gt = gl + 1)1 H ha,
u=1

q—1 ¢
= H <£+1)(/€+1)Hh5k+]’ hegr1hegro - - hogr
k=0 j=1
:(ﬁ<((£+ DE+1)((¢+ 1)k+2)"’((€+1)]434—5)((5—}—1)(]{;4_1)))
k=0

X(+Dg+D)((l+1)g+2)---((+1)g+r)
JONEL+Dg+1)((L+1)g+2)--- (L +1)g+T1)
Jg+ 1) =nl.

((C+1
=((L+1

Therefore gj‘/ # =1 and Theorem 68 has been proved.

7. PROOF OF THEOREM B9

Let {,m € Z>; and let A = ((¢+ 1)™), u = (¢™1,0), A= )O\(m,_g) and
ft = fiim,—g)- Put n = |\/u| =€+ m. Any l-restricted linear extension ¢ of
A/ satisfies

e ) =(m,t+1), n)=(m,1).
Hence ¢ is uniquely determined by choosing (m — 1) vertical components
from [2,n — 1]. By Lemma B3, the first equality in Theorem B3 holds:

fj‘/ﬁz n—=2\_ (t+m=2 .
m—1 m—1
We will prove the second equality
gs‘/ﬁz <€+m—2>
m—1
in the rest of this section.
For u,v € Z?, we write u — v if v — u = (1,0) or (0, —1).
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Definition 7.1. For u = (a,b),v = (c¢,d) € Z* with a < cand b > d, a
subset

p={u=mupug,...,u =0}

of Z? is called a lattice path from u to v if
Uy — U — -+ — Up,
and the whole set is denoted by L(u,v).

Let m, ¢ € Z>; and let 7 denote the natural projection 72 — 72 )Z(m,—{) =
Cm,—e¢) as before. For u,v € Cp, _g), we write u — v if there exist u € 7 (u)
and ¥ € 7 *(v) such that @ — .

Definition 7.2. A subset
p={ui,ug,...,un}
of C(,—¢) 1s called a non-intersecting loop in C,, _g) if n =+ m and
UL —> Ug —> o = Up_1 — Uy —> UL
The whole set of non-intersecting loops is denoted by L.
Let A = (A1,...,Am) € Py and let A denote the semi-infinite diagram
A={(a,b)€Z?|1<a<m, b< A}

as before. Note that A is in one-to-one correspondence with the cylindric
diagram A via the projection .
Define

L(u,v) = {p € L(u,v) | p C A} (u,v € A),
Ly={pel|pcCA}

Lemma 7.3. Let X\ = (A1,...,A\m) € Ppye. Then the projection m induces
a bijection

(=23

| | 2a((1, 00 =), (m, Ay — £ — i) — L.

i=0
Proof. For a lattice path p € £5((1,\1 — i), (m, A\ — £ — 1)), it is clear that
n(p) € L. The inverse map is given by p — 7= 1(p) N A. O

Now, we return to the special case where A = ((£+1)™). In this case, we
have

(7.1) Ly(u,v) = L(u,v)

for all u,v € A.
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Proposition 7.4. Let {,m € Z>y and X\ = (£ + 1)) € Ppy 0.
(1) Let k € [0,4] and let v*) = (671 k) € Pyoy. Then the correspondence
p— A\ p gives a bijection

~

L((1,€+1), (m,k+1) — E@W).
(2) Let p = (£™71,0) € Ppp. Then the correspondence p +— A\ p gives a
bijection
Ly =5 &),

Proof. (1) We write £ = £((1,£+ 1), (m,k+1)) and v = v¥) in this proof.

Put ¥(p) = A\ p. We will prove ¢(p) is contained in €y(v) by induction
on

r(p) = #{w € A a2y for any y € p},

which is the number of cells in A located to the right of p. If r(p) = 0, then

b(p) = v e &)
Let p € £ with 7(p) = 1 and suppose that ¥(q) € Ex(v) for any q € L
such that r(q) < 7(p). There exists y = (a,b) € A\ p such that

(a,b—1),(a—1,b),z=(a—1,b—1) € p.

Now p’ := (p \ {z}) U {y} is a lattice path with »(p’) = r(p) — 1 and
hence ¢ (p’) € Ex(v). Moreover, ¥(p) is obtained from ¢(p' ) by applying the
elementary excitation at xz. This implies ¥ (p) € Ex(v

0

Next, we construct an inverse map. We define ¢(D) = A\ D and will
prove that ¢(D) is contained in £ for all D € £\(v). For D = v, we have
o(D) = Mv € L. Tt is easy to see that ¢(D,) € L for any ¢(D) and any
D-active cell y. Hence ¢(D) € L for any D € £,(v). This completes the
proof of (1).

The statement (2) is proved by a parallel argument. O

Combining (1), Lemma [3 (2) and Proposition [, we have the follow-
ing:

Corollary 7.5. Let £,m € Z>; and A = (((+1)™),n = ({™1,0) € Py .
Then the map p — A \ w(p) gives a bijection

|| L0 e+1—i), (m,1—14)) — & (fn)-
=0
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For {,m € Z>; and z = (a,b) € Z?, define
(7.2) hmge(x) =0+m —a—b+2.

Remark that
hane(x) = h(x)
for A = ((£4+1)™) and = € \. For s € Z>;, define

(7.3) Floms) = > II 1
pamun<»mp“
Lemma 7.6. Let {,m,s € Z>,. Then
(s —1)! l+m—2
4 Fips) = .
(7.4) Emis) = e m+s—2)1\ m—1

Proof. We proceed by induction on s. If s = 1, then it follows from Propo-
sition [T (1) with & = 1 and Theorem B4 that

1 +m—2
Fiemn = Z H (x) é—l—m—l)( m—1 )’

DeEA(v D) a:e)\\D

where A = ((¢ + 1)™) and v = (¢7=1 1), and hence (Z4) holds for all
E,m S Z;l

Take s 2 1 and suppose that (@) holds for all £,m € Z>;. Via the
bijection

(1, 0+2), (m,2)) = £((2,0+2), (m,2)) U L((1, £+ 1), (m,2)),
we have
1

hm,f—i—l(la l+ 2) + 5

Using induction hypothesis, we have

F(Z+1,m;s) = 1 (F(Z+1,m—1;s) + F(Z,m;s—i—l))-

F(@,m;erl) - (hm,ZJrl(lv l+ 2) +s— 1)F(€+1,m;s) - F(Z‘Fl,TTLfl;S)
GOl ) BN CEp LGy

C+m+s—1! (L+m+s—2)
(s ((m+s—1)(€+m—1) _1>
Clt+mAs—2\(l+m+s—1)(m—1)
(871 (€+m 2) /s
:M+m+&ﬁﬁ(ﬂwﬂw—nm—n
s! L+m—2
:M+m+&4ﬂ<m—1>'

This completes the induction step. O

=(m+s—1)-
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For £,m,s,t € Z>, and = € 72, we define

(7.5) het

m,l

(&) =l+m—a—b+(d—c)t+s+1,

209

where z = (a +cm,b—dl) with 1 £ a<m, 2=<b=</¢+1and ¢,d 2 1.
Remark that for s =1 and ¢t = ¢ + m, the number hi’f () gives a cylindric

hook length:
(7.6) hit T (@) = by (m(x))

m,l

for A = (((+1)™) and = € A. (See Definition 53.)
Note also that for any s,t,a € Z>;, we have

(7.7) lim A%, (a,b) = +oo.
b——o0 ’

Define

e}

1
Flomispy = Z Z H hst (« )

1=0 peL((1,6+1—i),(m,1—1i)) z€p ""m,¢
Lemma 7.7. Let {,m,s,t € Z>,. Then

1
. Foomsty = ————
(7 8) (£7m787t) t —-m + 1 (

Proof. For i =2 0, put

di=0+1—1.
Fix ¢,m, s,t and write

h(z) = h;te(l’)

for a while. We have

Flomis,t)

F(E,m;s) + F(Z,m—l;s—f—l,t) - F(Z,m—l;s,t)) .

> 1
- Z Z % k ;
i=0 0<k1 < Zkym_1<0 Hrlzo h(l’ d; — 7") Hrzzkl h(2a d; — 7") T HT:kmfl h(ma d; — 7’)
(See Figure B.). Combining with
h(m,1—i) —h(1,0+1—i)=t—m+1,
we have
F(Zm,s,t) t—m—{—lz
=0
1
X
Ofkég;m_lg <Hff;0 h(l,d; =) T2, b2 di =) - T2y, h(m,di =)
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1

k
Hr1=1

1 oo

h(1,di — ) 1P,

t_m+1¢:o

h(?,di — 7“) .

> (Ai+ Bi = Ci — D).

Ty, h(m.d; — r))

FIGURE 8. An excited diagram for \/ji with A\ = (¢3), p

(= 1)2,0).
Here, A;, B;, C; and D; are
1
Ai = Z k k - )
e e T h(ds — ) T2, h(2odi— 1) Tk, h(mads —7)
1
Bi= ) Eh(lds — ) [, h(2,di — C hm—1,di—
0=k1=-Skm—250 HT:O (1,di =) HT:kl 2, di =) Hr:km—2 (m ydi =)
1
C; = ,
Oszf...szmlfe Hfzz() h’(2’ di — T) HI:Q:kl h(37 d; — T) T Hf:km_l h(m7 d; — 7')
1
D; =
= A1
Now we have
(o] oo 1
Spey Y Ik
1=0 =0 peL((1,+1—i),(m—1,1—3)) TEP
oo
1
- Z Z H BT Lt (@) = Fum—1:5+1,0)5
i=0 peL((1,6+1—i),(m—1,1—i)) zEP "m—1¢
o oo 1
Z C; = Z Z H M = F(Z,m—l;s,t)'
1=0 i=0 peL((2,6+1—1i),(m,1—i)) TEP

)l
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By using (IZ2), we have

.lim Az = O,
i—00
and hence
Z(Ai —D;) = Z(Ai — Aip1) = Ao
=0 =0
= Z Z H é (£,m;s)-
1=0 peL((1,4+1),(m,2)) zEP
Therefore,
1
F(Z,m;s,t) = f—m+1 (F(Z,m;s) + F(Z,mfl;SJrl,t) - F(E,mfl;s,t)) .

Proposition 7.8. Let {,m,s,t € Z>y. Then
(s —1)! {+m—2
7.9 Flpmest = )
( ) (e»m'svt) (6 +m 4+ s — 2)“[: m —1

Proof. We proceed by induction on m. If m = 1, then putting d; = £+1—1,
we have

1
F(f71;87t) = Z Y]

o h1p(1,di — k)

1 1 1
N Z (Hf DRSL(Lod; — k) TIo_y hh(L,di — kz))

1 1

= =T (by (7))
Tt hyh(1, € +1 — k)
1 1

- t os(s+1)---(s+0—1)
for any ¢, s,t € Z>y. This proves (Z9) when m = 1.
Let m > 1 and suppose that

(s —1)! l+(m—1)—2
1 F of) = .
(7.10) (6;m—1:s,t) (C+(m—1)+s—2) m—9
for all ¢, s,t. By Lemma [Zd, we have

1
F(Z,m;s,t) = —m+1 (F(Z,m;s) + F(E,m—l;s—i—Lt) - F(ﬁ,m—l;s,t))
R T I (e I
t—m+1\({l+m+s—-2) {L+m+s—2)t ({+m+s—3)t
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(by Lemma I8 and induction hypothesis)

e Gy frm=2 : !
_(€+m+s—3)!(t—m+1)(( —1)(€+m—|—s—2)+(€+m+s—2)t_t)
B (s—1)! l+m—-3\ ({(+m-2)(t—m+1)
_(€+m+s—3)!(t—m+1)< m—2 )'(m_1)(e+m+s—2)t

(s —1)! {+m—2
:(€+m+s—2)!t< m—1 )
We have proved Proposition [R. O

Finally, by applying Corollary I3 and Proposition 8 with s = 1 and
t = ¢+ m = n, we obtain

o . 1
gV =nl Z H I ()

De&; (i) zeA\D i

> 1
=nl) > II;ﬁﬁ;

1=0 peL((1,n—m+1—1),(m,1—1)) TEP ""m,L ( )

=n!- F(Z,m;l,é—i—m)
ol 1 {+m—2
T (+m =D +m)\ m—1

B {4+m—2
- m—1 )

This completes the proof of Theorem B4.
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