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A NOTE ON CERTAIN METRICS ON Ri

ToMINOSUKE OTSUKI

This work is a continuation of the papers [1], [2], [3] and [4], in which
we studied the metrics on Ri = R3 x R, with the canonical coordinates
{xla x2,T3, 1‘4} as

3
1 arTpx. 1
1.1) ds* = — Ope — —— | dapda, — dr4d
(1.1) ds T4T4 _1< be 1—|—ar2) Toee 2474 (1 + axyzy) T4
and
1 5 8 TpT
1.2 ds® = (1?6 — 2 )dxpd
(12)  ds T4T4 bg_:l((mg + 3r)2 (r0pc — ape) + r2(1 4 ar?) Tolite
1
— d:C4d£U4,
x4wq(l + axgmy)
3
where r2 = Z TpTp and a is a constant.
b=1
They are derived as special ones from the metric on Ri:
4
1
ds® = o > Fyduidu;, Fij = Fy,,
i,j=1

where w1 = r,us = 0,u3 = ¢, uy = x4 and
xr1 =rsinfcos ¢, xo =rsinfsing, rs = rcosb,
and (r,0,¢) are the polar coordinates of R3, which satisfies the Einstein
condition and
Fij = Fij(u1,uz) except for Fyq = Fya(ui,ug,ua)
and
F12 = Fa)\ =0 (Oé = 1,2;>\ = 3,4).
The metric (1.1) is the one such that

0F11 . OF5

8uQ N 8UQ
and, as was proved in [4], any geodesic of this metric is a plane curve in R3.
And the metric (1.2) is the one essentially depending on the longitude ¢

and any geodesic of this metric is not plane in R? in general. For a geodesic
(x;(t)) of the metric (1.2), we have by (1.19) and (1.20) in [4]
ClQ.%‘b dxb

(13) W—f‘Bﬁﬂ—A.ﬁb—f—C(Sgb:O

=0 and F33 = 1(uy)sin 2ue,
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and
Gy Do lbenaf 1 (drY 8 day day
' dt? T4 1+ ar? \ dt (z3 + 3r)2 —~ dt dt
_(drY (o2 1 drg\ 0
dt vy x4(1 4 awgmwy) at ) 7
where
d (x3 4 3r)xy 1 dxy dxp,  drdr
B:=-2—log——, C:= - ——
a8 r ’ x3+3r< ; dt dt  dtdt
and
3 1 8(1 + ar?) 3 dr dr
A= —— ——
{ 2T r2(1 + ar?) * (3 + 3r)? i r(zs + 3r) } dt dt
3 B 2(1 + ar?) dxy, dxy, 2 dr dxs
r(zs+3r) (w3 + 3r)? dt dt = r(xs+3r)dt dt

B _i+ 1 6(1 + ar?) 6 dr dr
L2 2+ ar?)  (zs+3r)2  r(zg+3r) ) dtdt
+{3 2(1+ar2)}0 ( 2 dr dzs
r

r a3+ 3r x3+3r)% dt’

from which we obtain
dr d 2drd
A 3 20+4ar?)  OHFF GG

day dry _ drdr’
¢ T3 + 31 b dt dt  df dt

where

2 + 3ar? 6(1+ar?) 6
QP . L GRS V0 BT Gl S AR
r2(1 + ar?) (s +3r) + x3 + 3r + r

The curve (z3(t)) in R? for the metric (1.2) is plane if and only if

ALAN (G2 dr)
a\c )\ T ) T

by Proposition 2 in [4].
In this work we shall try to express these metrics in more concrete forms.
When a > 0, we put a = 1/a? (a > 0). Then we have

drsdzy a2dxydry
= 5 (1‘4 > 0)
x4x4(1 4+ axgzy)  waxa(a® + x474)
and
adzy 1d1 Va2 + x4z +
— _Zdlog

TN Q2 + a4 2 Vo gy — o

Putting as
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log\/a2+x4x4+a_C e \/a2+9:49:4+a_6<
Ty o Ty -

Y

we have

3 x4 o2 + x4 —
—C — v

)
Va2 + z4x4 + x4

from which we obtain
eS —e ¢ e e¢ +e ¢ Va2 4wy

2 N X4 2 T4

)

hence
« T4 1

~ sinh(’ Va2 + x4y cosh(’

Using these expressions, (1.1) and (1.2) are expressed as

(1.1)  ds? = i _sinh? ¢ Z (5bc - L_fc)dxbdxc —dcd¢ (¢ > 0)

b,c=1
and
(1.2") ds® = —sthC Z ( (03 7 312 (120pe — xp,)
Yl %
- |dapdz,. — dCdC.
7“2(oz2—|—7°2)) Toat cdq

And (1.4) is expressed as
d?¢  sinh2¢ [/dr\*  4r?sinh2C
a " 2(a? + r?) <%) a?(xs + 3r)
Next, when a < 0 we put @ = —1/a?(a > 0). Then we have
drsdxy B aldxydxy
r424(1 + axgry)  wax4(0? — T474)
For 0 < x4 < a, we have

(1.47) C =0.

a?dzydxy Jl VaZ — zaza +a\
= O .
zaxg(a? — wy1my) & x4
Putting
o — x4x4 + _ a? — xyx4 + ¢
log =(, i.e., =e>,
T4 Tq
we have

from which we obtain
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e¢ +e ¢ o« S —e ¢ _Va? —ayumy

2 Ty ’ 2 Ty ’

hence
a T4 1

~ cosh( Va2 — T4y ~ sinh ¢
Therefore (1.1) and (1.2) can be written in this case as

cosh? 2 TpLe
(1.17) ds® = 3 ¢ Z (Ope + ﬁ)dmbd% — d¢dc,
b,c=1
and
2~ 3 2

y o cosh”( 8 2. a“Tpx

(1.2") ds” = > 2_31(7(1‘3 ) (r“dpe — TpTe) + —r2(a2 — T2)>dmbd:vc
— dqd¢

where a = —1/a? and ¢ > 0. For a geodesic (z;(t)) of the metric (1.2"), the
equation (1.4) becomes as follows:

d?xy o — x4my a? dr \? n 8r2 c
dt? alxy o? —r2\ dt x3 + 3r
a? —2x4xy4 (dxy 2
— =0.
xry(a? — xqxy) \ dt

Using the relation x4 = «/ cosh {, we obtain
dxy asinh ¢ d¢

dt —  cosh®¢ dt’
d’zy  asinh(d?¢ 1—sinh®{d¢d¢
dt2  cosh?®(¢ dt? cosh®¢ dt dt’

and (1.4) is reduced to the equation
d2¢ N sinh2¢  (dr) | 4r?sinh2¢
dt?2  2(a? —r?) \ dt a?(x3 + 3r)

Last for z4 > «, we have

(1.47) C=0.

2
aldxydxy 9 dradzy 9 dzy
2 =T 2y~ @ o)
Tax4(? — T424) 424 (a4 — O2) Ty TaTg —
and
dxy 1 1 Vxazry — o
= —dtan = ——.
TaVTaxs — 02« o

Putting
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1 Vaxamy —a? V4T — 2

(=tan " —— ie., tan( = ———
Q Q
we have
1+tan?( = 1 :x4x4,x4: a = asec( O<C<z .
cos? ¢ a2 oS 2
Therefore we obtain
(1.1) ds? = — C Z (5bc e )dxbdxc+d<dc
b,c=1
and
8 alryx
1.2 ds? =< < <— 726 TpLe) + —C>dx dx.
( ) ! (x5 + 3r)2 (r°0hc — Tpc) r2(a? —r2) b
+ d¢d¢
where a = —1/a? and 0 < ¢ < 7/2. For a geodesic (z;(t)) of the metric

(1.2""), by means of the equalities:
« dry  asin(d(

x4:cos§’ dt ~ cos2( dt’
and
d*zry  asind* . a1 +sin2¢) [ d¢
dt2  cos2( dt? cos3 dt
the equation (1.4) is reduced to the expression for this case as follows :
. 2 .
(1.4///) d2c St 2C ﬁ MC’ = 0
dt?2  2(a? —r?) \ dt a?(z3 + 3r)

Thus we have a proposition as follows.

Proposition A. For any geodesic (z;(t)) in RY of the metric (1.2), the
function ((t) defined as above for the expressions (1.2'), (1.2”) and (1.2")
of (1.2) satisfies very simple equations :

2 . 2 2 .
(1.4) d°c | _sinh2¢ (fdry drisinh2
dt?2  2(a? +1r2) \ dt a?(x3 + 3r)
d2¢  sinh2¢ [(dr\  4r?sinh2(¢
1.4” - ST 0=
(1.47) e 2(a? —1r?) (dt) a?(xs + 37")0 0
and
d*¢ sin 2¢ dr\2 472 sin 2¢
1.4 ar _ArTsmaC o
(1.47) a2 " 2(a? —1r?) ( t) o?(z3 + 3r)

respectively, where
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1 ( dxy, dxy, drdr)
C = —_— - —— .
r3 + 3r ;

dt dt dt dt

Remark B. By means of specializing the quantities in (1.4") ~ (1.4"), we
may construct special theories on the orbit of the geodesics.

Finally, regarding Proposition A we consider the case in which C' = 0.

C = 0 means that
dry dzy  drdr

@ d it

da:b .
dt )|
Since % = bexb, we obtain

b
dr rpdry | [ dxy
dt_zb:r dt _|(dt>
d:L‘b

where @ denotes the angle between two vectors (m) and [ — | in R3,

dt

Hence we have cosf = 1 or —1, and so we may put z(t) = ap(1 £¢) and

r? = W2(1£t)? where W = />, apay.

<x;>/<

or

dr
dt

X3

Hence, (1.4"), (1.4”) and (1.4"”") become for this case as follows :

d*y sinh 2y
1.5 =
(1.5) 2 2(6% + (1 £1)?) 0

d?y sinh 2y
1.5” =0
(157 a2 TAFE 102
and

2 .

(1.5") d-y n sin 2y _ 0

a2 23— (1£1)2)
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respectively, where y = ( and 8 = o/W. We solve these differential equa-
tions as follows. First, we set

(1.7) Qly) = /ly sin}11 dey for y>0
and another auxiliary function as follows:
(1.8) Py) = /Oy coslhydy for y>0.
Then we have
dQly)  dQdy 1 dy
dt dy dt  sinh?2y dt
and
@ B 1 d2y_2cosh2yd_y@
dt? sinh2y dt?  sinh?2y dt dt

1 d%y d ’
= — 2cosh 2
sinh 2y dt? oSt =Y (dt Q(y>) ’

hence we obtain

1 d%y d2Q dQ\
ik 2 cosh 2
sinh 2y dt? e T y( dt)

d*Q  (dQ dQY
— +2 4| sinhy—
TE (dt) * (Sm ydt)
d*Q  (dQ ’
Ta? +2(dt> +(dt>'
Therefore (1.5") ~ (1.5”) become as follows.
d*Q  (dQ ’
1.6/ 2
(16) et (dt)+(dt)+2(ﬁ2+

, Q| (dQ ’
(1.6") dt2+2(dt)+(dt)+2(ﬁ2—

and

w8+ () stz =

respectively. Now, since
aQ 1 1
dy  sinh2y  2coshyy/cosh?y — 1 7

1
(
1
(
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we have the relation

(&) (@] (@) 0+ ()
{

Thus we obtain

and so

() =5

Therefore (1.6") becomes

, d?Q _dQ [(dy\ ~[dQY 1 B
(L.7) @ T ra (a) * (E) I ET D

and (1.6”) and (1.6"”) become analogous expressions. They are essentially
equivalent to (1.5") ~ (1.5").

Proposition. The solution of (1.5) is given as follows. Setting y(0) = 0,

= Z an,t", and y™ = Z bynt™ with by, = 0 for n < m, we have
n=m
(8% = 1)as = 0, 6(82 — 1)ag F 4as + a1 = 0,
4
12(ﬂ2 — 1)&4 + 12&3 — a2 = O, 40(ﬁ2 — 1)&5 + 48&4 — 10&3 + galg = O,
30(ﬁ2 — 1)&6 + 40@5 —1lay + 2a12a2 = 0 84(ﬁ2 — 1)&7 + 120&6 — 38@5

4
+4(a12a3 + a1a22) + Eal =0,

2(6% = 1)(n + 2)(n + Dapya T 4(n 4+ 1)nani

1
—2n(n — ay + E mem—f—l)n =0,
m=0 )

from which we obtain in Case I : 8% # 1,
1 1

T N TE

B 1 1
BT (5(62 —1)5 T aa(FE 1)2)“1 T30 1)
1
30(32 — 1)

B 30<;1— 1) ((2(@27— DERNCE - 1>3>“1 ! ﬁaf’) """" ’

az =0, ag = —

ag = (j:40a5 + 11a4)
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and in Case IT : 5% =1,

1 1 1 5
ap = iiah a3 = F—ag, a4 = £ (af’ + —a1),

12 36 32
7 ) 11
ar = a — a
ST R0x 18 1 T 8x32x36
N 19x11 13 )
ag = a a A1 et
6 60x8x36x321 T 60x 20 x 181 T 15 x 30" ’
respectively.
o
sin| sinh2
v g o] cosh y
B
2 P(y)
1- /-
‘] 1
0(») cosh y
o 1 = y 0 1 2 y
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