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LINEAR STABILITY OF RADIALLY SYMMETRIC
EQUILIBRIUM SOLUTIONS TO THE SINGULAR LIMIT
PROBLEM OF THREE-COMPONENT
ACTIVATOR-INHIBITOR MODEL

TAKUYA KOJIMA AND YOSHIHITO OSHITA

ABSTRACT. We show linear stability or instability for radially symmet-
ric equilibrium solutions to the system of interface equation and two
parabolic equations arising in the singular limit of three-component
activator-inhibitor models.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We are interested in the system of equations

(1.1) Vi@ = W(v,v2) — (N = 1)aH on I'(t), t >0,
ov _ .

(1.2) 918—; = Avi + G (n)xar@ + Gy (v)xa-@ i RY, ¢ >0,
ov _ :

(1.3) 928—5 = Avg + G;(UQ)XQ+(t) + G, (UQ)XQ—(t) in RN, t>0.

Here QF(t) ¢ RY is a bounded domain, I'(t) = Q7" (¢) is an embedded
surface called an interface, Q~(t) = RV \ Q+(¢), H is the mean curvature at
each point of I'(t), and V) is the normal velocity of I'(¢) in the direction
of Q7 (t). Furthermore, #; and 05 are nonnegative constants, « is a positive
constant, and y4 denotes the characteristic function of a subset A C R¥.
Throughout this paper, we assume that N > 2. We make the following
assumptions on G}t and W.

+
(G) Gji € CY(R), %(vj) < 0, and there exist v;, D; such that G;r(ﬁj) =
0, Gj_(yj) = 0, where —oo0 < v; < 7; < o0, for each j =1, 2.
(W) W e CHR?), Wy, (v1,v2) < 0, and W, (v1,v2) < 0.
A typical example satisfying the assumptions (G) and (W) is G;-—L (vj) =
+1 —v;, and W (v1,v2) = —(av1 + buz + ¢), where a, b, ¢ are constants with
a,b > 0.

This problem (1.1), (1.2) and (1.3) can be derived formally by taking the
singular limit of the following three-component activator-inhibitor model (or
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propagator-controller model):

(

1 0u 1 5 Ve
~ 5 = Au+ 2 (uu + MW(U17U2)> )

0

) 91% = Av; + fi(u,vy),
0

\ 92% = Avy + fo(u,v2).

Here f;(u,v;) is a function that is monotonically decreasing in v;, and mono-
tonically increasing in u, 67 and 62 are nonnegative constants, ¢ is a small
parameter, and « is a given constant. When ¢ is sufficiently small, the phase
domains {u ~ 1} and {u ~ —1} are formed, and the thin layered region ap-
pear between them. The internal transition layer has a width of order e.
The discontinuity surface, which is often called the sharp interface, appears
in the limit ¢ — 0. The evolution of the interface is governed by not only
the inhibitors v; and v but also its mean curvature.

Heijster and Sandstede [9] studied travelling spots that bifurcate from
radially symmetric stationary spots of three-component FitzHugh—Nagumo
system

( %:52Au—i—u—u3—s(av—l—bw—l—0),
(1.4) S 01% =Av+u—w,
92%—?:d2Aw+u—w

It is suggested that the supercritical drift bifurcation does not occur in two-
component FitzHugh—Nagumo system. The existence and stability of planar
radially symmetric spots of (1.4) was studied in [8]. Taniguchi [7] studied the
linear stability of spherical interfaces in an equilibrium ball in a two-phase
boundary problem. Internal layered patterns and sharp interfaces arising
in reaction-diffusion systems including two-component or three-component

FitzHugh—Nagumo type have been studied extensively in recent years (see
[1, 3, 4, 5, 6, 10] and references therein).

Radially symmetric equilibrium solutions. Denote by I'(R) = {z €
RN . |z| = R} the radially symmetric interface. To consider the radially
symmetric stationary solutions to (1.1), (1.2) and (1.3), we define the fol-
lowing functions. For each j = 1,2 and R > 0, let Vj(r, R) be the unique
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solution to

(1.5) — Ay = GT (v(r))xqgr<ry + G5 (V(M)X(rsry, 0<7 <00
. vy (0, R) =0, wv(+o00,R) =1y,

where

N —1
r

A, = 872,4—

9,

and r = |z|. It is known that for each j = 1,2 the solution V;(r, R) satisfies
%(7’, R) < 0 for all » > 0. See [2]. We then define the functions Z;(R) :=
Vi(R, R) for j = 1,2. Then define h(R) := W(Z1(R), Z2(R)) and

U(R) = h(R) — %.

We see that U(Ry) = 0 if and only if (I'(Ry), Vi (r, Ry), Va(r, Rp)) is a radially
symmetric equilibrium solution to (1.1)-(1.3).

The linearized eigenvalue problem. Let ®,(¢), £ € SV¥~! be any spher-
ically harmonic function of degree n. Then

(1.6) ~Agn1®, = K, ®,, on SV,
where Agn-1 denotes the LaplaceBeltrami operator on S™V~! and x, =
n(n+N—2),n=0,1,2,.... Our linearized eigenvalue problem around the
radially symmetric equilibriums is the following:
(1.7)

( 2 a(N —1— k)

An ==Y Pj(R0)[8:Vj(Ro, Ro) + zj.n(Ro)] + R =,
. j=1

(=2 + 55 + g5 Bo) + ;M) 23n(r) = Qs(Ro)om, (r) (i = 1,2)

\

for each n =0,1,..., where dr,(r) denotes the Dirac delta function concen-
trated at r = Ry, and
ow
PJ<R) = _W(‘/I(R7 R)7 VvQ(R? R)) > 07
J
Q;(R) == GJ (Vi(R,R)) - G; (V;(R, R)) > 0,
dG; dG
9(r; R) == ———=(Vj(r, R))xgr<ry — ——(Vj(r, R))X{r>R} > 0

dvj d’Uj

for each j = 1,2 and R > 0. When (A, 21 5, 22,5) solves (1.7), we call A,
an eigenvalue of mode n. We can approximate the solutions near (I'(Rp),
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Vi(r, Ro), Va(r, Ro)) as in
L(t) = {[Ro + np(&)eME+ O(?) : €€ SV,

(1.8) vi(z,t) = Vi(r, Ro) + nwy (x)e™ + O(n?),

va(z,t) = Va(r, Ro) + nwa(x)e + O(n?)

with a small parameter n, A = \,, and

(p(§), wi(x), w2(x)) = (Pn(§), 21, (r)Pn(E), 22,0 (1) Pn(§))-

See Appendix A for the derivation of this eigenvalue problem.
To state our main results, we define a function

(19) f(R) = “X 1 ZP R)[6;1(R, R) — ¢;2(R, R),

where ¢;1(r, R) (j = 1,2) is the unique solution to the equation

{(A+ =+ g;(r,R))¢ = 6g,

(1.10)
¢(OO, R) =0, ¢T(O’ R) =0,

for R > 0, and ¢;2(r, R) (j =1 2) is the unique solution to the equation

{( Ay + 2 7z +9J(7"7R))¢:5R,

(1.11)
¢(oov R) =0, Qbr(ov R) =0,

for R > 0. Let ¢;0(r) (j = 1,2) be the unique solution to the equation

(1 12) (_AT + gj(ra RO))¢ = 630)

. Qb(OO, RO) = 07 ¢T(O) RO) = 07

where Ry > 0 is a solution to U(Ry) = 0. Our main result gives criteria for
the stability of equilibrium solutions.

Theorem 1.1. Suppose that Ry > 0 satisfies U(Ry) = 0. Then (1.1)—(1.3)
has an equilibrium solution (I'(Ryp), Vi(r, Ro), Va(r, Ro)). Suppose also that
6; >0 (j =1,2) satisfies

0

R o0
(113) W;%(Ro)Qj(Ro)( [T osear ) <1

Then we have the following:
(1) If U'(Ry) < 0 and f(Rp) < 0, then the equilibrium solution (T'(Ry),
Vi(r,Ry), Va(r,Ro)) to (1.1)~(1.3) is linearly stable.
(2) If either U'(Rg) > 0 or f(Ry) > 0, then the equilibrium solution
(T'(Ro), Vi(r,Ry), Va(r,Ry)) to (1.1)—(1.3) is linearly unstable.
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This paper is organized as follows. In Section 2, we prove Theorem 1.1
by using some of the results in [2] and [7]. In Section 3, we give an example
of both stable and unstable radially symmetric equilibrium solutions.

2. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. We regard a radially symmetric
function as a function of r = |z|. We define

Cgf;ad(RN ) :={u e CRY) | uis a radially symmetric function}.

Let L2 ; be the completion of C5°,_ (RY) with respect to the norm

oo
) ::/ N u|? dr.
0

For each r > 0, let H! ; be the completion of C5°, ;(RY) with respect to

rad,k
the norm
(0.9]
2 N-1 2 2 N-=3|,,12
full, = [ o )l
rad,k 0

We regard v € L2, as an element of (H. ;)" such that

rad,k

(u,v) = /OOO rN_lu(r)@dr

for u € Hl}adﬁ. For j =1,2, let Lj(x,\) be a linear operator from H]}ad,ﬁ to
(HL ,.) such that

(2.1) (u,Ljv) = / er_ld—u Lo + N B uw + V(g + Qﬂ)u@} dr
0 dr dr

for all u,v € H!

rad s For smooth v, we have

(2.2) Li(k,\)v=—-Av+ (r_lz +g;(r,R) + Hj)\>v.

For j = 1,2, let u;(-, K, ) be the unique solution to the equation

(2.3) Lj(k, Nu; = 6y,  uj(-,k,A) € HY

rad,x

for Kk > 0 and ReA > 0. Then for j = 1,2, we have ¢;(r) = u;(r,0,0),
¢j,1(r7 RO) = uj(T7 N —1, 0)7 and ¢j,2(T7 RO) = Uj(?”, 2N, O)

Let Ry > 0 be a number such that U(Ry) = 0, and (I'(Ry), Vi(r, Ry),
Va(r, Rp)) be the associated equilibrium solution. Assume that (A, 21,,(7),
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2on(r)) solves (1.7). Since u;(r, K, ) (j = 1,2) satisfy the equation (2.3),
we have z; (1) = Q;u;(r, kn, An) for j =1,2. Hence, we obtain
2

- Z(Pjarvj(Ro, Ro) + PjQju;(Ro, kin, An)) + (¥ _R%_ fin) _ A = 0.
=1

Novxf we define

(2.4)

F(k, ) = — i:(Pjarvj(Ro,Ro) + PQyu;(Ro, ) + 2 _Rgl —)

=1
and J
(2.5) E(r) iP@V RO,RO)+PQJUJ(RO,H0))+O‘(N;z21_“).
j=1 0

We have the following:
Lemma 1. For every k > 0, there holds E" (k) < 0.
Proof. From (2.5), we get

2
Q
E'(r) = R ZPJ(RO)QJ(RO)a—](Ro,K, 0)
j=1
Therefore we have
1 2 82u]~
(2.6) E' (k) = — ZPJ’(RO)QJ'(RO)WG%a k5, 0).
j=1

Notice that

0%u; ;
RN 1 a 2,7 (RO,H 0) = <W('7l€70)75R0>

D% >

= <Lj(l<6, 0)872]('7 K,O),Uj(',/f, 0)

Bzuj 2 8Uj
(0 (G5 0.m0)) = - 55500
and

£i050) (G26m.0)) = = s 0),

r
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we compute

ou; 1
=2 <8—I€j(’ R, O)a _ﬁuJ'('a 570)>

Ou, Ou,
<8H(,/§O) (EO)aK(,H,O)>>O
for j = 1,2. It follows from (2.6) that E” (k) < 0 as desired. O

Lemma 2. For all kK > 0 and Re X > 0, there holds
(2.7) [ (-, 12, MI* < [ (+,0,0)]1%.

Proof. Assume that A = A\ + i\ is an eigenvalue of (1.7) with Ap > 0.
Differentiating (2.3) with respect to A, we have

Ou; N —1 [ Ou; "k ou; ou _ rOuU;
Q»R)“ - (aﬂ&'*ﬁEﬁ?+g(%»R+9“f+%AEﬁﬁ_o'

This implies that

ou .
(2.8) L; (mf]%) =—0ju; (j=1,2).
Similarly we have
ou . .
(29) L (a)\jl) = —Zquj (] = 1,2).
Furthermore, we differentiate (2.3) with respect to x, we obtain
ou; U;
2.1 Li|=2)=—2 (j=1,2).
(2.10) (5)=-% G=12

We show that for all ! # 0, there holds ||u; (-, 5, AEHIAT)||2 < |Ju; (-, &, AF) |2
(j =1,2). It follows from (2.9) that
ou;
Y
8uj

0
8u3 8u3
ON ) oM
N

WH“J(
for j = 1,2. Therefore, |ju;(-, 5, A® + id)||? < [Ju; (-, 5, AE)|? (5 = 1,2) for
all M #£ 0.

ke, AB i) |12 = <
= 2Re<

= —2)
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We consider the case of Al = 0. Since RY 'u;j(Ro,x, \¥) = (uj, Ljuj),
we find that u;(Rp, s, AfY) > 0 holds for j = 1,2. By u;(co,k, A¥) = 0 and
the maximum principle, we see that u;(r, s, MY >0 (j=1,2) for all 7 > 0.
It therefore follows from (2.8) and (2.10) that

ou; ou
L; (m—fj%> <0, Lj (8;) <0

; 0
——L (00, K, \B) = (;’Lj (00, £, AB) = 0
and the maximum principle, we obtain that
ou; ou;
5 )\}7% Rj (r,k, A) < 0

for all » > 0 and j = 1,2. Thus it follows from

8 RAI2 au
garltaCom A =2 (w5, )

a Ry (12 (9u

o o AP = 2 {5, 50,
that 6)%||uj(-,/-£,)\1:5)||2 < 0 and %Huj(-,/@,)\R)HQ < 0 for j = 1,2. We
conclude that [lu;(-, s, N)[[* < |lu;(+,0,0)]|* (j = 1,2) for all kK > 0 and

Re A > 0. This completes the proof. [

(r, 1, A) <0,

We consider the equation
(2.11) F(k,A\)=0, ReA>0
for each x > 0.

Lemma 3. Assume that (1.13). Then any solution X\ of (2.11) with a
nonnegative real part must be real.

Proof. For j = 1,2, we write u;(r,k,\) = u‘7 + zu] where both u and u

are real. We can calculate u;(Rop, s, A) (j = 1,2) as
(2.12) RY " 'u;(Ro, K, \) = (uj,0r,) = (uj, Ljuj).

Taking the imaginary part, we have R(])V_lujf.(Ro, Kk, A) = =M 0;|lu; (-, &, M)
for j = 1,2. We obtain from Im F'(k, A) = 0 that

A S Pl s NI~ 1| =0

HPN—1
RO o
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It follows from (2.7) and (1.13) that

1
RNl

1
ZPQﬂ (-, M =1 < RV ZPQﬂ lu;(-,0,0)* = 1 < 0.

7=1 0 7j=1

This implies A’ = 0. Therefore the eigenvalue A must be real. This completes
the proof. O

Lemma 4. For all kK > 0 and A € R with X\ > 0, there holds

2
1
F>\<K‘/7 )‘) < TSN—-1 Z PJQJQJHUJ(’(L 0)||2 -1
Ry ™
Proof. Let k >0 and A > 0. From (2.1) and (2.8), we get
ou,;
N-10Uj
o 5a
for 5 = 1,2. It then follows that
2

Fy(r,\) = —1 —ZPJ R0)Q;(Ro)—=

(Ro, K, A) = —0;|u;|”

ou;

)\ (Ro, K )\)

1
=l Ry ZPijejuuj(-, m )P

0

S 7y 1ZPQJ0 i (-,0,0)” -
Jj=

as desired. 0

Proposition 5. Assume that (1.13) holds. Then

(1) (2.11) has a unique solution X > 0 if E(k) > 0.
(2) (2.11) has a unique solution A =0 if E(k) = 0.
(3) (2.11) has no solution if E(k) < 0.

Proof. Note that by Lemma 3, any solution A of (2.11) with a nonnegative
real part is real. By Lemma 4, we have

(2.13) F(k,\) < F(k,0) — A\ = E(k) — AX
for A > 0 with

2
1
A:=1- BT > PiQ;lu;(-,0,0)|* > 0.
0 j=1

The claims (2) and (3) follow from (2.13).
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(1) Let E(k) > 0. Then it follows from (2.13) that F(k,0) > 0> F(k, \)
if A > E(k)/A. Therefore by the monotonicity of F(k,-) on [0,00), there

exists a unique A, > 0 such that F'(k, As) = 0. This completes the proof of
(1). O

In order to study the stability of (I'(Ry), Vi1 (r, Ro), Va(r, Ry)), we need to
determine the sign of F(0) and E(2N).

Lemma 6. Assume U(Ry) = 0. Then there holds
E(0) = U'(Ry).
Proof. Differentiating U(R) with respect to R, we get

oW dvi oW dV, (N — 1D«
2.14 ! —_— .
(2.14) U(R) = ov1  dR ar R+ vy dR g R+ R?
Differentiating (1.5) with respect to R, we have
oV; _
(215) (=B +g5(r R)) 52 =[G (Vi(r, R)) — G (V;(r, R)I6n(r)
for j = 1,2. Substituting R = Ry into (2.15), we obtain
oV;
(—=Ar + gj(Ro, Ro)) 775 R ~(Ro, Ro) = Q;(Ro)dr,,
and thus
oV;
(2.16) OR (Ro,Ro) Qj(Ro)Uj(Ro,O, 0)
for j =1,2. For each j = 1,2 and all R > 0, we have
av; oV; oV;
(R = TR R)+ T (R, R).

Therefore, substituting R = Ry into (2.14) and using the equations (2.15)
and (2.16), we obtain

(N — D

2
==Y (P;0,V;(Ro, Ro) + P;Qju;(Ro,0,0)) + =2
0

J=1

By the definition of F(k), we obtain the desired relation. This completes
the proof. [

Lemma 7. Assume U(Ry) =0. Then
E(2N) = f(Ro).



LINEAR STABILITY OF RADIALLY SYMMETRIC EQUILIBRIUM 211

Proof. Differentiating (1.5) with respect to r, we have

L =10 (52 ) = -as(mi

for j = 1,2. Thus we find that

Rz
or

for j = 1,2. From U(Ry) = 0, we get

(2.17) (7“, R) = Qj(R)ngj’l(T‘, R)

., — Tol(Fo)
N-1"~

Therefore, by using the definition of E(k), we obtain E(2N) = f(Ry), where
f is defined as in (1.9). This completes the proof. O

Completion of Proof of Theorem 1.1.

Case 1: Assume that U'(Ry) > 0. Then this means that E(0) > 0 by
Lemma 6. Hence there exits a positive eigenvalue A\g > 0 of mode 0 by
Proposition 5 (1).

Case 2: Assume that f(Rp) > 0. Then E(2N) > 0 by Lemma 7. By
Proposition 5 (1), we see that there exists a positive eigenvalue Ay > 0 of
mode 2.

Case 3: Assume that U'(Ry) < 0 and f(Rp) < 0, then we have E(0) < 0
and F(2N) < 0. Note that we have

(218) Uj(’l“, N — 170) - ¢j,1(r7 RO)

for j = 1,2. Substituting kK = N — 1 into (2.5) and using the equations
(2.17) and (2.18), we get E(N —1) = 0. Combining this fact and E” (k) < 0,
we see that F(k) < F(2N) < 0 for all k € [2N,00). Therefore E(k,) < 0
for all n # 1. By Proposition 5 (3), we see that Re A, < 0 for all n # 1.
Moreover by Proposition 5 (2), there exists no eigenvalue A; of mode 1 such
that Re Ay > 0 and A1 # 0.

This completes the proof of Theorem 1.1.
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3. AN EXAMPLE

In this section, we present an example to illustrate the existence and the
stability of equilibrium solutions. If #; and 6y are sufficiently small, the
stability of equilibriums is determined by the eigenvalues Ay and As.

Example 1. Let N = 3. Consider the following problem:

(3.1)
Vi = —kvi — (1 = k)vg —2aH  on I'(t), t >0,
91% = Av; + (1 — b2uy + c)xo+ + (-1 — bluy + c)Xa- In R3, t >0,
0
92% = Avg + (1 = b*vz + c)xq+ + (=1 = b*v2 + c)xq- inR? t>0.

Here, b € (0,00), k € (0,1), ¢ = 1 —2e72 =~ 0.72933 are constants, and
a > 0 is a parameter. Assume that 61 and 02 satisfy

(3.2) 01>0, 63>0, kb +(1—Fk)hy <20

Let G;E(vj) = +1—-b%vj +c (j =1,2) and W (vy,v2) = —kvy — (1 — k)va.
Then G;t and W satisfy all the assumptions (G) and (W) in Section 1 with
v; = —b23(1—-¢) <0,7; =b?1+c) > 0. We use the same notations
h(R)7 U(R)7 PJ(R)7 Q](R)7 ‘/}(Ta R)7 gj(n R)7 qu,l(ra R)7 and ¢j,2(ra R) as in
Section 1.

The radially symmetric stationary problem of (3.1) such that v;(z) has a
finite limit as |z| — oo is given by

2a
3.3 hMR) = —
(33 (=22
2 2d ) 5
(3.4) 2 g Vi (1 = b5 + e)x{r<ry + (=1 = b"0; + )X (>R}
(3.5) v3(0) = 0,
(3.6) ILm vi(r) = —b"%(1 - ¢),

where h(R) = —kvi(R) — (1 — k)va(R) and j = 1,2. The explicit solution
vj(r) = Vj(r,R) of (3.4)—(3.6) is

oi(r) = b=2[1 + ¢ —2(1 + bR)e *F(br) =t sinh(br)] if r < R,
IV ) 267 2[bR cosh(bR) — sinh(bR)](br) e " —b2(1 —¢) ifr >R

for j = 1,2. Therefore we get

i B 6_2bR B 6—2bR .
bR bR '

(3.7) h(R) = b2
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We find that h/(R) < 0 for R > 0, and h(b~!) = 0. Hence h(R) > 0 for
R e (0,b71) and h(R) < 0 for R € (b™1,00).

We consider the equation (3.3), that is, U(R) = 0. Now U(R) = 0 if and
only if

_2bR
R 51 e %R

92 bR bR

Then we see that Fy”(R) < 0 for R > 0, limg o4 Fo(R) = 0, and Fy(b™t) =
0. Hence there exits a unique R, € (0,b!) such that Fy/(R.) = 0. We
have Fy'(R) > 0 for R € (0,R,), and Fy/(R) < 0 for R € (R,,00). Let
a1 = Fy(R,) > 0. Then we have the following:

e U(R) = 0 has two solutions R = R;j(«a), Re(«) for each a € (0, 1),
where 0 < Rj(«) < Ra(), Ri(«) is monotonically increasing, Ro ()
is monotonically decreasing in (0,a1), lima 0y Ro(a) = 71, and
limg—yq,— Ro(a) = limy—q,— R1(a) = Ri. Moreover U'(R;(a)) > 0
and U'(Rz(a)) < 0 for a € (0, c1).

e U(R) = 0 has exactly one solution R = R,, and U'(R,) = 0 for
a = 7.

e U(R) = 0 has no solution for each «a € (a, 00).

Next we consider the linear stability of these equilibriums. Note that we
have Pi(R) =k, P»(R) =1 — k,Q;(R) = 2, and g;(r, R) = b*. For j = 1,2,
let u;(r, R, k) be the unique solution to

Li(kn)u(r) =g, ue H}

rad,x

where R > 0, k, = n(n + 1), and the operator £;(x) is defined as in

d_z_gi_|_i_|_b2
dr?2 rdr 12 '

Then for j = 1,2, u;(r, R, k) can be expressed as

Lj(k) = —

R R/rIn+%(br)Kn+%(bR) ifr<R
uj(r, R, kp) =
Ry/RJrL,  (BR)K,, 1 (br)  ifr > R,

1
2

where I, 41 and K L1 are the modified Bessel functions of the first kind and
2 2

the second kind, respectively. Since ¢;1(r, R) = u;(r, R, x1) and ¢;2(r, R) =
u;j(r, R, k2), we have

6;1(R, R) = RIs 3
6j2(R, R) = RI5(bR) K (bR)
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for j = 1,2. We set s = bR. By using the expression (1.9) of f(R), we
obtain

(3.8) f(R) =2R(I3(s)K3(s) = I5(s)K3(s)) — ——

By the elementary computation, we get
I% (S)K% (s) — I% (S)K% (s)
(3.9)

= 5457 [(232 — 9)628 +25% + 853 + 165> + 185 + 9] ,

Substituting this relation and (3.7) into (3.8), we have

R
F(R) = ——5[(2cs® — 9)e? + 25* +10s° + 185° + 185 + 9.
Se

Now we define
Fi(s) = (2¢s® — 9)e* + 25* + 105> + 1857 4 185 + 9,
Fy(s) = s°* >0

for s > 0. By the assumption 0 < ¢ < 1, we find that Fj(s) has a unique
zero point sg > 0 with Fi(sg) = 0, Fi(s) < 0 for s € (0,s¢), and Fi(s) > 0
for s € (sg,00). Since Fy(1) = 53 — 7e? ~ 1.2766 > 0, we see that so < 1.
On the other hand, if @ = «ay, then R = R, is an equilibrium such that
E(0) = U'(Rs) = 0. Since E"(k) is negative and E(N — 1) = 0, we see that
f(Ry) = E(2N) should be negative. Hence bR, < sg. Therefore there exists
a unique as € (0,a1) such that Ra(as) = b~ 1sq.

Let Ryp > 0 be an equilibrium solution. Note that ¢;o(r) (j = 1,2) is
given by

Ry Ro/TI%(bT)K (bRo) if r < Ry

1
Gj0(r) = i
Ry Ro/?"[% (bRo)K (b?“) if r > Ry.

Then the condition (1.13) becomes

1
2

Ry 0
(Kl(bR0)2 / rI1(br)*dr 4 I1(bRy)? / rKl(br)er>
2 0 2 2 RO 2
1
kO 4+ (1 —k)f2) < —,
x (kb1 + (1 — k)02) 2Fo

that is,
2h3
e—2bFo(e2bRo — 1 — 20Ry)’

Therefore under the condition (3.2), we have the following:

k01 + (1 — k)0 <

e Ry = Ry(«) is linearly unstable for a € (0, as).



LINEAR STABILITY OF RADIALLY SYMMETRIC EQUILIBRIUM 215

e Ry = Ry(«) is linearly stable for a € (g, aq).
e Ry = Ri(a) is linearly unstable for a € (0, o).

We remark that numerical computations show that
R, ~ 0.508739 - b~ !, aq ~ 0.0417721 - b3,
so ~ 0.808191, o 2~ 0.0257134 - b3,

APPENDIX A. DERIVATION OF THE LINEARIZED EIGENVALUE PROBLEM

To approximate solutions near the stationary solution (I'(Rg), Vi (r, Ro),
Va(r, Rp)), set

L(t) = {[Ro +np(§)eME + O(n?) = €€ SV,
(A.1) vi(x,t) = Vi(r, Ro) + nwl(a;)e)‘t + 0(n?),
va(x, t) = Va(r, Ro) + nwa(x)e™ + O(n?)

with small parameter . Here A € C, while p(§) and wj(z) (j = 1,2) are
real valued functions on SV~ and R¥, respectively.

By substituting (A.1) into (1.1), (1.2), and (1.3), dividing both sides by

ne, and sending 7 to 0, we obtain

Ap(€) == Pi(Ro)[V}(Ro, Ro)p(&) + wj(Ro)]

(A.2) j=1
=V = 1)p(©) + Agx1p(9)].
0
(A.3) (A 4+ g;(Ro, Ro) + 0;\)w; = p(§)Q;(Ro)or, (j =1,2).

Here Agn-1 denotes the Laplace-Beltrami operator on SV1,

Since the set {®,}>°, of the spherically harmonic functions is complete
for the continuous functions on SY~!, we can expand p(£), w1 (x), we(z) in
a Fourier series:

(Ad)  pO) =D mPa(§), wix) =) win(rNPu() (j=12).
n=0 n=0

Then we have

00 2 o
A Z PP Z Z P;(Ro)[V} (Ro, Ro)pn®n(€) + wjn(Ro)Pn(£)]
n=0

7=1n=0

N a(N —1—k,
+Z“ T Lnd.(6)
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D (A + 55 gy + 00 wia(r)2 Z PnQ;(Ro)®,.(€)3r,
n=0

for j = 1,2. Therefore for each n,

App = — Z P; (Ro)[Vj/(Roa Ro)pn + w;jn(Ro)]

j=1
a(N —1-—k,
LEETA
0
(20 + 2 4 g5+ 00) wy0(r) = pnQy(Ro)on, (G =1,2)
If p, # 0 for some n, then setting z;, = wj = (7 =1,2), (A, 21,n, 22.) solves
2
A== Fi(Ro)[V](Ro, Ro) + zjn(Ro)
j=1
a(N —1—ky)
+ R(Z) ,

1]

Rn, .
(20 + 55 4 95+ 0;0) 2i(r) = Qs(Ro)on, (7 =1,2).
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