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STABLE SPLITTINGS OF THE COMPLEX CONNECTIVE
K-THEORY OF BSO(2n+1)

TsuNG-HsuaN Wu

ABSTRACT. We give the stable splittings of the complex connective K-
theory of the classifying space BSO(2n + 1), n > 1.

1. INTRODUCTION

In [6], E. Ossa has showed that
bu A RP® NRP™ ~ v jEQHQJ'*?HZ/z] V [S%bu A RP™).
In [2], B. R. Burner and J. P. C. Greenless give some studies on bu A BG
for some finite groups G. Also, W. Stephen Wilson and D. Y. Yan [7] split
bu A BO(n) into the suspended copies of HZ/2, bu, and bu A RP*. Via
these splittings, we are going to split bu A BSO(2n + 1).

First let’s recall the notations we need. Let bu be the complex connective
K-theory, HZ/2 be the Z/2 Eilenberg-Mac Lane spectrum, RP* = BO(1)
be the infinite real projective space, BO(n) be the classifying space of the
n-th orthogonal group, BSO(n) be the classifying space of the n-th special
orthogonal group. To simplify the notations, let H* (X) = H* (X,Z/2),
H*(X) = H*(X,2/2), H,(X) = H,(X,Z/2), and H, (X) = H, (X,Z/2).
We also write ® instead of ®z/, and all the spaces, the spectra, and the
homotopy equivalences are localized at prime 2.

Recall that H*(BO(n)) = Z/2 w1, wa, ---, wy], where w; is the i-th
Stiefel-Whitney class. In particular, H*(RP*°) = H*(BO(1)) = Z/2 [w;].
Then let b; € H;(RP*>) be the dual class of w} € H*(RP>), i > 0, hence
H, (BO(n)) is the Z/2-module generated by the monomials b;,b;, - - b;,,
deg(biy biy -+ - bi,) = i1 +i2 + -+ dn, biybiy by, = filbiy @by @0 @by, ),
0<i3 <ig <.+ < iy, where [ : ‘QI RP> — BO(n) is the classifying

map. Moreover, let h, : BSO(n) — BO(n) be the 2-folds map, then we

have H*(BSO(n)) = Z/2 [wa, w3, - - -, Wy), where w; = h}(w;), 2 <i < n.
Also recall that bu, = Z)[v1], where deg(vi) = 2, and H* (bu) =

A/JA(Qo, Q1) = A ®p Z/2, where A is the mod 2 Steenrod algebra,
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A(Qo, Q1) is the ideal of A generated by Qg = Sq' and Q1 = S¢*+ Sq¢>Sq',
and E = 7Z/2(Qo, Q1), the exterior algebra on @y and @1, is a subalgebra

of A. Then by the Cartan formula Sq¢'(zy) = ZOqu(x)Sq"*j (y), we have
]:

Qr(zy) = Qr(x)y + zQk(y), k = 0 or 1. Moreover, since for any space X,
H*(X) is an E-module, we say an element z in H*(X) is decomposable
if £ = Qo(y) + Q1(2) for some y, z € H*(X), and we say an element is
indecomposable if it is not decomposable.

For n > 1, let Top41 = {t; | j € Aony1} be a largest E-linearly inde-
pendent subset of H*(BSO(2n + 1)) such that each t; is a monomial in
H*(BSO(2n +1)).

Now we state the main result of this paper.

Theorem A. For each n > 1, H*(BSO(2n + 1)) is isomorphic to
Dopi1 & Moni1 as an E-module, where Dani1 is an E-module with

n
Dy —~2 9
the 7./2-generators wy™"twy™"? - wen, ", domy > 0, m; > 0, each
i=1
wa ™M wg ™ - wey ™™ has the trivial E-action, and Mos,,q is a free

E-module with the E-basis To,+1 described as above.

Theorem B. For each n > 1, there is a stable splitting
bu A BSO(2n +1) ~ [VE*HZ/2] v [\éZﬁbu],
(0%

where a = degt;, t; € To,y1, the generators of Moy, 1, and the 8, and their
degrees, correspond to the generators of Dopy1.

To prove the stable splitting of bu A BSO(2n+1) (Theorem B), we need to
apply the stable splitting of bu A BO(n) [7] to decompose H*(BSO(2n+1))
as a direct sum of an E-module Dy, 1and a free E-module My, 11 (Theorem
A). Then we construct the map

g=goV g1 :bu NBSO(2n+1) — [VE*HZ/2]V [\éEﬁbu]

and prove that g induces an isomorphism on the mod 2 cohomology, hence
g is a homotopy equivalence and Theorem A follows.

In fact, there is an algebraic splitting of H*(BSO(2n)) as Theorem A, that
is, H* (BSO(2n)) is isomorphic to Day, & Ma, @ Bs, as an E-module, n > 1.
Unfortunately, I cannot find a suitable space or spectrum corresponding to
the Bsy,, part.

The rest of paper is organized as follows : In Section 2, we will give some
lemmas which link the Adams E;’* term of bu,(X) to the decomposition of

H*(X). In Section 3, we will compute the Adams E21* term of bu, (BO(n)).
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In Section 4, we will study the map Bgs, : BO(2n) — BSO(2n +1). In
Section 5, we will prove Theorem A. In Section 6, we will prove Theorem B.

2. THE E-MODULE STRUCTURE OF H*(BO(n)) AND THE ADAMS
SPECTRAL SEQUENCES FOR bu,(BSO(2n + 1))

In this section, we will recall the Adams spectral sequence and give some
lemmas which link some useful information of the decomposition of H*(X)

to the Adams E%* term of bu, (X) for any spaces X.
Let Ax = Z/2[&1, &2,&3, -], where & are the Milnor’s generators with
deg(&) = 2% — 1, be the mod 2 dual Steenrod algebra with the coproduct
k

A&) = E&g:l ® &;. Then recall that for any space or spectrum Y, the

Adams spe_ctral sequences [1]
Ext"(H*(X), Z/2) = E:L'tA (22, Hi(X)) = m(X(2))
can be used to compute lf)\t;*( Y) when X = buAY. By a well-known change-
of-rings isomorphism [3], we can replace
Ext{*(H*(bu AY), Z/2) with Ext} (H*(Y), 7Z/2),
E:ctA (Z/2, H.(bu NY)) with ExtE (Z/2, H.(Y)),

where E, = 7Z/2(&1, &) is the exterior algebra on & and &. For sim-
plicity of notations, let E;*(Y) be Exty"(H*(Y), Z/2) and E3*(Y) be
Exty(Z/2, H.(Y)). Also recall that E3™(Y) is isomorphic to the homol-
ogy of the bar complex

WV EEo V) EEeEe B (Y) «
and E’; *(Y') is isomorphic to the homology of the cobar complex
H(Y) 25 B @ H(Y) 25, @ B @ H(Y) —> -,
where E = E\ {1} and E, = E, \ {1}.
Moreover, we have the Adams spectral sequences
Ey" = Eatp’(Z)2, 7/2) = Z/2[vg, v1) =
E;v* ~ Eaty'(Z/2, 7/2) 2 Z/2[41, &),

where vy € E U and o7 € E 13 are detected by Qo and Q respectively, >
is detected by Qo ® Qo, vl 1s detected by Ql ® @1, vguy is detected by
Qo®Q1+Q1®Q, & € E ,and & € E ( here we use the ambiguous
notations, that is, we use the same symbol & in the chain level and the
homology level ).
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Let N* be any EF-module and EQI*(N*) be the first line of the bar complex
NEEoN"LEREQN -

Similarly, let N, be any E,-comodule and EQI*(N*) be the first line of the
cobar complex

N, 25 B, 9N, 23 E, @F, N, — - .
Then we have the following lemmas.
Lemma 2.1. As E-modules, if N* = K*® L*, then Ezl*(N*)

E;*(L*) As Ey-comodules, if N, = K, & Ly, then E%*(N*)
1%
E3*(L.).

~
>~

Proof. This follows immediately from the definition of the bar and cobar
complexes. ]

Lemma 2.2. If B, (N*) = 0 and Qo(z) + Q1(y) + QoQi(z) = 0 for
some x,y,z € N*, then x = 0 or x is decomposable, and y = 0 or y 1is
decomposable.

Proof. Since Ey”*(N*) = 0 and 0 = Qo(z) + Q1(y) + QoQ1(z) = di(Qo ®
r+ Q1 ®y+ Qo1 ® z), there exists aj, ---, ag € N* such that
Qu®r+ Q1Y+ QuQ1® =
= da( Qo®Qo®a1 +Qu®Q1®az+ Qo ®QuQ1 ® ag
+Q1®Qo®ay+ Q1 ®Q1®as + Q1 ®QoQ1 ® ag
+QoQ1 ® Qo ® a7 + Qo1 ® Q1 ® ag + Qo1 ® Qo1 ® ag)
= Qo®Qo(a1) + QoQ1 ® az + Qo ® Q1(a2) + Qo ® QoQ1(a3)
+Q1Q0 ® ag + Q1 ® Qo(as) + Q1 ® Q1(as) + Q1 ® QoQ1(as)
+QoQ1 ® Qo(ar) + QoQ1 @ Q1(ag) + QoQ1 ® QoQ1(ag).
Then we get
r = Qola1)+ Q1(a2) + QoQ1(a3),
andy = Qo(as) + Q1(as) + QoQ1(ae).
This completes the proof. O

Lemma 2.3. If E;*(N*) =0 and QoQ1(z) = 0 for some z € N*, then
z =0 or z is decomposable.

Proof. As the proof of Lemma 2.2, where z = 0 and y = 0, there exists aq,
-+, ag € N* such that

0 = Qo(a1) + Q1(a2) + QuQ1(as),
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0 = Qo(as) + Q1(as) + QoQ1(ag),

z = az+as+ Qo(ar) + Qilas) + QoQ1(ay).
Since Qo(a1) + Q1(az) + QoQ1(as) = 0 and Qo(as) + Q1(as) + QoQ1(as) =
0, by Lemma 2.2, ag = 0 or ag is decomposable, and a4 = 0 or a4 is

decomposable. As a result, z is also decomposable or z = 0. This completes
the proof. O

Lemma 2.4. LetT = {t; | j € A} be a largest E-linearly independent subset
of N*. Then if Ezl’*(N*) =0, N* is a free E-module with the E-basis T'.
Proof. Let M CN* be the free E-submodule generated by T'. We are going
to show that M =N*.

For any u € N*, since T is a largest E-linearly independent subset of N*,
QoQ1(u) can be generated by T, hence there exists a finite sum a ( a could
be 0 ) of some t; € T such that QoQ1(u) = QoQ1(a). Therefore, by Lemma
2.3, QoQ1(u+ a) = 0 implies u + a = Qo(v) + Q1(w) for some v, w € N*.
As above u and a, there exists finite sums b, ¢ of some ¢; € T such that

QoQ1(v) = QoQ1(b) and QpQ1(w) = QoRQ1(c). Thus we have

Q1(u +a) = Q1Qo(v) = Q1Q0(b)
and Qo(u + a) = QoQ1(w) = QoQ1(c),

which means

Q1(u) = Q1(a) + Q1Qo(b) € M
and Qo(u) = Qo(a) + QoQ1(c) € M.

These also apply to v and w, that is, both Qy(v) and Q;(w) are in M,
hence u = a + Qo(v) + Q1(w) follows. This completes the proof. O

3. THE E,” TERM OF THE ADAMS SPECTRAL SEQUENCES FOR
bu,(BO(n))

To study the Adams Eé* term of BE*(BSO(Qn + 1)), we have to know

the Adams E,™ term and Ey* term of bu,(BO(n)). So first we recall the
result in [7].

Theorem 3.1. ( Theorem 1.1 of [7] ) As an E-module, H*(BO(n)) is iso-
morphic to D} ® D5 @& M, where DY is a trivial E-module with E-generators

k
w%mlwimQ . w%?’“ such that Zmi >0, 2k <n,
=1
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D3 is an E-module, free over the exterior algebra on Qo, with E-generators

t
w%ﬁlwgmlwimg w3 such that Zmz >0, >0, 2t<n-—1,
i=1
and

Qu (W wd ™ w2 - wd™) = Qo(wi P wd™ wi™ - wi™),

and M is a free E-module.

Thus we can compute the Adams E5™ term and Ej™* term of bu, (BO(n)).
Lemma 3.2. In the Adams spectral sequence
Extyi(H*(BO(n)), Z/2) = bu.(BO(n)),
as a Z/2-module, EQI*(BO(n)) is generated by

k
To ® wa™ w2 - wa™, E m; >0, 2k <n,
i=1

k
T @ wy M W™ - wa, Zml >0, 2k <mn,
i=1
70 ® wy Wy ™ w4+ T @ wy T w ™ wp
t
> mi>0, >0 2t<n—1,
i=1
Proof. Since by Theorem 3.1, H*(BO(n)) is isomorphic to D} ® D4 @ M, by
Lemma 2.1, we can compute Ey*(D?) , Ey*(D3) and Ey™ (M) separately.
Then since D7 is a trivial E-module, it is clearly that E%*(Df) has the
Z/2-generators

k
%®w§m1w3m2---w§$k, Z:mZ > 0, 2k <n,

=1

k
T @ Wi w2 - wa, ZmZ > 0, 2k <n.
i=1
Moreover, Ey*(M) = 0 since M is free. Therefore, it is only left Ey™(D3).
Since we have

Qo(wy w3 ™wi™ - wi) = wiPwy M wy
mey

27+1  2mq . 2mo 2my o 27+4  2mq_ 2mo 2mg
and Q1 (wy” " wy ™M wy™? - wy™) = wi T wy M g™ - wsy
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the Z/2-generators of ker d; for the bar complex of D} are

t
Qo ® W T2w2m .2 Zmizo, j=>0,2t<n—1,
=1

t
Q1 @™k Y my >0, >0, 26 <n—1,
=1

t
QoQ1 ®w1w§m1 . -'wglnt Zml >0, s>1,2t<n-—1,
i=1

2j+3 2j+1
andQ0®w]+ wgml_ ;nt_'_Q ®w9+ wgml_..wg;nt?

Zm,-zo,jzo, 2 <n—1.

=1
However, we also have
IZ(QO & QO ® w2j+1) = QO ® w%j+27 J Z 07
B e ew’ ) = Qew’? j>1,
2j+2 242 .
B(QeQrouw’™) = Q@i ew"", j>0,

d2(Q1 ® Qo @ wi + Qo ® Q1 @ wi + Qo @ Qo @ w?)
= Q1 ®@wi + Q1Qo ® wi + QuQ1 ® Wi + Qo @ Wi + Qo ® wi = Q1 ® wi,

d2(Qo ® Q1 @ wP ! + Qo ® Qo ® wP )
= QuQ1@w ™ + Qoo wl ™ + Qe wlt = Qo @ wP T, j >0,

and the fact that Qp ® w23+3 %ml e Znt +Q1® w2]+1 3”“ s w%:m can

not be an image of dy. This completes the proof. O
Lemma 3.3. In the Adams spectral sequence
Ext}(Z/2, H.(BO(n))) = bu.(BO(n)),
as a Z./2-module, E*(BO(n)) is generated by
&L @by b3 b3y, 1< 1 <ja <o <k, 2k <,
L @by ba, b3, 1 < i <ja <o <, 2k <,
€1 @baipibd b3, 0, 0 < ji<ja < <y, A<n—1,i>0,

€2®b21+1b2j1b2‘72 b2]t’ < ]1 §]2< Sjt7 2tSn_17 1207

IN

and subjects to the relations

€1 @ boigabl U5, U35 = & @baiabl; b3, -+ b5
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and & ® biby; by, -+ by, = 0.
Proof. First recall the coaction of H,(BO(n)) over A, is
Abi) = Y (€)ij ©Y;

j=1
where § = 14+ & + & + & + -+ [8], and we have the coproduct A(&) =
ko . _
> €2" .®&;. Thus the comodule stucture of Hy(BO(n)) over E, = E,\{1} is
i=0
generated by

A(by) = & ®@bi—1 + & @ by_3,
A(bgi—1) = 0,
A2 = 0,

where i > 1. Moreover, in E,, we have A(&) = 0 and A(&) = 0. So under
the cobar complex

H.(BOM)) 25 B, @ H.(BO(n)) 22 B, © B, @ H(BO(n)) —> -+,
we have
D& @ b3, b3;, -+ b3;,) = 0, 1< ji <jo

IN

S]k, ngn’
S]]ﬁ 2]{?STL,

IN

Do(€1 @ baig1bsy, -+ b3;,) = 0, 0<ji<jo<--<jp, 26 <n—1,i>0,
No(&2 @ baigabyy, -+ b3;,) = 0,0<j1<jo<--<jp, 26<n—1,i>0,
and under A1, the only methods to produce the above elements are

A (biably, - b3,) = &1 © baiasbiy, - b3, + €0 @ baiably, - by, 120,

D1 (bab3, - b3,) = &1 @ baby;, - b3

Therefore, EQH(BO(n)) at least contains the generators described in the
statement of this lemma. Then since as Z/2-modules,

Ey*(BO(n)) = Ey*(BO(n)),

counting the generators of E‘;k(BO(n)) we just found and the generators of
E%k(BO(n)) in Lemma 3.2 for each k£ > 1, we can see that all the generators
of E;*(BO(TL)) are found. This completes the proof. O
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4. THE MAP Bgs, : BO(2n) — BSO(2n + 1)

In this section, first we construct the map
Bgay, : BO(2n) — BSO(2n + 1),

which is the classifying map of go, : O(2n) — SO(2n + 1) defined by
gon(a) = deta @ a. Then we will show that (Bgay)« is surjective and
compute its behavior.

Lemma 4.1. The map (Bgan)s : Ey*(BO(2n)) — Ey*(BSO(2n + 1)) is
surjective.
Proof. Since the fibre of By, : BO(2n) — BSO(2n + 1) is

SO(2n +1)/0(2n) = RP?"

and the Eular characteristic y(RP?") = 1 mod 2, there exists a Becker-
Gottlieb stable transfer

t:BSO(2n+1) — BO(2n)

such that Bga, ot ~ id ( localized at prime 2 ). Hence the composite map

E}*(BSO(2n +1)) = B} (BO(2n)) Boz)e ple(BSO(2n + 1))

onto

is an isomorphism. This completes the proof. O
Now we recall some results in [10]. We have the following commutative
diagram
BO(2n) 22 BSO(@2n+1)

Jon ¢ Lhopt1
BO(2n + 1)

where hoy 11 is the usual 2-fold map and fa), is constructed similarly as Bgoy,.
Then we have the following lemma.

Lemma 4.2. ( Lemma 2.2 in [10] )In
(fon)« : Hi(BO(2n)) — H.(BO(2n + 1)),

2n
k=1
(an)*(bmlme T bm2n) = Z Tb 2n bm1—i1bm2—i2 U bm2n—i2na
il ="
k=1
where the sum is taken over the sequence (i1, ia, i3, -+, ion), 0 < ix < my,
mp >0, 1 <k<2n.

we have
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Thus we have the following important proposition of (Bgay,)«-

Proposition 4.3. In
(Bgan)« : H.(BO(2n)) — H,(BSO(2n + 1)),

we have

(Bgan)«(bai 102, b2, - b2, ) =0,

m1Ymo Min—1
where 1 >0, mp >0, 1 <k <n-—1.
Before we prove Proposition 4.3, we need two lemmas.

(2n)!
n!n!

Lemma 4.4. is even forn > 1.

Proof. 1t follows immediately from the following equalities

(2n)!  2n (2n—-1)! 5 2n —1
nn!  n nln—1) n )
This completes the proof. O
(i1+ i 2k )!

k=
n

1
ir! TT (Gx!)?
K=l

Lemma 4.5. is even for any i1 > 0 and at least one ji # 0.

Proof. Assume j; # 0. Then it follows from the equality

n n

(i1 + > 2jk)! (i1 4+ > 24)! )
k=1 _ k=1 (251)!
i ne et e (G1)2
i TT (!) i'(20)! T (k)
k=1 k=2
(i1+ 35 21! o
since ———=—— is an integer and 5'3'1))2- is even. This completes the
in! (23! I Gn!)? -
=2
proof. g

Proof of Proposition 4.3. By Lemma 4.2, we have the following formula

(fon)s(b2ig1bi, b2y -+ b2 )

n—1
(il + > Uk +jk,2)>! n—1
k=1
=> — b bit1—ir | | (bmi—is O —sia)-

. . . i1+ ik, 117
" H (]k’lljk’Q') 21 kzz:l(]k,l ]k,Z) k=1
k=1
Note that for a fixed sequence (i1, j1,1, j1,2, * - * 5 Jn—1,1, Jn—1,2) Which contains

exactly ¢ couples (jk1, Jjk2) With ji1 # Jjk2, there exists 2¢ corresponding
sequences which are got from interchanging ji 1 and jj o in some of those ¢



STABLE SPLITTINGS OF bu A BSO(2n + 1) 83

couples, hence there are 2¢ identical terms in the above sum. Then since we
are using the Z/2-coefficient, we have

(f2n)*(b2i+1b?n1b3nz T b%nn,:[)

. n_l .
<21 +223k>! n—1
k=1 2
1 e e
i [T (!)? k=1 k=1
F=1

->

where ji = ji1 = jk,2. So by Lemma 4.5,

(fon)s« (boig1bl, b2 - b2, )
241y
- Z T;bilb%"‘l_ilb?nlb%w o bgnn—l
i
241
= b72nl b7277,2 e bgnn_l an b2i+1—i1
11=0
=02, b2, b2, (bobait1 + biba; + -+ + ba,by + baij1bo)
=0.

Finally since we have the commutative diagram
BO(2n) 22 BSO(2n +1)

f2n \4 \l/ h?n—‘,—l )
BO(2n+1)

and since (hop+1)+ i injective, we also have (ngn)*(bgprlb,?mb%,12 e b?nnil)
0. This completes the proof.

O

5. PROOF OF THEOREM A

In this section, we will use Lemma 3.5, Lemma 4.1, Proposition 4.3 and

the Wu formula [9] to compute the Adams E,™ term of &;*(BSO(QTL +1)).
Then we can prove Theorem B. First we recall the Wu formula.

k
Proposition 5.1. ( Wu formula [9] ) S¢*(wy,) = > (m_k;“t_l)wk,twmﬁ,
=0
where the binomial coefficient (‘;) = ﬁib)! is taken mod 2.

Then let’s find the Adams E5™* term of bu, (BSO(2n + 1)).
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Theorem 5.2. As a Z/2-module, EQL*(BSO(27”L + 1)) is generated by vy @

n

—~2m —~2 _—— 92 _ —~2mq —~2 —2

Wy M wg T - wey, ™ and T @ wa M wg " - - wen M, where Y my; > 0,
i=1

m; Z 0.

Proof. By the Wu formula, in H*(BSO(2n+1)) = Z/2 [w3, W3, -, Wan+1)
we use the following diagrams

_— Qo
Wkl  — 0
o 4 o+ 0k <n,
—~—— Qo
W3Wak+1 — 0
_— Qo —
Waf — W2k+1
Q1\l/ Q1\lf , 0<k<n—1,
—~—— —— Qo —~
W3Wak + Wakt+3 — W3W2k+1
_— Qo —
Wan —  W2n+1
Q1 { Q1 4

Tz %% Walanti
to indicate the E-actions. It follows that the E-actions on the generators
of H*(BSO(2n + 1)) must be the sum of wyggw, where w = 1 or w is any

monomial in H*(BSO(2n+1)), hence the monomials @3> w;2™2 - - - Wap 2"
n

are all indecomposable, > m; > 0, m; > 0. So
i=1

n
T ® W MWy g, Y my > 0,my > 0,
=1

n
and 77 @ W32 ™MWy 22 - w2, § m; > 0,m; >0,
=1

must be part of the Z/2-generators of E;’*(BSO(2R +1)).
Then by Lemma 3.5, Lemma 4.1 and Proposition 4.3, Ey™*(BSO(2n+1))

contains at most the Z/2-generators
(Bgan)«(1 ® b3, b3, -+ b3, ), 1 g1 < ja <-o- < i,y 2k < 2n,

and (Bgan)« (&2 @ b, b3, -+ b3;,), 1 < j1 <jo < -+ <, 2k < 2n,

IN

Thus, counting the rank of E‘%’k(BSO@n + 1)) and Eé’k(BSO(2n +1))
as Z/2-modules for each k& > 1, we can see that all the generators of
EQI’*(BSO@n + 1)) are found. This completes the proof. O
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Proof of Theorem A. For each n > 1,recall that Doy, y1 is the E-module with
the Z/2-generators W32 ™MW 2™ L gy 2™ ZmZ >0, m; >0, and Moy,

is a free E-module with the E-basis T2n+1 = {tj | j € Aopt1} described
in Section 1. Let N be the Z/2-submodule of H*(BSO(2n + 1)) gener-

ated by all but this kind of monomials w52 w;2™2 - - - Wap 2", ZmZ > 0,

=1
m; > 0. Then since W™ w22 - W™ are indecomposable, N is an F-
submodule and H*(BSO(2n + 1)) Dypi1 @& N, as E-modules. Note that
Tony1 is contained in N since w32 w;2™2 - - - Wap 2™ can not be generated

by T2n+1-
Then by Theorem 5.2 and Lemma 2.1, the Z/2-generators of E;’k (D2p+1)
are
n
T ® Wy MWy wg T, Y my > 0,my > 0,
i=1

n
and U7 @ W03 w0, - - w2, g m; > 0,m; >0,

i=1
and E;k(N) = 0. Thus by Lemma 2.4, N is a free E-module with the
E-basis Ton41, that is, N = Ma, 1. This completes the proof. O

6. PROOF OF THEOREM B

In this section, we are going to prove Theorem A. First we recall what
we need in [3]. Suppose M and N are left A-modules with the actions pas
and ppy, then M ® N is also a left A-module with the action defined by the
composite map

AoMaN "MV 4 Ao Mo NN Ao Mo Ao N "N M e N,

where 1 is the diagonal map of A and T'(a ®b) = (—1)dmadimb(p q) is the
twist map. We write p(M ® N) to indicate M ® N with this left action.
Similarly, (M ® N) indicates the extended A-action over M. Then we have
the following proposition.

If B is a Hopf subalgebra of A, then we know that p(M ® N) is a left
B-module and A ®p N is a left A-module with the extended action over A.
Thus we have the following proposition.

Proposition 6.1. (Proposition 1.7 of [3]) If B is a Hopf subalgebra of A,
M is a left A-module, and N is a left B-module, then

pIM ® (A®p N)| =2 [A®p p(M ® N)]
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as left A-modules.

Remark 6.2. Remark 6.2. Let N be Z/2 and B be E in Proposition
6.1. Since

pIM® (A®rZ/2)]=p (A®pZ/2)® M] and p(M ® Z/2) = M,
the isomorphism becomes
0:1 [A®g M| =p [(A®RErZ/2) ® M]

and is given by f(a® ) = 3" d’ ® 1 ® a”x, with the inverse 0 1(a® 1 ® ) =
> ad' @ x(a”)z, where ¢(a) = Y ® a”and x is the conjugation map. (See
[1] and Proposition 1.1 of [3] for the details.)

Recall that H* (bu) = A//A(Qo, Q1) = A ®g Z/2 and the Kinneth

theorem gives the isomorphism

¢: H* (bunX)= H* (bu) @ H'(X) 2 A®p Z/2® H*(X) "~ 4 ®p H*(X)

for any space or spectrum X. Then by Theorem A, we have

H* (bu A BSO(2n + 1)) £ 4 ®p H*(BSO(2n + 1))
=2 AR®E Doapt1 @ A®@E Mopy1
and
H* (bu A BO(n)) £ ®p H*(BO(n)).

Next, to construct the homotopy equivelnce we need, we have to recall
the main result in [7]. Recall that in Theorem 3.1, we have

H*(BO(n)) = D & D5 & M,

where Di is a trivial F-module with the generators w3 w;™? - - - wa*,

k -
> >m; >0, 2k < n. Note that in H*(BO(2n+ 1)), D} = Dap41.
i=1
Theorem 6.3. (Theorem 1.2 of [7]) For each n > 1, there is a stable split-
ting

bu A BO(n) ~ [VS® HZ/2] v [\ﬁ/Eﬁbu] V [VETbu A RP™),

o vy

where the o/, and their degrees, correspond to the generators of M, the

B, and their degrees, correspond to the generators of D7, the vy, and their
degrees, correspond to the generators of D3.

Remark 6.4. Let f be the above homotopyequivelnce. Then
FO0e1ef)e0) =10 wd™wi™ - wy
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for each generator wgmlemQ wgzn’“ of D} and the corresponding 3, where
1Y%l e Aog H*(\B/Sﬁ) (5Zﬁbu). For the details on the map f, see

the proof of Theorem 1.2 and Section 3 of [7].
Proof of Theorem B. First we construct the stable map

g:buABSO2n +1) — [VE*HZ/2] V [\B/Eﬁbu].

For each E-free generators t; € H*(BSO(2n + 1)), degt; = a, t; €
Tonv1 = {tj | j € Aoy}, let g, 1 BSO(2n + 1) — XHZ/2 represent t;,
which means g (¥%1) = t;. Let i : bu — HZ/2 be the multiplicative
canonical map and g’ be the ring structure map of HZ/2. Then we define

bu/\(t\/_gtj) Vl/
go:buABSO2n+1) —5  buA [v SOYHZ)2] - [VEHZ/2],

z/\HZ/Q

where o = degt; and v : bu A HZ/2 "5~ HZ/2 N HZ)2 X~ HZ/2.

On the other hand, we define

) bu/\h2n+1 ,.'é

g1 : buANBSO(2n+1 bu AN BO(2n+1)
VY HZ/2] v [\/J{Eﬁbu] V [VEYbu A RP>] 25 [\B/Eﬁbu],
[o% Y

where p is the projection map. Then for each generator

032w 2™ L g 2T of Doy 11, we have

g1 (2°1) = (bu A hany1)* (1 @ wa™wy™ - - wim™)
— 1 ® @21711@277’12 . @277’741
Therefore, we have the stable map
g=goVgi:buNBSO2n+1) — [VE“HZ/2]V [\B/Eﬁbu].
[e%

Now we show that g induces an isomorphism on the mod 2 cohomology.
Since for 1 € A, we have ¢(1) =1® 1 and x(1) = 1, under the map

~ ¢t *
 : AwgH(VS?) = H*(vSPhu) L H* (bu A BSO(2n + 1))
~ (A®p Dopi1) ® (A®p Mopy1) 25 A®p Doy,
where p; is the projection map, we have

o 1915 10518 10w a2 . wp

—~2 —2 —2 —~2 —~92 )}
= (1w ™ wy™™? - - way, m”)@OQ R W ™ Wy Wy
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Therefore, since the Z/2-basis of Dy,41 is consisted of the monomials
W32™ . W™ which means Do, is isomorphic to H*(VSP) as E-
modules, and since the A-action on A ® g Dop41 is just on A, and so is
A®p H*(VS?), ®; is an isomorphism and this implies g takes H*(VY bu)
isomorphically onto A ®g Doy y1.

Similarly, under the map

®y : H*(VEHZ/2) 2% H* (bu A BSO(2n + 1)) &
(A®E Dapi1) @ (A®p Mapi1) 22 A®p Mapy1,

where po is the projection map, we have

Oy X1 8 10t~ 00 (10t)B1st;

for each E-free generators t; and the corresponding ¥*1 € H*(VE*HZ/2).
Thus @5 is an isomorphism and this implies g; takes the free A-module
H*(VX“HZ/2) isomorphically onto A ® g Map41.

As a result, we see that the composite homomorphism

H* (S HZ/2) v [y27bu)) TZHDIE 1 (bu A BSO (20 + 1))

~ (A®pg Dant1) ® (A®p Mapi1)

is an isomorphism, hence g is an equivalence at prime 2. This completes the
proof. O
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