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ANOTHER DESCRIPTION OF QUASI TERTIARY
COMPOSITION

HipEakt OSHIMA anD Karsumi OSHIMA

ABSTRACT. We give another description of quasi tertiary composition
in terms of horizontal and vertical compositions. As an application of
the description and a modified result of Hardie-Kamps-Marcum-Oda,
we see that any quasi tertiary composition has an indeterminacy.

1. RESuULTS

This paper is a supplement to our previous paper [3]. We use notations
and results of [3] freely in this paper.

Let (a1,a2,as,a4; A1, A2, A3)p, n, be an admissible representative of an
admissible null quadruple. That is, the following data are given:

Xo ¢ EMXy, Xp¢2 E™X, X2 & X538 Xy,
Ay a0 E™ag ~ %, Ay:ago E™az~ %, Az:azoay ™~ %
such that
la1, A1, E™ as] o (E™aq, E”lAQ,E”1+”2a3) ~ %
(equivalently [ay, A1, E™ as) o (Y1)~ o E™ (ag, A, E™a3) ~ ),
lag, Ao, E™ag] o (E™as, E™ As, E™ay) ~ .
Take arbitrarily following five homotopies:
By : a1, A1, E™as) o (1)~ o E™ (ag, Az, E™ag) ~ x,
By : [ag, Ay, E™ag] o (E”Qag,E"QAg,E"2a4) ~ x,
Dy :ay ~ay, A1, E™as) o ( 321)_1 o E™i,, = ay,
Dy :ig, o [ag, Ay, E™as] ~ (ag, Aa, E™a3) o qpnags,
D3 : qprags o (E™as, E™ As, E"ay) ~ —E" g,
from which we can define two null homotopies:

(1.1) Bjo C’E’A‘lqEng%(D1 Bripy) | 910 E"as, As, E™ag] ~ x,

(D2,D3)

(1.2) iqy © B - (ag, Ay, E™a3) o (—E™ay) ~ x.
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Hence we have two maps from E™+"2+2X, to X,:

[al’ B o cE™ 4Em2a3 (D1, E™ Ds)’ £ [a27 A27 Em CL3H

(1.3) - _
o (Enl [CLQ, AQ, En2 ag], EnlBQ, Enl (En2a3, EnQAg, En2a4)),

[[a17A17En1a2] o ( 321)_17 B17En1 (CLQ,AQ,E’”QG?’)}

(1.4) e
o (Em (a27A27En2a3), Emia2 o BQ(D2,D3)7 E"l(—E"2+1a4))

which are homotopic each other. As will be seen in the section 2, we can
express (1.1), (1.2) and every element of any Toda bracket (for example (1.3)
and (1.4)) in terms of horizontal composition 6 and vertical composition e
[2, pp.272-275]. As a consequence we have the following main result.

Proposition 1.1. Two maps (1.3) and (1.4) are homotopic to the map
(14,5 E™ By)

(15) ° (1[a17A1,E”1a2]0(¢221)_1 o (—Enl D2) o 1En1 (Enzag,EnzAg,E"Qazl))
° ((_Bl) S 1Enl (qEn2a3O(E”2a3,E”2A3,En2a4))) ’

Note that (1.5) does not depend on D; and Ds, and recall that 15 :
X x I — Y denotes the constant homotopy 1¢(z,t) = f(x) for any map
f: X — Y. We should notice that (1.5) is a homotopy from the trivial map
% Fmtmetl X, 5 X to itself so that it is a map from E™+™2+2X, to X
by our convention (see the section 2). We readily have the following.

Corollary 1.2. The quasi tertiary composition
{CLl, a2, a3, a4; A17 A27 A3a DQ}'ELll),nQ

is the set of homotopy classes of (1.5), where Do is fixed and all possible
By, By are taken.

This allows us to identify quasi tertiary compositions with modified 2-
sided matrix Toda brackets (see the section 4). Indeed we have the following
result which was suggested in the section 5 of Hardie-Kamps-Marcum-Oda
[1] for the case ny = ng = 0.

Corollary 1.3. We have
{a17a27a37a‘4;A17A27A3;D2}(1)

ni,n2

_ Lag a5
=< al Erzqy ;Do ,
Ene as dE™2qa3 n
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where the right hand term is a modified 2-sided matrixz Toda bracket and the

following abbreviations are used
a1’ = a1, A1, E™as] o (Y1), @z = [ag, Az, E™ag),

~——

(1.6) _
E”2CL3 = (CLQ, AQ, E”Qag), Eay = (E"Qag, EngAg, E"2a4).

From Corollary 1.3 and a modified Proposition 4.8 of [1], we have the
following in which we use abbreviations (1.6).

Corollary 1.4. The quasi tertiary composition
) 1
{ala az, asz, a4; Ala A27 A3}7(7,1),n2
has the indeterminacy
I+ [EM*H2 X5 Xol o BT 20, + ay 0 EM[E™ 12Xy, X1,

where I' is the subgroup of [E™T"2+2X, X,] which consists of homotopy
classes of

— — Nn —
(Bl @) 1E"1 (qEWQGSOE/?;E;4)) ° <1H, oF"™" Lo 1E”1E”2a4)

.((_Bl) 0 1E"1 (qEnQGSOE@_a/Zl))

for all L : E™2a3 0 qpnaq, =~ E™ag 0 qEnaq, and a fived but arbitrary By :

a1’ o EM En2q3 ~ x, while I" does not depend on a choice of Bj.

In the section 2, we recall from [2] definitions of ¢ and e and mention their
elementary properties. In the section 3, we prove Proposition 1.1. In the
section 4, we modify 2-sided matrix Toda brackets and prove Corollary 1.3.
In the section 5, we rewrite Proposition 4.8 of [1] as Proposition 5.1 for our
purpose and prove Corollary 1.4.

2. COMPOSITIONS

We work mainly in the category Top, of spaces with base points. Given
two maps f,f : X — Y, wedenote by H : f = f': X — Y or simply
H: f~ f ahomotopy H : X x I — Y such that H(x,0) = f(z), H(xz,1) =
f'(z) and H(x,t) = . It is pictured as the following.

f

y |m ox
-
f/
Let —H : X x I — Y be defined by (—H)(x,t) = H(z,1 —t). Then
—H:f'= f: X —Y. As is easily seen, we have

(2.1) E"(—H)=—E"H, E";=1gn;, —1;=1;.
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Given two homotopies H,H' : f = f' : X — Y, we write H ~ H’,
H~H :f=f:X —>YorF:H~Hifthereisamap F': XxIxI =Y
such that

F(x,s,0) = H(z,s), F(x,s,1)=H'(z,s), F(*,5,t)=x,
F(a,0.6) = f(), Fla1,t) = f'(2).

Then ~ is an equivalence relation on the set of homotopies from f to f’.
We denote by [H] the homotopy class of H. If H ~ H' : f = f’, then

E'"H~E"H' : E"f = E"f ' and —H ~ —-H': f' = f.
Let map,(EX,Y) denote the set of maps from EX to Y which preserve

base points. We make the convention: we always identify map,(EX,Y") with
{H|H:%x=%:X —Y} by the bijection

map,(EX,Y) > {H|H:x=%x: X =Y}, f— fog,

where ¢ : X x I — X AN (1/{0,1}) = EX is the quotient map. As is easily
seen, it induces the identification [EX, Y| ={[H]|H : * = x: X - Y'}.
A horizontal composition

(K:g=¢:Y—>2Z)o(H:f=[f:X-=Y)
is defined to be Ko H : go f = ¢ o f': X — Z, where
(Ko H)(x,t) = K(H(x,t),t).
It is the composite in the display.
g f

z |x v |& x

g f
As is easily seen, we have
(22) —(KoH)=(-K)s(—H), E“(KoH)=E'KosE"H.
Lemma 2.1. (1) The horizontal composition is associative.

2) Ifg:Y = Zand f: X =Y, then 1,015 = 1405.
B) IfD:a=b:Y —>Zand B: f=%:X =Y, then

DoB~1,0B:a0f=x%:X — Z.
4) IfB:x=b:Y >Zand D: f=g: X =Y, then
BoD~Boly:x=bog: X — Z.
5) fK~K :9g=¢:Y—>Zand H~H :f=f:X =Y, then
KoH~KG6H :gof=gof X2
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Proof. (3) Wedefinew:I xI —1and F:X xIxI— Zby
0 <t
u(s, t) = =Y F(x,s,t) = D(B(x, ), u(s, 1)).
s—t s>t
Then F': Do B ~1,0B.
(4) We defineu: I xI —-Tand F: X xIx1— Z by
s+t s+t<1
s, t) = — , F(x,s,t) = B(D(x,u(s,t)),s).
u(s, ) {1 S Flst) = BO@u(s1).)
Then F': BoD ~ Bol,.
Other assertions can be proved easily. [

A vertical composition

(K:f'=f""X=>Y)e(H:f=f :X—=Y)
is defined to be K e H: f = f”: X =Y, where

) H(z,2t) 0<t<
(K o H)(z,t) = {K(sc,2t ) 3<t<

It is the composite in the display.

-
f//

While the vertical composition is not associative, it is associative up to
homotopy as will be seen in Proposition 2.3(1) below.
Suppose that the following homotopies are given.

We define Hyo---e Hye Hy : fi1 = fri1: X — Y by

(Hy(x, kt) 0<t<i
Ho(z, kt — 1 Lop<2
(Hy o~ Hy o Hy)(z,1) “ ) : ’

k—
| Hy (o, kbt — (k—1)) k2 <

~

<1
As is easily seen, we have

(2.4) —(Hyo---eHyoH))=(—H;)o(—Hy)eo---0(—Hy).
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Lemma 2.2. (1) If k>3 and 1 <i <k —1, then

Hpo---oeHyoHi~Hieo---0(H; ;0H;)e - -0 H.
(2) IfHi = K;: fi= fiy1 (1 <i<k), then Hie---eHy ~ Kye---0Kj.

Proof. (1) For every ¢ and ¢ with 0 < ¢ < k and 1 <1i < k, we define points
of I x I x I as follows:

P 1) (=12
F%#%Q% p_{f+®ﬁ)€_()

(75.1,00 0</<i-1
Qe(i) = § (5=5,1,0) =i :

(2,100 i+1<¢<k

/ Qe(i) +(0,0,1) £=1(2)

Qeli) = {@em (=0(2)

Then
k
IxI=TIxIx{0}=|J{AP-1Qe-1(i)Qe(i) U AP,_1Qq(i) P}
/=1

Let u; : I x I — I be the map whose graph {(s,t,u;(s,t))|(s,t) € I x I} is
k

(UL PL1Qis (0)Q4(0) U AP Q4(i) Py}

/=1

Let ®; : X x I x I — Y be the map which transfer (x, s,t) to

{H2£—1<$7Ui(5,t))

(5,t) € APyy—9Q2r—2(1)Q20-1(%) U APyr—2Q20—1(1) Pag—1
HQg({L‘, 1-— ui(s, t))

(5,1) € APop—1Q20-1(7)Q2¢(7) U APoy—1Q2(7) Pag
Then ®; : Hye---eH ~ Hio---0(H; 10 H;)e -0 Hj.
(2) Let F; : H; ~ K; (1 <i<k)anddefine F': X xI xI—Y by
(Fy(z, ks, t)
Fy(x, ks — 1,t)

M= O
IA A
VA V)
IA A
;?.“o?r‘lr—\

F(x,s,t) =«

| Fr(z, ks — Kk +1,t) Bl <s<i
Thel’lF:HkO---OHlZKkO---OKl. ]
For (2.3), we consider all homotopies which are obtained by parenthesiz-
ing H; e --- @ H; without changing order of Hy,..., H;

Denote by ¢y,
or ¢p(Hyg,...,Hy) any one of such homotopies.

For example, if £k = 4,
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then any one of the following eleven homotopies will be denoted by ¢4 or
©(Hy, ..., Hy).
HyeHs;oHyoH, (HioeHs;0Hy)oH|, Hio(Hs;0 Hyo Hy),
(Hye Hs) o Hyo Hy, Hyo (Hs e Hy)e H|, Hio Hy o (Hyo Hy),
((Hyo Hs) o Hy)e Hy, (Hye(Hze Hy))e Hy, Hye((Hse Hy)e Hy),
Hyo(H3o (Hyo Hy)), (Hyo® H3) o (Hoo Hy).

Proposition 2.3. (1) ¢(Hg,...,Hy) ~ Hy®--- o Hj.
(2) The composition of homotopy classes [K] o [H] = [K o H| is well
defined when K e H can be defined, and it is associative.
(3) Under the identification [EX,Y| ={[H]|H : x = %: X — Y}, we
have [H] + [K] = [K] o [H].

Proof. (1) We prove the assertion by the mathematical induction on k > 1.
The assertion holds obviously for £ = 1,2. Assume that, given n > 2, the
assertion holds for every £k < n. Consider the case k = n + 1. It suffices to
assume @p11 # Hypy1@--- e Hi. Then ¢, contains (H;;; e ---e H;) for
some ¢ and j withn >i>1,n>j7>1and n+ 1> i+ j. Take and fix an
arbitrary pair of such 7, 5. If j > 2, then we have

¥n+1

~H, 1e---o(Hj ;o---eH;)e-.-0 H (by the inductive assumption)
~H, 1o --o(Hj;o---o(H; j0H;)) e ---0H; (byLemma 2.2)

~ H,,10---o(H; 18 H;)e---e Hy (by the inductive assumption)

~ H,;10---0 H (by Lemma 2.2(1)).

If j = 1, then, by deleting the second and third lines from the above proof,
the desired result follows. This completes the induction.

(2) This follows from (1) and Lemma 2.2(2).

(3) Since [H|+ [K] =[H + K| in [EX,Y] and H + K = K e H under the
identification map,(EX,Y) ={H |H : x = * : X — Y}, we have (3) from
(2). OJ

The next result says that every Toda bracket can be representable by o
and e.

Proposition 2.4. If (a1,a9,as; A1, As), is a representative of a null triple,
then we have

[a1, A1, E"as) o (E™ag, E" Ag, E"a3) = (14, 6 E" Ag) @ ((—A1) 5 1gna, ).

Proof. This follows from definitions. [
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Lemma 2.5. (1) IfH: f=f":X =Y, then

(2.5) Heoely~H~1s 0 H,

) (—H)eH~1;, He(—H)~1y.

(2) IfH: f=%:X—Y, thenl,eH~H.

B)IfH:x=f:X —>Y, then Hel, ~ H.

4) IfH; - fi= fir1: X=>Y (1<i<k),g:Y—=>Zandh: W - X
are given, then
En(Hko---oHl):E’”Hko~~-oEnH1:Enf1:>Enfk+1,

140 (Hye---eHy) = (140 Hy)e - e (1,0 H1):go fi = go fri1,

(Hipo---eH )01y = (Hpoly)e---e(Hy01y): froh= frii10h.

If moreover K; : g; = giv1:Y — Z (1 <i<k), then
(Krpo---0Kj)o(Hpe---eHy)=(KpoHy)e---e(K;0H)
tg10f1= gkt10 fer1: X = 2.
Proof. To prove (2.5), we divide I x I = K; U Ky U K3 as follows: for
(s,t) € I x 1,
Ki={(s,t)|[t < —-2s+1}, Ky={(s,t)| —2s+1<tand2s—1<t},
Ks={(s,t) |t <2s—1}.
Let u:IxI—1Tand F: X x1Ix1I—Y bedefined by
0 (s,t) € Ky
u(s,t) =qs+L—1 (s,t) € Ky, F(x,s,t)=H(x,u(s,t)).
2s — 1 (s,t) € K3
Then F': Hel; ~ H. Similarly we can show H ~ 14 e H. This proves (2.5)

and so, for example, (2) and (3) follow.
To prove (2.6), we divide I x I = K1 UK9UK3 as follows: for (s,t) € I x1,

K1 ={(s,t)]|s <t}, Ko ={(s,t)|,2s—1 <t <s}, Kg={(s,t)|t <2s—1}.

Let u: I xI —Tand F: X xIxI—Y bedefined by
0 (S,t) € Ky

u(s,t) =< 2s—2t (s,t) € Ky, F(z,s,t)=H(z,u(s,t)).

—2s+2 (s,t) € K3

Then F' : (—H) e H ~ 1;. Similarly we can show H e (—H) ~ 1. This

proves (2.6) and completes the proof of (1).

The assertion (4) follows easily from definitions. Notice that the second

and third equalities in (4) follow from the last equality in (4) and the equality
lye®---e1, =1, forany map u: U — V. [
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Lemma 2.6. If (ho,h1,h2;Dy,Dsy) : (b1,be; B) — (b),b5; B’) is a quasi-

map:

b1 ba
W owml |
/ ! /
Yy < " Yy ” Yy
1 2

D12h00b1:>blloh1, D22h10b2:>b/20h2,
B:bjoby =%, B :b obl=x,

then

(27) B o Ch2(D1,D2) = (B/6 1h2) ° (1b’1 6D2) ° (D1 o 11)2)
: hg o by 0 by = x,

——(D1,D _ _ _

(28)  hoo BN = (14,5 B) e ((~D1)51y,) ¢ (1y, 5 (~Dy))

b obyohy = *.

Proof. This follows from definitions. [

3. PROOF OF PROPOSITION 1.1
We use abbreviations (1.6). We have
[alaBl © CEMQE"M:S/D En1D )’Enla_z} © <En1a_2’ EnlB?’EM%)
(M1, 2
et (1@1 o EnlBQ) L] ((_B]_ e} CEnlqEn2a3(D1,En1D2)) ) 1
(by Proposition 2.4)
— (1a1OEmBg) (((( ) 1E”1a2) ( /6(_EmD2))
o (=B1)51pmapm,,)) 51, sy ) (by (21), (2:2), (24), (27))
= (3B Ba) ¢ ((-D0)3 1, o7, )

o (176 (—E™Ds)51

T,

_Bl) o 1En1(qE”2a3oﬁ4)))

(by Lemma 2.1(2) and Lemma 2.5(4))
~ ((1a1 6En1B2) ° ((_Dl) o 1E"1 (@0@24)))
° (lﬁl o (—Enng) ol

EnlE@;4) ¢ ((

E"1 En2a4) [ ((_Bl) 6 1ETL1 (QEn2a3OE/n\2_g4))
(by Proposition 2.3(1))
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and

(lay S E™By) @ ((=D1)o 1y, o)

16 E™MBy) e ((—D1)51 by Lemma 2.1(3))

En (@oE/@&)) (

~ (D
= (Dy e (~Dy))5(E" Bye 1l by Lemma 2.5(4))
~ 1,

Em1 (@OE/—";E4)) (

5(E™Bye 1E"1(@oE%)) (by (2.6))
— (14,6 ™ By) e 1 —— (by Lemma 2.5(4))

a10E™ (azoE™2ay)
~ 14,6 E™ By (by (2.5)).

Hence (1.3) is homotopic to (1.5).
On the other hand, we have

—————(D2,D3)

@7, Bi, E" En2a3] o (E™ Em2a, E™i,, o B B (—E™Tay))

_ ~p——=(D2,D _
= (1 5 E™i,, o Bz( ’ 3)) o ((—B1) 0 1gni(—pnat+iay))
(by Proposition 2.4)

= (10, 5 B" By) o (1475 (~E™ Dy) 51, e )

E"M1E™2ay

o (Lo s, 3 (<E™D3))) @ (=B1)8 1gs (_praiay)
(by (2.1), (2.2), (2.8), Lemma 2.1(2) and Lemma 2.5(4))

~ (1q, © E™By) e (g © (—~E™Dy)3s En1En2a4)
([ ] ((]-a/oEnl En2as o (—Enng)) (( Bl) o 1En1( En2+1a4)))
(by Proposition 2.3(1))

and

<1a’oE"1 E/n\igg ° (—E"1D3)) i (<_Bl) o 1En1(_En2+1a4))
- (1H/OE"1E‘/T—L\2;3 ° (_Bl)) o ((_EnlDB») b 1E"1 (_En2+1a4))
(by Lemma 2.5(4))

~(-B ) (—~E™D3) (by (2.5))
1

Bt gz, 0E"5as) (by Lemma 2.1(4)).

Hence (1.4) is homotopic to (1.5). This completes the proof of Proposi-
tion 1.1. [
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4. 2-SIDED MATRIX T'ODA BRACKETS

We modify the 2-sided matrix Toda bracket of [1, Definition 4.2]. Suppose
that a non-negative integer n and six maps s, a, b, f, g, w are given as follows

X/BXCJ”—
N

such that so E"a ~ %, gow ~ *x and bo g ~ a o f. Given three homotopies
Dy:bog~aof, By :soE" ~ % and By : gow =~ %, we denote by

(4.1) Y <" E"X, W

a f
the homotopy class of
(4.2)  (lsopnp o E"Ba) @ (156 (—E"D3) & 1pny) ® (—B1) 8 Ln (fow))-
We define 2-sided matrix Toda brackets by

b
[+t g ein),

{s b9, ;DQ,Bl,Bg} (e [E"'W,Y])

n

(4.3)
:U{S A ;D2731,B2},
a f
B1,Bo n
b g _ b g .

(4.4) {3 4 fw}—U{s a fw,Dg}.
n D2 n

We have

(B1G1gnys) e (1,8 E"Dy) : s0 E"(bog) = + : E"C =Y,
(1,0Bz) e ((—D2)31y) a0 fow=x:W — X
and then
[s 0 E™b, (B151gny) e (1,6 E"Dy), E"g| o (E"g, E" By, E"w)
— (Lyopny 0 E"By) @ (((_((B1 51pns) e (1,6 E"Dy)))) o 1Enw)
(by Proposition 2.4)
— (Loomny 8 E"By) o (155 (~E"D2)) o ((=B1) 5 1)) 5 1 )
(by (2.1), (2.2) and (2.4))



120 H. OSHIMA AND K. OSHIMA

= (150E"b o EnBQ) ° ((15 o) (—EnDQ) o 1E"w) . ((_Bl) o 1E”f o 1E"w))
(by Lemma 2.5(4))
~ (4.2) (by Proposition 2.3(1)),
[S, By, Ena] o (Ena, En((lb o Bg) ° ((—Dz) o 1w))7 En(f o w))

— (15 5 E"((1,5 By) @ ((—D9) 5 1w)))  (=B1) 8 1gn(fow))

(15 01lpnp0 EnBQ) ° (18 o (—EnDz) o 1E"w)) ° ((_Bl) o 1E”(fow))
~ (4.2) (by Proposition 2.3(1)).

Hence we obtain a generalization of Remarks 4.4(1) of [1]

{o 0 9w} clorigunisason,
C {s,bog,w}, = {s,a0 f,w}, C [E"T'W,Y].
Proof of Corollary 1.3. We take the following diagrams as (4.1).

Xo <2 E™M(X; Uy, CE™X>)

X1
n n n E/n\z_a/4 na+1
X1 Ua2 CE 2X2 D2 E 2X2 UE”20,3 CE 2X3 <~—— ™ X4 )
E/;Eg %
EratlXy

—_——

where we have used the abbreviations (1.6) and Ds : i4, 0 G2 ~ E™a3 0 qgn2gy,-
Then Corollary 1.3 follows from (4.2) and Proposition 1.1. O
5. INDETERMINACY OF QUASI TERTIARY COMPOSITION

The following proposition which modifies Proposition 4.8 of [1] for the
2-category Top, says that the 2-sided matrix Toda brackets (4.3) and (4.4)
have indeterminacies in a sense.

Proposition 5.1 (Proposition 4.8 of [1]). Let
0 = (1soE"b o E’nBQ) ° (13 o (—EnDQ) o 1E”w) ° ((—Bl) o 1E"(fow))

represent a fixed but arbitrary element of{ S 2 :(}JC w ;Do } . Let
n

I', and I'p, be the subgroups of [E" YW, Y| which consist of all homotopy
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classes of
(B161gn(fow)) ® (Ls3 E"L5 1ny) @ (—B1) 8 Lpn(fow));
(1soiny 8 E™Bs) @ (1,6 E"M 6 1pny) @ (1somns 0 (—E™Bs)),
respectively, where L :ao f ~ao f and M :bog~bog. Then

b g .
(5.1) { S, f w ;Do }n
= [E"" A, Y] o E"™(f ow) + [0] + (s o E"b) o E"[EW, B,

(5.2) {S 2 f w}n

— (B4, Y] o B"(f ow) + I, +[6] + (s 0 E"b) o B"[EW, B
and I'g, + [0] = [0] + I'p,. If the group [E"'W,Y] is abelian, then I'g, =
b

I'p, which do not depend on 6, and so { S ? w ;Do and

a
n

{ s Z ?, w } have the indeterminacies
n

[E"TLA Y] o E"TH(f o w) + (s 0 E™b) 0 E"[EW, B],
I+ [E"MA Y] o E"(f ow) + (s 0 E™b) o E"[EW, B,
respectively, where I'=1'p, = I'p, .

Proof. Let D) : bog = ao f, Bl : so E"a = % and B} : gow = % be
arbitrary homotopies. We set

L=D)e(—Ds):aof=aof, M=(—Dy)eDj:bog=bog,
J=DB)e(—By):x=%:W =B, N=DBje(-By):*=x%:E"A—Y.
It follows from Proposition 2.3(1) and Lemma 2.5(1),(2),(3) that we have
(5.3) LeDy~Di~DyeM, B,~NeB;, Bj~.JeBs,
(5.4) M o (—Dy) = (—Ds) e Dy e (—Dy) =~ (—Dy) e L.
We have
(Lsopnp 0 E"B) @ (1,6 (—E™D}) 6 1ny,) ® ((—B1) 6 Lgn(fow))
~ (14opny 6 E™(J @ Ba)) ® (1,6 (—E™(L @ D3)) 5 1 gny)
o (=(N ®B1))o1pn(fow)) (by (5.3))
~ (Lopny 0 E"J) ® (Lyopny 0 E"Bz) @ (1,6 (—~E"D2) 6 1pna)
o (156(~E"L)51pn,) e ((—B1)o Lgn(fow)) ® ((=IN) 0 1gn(fow))
(by (2.4), Lemma 2.3(1) and Lemma 2.5(4))
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~ (Lyopnp 0 E"J) ® (Lsopny © E"By) @ (1,6 (—E"D3) 6 1 gny,)
° ((—Bl) o 1E”(fow)) ° (Bl o 1E”(fow)) ° (15 o (—EHL) o 1Enw)
* ((=B1) 5 1gn(fow)) ® (=N) 5 1pn(fow))
~ (lsopnp 0 " J) @0 @ (B101gn(fou)) ® (156 (—E"L) S 1pny)
* (=B1) 5 1gn(fow)) ® ((=N) 0 Lpn(fow))-
Since 150pmp 6 E™J = so E"bo E™ Jo(1yy AT(S™,SY)) : EE"W — Y and since
7(S™,81) is a self map of S”*! of the degree (—1)" under the identification
N = gntl = gl A Q" it follows that the set of homotopy classes of
1oopny 8 E™J is
(so E"b) o E"EW, B o (1w A7(S",S"))
= (so E"b) o E"EW, B] o (—1)"1gn+1yy = (—1)"((s o E"b) o E"[EW, B])
= (so E"b) o E"[EW, B] C [E"T'W,Y].
Also (—N) S 1gn(fowy = (—NN) o EE™(f ow). Hence we have (5.2) and also
(5.1) by taking D) = Dy. On the other hand, we have
(Lsorny 0 E"By) @ (1,6 E"M 6 1ny) @ (1sopmy, 5 (—E™By)) @ 0
~ (Lopny 5 E"By) @ (1,6 E™ (M @ (=D2)) 8 1gmy) @ ((—=B1) 6 Lgn(fow))
~ (Lopny 6 E"By) @ (L5 E"((—D2) ® L) 5 15ny,) @ (= B1) 8 Lpn(fow))
(by (5.4))
~ 9 [ (Bl o 1E”(fow)) (1 OE LO 1E”w) [ J (( Bl) o 1E”(fow))'
Hence (0] + I'p, = I'p, + [0].
Suppose that the group [E""1W,Y] is abelian. Then I'g, = I'p, by the
above equality. We have
(B} 5 1n(fow)) ® (1s 3 E"L51pny) ® ((—B1) S Lgn(fow))
~ (N5 1E"(fow)) ° (Bl o 1E"(fow)) ° (15 oFE"L5 1E"w) ° ((—Bl) o) 1E”(fow))
* (=N) o 1gn(fou)) (by (5.3))
~ (B1 o) 1E”(fow)) (] (18 o EnL o 1E”w> (] ((—Bl) o) 1E”(fow))
(since [E"T1W,Y] is abelian)
and so I'g; = I'p,. Similarly I'g; = I'p,. Hence, if we set I' = I'p,,

then I' does not depend on 6 and (4.4) has the desired indeterminacy. This
completes the proof. Il
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Proof of Corollary 1.4. Let 0 be a fixed but arbitrary element of the form:

(14, 0 E™ By)e(15 6 (—E™ D5) 6 1En1ﬁ4)o((—B1) 51 ).

Let I'p, and I'p, be the subgroups of [E™*"2+2 X, X,] which consist of all
homotopy classes of

(B1 o 1En1 (_En2+1a4)) [ ] (1E/ 1) EnlL o 1E”1E”2a4)

° ((—Bl) ol

E™1 (ggna QBOE”2+1a4)

Em1 (qEnQ aBOEn2+1a4) )7

(1H/OEn12’a2 6En1B2) [ ] (]'W/ 6En1M6 1En1E/IT—L\2-;4)

* (lavommi,, 0 (—E" By)),

respectively, where L : E™ag3 o qgnagq, ~ E™ag o qgnag, and M : g, 0
Qg > 1g, © Q2. Since the group [Emitnet2 X, X)) is abelian, it follows from
Proposition 5.1 and Corollary 1.3 that {al,ag,ag,a4;A1,A2,A3;D2}1(111)’n2
and {ay,a9,as,aq; A1, As, Ag}%ll)m have the indeterminacies
[EM+m2 2 X5, Xol o EM T 20, 4 ag 0 EM[E™ 12Xy, X1,
I+ [EmTmet2X, Xl o EMTm2g, 4 gy 0 EM[E™T2 Xy, X,

respectively, where I' = I'p, = I'p, which does not depend on 6 and choices
of B; and By. This completes the proof. O
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