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AHARONOV-BOHM EFFECT IN RESONANCES
OF MAGNETIC SCHRODINGER OPERATORS
IN TWO DIMENSIONS II

HipbEo TAMURA

ABSTRACT. We study the Aharonov—Bohm effect (AB effect) in quan-
tum resonances for magnetic scattering in two dimensions. The system
consists of four scatters, two obstacles and two scalar potentials with
compact support, which are largely separated from one another. The
obstacles by which the magnetic fields are completely shielded are hor-
izontally placed between the supports of the two potentials. The fields
do not influence particles from a classical mechanical point of view, but
quantum particles are influenced by the corresponding vector potential
which does not necessarily vanish outside the obstacle. This quantum
phenomenon is called the AB effect. The resonances are shown to be
generated near the real axis by the trajectories trapped between two
supports of the scalar potentials as the distances between the scatterers
go to infinity. We analyze how the AB effect influences the location of
resonances. The result is described in terms of the backward amplitudes
for scattering by each of the scalar potentials, and it depends heavily on
the ratios of the distances between the four scatterers as well as on the
magnetic fluxes of the fields.

1. Introduction

In quantum mechanics, a vector potential is said to have a direct signifi-
cance to particles moving in a magnetic field. This is called the Aharonov—
Bohm effect (AB effect) and is known as one of the most remarkable quan-
tum phenomena ([1]). In this work, we study the AB quantum effect in
resonances of magnetic Schrodinger operators in two dimensions. The scat-
tering system consists of four scatters, two obstacles and two scalar poten-
tials with compact support, where the scatters are largely separated from
one another, and the obstacles are placed between the supports of the two
potentials. The magnetic fields are assumed to be completely shielded by
the obstacles, so that the fields do not influence particles from a classical
mechanical point of view. However, by the AB effect, quantum particles are
influenced by the corresponding vector potential which does not necessarily
vanish outside the obstacle. We can show that the resonances are generated
near the real axis by the trajectories trapped between two supports of the
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scalar potentials as the distances between the scatterers go to infinity. The
location of the resonances is described in terms of the backward amplitudes
for scattering by each of the scalar potentials, and it depends heavily on the
magnetic fluxes of the fields. Thus we see that the location of resonances is
strongly influenced by the AB quantum effect.

The present work is a continuation to [7], where we have studied the case
of one obstacle. A new difficulty which happens to the case of two obstacles
appears from the trapping phenomenon between the obstacles. In addition,
we have to take account of the difficulty which comes from the fact that even
if the supports of the magnetic fields are largely separated from each other,
the corresponding vector potentials are not expected to be well separated.
To overcome these difficulties, we make use of the gauge transformation and
the complex scaling method. The location of the resonances depends not
only on the magnetic fluxes but also on the location of the obstacles. Here
we deal with the case when the obstacles are horizontally placed between
the supports of the two potentials. In [9], we will consider the case when the
obstacles are vertically placed between the supports of the two potentials.

We set up our problem precisely. We always work in the two dimensional
space R? with generic point z = (1, x2) and write

2
H(A V)= (=iV - A’ +V => (=id; —a;)* +V, 0;=0/0uj,
j=1

for the magnetic Schrédinger operator with A = (a1,a2) : R?> — R? as a
vector potential and V : R? — R. as a scalar potential. The magnetic field
b: R?> — R associated with A is defined by

b(:L‘) =V x A(.CL’) = 81a2 — (92a1

and the quantity defined as the integral o = (27r) ™ [ b(z) dx is called the

magnetic flux of b, where the integration with no domain attached is taken
over the whole space. We often use this abbreviation.

Let by € C§°(R?) be two given magnetic fields with the fluxes

o = (2m)71 /bi(ac) dzx.
We make the assumption that the support of b4 satisfies
(1.1) suppbs C O1 C B ={|z| < 1}

for some simply connected bounded obstacle O, where O is assumed to
have the origin as an interior point and the smooth boundary 0O+. For the



AHARONOV-BOHM EFFECT IN RESONANCES II 43

vector potential Ay (x) corresponding to by, we can take Ay (x) to fulfill

(1.2) As(z) = ar®(x)
over QO = R%*\ O, where ®(z) is defined by
(1.3) ® = (—zo/|z|?, 21/|2|*) = (=02 log |z|, 01 log |z]) .

In fact, ® defines the d-like magnetic field (solenoidal field)
V x ® = (07 + 03) log |z| = Alog |z| = 276 ()

with center at the origin, when considered over the whole space. This vector
potential is often called the Aharonov—Bohm potential in physics literatures.
Assumption (1.1) means that the field by is entirely shielded by the obstacle
O, although the corresponding vector potential AL does not necessarily
vanish outside O4.

For d € R? with |d| > 1, we set
d_=—k_d, dy =kyd, k>0, K_+ry=1,

so that dy —d_ = d. The distance |d| > 1 is regarded as a large parameter
with the direction d = d/|d| fixed. Let Vi € C§°(R?) with supp Vi C B.
Then we define

(1.4) Va(z) = V_a(z) + Via()
For pi = tkod with 0 < kg < min(
(15)  Ap(@) = A_p(a) + Asp(@) = A_(z — po) + Ar(a — ps)

over the exterior domain

=Vo(z —d_)+Vi(z —dy).

K_, Ky ), we also define

(1.6) Q,=R*\(0_,U0;4,), Oip={z:2—ps € O1}.
We now consider the self-adjoint operator
(1.7) Hq=H(Ap,Va),  D(Hg) = H*(Qp) N Hy (),

in L?*(Q,) under the zero boundary conditions, where Hg(W) and H?(W)
stand for the usual Sobolev spaces over a region W. We know that the
resolvent

R(¢;Hg) = (Ha— Q)" LP(Q,) = L*(€,), Re(>0, Im({ >0,

is meromorphically continued from the upper half plane of the complex plane
to the lower half plane across the positive real axis where the continuous
spectrum of Hy is located. Then R((; Hy) with Im ¢ < 0 is well defined
as an operator from L2 (Q,) to L} (Q,) in the sense that xR(C; Hy)x :

comp

L*(Q,) — L*(9,) is bounded for every x € C§°(%,), where LZ (W)

comp
denotes the space of square integrable functions with compact support in the

closure W of W and L2 (W) denotes the space of locally square integrable
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functions over W. The resonances of H, are defined as the poles of R((; Hy)
in the lower half plane (unphysical sheet). This is shown by use of the
complex scaling method [4, 5, 6]. Our aim is to study how the resonances
are generated near the real axis by the trajectories trapped between the two
centers d_ and d; as |d| = |dy —d_| — oo and how the AB effect influences
the location of the resonances.

The obtained result is formulated in terms of the backward amplitudes
by the potentials V4. Let Ky = —A be the free Hamiltonian and let K4 be
the Schrodinger operator defined by

(1.8) Ki=Ky+Vei=-A+Vy, DKy =DKs)=H*R?.

We denote by fi(w — 60; E) the amplitude for scattering from the incident
direction w € S to the final one # at energy E > 0 for the pair (Ko, K+).
These amplitudes admit the analytic extensions fi(w — 6;() in a complex
neighborhood of the positive real axis as a function of F.

We now fix Ey > 0 and take a complex neighborhood

(1.9) Dy = {C: [Re ¢ — Eo| < 8o B0, |Tm¢| < (1 +20) By (10il||d|)}

for &g, 0 < 99 < 1, small enough. We also define the angle 1)y through the
relation

K — g\ /2 K — ko 1/2
(1.10) cos Py = <1, 0<g<m/2,

K_ + Ko K4+ + Ko
and set
(1.11) Ty = <1 — %) cos (a4 + a—)m) + % cos ((ay —a_)m).

We further define
o2ik|d]

|d|

(1.12)  h((d) = ( )f(ei —d; Q) fr(d — —d; g, k= (Y2,

over D, where the branch k = (/2 is taken in such a way that Rek > 0
for Re( > 0. We always use the notation k with the meaning ascribed here.
Since

(1.13)  2Imk = 2Im (Re¢ +im¢)Y? =Im ¢/ (Re )2 + O (|1mg|3)
for ( € Dy and since

(114)  (Re()"” = By (1+ (Re¢ — Ey) /(2Bo) + O(53) )
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with [Re( — Ey| < doFop, we can take g > 0 so small that
(1.15) d* < | exp(2ikld])|/I1d] < |aP,  |d] > 1,

on the bottom of Dy (Im ¢ = — (1 4 250) Eo/* ((log |d]) /|d])). This implies
that the curve defined by |h((; d)| = 1 with |Re{ — Ey| < doEyp is completely
contained in Dy, provided that fi(:tc;l — ¥d; Ep) # 0 and mp # 0. We
denote by

{gj(d)}, ¢j(d) € Dy, Reli <Rely < -+ < Relw,,
the solutions to the equation
(1.16) h((;d) = 1.
We know (see Lemma 3.5) that (;(d) behaves like
1/2 1/2
Im (;(d) ~ —Ey/* ((log |d])/|d]),  Re (¢js1(d) — ¢5(d)) ~ 27 Ey? d),

for |d| > 1. With the notation above, we are now in a position to state the
main result.

Theorem 1.1. Let the notation be as above. Assume that my # 0 and
fi(d — Fd; Eo) #0, d=d/|d,

at energy Ey > 0. Then we can take d9 > 0 so small that the neighborhood
Dy defined by (1.9) has the following property: For any e > 0 small enough,
there exists d. > 1 such that for |d| > d., Hy has the resonances

{gres,j (d)}v Cres,j (d) S Dda Re Cres,l(d) <---<Re Cres,Nd (d)
in the neighborhood

{ceDalc— Gl <e/ld}

and the resolvent R((; Hy) is analytic over Dg '\ {Qes’l(d), e 7Cres,Nd(d)}

as a function with values in operators from Lzomp(Qp) to L .(Q,).

The theorem above is proved in section 3 after a series of preliminary
lemmas are formulated. In section 2, we mention two basic propositions
(Propositions 2.1 and 2.2) on the asymptotic properties of the resolvent
kernel R((; Hoq)(x,y) with ¢ € Dy for the self-adjoint operator

(1.17) Hog = H(A,,0), D(Hog) = H*(,) N HH (),

where A, is defined by (1.5). In particular, Proposition 2.1 which is con-
cerned with the asymptotic behavior as |z — y| > 1 along the forward
direction (x,y) ~ (d+,d+) plays an important role in proving the theorem.
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Sections 4 and 5 are devoted to proving the two propositions. The operator
Hy, acts on the domain exterior to the union of the two obstacles O_, and
O4, placed at large separation, and the resolvent kernel with a spectral pa-
rameter in the unphysical sheet grows exponentially at infinity. In order to
construct the resolvent kernel R((; Hyg)(x,y) with ¢ € Dy, we make use of
the gauge transformation to separate the two obstacles from each other and
of the complex scaling method to compose the resolvent kernel constructed
for each obstacle O4,. We rely on the results obtained in the previous work
[8] for the proof of the two propositions. We summarize these results in
Appendix in the form adapted to our application.

2. Asymptotic properties of resolvent kernel

We write R((;T) for the resolvent (T — ¢)~! of the operator T acting on
L*>(W), W being a domain of R?. We use the same notation R(¢;T) for
the resolvent meromorphically extended from the upper half plane to the
lower half one. For notational brevity, we take the four centers d4 and p
as follows:

(2.1) dy = (£K4d,0), psr = (£rod,0), d>1,
where
ko < =Ko <0< Kg< Ky, K-+ry=1

We identify the distance |d| = |d4 — d_| between the two centers dy and
d_ with d, while the direction of d; — d_ remains fixed as w; = (1,0). We
further take u to be

(2.2) 2/5 < < 1/2(<1—u)

close enough to 1/2. Throughout the whole exposition, we use notation
dy, p+ and p with the meanings ascribed in (2.1) and (2.2).

Let Hyq be defined by (1.17). The next theorem is obtained as an imme-
diate consequence of [3, Theorem 1.1] (see also [2]). We give its proof at the
end of this section.

Theorem 2.1. Let Dy be defined by (1.9) with |d| replaced by d. Then
R(C; Hoa) : L2y (2,) = Lo (2,)

comp loc

s analytic over Dy for d > 1.

Let R(C; Hoq)(x,y) be the resolvent kernel of R((; Hyg) with ¢ € Dy. We
are now in a position to state the asymptotic properties of R((; Hoq)(x,y) as
the two propositions, which play an important role in proving Theorem 1.1.

In what follows, Hy(z) = H(()l)(z) denotes the Hankel function of the first
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kind and of order zero, and ~y(w;f) denotes the azimuth angle from w € S!
to 6.

Proposition 2.1. Let jiq be the characteristic function of

(2.3) Bid:{x: |z — dy] <1}
and let co(C) be defined by
(24) CO(C) _ (87‘(')_1/2 6z'7r/4<——1/4 _ (87‘[’)_1/2 61'77/4]{:—1/2.

Assume that g # 0 for the constant my defined by (1.11). Then the operator
J+aR(C; Hoa)j—a acting on L*(Q,) admits the decomposition

J+aR(¢; Hoa)j—qa = Ro(¢; d) + R1(¢; d),
where Ro((;d) is the integral operator with the kernel
Ro(¢,d)(z,y) = co(Q)moe 1T vty — gy |71/2

for (x,y) € Byg x B_4, and R1((;d) obeys the bound |R1((;d)|| = O(d™")
uniformly in ¢ € Dy for some v > 0. A similar decomposition remains true
for j—aR(C; Hod)j+a-

Proposition 2.2. Let j4 denote the characteristic function of
(2.5) Big= {a; L d® < |z —dy| < 2d5}

with 0 < 0 < 1 fized small enough. Write v+, = x — p+ and T4, =
T+p/|x+,|. Then the operator jqR(C; Hoq)jra admits the decomposition

Jj+aR(C; Hoa)jra = Ro(C:d) + Ry (¢ d),
where the kernel Ry(C;d)(x, y) of the integral operator Ro(C;d) is defined by
Ro(G; d)(,y) = (i/4)Ho(klz — yl)ao(z, y; d)
for (z,y) € Big X Byq with
(26)  ag = exp(ias (Vi1 pi —iivp) = 7) + i@ ((5-p; ~G-p) = 7)),
while Ry(C;d) obeys the bound ||Ry(C; d)|| = O(d™") uniformly in ¢ € Dy for

some v > 0. A similar decomposition remains true for j_qR(C; Hoq)J—q-

We prove these basic propositions in sections 4 and 5. The proof is based
on the gauge transformation and on the complex scaling method, as stated

at the end of the previous section. We end the section by proving Theorem
2.1.
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Proof of Theorem 2.1. By assumption, ( € Dy. Since p = |py — p—| =
2Kkod < d, we have

€240 jp <1, (€ Dy,

strictly for d > 1. This, together with [3, Theorem 1.1], implies that the
resolvent R((; Hoyg) is analytic over Dy as a function with values in operators
from L%, (Q,) to LZ (Q,). Thus the proof is complete. [

comp loc

3. Proof of main theorem

In this section, we complete the proof of the main theorem, accepting a
series of preliminary lemmas as proved. These lemmas are verified at the
end of the section.

3.1. We fix the notation to formulate the lemmas. Let pg(x;w, F) be
the plane wave defined by

wo(z;w, E) = exp (iE1/2:17 : w)

with w as an incident direction at energy £ > 0. Let Ky = —A and K4 be
as in (1.8). Then we define

(3.1) o+ (z;w,¢) = [(Id = R(¢; K+)* Vi) @o(5w, )] (2).

The function . (z;w, () solves the equation <K:|: — Z) o+(z;w,¢) =0. In,
particular, if ( = F > 0, then ¢4 (z;w, F) turns out to be the incoming
eigenfunction of K., and the conjugate function P (z;w, () of pi(z;w,()
is analytic in ¢. It should be noted that ¢ (z;w,() itself is not analytic.
We also note that ¢, (z;w, E) does not denote the outgoing eigenfunction

at energy F > 0 but the incoming eigenfunction of the Schrodinger operator
K..

We recall that the notation v(z;w) = v(Z;w) denotes the azimuth angle
from w to & = x/|x|. We take a function v1 € C*°(R? — R) such that

(32) V() = ay(Z_p; Fwi) + gy (T4 p; Fwr)

on {|lz — d+| < |dt — p+|/2} and O7yy = O(|z|~) as |z| — oo, where
Ty, = x4,/|x4,| With 4, = v — p1. Since Vy(z;w) = ®(x) for ® defined
by (1.3), it follows from (1.5) that

(3.3) Vyg=a-®@x—p-)tas®(x—py) =A_,+ A1, =4,

on {|xr—di| < |dt —p+|/2}. If we denote by j(x) the characteristic function
of the unit disk B, then

Jxd(z) = j (z — dx) = j (T+q)
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defines the characteristic function of B.y defined by (2.3). We introduce
the auxiliary operator

(3.4) Hyg=H(A, Vig), D(Hiq) = H*(Q,) N H)(Q,),

where Vi4(z) = Vi(x — d1) is defined by (1.4) and V. is assumed to have
support in B. With the notation above, we are now to state a series of
preliminary lemmas.

Lemma 3.1. Let the notation be as above and let Dy be defined by (1.9).
Define the operator Q+((;d) by

Q= (¢ d) = VieaR(C Hoa)jaa : L?(Bxg) = L*(Ba)

for ¢ € Dg, where the multiplication jiq is understood to be the extension

from L*(Ba) to L*(,). Then Id+ Q+((;d) takes the form
Id + Q(G;d) = e7* <Id +Q=(¢; d)) (Id + VeaR(C; Ko)jra) €%,

where Qi(C :d) is analytig in ¢ € Dg with values in bounded operators acting
on L?(Big) and obeys ||Q+(¢;d)|| = O (|d|_”) uniformly in ¢ for some v >
0.

Lemma 3.2. Let Q1 ((;d) be as in Lemma 3.1. Then
Id+ Qx(¢; d) = L*(Big) = L*(Bua)

has the inverse bounded uniformly in d and ( € Dg. Moreover, we have the
relation

R(¢; Hig)jra = R(C Hoa)jra (Id + Q+(¢;d)) ™' - L2(Big) — LE(Q,)
for € Dy.

By the resolvent identity, it follows from Theorem 2.1 and Lemma 3.2
that the resolvent R((; Hyg) is represented as

comp loc

(3.5) R(G; Haa) = (1d = R(G; Haa) Via ) R(G Hoa) : Ly () = Lio(2)
for ( € D4 and is analytic there.
Lemma 3.3. Assume that the constant my defined by (1.11) does not vanish.

Recall that the incoming eigenfunction pi(r;w,() of Ky = Ko+ Vi is
defined by (3.1). Then we have the following statements :

(1) Let G4(¢;d) be the operator defined by
G1(CGd) = VogR(G Hya)jra : L*(Bra) = L*(B-g)
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for ¢ € Dg. Then G1((;d) admits the decomposition

G+(¢rd) = Gya(Grd) + Gra(Gsd),
where G14((; d) is the integral operator with the kernel Gq(x,y;(,d) defined
by
G rq = co(¢)mo (eikd/dm) V_(z_a)po(z—a; —w1, Q)P (y1d; —w1,€)j (Y1d)

with t4qg = x — d4+ and y+q = y — d+, and é+d(C;d) is analytic in €
Dy with values in bounded operators from L?(B.q) to L?>(B_4) and obeys
|G+a(¢;d)|| = O(|d|™Y) uniformly in ¢ for some v > 0.

(2) Let G_((;d) be the operator defined by
G_(¢;d) = VyaR(G H a)j—a: L*(B_a) = L*(Bya)
for ¢ € Dg. Then G_((;d) admits the decomposition
G-(¢d) = G-al¢;d) + G-a(¢; d),

where G_4((; d) is the integral operator with the kernel G_4(x,y;(,d) defined
by

G_a = co(O)mo (eikd/dl/Q) Vi (21a)p0(zias wi, QP (y—a; w1, ) (y—a)

and G_d(C ;d) is analytic in ¢ € Dg with values in bounded operators from
L?(B_4) to L*(B.q) and obeys ||G_q(¢;d)|| = O(|d|™Y) uniformly in ¢ for

some v > 0.

Lemma 3.4. Let G1((;d) be as in Lemma 3.3. Define
(3.6)  G(Gd) =G(Gd)G1(¢d) = ViaR(G H-g)V_qR(¢; Hid)j1d
as an operator acting on L*(B.4). Then G(C;d) admits the decomposition
G(¢;d) = Go(C;d) + G1(¢d),
where Go((;d) is the integral operator with the kernel Go(z,y;(,d) defined
by
Go = —co(¢)7g (€2ikd/d) f-(—w1 = wi;¢) X

Vi (24a) 20 (2 4d; w15 )Py (Yrd; —w15C)i (Y+a)

and G1((;d) is analytic in ¢ € Dy with values in bounded operators acting
on L*(Biq4) and obeys ||G1(¢;d)|| = O (|d|™) uniformly in ¢ € Dy for some
v>0.
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3.2. We are now in a position to prove the main theorem. The lemma
below is proved in almost the same way as in the proof of [7, Lemma 4.6].
We skip its proof.

Lemma 3.5. Assume the same assumptions as in Theorem 1.1. Let h((;d)
be defined by (1.12) with |d| = d and d = wy = (1,0). Then the equation
h(¢;d) =1 has a finite number of the solutions

6@}, _ . Gd)€Ds ReGi(d) < < Rey,(d),
in Dgq, and each solution (;(d) has the properties
‘Im ¢;(d) + EY?(log d) /d‘ < 60E*(log d) /d,
Re (¢41(d) = i(d)) - 2r By /d| < 2n60 % /a
ford>1.

Proof of Theorem 1.1. Recall the notation Hiq = H(A,, Vig) from (3.4).
We know by (3.5) that R((; Heq) : L2, (Qp) — Li(Q,) is well defined for

comp

¢ € D4 and is analytic there. We start with the relation
(Hy — O)R(¢;H_gq) = Id + Vi gR(¢; H_y).

We regard the operator on the right side as an operator acting on L?(B.q).
By the resolvent identity, the operator on the right side equals

Id+ ViaR(CGH-g)jva =
Id +ViqR(¢; Hog)jra — ViaR(C; H_g)V_qR(¢; Hog)jta-
By Lemma 3.2, it is further equal to
(87)  Id+ViaR(G H )jsa = (Id— GG ) (Id+ Q4 (G5 d))
where G((;d) is again defined by
G((;d) = VigR(¢G H_g)V_gR(¢; Hyq)jra : L*(Big) = L*(Bia)

as in Lemma 3.4. If one is not an eigenvalue of G((;d) at { = (y € Dy, then
the resolvent R((; Hy) in question turns out to be analytic in a neighborhood
of (o as a function with values in operators from L2, (€,) to L{ (2,). In
fact, R((; Hy) is represented as

R((;Hyg) = R(¢; H_q)
—H(CG;H_g)ja (Id+ ViaR(G Hog)jra) ™ ViaR(C H_g).

Thus the problem is reduced to specifying ( € Dy at which G((;d) has one as
an eigenvalue and to showing that this point is really the pole of R((; Hg)(()
in Dd.
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Lemma 3.4 enables us to write Id — G((;d) as
(38) Id—G((;d) = (Id — G(¢;d)(Id — G1(¢;d)) = L*(Bya) = L*(Bya),
where G (C;d) is as in Lemma 3.4 and G((;d) is defined by
G(¢3d) = Go(¢:d)(Id = Gi(¢:d) ™" = Go(G:d)(Id + G1 (¢ d))
with G1(¢;d) = G1(G;d)(Id — G1(¢;d)) . We write ( , ) for the L? scalar
product in L?(R?). We compute the integral

(3.9) Co(C)/V+($+d)900(31+d;w1,C)¢+($+d; —w1, () dz

= ¢0(¢) (Viwo(;w1,¢), (Id = R(G; K4 )* Vi) wo(; —wi, ()
= ¢(¢) (V4 (Id = R(¢; K1 )Vy) o5 w1,€), o5 —wi, €))
= —fi(wr = —wi; ()

and we set

P (G d) = —eo(C) (€¥04/d) B[ (~w1 = w1 C) X

(61(@ A)Viapo(- — dyiwi, €), Jap+ (- — dy; —wl,Z))-
Then it follows from Lemma 3.4 and (1.15) that h;((;d) is analytic over
Dy and obeys |h1(¢;d)| = O (|d|™") uniformly in ¢ for some v > 0. The
only nonzero eigenvalue of the operator G((;d) of rank one is given by
h(¢;d) + h1(C; d), where h((; d) is defined by (1.12).
We apply Rouché’s theorem to the equation
(3.10) B(C;d) + by (Crd) = 1

over Dy. Let {Cj(d)}1< . be as in Lemma 3.5 and let
<j<Nq

Cr={lc -G =e/d}. D= {Ic~ )] < </a}

for € > 0 fixed arbitrarily but sufficiently small. We may assume D;. C Dy
for d > 1 by expanding Dy slightly, if necessary. Since h ((j(d);d) = 1, the
derivative h'((; d) behaves like

B (G(d);d) = i¢;(d)"?d (1+0(@d™1))

at ¢ = (j(d) € Dg, so that |h' (¢j(d);d)| > c1d for some ¢; > 0. Hence it
follows that

(G5 d) = 1] = cae
on Cj. for some cz > 0. Thus equation (3.10) has a unique solution (e j(d)
in Dj. for d > 1.
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Once the location (s j(d) is determined as above, we can show in exactly
the same way as in the proof of [7, Theorem 1.1] (see step (3) there) that
it really becomes the resonance of R((; Hy). We do not go into the details.
Thus the proof of the theorem is complete. [

3.3. We shall prove the preliminary lemmas which remain unproved.
We use the new notation
Kiqg=Ko+Vig, D(Kiq) = H*(R?)

where Vig4(z) = Vi(z1q) = Vi(r—dy) is asin (1.4). We introduce a smooth
non-negative cut-off function x € C§°[0, 00) with the properties

(3.11) 0<yx<1, supp x C [0, 2], x =1 on [0,1].

This function is often used in the future discussion without further refer-
ences.

Proof of Lemma 3.1. We prove the lemma for the operator Q4 ((;d) only.
A similar argument applies to Q_((;d) also. Let v (z) be as in (3.2). Then
we introduce

Ko = H(Vyy,0) = e Koe D+, Ky =H(Vy,, Vi) =Ko+ V,

and fﬁrd = Ko+ V.4 as auxiliary operators. These operator have the com-
mon domain H?(R?). By definition, we have

(3.12)  R((; Ko) = €™ R(¢; Ko)e ™, R((; K1) = €T R(¢; K )e
and similarly for R((; Kyq).
We take § > 0 small enough as in Proposition 2.2 and define wy(z) by

wa(e) = x (|e4al/d) = x (e = del/d) . suppwy € {layal <2},

where y is the smooth cut—off function with properties in (3.11). Then, by
(3.3), Vo4 = A, on supp wy, so that Ko = H(A,,0) = Hyq there. Making
use of the relations wgViq = Vig4 and wgjrq = j+q, we compute

Id+Q4(¢;d) = Id+ VigR(¢; Ko)jra + Via (R(C; Hyq) — R(C; ffo) J+d
= Id+ ViqR(( Ko)jrd + ViaR(C Ho) (’wdffo — HOdwd) R(¢; Ko)jsd
= Id+ VigR(¢; Ko)jta + ViaR(C; Hog)[wa, Kol R(C; Ko)jva-

It follows by the resolvent identity that

R(G R sa)iva = RIG Ko)jva (1d 4+ ViaR(G Ko)iva)



54 HIDEO TAMURA
on L?(B,4), and hence we obtain the following representation for the oper-
ator I'd + Q4 ((;d) in question:
Id+ Q4 (¢;d)
= (Id + Vg R((; Hoa) [wa, Ko] R(¢; f(+d)j+d) (Id + ViaR(C; KO)j—i—d>
= ¢+ (Id +Q+(¢; d)) (Id+ ViaR((; Ko)jga) e,
where Q4 (C;d) is defined by
(3.13) Q+(¢;d) = Vige " R(C; Hog)e " [wy, Kol R((; K ta)jta

as an operator acting on L?(B,4). Thus the problem is reduced to evaluating
the operator norm of Q4 ((;d).

We compute the commutator
[wd, Ko] = weKog — Kowg = 2Vwy -V + (Awd) =2Vwy -V + O(d_%).

The coefficients Vwg and Awg have support in B, 4 defined by (2.5). We
study the behavior of the resolvent kernel

R(G; Kya)(2,y) = R(G Ky )(24d, Y+d)
when (z,y) € B+d x B.g4. By the resolvent identity, we have
(3.14) R(G; K1q) = R(G; Ko)(Id — ViaR(C; Kiq))-
For the free Hamiltonian Ky = —A, the resolvent kernel R((; Ko)(z,y) is
given by
R(¢: Ko)(z,y) = (i/4)Ho(k|z — yl)
and behaves like
R(¢; Ko)(2,9) = co(Q)e™* ¥z —y| 72 (14 O(|z —y[ ™))

when |z —y| > 1. If z € B+d and y € B4, then

24a = Yeal = |24al = Yta - 24a + O(d] )

and hence
etlzvamed — el (Gy(y g 240, Q)+ O(ld) ™))
where 2,4 = z14/|2+4|- Thus R({; Ko)(244,y+a) behaves like

R(C; Ko)(2+d, Y4d) =
co ()M al|z g 71/2 (BoWsd; 244, C) + 7(24a, Y445 €)) 5

where the remainder term (2.4, y1q; () satisfies

(3.15) 1027 (244, y4a; )| = O(d~UFI7D9)
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uniformly in z, y and ( € Dy. Since

(25 244,C) = [(Id — R(G; K4+)* Vi) o+ 244, ()] ()

by definition, it follows from (3.14) that the kernel R((; K14)(z,y) under
consideration takes the asymptotic form

(3.16)  R(GKia)(zy) =
co(Q)ek Izl |z |71/ (D1 (Wtd; 2445 C) + r0(24d, y+a: €))
where
ro(24d, Y+d; C) = 7(24d, Y+a; C) — /T(Z+d,u; OV (W R(G K4 ) (uw, y+a) du
is analytic in ¢ € Dy and obeys the same bound as in (3.15).
We consider [wg, Ko|R(C; K4q)(2,y). Since Vwg -V = O(d )24V for
wq = wq(z) and since
020+ (yai 244,C) = O (|2l ) = O(@1"P)
on By, [wy, Ko]R(¢; Koq)(2,y) takes the form
(3.17) (fwa, KolR(C: K ya) ) (2) = 44170 (2, 5 0)
by (3.16), where 7o(z, y; ¢) satisfies |877o| = O(d~/2+InD9),

We now evaluate the norm of the operator Q((;d) : L?(Byq) — L*(B.q)

defined by (3.13). We note that |e***+4l| is uniformly bounded in d for

z € B4, because
m k|24a] = O ((logd)/d) O(d’) = O(1)

for ¢ € Dy. Similarly |e™1#=l

is also uniformly bounded in d when (z, 2) €

B.q X Byq. Hence it follows from (3.17) that
(3.18) |[wa, Kol R(¢; Kya)ll = O(d™/?)

as a bounded operator from L?(B,4) to L?(B,g). This is obtained by eval-
uating the Hilbert—Schmidt norm of the operator. According to Proposition
2.2, the operator R((; Hpg) admits the decomposition

R(¢; Hog) = Ro(¢;d) + Ry (¢ d)

as a bounded operator from L?(B.4) to L?(Big4). The operator Ry((;d)
has the integral kernel

Ro(¢;d) = (i/4)Ho(klx — y|)ao(z, y; d)
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with ag(x, z;d) defined by (2.6), and R;((;d) obeys ||}~3~1(§;d)|| =0(d™")
uniformly in ( € Dy for some v > 0. If x € B, 4 and 2z € B4, then
IV (lz — 2| + |z4al)| = Ve ([z — 2| + [z = dy[)| 2 ¢> 0

for some ¢ independent of d, and hence we have
/ Ho(k|z — 2))e"Pag(x, z; d)[wg, Ko|R(¢; Kpa)(2,y) dz = O(d™)

for any N > 1 by repeated use of integration by parts. By (3.18), we also
have

1R (¢; d)[wa, Kol R(¢; Ka)jrall = O(d™) )
as a bounded operator on L?(B,4). Thus we see that the operator Q. ((;d)

defined by (3.13) satisfies ||Q(¢; d)|| = O(d™) as a bounded operator acting
on L?(B.44), and the proof is complete. [

Proof of Lemma 3.2. We prove the lemma for Q4 ((;d) only. A similar
argument applies to Q_({;d) also. By the resolvent identity, we have

(Id + ViaR(C; Ko)jxa) (Id = ViqR(C; Kia)jra) = 1d
on L?(B4g). This implies that Id + ViqR((; Kg)j+q is invertible and
(3.19) (Id + ViaR((; Ko)jea) ™! =
Id — VigR(C; Kig)j+d : L?(Big) = L*(Bia)
is bounded uniformly in ¢ € D;. By Lemma 3.1 and (3.19), it follows that
Id + Q. (¢;d) is invertible as an operator acting on L?(B.4). Since
(Hia — ) R(¢; Hoa)j+a = 1d + ViqR(C; Hoa)jra = 1d + Q4(¢; d)
on L?(B,q), the desired relation follows at once. [

Proof of Lemma 3.3. We prove statement (1) only. We use the notation
with the same meanings ascribed in the proof of Lemma 3.1 throughout the
proof. By Lemma 3.2, the operator G4 ((;d) is represented as

G (¢ d) = V_gR(C; Hoa)jra(Id + Q4 (¢;d))
and by Lemma 3.1, the relation
Id+ Q4 (¢ d) = € (Id + Q4 (¢ d))(Id + ViaR((; Ko)jpa)e
holds true as an operator acting on L?(B.4). By (3.2), we have
(3.20) e+ (@) = gila-tan)m L (g1

for z € B.q. Since Q(¢;d) satisfies |Q,(¢;d)|| = O (d7") for some v > 0 as

a bounded operator acting on L?(B.4), the inverse (Id + Q(¢;d))™ ! exists,
and we have the relation

(Id+ Q4 (¢;d)) ™' =1d — Qu (¢ d)(Id + Qi (¢G5 d)) 1.
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This, together with (3.19) and (3.20), enables us to decompose G ((; d) into
G1(Gid) = G4o(CG;d) + V_aR(C Hog) j+aG+1(G; d),

where
G10(¢;d) = V_aR(¢; Hoa)j+a(Id — ViaR(C; Ktd)jta)
and G11((;d) is analytic in Dy and satisfies ||G4+1(¢;d)|| = O(d™") as an
operator acting on L?(B.4). We apply Proposition 2.1 to V_gR(C; Hyq)j,d-
If (z,y) € B_4 X B4, then
21 —y1| =d — (2—q — Ypa) w1 + O(d).
Hence the kernel Ry((;d)(z,y) of Proposition 2.1 behaves like

6ikd

Ro(¢;d)(w,y) = (W) (co(Q)mopo(w—g; —w1, ()P (Y+d; —w1,C) + O(d™))
uniformly in (z,y) € B_4 X By4 and ¢ € Dy. Since
o4 (Yra; —w1,€) = [(Id — R(¢; K4q)*Via)po (- — dys —w1, ()] (y44)

by definition and since

ez’kd/dl/Q‘ —0 (d350/2)

over Dy (see (1.15)), the leading term G 4(z, y; , d) is obtained from the ker-
nel of G40(¢; d) and the remainder operator G 4(¢; d) satisfies ||Goq(¢; d)|| =
O(|d|7") for some v > 0 by taking §yp > 0 small enough. This yields the
desired decomposition and proves the lemma. [

Proof of Lemma 3.4. We compute the integral

o(C) / Vo (2a) 00 (s —w01, OB (a3 01, C) dr = —f—(—en — wi; ).

in exactly the same way as used to establish relation (3.9). This, together
with Lemma 3.3, yields the kernel of Go(C; d). Since )eikd /Y 2) ~0 (d350/ 2)

over Dy, we can take dy so small that the remainder operator G1((; d) obeys
1G1(¢;d)|| = O (d7") for some v > 0. Thus the proof is complete. [

4. Complex scaling method

The remaining two sections are devoted to proving Propositions 2.1 and
2.2 which have remained unproved in section 2. These propositions are
proved by constructing the resolvent kernel R((; Hoq)(x,y) with the spectral
parameter ¢ in the lower half plane. To do this, we compose the resolvent
kernel constructed for each obstacle O, by making use of the complex
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scaling method. In this section, we introduce the new notation and explain
a strategy based on this method. For notational brevity, we write

P, = H(A,,0), D(P,) = H2(Qp) ﬂH&(Qp>
for the operator Hy; under consideration (see (1.17)). We set

p = 2k0d = |p1 — p—|

for p1 = (£kod,0) as in (2.1). Besides the cut-off function x € C§°[0, c0)
with properties in (3.11), we further introduce smooth cut—off functions y o
and x4 over (—oo,00) with the following properties : 0 < xoo, X+ < 1 and
Xeolt) = 1= (8]
X+(t)=1for t =1,  x4()=0for t <—-1,  x—(t) =1—x+(b).
We often use these functions without further references throughout the fu-
ture discussion.

We define the mapping j,(r) : R* — R x C by

(A1) jplar,a2) = (w1,@2 + iny(z2)as) . my(H) = Lo((log p)/p)xoo(t/p):

where Ly > 1 is fixed large enough, and we consider the complex scaling
mapping

1/2
(4:2) (Jp) (@) = |det (9j,/0)| " F(jp(a))

associated with j,(x). The Jacobian det (9j,/0x) of j,(x) does not vanish
for d > 1, and it is easily seen that J, is a one-to-one mapping. Since the
coefficients of P, are analytic over €1,, we can define the operator

(4.3) Qp=JoP,J, "

This becomes a closed operator in L?*(Q,) with the same domain as P,, but
it is not necessarily self-adjoint. We do not require the explicit form of @), in
the future discussion. We construct the resolvent kernel R((; Q,)(z,y) with
¢ € Dy without constructing R(¢; P,)(z,y) directly. The mapping j, acts
as the identity over the strip {a: = (z1,22) : |x2] < p= 2/10d}, and hence we

have the relation
R(G; Pp)(z,y) = R(C: P)(4p(®), Jp(y)) = R(C; Qp)(z,y)

for (z,y) € Byg X Bxq or for (z,y) € Big X By Thus the necessary
information can be obtained through the kernel R((;Q,)(z,y).

Here we make a brief comment on the motivation to introduce the com-
plex scaled operator (), above. The scattering system by one solenoid is
known to be exactly solvable. We make a full use of of the information
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from such a system to construct R(¢;Q,)(x,y) by composing the two resol-
vent kernels associated with each obstacle OL. In doing this, a difficulty
comes from the exponential growth of resolvent kernels with spectral pa-
rameters in the lower half plane. For magnetic fields compactly supported,
the corresponding vector potentials can not be expected to fall off rapidly at
infinity, because of the topological feature of the two dimensional space that
R?\ {0} is not simply connected. In fact, vector potentials have the long
range property. As already stated in section 1, the vector potentials can not
be expected to be well separated, even if the supports of the two magnetic
fields are largely separated from each other. In other words, cut—off func-
tions used to separate the two obstacles do not have bounded supports. Thus
the composition of the resolvent kernels growing exponentially can not be
controlled simply by integration by parts using oscillatory properties. The
mapping j, defined by (4.1) makes the resolvent kernels of one obstacle fall
off rapidly even for spectral parameters in the lower half plane, so that the
composition converges (see Theorem A.4 in Appendix). This is the reason
why we consider @), in place of P,.

We introduce the auxiliary operators
(4.4) Piy = H(Ax),0), D(Px,) = H2(Qip) A H& (€21p),

where Ay ,(z) is defined in (1.5) and Q4, = R*\ O,. We define the com-
plex scaled operator as in (4.3) for these auxiliary operators Pi,. Recall
that v(z;w) denotes the azimuth angle from w € S! to & = z/|z|. The po-
tential ®(x) defined by (1.3) satisfies the relation ®(x) = Vy(z;w). Hence
it follows that

App(r) = e Vy(x — pyFwi), wi = (1,0).
If we take argz, 0 < argz < 27, to be a single valued function over the
complex plane slit along the direction wi, then the angle function v(z;w1)
is represented as

y(z;wr) = ~3 (log(a:l + ixo) — log(zy — zx2)> + 7,

so that it is well defined for the complex variables also. Thus we can define

10 (i) = (ara(b () — ara(b_y(2))) /2 + 7 — i (g |by(x)]) /2,
where
bip(x) = 21 — np(x2)22 + 22, b_p(x) = 1 + np(T2)T2 — P22,

and b,(x) = by ,(x)/b—,(x). The function v(j,(); —w1) is similarly defined
by taking arg z to be a single valued function over the complex plane slit
along the direction —w;.
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We define g+,(x) by
(45)  gepl®) = axs ((3201/0) F13)70jp(@) — pas £n)
and go,(x) by

(46) gop(a) = x(

By definition, suppg—, C {z : 1 > —7p/16} and

41|

) (a—v(jp(w) — p—;—w1) + ay(Jp(z) — P4 wl)).

9-pl) = (o) — pi—wr) on Sy = {1 > ~3p/8}.
Hence exp(ig—,) acts as
exp(ig—p)f(z) = (Jp exp(ic_y(x — p—; _Wl))Jp_lf) (z)

on functions f(z) with support in ¥;. On the other hand, g,,(z) has
support in {x : 1 < 7p/16} and

g+p(2) = apy(Jp(2) — p;w1) on T ={z: 21 < 3p/8},
so that exp(igs,) acts as
exp(igsp) f () = (J, explioyy(z — py;wi))d, ) ()

on functions f(z) with support in ¥_. We take these relations into account
to define the following complex scaled operator

(4.7) Q+p = exp(igsp) (Jppipjgl) exp(—ig+p)
for Py, defined by (4.4), where Q)+, has the same domain as Py,. Since

Qip = JpH(a_Vy(z — p_;—w1) + A+p)J;1

on X4, we have

(4.8) Qip=0Q, on 3, = {:c Lz > —3p/8}.
Similarly we have
(4.9) Q-,=Q, on X_= {x rxy < 3,0/8}.

The function go,(z) defined by (4.6) has support in {x:|z1]| < p/2} and
satisfies

90p = a-Y(Jp(x) — p—; —w1) + a1y (Jp(x) — py;w1)
on Yo = {z : |x1]| < p/4}. If we define the operator QQg, by

(4.10) Qop = exp(igop) (JpKOJp_l) exp(—igop), Ko=—A,

as a closed operator with domain D(Qo,) = H%(R?), then we obtain

(4.11) Qop =Q+p,=0Q, on Xp= {x Ca] < ,0/4}.
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We set y4,(7) = x4 (1621 /p) and take Y+, € C°°(R?) in such a way that
(4.12) X+, has a slightly larger support than x+,, X+pX+p = X+p-

For the exterior domain €4, = R? \5ip, we regard Y+, as the extension
from L?(€2,) to L*(Q4,) and x4, as the restriction to L?(2,) from L*(Q4,).
Then we define

(4-13) A(C? P) = X—pR(C§ Q—p))%—p + X+pR(C§ Q+p)>~<+p7 ¢ € Dy,

(2,). We note (see [3]) that R((;Q+))
is well-defined as an operator from L2, (Q+,) to L{ (Q,) for ¢ € Dy.

Since @, = Q+, on supp x+, by (4.8) and (4.9), we compute
(Qp - C) A = (Q—p - C) X—pR<C§ Q—p)f(—p + (Q—i—p - C) X—i—pR(C; Q—Fp)f(—ho
= Id+ [Q—pa X—p]R(C3 Q—p)i—p + [Q-i—p? X—l—p]R(C; Q—Fp)f(—i—p-

The function x4, depends on x; only, and the derivative X/ip has support
in

(4.14) Iy = {x = (z1,22) : |21] < p/16}.

By (4.11), Q+, = Qo, on Ily, so that both the commutators [Q_,, x—,] and
[X+p, @+p] on the right side equal [Qo,, X—,]. Hence we have

(4-15) (Qp - C) A(C§ d) = Id+ T (R(C; Q—p))%—p - R(CE Q+p)>~6+p) )

where

as an operator from L2, (€,) to L7, _

(4.16) Lo = [Qops X—pl; X—p = X—(16z1/p).
We define T'((; p) by
(4.17) T(¢;p) = To(R(¢; Q@—p) — R(C; Q+p))po

as an operator acting on L?(Ily), where the multiplication by the characteris-
tic function py(z) (= po(x1)) of I is regarded as the extension from L?(Ily)
to L?(Q_,) or to L*(24,). We have shown ([3, section 6]) that T'(¢; d) obeys
the bound ||T(¢;d)|| = O (d”) for some v > 0 uniformly in ( € D,y and is
analytic over Dy as a function with values in bounded operators acting on
L2(Tly). If

(4.18) Id+T(¢;p) : L*(Iy) — L*(T1o)

is shown to have the inverse bounded uniformly in ( € Dy, then it follows
that

(4.19)  R(¢;Qp) = A d)
— MG d)po (Id+T) ' To(R($ Q—p)X—p — R(C Q4 p)Xp)-

The proof of Propositions 2.1 and 2.2 is based on this relation.
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5. Proof of Propositions 2.1 and 2.2
In this section we prove Propositions 2.1 and 2.2.

5.1. We begin by showing that the operator in (4.18) is invertible and
establish the basic representation (4.19) for R((;Q,) with ( € Dg. Let
X € C§°[0,00) be a cut—off function with properties in (3.11) and let
(2/5 < < 1/2) be as in (2.2). We define

vo(w2) = X (2lzal /p' ™), To = x (Jz2l/p' "), wi(x2) =1 —vo(w2)
and 7y (z9) = 1 — x (4|z2|/p' ™). Then v;#; = v; for 0 < j < 1. We further
define
for the operator T'((; p) defined by (4.17). Then the following lemma has

been established as Lemma 7.1 in [3], although the slightly different notation
has been used there.

Lemma 5.1. Let Op(d—") denote the class of bounded operators on L*(Ilg)
with bound O(d~) for any N > 1. Then the operators

TiTyi, TiuTio, TonTii, TorTio : L*(Tly) — L% (M)
are all of class Op(d—™).

We discuss the asymptotic form of Ty ((; p). We introduce the self-adjoint
operator

Py = H(AL,0), D(Py) = H*(Q4) N Hy(Qy),

where A (z) is defined by (1.2) over Q4 = R?\ O4. Let fi(d+w; — Fwi; ()
be the function obtained from the backward amplitude for the pair (Kg, Py)
by analytic continuation over Dy. We further define uy = uy(z;(, p) and

w4 = w:l:('r;47p) as

wi = po(w1)oetHzel |z p| M2 = po(x1)t0(wg) e Hr=el |z )| 712,
where ¢o(¢) is the constant defined by (2.4) and pg(z1)(= po(z)) is the
characteristic function of IIy. We write u ® w for the integral operator with

the kernel u(x)w(y). The next lemma has also been verified as [3, Lemmas
7.2].

(5.1)

Lemma 5.2. The operator Too(C; p) admits the decomposition
Too(Cs p) = Zo(C; p) + Z1(C p)-

Here the two operators on the right side have the following properties.
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(1) The operator Zy(C; p) is defined by
Zo(Gp) =u- @w- +uy @ wy
with uy and wy defined by (5.1).

(2) We can take o >0 in (1.9) and 0 < 1/2 — p < 1 in (2.2) so small
that
121(G p)| = O(™F%)

uniformly in ( € Dy as a bounded operator acting on L*(Ilp).
We are now in a position to prove the basic lemma below.

Lemma 5.3. Let T((;p) be defined by (4.17). Then
Id+T(¢;p) = L2 (o) — L2(Tho)

1s invertible for ( € Dy, and the inverse is bounded uniformly in ( and
d>1.

Proof. The proof is divided into four steps.
(1) The operator Id+ T'((; p) in question has the matrix representation

_ N Id+Th 1oy
X_X(C’p)_( Tio Id+T11)

as an operator acting on L*(Ily) & L?(Ilp), and all the components T} ((; p)
are bounded with ||Tjx|| = O(d”) uniformly in ¢ € Dy, as stated at the end
of the previous section. By Lemma 5.1, we have

(52)  (Id+Tyn) ‘= (Id—T%)"" (Id = Ty) = Id — Ty + Op (dV)
and X admits the decomposition
X — Id 0 Id Ty Id+Too+ Ty 0
“\ 0 Id+Ty 0 Id (Id+Ty) Ty Id )’
where
Tn = Tn((;p) = —Tor (Id + Tir) ™' Thg
is of class Op (d_N ) by Lemma 5.1. We now consider the operator
Yo = Yo(¢;p) = Id + Too + Ty : L (o) — L*(Ilo).

If Y} is invertible, then it follows that X is also invertible, so that Id-+T((; p)
becomes invertible. The inverse X ! is calculated as

x-1_ < Yot Xo )
X0 X /)’

where

Xo1 = Yy ' Toy (Id 4+ T11)™", Xio=— (Id+T1) ' ThoYy !
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and
X1 = (Id+Tu) " TaoYy "Ton (Id+Thy) ™' + (Id +Ti) ™

If we take (5.2) into account, then it follows by Lemma 5.2 that (Id+ 7)™}
takes the form

(5.3) (Id+T)"" = (Id—Tio+Op (d)) Y5! (vo — Torv1 + Op (A7)
+ (Id — Tll) v1 + Op (d_N> .

(2) We denote by (, ) and || ||o the L? scalar product and norm in
L?(IIp), respectively. Lemma 5.2 allows us to write

(5.4) Yo(Gp) = Id+ Zo(Cp) + Zrem(Ci p)
= (Id+ Zuw(C ) (1d+ Zo(Gip))

where
(5.5) Zrem(C3p) = Z1(C5p) + T (G p)
and
Zo(Cip) = (Id + Zrem($50)) ™" Zo(Cip) = i @ w_ + Gy @ wiy
with @y = a4 (z;(,d) defined by
(5.6) i = (Id+ Zeem(¢;p) ™ U
= U4 — (Id + Zrem(c; p))_l Zrem(C; )O)U:I:-
We set
(5.7) hit(Cp) = (s, ws), hix(C5p) = (Ux, ws)
and define ho((; p) by

(5.8)  ho(Gp) =1+ h-—(Cip) 1+ htt(Cp) — bt (G )Rt~ (C5 p)

for ( € Dy. If ho(C; p) does not vanish over Dy, then a direct computation
yields

(5.9) (1a+ Zo(Gip)) = 1d— 15" Za(G p),
where
Zy=22(Gp) =M+ hey )2 —hyZ_y —h s Zp + (L +h)Z4
with Z44 =44 ® w4 and Z74 = G ® wy. If we further write
(Id + Zvem) ™t = Id — Zyern (Id + Zrem) ™,
then it follows from (5.4) and (5.9) that
(5.10) Yyl =1d — Zyem (Id 4 Zrem) " — hg ' Zs,
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where

Zy=Z3(Gip) = (Mt hy )2 —hy Z g —h  Zy +(+h_)Zy
and Zii = U4+ ® w4 and Z:Fi = Uy ® w+ with
(5.11) W =+ (2;¢,d) = (Id + Zrem (G )*) ™ wes.

(3) We claim that ho(C; p) defined by (5.8) never vanishes over Dy. To
see this, we evaluate the norms |lu4|lg and |jw<|lg in L?(IIy). Recall that
p=|p+ — p—| = 2kod. If 2 € Ty N supp ¥y, then

Tp/16 < |z1 — p/2| < 9p/16 = 9kKod/8
and |z| < 2p'7#. Hence we have
240 = 2 = py| = 21 = p/2] (1 +O(p™")) < (980d/8) (1 +O(d™*)).
By (1.13) and (1.14), we have
[Tm k| < (1/2 4 3d0/2) ((log d) /d)
uniformly in ( € Dy, so that
6ik|x+p|/|x+p|1/2‘ _ O(d_1/2)0 (d9m0(1+350)/16)
and similarly for e“‘“'”c*f’|/|gr:_p|1/2 with z_, = & — p_. Note that |x" ,(z1)| =
O(d~') and kg < 1/2 strictly. Hence we can take §y > 0 so small that
—3/2 4+ ko /16 + 2700 /32 + 1 — /2 < —7/32 — p/2.
Thus we obtain the bounds
(5.12) lusllo = O@™"/32742) Jlws|lg = O(d?/#71/2).

(4)  We prove the claim in step (3) by analyzing the asymptotic behaviors
of the L? scalar products hi((;p) and hzy(¢;p) defined by (5.7). Recall
that vy and w4 are defined by (5.1). If we note that |01|x+,|| > ¢ > 0 for
x € Ilp N suppvy, then we can easily show by repeated use of integration
by parts that (us,ws) = O(dY) for any N > 1. We make use of the
stationary phase method (or the method of steepest descent) to see the
behavior of (u+,w+). For x; fixed, the phase function |z_,| + |z ,| attains
its minimum at x9 = 0 as a function of x5. Hence we have the relation

(ut,ws) = e*PO(d1/?).

The operator Zyem defined by (5.5) satisfies || Zeem| = O(d~/®) by Lemma
5.2. Thus we obtain

i — 0t w)| = O) | Zeom s o s o = O (475#)
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by (5.6) and (5.12). This implies that h+((;p) = O(d> 1) uniformly in
¢ € Dy, and also we have

hr+(Gip) = O(™?) | 7] = O(a™12) (o030
Hence we can take 0y > 0 so small that
|hi4 (G )| + [h—— (G5 )| + |hg— (G )R-t (G5 p)| = 0(1),  d — o0,
so that the claim is verified. The proof of the lemma is complete. [

By definition, vy + v; = 1. We now combine (5.3) with (5.10) to see that
(Id+T(¢;p))~! admits the following decomposition

3
(5.13) (Id+T)"' =1d+>_ S;(¢;p)+Op(dN),
j=1
where
S1 = —Thovo — (Id — T10) Torv1 — Ty,
Sy = — (Id — Tio) Zrem (Id + Zrem) ™ (vo — Torv1)
53 = —hal (Id — TIO) Z3 (UO — Towl) 5

and Z3 is defined as in (5.10). According to (5.13), it follows from (4.19)
that the resolvent R((;@,) in question is decomposed into the sum

3
(5.14) R(G;Qp) = A(Csp) + Mo(Cip) + Y Aj(G o) + An(Gip),

j=1
where A is defined by (4.13) and

Ao = —ATo(R(G: Q-p)X—p — R(G: Q)X
Aj = =ApoSiTo(R(G: Q-p)X—p = R(C Qp)¥rp)s 15 <3,

An = ApoOp (d) To (R(G Q)% — R(G Qup)sp).

5.2. We prove Propositions 2.1 and 2.2, accepting the preliminary lem-
mas below as proved. These lemmas are proved in subsection 5.3. We
recall that ji4 and ji4 denote the characteristic functions of By, and By,
respectively.

Lemma 5.4. Let A1((;p) be as above. Then

17+aA1(C; p)d—all + 171+aA1(S; p)dvall = O(@™)
uniformly in ¢ € Dy for any N > 1 as a bounded operator on L? (2,).
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Lemma 5.5. Let Ay((;p) be as above. Then there exists v > 0 such that

17+aA2(C; p)i—all + l7+ad2(C; p)jrall = O(d™)
uniformly in ¢ € Dy as a bounded operator on LQ(QP).

Lemma 5.6. Let A3((;p) be as above. Then there exists v > 0 such that

174+aA3(¢; p)i—all + [l7+aAs(C; p)jsall = Od™)
uniformly in ¢ € Dy as a bounded operator on L*($,).

Lemma 5.7. Let Ax(C;p) be as above. Then

17+aAN (C; p)j—dll + li+aAn (G p)irall = Od™)
uniformly in ¢ € Dg for any N > 1 as a bounded operator on L? (Q,).

Proof of Proposition 2.1. We first note that j,4R((; Hogq)j—q in question is
represented as

J+aR(C; Hod)j-d = j+aR(C; Pp)j—d = j+aB(; Qp)j—a
according to the notation in this section. We recall the representation for
A(C; p) from (4.13). If we take (4.12) into account, then jqA((;p)j—q = 0.

Thus it follows from Lemmas 5.4 ~ 5.7 that the leading term Ro((; d) comes
from the operator

J+alo(Cip)i—a = —J4aAToR(CQ-p)j-d
= —J+al((; Q4p)(vo +v1)ToR(CQ-p)j—a-

The coefficients of the commutator I'g defined by (4.16) have supports in
ITp. We can show in almost the same way as used to prove Lemma 7.1 in [3]
(see also Lemma 5.1) that the second operator on the right sides obeys

17+aR(C; Q4p)v1ToR(C; Q—p)j—al = O(d™™)

for any N > 1 as a bounded operator acting on LQ(Qp). This is intuitively
clear. In fact, the particle which starts from B_; and passes over IIpNsupp v1
never arrives at Byg4. The rigorous proof is done by taking Theorems A.3
and A.4 and by making repeated use of integration by parts. We consider
the kernel of the first operator. We note that x_, is a function of the x;
variable only and that the mapping j, defined by (4.1) acts as the identity

over supp vy C {|:L'2| < pl_“}. We compute
vol'o = v0[Qop, X—p] = voexp(igop)[Ko, X—p) exp(—igop)
= eXP(igop)vo{—2 (O1x—p) O — X'ip} exp(—1gop)



68 HIDEO TAMURA

= w{-20x ) 0 + 0},
It follows from (4.7) that
J+aR(C Q4p)vo = Jraexp(ig—p) R(C; Pyp) exp(—ig—p)vo,
R(GQ-p)j-a = exp(igrp) R(C; Pp) exp(—igsp)j—d-
By (4.5), we also have
g—p(x) = a_vy(z — p_;—wi1) = a_m + O(d"")
on B4 or on Il Nsupp vy, and

Gip(@) = @iz — priwn) = agm +O(d )

on B_4 or on Ily Nsuppwvg. Thus the kernel under consideration takes the
following integral form:

2/R(g;P~|—p)($vZ)al)(—p(Zl)UO(ZQ)alR(C;P—p)(zyy) dz +

/R(C; Piy) (7, 2) <O(d_“)31X—p(Z1) + O(d_2)>vo(2’2)31R(C;P—p)(%y) dz

for (x,y) € B1gx B_4. We now apply [8, Proposition 6.1] to the first integral
and [8, Proposition 6.2] to the second one. Then the first integral behaves
like
eFlT=yil| gy — gy |71/2 (CO(C)WO + O(d—(l/Z—u))) :

and the second integral obeys the bound e™*#1=¥1l|2; — 4|7Y/20(d™#). Since
eikml_y”/dlm’ =0 (d3‘50/2) by (1.15) and since p < 1/2 strictly, we can
take dg > 0 and 0 < p — 1/2 < 1 so small that the desired leading term
Ry((;d) is obtained from j4Ao((;p)j—q. O

Proof of Proposition 2.2. By (4.16) and (4.11), we have
Iy = [QOpyX—p] = [X+paQ+p]'

Hence
J+ahojrd = J+aR($ Q1 p)ToR(C; Q4 p)jra = 0,

and also we have by Lemmas 5.4 ~ 5.7 that the leading term Ry(;d) comes
from

Jialira = j+aR($ Qip)iva = jraexp(ig—,)R((; Pyp) exp(—ig—p)jtd-

We apply Theorem A.3 in Appendix ([8, Theorem 1.3]) to R((; Pyp). If we
note that

A

9—p(x) —9-p(y) = a-(V(Z—p; =) — 7)
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for (x,y) € Byg X B+d, then the kernel of this operator behaves like
(i/4) Ho(Klx — y|)ao(z, y; p) + e+l O @),
This yields the desired leading term Ro((;d). O

5.3. We prove Lemmas 5.4 ~ 5.7 which have remained unproved. The
proof uses the following two auxiliary lemmas.

Lemma 5.8. The following operators are all bounded with bound O(d=™)
uniformly in ¢ € Dg for any N > 1:

J+aR(¢; Q1p)poTio : L () — L (%),

Torv1ToR(C; Q—p)j—a : L*(R,) — L*(Ip),

Torv1ToR(C; Q4p)jva : LA (R,) — L2 (M),

F+aR(C Q1 p)poTiiviToR(C Q—p)ja : L*(R2,) — L*(,),
J+aR((; Q1p)poT11viToR(C; Q4 p)ita : L2(Q)) = L*(9,).

Proof.  The proof uses Theorem A.4 in Appendix (see [3, Propositions 6.3
and 6.4] also). In principle, it is based on the same idea as the proof of
Lemma 5.1 ([3, Lemma 7.1]). For example, the bound on the first operator
follows from the fact that outgoing particles starting from Ily N supp vg and
passing over Iy Nsupp vy after scattered by the obstacle O_, or O, never
reach B,,4. This is made rigorous by repeated use of integration by parts.
We do not go into details. [

Lemma 5.9. The following statements hold true uniformly in € Dy.
(1) The operator

J+aR(¢; Q1p)poto : LP(Thy) — L*(9,)
is bounded with the bound O(d~*/2)0 (d(“++"’”0/8)(1/2+350/2>).
(2) The operator
BoToR(¢; Q—p)ja : L*(Q)) — L*(I1o)
is bounded with the bound O(d~'/?=*/2)0 (d(“+“0/8)(1/2+3‘50/2)).
(3) The operator
TR (G Qp)iva : L2 (Q,) = L2 (Tlp)
is bounded with the bound O(d~Y2~#/2)0(d*)O (d(“++*””0/8)(1/2+350/2)).
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Proof.  The proof uses Theorems A.1 and A.2 in Appendix ([8, Theorems
1.1 and 1.2]). If z € B4 and y € IIp N supp 9y, then

|z —y| = |z1 — | (1 +O0@d™?))
and |x1 — y1| < p/16 + k1d = (ko/8 + k4 )d. This implies
eiklx—y||x _ y‘—1/2’ — O(d_l/Q)O (d(ﬁ++ﬁo/8)(1/2+35o/2)> _
Statement (1) is verified by evaluating the Hilbert—Schmidt norm of the
operator. Similar arguments apply to the other statements. [

Proof of Lemma 5.4. The lemma follows immediately from Lemmas 5.8
and 5.9. [

Proof of Lemma 5.5. By Lemma 5.2, || Zeem (Id + Zeem) || = O(d™%/8) as
an operator on L?(Ily). This, together with Lemmas 5.8 and 5.9, implies
that

74al2(C; p)j_all = Od™337M)O (d(mm_+no/4)(1/2+350/2))

as an operator on L?(£,). Recall from (2.2) that p > 2/5. Since k_+ry =1
and kg < 1/2 strictly, we can take dy > 0 so small that

—3/8 — p+ (14 ko/4)(1/2 + 380/2) < —p + 3/16 < 0.

Next we prove the lemma for jgA2(C; p)jrq. Recall the representation
for Zyem(C; p) from (5.5). By Lemma 5.2, we have the expansion

Zrem (Id + Zrem>_1 - Zl - Zl2 +-+ (_1)712114—1
+ (=) 22 (Id + Zyem) "+ Op (A7)

by the Neumann series. We have shown in the course of the proof of
[3, Lemma 7.2] that the kernel Z;((; p)(x,y) of Z1((; p) takes the form

Z1(Cp)(z,y) =
vo(z2)po(x1)e® =l |z | 7Y 22 (2, y; ¢, p)ly—p| = 2e®¥=rlpg (y1 )0 (y2)
+ U0($2)P0($1)6Zk|x+”||33+p\_1/22+(33, (HE@ P)\y+p’_1/2€ik|y+p‘po(y1)5o(yz),

where z4 (z,y;(, p) satisfies

8;8;”%(55,% QP)’ =0 <d_1_l‘_(|l|+m|)(1—u)>

uniformly in ( € Dy and in x € Il Nsuppvg and y € Iy N suppvg. We
observe that

0/020) (12 = 21 + |z4])| = |@/020)(I = 21 + Iy = 2])| > ¢ > 0



AHARONOV-BOHM EFFECT IN RESONANCES II 71

for x € B4 and z € IIy Nsuppvg. If we take account of Theorems A.1 and
A.2 in Appendix, then we have

(LR (G Q+p)) (2,9) = O(d™/?)
for z € IIg Nsuppvg and y € B+d, and
R(G; Q+p)(x,2) = O(d™'/?)

for x € By4 and z € Ily Nsuppwvy. Since |z3] = O (dl_“) on suppvg or
supp vy, we see by repeated use of partial integration that

(R(¢, Q+p)P0 Z1ToR(C; Q1)) () = O(d ™)

uniformly in z € B, 4 and y € B4, so that
1744R(C, Q1P ZATOR(G Q1) rall = O(d™#+0)0 (g2lrortra)(1/24300/2))
as a bounded operator on L?(€,). If we note that ro < k_, then
—3u + 0+ (FLO + Ii+)(1 + 350) < —U
for 69 > 0 and ¢ > 0 small enough, and hence
1744 R(C, Q4p)PoZ1ToR(G; Q. p)jall = O(d™)

uniformly in ( € Dgy. The better bound is expected for the higher power
Z7 with n > 2. It is easy to see that the contribution from the even power

Z?™ is negligible. We consider the odd power meﬂ. We have chosen p,
0 < pu<1/2, so close to 1/2 so that

eik|w—z|

eZk|x_p| 61k|y_)0|

O(a) |ee=l| |eitlzeel| = O(a) || = O(1)
for z € Iy Nsuppvg. This yields
(R(C, Q4p)poZi™ T Do R(C; Q1p) ) (. y) = O(d™BmHdmy |eiklo—sl | | gikly—]

uniformly in x € B4 and y € B+d, and hence it follows that

1744 R Q)P0 ZE T R(G Q) eall = O (d- Gt b).
By Lemma 5.2, the reminder operator
Z02 (Id 4 Zyem) "+ L(Ty) — L2(T)

obeys the bound O (d_3(”+2)/8). Thus we can take n > 1 so large that

the operator j,4A2((;p)jrq under consideration obeys the bound O(d™")
for some v > 0. This proves the lemma. [

Proof of Lemma 5.6. First we consider the operator j;4Asj_4. Recall the
representation for Ss from (5.13). Then S3 is decomposed into the sum of
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four operators. Among these operators, it suffices to prove the bound only
for the operator

J+aR(C; Q1p)P0Zsvol o R(C; Q—p)j—a : L*(€,) — L*(R,).
By Lemma 5.8, the other three operators are shown to be negligible. Recall
from (5.6) and (5.11) that Zot and Zi:F are defined by Zii = G4 @ Wy
and Ziz = i+ ® Ws, where

it = (Id + Zyem($;0)) Mt = Ut — Zrem (Id + Zrem)_lujza
Wt = (Id+ Zrem(C; p)*) M = wa — Zi (Id + Ziy)  wa,
and u+ and wy are defined by (5.1). We now define the operators
At (G p) = J4aR($ Qup)PoZrrvol 0 R(G Q—p)i—as
A+5(Cp) = j+aR(C; Q1p)P0Z+500l0R(( Q- p)j-a
and we assert that

(515 [Aas(GAl=0(d™),  [Aex(Gp)| =0 (@)
uniformly in € Dy for some v > 0. Then the desired bound on the operator
Jj+daAsj_q in question is obtained.

We analyze only A_((;p) in some details. By Theorems A.1 and A.2,
the function (R((; Q+,)pou—) (x) satisfies

[(R(C; Q+p)pou—)(z)| = O(d™")
uniformly in x € B, 4. Similarly we have
(CoR(G Q-p)i—a) w) (y)| = [(R(G Q-p) Towy) (y)] = Od™H) |e
uniformly in y € B_;. Hence the operator
o = (JaR(G: Quppou-) & ((CoR(G Q-pi-a)ws ) : LA(R,) = L)

is bounded by O(d~?*)O (d(2“0+“++”—)(1/2+350/2)). Since k4 + k— =1 and
since kg < 1/2 strictly, we can take dy > 0 so small that
—2u 4+ (2/{0 + Ky + /Q_)(l/Q + 3(5()/2) < 0.

Thus we have ||Iy|| = O(d™") for some v > 0. Next we evaluate the norm of
remainder operators such as

I = (5+aR(G Qip) - — o)) @ (CoR(G Q- p)j-a) ws ),
(1:44B(G Qp)u—) ® ((CoR(G Q—p)j-a) (5 —w3)),
(744R(G Q)= = u-)) @ ((ToR(G Q-p)i-a) (i — wy)).

62k|w*f)|

ik|y+p|
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By Lemma 5.9 (1), we see that the operator
J+aR(¢; Q1p)potio : L*(Tlg) — L*(€)

obeys the bound O(d"/?>7*/2)0 (d(“0/8+“+)(1/2+350/2)). We also have

|a- —u_llo = O(d~*/®)O(d~T/327#/2) = O(a~19/32~1/2)

by Lemma 5.2 and (5.12). Thus we are able to evaluate the operator norm
of the first operator I; as follows:

||11H _ O(d—3/32—u)0(d—u)0 (d(9m0/8+n++/c_)(1/2+360/2)> .
We can take g > 0 so small that
—3/32 =2+ (1 4+ 9ko/8)(1/2 + 360/2) < 0

strictly. Hence we have |I;]| = O (d7") for some v > 0. The other two
remainder operators are dealt with in a similar way, and we obtain (5.15)

for A (; p)-
To prove (5.15) for A14((; p) and Ay _((; p), we observe that the function
(R(¢; Q+p)pou+) (x) behaves like
(R(¢; Q1p)pous) (x) = O(d™)

over B, 4, which follows from Theorems A.1 and A.2. Intuitively, this follows
from the fact that particles outgoing from py to By never pass over Iy N
supp vg. For a similar reason, we also have

(R(G:Q-p) Thw-) (y) = O(d™")

over B_,. In fact, particles incoming to p_ from B_; never pass over IIy N
supp ¥g. If we take these facts into account, then we can show (5.15) for the
other three operators.

Next we show the lemma for the operator j,qAsjiq. We can obtain
similar bounds on the operators

Ars(Gp) = 1aR(C Q4p)P0Z 10T 0 R(C; Q1p) it
Asx(¢p) = 34aR(C Q4p)P0 Za 500D 0 R($; Q4p) Jd-

For example, we consider A__((; p). We repeat the same argument as above
to get

H (j+dR(C; Q+p)u—> ® ((FOR(C; Q—l—p)j+d)*w—) H
= O(@™)0(d")0 (drotre)1/2+350/2))
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as a bounded operator on L?(Q,). Since ko < _ strictly, we can take §y > 0
and 0 > 0 so small that

—20 + 2(ko + k4 )(1/2 4+ 309/2) + 6 < 0.

The norm of such a remainder operator as
(3:4aR (G Q) (i —u)) © ((CoR(G Qp)iva) )
is bounded by

O(d‘3/32‘“)0 <d(mo/8+n+)(1/2+350/2)) O(d_“)O(d5)O (d(“0+“+)(1/2+350/2)) .

Since ko < k— (and hence 9k(/8 — 2k_ < 0) and x4+ + k- = 1, we have
—3/32 — 20+ (90 /8 + 24 ) (1/2 + 380 /2) + 6 < 0

for 6o > 0 and § > 0 small enough. The other remainder operators are
dealt with in a similar way. Hence we can show that |A__(¢; p)|| = O(d™")
uniformly in ( € Dy for some v > 0. A similar argument applies to 1~\++ (¢ p)
and 1~\i¢(C ;p). We skip the details. Thus the proof of the lemma is now
complete. [

Proof of Lemma 5.7. The proof uses Theorems A.1 ~ A.4. According to
these results,

PoR(C;Q—p)j—a,  PoR(C; Q4 p)ita s L* () — L*(Ily),

and 5, 4R(C; Q4p)po : L*(Tlg) — L*(Q,) are bounded with bound O (d¥) for
some v > 0. In particular, Theorem A.4 is used to evaluate the bounds when
|z2] > 1. We note that Ho(kr,(z,y)) rapidly falls off even for Imk < 0 as
|xa| — oo. Hence the lemma follows at once. [

Appendix

In the previous work [8], we have studied the asymptotic properties, par-
ticularly along forward directions of resolvent kernels (the Green functions)
with spectral parameters in the lower half plane of the complex plane (un-
physical sheet) for magnetic Schrédinger operators in two dimensions. Here
we refer to these results as the three theorems below in the form adapted to
the application to the present problem.

Let b € C3°(R?) be a given magnetic field such that b has o as a magnetic
flux and suppb C O C {|z| < 1} for some simply connected bounded domain
O with the smooth boundary. We take

A(z) = a®(z), reQ=R>\0O



AHARONOV-BOHM EFFECT IN RESONANCES II 75
as the vector potential corresponding to b, where ® is the Aharonov—Bohm
potential defined by (1.3). We consider the self-adjoint operator

in L2(Q)). The notation d still denotes the large parameter, and we use Dy
and p with the meanings ascribed by (1.9) and (2.2), respectively. We also
define
o(z;y) =v(&;9) —m=7(@y) -7, &=ux/lz],

where 7(0;w) again denotes the azimuth angle from w € S* to . With the
notation above, we are now in a position to state the asymptotic properties
of the resolvent kernel R((; P)(z,y) with ( € Dy when |z — y| > 1 with
lo(z,y)| < 1. The following three theorems (Theorems A.1, A.2 and A.3)
are obtained as particular cases of Theorems 1.1, 1.2 and 1.3 in [8], respec-
tively. In fact, these theorems remain true for ¢ such that |Re ¢ —E0| < Fy/2
and ‘Imd < ¢((log |d|)/|d]) for some ¢ > 0.

Theorem A.1. Assume that ( € Dy and that x and y fulfill
dfe <|z|, [yl <ecd,  |o(x,y)| <ecd U
for some ¢ > 1. Then the kernel R((; P)(z,y) takes the asymptotic form
R(GP)(z,y) = (i/4)cos(am)e @D, (k|z — y])
+ D (| 4 y) T2 (2, 95€ ),
where the remainder term ry is analytic in ¢ € Dy and obeys
}agavynﬁ‘ -0 (du—1/2—(|n+|ml)/2>

uniformly in x, y and C.

Theorem A.2. Assume that ( € Dy and that x and y fulfill
dfe <o, Iyl Sed. AU fe < oz, y)] < cd

for some ¢ > 1. Let cy(C) be defined by (2.4) and let zg = zo(x,y;C) be
defined by

1/2
20 = (lellyl/ (el + y))  lo(z,m)Ic .
Then R((; P)(x,y) behaves like

R(¢; P)(x,y) = (i/4)e 0070 Ho(k|z — y))

i sin(am etklz=yl Cim 02
+ ¢o(() 75 ) (xy1/2 (71'—(271’)1/26 /4/0 e /2d8>

I eikzlx—y||x _ y]_1/2rig($, y; ¢, d)
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according as o (x,y) > 0, where rys is analytic in ( € Dy and obeys
a1 = O (du(lnHml)u)

uniformly in x, y and C.

Theorem A.3. Assume that ( € Dy and that x and y fulfill
dfe < x|, [yl <cd,  |o(z,y)| >d"/c
for some ¢ > 1. Then
R(G P)(z,y) = (i/4)e @070 Hy(klz — y])
+ etk(zl+lyl) (|| + ’y‘)—l/Q rs(z,y; ¢, d),
where r3 is analytic in ( € Dy and obeys

0m 0| = o, )0 0 (d—1/2—<|n|+|m|>)

uniformly in x, y and C.
Let J, be the mapping defined by (4.2). We define the complex scaled
operator . 3
Qp=J,PJY,  D(Qp) = H*(Q) N Hy (),
for the operator P and
Qop = JpKoJ, "t D(Qup) = HY(R?),
for the free Hamiltonian Ky = —A. Then the resolvent kernel R((; Qp)(:c, Y)

is given by

R(C; Q) (x,y) = [det (95,/02)]'* R(C: P) (G, (), Jp () [det (95 /0y)] 2.
where det (0j,/0x) denotes the Jacobian of the mapping j, defined by (4.1).
By definition, the mapping j, acts as the identity over the strip

W, = {x = (21,22) : 22| < p}, p = 2kod,
and hence we have the relation
R(G;Qp)(x,y) = R(¢G P)(Gp(2), 4p(y)) = R(¢; P)(,y)
for (z,y) € W, x W,. If we take account of the relation R((; Ko)(z,y) =
(i/4)Hy(k|x — y|), then we have
~ U , :
R(C; Qop)(@,) = 7 [det (9j,/0u))'? Ho(kr (. ) [det (8,/09)]' .

where

rp(z,y) = ((rm —y1)? + ((w2 + inp(z2)w2) — (32 + inp(yz)yz))z)l/Q
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and 7,(t) is defined in (4.1). We set

Usp = {.cc = (z1,22) : |x2] > p/ec, p/c < £x1 < cp}
for ¢ > 1. Then the next theorem is verified in almost the same way as

[3, Proposition 6.3].

Theorem A.4. Assume that x € W, fulfills p/c < x1 < cp and y € U_, for
some c > 1, and define

bp(2,y) = 1(p(@); —w1) =70 (y); —w1), w1 = (1,0),
for x and y as above. Then R(C;Qp)(m,y) admits the decomposition

R(¢;Qp)(x,y) = expliaty_,(z,y))R(¢; Qop) (2, y) + Rse(, 33 €)

and the analytic function Rs.(x,y;() over Dy satisfies the following esti-
mates uniformly in ( € Dy.

(1) If lya| > Lp for L > 1 fized arbitrarily, then

Ro(2,5:¢) = O ((|z| + |y))~7F)

for some o > 0 independent of L together with the derivatives ORs./0x1 and
ORs. /0y .

(2) If ly2| < 2Lp for L > 1 fized, then Ry takes the form
Rse(,y; ¢) = exp(ikry(x))qo(2, y; ¢) exp(ikry(y))
and qo(z,y; () satisfies

(0/0x2)" (8/Dy2)" qo| = O(p~" 7).
Similar estimates hold true for 0qy/0x1 and Oqy/0y;.

A similar relation remains true when x € U_, and y € W, fulfills p/c <
y1 < cp for some ¢ > 1.

Remark. If z € W, fulfills —cp < 21 < —p/c and y € Uy, for some ¢ > 1
orif x € Uy, and y € W, fulfills —cp < y1 < —p/c, then the same results as
above remain true for ¢_, replaced by

Vip(,y) = v(ip(x);w1) — (o (y); wi).
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