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HILBERT-SPEISER NUMBER FIELDS AND
STICKELBERGER IDEALS; THE CASE p =2

HumMmIio ICHIMURA

ABSTRACT. We say that a number field F satisfies the condition (Hym )
when any abelian extension of exponent dividing 2™ has a normal basis
with respect to rings of 2-integers. We say that it satisfies (Hj) when
it satisfies (Ham ) for all m. We give a condition for F to satisfy (Ham),
and show that the imaginary quadratic fields F' = Q(v/—1) and Q(+/—2)
satisfy the very strong condition (Hje ) if the conjecture that hf. = 1
for all m is valid. Here, hg,, is the class number of the maximal real
abelian field of conductor 2™.

1. INTRODUCTION

Let p be a prime number. For a number field F', let O be the ring of inte-
gers and O = Op[1/p] the ring of p-integers. A finite Galois extension N/F'
with group G has a normal p-integral basis (p-NIB for short) when O is
cyclic over the group ring O%G. We say that F satisfies the Hilbert-Speiser
condition (H.) when any abelian extension N/F' of exponent dividing p"
has a p-NIB, and that it satisfies (H ) when it satisfies (H,) for all n > 1.
It is known that the rationals @ satisfy (H,) for any p.

In the previous paper [8], we studied the above conditions when p > 3. We
gave a necessary and sufficient condition ([8, Theorem 1.1]) for F' to satisfy
(H,n) in terms of the ideal class group of K = F((y») and the Stickelberger
ideal associated to the Galois group Gal(K/F), where (,» is a primitive p™-
th root of unity. As an application, we showed that for p = 3, 7, 11, 19, 43,
67 or 163, the imaginary quadratic field F' = Q(y/—p) has a possibility of
satisfying the very strong condition (H,«) ([8, Theorem 1.2]).

The purpose of this paper is to show corresponding results for the re-
maining case p = 2. In all what follows, we let p = 2. For a number field
F, let Clp and Cl% be the ideal class groups of the Dedekind domains Op
and O = Op[1/2], and let hrp = |Clp| and by, = |Cl%|. When the prime
ideals of O over 2 are principal, Cl’, is naturally isomorphic to Clp, and

"= = hp. When (3n € F*, the following assertion is known.
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Lemma 1.1. ([7, Theorem]) (i) When (on € F*, F satisfies (Hn) if and
only if W = 1.
(i) In particular, F satisfies (H}) if and only if Wy = 1.

In view of Lemma 1.1(ii), we consider the condition (HJ,, ) for integers
n > 0 under the assumption b}, = 1. Let G,, = (Z/2""2)* be the mul-
tiplicative group, and let S, be the Stickelberger ideal of the group ring
Z Gy, associated to the abelian extension Q((an+2)/@Q in the sense of Sinnott
[14, page 189]. Let H be a subgroup of G,,. For an element « € QG,,, let

aH:ZaUJ with o = Z A0

ceH ceGnp

be the H-part of a. The Stickelberger ideal Sy of ZH is defined by
Sy = {aH ‘ o€ S(;n}.

Let F' be a number field, and K, = F({yn+2). We regard the Galois group
H = Hp, = Gal(K,/F) as a subgroup of G,, through the Galois action
on (ont2. Let Sppn = Smy, be the Stickelberger ideal associated to the
subgroup Hp, C Gy,.

Theorem 1.2. Let F' be a number field with W = 1, and let n > 0 be an
integer. If F' satisfies ( én+2), then for any 0 < ¢ < n, the Stickelberger
ideal Sp; annihilates the class group C'Z’Ki.

We show that the converse of Theorem 1.2 holds under some condition.
We say that a number field F satisfies the condition (C) when F' N Q((ae0)
is imaginary. For F' satisfying (C), denote by ng > 0 the least integer such
that F' N Q((yno+2) is imaginary.

Theorem 1.3. Let F' be a number field with by = 1 satisfying the condition
(C). Then the following assertions hold.

(I) Assume that F satisfies the condition (H.,, 1) when ng > 1. Then
the converse of Theorem 1.2 holds for any n > ny.

(I) When ng > 1, F satisfies (Hyyo11) if K, =1 for all 0 <i <mng — 1.

Let hom be the class number of Q(Com ), and hg, the class number of the
maximal real subfield of Q((om). Since hys = 1, we see from Theorem 1.3

that F = Q(v/—1) and Q(v/—2) satisfy (H.,.,) with n = 3. For n > 4,
we show the following assertion using Theorem 1.3 and some results on
Stickelberger ideals.

Theorem 1.4. Let F = Q(v/-1) or Q(v/=2). Let n > 4. If h,., =1,
then F satisfies the condition (H},.-).
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It is known that h;’n” = 1for 0 < n <5, and for n = 6 under GRH

(van der Linden [12]). Tt is conjectured that hg, = 1 for all m (see Buhler
et al [1]). If the conjecture is valid, then the imaginary quadratic fields in
Theorem 1.4 satisfy the condition (H} ). For other abelian fields of 2 power
conductors, we show the following:

Proposition 1.5. Any abelian number field F of 2-power conductor with

F#Q, Q(V-1), Q(v/—2) does not satisfy (Hb).

Remark 1.1. (I) The case p = 2 is complicated mainly because the sub-
groups Hp, are not necessarily cyclic. The condition that F' satisfies (C) in
Theorem 1.3 is equivalent to saying that F'((ae)/F is a Zs-extension (the
cyclotomic Zs-extension). Hence, the groups Hp,, are cyclic for all n > 0
under the condition.

(IT) So far, we have given 9 number fields (# Q) as candidates for p-
Hilbert-Speiser number fields. They are the 9 imaginary quadratic fields
of class number one. It might be possible that other number field can not
satisfy (Hpw) for any p. And the 9 imaginary quadratic fields might be
“singularities” among all number fields with respect to the Hilbert-Speiser
condition.

2. STICKELBERGER IDEALS

In this section, we recall and collect some properties of the Stickelberger
ideals. Among four lemmas we give in this section, the first two ones are
necessary for proving Theorems 1.2 and 1.3, and the last two ones for Propo-
sition 1.5. We show these lemmas in Section 5.

For a while, we fix an integer n > 0. We write an element of G,, =
(Z/27F2)* in the form o; = i = i mod 2"2. Let Sg, be the Stickelberger
ideal of the group ring ZG,, in the sense of Sinnott [14, page 189]. We put

ant2_1 . 2nt2q .
B i B ri 1
0, = Y, o and bar= ) lw] a;
i=1 i=1
for an integer r € Z. Here, i runs over the odd integers with 1 < ¢ < 2"+2_1,
and [x] is the largest integer < . It is known that 0g,, » € Sg,, and that Sg,,
is generated over Z by the elements g, , for all r. (For this, see Remark
2.1 at the end of this section.) In particular,

-1
NGn = Z Ui = _9Gn7*1
)

and
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are elements of Sg,,. For an odd integer r, we easily see that (r — 0,)0g, =
0a,, » and hence,

(2.1) oreq, =reg, mod 228 .
From the definition, we easily see that
(2.2) Sa, = ZGp.
Let H be a subgroup of G,,. Let
Sy ={ay | a€Sag,}
be the H-part of 5S¢, , and let
g = (0c,)u, Our = (0G,.r)H, NHE = (NG, ), en = (eg,)H

be the H-parts of the respective elements. From what we have recalled
above, we see that Sy is generated over Z by 0p, for all r. Further, it
follows from (2.1) that

(2.3) orer = rey mod 228y
for an odd integer r with ¥ € H. We put J =o0_;.

Lemma 2.1. Let H be a subgroup of G,, with J ¢ H, and let H; = H - (J).
Then, for any integer r,

O, »r =1 —J)0u, + (r —0,)JNg.
Here, 6, = 0 or 1 according to whether 2" 2 divides r or not.

Lemma 2.2. Let ¢ : ZG,, — ZG,,_1 be the restriction map. Let H' be a
subgroup of Gy, and let H = o(H'). If |H'| = 2|H|, then we have

©(Sy) €Sy and ¢(er) =2(1+2")ey mod 2728y,
Let T, be the ideal of ZG,, consisting of elements o« € ZG,, such that
(1+ J)a € ZNg,,. Denote by G, the subgroup of G,, generated by 5. We

easily see that T, is generated by NGj and 1 — J over ZG,,. It is known
that Sg,, C Tg,,, and that

(2'4> [TGn : SGn] = h2_n+2
([14, Theorems 2.1, 5.1]). Here, hg, , is the relative class number of
Q((yn+2). For a subgroup H of G, let

Ty = {OéH | o GTGH}

be the H-part of Tz, . We have Sy C Ty as Sg,, C Tg,,. When J =0_; €
H, we have H = H' x (J) with HT = HN G;. We can easily show that

<NH+,1—J>ZH, if Je H

(2:5) T = { ZH, if J ¢ H.
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Lemma 2.3. For each subgroup H of G, the index [Ty : Syl is finite, and
divides the class number hy, .

As is well known, h,., is odd for all n (cf. [16, Theorem 10.4]). Hence,
it follows that 2 ¢ [Ty : Sy for any H.

Lemma 2.4. Let H be a subgroup of G, and q an odd prime number. If
q divides the index [Ty : Sg|, then ¢l&Hl (resp. @ H1/2) divides oo
when J € H (resp. J ¢ H).

Remark 2.1. Let Sé;n be the Stickelberger ideal of ZG,, defined in Sinnott
[13, page 116]. From the definitions of Si, and Sy, , it is clear that Si; C
Sc,- We see that S, = Sg, from the class number formulas (2.4) and
Kucera [11, Corollary]. A set of Z-generators of S, is given in [11, Lemma

3.1]. We can easily show that the elements g, » with r € Z generate Sg,, =
Sg,, over Z using [11, Lemma 3.1] and the formula (5.2) with H = G,.

3. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4 and Proposition 1.5 using Theorems
1.2, 1.3 and the results in Section 2.

Proof of Theorem 1.4. Let F = Q(v/—1) or Q(v/—2). Let n > 4. Let
K = K,, = Q((an+2), and H = Hp, = Gal(K/F) C G,,. As the unique
prime ideal of Ok over 2 is principal, we have Cl} = Cli. By Theorem 1.3,
it suffices to show that Sg; kills Clk, for all 0 < ¢ < n under the assumption
h;rnH = 1. For this, it suffices to show that Sy = Sp,, kills Clk since the
assumption h;rnH = 1 implies that h;@ o =1forall 0 <7 <n. We see that
J ¢ H and G,, = H - (J). Therefore, by Lemma 2.1, we have

Oc. = (1_J)9H,r+(7”_5r)JNH-

It follows that
C1e"% = {0}
because (i) 0g,, » kills Clg by the classical Stickelberger theorem ([14, The-

orem 3.1]) and (ii) Ny kills Clg as hp = 1. As h;nJrQ =1 and h,,,, is odd,
this implies that Sy kills Clg. Therefore, we obtain the assertion. [

Lemma 3.1. Let F' be a number field, and Ky = F({y). Then F satisfies
(H}) only when hfy = 1.

Proof. Let H = Gal(Ky/F) C Gy = (Z/4)*. By (2.2), we have Sy = ZH.
Therefore, the assertion follows immediately from Theorem 1.2. O
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Proof of Proposition 1.5. Let F be an abelian field of 2-power conductor
with F' # Q, Q(v/—1), Q(v/—2). Assume to the contrary that F satisfies
(H)s). Then, as F satisfies (H}), the class group of Ko = F((4) is trivial by
Lemma 3.1. This implies that F' C Q((y5) since h,s = 17 (cf. [16, page 412]).
Let K = K4 = Q({y) and H = Gal(K/F) C Gy = (Z/25)*. When J ¢ H,
F is imaginary but F # Q(v/—1), Q(v/—2), and hence [G4 : H]/2 > 2.
When J € H, F is real but F' # Q, and hence [G4 : H] > 2. In both
cases, it follows from Lemma 2.4 and h,s = 17 that ¢ = 17 does not divide
[Tx : Su|. Therefore, by Theorem 1.2 and (2.5), Z,H (resp. (1 —J)Z,H)
kills Clg when J ¢ H (resp. J € H), where Z, is the ring of g-adic integers.
However, this is impossible as ho,s = 17. [

4. PROOFS OF THEOREMS 1.2 AND 1.3
4.1. Lemmas. The following two lemmas are exercise in Galois theory.

Lemma 4.1. Let F be a number field. Let K = K, = F((on+2), H =
Gal(K/F) C G, = (Z/2"™)*, and e = ey € ZH.

(i) Let L/K be a cyclic estension of degree 2" 2. Assume that there
exists an element a € K> with L = K((ae)l/QnH). Then there exists a
cyclic extension N/F of degree 2""2 such that NK = L and NN K = F.

(ii) Assume that FNQ((an+2) is imaginary. Let N/F be a cyclic extension
of degree dividing 2"12. If NN K = F, then there exists an element a € K*
such that NK = K ((a®)/2""?).

Remark 4.1. In the second assertion of Lemma 4.1, we can not remove the
assumption that F' N Q((yn+2) is imaginary. Actually, let F' = Q and n =0
(and hence K = Q(y/—1)). In this case, e = 1 — .J mod 4. Let ¢ be a
prime number with ¢ = 3 mod 4, and put N = Q(\/q). If NK = K(\/q) =
K((a'=7)1/%) for some a € K*, then we easily see that q € NK/Q(KX),
which is impossible.

Outline of Proof of Lemma 4.1(ii). We give an outline of a proof for the
convenience of the reader. Let |H| = 2°. When e = 0, the assertion is
obvious. Hence, we may as well assume that e > 1. Then, as F' N Q({yn+2)
is imaginary, we see that n > 1 and that H is a cyclic group generated by
p =0, with g = 5" or g = —5%""". We have ¢* = 1+ 2""25 for some
odd integer s. We put

2¢—1

f=> g
A=0

We see that f = e mod 2""2. Let N/F be a cyclic extension of degree 2!
with 1 < T <n+4 2. Assume that NN K = F, and put L = NK. We have
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L= K(bl/QI) for some b € K*. As L/F is an abelian extension, we see that
bP = b9a? for some a € K*. We put 8 = bl/QI, ( = (on+2 and & = C2n+2_1
for brevity. We see that there exists an extension p of p to L whose order
is 2°. The extension j sends 3 to 89a&’ for some i. Replacing a with a&
for simplicity, we may as well assume that p(8) = f%a. Using the relation
p(B) = B9a repeatedly, we see that

5= (8%) = (87
with
X = f+2""25 = e mod 2"*2.

* = B_2n+259 and sg is odd, we obtain the assertion. [

Since (89)179

When F' satisfies the condition (C), the extension F({aec)/F is a Zo-
extension (the cyclotomic Zj-extension). Let B} be the n-th layer of this
extension with B) = F. When F satisfies (C) and F & K = K, the
condition N N K = F in Lemma 4.1 is equivalent to N N By, = F (or
NNBE? =F).

Lemma 4.2. Let F' be a number field satisfying the condition (C). Then, for
an abelian extension N/F of exponent dividing 2" 2, there exists an abelian
extension N1/F of exponent dividing 22 such that Ny Bt = NB%™ and
N NBit2=F.

Lemma 4.3. Let F' be a number field satisfying the condition (C). Assume
that any abelian extension N/F of exponent dividing 2" such that N N
BEt? = F has a 2-NIB. Then F satisfies (Hbpyz)-

Proof. Let N/F be an arbitrary abelian extension of exponent dividing
2"+2_ Choose an abelian extension N;/F as in Lemma 4.2. By the assump-
tion, N1/F has a 2-NIB. By using Kawamoto and Komatsu [10, Theorem
3.3], we see that B?’Q/F has a 2-NIB. Therefore, since Ny N BI{;“ = F,
N1 B2 = NBZ'? has a 2-NIB over F by [3, (2.13)]. As N C NB™| the
extension N/F has a 2-NIB. O

Remark 4.2. It is already shown in Greither [5, Proposition 1.2.4] that
B?,“ /F has a 2-NIB under the additional assumption that {4 € F'*.

Let F' be a number field satifying (C). We say that F' satisfies the Galois
descent condition (Dx,,) when for any abelian extension N/F' of exponent
dividing 2”2 and satisfying N N B;ﬂ” = F, the extension N/F has a 2-NIB
if the pushed up extension N K,,/K,, has a 2-NIB.
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Lemma 4.4. Let F' be a number field satisfying (C). Then F satisfies the
condition (D},.) if it satisfies (Hey,1).

Proof. A corresponding assertion for the case p > 3 is shown in [8, Theorem
4.1]. The argument there can be applied to the case p = 2 without any
change. O

Let 2 be a 2"2-th power free integral ideal of O%. Namely, pan t A for
any prime ideal p of O%. Then we can uniquely write

2n+2_1

a= [] o
1=1

for some square free integral ideals 2; of O relatively prime to each other.
The associated ideals 9B, of 2 are defined by

2nt2_1
(4_1) B, = H Q(EM/QM-?] for 0 < r < on+2 _ 1.
=1

The following is a version of a theorem of Gémez Ayala [4]. See [6, Theorem
2], [8, Theorem 5.2], Del Corso and Rossi [2, Theorem 1].

Lemma 4.5. Let K be a number field with (onie € K>, and let L =
K(a?""™)/K be a cyclic Kummer extension of degree 2"+2 with a € K*.
Write

ont2_1
/ i 2712
aOK = H mil . 91271—5—2
=1

for some fractional ideals 2; of O such that the ideals 2; with 0 < ¢ <
2"+2 _ 1 are integral, square free and relatively prime to each other. Then
the extension L/K has a 2-NIB if and only if (i) the ideal Agn+2 is principal
and (ii) the ideals B, associated by (4.1) to the 2" 2-th power free integral

. _on+2 . .
ideal aO - Q[2n2+2 are principal.

Remark 4.3. Let m > 2 be an integer, and K a number field with (,, €
K*. In [6, Theorem 2], we gave a necessary and sufficient condition for a
cyclic Kummer extension L/K of degree m to have a normal integral basis.
Recently, Del Corso and Rossi [2] pointed out that the “only if” part of [6,
Theorem 2] is incorrect when m is not a power of a prime number, and
corrected this mistake.

4.2. Proofs of Theorems. For an integer x € Z, let (x)gn+2 be the least
residue modulo 2”12, We can easily show the following simple formulas for



HILBERT-SPEISER NUMBER FIELDS AND STICKELBERGER IDEALS 41

x, Yy, 2 € 4.
T n
(4.2) z= [W} 92 4 (1) gnsa.
xy(z)on+2 | [2(yz)on+ y(2)gn+2
(43) lW] = [W T T |

Proof of Theorem 1.2. Let K = F((on+2), H = Hp, and e = ey. Let
¢ € Cly be an arbitrary ideal class, and r € Z an integer with r # 0.
Choose prime ideals B € ¢™" and Q € c of relative degree one over F' such
that (NK/F‘B, NK/FQ) = O, where N/ is the norm map. The condition
that 98 is of relative degree one over F' means that p = P N O} splits
completely in K. There exists an element a € K* such that a0} = BQ".

Let b=a® and L = K(b*/2""). We easily see that

(4.4) b0 = H ‘Biai_lﬂ(”)wﬁafl . (QOH,T>
1€H

2n+2

by using (4.2). Here, i runs over the odd integers with ¢ € H and 1 < i <
272 — 1. As P||bO%, the extension L/K is of degree 272, Further, by
Lemma 4.1(i), there exists a cyclic extension N/F of degree 2”2 such that
NK = Land NNK = F. As F satisfies (HJ,,,), N/F has a 2-NIB. Hence,
L/K has a 2-NIB. Therefore, it follows from (4.4) and Lemma 4.5 that Q%
is principal. This implies that Sy kills Clf.. O

To show Theorem 1.3, we prepare two lemmas. Let F' be a number field,
K = Kn = F(C2n+2), H = HF,n; e = ep,n = eHF’n.

Lemma 4.6. Assume that Sy kills Cly.. Let B be a prime ideal of O
with o = PN O%. Let m € O} be an integer such that P€ = wO%, the
existence of which is assured by the assumption. Let L = K(7r1/2n+2). If B
is of relative degree one over F', then the extension L/K has a 2-NIB and
1s unramified outside p and totally ramified at B.

Proof. We can show the assertion using Lemma 4.5. The argument is ex-
actly the same as the proof of the corresponding assertion for the case p > 3
([8, Lemma 5.2]). O

Until the end of this section, we assume that F' satisfies (C) and n > nyg.
Hence, F'NQ({an+2) is imaginary. For a prime ideal p of O, let D = D, C
H = Hp,, be the decomposition group of p at K/F. We define an integer
=1, by

gy — Jn—ords(D)), i F=KyorDGH
: -1, if 1S Kogand D=H.
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We see that £ > 0 when F'= Kqgor D G H.

Lemma 4.7. Assume that Sg; kills CZ/IQ for all 0 < 7 < n. Let B be a
prime ideal of O with p = PN O%. Let £ = L, be the integer defined above.
Then there exists an integer m, € O such that (i) P€ = n2" ! 2" O

for some x € K* and (ii) the extension K(Wé/QHQ)/K has a 2—NIB and is

unramified outside p and totally ramified at PB.

Proof. First, we deal with the case where F' = Ky or D & H. In this
case, K, is the decomposition field of p. Let P, = PN O/Ke' Since Py is
of relative degree one over F' and Sp, kills Cl) ,» 1t follows from Lemma

4.6 that there exists an integer m € OKe such that ‘BéeF = 7T(9’Ke and the

extension K,(m!/ 2e+2) /K, has a 2-NIB and satisfies the desired condition
on ramification. We see that the pushed up extension K (r'/ 2Hg) /K has
the same properties. Let ¢ : ZHp,, — ZHFy be the restriction map. As
|Hp| = 2" Y| Hp |, we see from Lemma 2.2 that

(p(epm) = 2"7£ueF,g + 2n+28

for some odd integer v € Z and some s € Sgy. Since Spy kills Cl’Ke, it
follows that

on— 2n+2

€Frn
e A Ok
for some z € K ;. Therefore, letting 7, = 7, we obtain the assertion.
Next, we deal with the case where F' & Ko and D = H. We put k =
FNQ((yn+2). We have [k : Q] = 2° with 1 < s < n since k is imaginary and

F' G Ky. Further, we see that k is the unique imaginary subfield of Q((ys+2)
satisfying [Q((ys+2) : k] = 2 and k # Q((9s+1). Hence, we have

FCKy=K ==K, G K1 G- G K.

Let ¢ : ZHp,, - ZHF s be the restriction map. As |Hp,| = 2""%|Hp,|, it
follows from Lemma 2.2 that

n—s n+2
me — p2 uepysx2 O/}(

for some odd integer u and some x € K*. From the above characterization of
k, we see that ep s equals 14+i0; € ZHp s C ZG, with i = —1+2%t!, Hence,
pE = an+1”x2n+2 O’ for some odd integer v. Since Spo = ZHp kills C’l’KO,

Cly, is trivial. It follows that pO%, = 71O}, for some m € O . Further,
we see that the cyclic extension Ko(7/?)/Ky has a 2-NIB by Lemma 1.1(i)

and that it satisfies the desired condition on ramification. Letting 7, = 7,
we obtain the assertion. [
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Proof of Theorem 1.3 (I). Let F' be a number field satisfying (C) with b, = 1.
It satisfies (H.,,+1) by the assumption (resp. by hz = 1 and Lemma 1.1(i))
when ng > 1 (resp. ng = 0). Let n be an integer with n > ng. Let
K = K, and e = ep,,. Assume that Sp; kills CZ’KZ, for all 0 <7 < n. As
F satisfies (Hy,,41), it satisfies (DY, ;2) by Lemma 4.4. For an integer i
with ng < i < n, F N Q({y+2) is imaginary. Hence, we can use Lemma
4.1(ii) for showing that F' satisfies (HJ;,,). By induction, we may assume
that F' satisfies (HJ,4.), and hence (DJ,,,). By Lemma 4.3, it suffices to
show that each abelian extension N/F of exponent dividing 2”2 such that
NN Bltl+2 = F' has a 2-NIB. For this, it suffices to show that NK/K has a

2-NIB. By Lemma 4.1(ii), we have

L=NK=K(@$)Y"" |1<j<r)

for some integers a; € O% . For each prime ideal p of O%, choose a prime
ideal B of O’ over p. By using (2.3), we see that

en _ 55 € 2"+2
aj(’)K_Hq:;Jm . OK

for some integer s;, € Z and some z; € K*, where p runs over the prime
ideals dividing Nk, p(a;j). Let 7, € O% be an integer satisfying the condi-
tions in Lemma 4.7, and let €1, -+ , €5 be a system of fundamental units of
O . Then we see that

~ n-+2 Y/ 2
LCL=K@E™" xy*" | p|Ng/plar---a,)).

Here, £, is the integer defined before Lemma 4.7 and p runs over the prime
ideals of OF dividing Nk /p(a1---a,). The extension K (¢; 12+ )/K has a

2-NIB by [5, Proposition 0.6.5] or [10, Theorem 3.3], and K (m L/2tet )/ K
has a 2-NIB by Lemma 4.7. Further, these extensions over K are linearly
disjoint and their relative discriminants are relatively prime to each other.

Therefore, L/K has a 2-NIB by [3, (2.13)]. Hence, as N C L, the extension
N/K has a 2-NIB. 0O

Proof of Theorem 1.3(II). Assume that ng > 1 and b, = 1for 0 <i < ny—1.
We see that F satisfies (Hj) as h’z = 1, and hence it satisfies (D)) by Lemma
4.4. Further, as b =1, Ko satlsﬁes (H}) by Lemma 1.1. Therefore, F
satisfies (H}) because of the condition (D)) and Lemma 4.3. Repeating this
process, we can show that F' satisfies (Hjn 41). O
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5. PROOFS OF LEMMAS 2.1-2.4

Proof of Lemma 2.1. Let H be a subgroup of G,, with J ¢ H, and Hy =
H - (J). We choose a generator p = o, (k € Z) of the cyclic group H.
Let h be the order of H. Then H; consists of 2h elements 0., o_,i with
0 <i < h—1. Noting that (—z)nt+2 = 2”2 — (2)gn+2 for an odd integer
xr € Z, we see from the definition that

0 < r(K)gni2] - r(=K")gni2]

1=0 1=0

2n+2 —q
= HH’“JFZ[ 2n+2 ]p J
= (1-J)0p,r+ (r—26,)JNg.
O

Proof of Lemma 2.2. From the definition of the Stickelberger ideal S¢,, ([14
page 189]), we see that

(5.1) ©(Sa,,) € Sa,,_,-

Let H' be a subgroup of G,,, and H = ¢(H'). Assume that |H'| = 2|H|. We
write an element of G, (resp. Gy,—1) in the form o; (resp. 7;). Let X be the
set of odd integers ¢ with 1 < ¢ < 2"*tl _ 1 and 7; € H. Then H’ consists
of elements o; and o0, 9n+1 with ¢ € X. Using this, we easily see that for
an element a € QG,, p(ag) = ¢(a)y. Hence, it follows from (5.1) that
©(Spr) € Sp. We also see that

oley) = (Z MZ+Z (i + 2"+ Z+2n+1> =2ey + 2" TINy.

1€ X 1€X
Further, we easily see that

Oo = Z

e X

2n+1] Z// -

and

{ { 1 ro—1 _4 ni+1 _4
bunin =3 |5+ | 7 = g

ieX i i
Here, in the sum Y, (resp. Y_,”), i runs over the integers i € X with i < 27
(resp. i > 2™). Hence, it follows that

1
(52) 0H71+2n —QH’Q = §(€H—NH) ESH
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Therefore, we see that

1
QO(BH/) = 2(1 + 2”)eH + ont2, 5(

is congruent to 2(1 + 2")ey modulo 2"2Sy. O

Ny —epn)

To show Lemma 2.3, we prepare the following two lemmas.

Lemma 5.1. Let A and B be subgroups of G,, with A C B. Then we have
Sp CSAsZBNTg.

Proof. As Sp C Tp, it suffices to show that Sp C SpZB. Let {k} be a
complete set of representatives of the quotient B/A. Then, using (4.3), we

see that
Opy = > [QM] ZZ[ /;Hz;wz] ot

JjEB Kk i€A
-1 -1
> 0, ) Oy

B Z(Z (lrm]_rl ki

o +2 +2
K i€A 2" 2"

Here, j (resp. i) runs over the odd integers with 1 < j < 27+2 _ 1 with

j € B (resp. i € A). The assertion follows from this. O

- Z(GA,TH THAK) _1-

K

Lemma 5.2. Let A and B be subgroups of G,, with A C B. When J ¢ A
and J € B, assume that B = A - (J). Then there exists a natural injection

©:Ta/Sa — Tp/(SaZBNTg).

Proof. There are three cases to be considered: the case (i) where J € A, the
case (ii) where J ¢ B, and the case (iii) where J ¢ A and B = A - (J). In
each case, we construct a homomorphism ¢ : Ty — Tp/(S4ZB N Tg) with
ker p = S4.

First, we deal with the case (i). Let AT = ANG; and BT = BNG,!. By
(2.5), we have

TA = <1 — J, NA+> and TB = <1 — J, NB+>'
Let p be a generator of the cyclic group BT, and let t = [BT : A*T] = [B : A].
Then p' is a generator of A*. We see that

t—1

Np+ = Np+ - XaB with XAB :ij
=0
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Let a be an element of T4. Then (1+J)a = mN4 = m(1+ J)N 4+ for some
m € Z. It follows that

(1+J)04X147B :m(1+J)NB+ = mNp,

and aX4 p € Tp. We define ¢ by p(a) = X4 p mod SAZBNTp.

Next, we deal with the case (ii). In this case, both A and B are cyclic,
and Ty = ZA, Tp = ZB. We define ¢ by sending o € T4 to a modulo
SaZBNTg.

Finally, let J ¢ A and B = A-(J). For a« € Ty = ZA, we have
(14 J)(1 —J)ao = 0, and hence (1 — J)a € Tg. We define ¢ by send-
ing « € Ty to (1 — J)aw modulo S4ZB NTg.

In each case, it is easy to show that ker ¢ = S, similary as in the proof
of [9, Lemma 4]. O

Proof of Lemma 2.3. Let A and B be subgroups of G,, with A C B. In the
cases (i)-(iii) in the proof of Lemma 5.2, we see that T4 /S4 is a subquotient
of Tg/Sp by Lemmas 5.1 and 5.2. Let J ¢ A and B be an arbitrary sub-
group of G,, with J € B and A C B. Letting A1 = A - (J), we see from the
above that T4 /S4 is a subquotient of T4, /Sa,, and T4, /Sa, that of Tp/Sp.
Therefore, we obtain the assertion from the class number formula (2.4). O

Let H be a subgroup of G,,. For an odd prime number g, let Z, be the
ring of g-adic integers, Q,, the field of g-adic rationals, and Qq an algebraic
closure of Q,. We regard a Qq—valued character y of H as a homomorphism
Z,H — Qq by linearity. Let xo = xm,0 be the trivial character of H. When
J € H, we say that x is even (resp. odd) if x(J) =1 (resp. —1). Let Z,[x]
be the subring of Qq generated over Z, by the values of x. For simplicity,
we put

The=Th®Z; and Sp,=S8y® Z,.

We see from (2.5) that x(Twq) = Z4[x] if J ¢ H, or J € H and x is odd.

Lemma 5.3. Let H be a subgroup of G,,. Assume that an odd prime number
q divides the index [Ty : Sg|. When J ¢ H (resp. J € H), there exists

a nontrivial (resp. odd) Q,-valued character x of H such that xX(Suq) G
Zq[x]-

Proof. We naturally regard M = Ty ,/SH, as a module over the group
ring Z,H. The module M is nontrivial as g divides [Ty : Sg|. As |H| is a
2-power and ¢ is odd, we can canonically decompose the module M as

M =5 M(x).
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Here, x runs over a complete set of representatives of the Q -equivalent
classes of the Qq-valued characters of H, and M (x) denotes the y-component
of M. (For the definition of the x-component and some of its proper-
ties, see Tsuji [15, §2].) Therefore, there exists some x for which M (x)
is nontrivial. Hence, x(Su,q) & X(TH,q). If x equals the trivial charac-
ter xo, then the g-adic unit |H| = xo(Ng) is contained in x(Sm4) and
hence xo(Suq) = X(Thg) = Z, a contradiction. If J € H but x is
even, we see that x(0g,) = (r — §;)x(Ng+) from Lemma 2.1 and that

(Tqu) X(Ng+)Z4[x| by (2.5). It follows that x(Sw,q) = x(TH,4). Hence,
x must be odd When J € H. O

Proof of Lemma 2.4. We use the analytic class number formula:
_ 1
(5.3) honis =272 ]| (—531,X4>
X

where y runs over the odd characters of GG, (or the odd primitive Dirichlet
characters of conductor dividing 2"*2), and

Ble <9G" 2n+2 Z ZX

is the 1-st Bernoulli number. Let ¢ be an odd prime number, and assume
that ¢ divides [Ty : Sy

First, we deal with the case J ¢ H. By Lemma 5.3, there exists a nontriv-
ial Q,-valued character x of H such that x (S ¢) & Zg[x]. Let Hy = H-(J),
and let x; be the unique odd character of Hy with x15 = Xx. As x is
nontrivial, we have x(Ngy) = 0. Hence, it follows from Lemma 2.1, that
X1(Sw1,q) = X(Su,q). Therefore, x1(Su,q) & Z4[x1] = Z4[x]. There are
|G : H]/2 odd characters x of G such that x|z, = x1. For such a char-
acter X, we see from the above and Lemma 5.1 that X(Sa,.q) & Z4[x]- As
X(0c,) € X(Sa,,q), we obtain ¢|B; ;-1. Now, from the class number formula
(5.3), we obtain the assertion.

When J € H, we can show the assertion similary. O

ACKNOWLEDGEMENT

The author thanks the referee for carefully reading the original manuscript
and for valuable comments which improved the presentation of the whole

paper.
REFERENCES

[1] J. Buhler, C. Pomerance and L. Robertson, Heuristics for class numbers of prime-power
real cyclotomic fields, Fields Inst. Commun., 41 (2004), 149-157.



48 HUMIO ICHIMURA

[2] 1. Del Corso and L. P. Rossi, Normal integral bases for cyclic Kummer extensions, J.
Pure Appl. Algebra, 214 (2010), 385-391.

[3] A. Frohlich and M. J. Taylor, Algebraic Number Theory, Cambridge Univ. Press,
Cambridge, 1993.

[4] E. J. Gémez Ayala, Bases normales d’entiers dans les extensions de Kummer de degré
premier, J. Théor. Nombres Bordeaux, 6 (1994), 95-116.

[5] C. Greither, Cyclic Galois Extensions of Commutative Rings, Springer, Berlin, 1992.

[6] H. Ichimura, On the ring of integers of a tame Kummer extension over a number field,
J. Pure Appl. Algebra, 187 (2004), 169-182.

[7] H. Ichimura, On a theorem of Kawamoto on normal bases of rings of integers, II,
Canad. Math. Bull., 48 (2005), 576-579.

[8] H. Ichimura, Hilbert-Speiser number fields and Stickelberger ideals, J. Théor. Nombres
Bordeaux, 21 (2009), 589-607.

[9] H. Ichimura and H. Sumida-Takahashi, Stickelberger ideals of conductor p and their
application, J. Math. Soc. Japan, 58 (2006), 885-902.

[10] F. Kawamoto and K. Komatsu, Normal bases and Zp,-extensions, J. Algebra, 163
(1994), 335-347.

[11] R. Kucera, On bases of the Stickelberger ideal and of the group of circular units of a
cyclotomic field, J. Number Theory, 40 (1992), 284-316.

[12] F. van der Linden, Class number computations for real abelian fields, Math. Comp.,
39 (1982), 639-707.

[13] W. Sinnott, On the Stickelberger ideal and the circular units of a cyclotomic field,
Ann. of Math., 108 (1978), 107-134.

[14] W. Sinnott, On the Stickelberger ideal and the circular units of an abelian fields,
Invent. Math., 62 (1980/81), 181-234.

[15] T. Tsuji, Semi-local units modulo cyclotomic units, J. Number Theory, 78 (1999),
1-26.

[16] L. C. Washington, Introduction to Cyclotomic Fields (2nd ed.), Springer, New York,
1997.

Humio ICHIMURA
FACULTY OF SCIENCE, IBARAKI UNIVERSITY
Bunkyo 2-1-1, MiTo, 310-8512 JAPAN

e-mail address: hichimur@mzx.ibaraki.ac.jp

(Received July 17, 2010)
(Revised November 8, 2010)



