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NAKAYAMA ISOMORPHISMS FOR THE MAXIMAL
QUOTIENT RING OF A LEFT HARADA RING

Dedicated to Professor Takeshi Sumioka on the Occasion of His Sixtieth Birthday

Kazuaki NONOMURA

ABSTRACT. From several results of Kado and Oshiro, we see that if
the maximal quotient ring of a given left Harada ring R of type (x)
has a Nakayama automorphism, then R has a Nakayama isomorphism.
This result poses a question whether if the maximal quotient ring of a
given left Harada ring R has a Nakayama isomorphism, then R has a
Nakayama isomorphism. In this paper, we shall show that a basic ring
of the maximal quotient ring of a given Harada ring has a Nakayama
isomorphism if and only if its Harada ring has a Nakayama isomorphism.

1. INTRODUCTION

Let R be a basic left Harada ring. Then we have a complete set

{611, ce ,eln(l), ey Cmly .- ,emn(m)}
of primitive idempotents for R such that for each i =1,...,m
(a) e;1 R is injective as a right R-module;
(b) J(e;ix—1R) = e R for each k =2,...,n(i).
We call R a left Harada ring of type (%) if there exists an unique g; in
{em(i)}gil for each © = 1, ..., m such that the socle of e;; R is isomorphic to
9iR/J(g;R) and the socle of Rg; is isomorphic to Re;;/J(Re;1).

Oshiro [9] showed the following;
Result A (]9, Theorem 2]). Suppose that R is a left Harada ring which is

not of type (x). Then there exists a series of left Harada rings T1,...,T,
and surjective ring homomorphisms ¢1,...,¢n:

Tlngii---(ﬁi;lTnﬁR

such that

(1) Ty is of type (), and
(2) Ker ¢; is a simple ideal of T; for any i € {1,...,n}.

Kado and Oshiro [7] showed the following results;

Key words and phrases. Maximal quotient rings; Harada rings; Nakayama
isomorphisms.

83



84 K. NONOMURA

Result B ([7, Proposition 5.3]). If every basic QF rings has a Nakayama
automorphism, then every basic left Harada ring of type (x) has a Nakayama
1somorphism.

Result C ([7, Proposition 5.4|). Let S be a two-sided ideal of R that is
simple as a left ideal and as a right ideal. If R has a Nakayama isomorphism,
then R/S has a Nakayama isomorphism.

Moreover Kado showed the following;

Result D ([6, Corollary]). The mazimal quotient ring of a left Harada ring
of type (x) is a QF ring.

Using these four results, we see that if the maximal quotient ring of a
given left Harada ring R of type (%) has a Nakayama automorphism, then R
has a Nakayama isomorphism. So this statement poses a question whether
if the maximal quotient ring of a given left Harada ring R has a Nakayama
isomorphism, then R has a Nakayama isomorphism. In this paper, we shall
show that the maximal quotient ring of a given left Harada ring R has a
Nakayama isomorphism iff R has a Nakayama isomorphism.

Throughout this paper, we assume that all rings are associative rings with
identity and all modules are unitary. We denote the set of primitive idem-
potents for R by Pi(R), and denote a complete set of primitive idempotents
for R by pi(R). By Mg (resp. rM), we mean that M is a right (resp.
left) R-module. For a module M, we denote the Jacobson radical of M by
J(M), the injective hull of M by E(M), the socle of M by S(M), respec-
tively. L < M (resp. L < M) means L is a submodule of M (resp. L < M
and L # M).

We call a one-sided artinian ring R right (resp. left) QF-3 ring if E(Rp)
(resp. E(rR)) is projective, respectively.

We denote the maximal left (resp. right) quotient ring of R by Q¢(R)
(resp. Q.(R)), respectively, and denote the maximal left and maximal right
quotient ring of R by Q(R). If a ring is QF-3, its maximal left quotient ring
and its right quotient ring coincide by [12, Theorem 1.4].

2. Maximal quotient ring

We list some basic results, which several authors showed, for our main
result in this paper. Recall that for e, f € Pi(R), we say that the pair
(eR: Rf) is an i-pair if S(eR) = fR/J(fR) and S(Rf) = Re/J(Re).

Lemma 2.1 ([5]). Let R be a one-sided artinian ring, and let e € Pi(R).
Then the following conditions are equivalent:
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(1) eR is injective as a Tight R-module.
(2) There exists some f € Pi(R) such that (eR : Rf) is an i-pair.

In this case, Rf s also injective as a left R-module.

Let R be a left perfect ring. Then R has a primitive idempotent e with
S(Rr)e # 0. If R is QF-3, then the primitive idempotent e with S(Rgr)e # 0
are characterized as follows;

Lemma 2.2 ([4, Theorem 2.1]). Let R be a one-sided artinian QF-3 ring,
and let e € Pi(R). Then rRe is injective if and only if S(Rr)e # 0.

We call e € Pi(R) right (resp. left) S-primitive if S(Rr)e # 0 (resp.
eS(rR) # 0), respectively.

The following statement, which Storrer [11, Proposition 4.8] showed, is
helpful in this paper.

Lemma 2.3 ([11, Proposition 4.8]). Let R and Q = Q(R) be left perfect.
Then
(1) If e is a right S-primitive idempotent for R, then so is it for Q.
(2) If e1,ea are right S-primitive idempotents for R, then e R = eaR if
and only if e1Q = e2Q).
(3) If e is a right S-primitive idempotent for Q, then there exists a right
S-primitive idempotent ¢’ € R such that eQ = €'Q.

A ring R is called a left Harada ring if it is left artinian and its complete
set pi(R) of orthogonal primitive idempotents is arranged as follows:

m

pi(R) = | J{ey 741,
i=1
where
(a) each e;; Rp is an injective module for each i = 1,2,...,m.
(b) eix—1RRr = eixR, or J(e;,—1RRr) = ejxR for each ¢ and each k =

2.3,...,n(i).
(c) eixrRZ e R for i # j.
Remark. Let R be a left Harada ring. Then Q(R) is also a left Harada

ring (See [6, Theorem 4]) and a complete set pi(R) of orthogonal primitive
idempotents for R is also the one of @) (See [6, p.248]).

Using Remark 2, Kado showed the following;

Proposition 2.4 ([6, Proposition 2]). Let R be a left Harada ring, and let
(eR: Rf) be an i-pair for e, f € pi(R). Then (eQ(R) : Q(R)f) is an i-pair
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Remark. Let R be a basic and left Harada ring. Then we have a complete set
of orthogonal primitive idempotents pi(R) = U;’Zl{ew}?g for R satisfying
the following conditions:
(a) e;1 Rp is injective for each i = 1,...,m,
(b) e;j+1Rr = J(e;RR) for each j =1,...,n(i) — 1.
We have a complete set {Rg1, ..., Rgn} of pairwise non-isomorphic inde-
composable injective projective left R-modules, such that the (e;1 R : Rg;)

are i-pair for each ¢ = 1,...,m since R is basic and artinian QF-3. So the
number of right S-primitive is m by Lemma 2.2.

Recall the following notation [6, p.249]. Let # : fR — eR be an R-
monomorphism such that Im6 = J(eR), where e, f € Pi(R). Then by [11,
Proposition 4.3], § can be uniquely extended to a @, (R)-homomorphism
0" : fQ.(R) — cQ,(R).

We shall need the following results.

Lemma 2.5 ([6, Proposition 3]). Let R be a basic and left Harada ring, and
Q = Q(R) and 0 as above. Then the following hold.
(1) If e is not right S-primitive, then the extension 6* : fQ — eQ is an
1somorphism.
(2) If e is right S-primitive, then the extension 6* : fQ — eQ is a
monomorphism such that Im 6* = J(eQ).

Remark (cf. [11, Lemma 4.2]). Let {g; }U{f;} be a complete set of orthogonal
primitive idempotents for R, where the g; are right S-primitive and the f;
are not right S-primitive. We denote gy by go = >_¢;- Then Q(R)g = Rg
and Q(R)go = Rgo for every right S-primitive idempotent g of R.

Let R be a basic left artinian ring, and let {ej,ea,... , €,} be a complete
set of orthogonal primitive idempotents for R and let

S = Endgr(®"_,E(Re;/J(Re;)))

be the endomorphism ring of a minimal injective cogenerator for the category
of left R-modules. Let f; be the primitive idempotent for S corresponding
to the projection

@?:1E(R€Z/J(R€Z)) — E(RBZ/J(RGZ))

Then we call a ring isomorphism 7 : R — S a Nakayama isomorphism
if 7(e;) = f; for each i = 1,2,...,n. By [3, p.42|, the existence of a
Nakayama isomorphism does not depend on the choice of the complete set
{e1,ea,...,e,} of orthogonal primitive idempotents. (See [7, Remark on
p.387].)
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It is important whether the maximal quotient ring of a basic artinian ring
is basic since a Nakayama isomorphism is defined on a basic ring. Here we
shall study the case that the maximal quotient ring of a given left Harada
ring is basic.

Theorem 2.6 (cf. [2, Corollary 22|). Let R be a basic and left Harada ring
and Q@ = Q(R). Then Q is a basic ring if and only if R either is QF or
satisfies the following; n(i) = 1 or 2 and rRe;; is injective for any i. In this
case R = Q).

Proof. Note that both R and ) are artinian QF-3. Assume that @ is ba-
sic. Let e;py1,€i € {ew}?g Then we have an R-monomorphism 6;; :
ei k+1R — e R such that Im 0, = J(e;xR). If e is not right S-primitive,
then e;p110Q = €;:Q by Lemma 2.5. This contradicts that @) is basic. Hence
eik is right S-primitive for £ = 1,2,...,n(i) — 1. Since the Re;; are injec-
tive for each k = 1,2,...,n(i) — 1 by Lemma 2.2, there exists some Rg in
{Rg1,...,Rgmn} such that Re;; = Rg. However R is basic, so we see that
n(i) =1 or 2 and e;; is right S-primitive.

In case n(i) =1 for every i = 1,...,m, then R is QF.

In case n(i) = 2 for some i € {1,...,m}. If e;,(; is right S-primitive,
then gpRe;, ;) is injective by Lemma 2.2. Hence e;,(;) is not right S-primitive
since pRe;; is injective and so {Rg1, ..., Rgn} = {Rei1,..., Rem1}.

Conversely, first, assume that R is QF. Since pRe is injective for any
e € pi(R), e is right S-primitive by Lemma 2.2. Thus, eQ % fQ for any
e, f € pi(R) = pi(Q) by Lemma 2.3. Therefore @ is basic. Next, assume
that R satisfies n(i) = 1 or 2 and Re;; is injective for any 7. Then e;; is
left S-primitive and so eQ) = eR by Remark 2. Hence J(eQ) = J(eR).
Therefore it is also clear to see that R = Q. O

Example. We shall give a basic left Harada ring R with J(R)® = 0, which
1s not QF. Let R be an algebra over a field K defined by the following quiver;

1y

N
PNV

with the relations v3 = '3, ayB =0, and f'ay = 0.
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The composition diagrams of the Loewy factors of the indecomposable pro-
jective modules of Rg s the following.

eR/eJ 1 2 3 4
/N |

eJ/eJ? 2 3 4 1 1
aep 40y N |
eJ/e] 3 4 1 2 2
\ / | |

eJ4 1 4 3

Then R s a left Harada ring which is not QF since e1Rp, esRr and e4RR
are injective and eaRp = J(e1R). Moreover ey, e3,eq are right S-primitive.
Hence e1Q(R) = e1R, e3Q(R) = e3R and e4Q(R) = e4R are injective and
e2Q(R) =2 J(e1Q(R)). Therefore R = Q(R).

Example. We shall give a basic Harada ring R with J(R)® = 0, but Q(R)
1s not basic. Let R be an algebra over a field K defined by the following

quiver;
1

0%
PNV

with the relations 0 = BayB = Fay'f = Bay = fay, and v8 = /5.

Then the composition diagrams of the Loewy factors of the indecomposable
projective modules of Rg is the following.

eiR/eiJ 1 2
, /N
eiJ/eZ'J 2 3 4

WY

DN — = — W
W— DN — = —

eiJ2/€¢J3 3 1
I
61;]4/62'575 1 2
|
eiJ5 2

Then since e RR, esRr and e4Rp are injective and eaRr = J(e1R), R is a
left Harada ring which is not QF. Hence esQ(R) = e1Q(R) since ey is not
right S-primitive. Therefore Q(R) is not basic.

3. Nakayama isomorphism
In this section, we study the Nakayama isomorphisms for the representa-
tive matrix ring of a basic left Harada ring and its maximal quotient ring.

Let R be a basic left Harada ring, and let pi(R) = [J;"{e;; };lg be a com-
plete set of orthogonal primitive idempotents as in Remark 2. Furthermore,
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let R* be the representative matrix ring of R. R* is represented as block
matrices as follows:

o By
R* = e :
ml B
where R}, = Pj; for j # o(i) and RE ) = P (See [7, Section 4]).

Here, adding one row and one column to R*, we make an extended matrix
ring W;(R) of R as follows:

* * * *
mw 1i Vi Litl " 1m
* * * *
i I, Y pivr o Iy,
X1 - X X Q Xiv1 - X |,
* * * *
i o B Y R i+1,m
* * * *
ml T Roi  Ym mitl 0 Bm

where X}, is the last row of R} (k = 1,...,m, k # i), Y} is the last
column of R}, (k =1,...,m), X; = (P},
and Q = Py ) i

Then W;(R) naturally becomes a ring by operations of R*. We call this
the i-th extended ring of R.

@it iy in)—17 Prngyin@)):

Proposition 3.1 ([7, Proposition 5.11]). If W;(R) has a Nakayama isomor-
phism, then R also has a Nakayama isomorphism.

Let R be a basic and left Harada ring, and let
m .
pi(R) = U{ezj}?g
i=1

be a complete set of orthogonal primitive idempotents for R as given in Re-
mark 2. Then (See [7, p.388]), for any e;; in pi(R), there exists some g; in
pi(R) with Rg; injective such that E(Re;;/J(Rei;)) = Rg;/Sj—1(Rg;), where
S;(Rg;) is the j-th socle of Rg;. We denote the generator g; + S;_1(Rg;) of
Rg;/S;—1(Rgi) by gij foreach i =1,...,m,j =1,...,n(i). By [7, Proposi-
tion 3.2], a minimal injective cogenerator G' = @®; jRg;; is finitely generated.
Therefore we note that R is left Morita dual to Endgr(G) by [1, Theorem
30.4]. We call this End(gG) the dual ring of R. We denote the dual ring of
R by T(R).
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For the proof of proposition 3.2 below, we denote

0 0
0 -0 R; 0--- 0| CR"
0 0

by [R;;] and

e}

(aw]
(e

-0 Ry 0 -

e}

]
=)
Do
-kﬂ.
@)
@)

e}
e}
e}

Y, 0--- 0

o O
.o.
e}

e}

by [Yi]*,

e}

|
by [ )
|

|

o o
o
oL O
o
o

by [Q]*.

By using the result that Kado and Oshiro [7, Proposition 5,11] showed,
we shall show the following proposition. The proposition is essential in this

paper.

Proposition 3.2. W;(R) has a Nakayama isomorphism if and only if so
does R.

Proof. (=). By Proposition 3.1 ([7, Proposition 5,11]). («<). As [7, Propo-
sition 5.11], let e;; be the matrix of R* such that the (ij,7j)-component is
the unity and other components are zero, and let w;; be the matrix of W;(R)
such that the (ij,7j)-component is the unity and other components are zero.
Note that the size of the columns in W;(R) is n(i) + 1. Let ¥ be the natural
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embedding homomorphism:;

* ... *
11 im
* *
ml Rmm
v
* e * 0 * - *
11 ce 14 1,i+1 1m
>k * * *
i T T Ry 0 R, - R
0 - 0 0 0 0 ... 0 ,
* * b3 *
+1,1 "7 T i+1,1 0 Rz‘+1,z‘+1 T i+1,m
* * * *
1 e e Rmi 0 Rm,i—l—l . Rmm
~ =
i+ 1

where R;"j — Rfj are identity maps for all 4,j. Moreover let h;; be the
matrix of T'(R) such that the (ij,ij)-component is the unity and other com-
ponents are zero, and let v;; be the matrix of W;(T'(R)) such that the (ij,4j)-
component is the unity and other components are zero. Note that the size
of the columns in W;(T'(R)) is n(i) + 1. Let

T(R)u - T(R)im

T(R)ml T(R>mm

be the representative matrix ring T(R)* of T'(R), and let T'(W;(R)) be the
dual ring of W;(R) as follows;

T(R)11 -+ TR 'Yy  T(R)iiv1 - T(R)im
TRy - T(R)y ty; T(R)ijv1 -  T(R)im
¢ pe ¢ 'Q "Xt e "X
T(R)it11 - T(R)iv1i Yitr TR)it1it1 -+ T(R)itim
T(R)ml T T(R)mz tYm T(R)m,i—i—l e T(R)mm
Let W (g) be the natural embedding homomorphism;
T(R)u - T(R)im
T(R)m1 - T(R)mm

L Y7(R)
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T(R)1 T(R)1y 0 T(R)iit1 T(R)im
T(R)i - -+ TRy 0 TR)iyr - T(R)im
0 o0 0 0 0 0 :
T(R)it11 -+ - TR)it1; 0 T(R)ix1,i+1 - T(R)it1i,m
\ TRt~ TR 0 TRmiri - TR
ey

where T'(R);; — T(R);; are identity maps for all ¢, j. We note that T'(W;(R))
= W;(T(R)) (See [7, Proposition 5.11]).

Assume that ¢ : R* — T'(R)* is a Nakayama isomorphism with ¢(e;;) =
hij. (i.e., o([rrl) € [T(R)wi] for any [ry] € [Rj;], where (k, [)-componentwise
of R} corresponds to (k,l)-componentwise of T'(R);;.) We consider the
following diagram:;

Wi(R) Wi(T(R))

\I/T T\DT(R)

R* —2— T(R)".

Here we define a map ¢ : W;(R) — W;(T(R)) as follows;

(2) @([rw <] >< (lr))]” € [T(R)w]® for any [ri]” € [R]":1 < k <
(b) @([scﬁ) € [ Xu]" for any [2]" € [Xglik = 1,...,m;

(c) @([y]") € ['¥i]" for any [y]” € [Vi|"; = 1,....m:

(d) @(g]”) € ['Q]" for any [q]" € [Q]".

Since ¢(e;j) = hij, ¢ is well-defined. Moreover it is satisfied @(w; ,(;)41) =
Vim(i)+1- [Tri]” € [Rpy]" implies [ry] € [R};]. So we can easily check that
@ is a ring homomorphism. Then since ¢ is a Nakayama isomorphism,
we see that ¢ is also injective and surjective. Therefore ¢ is a Nakayama
isomorphism. 0

Remark. We shall define a special case of an extended ring for a given ring R.
Let {e1,ea,...,e,} be a complete set of orthogonal primitive idempotents
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for R. Then for a primitive idempotent e; in R, we define R, as follows;

etRer -+ e1Re; Yy etRe;11 -+ e Rey,
e;Re; - e;Re; Y; e;Rejyq -+ e;Re,
X, X, U X - X.o |,
eiv1lRer -+ ep1Re; Y1 ep1Rei1 -+ eip1Rey,
\ enRRer -+ e,Re; Y, enReir1 -+ epRey )

where the X are e;Rej for j=1,...,i —1,i+1,...,n, X; is J(e;Re;), the
Yy are exRe; for k =1,...,n and U is e;Re;. Then R,, is a ring by usual
matrix operations.

Remark. Proposition 3.2 says that a basic left Harada ring R has a Nakayama
isomorphism if and only if so does R, for e € pi(R) = |J;~,{ei; }?g
Remark. If R is a one-sided artinian QF-3 ring, the number of right S-

primitive idempotents for R coincides with that of left S-primitive idempo-
tents for R.

We denote a basic ring of Q(R) by Q°(R).

Let R be a basic and left Harada ring, let @ = Q(R), and let pi(R) =
Uiz {eij }?2 be a complete set of primitive idempotents for R as given in
Remark 2.

(a). First, we consider the following three cases.

(i). We take {e;; }n(l) without right S-primitive idempotents. Then e;; Q) =
e;i;Q for j =2,...,n(i) by Lemma 2.5. So QP has e;1 as a primitive idempo-
tent. Note that if we have {e;; }n(i) without right S- primitive idempotents,
there exists some k # ¢ € {1,...,m} such that {ekj} ) has two or more
right S-primitive 1dempotents by Remark 3.

(ii). We take {ew} 1 ) with a right S-primitive idempotent. Let e;; be a
right S-primitive 1demp0tent Then by Lemma 2.5 it is satisfied the follow-
ing:

ein@ = e;;Q for j =2,...,k;
eik+1Q = J(exQ) and
eik+1Q = €;;Q for j =k+2,...,n(i).
So QP has e;1,e;; as primitive idempotents. Note that if €in(i) 18 a right
S-primitive idempotent then ei1Q = e;;Q for j = 2,...,n(i) by Lemma 2.5.

(iii). We take {623} 1 with two or more right S- prlmltive idempotents.
Let e, (2 <3t < n(i )) be right S-primitive idempotents. Then by Lemma
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2.5 it is satisfied the following sequence:

ei1Q > en1J(Q)

LT
Ciki+1Q > J(€ig+1Q)
LT
Cikot1@ > J(€iky1+1Q)
LT
ei,k3+1Q

So QP has e;1, €ik,+1 as primitive idempotents.

Note that if every {ew}jg for any « = 1,...,m has only one right S-
primitive idempotent, say e;(;),then by (i), ;2 {ei1, €ir@)41} is a complete
set of the primitive idempotents pi(Q®) for Q° with e;; QP is injective. Since
e;1 is left S-primitive, e;; R = e;;Q) by Remark 2 and so e;1 Re;1 = e;1Q¢€;1.
Moreover if we have some i € {1,...,m} such that {eij}?:(a) has no right
S-primitive idempotents, then there exist some k # i € {1,...,m} such
that {ekj}zg? has two or more right S-primitive idempotents by Remark 2.
Let e =) ", €i1 + Y €k, +1, where the e;x, are right S-primitive. Therefore
if we cooperate (i), (ii) or (iii), we can make the basic ring Q° isomorphic to
eRe. Furthermore we see that QU is isomorphic to eRe for some idempotent
e of R if @) is not basic.

(b). Next, we consider the following three conditions:

(iv). If some {ehl}zg) C pi(R) has the right S-primitive ey, ), then
putting e, = ep1 + -+ + €ppn), by Lemma 2.3 and Lemma 2.5, we see
€hR = ehQ.

(v). If {ehl}zgll) has no right S-primitive, then by Remark 3, Q% = is

€h1
isomorphism to a ring with the complete set pi(Q®) U {exs} of primitive
idempotents.
Let
* e11Rep * \
Qb - etheu e ethehl Ce etheml

* Emil Rehl *
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Then by Remark 3,

* er1Reny e11lepr

etheH e €h1R€h1 6h1Reh1

Qghl — | eniReir ... J(epiRep1) epniRep
* emiBen1  em1Ren

For two ideals A, B of Qghl as follows:

A= hl > ethen ethehl ethehl

€h1R611 e J(ethehl) ethehl
0

we have J(A) = B by [10, Theorem 1].
Hence we have, as a ring isomorphism,

x 611R6h1 611R€h2 x
etheH ce ethehl 6h1R€h2 ce etheml
6h2R611 ce ethehl ethehg ce etheml

* emiRen1  emiReps *

12

OF A LEFT H-RING

6theml
en1Remt

en1Rem1

€h1 Reml

95
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* 611R€h1 611R6h1 *
6h1R611 e ethehl ethehl ce 6h1R6m1
€h1R611 co J(ethehl) €h1R€h1 e €h1R€m1

* emiRen1  emi1Repnt *

/

by [10, Theorem 1] again. Similarly repeating n(h) — 2 times, we can make

an extended ring with the complete set pi(Q®) U {ey; };i’;) of primitive idem-
potents.

(vi). Assume that {ehl};ﬁ? C pi(R) has one or more right S-primitive
. : e h
idempotents. We denote a right S-primitive idempotent of {ehl}z(zl) by

enk,- We reset

{ehl}zgl) = {ehl, «+ 3 Chkyy- 3 Chkgy - - }

Then the complete set pi(Q®) of Q¥ is U ;{ei1, €ik,+1}1>1. First by the same
argument above for e;1, €; ,+1, we have a ring isomorphic to a ring with the
complete set {e;1,..., €k +1} C pi(R). Next, by [10, Theorem 1], repeating
the same argument like as (iv), for e; k,+1, € k,+1, We have a ring isomor-
phism to a ring with the complete set {e;1,..., €k, €iki+1s- - - » €ikos €i kot1}-
Hence the suitable extended ring of Q° is isomorphic to R.

Therefore by (a)-(i),(ii),(iii) and (b)-(iv),(v),(vi) above together with Propo-
sition 3.2 (Remark 3), we get the following main theorem:

Theorem 3.3. Let R be a basic and left Harada ring and let Q@ = Q(R).
Then @) has a Nakayama isomorphism if and only if so does R.

Example. Let

Q1 @1 @ Q1 A A
J Q1 Q1 @1 A A
Ji S @1 @1 A A
V=1n n 5 Q A a| v
B B B Q2 Q
B B B B Jy Q9
00 0 0 0 S(Ag,)
00 0 0 0 S(Ao,)
L |00 o 0 0 S(Ay,)
=loo o 0 0 S(4o,) |
0 0 S(BQl) S(BQI) 0 0
0 0 S(BQ1) S(BQ1) 0 0
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where Q; is local, and J; = J(Q;) for i = 1,2. We put R = V/K. We
abbreviate this as

Q1 Q1 Q1 Q1
J1 Q1 Q1 @
j Ji S Q1 @
nonh
B B B B Q2 Q
B B B B Jy Q

NS
NS NN

Then R is a basic left Harada ring, and we have a complete set

{6117 €12, €13, €14, €21, 622}

of orthogonal primitive idempotents for R, where (e11 R; Reay) and (e21 R; Reis)
are 1-pairs. First, let

611R
V
612R — 611J(R)
V
613R — 612J(R)
V
614R — 613J(R)
621R
V

622R — 621J(R)

be projective covers. Then since eys,ea1 are right S-primitive, we have, by
Lemma 2.5, the following:

e11Q(R)

I

e12Q(R)
V

euQ(R) = e3Q(R) = end(Q(R))
e21Q(R)
V

622Q(R) — 621J(Q(R))

Hence we see

Qi Q1 Q1 @1 A A

@ Q1 Q1 & A A

~|lSh N Q1 @1 A A
QR = Ji i @ Q1 A A
B B B B Q2 @

B B B B J Q
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So a basic Ting of Q(R) is the following:

Q Q1 A A
by~ |1 @1 A A
CEE=NE B o o
B B J» Q2

Therefore we see that, as a ring isomorphism,

Q Q1 A A

J A A

Bl % Q0 Oy = (e11 + €13 + €21 + ex2)R(e11 + er3 + ea1 + e22).

B B J, Q
Q| A A

Next, adding e11 to Qb = Ji Q_l A A , according to Remark 3,

B|B Q @
B | B J» Q2

b . .
Qe,, 18 isomorphic to

Q|| A A
S || A A
S| |@Q A A
B|B|B Q Q@
B|B|B J Q

Then we get a ring isomorphism

Qi Q1 @ A A
J 1 1 A A
S i 1 A A =
B B B Q2 Q
B B B J, O

(e11 + €12 + €13 + €21 + ea2) R(e11 + e12 + e13 + €21 + €22).
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Qi Q1 Q| A A
S Q1 | A A
Moreover adding eq4 to QZH = J1 S Q1| A A |, according to
B B B|Q @
B B B |Jy Qs
Remark 3, (lel)e14 1$ 1somorphic to
Q Q1 Q|Q| A A
JiQr Q@i A A
J1 S Q1| @1 | A A -
Ji 1 S| Q| A A |
B B B|B|Q
\B B B|B|Jh O

4. Another question

Oshiro’s result (Result A) in the introduction also poses another ques-
tion whether there exist surjective ring homomorphisms ¢1, ..., ¢, with the
following commutative diagrams:

1 ¢2 ¢n_f 1 ¢n

Q) — QTz) —» ... — Q) — QR)
vV vV vV v
n %4 5 =2 et 2R

However K. Koike informed the author the following examples;

Example. Let Q be a local serial ring, and J(Q) # 0,J(Q)?> = 0. Then
J(Q) = 5(Q). We put

(5816 )

where J = J(Q). Then R is a serial ring of an admissible sequence (3,2)
and so we see that R = Q(R). Also

09 600
Q(Ty) = (g g) ;o Q) =Ts.

(j j) is a unique non-trivial ideal of Q(T1). Hence there does not exist

a surjective ring homomorphism Q(T1) to Q(Ts).
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Example. We put

K K K 00 K
T=10 K K|, 7=(0 0 o],
0 0 K 00 0

where K is a field, and R = T/I. Then R is a serial ring of an admissible
sequence (2,2,1) and we have a natural map

T=1T — R.

However the mazimal quotient ring Q(T') of T is the full matrix algebra with
degree 3 over a field K and Q(R) = R. Since Q(T) is semisimple, there does
not ezist a surjective ring homomorphism Q(T) to Q(R).
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