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NOTE ON THE HOMOTOPY OF THE SPACE OF MAPS
BETWEEN REAL PROJECTIVE SPACES

KOHHEI YAMAGUCHI

ABSTRACT. We study the homotopy types of the space consisting of
all base-point preseving continuous maps from the m dimensional real
projective space into the n dimensional real projective space. When
2 < m < n, it has two path connected components and we investigate
whether these two path-components have the same homotopy type or
not.

1. INTRODUCTION

1.1. Notation and introduction of the previous works. Let 2 < m <
n be integers and we choose e, = [1:0:0: ---: 0] € RP* as the base point
of RP* (k = m,n). We denote by Map(RP™, RP") (resp. Map*(RP™, RP"))
the space consisting of all maps f : RP™ — RP™ (resp. of all base-point
preserving maps f : (RP™,e,,) — (RP",e,)). For each e € Z/2 = {0,1} =
mo(Map(RP™, RP")), let Map (RP™,RP™) denote the corresponding path
component of Map(RP™,RP"). Similarly, we denote by Map(RP"", RP")
the corresponding path component of Map*(RP™, RP"). It is known that
there is an isomorphism I/{\é(RPm) >~ 7,/2%0™)  where a(m) denotes the
Hurewicz- Radon number given by

dk+e ifm=8k+e (e=0,1),
alm)=494k+2 ifm=8k+2+¢ (e=0,1),
4h+3 ifm=8k+l @A<I<T).

Now we recall the following two results.

Theorem 1.1 (M.C. Crabb and W.A. Sutherland, [1]). Let 2 < m < n be
integers.
(i) If m < n — 2, there is a homotopy equivalence Mapy(RP", RP") ~
Map, (RP™, RP") if and only if n+ 1 =0 (mod 2¢0™).
(ii) Ifn >3 and n+1 = 0 (mod 24"~ there is a homotopy equivalence
Map, (RP" ", RP") ~ Map, (RP"~ !, RP").
(iii) If n = 0 (mod 2), two components Map? (RP"™,RP") for e € {0,1}
have the different rational homotopy types. 0
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Theorem 1.2 ([10]). Let 2 < m < n be integers.

(i) If n =1 and m = 0 (mod 2), there are rational homotopy equiva-
lences Map] (RP™ , RP") ~q {x} and Map,(RP™,RP") ~qo S".
(ii) If n=1 and m =1 (mod 2),
Sl

m(Map] (RP™, RP") 0 @ = { /¥ =n
0  otherwise.

fk=n—m, k=
mr(Map; (RP,RP")) ® Q = Qi n " "
0  otherwise.

(iii) If n=0 and m =0 (mod 2),

fk=n—1 k=mn—
ﬂ-k(MapT(]RPm,RPn)) ® Q _ Q Zf n , n—m,
0 otherwise.
7, (Map; (RP™,RP")) ® Q = Q if nom n—1,
0 otherwise.

(iv) If n=0 and m =1 (mod 2),
ifk=n—-1, k=2n—m —1,

7 (Map] (RP™, RP"))®@Q = Q :
0 otherwise.
Q
0

ifk=2n—m—1,k=2n—1,
otherwise.

me(Map, (RP™, RP™))®Q
(v) If m <n—2,
Tn—m(Map; (RP™ RP")) = {
(vi) Ifm=n—-12>2,

m1(Map, (RP™ RP™)) = {

Z if n —m =0 (mod 2),
Z/2 ifn—m=1 (mod 2),

Z]4 if m=0,1 (mod 4),
Z)26®Z/2 ifm=23(mod4). O

1.2. The main results. As stated as Theorem 1.1 above, it was already
known when two path components Map (RP”, RP") (¢ = 0 or 1) homotopy
equivalent or not. However, it is difficult to construct the explicit homotopy
equivalences between them. So we cannot apply it for studying whether
two components Map?(RP™,RP") (¢ = 0,1) of based maps are homotopy
equivalent to each other. In this paper, we shall study the homotopy types
of path-components Map}(RP™,RP™) (e =0 or 1).

Next, note that the rational homotopy types of path-components of spaces
of maps between complex or quaternion projective spaces are well studied
([6], [7], [8]), but the case of real projective spaces is not well studied until
now (cf. [4], [10]). So we shall also investigate the rational homotopy types
of them explicitly. In fact, the main results of this paper are as follows.
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Theorem 1.3. Let 2 < m < n be integers and € € {0,1}.

(i) The space Map? (RP",RP") is (n — m — 1)-connected, and
Z if m=1 (mod 2),
Z/2 if m=0 (mod 2),
Z if n —m =0 (mod 2),
Z/2 ifn—m=1 (mod 2).

Tn—m(Map§(RP™, RP™)) =

Tn—m(Map] (RP" RP")) = {
(ii)) If m <n—2,
7/2 k=1
e (Map, (RP™, RP")) = /2 k=1,
0 if2<k<n—m,
Z if m=1 (mod 2),

mn—m(Mapo (RP™, RP")) = {Z/2 if m =0 (mod 2)

(iii) If m=mn—1>2,
m o JZOZL/2  if m=1 (mod 2),
™1 (Mapy (RP™, RP")) = {Z/Q ®7Z/2 if m=0 (mod 2),

Theorem 1.4. Let 2 < m < n be integers.

(i) If n =1 and m = 0 (mod 2), there are rational homotopy equiva-
lences

Map;(RP™, RP") ~q {x},
Map,(RP™,RP") ~q S™.

(ii) If n=1 and m =1 (mod 2),

if k=n—m,

m(Map(RP™, RP")) @ Q = { .
0 otherwise.
Q

J k: - 9 k: 9
Wk(MapO(]RPm,]RP")) ®Q _ Zf n m n

0 otherwise.

(iii) If n =0 and m = 0 (mod 2), there is a rational homotopy equiva-
lence Mapj(RP™,RP") ~q {*} and

Q ifk=n, k=2n-1,

7 (Mapy (RP™,RP")) ® Q = .
0 otherwise.

(vi) If n=0 and m =1 (mod 2),

Q wfk=n—m,k=2n—m—1,
0  otherwise.

Q ifke{n—m,n,2n—m—1},
0  otherwise.

m(Mapg (RP™, RP™))@Q =

7 (Mapy(RP™,RP™))®Q = {
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Corollary 1.5. Let 2 < m < n be integers.

(i) If n =1 (mod 2), there are rational homotopy equivalences

Map?(RP™, RP") ~g Map’(RP™, RP"),
Map,(RP™, RP") ~g Map, (RP™, RP").

(i) Ifm=n—12>3 and n+ 1 # 0 (mod 4), Map,(RP"1, RP") and
Map; (RP" 1, RP™) have the different homotopy types.

(iii) Ifn =0 (mod 2), the (n—m)-dimensional rational homotopy groups
of Mapg(RP™, RP™) and Mapi(RP™,RP") are different. O

This paper is organized as follows. In section 2 we compute the homotopy
groups of Map?(RP™,RP") (e = 0,1) of low dimensions. In section 3 we
compute their rational homotopy groups explicitly by using the standard
techniques of rational homotopy theory ([2], [9]). Finally in section 4, we
give the proofs of Theorem 1.3 and Theorem 1.4.

2. THE SPACE Map? (RP™, RP").

Definition 1. (i) Let 1 < m < n be integers, and let V,, ,,, denote the real
Stiefel manifold of orthogonal m-frames in R™.

(ii) Define the map fr,, : O(n) — Map](RP™,RP™) by the matrix mul-
tiplication
frn(A)(zo: - txp] =lzo: -t :():---:()]lt1 O"]
m,n m m 0 A

for (A, [z : -+ : xm]) € O(n) x RP™. Since the subgroup which fixes RP™
is {Ep+41} X O(n —m), the map f, , induces the map

(2.1) amn : Vom = 0(n)/O(n —m) — Map] (RP™, RP"),
where Ej denotes the (k x k)-unit matrix.

It is well known that V;,1 = S"~1 and that there is a homeomorphism
Vom = O(n)/O(n —m). If we use this homeomorphism, it is easy to see
that there is a fibaration sequence

(2.2) S"™ = Viom = Vam—1.
Lemma 2.1. Let 1 < m < n be integers.
(1) Vam is (n —m — 1)-connected.

) [z ifn—m =0 (mod 2),
(i) mpem(Vam) = Z)2 ifn—m=1 (mod 2).
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Proof. (i) If we use the fibration sequence (i), we can show the assertion (i)
very easily by using the induction over m and we omit the detail.

(ii) First, assume that the case n —m =1 (mod 2), and note that there
are isomorphisms (cf. [5])

H*(Vn,my Z/Q) - A(en—ma Cn—m+1," " 76271—3)
El2o_ _ oo Zon_s] if m =0 (mod 2),
H*(Vn,m,k) :{ [1‘2(n m)+1r L2(n—m)+5> y L2 3] 1 m_ (mO )
E[$2(n—m)+1a$2(n—m)+5> T 7mn71] ifm=1 (IIlOd 2)a

where k = Z/p (p: odd prime) or k = Q, and Sq'(en_m) = €n_my1 (deges, =
k, degx; = j). Then we can easily see that the (n — m + 1)-skeleton of
Vim is ™7™ Uy €™ (up to homotopy equivalence), and we have that
Tnem(Vom) =Z/2if n —m =1 (mod 2).

Next, assume that n—m = 0 (mod 2). Since V}, ,—1 is (n —m)-connected
(by (1)) and mp—m+1(Vam—1) = Z/2, it follows from (2.2) that there is an
exact sequence

i1 (Vim—1) —2= T (S"™™) —— T (Vi) —— 0.
I I
7)2 Z
Hence, mp—m(Vim) = Tp—m (S™"™™) =2 Z, and this completes the proof. [
Now recall the following:

Theorem 2.2 ([10]). If 1 < m < n, apmp : Vom — Map](RP™,RP") is a
homotopy equivalence up to dimension 2(n—m)—1 and there is a homotopy
commutative diagram

s — Vom — Vim—1

(23) Eml am,n\]{ am—l,nJ/
Qm8" —— Mapi(RP™,RP") —— Map}(RP™ ! RP")

where two horizontal sequences are fibration sequences and E™ denotes the
m-fold suspension map. ]

Lemma 2.3. Let m > 3 be an integer.
(i) If m =1 (mod 2), there is a fibration sequence

(2.4) Q™7LS™ x Q™S™ — Map(RP™, RP") 5 Mapg(RP™ 2, RP").
(ii)) If m =0 (mod 2), there is a fibration sequence

(2.5) Map* (2™ 2RP? RP") — Mapj(RP™ RP") 5 Mapj,(RP™ 2, RP").
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Proof. The cofiber sequence RP™™2 — RP"™ — RP™/RP™ 2 = RP™ ,
induces the fibration sequence

Map*(RP”_,, RP™) — Mapj,(RP™, RP") 5 Map(RP™ RP™).

m—1»

Because there is a homotopy equivalence

m—1 m . —
RP™ RPm/RPm_Q ~ {S Vv S if m =1 (mod 2)

m—1 —

Sl Uy em = ¥ 2RP?  if m =0 (mod 2)
there is a homotopy equivalence

Qm-lgn x Qmgr if m =1 (mod 2),
Map*(£™~2RP2 RP") if m =0 (mod 2).

m—1>

Map*(RP]"_;,RP") ~ {

Hence, the assertions follow. O]

Theorem 2.4. Let 1 <m <n and e € {0,1}.
(i) Map? (RP™,RP") is (n — m — 1)-connected.
. Z if m=1 (mod 2),
_m(Map§(RP™ RP™)) =
(i) 71— (Mapp( ’ ) {Z/Q if m =0 (mod 2).
Z if n —m =0 (mod 2),

(iil) mp—pm(Map](RP™,RP")) = { Z)2 ifn—m=1 (mod 2).

Proof. (i) By using Theorem 2.2 there is an epimorphism
amn,  T(Vim) = m(Map] (RP™,RP"™))

for any & < 2(n —m) — 1. Hence, because V,, ,, is (n — m — 1)-connected,
Mapi(RP™,RP") is also (n —m — 1)-connected. So the assertion (i) is true
for e = 1.

The proof for ¢ = 0 is based on the induction over m. If m = 1,
since there is a homotopy equivalence Mapg(RP!,RP") ~ QS™, the space
Mapg(RP!, RP") is (n — 2)-connected. So the case m = 1 is true. Suppose
that the space Mapg(RP™ 1 RP") is (n — m)-connected and consider the
restriction fibration sequence

(2.6) Q™S™ — Maps(RP™, RP") 5 Mapi(RP™ ! RP").

Since Q™S™ and it is (n —m—1)-connected, by using (2.6) Mapg(RP™, RP")
is (n — m — 1)-connected. Hence, (i) is proved.

(ii) If m = 1, mp—m(Maps(RP™, RP™)) = 7,1 (QRP") = 7, (S™) = Z. So
the assertion (ii) is true for m = 1. Next, because RP? = S! Uy €2, there is a
cofibration sequence S* 2 S - RP2. Hence, by identifying QRP"™ = Q5"
this sequence induces a fibration sequence

(2.7) Map?(RP2, RP") —s Q5™ 2 qgn.
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Since Mapj(RP2, RP") is (n—2)-connected, the exact sequence induced from
(2.7) is reduced to the following exact sequence

1 (5™ 25 11 (Q5™) B o(Mapt (RP2, RP™)) — 0.

Because [2], is the multiplication by 2, we have m,_s(Mapg(RP?, RP")) =
Z/2. So the assertion (ii) is also true for m = 2.

Now suppose that m > 3. First, consider the case m =1 (mod 2). Since
Mapg(RP™2 RP™) is (n — m + 1)-connected, if we consider the homotopy
exact sequence induced from the fibration sequence (2.4), there is an iso-
morphism

Ton—m(Maph (RP™  RP™)) 2 7, _,,, (Q™ 718" x Q™S™) = 7.
Hence, the assertion (ii) is true if m =1 (mod 2).
Next consider the case m = 0 (mod 2). Because Mapj(RP™ 2, RP") is

(n —m 4+ 1)-connected, if we consider the homotopy exact sequence induced
from the fibration sequence (2.5), we also have the isomorphism

Tn—m(Mapg (RP™, RP™)) 2 7,,_, (Map* (™ ?RP?, RP")).
On the other hand, the cofiber sequence S™ ! 2 gm=1 _ ym—2RP? induces
the fibration sequence
(2.8) Map*(S™2RP2, RP") — m—1gn B gm-1gn,
If we use the exact sequence induced from (2.8), it is easy to see that
Tn—m(Map* (X" 2RP?, RP")) = Z/2.

Hence, mp,—m(Mapg(RP™,RP™)) = Z/2 if m = 0 (mod 2), and (ii) is proved.
(iii) First, consider the case n—m > 2. Then because 2(n—m)—1 > n—m,
by using Theorem 2.2 there is an isomorphism

A, Trem(Vam) — Tn—m(Map’ (RP™, RP™)).

Hence, (iii) follows from Lemma Lemma 2.1.

So it remains to show (iii) for the case m = n — 1. It suffices to show that
ann-1, : T (Von-1) = 71 (Map}(RP"!,RP")) is an isomorphism. Because
two spaces V,, ,—2 and Map’{(RP"_2,RP”) are l-connected, the diagram
(2.3) for m = n — 1 induces the following commutative exact sequences:

T2 (Vn—2) — % (s —— 71 (Van—1) — 0

an,n72*J/E‘ Enillg anfl,n*l

m(Map? (RP™2 RP™)) —2 & 7,(S") — 5 m;(Map’ (RP"™1,RP")) — 0
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We already proved that oy, p—2, : T2 (Vi n—2) = Wg(M&pI(RPm*Q,RP”))
is an isomorphism. Hence, by the Five Lemma we see that the homomor-

phism oy -1, @ T1(Van-1) — Wl(MapT(RP”*I,RP”)) is also an isomor-
phism. (]

Corollary 2.5. a1y, : T1(Vino1) — 1 (Map?(RP" ', RP")) 2 Z/2 is
an isomorphism for n > 2. Ol

Corollary 2.6 ([1]). If2 < m < n and n = 0 (mod 2), Mapj(RP™, RP")
and Map] (RP™ RP") are never homotopy equivalent.

Proof. By Theorem 2.4, 7,,_,,(Mapg(RP™,RP")) % 7, (Map] (RP™, RP")) if
2<m < nandn=0 (mod 2), and the assertion follows. U

Remark. Crabb and Sutherland show that 7,1 (Map](RP",RP")) @ Q =
Q and m,_1(Mapg(RP™,RP")) ® Q = 0 in [1], and they obtain the above
result.

3. RATIONAL HOMOTOPY TYPES.
Definition 2. Let v, : S™ — RP" denote the usual double covering and
define the map 7,4 : Map*(RP™,S™) — Map(RP™,RP") by v,4(f) =
Yo f.
Lemma 3.1. If1 <m < n, Y4 : Map*(RP™, S") = Map§(RP™, RP"™) s
a homotopy equivalence.

Proof. The proof is based on the induction over m. Because RP! = S,
the assertion clearly holds for m = 1. Assume that the assertion is true

for the case m — 1, and note that Q™~,, : Q™S™ 5 Q™RP” is a homotopy
equivalence. If we consider the commutative diagram of fibration sequences

Qms"  —— Map*(RP™,S") —— Map*(RP™!,S")

Qm%l: PYn#J/ vg#lz
QTRP" —— Mapj(RP™, RP") —— Map(RP™~! RP")
the assertion easily follows. O

We denote by X(g) the Q-localization of a nilpotent space X. Then by
using Lemma 3.1, there is a rational homotopy equivalence (cf. [2])

(3.1) Mapj(RP™, RP") ~g Mapy(RP™, SZB)).
It is easy to see that there are homotopy equivalences

" K(Q,n) if n=1 (mod 2),
(32) S(o) = D
K(Q,n) x K(Q,2n—1) ifn=0 (mod 2),
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(3.3) Map} (X, K(G,n)) ~ H K(H"(X,Q),1q)

for a connected space X ([9]). Then we have:

Lemma 3.2. If2 < m < n and m = 0 (mod 2), there is a rational homotopy
equivalence Mapi(RP™, RP™) ~qg {x}.

Proof. Since H*(RP™,Q) = 0, the assertion follows from (3.1), (3.2) and
(3.3). O

Lemma 3.3. Let 2 < m < n be integers such that m =1 (mod 2).

(i) If n =0 (mod 2),
fk=n— k=2n—-—m-—1
Wk(MapE;(RPm, RP”))@Q _ @ Zf n m, n m 5
0  otherwise.

Q ifk=n—m,

(ii) If n =1 (mod 2), m(Mapg(RP™, RP")) ® Q = .
0 otherwise.

Proof. Since the proof is completely analogous to that of Lemma 3.2, we
omit the detail. O

Corollary 3.4. Let 2 < m < n be integers.

(i) If n =1 (mod 2) and m = 0 (mod 2), there is a rational homotopy
equivalence Mapy(RP™,RP") ~qg S™.

(ii) If n =1 (mod 2) and m =1 (mod 2),

re(Mapo(RP™ RPY) @@ = § & U F = —m £

0  otherwise.

(iii) If n =0 and m =0 (mod 2),

m(Mapy(RP™, RP")) @ @ = 4 & /R =m k=20 -1,

0 otherwise.

(iv) If n=0 and m =1 (mod 2),

Q ifke{n—m,n2n—m—1},

7 (Map(RP™, RP")) @ Q = 0 otherwise. [

4. PROOFS OF THE MAIN RESULTS.

Proof of Theorem 1.3. The assertion (i) follows from Theorem 2.4. Let us
consider the evaluation fibration sequence

Mapg (RP™, RP™) — Map,(RP™,RP") = RP",

where ev is defined by ev(f) = f(en) for f € Mapy(RP™,RP"). If we
consider the constant maps RP™ — RP", we can see that there is a splitting
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s : RP™ — Mapy(RP™ RP™) such that ev o s = id. Hence, the other
assertions easily follow from (i). O

Proof of Theorem 1.4. The assertions follows from Lemma 3.2, Lemma 3.3
and Corollary 3.4. U
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