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AHARONOV-BOHM EFFECT IN RESONANCES
OF MAGNETIC SCHRODINGER OPERATORS
IN TWO DIMENSIONS III

HipbEo TAMURA

ABSTRACT. We study the Aharonov—Bohm effect (AB effect) in quan-
tum resonances for magnetic scattering in two dimensions. The system
consists of four scatters, two obstacles and two scalar potentials with
compact support, which are largely separated from one another. The
obstacles by which the magnetic fields are completely shielded are ver-
tically placed between the supports of the two potentials. The system
yields a two dimensional model of a toroidal scattering system in three
dimensions. The resonances are shown to be generated near the real axis
by the trajectories trapped between two supports of the scalar potentials
as the distances between the scatterers go to infinity. We analyze how
the AB effect influences the location of resonances. The result heavily
depends on the width between the two obstacles as well as on the mag-
netic fluxes. The critical case is that the width is comparable to the
square root of the distance between the supports of the two potentials.

1. Introduction

In quantum mechanics, a vector potential is said to have a direct sig-
nificance to particles moving in a magnetic field. This quantum effect is
known as the Aharonov—Bohm effect (AB effect) ([1]). This is the third pa-
per on the AB effect in resonances of magnetic Schrodinger operators in two
dimensions. In the first paper [7], we have considered a simple scattering
system consisting of three scatterers, one bounded obstacle and two scalar
potentials with compact supports at large separation, where the obstacle is
placed between two supports and shields completely the support of a mag-
netic field. The field does not influence particles from a classical mechanical
point of view, but quantum particles are influenced by the corresponding
vector potential which does not necessarily vanish outside the obstacle. The
resonances are shown to be generated near the real axis by the trajecto-
ries trapped between two supports of the scalar potentials as the distances
between the three scatterers go to infinity. We there have shown that the
location of the resonances is described in terms of the backward amplitudes
for scattering by the two scalar potentials and it depends heavily on the
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magnetic flux of the field. In the second paper [9], we have discussed what
happens in the case of two obstacles, where these obstacles are horizontally
placed between the supports of the two scalar potentials. The obtained re-
sults depend on the ratios of the distances between the four scatters largely
separated from one another as well as on the magnetic fluxes of the two
fields. In the present paper, we study the case when the two obstacles are
vertically placed between the supports of the two scalar potentials. This
system yields a two dimensional model of toroidal scattering in three di-
mensions. In the vertical case, the width between the two obstacles plays
an important role. For example, the AB effect is not observed in the sys-
tem with the total flux vanishing, provided that the width is too large or
too small in comparison with the distance between the supports of the two
scalar potentials.

We set up our problem. We always work in the two dimensional space
R? with generic point z = (21, x2), and we write

2
H(A V)= (—iV = A’ +V =Y (=i0; —a;) +V, 0;=0/0x;,
j=1

for the magnetic Schrédinger operator with A = (a1,a2) : R*> — R? as a
vector potential and V : R?> — R as a scalar potential. Let by € C°(R?)
be two given magnetic fields with the fluxes

s = (2) [ ba(o) da,
where the integral with no domain attached is taken over the whole space.
We assume that the support of b4 satisfies ,
(1.1) suppby C O C B ={|z| < 1}

for some simply connected bounded obstacle O, where O+ has the smooth
boundary dO4 and the origin as an interior point. We can take Ay (x) to
be

(1.2) Ai(a:) = Oéi(I)<$) S Coo(ﬁi — R2)

for the vector potential corresponding to b, where Q4 = R?\ O4 and ®(x)
is defined by

(1.3) ® = (—zo/|z|*,21/|2|*) = (=02 log |z|, 01 log |z]) .
As is easily seen, ® defines the d—like magnetic field (solenoidal field)
V x ® = Alog |z| = 27 (x)

with center at the origin, when considered over the whole space R%. As-
sumption (1.1) means that the field b1 is entirely shielded by the obstacle
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O, although the corresponding vector potential AL does not necessarily
vanish outside O.

Let Vi € C’go(RZ) with supp V4 C B. For d > 1, we set
(1.4) d_ = (—k_d,0), dy = (k+d,0), Kkt >0, K- +rs =1,

so that |d; — d_| = d for the distance between the two centers d_ and d.
Then we define

(1.5) Va(z) = Vo(z —d-) + Vi (z —dy) = Voa(e) + Vialz).

We further set

(1.6) p+ = (0, j:/-ﬁdl/Q), k>0,

and define

(LT)  Aple) = A_(v— p-) + Ar (e — py) = A_p(a) + Aspla)

over the exterior domain

(1.8) Q,=R*\(0_,U0,,), Oip={v:2—precOs}.
We now consider the self-adjoint operator

(1.9) Hy=H(A,Va),  D(Ha) = HA(Q,) N HA(Q,),

in L?(2,) under the zero boundary conditions, where Hj(W) and H*(W)
stand for the usual Sobolev spaces over a region W. We know that the
resolvent

R(¢;Hy) = (Hg— €)' L2(Q,) — L*(,), Re( >0, Im¢ >0,

is meromorphically continued from the upper half plane of the complex plane
to the lower half plane across the positive real axis where the continuous
spectrum of Hy is located. Then R((; Hy) with Im ¢ < 0 is well defined as an
operator from L2 (Q) to Li .(Q) in the sense that YR(¢; Hy)x : L*(€,) —

comp

L?(Q,) is bounded for every x € C§°(,), where L2, (W) denotes the
space of square integrable functions with compact support in the closure
W of a region W C R? and L2 (W) denotes the space of locally square
integrable functions over W. The resonances of H, are defined as the poles
of R((; Hy) in the lower half plane (the unphysical sheet). This is shown
by use of the complex scaling method [4, 5, 6]. Our aim is to study how
the resonances are generated near the real axis by the trajectories trapped
between the two centers d_ and dy as d = |dy —d_| — oo and how the AB

effect influences the location of the resonances.

The obtained result is formulated in terms of the backward amplitudes
by the potentials Vi. Let Ko = —A be the free Hamiltonian and let K4 be
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the Schrodinger operator defined by
(1.10) Ki=Ky+Vi=-A+Vy, DKy =D(K+)=H*R?.

We denote by fi(w — 60; E) the amplitude for scattering from the incident
direction w € S to the final one # at energy E > 0 for the pair (Ko, K+).
These amplitudes admit the analytic extensions fi(w — 6;() in a complex
neighborhood of the positive real axis as a function of F.

We now fix Ey > 0 and take a complex neighborhood

(1.11) Dy = {g : [Re ¢ — Eo| < 60Eo, |Im (| < (1+25,) B/ (loi d) }

for dg, 0 < dg < 1, small enough. We define
(1.12)  74(¢) = (1 — () cos((ag + a—)m) + Io(C) exp(Fi(as — a_)m)

over Dy, where

(1.13) Ip(¢) = (2/m)Y/2 emim/4 / e’ 12 gt

0
with 7 =7(¢) =k (1/k- + 1//<a+)1/2 ¢4 while the branch ¢'/2 is taken in
such a way that Re (/2 > 0 for Re ¢ > 0, and the contour is taken to be the
segment from 0 to 7 (although the integral does not depend on the contour).
For the direction w; = (1,0), we further define

62ik;d

1) A= () £ = O = = O -

with k = ¢1/2. We always use the notation k with the meaning ascribed here.
Loosely speaking, the resonances in Dy of H; are approximately determined
by the solutions to the equation h((;d) = 1.

We shall formulate the obtained result more precisely. If ( € Dy, then
(1.15)  2Imk = 2Im (Re¢ +ilm €)% = Im ¢/ (Re )2 + O <|1mg\3)
and also we have
(116)  (ReQ)? = Ey*(1+ (Re¢ — Eo) /(2E0) + O(53))
with |Re( — Ey| < doEy. Thus we can take dp > 0 in (1.11) so small that

(1.17) d% < ‘exp(%kd)‘/d <d¥ a1,

on the bottom of Dy (Im{ = — (14 2dp) Eé/Q ((log d) /d)). This implies
that the curve defined by |h((;d)| = 1 with |[Re ( — Ey| < dpEp is completely
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contained in Dy, provided that fi(+w; — Fwi; Ey) # 0 and 7 (FEy) # 0.
We denote by

{G@}, Gd) €Dy ReGi <ReG < -+ < Re,
the solutions to the equation
(1.18) WG d) = 1.
We know (see Lemma 3.3) that (;(d) behaves like

1/2 1/2
Im ¢;(d) ~ ~Ey/* ((log d)/d) . Re (Gj1(d) — G5(d)) ~ 27Ey/d
for d > 1. With the notation above, we are now in a position to state the
main theorem.

Theorem 1.1. Let the notation be as above. Assume that m+(Ey) # 0 and

far(fwr = Fwi; Eg) #0, wy = (1,0),

at energy Ey > 0. Then we can take 69 > 0 so small that the neighborhood
Dy defined by (1.11) has the following property: For any e > 0 small enough,
there exists d. > 1 such that for d > d., Hg has the resonances

{Cres,j (d)}a Cres,j(d) S Dda Re CresJ(d) <---<Re Cres,Nd (d)7
in the neighborhood

{¢eDaiic-Ga) <e/af

and the resolvent R((; Hg) is analytic over Dg\ { Cresa(d), -+, Cres, Nd(d)}

as a function with values in operators from Lcomp(Qp) to LlOC(Q ).

We shall discuss the scattering system with the total lux ay + a_ =
0 vanishing as a particular case of the theorem above. Such a system is
important from a practical point of view as well as from a theoretical point
of view, because it can be considered to be the two dimensional model for
the toroidal scattering in three dimensions. If we set .y = a and a_— = —a,
then 71 (¢) takes the form

.
T+ (C) = 1+ (8)/m) 1/ 2eim/4etiam sin(om)/ e's*/2 ds
0
with 7 = 7(¢) as in (1.13), and the location of the resonances is approxi-
mately determined from the equation h((;d) = 1 as in Theorem 1.1.

The proof of Theorem 1.1 is done by analyzing the asymptotic properties
along forward directions of the resolvent kernels of magnetic Schrodinger
operators with two solenoids. The analysis uses the results obtained by
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[8]. The resolvent kernel with one solenoid is represented in terms of an
integral in the complex plane, but it grows exponentially at infinity for
spectral parameters in the lower half plane. We also make use of the complex
scaling method developed by [3]. This method makes the composition of one
solenoid kernels convergent and enables us to construct the kernels for two
solenoids. The main body of the paper is devoted to the construction of
two solenoid kernels and to the analysis on the asymptotic properties along
forward directions of such kernels.

We end the section by making a brief comment on the case that the
centers py are located at pL = (0, —kdP) with p # 1/2 in the scattering
system with the total flux vanishing. If 0 < p < 1/2, then the width 2xdP
between the obstacles O_, and O, is small in comparison with the distance
d = |d4+ — d_| between the two centers, and a main contribution comes from
the closed trajectories enclosing the two obstacles, so that the phase factor
of the wave function along such trajectories is not changed in the scattering
system with the total flux vanishing. In fact, the integral interval [0, 7]
shrinks (k — 0), and 74 (¢) = 7—({) = 1. Thus the AB effect is not observed
in the location of the resonances. If, conversely, 1/2 < p < 1, then the width
is large, and a main contribution comes from the closed trajectories passing
between the two obstacles. In this case, the integral interval [0, 7] expands
to [0,00) (k — o0), and 71 (¢) is calculated as 7+ (¢) = eT2**" by making
use of the formula

/Oo ei52/2 ds — (7/2)1/2617/4.
0
As a result, 7_({)71(¢) = 1, and the AB effect is not observed in the case
1/2 < p < 1 either. The AB effect for resonances is observed in the critical
case p = 1/2 only.

2. Asymptotic properties of resolvent kernel

We write R((;T) for the resolvent (T — ¢)~! of the operator T acting on
L?(W), W being a domain of R?>. We use the same notation R(¢;T) for
the resolvent meromorphically extended from the upper half plane of the
complex plane to the lower half one. We also take u to be

(2.1) 2/5 < pu < 1/2(<1—u)

close enough to 1/2. We use the notation p with the meanings ascribed here
throughout the entire discussion. We now define

(2.2) Hog = H(A,,0), D(Hoq) = H*(,) N Hy(,),



AHARONOV-BOHM EFFECT IN RESONANCES III 85

where A, and Q, are defined by (1.7) and (1.8), respectively. The next
theorem is obtained as an immediate consequence of [3, Theorem 1.1]. For
completeness, we give its proof at the end of this section.

Theorem 2.1. Let Dy be defined by (1.11). Then
R(¢; Hoa) * Leomp(29) = Live(2))

comp loc

is analytic over Dy as a function with values in operators for |d| > 1.

We formulate the two propositions on the asymptotic properties of the re-
solvent kernel R((; Hoq)(x,y) of R((; Hoq) with ¢ € D;. These propositions
play an important role in proving Theorem 1.1. In what follows, we denote
by Hy(z) = H(()l)(z) the Hankel function of the first kind and of order zero
and by 7(w; ) the azimuth angle from w € S! to 6.

Proposition 2.1. Let dy be as in (1.4). Denote by jiq the characteristic
function of the unit disk

(2.3) Bid:{\x—di\ <1}
and define co(C) by
(2.4) co(C) = (8m) V2 /A1,

Assume that T4 (Ey) # 0 for the function w4 (¢) defined by (1.12). Then the
operator jiqR(C; Hoa)jza acting on L*(Q,) admits the decomposition

J+d (¢ Hoa)jxa = Reo(¢ d) + Ria (¢ d)
where Rio((;d) is the integral operator with the kernel

Rao(C,d)(z,y) = co(Q)me(C)eFTr=vnl|zy — gy |71/2

for (z,y) € Big X Bxq4, and the operator Ri1(C;d) satisfies ||R+1(¢;d)|| =
O(d™) uniformly in ¢ € Dy for some v > 0.

Proposition 2.2. Let ji4 denote the characteristic function of
(2.5) B:td = {d(S <lr—dy| < 2d5}

for 0 < § <1 fized small enough. Write x4, = x—p+ and T+, = T+,/|T+,|.
Then the operator j+ R(C; Hoa)j+ : L2(Q,) — L*(Q,) admits the decomposi-
tion

J+aR(C; Hoa)j+a = Ro(¢;d) + Ra(¢;d),
where the kernel Ro((;d)(z,y) of Ro((;d) is defined by

Ro(¢;d)(z,y) = (i/4)Ho(klz — ylao(z,y;d),  (x,y) € Bya x Bia,
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with
(2.6) ag = exp (ioz+ (Y(@4p; =U4p) — ™) +ia_(V(Z—p; —T—p) — 7r))

and R1(C;d) obeys the bound |Ry(C;d)|| = O(d™") uniformly in ¢ € Dy for
some v > 0. A similar decomposition remains true for j_qR(C; Hoq)j—d-

We prove the above propositions in section 5. The proof is based on
the gauge transformation and on the complex scaling method. We end the
section by proving Theorem 2.1.

Proof of Theorem 2.1. Assume that ( € Dy, so that
IIm k| = [Im ¢'/2| = O ((log d)/d) .

Since p = |py — p—| = 2rd"/? by (1.6), we have ‘e%k”/p‘ =0 (p_l) uni-
formly in ( € D4. Hence it follows from [3, Theorem 1.1] that the resolvent

R((; Hyq) is analytic over Dy as a function with values in operators from
LZ,..(Q,) to L (9,). Thus the proof is complete. [

comp loc

3. Proof of Theorem 1.1

This section is devoted to proving the main theorem. Once the two propo-
sitions in the previous section are established, the theorem is verified in ex-
actly the same way as [9, Theorem 1.1]. We give only a sketch for a proof.

We fix the new notation. Let yo(x;w, F) be the plane wave defined by
wo(z;w, E) = exp (iE1/2x : w)

with w as an incident direction at energy E > 0. Let Ky = —A and K4 be
as in (1.10). Then we define

(3.1) o+ (z;w,0) = [(Id — R($ K+) Vi) @o(w, Q)] ().

The function ¢4 (x;w,() solves the equation (Kj: — E) oi(z;w,C) =0. If,
in particular, ( = F > 0, then ¢4 (z;w, E) turns out to be the incoming
eigenfunction of K, and the conjugate function P (x;w,() of pi(x;w,()
is analytic in ¢. It should be noted that ¢y (z;w,() itself is not analytic.
We also note that ¢ (z;w, E) does not denote the outgoing eigenfunction

at energy F > 0 but the incoming eigenfunction of the Schrodinger operator
K, .

Let j(x) be the characteristic function of the unit disk B = {|z| < 1}.
Then

Jrd(@) =j(x —dt) =J (T+d), Tiqd=2x—d4,
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defines the characteristic function of B.y defined by (2.3). We introduce
the auxiliary operator
(32) Hiq= H(Ap,Via),  D(Hia) = H(Q,) N Hy (),

where V4(z) = Vi(z—dy) is asin (1.5) and Vy is assumed to have support
in B. We recall that the notation v(z;w) = v(Z;w) denotes the azimuth
angle from w to & = x/|z|. We take a function vy € C>®°(R? — R) such that

Y0(2) = a-y(Z—p; —wa) + a1y (B4p;w2), w2 =(0,1),
on

By={lo—d_| <|d_|/2} U{|z - di| < |ds|/2}

and that it satisfies 979 = O(|z|7I") as |z| — oo, where 74, = 74,/|T+,|
with 4, =z — p+. Since Vy(z;w) = ®(x) for ¢ defined by (1.3), it follows
from (1.7) that

Vy=a_®x—-p_)+aPx—pr)=A_,+A,=A4,
on B;. We further introduce the auxiliary operator
Kig=€"Kyge " = H(Vro, Vig),

where Kyq = Ko + Vig with D(K44) = H?(R?). The operator K44 coin-
cides with Hy 4 over By. If we make use of these auxiliary operators and of
Proposition 2.2, then the lemma below is obtained by modifying slightly the
argument in the proof of [9, Lemmas 3.1 and 3.2]. We skip its proof.

Lemma 3.1. Let the notation be as above and let Dy be defined by (1.11).
Define the operator Q+((;d) by
Q+(¢;d) = ViegR(C; Hoa)jxa : L*(Baa) = L*(Bza)

for ¢ € Dy, where the multiplication jiq is considered to be the extension to
L*(Q,) from L*(B+g4). Then

Id+ Q. (C;d) : L2(Byg) — L*(Byy)

has the inverse bounded uniformly in d and ( € Dg. Moreover, we have the
relation

R(¢; Hig)jra = R(C; Hoa)jra (Id + Q+(¢;d)) ™' - L2(Big) — LE(Q,)
for ( € Dy.

By the resolvent identity, it follows from Theorem 2.1 and Lemma 3.1
that the resolvent R((; Hyq) is represented as

(3.3) R(G; Haa) = (1d = R(G Haa)Via ) R(G Hoa) : Ly () = LEo(2,)
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for ( € Dy and is analytic there. The next lemma is also shown in almost
the same way as in the proof of [9, Lemma 3.3]. The proof uses Proposition
2.1.

Lemma 3.2. Define

(34)  G(¢;d) = ViaR(G H-a)V_gR((; Hia)ja : L*(Bya) = L*(Bya)

and write x4 = — dy. Then G((;d) admits the decomposition
G(Cd) = Go(Cd) + G1(C: d),

where the kernel Go((,d)(x,y) of Go((;d) is defined by

Go = —co(Q)m— ()4 (¢) (€2*/d) f-(=wr = wi; ()

X Vi(xiq)po(riq;wr, C)@r (Ygd5 —wi, E)j(y—i-d)

for (x,y) € Bigq x Bigq, and G1(¢;d) is analytic in ( € Dy with values
in bounded operators acting on L*(Biq) and obeys |G1(¢;d)|| = O (d7)
uniformly in ¢ € Dy for some v > 0.

The lemma below is proved in the same way as in the proof of [7, Lemma
4.6].

Lemma 3.3. Assume the same assumptions as in Theorem 1.1. Let h((;d)
be defined by (1.14). Then the equation h((;d) = 1 has a finite number of
the solutions

{gj(d)}l<j<Nd, ¢i(d) € Dy, Re(i(d) < --- < Reln,(d),
in Dgq, and each solution (;(d) has the properties
‘Im ¢;(d) + ES*(log d) /d‘ < 8B *(log d)/d,
Re (G1(d) — i(d) — 2m 5% d| < 2n00 5%
ford>1.

Proof of Theorem 1.1. Recall the notation Hiq = H(A,, Viq) from (3.2).
We know by (3.3) that R(C; Hag) : L2, (Q2,) — L (,) is well defined for

comp loc

¢ € Dy and is analytic there. We start with the relation
(Hy — O)R(C;H_g) = Id+ ViqR(¢; H_g).

We regard the operator on the right side as an operator acting on L?(B.q).
By the resolvent identity, the operator on the right side equals

Id +VigR(CGH _q)j+d =
Id+ ViqgR((; Hog)j+d — ViaR(C H-q)V_qR((; Hod)jvd-
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By Lemma 3.1, it is further equal to
(35)  Id+ ViaR(GH_g)jta = (Id— G(¢;d)) (Id + Q+(¢;d))
where G((;d) is again defined by

G(¢;d) = ViaR(G H-a)V_4R((; Hya)jya - L*(Bya) = L*(Bia)

as in Lemma 3.2. If one is not the eigenvalue of G((;d) at ¢ = (p(d) €
Dy, then the resolvent R((; Hy) in question turns out to be analytic in a
neighborhood of ¢y as a function with values in operators from L2 (9,)

comp
to L2 .(92,). In fact, R((; Hy) is represented as
R(¢; Ha) = R(¢; H-q)
— R(GH a)jya(Id+ VigR(G; H g)jra)”" ViaR(G H ).

Thus the problem is reduced to specifying ( € Dy at which G((;d) has one

as an eigenvalue and to showing that this point is really the pole of R((; Hy)
in Dd.

Lemma 3.2 enables us to write Id — G((;d) as
(3.6) Id—G(¢d) = (Id—G(¢d))(Id = Gi(Gd)) : L*(Bra) — L*(Bya),
where G1(;d) is as in Lemma 3.2 and G(;d) is defined by
G(G5d) = Go(Gd)(Id = G1(Gd) ™" = Go(G d)(Td + G (G5 )
with G1(¢;d) = G1(¢;d)(Id — G1(¢;d)) ™. We write ( , ) for the L? scalar
product in L?(R?). We compute the integral

(3.7) CO(C)/V+(x+d)soo(3:+d;w1,C)@(md;—mf) dx

= ¢o(¢) (Vipo(swi,¢), (Id — R(¢; K4 )* Vi) o5 —wi, ()
= ¢o(¢) (V4 (Id = R(¢; K)V4) @o(+5wi, €), o(+; —wi, ()
= —fi(w1 = —w1;()

with £, 4 = ¢ — d again, and we set
ha(Gid) = —co(C) (€¥4/d) m— () () f—(—w1 = wii€) x

X <é1(C;d)V+d900(' —di;w1,Q), jrap+ (- —dy; —leZ))

If we take dp > 0 small enough in Dy, then it follows from (1.17) and Lemma
3.2 that hi((;d) is analytic over Dy and obeys |h1((;d)| = O (d™) uniformly
in ¢ for some v > 0. The only nonzero eigenvalue of the operator G(¢;d) of
rank one is given by h((;d) + hi((;d), where h((;d) is defined by (1.14).
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We apply Rouché’s theorem to the equation
(3.8) h(¢id) +hi(Gid) =1

over Dy. Let {Cj(d)}K . be as in Lemma 3.3 and let
<j<Nqg

Cie={lc-G@l =e/a}, Do ={I¢- G| < e/d}

for e > 0 fixed arbitrarily but sufficiently small. We may assume D,;. C Dy
for d > 1 by expanding Dy slightly, if necessary. Since h ((j(d);d) = 1, the
derivative h'((; d) behaves like

W (G(d);d) = i¢;(d)"2d (1+0(d ™)),

at ¢ = (j(d) € Dy, so that |h/ (Cj(d);d)‘ > c1d for some ¢; > 0. Hence it
follows that

|h(¢3d) — 1] > coe

on Cj. for some ¢z > 0. Thus equation (3.8) has a unique solution (s j(d)
in Dj. for d > 1.

Once the location (s j(d) is determined as above, we can show in exactly
the same way as in the proof of [7, Theorem 1.1] (see step (3) there) that it
really turns out to be the resonance of R((; H;). We do not go into details.
Thus the proof of the theorem is complete. [

4. Complex scaling method

The remaining sections are devoted to proving Propositions 2.1 and 2.2
which have remained unproved in section 2. The main body of the present
work is occupied by the proof of these propositions. The proof is done by
constructing the resolvent kernel R((; Hyq)(x,y) with the spectral parameter
¢ in the lower half plane. To do this, we make use of the complex scaling
method to compose the Green kernel constructed for each obstacle O4,,.
Here we explain a strategy based on this method.

We begin by fixing the new notation. We introduce a smooth non-—
negative cut—off function x € C§°[0,00) with the properties

(4.1) 0<x<1,  suppxCl0,2, x=1on [01],

and we take smooth cut—off functions y., and y+ over R with the following
properties : 0 < xo0, X+ < 1 and

Xoo(t) = 1 = x([t]),
X+(@t)=1for t >1, x4(t)=0 for t < -1, x_(t) =1—x4(t).
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We often use these functions without further references throughout the fu-
ture discussion. We again set p = |p4 — p—| = 2kd"/? for p1 = (0, £rd*/?)

2
in (1.6), so that d = <p/2/§) ~ p°.
We define the mapping j,(z) : R?> - C x R by

(42) jp(z1,22) = (x1 +inp(z1)z1,22),  Np(t) = Lo((log p)/p*) xeo(t/d),

for Ly > 1 fixed large enough, and we consider the complex scaling mapping

(43) (o) (@) = [det 95 /00)] " £3,@)

associated with j,(x). The Jacobian det (9j,/0x) of j,(x) does not vanish for
p > 1, and it is easily seen that J, is a one-to-one mapping. For notational
brevity, we now write

P, = H(A,,0), D(P,) = Hz(Qp) A H&(Qp)

for the operator Hyq under consideration. Since the coefficients of P, are
analytic over (2,, we can define the operator

(4.4) Qp=J,PJ "

This becomes a closed operator in L?*(Q,) with the same domain as P,, but
it is not necessarily self-adjoint. The future discussion does not require the
explicit form of @,. We construct the resolvent kernel R((;Q,)(x,y) with
¢ € Dy instead of R((; P,)(x,y). The mapping j, acts as the identity over

the strip {x = (z1,22) : |21] < d} and hence we have the relation

R(¢; Pp)(xa y) = R(C; Pp)(jp(x)ajp(y)) = R((; Qp)(x:y)

for (x,y) € Biq x Bxq or for (z,y) € Bigq X Biy. Thus the necessary
information can be obtained through the kernel R((;Q,)(z,y).

We introduce the auxiliary operators
(4.5) Piy = H(A+),0), D(Pxp) = H2(Qip) A H& (Q+p),

where Ay,(z) is defined in (1.7), and Q4, = R*\ O,. We define the com-
plex scaled operator as in (4.4) for these auxiliary operators Py,. Recall
that y(z;w) denotes the azimuth angle from w € S* to # = z/|z|. The
potential ®(x) defined by (1.3) satisfies ®(z) = Vy(x;w). Hence it follows
that

App(r) = ax Vy(x — pi; Fws), wa = (0,1).

If we take argz, 0 < argz < 2w, to be a single valued function over the
complex plane slit along the direction we, then the angle function v(x;ws)
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is represented as

Y(x;we) = —% (log(ml + ixo) — log(—z1 + ’Ll’g)) + T,

so that it is well defined for the complex variables also. Thus we can define

, 1 i
1 )itoa) = 5 (a8 (2)) — awg(boy(2) + 7 — - log by (a).
where
bip(x) =21 +iny(xr)x) + iz, b_p(x) = —z1 —iny(z1)21 + i,

and b,(x) = by ,(x)/b_,(x). The function v(j,(z); —w2) is similarly defined
by taking argz to be a single valued function over the complex plane slit
along the direction —ws.

We define g+,(x) by

(4.6) gip(x) = axx+((3222/p) T 13)7(jp(x) — pt; +wo)
and go,(x) by
(4.7) 9op(x) = g—p(z) + g4p(2).

By definition, suppg—, C {z : 2 > —7p/16} and
9pl) = a-A(Gp(w) — poi—wn) on Sy = {22 > —3p/8).
Hence exp(ig—,) acts as
exp(ig—,) f(z) = (Jpexplic_y(z — p_; —w2))J, ' f) (2)

on functions f(x) with support in ;. On the other hand, g,,(x) has
support in {x : z9 < 7p/16} and

9+4p(®) = a7 (p(®) — p3w2) on X ={z: 22 < 3p/8},
so that exp(ig4,) acts as
eXp(ig—Fp)f(l') = (Jp eXp(iO‘+7($ - P+§w2))<]p_1f) (l’)

on functions f(z) with support in ¥_. We take these relations into account
to define the following complex scaled operator

(4'8) Q:I:p = eXp(igin) (JpP:I:pJp_l) eXp(_igin)

for Py, defined by (4.5), where Q)+, has the same domain as Py,. Since
Qip = JpH(a-Vy(z — p—; —w2) + A+P)Jp_1

on X, we have

(4.9) Qip=0Q, on X ={z:z2>—-3p/8}.
Similarly we have

(4.10) Q-p,=Q, on 3X_={x:29<3p/8}.
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The function go,(x) defined by (4.7) satisfies

9op = a—Y(Jp(x) — p—; —w2) + a4y(jp(x) — p4;w2)
on Yo = {z : |x2| < p/4}. If we define the operator QQg, by

(4.11) Qop = exp(igop) (JpKOJp_l) exp(—igop), Ko=—A,
as a closed operator with domain D(Qo,) = H2(R?), then we obtain
(4.12) Qop = Q+p=0Q, on Xg={x: |z < p/4}.

We set x+,() = x4 (1622/p) and take X+, € C*°(R?) in such a way that
X+p has a slightly larger support than x+,, X+pX+p = X+p-

We may assume that

(4.13) X+pJ+d = J+d X+pJ—d = J—d

for the characteristic function ji14 of By = {|£C —dy| < 1}, and similarly
for the characteristic function ji4 of Bygy. For the exterior domain Qyp =
R?\ O4,, we regard Y, as the extension from L?(£2,) to L?(Q4,) and x+,
as the restriction to L*(Q,) from L?*(Q4,). Then we define

(4-14) A(C? P) = X—pR(C Q—p))%—p + X+pR(C§ Q—f—p)i—i—p? ¢ € Dy,

as an operator from L2 (€,) to L{ (€2,). We know (see [3]) that R(C; Q)
is well-defined as an operator from L% (Q4,) to L (Q4,) for ¢ € Dy.

comp loc

Since @), = Q4+, on supp x+, by (4.9) and (4.10), we compute
(Qp - C) A = (Q—p - C) X—pR(C§ Q—p)f(—p + (Q+p - C) X—i—pR(C; Q—Fp))z—ho
= Id+ [Q—pa X—p]R(C; Q—p)x—p + [Q+p7 X—l—p]R(C; Q+p)>~(+p-

The function x4, depends on x2 only, and the derivative X/ip has support
in

(4.15) Iy = {a: = (z1,x9) : |x2] < p/16}.

By (4.12), Q+, = Qo, on Ily, so that both the commutators [Q_,, x—,] and
[X+p> @+p] on the right side equal [Qo,, X—,]. Hence we have

(416)  (Qp— Q) A(Gip) =1d+To (R(¢: Q—p)X—p — R(C; Q4p)X4p) »

where

(4.17) Lo = [Qop, x—pl, X—p = X—(1622/d).
We define T'((; p) by

(4.18) T(Cip) = To(R(G:Q-p) = R(CG: Q) ) po
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as an operator acting on L?(Ily), where the multiplication by the charac-
teristic function pgy(x <— po(T2 > of Il is regarded as the extension from
L*(Tlp) to L*(Q2—,) or to L*(Q,). If

(4.19) Id+T(¢p) - LA(ITy) — L (M)

is shown to have the inverse bounded uniformly in ( € Dy, then it follows
that

(4.20) R(¢;Qp) = MG p) —
A(G:p)po (14 +T) ™" To(R(G Q-p)X-p = R(G Qp)p)-

The proof of Propositions 2.1 and 2.2 is based on this representation.

5. Resolvent kernels of distorted operators

The aim of this section is to study the behavior at infinity of the resolvent
kernel R((; Q+,)(x,y) for the operator @+, defined by (4.8).

Let O be a simply connected bounded domain in R%2. We assume that
the origin is included in O as an interior point and that the boundary 0O
is smooth. We consider the self-adjoint operator

(5.1) P =H(a®,0), D(P)=H}Q)NH*Q),

over the outside domain Q = R?\ O under the zero Dirichlet boundary con-
ditions, where ®(x) is the Aharonov—Bohm potential defined by (1.3). We
denote by R((; P)(x,y) the kernel of the resolvent R((; P) with € Dy.

Proposition 5.1. Assume that p/c < xa, y2 < cp for some ¢ > 1, and let
Up(z,y) = ¥(p(@), 5o (y),  Y(z,y) = y(2; —w2) — ¥(y; —w2),
for wy = (0,1). Set
Q(z,y; Q) = R(¢; P)(Jp(2), Jo(y))
for ¢ € Dg. Then Q(x,y;C) admits the decomposition
Q(z,y; Q) = exp(iatyy(z,y)) R(C; Ko) (dp(2), Jp(y)) + Rse(( P)(,y)

and the analytic function Rs.((; P)(z,y) over Dy satisfies the following es-
timates uniformly in ¢ € Dy.

(1) If |x1] + |y1| > Ld = Lp? for L > 1 fized arbitrarily, then
Roc(G P)(w,y) = O ((J2] + ly) ™)

for some o > 0 independent of L, and a similar bound remains true for the
derivatives ORg.((; P)(x,y)/0x2 and ORs.((; P)(x,y)/0ya.
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(2) If |z1| + ly1| < 2Ld and |[¢(z,y)| — 7| > 1/L for L > 1 fized above,
then Rs.(C; P)(x,y) takes the form

Ry (¢; P)(,y) = exp(ikr,(@))]x| ™ qo(x, y; O)ly|~1/? exp(ikr,(y))
and qo(x,y; () satisfies ‘(8/0x)j (8/8y)lqo‘ =0 (p_(|j|+|l|)), where

rp(z) =r(jp(z)), r(x)= (2% + x%>1/2

and similarly for r,(y).

(3) If lz1|+ |y1| < 2Ld and |[¢(x,y)| — | < 2/L for L > 1 fived again,
then Rs.((; P)(x,y) takes the form

Rse(C; P)(x,y) = exp(ikr,(2))q1(z, y; ¢) exp(ikr,(y))
and q1(x,y; () satisfies
(8/0:{:)j (8/8y)l ql‘ —0 (p6/2—(j|+l|)(1—6)>

Y

with €, 0 < € K 1, fized arbitrarily but small enough.

Remark 5. If —cp < x9, y2 < —p/c for some ¢ > 1, then the same state-
ments as above remain true for ¥ (x,y) replaced with

Y(x,y) = y(x;w2) — v(y; wa).

Sketch of proof. The proposition is proved in almost the same way as
Propositions 6.1, 6.2 and 6.3 in [3]. We give only a sketch for a proof.
We fix € > 0 arbitrarily but small enough throughout the proof.

We skip the proof of statement (1). To prove statements (2) and (3), we
see from the arguments used for proving the propositions above that the
leading term of Rg.((; P)(x,y) takes the form

(rp(a) +1p(y)) "% exp (i[a]%(fﬂ, y)) exp(ikr,(z))q(x, y; Q) exp(ikr,(y))

with k = ¢'/2, where the Gauss notation [a] denote the greatest integer not
exceeding o and ¢q(z,y; ) takes the integral form

q= /exp(ik:gop(p,w,y))x (P(le)/z !p!) (ep + ew"(x’y))_l dp
with
25 = (ro@)r () /(o) + 75(1))) (cosh p—1).
We note that
k=2 = (B +in)"/? = EY? (140 ((log p)/p?) + O (p~3))
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for ( € Dy and cosh p — 1 = O(|p?) = O (p~(1=9)). Since
()7 (Y) ( [z][y] ) 2
= 1+ O ((log ,
o)~ il ) (140 (008 /67
the function exp (iky,(p, x,y)) is uniformly bounded, and also it follow that

ro@)ra () (ra(e) + 7o)

for some ¢ > 0. If (z,y) fulfills the assumption of statement (2), then
eP +e~ W (z,y) is away from 0 uniformly in x, y and p with |p| < 2p~(1=9)/2,
Thus the stationary phase method (or the method of steepest descent) yields
the desired form.

> cp

We move to statement (3). In this case, e? + e ™r(x,y) takes values
close to 0. It occurs when ~y(x; —ws) ~ 7/2 and y(y; —w2) ~ 37/2 or when
v(x; —wa) ~ 37/2 and y(y; —w2) ~ /2. We consider only the former case.
We set 0.5(a) = 04(j,(z)) and 0_,(y) = 6_(j,(y)). where

04(z) =v(@;—w2) —m/2>0,  0_(y) =3m/2 —~(y; —w2) > 0.
Then ¢,(x,y) = 04,(x) + 0_,(y) — 7, so that
P 4 e oY) i (0, () +0_,(y)).
Since 04 (z) ~ xo/|z| and 0_(y) ~ y2/|y|, we have
(0/02) 0.p()| = (z2/121)O (p™)

and similarly for 6_,(y). This implies that

, , ~1 :
(/02 (0/0y)" (e + ¢ ¥ ' _ 0 (it
because ‘ep + e_wp(x’y)‘ > ¢p~ ! for some ¢ > 0. We also have that

(@/0w) (0/0y)! exp (ikpy(p, 3, )| = O (p~(FHIN0-2))
Thus the desired form is obtained. [

We recall that Q4+, is defined by (4.8). The kernel R((; Q+,)(x,y) of the
resolvent R((;Q+,) has the representation

[det(85,/0x)] 297 @ R(C; Pay) (2, y)e ™97 [det(95,/0y)]
for ¢ € Dyg. We set tx,(2,y) = ¥ (jo(2), 5y (1), where

V() = (& — pxs twa) — Y(y — px; Fws).
Then it follows from (4.6) and (4.7) that

ai¢ﬂ:p($7 y) + gin(jp(x)) - g¢p(jp(y)) = gOp(jp(x)) - gOp(jp(y))

1/2
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over Il x IIy. Thus the proposition below is obtained as a consequence of
(4.11) and Proposition 5.1 (see Remark 5 also).

Proposition 5.2. Let (x,y) € IIg x Iy, so that |z2| < p/16 and |y2| < p/16.

Let +,(x,y) be as above. Write x4+ = x — p+ and y+ = y — p+ for p+ =
(0, £kp), and define

rep(@) = ra(jp(@),  ra(a) = (23 + (22 F wp)2) "2,

and similarly for r4,(y). Then R((;Q+p)(x,y) admits the decomposition
R(G; Qxp)(w,y) = R(C; Qop)(2,y) + Rec((; Qup) (2, y)

over Iy x Ily, and the analytic function Rs.(C; Q+p)(x,y) over Dy satisfies
the following estimates uniformly in ( € Dy.

(1) If |x1| + |y1| > Ld = Lp? for L > 1 fized arbitrarily, then
Rec(C; Q+p)(2,y) = O ((Jzx| + y£) ™)

for some o > 0 independent of L together with the derivatives

aRSC(C; Q:I:p)/a:c% 8RSC<C; Q:l:p)/ay2-

(2)  If|z1|+|y1| < 2Ld and ||+ (z,y)| — 7| > 1/L for L > 1 fized above,
then Ry (C; Q+p)(x,y) takes the form

RSC(C; Qip)(x’ y) — eikrip(m) |$:I:‘_1/2p:|:0(37, y; C)|yi’—1/2eikrip(y)
and p+o(7,y; () satisfies ’(a/ax)j (8/0y) p io‘ —0 (p—<|j|+|u>)_

(3)  If|x1|+]|y1] < 2Ld and ‘Wi(x,yﬂ — 7'(" < 2/L for L > 1 fized again,
then Rs.(C; Q+p)(x,y) takes the form

Rsce(C; Qxp) (2, y) = exp(ikry,(2))p+1 (2, y; ¢) exp(ikrL, (v))
and pi1(z,y; () satisfies
(0/02)) (9/0y) paa| = O (p/2-(iHHHNO=2)
for e > 0 fized arbitrarily but small enough.

Let Ryc((; Q+p)(x,y) be as in Proposition 5.2. We now denote by Ry ((; Q+p)
the integral operator with this kernel. Then we have

(5.2) R(C; Q+p) = R((;Qop) + Ree(¢; Q+p), ¢ € Dy,
as an operator from L2, (Ilo) to L{ (), and also it follows that the
operator T'((;d) defined by (4.18) takes the form

(53) (C? d) ( SC(C ) - RSC(C; Q—i—p))pOa C € Dd-
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By Proposition 5.2, we see that T'((;d) is analytic in ( € Dy as a function
with values in bounded operators acting on L?(Ily) and obeys ||T(¢;d)| =
O (p¥) uniformly in ¢ € Dy for some v > 0.

6. Proof of Propositions 2.1 and 2.2
The last section is devoted to proving Propositions 2.1 and 2.2.

6.1. We prove Proposition 2.1 only in the case when (z,y) € B1g X B_q4.
We assert that the operator j.4R((; Hog)j_q in question takes the form

(6.1)  jyqaR(¢; Hoa)j—a = j+aR((;Qp)i—-a
= Jra(R(GQ-p) + R(C Qup) = R(G Qop) )j-a+ Fa(C:d)

where the remainder operator R;((;d) satisfies |[|[R1((;d)|| = O(d™") uni-
formly in ( € Dy for some v > 0. The section is almost occupied by the
proof of this assertion. We first complete the proof of Proposition 2.1, ac-
cepting (6.1) as established. The proof is based on the following proposition
which has been proved as Proposition 6.3 in [8].

Proposition 6.1. Let py = (0,+rd"?) = (0,%rp) be as in (1.6) and let
Py, be defined by (4.5). Assume that ¢ € Dq. Then there exists a constant
v > 0 such that R(C; P+))(x,y) behaves as follows:

etklz1—y1]

R(G; P-p)(z,y) = co(C) ( ) (cos(a—m) F isin(a_m)Io())

|1 — y1|1/2
+ eik:|x1—y1||l,1 _ y1|—1/20 (d—u)

for (z,y) € B1q X Bxq, and

etklz1—y1|

|1 — 1|1/

R(G; Pyp)(,y) = co(C) ( ) (cos(aym) £ isin(aym)Io(¢))

4 eik|$1—y1||x1 . yl‘_1/20 (d—v)
for (xz,y) € Bigq X Bxq, where I5(C) is the integral defined by (1.13).

Proof of Proposition 2.1. The mapping j, defined by (4.2) acts as the
identity over B4, and hence it follows from (4.8) and (4.11) that

R(C; Qxp)(,y) = exp(ige,p(w)) R((; Prp)(w, y) exp(—igs,(y)),
R(¢; Qop)(z,y) = exp(igop(z)) R((; Ko)(,y) exp(—igop(y))-

Recall the definitions of g+, and go, from (4.6) and (4.7), respectively. If
(r,y) € Byg X B_g, then

91o(@) = 91p(y) = ay (y(@ = pyswa) — ¥(y — py;w2)) = aym + O(p™ ).
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Thus we have
R(G;Q-p)(z,y) = (7 +O(p™")) R(G; P-p)(x,y).
We now use Proposition 6.1 to obtain that
etklz1—y1l .
|331—y11/2> e+ (cos(a_m) — isin(a_m)Iy(¢))
+ 0 (p—QU) eik|x1—y1||x1 _ y1|—1/2

for some v > 0. Similarly

R(G;Q—p)(x,y) = co(¢) <

etklz1—y1]

R(G; Q+p)(w,y) = co(C) ( ) e~* " (cos(auym) + isin(ay 7)o (C))

|1 — ya[1/2
+ 0 <p—2u> eik|x1—y1\|x1 . y1’—1/2.
The asymptotic formula for the Hankel function Hy(z) yields

R(C; Qop)(z,y) = (ei(a+—a_)7r + O(P_l)> R(¢; Ko)(z,y)
= (CO(C)ei(our—a—)w + O(p_1)> eiklwl—yﬂlxl _ y1’—1/2'

We combine these three asymptotic formulas to calculate the leading coeffi-
cient 74 (¢) defined by (1.12) as follows:

T cos(a_m) + e T cos(agm) — €T = cos ((ag + a_)T),

e
i (—e" T sin(a_7) + e " sin(aq 7)) = — cos ((ag + a_)m) + eilo+—a-)m,
We evaluate remainder operators with kernels satisfying
O (IO—QV) eik|m1—y1\|x1 o y1’—1/2
for some v > 0. If (z,y) € B1g x B_g4, then it follows from (1.17) that this
kernel obeys the bound O (p_2y+350) uniformly in { € D;. Hence we can

take dp so small that the remainder operators are bounded by O (p_”). This
proves the proposition. [

6.2. Let T = T((;p) be defined by (4.18) and let x € C§°[0,00) be
a cut—off function with properties in (4.1). We establish the basic relation
(4.20) by showing that Id+T is invertible. We recall that u, 2/5 < u < 1/2,
is fixed close to 1/2 as in (2.1). We define

vo(w1) = x (2lz1l/p" "), To(x1) = x (Jaal/p' "), wilz1) =1—vo(z1)

and 91 (71) = 1 — x (4z1]/p' ™). Then v;v; = v; for j = 0,1. We further
define

Tir = Tik(Cs p) = v T(C p)0k, 0<j, k<1
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We formulate the two lemmas below for these operators. For the first lemma,
a similar lemma has been already proved as Lemma 7.1 in [3] or Lemma 5.1
in [9], although the slightly different notation has been used there.

Lemma 6.1. The norm of the operators

PoRsc(C: Q+p) 010 Roe((5 Q+p)P0,  PoRsc(C; Q+p) 01T 0 Rse (5 Q5p)P0

acting on L*(Ily) is of order O (p_N) for any N > 1, and the norm of the
operators

TuTii, TuTwo, ToTi1, TorTho : L*(To) — L*(Ilo)
s also of order O (p_N) for any N > 1.
Proof. The second statement is an immediate consequence of the first one.

We consider only the operator with pair {Rs.((;Q+)), Rsc(¢; @4,)} in the
first statement. We decompose it into the sum

PoRsc (¢ Q+p) (XL +(1— XL))%FORSC(C; Q+p)P0;

where 1 (1) = x (|z1|/Lp?) for L > 1 fixed arbitrarily but large enough.
Then it follows from Proposition 5.2 (1) that the second operator on the right
side obeys the bound O (p_UL). By Proposition 5.2 ((2),(3)), the integral
kernel of the first operator takes a form such as

751 ([ exp 2ikr 1) alus 2,1 €.p) ) €519
where the function a satisfies
(0/0ur)"a = O (p=3=0=mm)
and has support in
{u=(u1,u9) : p' /4 < |ua| < 2Lp?, |ug| < p/16}

as a function of u. If |u1| > p'=#/4, then ‘(8/0u1)r+p(u)‘ > cp~* for some

¢ > 0. Since 1 — pu > p by choice, the above integral obeys the bound
O (p_N ) for any N > 1 by repeated use of partial integral. This proves the
lemma. [J

Lemma 6.2. [Tyl =0 (p™*) =0 (d—u/2).

Proof. The kernel of the operator in the lemma has support

{(z,y) : |z1] < p' 7", |za| < p/16, |y1| < 20" 7", |ya| < p/16}
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and )exp(ik|xip|)’ is bounded uniformly in ¢ € Dy (and similarly for |y4,|).

Thus it follows from Proposition 5.2 (2) that the kernel obeys the bound
O (p™?), and hence the Hilbert-Schmidt norm is evaluated as ||Tpo|us =
O (p™"). This proves the lemma. [

For two bounded operators A(¢) and B(() acting on L*(Ilp) or on L?(£2,),
we use the notation A(¢) ~ B(() to denote that the norm of A({) — B(()
is bounded by O (p_N ) uniformly in ¢ € Dy for any N > 1. The operator
Id + T(C; p) has the matrix representation

. _ . Id+ Ty To1
X_X(C’p)_( T  Id+Tph

as an operator acting on L?(Ily) & L?(Ily), and all the components T} ((; p)
are bounded by O (p¥) for some v > 0, as stated at the end of section 4. By
Lemma 6.1, we have

(6.2) (Id+Ty) "' = (Id—T%) ™' (Id — Tyy) ~ Id — Ty
and X admits the decomposition
X:(Id 0 )(Id Tm)( Id+T001L1TN 0 >
0 Id+1Ty 0 Id (Id+Ty) T Id )’
where

Ty = Tn(Cp) = —Tor (Id + T1y) ™' Thg ~ 0
by Lemma 6.1. Since the operator

Yo =Yo(C;p) = Id + Too + Ty ~ Id + Ty : L*(Ilp) — L*(Ilp)

-1
is invertible by Lemma 6.2, X ~! is calculated as ( Yy Xo1 ), where
X0 X11

Xor = Yy "To1 (Id+Ti1) ™", Xio = — (Id+T11) "' TioYy !
and
X1y = (Id+ Tiy) " TyoYy "oy (Id + T11) ™ + (Id + Ty1) ™"

If we take (6.2) into account, then we see from Lemma 6.1 that (Id +7)~!
takes the form

(63) (Id + T) (Id Tm) Y (’UO - T01U1) (Id - Tll) U1
Thus we can obtain the basic representation (4.20) for R(¢; Q).

By Lemma 6.2, Y_1 is expanded into the Neumann series

6.4) Yy'~Id+Y(Gp), Y= Z )Ty + (—~1)ETE (Id + Too) ™"
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for L > 1 fixed large enough. Hence we have

(Id+T)™" ~ Id—Tiovo — (Tor — TroTor + Ti1) v1

+ (Id—Ti)Y (v — Tp1v1) -

We also have

TornTj-a~0, Twlnnlj-a~0, Tynviljgq~0
by Lemma 6.1. Thus it follows from (4.20) that
(6.5) J+aB(C; Qp)i—a ~ j+alNj—a — Zo+ Z1 — Z,
where

Zo = Zo(C; p) = j4ahTj—a, Z1 = Z1((;p) = jalTiovoTj-a

and Z = Z(¢;p) = jyalh (Id — Tio) YvoT'j-q.

6.3. In what follows, we denote by Op(p”) the class of bounded operators
acting on L?(Q,) such that their norms obey O(p”) uniformly in { € Dj.
We analyze the three operators Zy, Z; and Z on the right side of (6.5). The
obtained results are formulated as the three lemmas below.

Lemma 6.3. The operator Zy takes the form
Zo = —Jrd XapRse((Q—p) + X—pRsc((5Q4p)) j—a + Op <p—1—,u—|—350> .

Lemma 6.4. The operator Zy is of class Op (p_l_“+360).

Lemma 6.5. The operator Z is of class Op (p_2”+650).

We are now in a position to show assertion (6.1), accepting these three
lemmas as proved.

Completion of Proof of Proposition 2.1 (Proof of (6.1)). We may assume
that X+,j-q = j—a (see (4.13)). Then we recall from (4.14) that j4Aj_g is
given by
J+alj—a = Jra (X=pR(C; Q—p) + X+pR(C; Q+p)) J—a-
By definition (see (5.2)),
R(Cv Q:I:p) = R(C, QOp) + Rsc(C; Q:I:p)-

Hence (6.5), together with the three lemmas above, implies that the operator
J+dR((;Qp)j—q under consideration takes the form

Jid (Rse(C; Q) + Ree(C: Q) + R(C;Qop)) j—a + Op (p—2u—|—660) .
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This proves (6.1), so that Proposition 2.1 is obtained. [

6.4. The proof of Lemma 6.3 is based on the following three lemmas.

Lemma 6.6. The operator defined by

j—i—dRsc(C; Qip)UOFORSC(C; Q:I:p)j—d : LQ(Qp) — LQ(Qp)
is of class Op (p_N> for any N > 1.

Lemma 6.7. The operator defined by
j—i—dRsc(C; QZF/))UOPORSC(C; Q:I:p)j—d : LQ(Qp) — LQ(Qp)
is of class Op (,0_1_“+360).

Lemma 6.8. One has the following two relations:

J+aR(¢; Qop)ToRsc(C; Q—p)J—a ~ —JraX+pRsc(C: Q—p)i-d,
J+aB(C; Qop) o (—Rse (5 Q4p)) J—d ~ —JrdX—pRsc(C; Q1p)J—a-

Proof of Lemma 6.6. We prove the lemma for the pair {Q4,,@+,} only.
By Proposition 5.2 (2), the integral kernel R(x,y;(,p) of the operator in
question takes the form

R(w,y; (. p) = M+ (/ eZMola(u; 2,1y, ¢, p) dU> el

for (v,y) € Byq X B_q, where a has support in {|u1| < p' ™", |ua| < p/16}
as a function of u = (u1,u2) and satisfies

(0/0uz)" a =0 (p*™")

uniformly in (z,y) and ¢ € Dg. Since |8]u.,|/duz| > 1/2, we see by repeated
use of partial integration that a obeys O (p_N ) This proves the lemma. [

Proof of Lemma 6.7. We consider the pair {Q4,,Q—,} only. We again
make use of Proposition 5.2 (2). Then it follows from (1.17) that the inte-
gral kernel R(x,y;(,p) of the operator under consideration is bounded by
O (p_l_“+350) uniformly in (z,y) € B1g x B_4 and ¢ € D;. Hence the
lemma is immediately obtained. [

Proof of Lemma 6.8. We only prove the first relation in some details. The

proof is based on the same idea as developed in section 4. Let A+((;p) be
defined by

A= X—pR(C; Q—p)f(—p + X—i—pR(CS QOp)f(—l—py
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Ay = X—pR<C§ QOp)fC—p + X+pR(C§ Q+p)>~6+p-

Then we have the relation
(Q-p—QOA_=Td+To(R(¢Q—p)X—p — R(C;Qop)X+p) -
We define the operator
T_(¢;p) = ToRse($; Q—p)po : LP(Tly) — L* (o)

corresponding to T'((; p) defined by (4.18), where the multiplication by the
characteristic function pg of Il again denotes the extension from L2(H0) to
L*(Q4,). Then we have

R(GQ-p) =A- —A_po(Id+T-) "' T (R(¢; Q—p)X—p — R(C; Qop)Xtp) »
which corresponds to relation (4.20). By Lemmas 6.1 and 6.6, we may write
(Id+T ) =(Id—T%) " "(Id—T_ )~ I1d—T-.
We now compute
Lo (R(¢;Q—p)X—p — R(C; Qop)X+p) J—d = ToRse((;Q—p)i—d
and hence it follows from Lemmas 6.1 and 6.6 that
(Id+T-)""To (R(¢;Q-p)X—p — R(C; Qop)Xtp) j—d ~ ToRse(C; Q—p)i—a-
Thus we obtain
J+aR(C;Q—p)j—a ~ jrah—j—q — J+aA-ToRsc(C; Q—p)j—a-
Hence we have
J+aA-ToRse(C;Q—p)j—a ~ jyah—j—qa — j+aR(C;Q—p)j—a
—J+d (R(Cé Q—p) - X—pR(C; Q—p) - X—i—pR(C; QOP)) J—d
= —Jrd (X4 pR(GQ—p) — X+ pR(¢; Qop)) j—a
= _j—l-dX—i—pRsc(C;Q—p)j—d-
Since
j—f—dA—FORSC(C; Q—p)j—d ~ j—i—dR(C; QOP)FORSC(C; Q—p)j—(b

the first relation is verified. To prove the second relation, we start with the
relation

(Q1p — Q) Ay =Id+ Lo (R(C; Qop)X—p — B(C; Q) Xe4p)
and repeat the same argument as above. [
Proof of Lemma 6.3. According to (5.2), we write
X—pR(CQ Q—p) + X+pR(C§ Q+p) =
R(CQ QOp) + X—pRsc(C; Q—p) + X—i—pRsc(C; Q—i—p)
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and use Lemmas 6.1, 6.6 and 6.7 to compute

Zy = j-l-dR(C; QOp)FO (RSC(C; Q—p) - RSC(C; Q+p)) J—d+ Op (p_l_ﬂ+350) ’

which, together with Lemma 6.8, proves the lemma. [

6.5. The proof of Lemma 6.4 requires the two preliminary lemmas be-
low. We give only a sketch for the proof of the first lemma (Lemma 6.9),
because it is done in almost the same way as Lemma 6.8.

Lemma 6.9. One has the relation

j—l—dR(CQ QOp)FORSC(C; Q:I:p)UOPO ~ ij—l—dXZFpRsc(C; Qip)vopo-

Lemma 6.10. One has the relation
J+aR(¢; Qop)voloRsc(C; Q+p)vopo ~ 0.

Proof of Lemma 6.9. We consider only the operator with R.((;Q—,). As
in the proof of Lemma 6.8, we get the relation
J+aR(C; Q—p)vopo ~ jaA—vopo — jraA-ToRsc(¢; Q—p)vopo-

We also have the relation
A_Tog= (R(C7 QOp) + X—pRsc(C§ Q—p)) L.

Hence it follows from Lemmas 6.1 and 6.6 that

J+aA_ToRsc(¢; Q—p)vopo
= j—|—d (R(Ca QOp) + X—pRsc<C; Q—p)) FORSC(C; Q—p)vOpO
~  J+dR(C; Qop)ToRsc(¢; Q—p)vopo-

Thus we have the desired relation

J+dR(¢; Qop)ToRsc (¢ Q—p)vopo ~
J+d (A= = R((;Q—p)) vopo = —J+dX+pRsc(¢; @—p)vopo-
This proves the lemma. [

Proof of Lemma 6.10. The lemma is verified by repeated use of partial
integral. The kernel of the operator in the lemma is given by composition.
Let u = (u1,uz2) be such that |u;| < p'™* and |uz| < p/16. The phase
function ik|z — u| with x € B;4 comes from the operator R((;Qo,), while
ik|u4,| comes from Ry ((;Q+p). If we note that

Olx — u|/Ou; ~ —1, Oluty|/Our ~ 0

for p > 1, then this enables us to obtain the lemma by repeated use of
partial integral. [
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Proof of Lemma 6.4. We use Lemmas 6.1, 6.9 and 6.10 to compute
J+alTiovol'o =

J+d (R(C; QOp) + X—pRsc (C: Q—p) + X—l—pRsc(C; Q—i—p)) Tiovol'o

~ J+aR(¢; Qop)vilo (Rse((5 Q—p) — Rse(C3 Q4p)) volo

~ J4+aR(C; Qop)lo (Rse (¢ Q—p) — Rsc(C;Q4p)) vol'o

~  —Jrd (X+pRse(C Q—p) + X—pRsc((;Q+p)) vol 0.
Hence the operator 27 = j1qAT10v9T)_4 in the lemma behaves like

Z1 ~ =jid (X4pBsc(C: Q—p) + X—pRsc((; Q4p))
x vol'g (Rsc(<§ Q—p) - RSC(C; Q+p)) J—d-

This shows that Z is of class Op (p‘l_/”'?"s‘)) and completes the proof. [

We proceed to proving Lemma 6.5.

Proof of Lemma 6.5. We recall the definition of the operator Z from (6.5).
The lemma follows as an immediate consequence of the assertion

(6.6) TG0 = =0 (prinmron)

uniformly in ( € Dy for integers [ > 1. For brevity, we prove this for the
case [ = 1 only. A similar argument applies to the other cases. We set

Wi = j4a\ToovoTj—a,  Wa = jraAT10To0v0T j—q,
so that Uy = W7 — Ws. We use Lemmas 6.10 to compute
Wi~ jid (X—pRsc(C; Q—p) + X+pRSC(C; Q—l—p)) ToovoT'j—g-
By (1.17) and Proposition 5.2 (2), we have

[J+dPse(C; Q+p)vopol| = O (PUQ_“/QH‘SO)

Jaah (Id — T1o) TgovoT—a

and [|vgTj_ql| = O (p_l/Q_“/2+350). Since || Tool| = O (p™*) as shown in the

proof of Lemma 6.2, it follows that ||[W;] = O (p_”_“+650). We combine
Lemmas 6.1, 6.9 and 6.10 to obtain that

Wy~ j4aR(CQop)T o (Rse((Q—p) — Ree(C: Q+p)) ToovoTj—q
~ Op (01/2_“/2+360) ToovoTj—a

and hence ||Wa| = O (p“ H +650). Thus (6.6) is established and the proof

is complete. [



AHARONOV-BOHM EFFECT IN RESONANCES III 107

6.6. We end the paper by proving Proposition 2.2. The proof is based
on the same arguments as used for proving Proposition 2.1. We give only a
sketch for it.

Proof of Proposition 2.2. We can get a relation similar to (6.5):

G+dR(C Q) wa ~ Jraljra — Zo + 71 — Z,
where
2o = j+aATjiq, Z1 = Jyal\T10v0T j1q

and Z = jiqA (Id — Ty) YUOT§'+d. We may assume that )Zipﬁrd = j+d. The
leading term comes from

j+dAj+d = J+4d (R<C§ QOp) + X—pRsc(C§ Q—p) + X—l—pRsc(C; Q—l—p)) j~|—d-
By (4.11), we have

R(C; Qop) (@, y) = exp(i(gop () — g0, (1)) R(C; Ko)(x,y)

for (z,y) € Byqx By, and exp (i(gop(x) — g0p(y))) yields ag(x, y; d) defined
by (2.6). Thus the leading operator Ry(;d) in the proposition is obtained.
We evaluate the operator jiqRs.((; Qip)jer by making use of Proposition
5.1 (2). If x € B4, then

1/2

wspl = |2 = pi| = (Jo1 + O(d) 7" = hrd +O(1), d>1,

and hence it follows from (1.17) that

exp(ik|z.sp|)/[22|2] = O (@) [exp(~ik(1 = r4)d)

on the bottom of the neighborhood D4. A similar bound remains true for
y € By4. Note that k1 < 1 strictly. Thus we can take 69 > 0 and J > 0 so
small that

Hj—|—dRsc(C; Q:I:p)j—}—dH =0 (d_y)

for some v > 0. The other operators Z; and Z are also shown to obey
@) (d_” ) for another v > 0 and are dealt with as remainder operators. This
proves the proposition. [
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