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ON THE FUNDAMENTAL GROUPS OF LOG
CONFIGURATION SCHEMES

YuicHIRO HOSHI

ABSTRACT. In the present paper, we study the cuspidalization problem
for the fundamental group of a curve by means of the log geometry of
the log configuration scheme, which is a natural compactification of the
usual configuration space of the curve. The goal of this paper is to show
that the fundamental group of the configuration space is generated by
the images from morphisms from a group extension of the fundamen-
tal groups of the configuration spaces of lower dimension, and that the
fundamental group of the configuration space can be partially recon-
structed from a collection of data concerning the fundamental groups of
the configuration spaces of lower dimension.

1. INTRODUCTION

In this paper, we study the cuspidalization problem for the fundamental
groups of curves. This problem may be formulated as follows: Let X be a
smooth, proper, geometrically connected curve of genus g > 2 over a field
K, and r a natural number. Then the r-th configuration space

Utr)

r
-

of X is, by definition, the complement in the r-th product X x K XK X
T

of the diagonal divisors {(z1, - ,2y) € X X - Xg X |27 = xj}, where
1 <1 < 7 <r; moreover, we have projections

Ur+ny — Upy

obtained by forgetting the i-th factor, where 1 < ¢ < r + 1. Roughly
speaking, the cuspidalization problem (due to Mochizuki [cf. [11]]) refers
the problem of “reconstructing” group-theoretically

the “output data” consisting of the fundamental groups
1 (Ugy)
and morphisms
- — M (Upgry) — m(Uyy) — m(Up_yy) — -+
-— m(X) =m(Un))
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induced by the above projections
from

the “input data” consisting of the morphism
7m1(X) — 71 (Spec K) ~ Gal(K"*P/K) ,

where K5 is a separable closure of K, induced by the struc-
ture morphism of X.

The purpose of this paper is to give an approach to this problem from the
viewpoint of log geometry, i.e., we shall make use of the geometry of the log
configuration scheme associated to X

log
X

obtained by equipping a certain canonical compactification X,y of U,y with

the log structure defined by the divisor with normal crossings D) ef x )\

Uy € X(y- Let ﬂg,r be the moduli stack of r-pointed stable curves of genus
g over K whose r marked points are equipped with an ordering, M, , C

- — .. -

M, the open substack of M, , parametrizing smooth curves, and M go,% the
log stack obtained by equipping Mgﬂn with the log structure associated to
the divisor with normal crossings Mgﬂa \ My, C Mg,r. Then the log scheme

X éi;g arises as the fiber product of the morphism of stacks Spec K — ﬂlg(?%

determined by the curve X and the morphism of stacks ﬂf;ﬁ — Mﬁ%

obtained by forgetting the marked points. Note that for a set of prime
numbers Y, it follows from the log purity theorem that if p ¢ 3, where p is
the characteristic of K, then the strict open immersion U,y < X (1235 induces
an isomorphism of the geometrically pro-3 fundamental group of U,y with
the geometrically pro-Y log fundamental group of X gi)g .

The divisor at infinity D) C X(;) admits a decomposition

Dy = U D1
IC{1,2, r}It>2

by considering the configurations of the » marked points. Our first result is
as follows (cf. Theorem 4.1; Remark following Lemma 4.2):

Theorem 1.1. Let r > 3 be an integer, and i,j,k € {1,2,--- ,r} distinct
elements of {1,2,--- ,r}. Then the following hold:

(i) The images of the log fundamental groups my (D}i’)g{ij}), ﬂl(D}2§{j k}),
and Ty (Dﬁ?{i,j,k}) in m (Xé:fl)g) topologically generate mq (Xéi‘sg)
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(ii) If K is of characteristic 0, then there ezist exact sequences

1 — Z)(K*P) — (D ) — m(X 2 ) — 15

1 — Z)(E*P) — m (D% )

— m(X(2 ) Xag 1 (PR \ {0,1,00}) — 1.

This result can be regarded as a logarithmic analogue of [8], Remark 1.2.
Note that even if K is of characteristic p > 0, by replacing “log funda-
mental group” by “geometrically pro-I log fundamental group”, where [ is a
prime number such that [ # p, one can obtain a similar result of (ii) in the
statement of the above theorem (cf. Remark following Lemma 4.2).

Our second result (cf. Theorem 5.2) asserts that one can “reconstruct”
partially the log fundamental groups of the log configuration schemes of
higher dimension from a collection of data concerning the log fundamental
groups of the log configuration schemes of lower dimension by means of The-
orem 1.1; more precisely, one can construct group-theoretically a profinite

¢ )67 and projections

group “m (X7,

1 1
s (XY (X199),
where 1 < i <r +1, in such a way that

the morphism q; factors through the projection m (X %8 ) —

(r+1)

m (Xgi;g’) induced by the projection X( Sy — Xg;f)g obtained

by forgetting the i-th factor, and, moreover, the first arrow

of the factorization

1 1 l
7T1(X(?i1))g — m(Xph)) — X))

of q; is surjective
from a collection of data concerning the log fundamental groups of the log
configuration schemes X éZ%, where 0 < k < r. Here, we use the terminology

“reconstruct” as a sort of “abbreviation” for the somewhat lengthy but
mathematically precise formulation given in the statement of Theorem 5.2.

By this second result, if one can also reconstruct group-theoretically the
kernel of the surjection Wl(Xéog ))g — Wl(Xgiil)) which appears as the
first arrow in the above factorization of ¢;, then by taking the quotient by
this kernel, one can reconstruct the desired profinite group m (X (Til)) (cf.
Proposition 5.1). However, unfortunately, no reconstruction of this kernel
is performed in this paper. Moreover, it seems to the author that if such a
reconstruction should prove to be possible, it is likely that the method of

reconstruction of this kernel should depend on the arithmetic of K in an
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essential way. On the other hand, in a subsequent paper [4], we obtain a
solution of a pro-l version of the cuspidalization problem over a finite field
by means of the results obtained in this paper.

This paper is organized as follows:

In Section 2, we define the log configuration schemes of curves and con-
sider the scheme-theoretic and log scheme-theoretic properties of log con-
figuration schemes. In Section 3, we study the geometry of the divisors at
infinity of log configuration schemes. In Section 4, we study properties of
the log fundamental groups of log configuration schemes and their divisors
at infinity by means of the results obtained in Sections 2 and 3. In Section 5,
we consider a partial reconstruction of the log fundamental groups of higher
dimensional log configuration schemes as discussed above.

Notations and Terminologies

Groups:

Let G be a profinite group, ¥ a non-empty set of prime numbers, and n
an integer. We shall say that n is a ¥-integer if the prime divisors of n are
in ». We shall refer to the quotient

limG/H

of G, where the projective limit is over all open normal subgroups H C G
such that the index [G : H] of H is a X-integer, as the mazimal pro-X
quotient of G. We shall denote by G*) the maximal pro-X quotient of G.

Log schemes:

For a log scheme X'°8, we shall denote by X (respectively, Mx) the
underlying scheme (respectively, the sheaf of monoids that defines the log
structure) of X'°&. For a morphism f!°8 of log schemes, we shall denote by
f the underlying morphism of schemes.

Let P be a property of schemes [for example, “quasi-compact”, “con-
nected”, “normal”, “regular”] (respectively, morphisms of schemes [for ex-
ample, “proper”, “finite”, “étale”, “smooth”]). Then we shall say that a log
scheme (respectively, a morphism of log schemes) satisfies P if the under-
lying scheme (respectively, the underlying morphism of schemes) satisfies
P.

For fs log schemes X'°8, Y18 and Z'°8, we shall denote by X8 X ylog
7198 the fiber product of X'°8 and Z!°2 over Y°¢ in the category of fs log
schemes. In general, the underlying scheme of X'°8 X y-10; Z1°8 is not naturally
isomorphic to X xy Z. However, since strictness (note that a morphism
flog . Xlog _ ylog ig called strict if the induced morphism f*My — Mx
on X is an isomorphism) is stable under base-change in the category of
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arbitrary log schemes, if X' — Y198 ig strict, then the underlying scheme
of X198 x 105 Z'°% is naturally isomorphic to X xy Z. Note that since the
natural morphism from the saturation of a fine log scheme to the original
fine log scheme is finite, properness and finiteness are stable under fs base-
change.

If there exist both schemes and log schemes in a commutative diagram,
then we regard each scheme in the diagram as the log scheme obtained by
equipping the scheme with the trivial log structure.

We shall refer to the largest open subset (possibly empty) of the under-
lying scheme of an fs log scheme on which the log structure is trivial as the
interior of the fs log scheme.

Let X8 and Y% be log schemes, and f°8 : X8 — Y18 5 morphism
of log schemes. Then we shall refer to the quotient of M x by the image of
the morphism f*My — My induced by fl°% as the relative characteristic
sheaf of f1°8. Moreover, we shall refer to the relative characteristic sheaf of
the morphism X' — X induced by the natural inclusion Oy — Mx as
the characteristic sheaf of X'°8.

Fundamental groups:

For a connected scheme X (respectively, log scheme X°8) equipped with
a geometric point T — X (respectively, log geometric point 798 — X1°8), we
shall denote by 71 (X, T) (respectively, 71 (X8, #1°8)) the fundamental group
of X (respectively, log fundamental group of X'°8). Since one knows that the
fundamental group is determined up to inner automorphisms independently
of the choice of base-point, we shall often omit the base-point, i.e., we shall
often denote by 71 (X) (respectively, m (X'°8)) the fundamental group of X
(respectively, log fundamental group of X'°8).

For a set ¥ of prime numbers and a scheme X (respectively, log scheme
X log) which is of finite type and geometrically connected over a field K,
we shall refer to the quotient of 7(X) (respectively, m1(X'°8)) by the
closed normal subgroup obtained as the kernel of the natural projection from
71 (X @ K*P) (respectively, (X8 @5 KP)), where K*P is a separable
closure of K, to its maximal pro-X quotient 71 (X ® g K5P)(*) (respectively,
m1(X'°8 @ K5P)®)) as the geometrically pro- fundamental group of X
(respectively, geometrically pro- log fundamental group of X'°8). Thus,
the geometrically pro-X fundamental group m(X)&) of X (respectively,
geometrically pro-3 log fundamental group m; (X'°8)Z) of X'°8) fits into the
following exact sequence:

1 — m (X @x K5°)&) — 7(X)&) — Gal(K*P/K) — 1

(respectively,
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1 — 1 (X8 @y K3P)E) — 71y (X198) &) Gal(K*P/K) — 1).

2. LOG CONFIGURATION SCHEMES

In this Section, we define the log configuration scheme of a curve over a
field and consider the geometry of such log configuration schemes.

Throughout this Section, we shall denote by X a smooth, proper, geomet-
rically connected curve of genus g > 2 over a field K whose (not necessarily
positive) characteristic we denote by p.

Let M,, be the moduli stack of r-pointed stable curves of genus g over
K whose r marked points are equipped with an ordering, and M, , C mg,r

the open substack of M,, parametrizing smooth curves (cf. [7]). Let us
write M def Mg() and M, def Mgo. For 1 <7 < r+ 1, we shall de-
note by p(r)z ./\/lg 4l — /\/lg » the morphism of stacks obtained by forget-
ting the i-th marked point. Then by considering the morphism of stacks

pf\r/grﬂ Mg ,41 — Mg, we obtain a natural isomorphism of M, , 1 with

the universal r-pointed stable curve over M, (cf. [7], Corollary 2.6). Now
the complement /\/lgT \ Mg, is a divisor Wlth normal crossings in Mgr
(cf. [7], Theorem 2.7). Let us denote by Mg,r the fs log stack obtained by
equipping M, , with the log structure associated to the divisor with normal
crossings Mg, \ My ,. Then since a natural action of the symmetric group
on r letters S, on M, , given by permuting the marked points preserves the
divisor MW« \ Mg, the action of S, on ﬂg,r extends to an action on Mlg‘ff

First, we define the log configuration scheme X é:‘;g as follows:

Definition 1. Let r be a natural number. Then we shall define X/, as the
fiber product of the classifying morphism of stacks Spec K — M, deter-
mined by the curve X — Spec K and the morphism of stacks /\/lg r— /\/l

obtained by forgetting the marked points. Since M, — M, is repre-
sentable, X,y is a scheme. We shall denote by Xé:)g the fs log scheme
obtained by equipping X,y with the log structure induced by the log struc-

ture of Mlg‘jf. We shall denote by Ux,, the interior of Xé:‘)%, and by Dx,,

the reduced closed subscheme of X,y obtained as the complement of Ux,,
in X(,y. Note that by definition, the scheme U, Xy 18 naturally isomorphic

to the usual r- th conﬁguration space of X, and the action of S, on Mgr
(respectively, M ) determines an action on X(,) (respectively, X! r )) For

simplicity, we shall write U,y (vespectively, D(,)) instead of Ux,,, (respec-
tively, D X<T>) when there is no danger of confusion.
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As is well-known, the pull-back of the divisor Mg,r \ My, via pf\r’;r 41t
Mg ,41 — My, is a subdivisor of the divisor M 11\ My ,41 (cf. [7], the
proof of Theorem 2.7). Thus, there exists a unique morphism of log stacks

——1 -1 . . .
p%}ffl : Mgofﬂ — /\/lg(jff whose underlying morphism of stacks is p%r Iy

Moreover, for an integer 1 < ¢ < r, since p%i is obtained as the composite
of the automorphism of M, determined by the action of an element of

S, and p%r 41, the morphism of stacks p%i also extends to a morphism of

log stacks mij‘f 41— M;%. We shall denote this morphism of log stacks by
M log
Pryi

Definition 2. Let r be a natural number.

(i) Let 1 < ¢ < r+ 1 be an integer. Then p@fgi t Mgy — Mgy

: i i : :
(respectively, pé\r/;gog : M,y — M,y) determines a morphism
g

. 1 1 .
X1y — X (vespectively, X (2 iy — X (2)g). We shall denote this
morphism by px i (respectively, pl)(;i) ;). Note that by the definition
of stable curves, DX,y IS proper, flat, geometrically connected, and
geometrically reduced. For simplicity, we shall write p(,; (respec-
tively, pl(jg);z) instead of px,,; (respectively, pl)?i)i) when there is no
danger of confusion.
(ii) Let I = {iq,42, - ,i1}, where i3 < iy < --- < iy, be a non-empty
subset of {1,2,--- ,r}. Then we shall denote by
log . vylog log
Prxoyl * Xy 7 Xieln
the morphism obtained as the compactification of the projection
Ux,) = Ux,_,, given by mapping (21, , @) to (i, ,Ti,),

(r

i.e., if the morphism U Xy Ux which induces a morphism

(r—1t)
Ux,p(8)  — Ux,_(9)
(xlv"'axr) = (wila"'axilﬁ)
for any scheme S over K, where x; is an S-valued point of X, is

given as the compsite

0---0 ; o) ;
pUX pUX(,,,_Q)JT*Z pUX(T_l)]Tfl Y

(T_Iu)jr—zﬁ © pUX(r_Iu+1)jr—1ﬁ+1
where PUx i is the projection UX(Z-H) — UX(i) obtained by forgetting
the j-th factor, then we shall write

log def log log log log

r = . o . 0-+--0 . o . .
Px 1 pX(r_Iu)Jr_m pX(r_zuH)Jr_ml PX ¢ 9yjr—2 O PX(1yjra
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Note that it is immediate that this composite only depends on I,
i.e., this composite is independent of the choice of the sequence

(Jp—yzs+++ yjr—1). For simplicity, we shall write prl(?ﬁl instead of

log . .
Py 1 when there is no danger of confusion.

Next, let us consider the scheme-theoretic and log scheme-theoretic prop-
. log . .
erties of X () D more detail.

Proposition 2.1. Let r be a natural number, 1 <1 <r+1 an integer, and
I a non-empty subset of {1,2,--- ,r}.

(i) The scheme X (. is connected.
log

(ii) The morphism pl(?q%i 1s log smooth. In particular, DTy 1s also log
smooth.

(iii) The log scheme Xé:‘;g is log regular.

(iv) The scheme X,y is reqular, and the log structure of Xé:)g s given by
a divisor with normal crossings.

Proof. Assertion (i) follows from the fact that Xy = Spec K is connected,
together with the fact that the p(;’s are proper and geometrically con-
nected.

Next, we prove assertion (ii). The assertion for pﬁi .1 follows from the

fact that p/11°¢ ﬂlg‘fi 41— M s log smooth (cf. [5], Section 4). Since

(’I")”’+1 g,r
pl((;%i is a composite of an automorphism of Xé:)g obtained by permuting of
g log

the marked points and pl((:, the morphism Pryi is also log smooth.

)r41°
Assertion (iii) follows from assertion (ii), together with the log regularity

of the log scheme X%g)g = SpecK.

Finally, we prove assertion (iv). Since the natural morphism X éi)g — Mﬁ%
is strict, for any geometric point ¥ — X () the stalk (M X(r) / O;((r))f of the

log
(r)
natural number n. Thus, assertion (iv) follows from assertion (iii). O

characteristic sheaf of X/ ¥ at T — X(,) is isomorphic to N®" for some

Proposition 2.2. Let r be a natural number, 1 < i < r + 1 an integer,
and T8 — Xéi)g a strict geometric point, i.e., a strict morphism whose
underlying morphism of schemes is a geometric point (cf. [3]|, Definition
1.1, (i)). Then the following sequence is exact:

via p'°8
P(ryi log

o T8 T m (X)) — M) — 1.

- g
lim 7y (X5, “xeE ) T TR
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g log

Here, the projective limit is over all reduced covering points Elf ,
i.e., a morphism obtained as the composite of a connected Kummer finite log

) } _ _ . .1 _
étale covering (T )°8 — T'°¢ and the strict morphism T 8 — (T4)1°8 whose
g (T p A A

_>f

underlying morphism of schemes is the closed immersion Ty def (T )red — T
defined by the ideal generated by the nilpotent elements of OE& (cf. [3],
Definition 1.1, (ii)).

Proof. This follows immediately from Proposition 2.1; [3], Theorem 2.3. O

3. DIVISORS AT INFINITY OF LOG CONFIGURATION SCHEMES

We continue with the notation of the preceding Section. In this Section,
we consider the scheme-theoretic and log scheme-theoretic properties of the
divisors defining the log structures of the log configuration schemes.

Definition 3. Let » > 2 be an integer, and I a subset of {1,2,---  r}
of cardinality I# > 2 equipped with the natural ordering. Then we shall
denote by

(Ciryr — Xp—r#41) XK Mo r#41)
the r-pointed stable curve of genus g obtained by applying the clutching
morphism of stacks (cf. [7], Definition 3.8)

ﬁg,o,{l,z,---,r}\I,I : Mg,r—l#~|—1 XK MO,I#+1 - mg,ra
where {1,2,--- .7} \ I is equipped with the natural ordering, to the (r —
I + 1)-pointed stable curve of genus g

Xr_1#42) XK MO,I#—H — X(_r#41) XK MO,[#H

obtained by base-changing PX, re1#42 P Xr_r#42) = X(p_r#41) and

r—I#41)
the (I + 1)-pointed stable curve of genus 0

X(T—I#—H) Xx Mo #40 — X(r—r#41) XK Mo, 1# 41

obtained by base-changing the universal curve MO’ [#49 — MQ [#41 over
HQ 1#,1- Note that the clutching locus of

Xp—1#42) XK Mo r#p1 — Xp_r#41) XKk Mo 1#41

(respectively, X(r—l#+1) X K MOJ#H — X(r—1#+1) X K MO,I#H)

is the (r — I 4 1)-st (respectively, (I” + 1)-st) section (cf. [7], Definition
3.8).
Then it is immediate that the classifying morphism of stacks X, _r# 1) Xk

ﬂo’ #41 MW determined by the r-pointed stable curve of genus g

(Ciyr — X(r—r#41) XK MO,I#—H)
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factors through X, and the resulting morphism X, _r# ) x Km()’ #41
X(ry 1s a closed immersion since it is a proper monomorphism. We shall
denote by o X1 this closed immersion, by D X1 the scheme-theoretic image
of dx,,1, by Dlog ; the log scheme obtained by equipping Dx . r with the

log structure 1nduced by the log structure of X é;";g , and by 51)?;5 N Dl)‘;(gr) ;=

X éi;g the strict closed immersion whose underlying morphism of schemes is
) X I- For simplicity, we shall write D,; (respectively, D}?"?I; respectively,
d(ry1; TEspectively, (5( ?I) instead of D X1 (respectively, Dl)?i) 73 respectively,

) X T respectively, X(gr) ;) when there is no danger of confusion.

Proposition 3.1. Let r > 2; 1 < i < r + 1 be integers, and I a subset of
{1,2,--- ,r} of cardinality I7 > 2.
(i) The scheme Dy is irreducible.
(ii) The divisor D,y of Xy is Uy D)y, where J ranges over the subsets
of {1,2,--- r} of cardmalzty > 2
(iii) The closed subscheme of X(r41) determined by the composite of the
natural closed immersions defined in Definition 3

X—r#41) XK Mo r#49 = Cioyr = Xrp)

(respectively, Xr—1#42) XK ﬂo,[#ﬂ — Clyr = X(rg1) )

is D(ry1)1ufr+1y (respectively, D, 41)r)-
iv) Let J be a subset of {1,2,--- ,r} of cardinality > 2. Then D\ N
(r)
Dy # 0 if and only if I CJ, JC 1, or INJ =0.
(v) The inverse image of Dy © X3y via pgy; is D, 1y augr41yysi Y
D(r+1)[‘5i , where

522((1727 ,T’+1)l—>(1,2,"- 7Z_177’+17 7T7T+17i)) eST—i—l,
and 1% = {5;(k) | k € I}.

Proof. First, we prove assertion (i). The log smoothness of the morphism

1 I 1 ——log .
p (z%rsﬂ : X(Zin - X((s))g and the morphism MO rra — Moy obtained by

forgetting the (£+4)-th marked point, Where s, t are natural numbers, imply
the log regularity of X( D11y XK MO 1#41; therefore, D, is normal (cf.

[6], Theorem 4.1). Moreover, by a similar argument to the argument used
in the proof of Proposition 2.1, (i), D,y is connected. Thus, in light of the
normality just observed, D,y is irreducible.

Assertions (ii), (iii), (iv), and (v) follow from the construction of D(,);. 0O
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Proposition 3.2. Let r > 2 be an integer, and I a subset of {1,2,--- ,r}
of cardinality I* > 2. Then the morphism D}Oi — Dy = X(T_Iﬁ+1) X K

MO r¢41 tnduced by the natural inclusion OD( ¥ — Mp,,,, determines a
morphism

log . log log < log

X(T)I D(T)I X(r—[ﬁ—|—1) XK MO Iﬁ-i—].

which is of type N, i.e., the underlying morphism of schemes is an iso-
morphism, and the relative characteristic sheaf is locally constant with stalk
isomorphic to N (cf. [3], Definition 4.1). Moreover, let Il be the um’que
subset of {1,2,--- ,7 — 1} such that for j € {1,2,--- ,r — 1}, j € Il] if and
only if
jel (if j < 1)

j+lel (if j>14).

Then the following hold:
(1) Ifi e I, then (IV) = I* — 1, and the diagram

1

log <7108 X(T)I log (r) I log

X(r It+1) X Mo 111 D(T)I X(T‘)
| i | ek

Xlog « ﬂbg Dlog Xlog

(T—Iu+1) K 071)1 Vlog (T_l)lm log (T’—l)

Xy 1)1[i] (r—1)17]

commutes, where if I = {iy,i9, - ,ip}, i1 < iag < -+ < iy, and

i = 1j, then the left-hand vertical arrow is the morphism induced

by the morphism ﬂgo,% i ﬂ%ﬁ% obtained by forgetting the j-th
marked point. .
(ii) Ifi & I, then (I = I, and the diagram

v log

log “7log X! log (r)I log

X2 r41) Kk Mogapn Doy —— Xy
l via pl(c:«gfl)il J{pl((;g 1)i
Xlog « Mlog - Dlog - Xlog
(r—1t) Z K V01841 log (r—1)11] sloe (r—1)
VX(ril)I[i] (r—1)17]

commutes, where if {1,2,--+ r} \ I = {iy,i9, - ,i,_p}, i1 < iz <

- < _qt, and 1 = i], then the left-hand vertical arrow 1is the

! I
Xog —>X0g

morphism induced by p( 10y X1t (r—1t)"
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Proof. By the definition of D}‘;%I, the log scheme obtained by forgetting the

portion of the log structure of D}?“?I defined by the divisor D(,); of X,y is

. . ——lo .
isomorphic to X XK M, % L 1; moreover, it follows from [3], Lemma

log
(r—I1+1)

4.12, (i), together with the definition of the log structure of D}fﬁ[, that

log = _, D(y; induced by the natural inclusion (’)}‘)ml S

the morphism D(T) .
M Diny1 factors through the morphism obtained by forgetting the portion of
the log structure of D}:%I defined by the divisor D,y of X(;). Thus, we
obtain a morphism D?;Sg] — Xéig_[nﬂ) X K ng%j_’_l. On the other hand, by

construction, it is a morphism of type N.
The assertion that the diagrams in the statement of Proposition 3.2 com-

mute follows from Proposition 3.1, (v), together with the definitions of D}?f);[
and V'8
X(T)I
0

Definition 4. Let » > 2 be an integer, and I a subset of {1,2,--- ,r} of
cardinality I* > 2. Then we shall denote by VX (I the underlying morphism

of schemes of the morphism V;?‘(g) > and by Ux, 1 the open subscheme of
D X1 determined by the open immersion

V;((lr)f

Ux XK M0,1ﬁ+1 - X(r—1ﬁ+1) XK Mo,1ﬁ+1 - DX(T)I-

(r—T1841)

For simplicity, we shall write Véi)gl (respectively, v(,)r; respectively, Ug)r)

instead of V};;(g T (respectively, VX (I respectively, U X 1) when there is no

danger of confusion.

4. FUNDAMENTAL GROUPS OF THE LOG CONFIGURATION SCHEMES

We continue with the notation of the preceding Section. In this Section,
we study fundamental facts concerning the log fundamental groups of log
configuration schemes and their divisors at infinity. Let ¥ be a non-empty
set of prime numbers. We shall fix a separable closure K*°P of K and denote
by Gk the absolute Galois group Gal(K*P/K) of K. Moreover, we shall

denote by A the maximal pro-X quotient of Z(1)(K*P).

Definition 5. Let r be a natural number. Then we shall denote by HI)?%)

(respectively, HIX/%TH K) the geometrically pro-¥ log fundamental group of
Xéf;g (respectively, the log scheme ﬂé‘fﬁ +3) and write IIx def Hl)?i), and
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mos & pplog Moreover, if » > 2, then for a subset I of {1,2,--- ,r} of
P My k

cardinality > 2, we shall denote by Hl)?f v the geometrically pro-X log fun-

log

damental group of D> ;. For simplicity, we shall write Hl(f,% (respectively,

Hlj(\)/i% respectively, Hpg, respectively, HI(O%I) instead of Hlog (respectively,

HIX/‘% S respectively, H g ; respectively, 11 Xg ;) when there is no danger of

confusion.
First, we show the following theorem.

Theorem 4.1. Let X be a smooth, proper, geometrically connected curve of
genus > 2 over a field K, r > 3 an integer, and i, j, k € {1,2,--- ,r} distinct
elements of {1,2,--- ,r}. Then, for any non-empty set of prime numbers
Y., the geometrically pro-Y log fundamental group of Xé;”)g 18 topologically
generated by the respective images of the geometrically pro-X log fundamental
groups of D(Si; 5y D nye and DSy

Proof. It is immediate that it is enough to show the assertion in the case
where 3 is the set of all prime numbers; thus, assume that X is the set of
all prime numbers. Moreover, it is immediate that it is enough to show the
assertion in the case where {i,j, k} = {1,2,3}; thus, assume that {i,j,k} =
{1,2,3}.

log

50 PoE
It follows that the composite Diog;{Q 3) ME x é;’i)% o3 x éog ) coincides

with V(T) (2,3} in particular, this composite is of type N (cf. Proposition

via SIig via pk;g,
3.2). Therefore, the composite H( 12,3} S Hl((;% S Hl((;,g_l)

is surjective (cf. [3], Lemma 4.5). Thus, it is enough to show that the
respective images of H( J(19y and Hl(o) {123} in Hl(o’% topologically gener-

r—1)3° Let

7o Xé:gi 1) be a strict geometric point of Xlos (no1) Whose image lies in

ate the kernel of the morphism H(T) — H(T_l) induced by p(

Ur—1){1,2y- Then it follows from Proposition 2.2 that the kernel of the mor-
phism Hl(if — Hl(og ) induced by p( 1y3 is included in the image of the

) — II°% where X' is the fs log scheme

( )7 ( ) log
obtained as the fiber product of p( 3 i X log _, xlo8  and zloe — x°8

(r) (r-1) (r=1)°
On the other hand, it follows from the definition of the open subscheme
Ur—f1,2y € Dp—1){1,2}, together with Proposition 3.1, (v), that the log

schemes obtained by equipping the irreducible components of X (r)zios with

natural morphism (Xé " tog

the log structures induced by the log structure of X8 are the log schemes

QR
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obtained as the respective fiber products of the diagrams

log log
D D
(r){1,2} (r){1,2,3}
. lo . lo
Jwa p(rgfl)?; ; J{wa p(rgfl)S

Elog Xlog Elog Xlog

(r—1) (r—1) "
Therefore, the assertion follows from the logarithmic analogue of [13], Ex-
ample 5.5 (cf. also [13], §5.5). O

Remark. Theorem 4.1 can be regarded as a logarithmic analogue of [§],
Remark 1.2.

Definition 6. We shall say that a set of prime numbers ¥ is innocuous in
K if
v the set of all prime numbers or {I} if p=0
- {0 if p>2.

where [ is a prime number which is invertible in K.

In the rest of this paper, we assume that

Y 18 innocuous m K.

Lemma 4.2. Let r,r" be natural numbers, and I a subset of {1,2,---r} of
cardinality It > 2.

(i) The natural morphism U,y Xk Mo 43 — Xé;f)g X K ﬂ?i;; induces

an isomorphism w1 (U X i Mo,r/+3)@) = Hl(if)% X G HIX/%T/%, where

44

1 (—)E) 7 is the geometrically pro-Y fundamental group of “(—)
og
r)
Uy — X% . xe MY3 L) ind : hi
()1 (1) XK Mo piq) induces an isomorphism

2

In particular, the natural morphism Ugy — Xé (respectively,

™ (Uy)® =108

(respectively, ﬂl(U(r)I)@) = Hl((;gflﬁﬂ) X Gy Hlﬁfml).

(ii) Let 1 < i < r+ 1 (respectively, 1 < i < r + 4) be an integer,
and T — Uy, (respectively, T — Mo r+3) a geometric point of U,
(respectively, Mo r+3). Then the sequence

log —\ (X)) Via pr; —log log
1 — Wl(X(r—i—l) xX;:% :L')( ) 2R H(H—l) — H(T) — 1

(respectively,

——log =\ (%) via pry log log
1 — m(Moys xﬂ%ﬁ%w 7) — Ay, — v, — 1)
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15 exact, where the third arrow is the morphism induced by the mor-

phism pl((;‘()gi (respectively, ﬂg?f 14— M}fﬁ 13 obtained by forgetting

the i-th marked point).

(iii) For a profinite group I' (respectively, a scheme S), we shall denote by
S(T) (respectively, Sg) the classifying site of T, i.e., the site defined
by considering the category of finite sets equipped with a continuous
action of T' (respectively, the étale site of S). Then we have natural
morphisms of sites

(Upy X gk Mogr43)et — S(m1(Ugy X g Mo r3) &) — S(Hl(?§ XGg Hl/?/%wrg) .

Let A be a finite Hl(ogj X G Hi‘\)frurg—module whose order is a Y-integer,

-
and n an integer. Then the morphisms

Hg Uy xx Mogrys, Fa) «— H"(m(Upy Xk Mo,r'+3)@),A)
1 1
— H"(IL% Gy Hj’iurg,A)
induced by the above morphisms of sites are isomorphisms, where

Fa is the locally constant sheaf on Uy Xx Mo 13 determined by
A.

Proof. Assertion (i) follows immediately from the log purity theorem (cf.
9], Theorem 3.3, also [3], Remark 1.10), together with [3], Proposition 2.4,
(ii).

Next, we prove assertion (ii). To prove assertion (ii), by base-changing,
we may assume that K is a separably closed field. Moreover, if ¥ is the
set of all prime numbers, then this follows from [8], Lemma 2.4, together
with assertion (i). Thus, we may assume that ¥ = {/} for a prime number
[ which is invertible in K. Then, to prove assertion (ii), it follows from [8],
Lemma 3.1, (i), the assertion in the case where X is the set of all prime
numbers, together with [1], Proposition 3, that it is enough to show that
the representation

1 _
11 (Upy) — Aut((m (X5, X s 7)(®))aby
: —1 —1 _
(respectively, (Mo rys) — Aut((m(Mgeiy Xooqios 7)(*))aby)
determined by the exact sequence appearing in the statement of assertion
(ii) in the case where ¥ is the set of all prime numbers factors through a

pro-¥ quotient of m1(Up,y) (respectively, (MEE +3))- On the other hand,
it is immediate that this representation is trivial. This completes the proof
of assertion (ii).

Finally, we prove assertion (iii). The assertion that the second morphism
in question is an isomorphism follows immediately from assertion (i); thus,
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we prove the assertion that the first morphism in question is an isomor-
phism. We prove this assertion by induction on r + . If r + 1" = 0,

then the assertion is well-known. If r # 0, then by considering the par-

tial compactification U1y Xk X XK Mo 43 (prl—’grg) Ur—1) XK Mo 43 of

(-1 1)Uy x e Mg 145 2 Uy XK Moz — U1y Xk Mo43, it follows
from [2], Corollary 10.3, that the sheaf

def

F = Rq(<p(r—l)r7id)|U(r)><KMo,r’+3)*fA

is locally constant and constructible; moreover, it follows from [2], Theo-
rem 7.3, that the Hl((;g_ 1) XGxk Hi(\)frurg—module FL is naturally isomorphic
to HY(U,Falv), where T — Ugi_1) X Mo,rq3 is a geometric point of

Upp—1) X Mosria, and U < Ugpy xy,_, T On the other hand, the nat-

)
ural morphism H"(m,A) — H} (U, Falv) is an isomorphism, where 7 e
71 (U)®). Indeed, one then verifies immediately that it is enough to verify
that every étale cohomology class of U with coefficients in F4|y vanishes
upon pull-back to some connected finite étale »-covering V' — U. More-
over, by passing to an appropriate V, we may assume that F4|y is trivial.
Then the vanishing assertion in question is immediate (respectively, a tau-
tology) for n = 0 (respectively, n = 1). Moreover, the vanishing assertion
in question is immediate for n > 3 by [2], Theorem 9.1. If U is affine, then
since HZ (U, Fa|y) vanishes for n = 2 (cf. [2], Theorem 9.1), the assertion
is immediate. If U is proper, then it is enough to take V' — U so that the
degree of V' — U annihilates A (cf. e.g., the discussion at the bottom of [2],
p. 136).

Therefore, by considering the Hochschild-Serre spectral sequence (cf. [12],
Theorem 2.1.5) associated to the exact sequence

log via (pl(ig—l)T’id) log
1 —>7r—>1_[(r) X Gy HMT‘+3 -— H(r—l) XGx HMT‘+3 —s 1

obtained by assertion (ii) and the Leray spectral sequence associated to
the morphism (p(_1),, id)’U(r)XKMo,r/Jrg,’ it follows that it is enough to show
the assertion in the case where the pair of natural numbers “(r,7’)” in the
statement of assertion (iii) is (r — 1,7"). Moreover, if ' # 0, then by a
similar argument to the above argument, it is verified that it is enough to
show the assertion in the case where the pair of natural numbers “(r,7’)”
in the statement of assertion (iii) is (r,7/ — 1). This completes the proof of
assertion (iii). O

Remark. Let r > 2 be an integer, and I a subset of {1,2,--- ,r} of cardi-
nality I* > 2. Then by Lemma 4.2, (i), (iii), it follows from Proposition
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3.2, together with similar arguments to the arguments used in the proves
of [10], Lemmas 4.3; 4.4, and [3], Proposition 4.22, that the morphism I/é%gl
determines an exact sequence

log

1 A Hlog V& V()T Hlog X Hlog 1
TR TR T e TGk My, T

Lemma 4.3. Let r > 2; 1 < i < r be integers, I a subset of {1,2,--- ,r}
of cardinality I* > 2, and I the subset of {1,2,--- ,r — 1} defined in the
statement of Proposition 3.2. Then the following hold:

(i) Ifi € I, then the diagram

. 1
via Vv o8

log (r) 1 log log

s WoZren X,
via pl((:*gfl)il l
log log log
S —
H(r_l)][l] oz H(r_1ﬁ+1) XGk HMIﬁ
via vV .
(r—1)1l
is cartesian, where if I = {iy,ig, -+ ,ip}, i1 < iy < -+ <ip, and

i = 1i;, then the right-hand vertical arrow is the morphism induced
by the morphism MIOO%H — ﬂlo(fm obtained by forgetting the j-th
marked point.

(ii) Ifi & I, then the diagram

. 1
via I/(Og

log r)I log log
ey WoZreny X v,
. log
via p(r—l)zl l
log log log
II . ——— 11 X G 11
(r=1)It via 198 ‘ (r—1%) Cx Mt
(7"71)1[’]
is cartesian, where if {1,2,--- r}\ I ={i1,00,  ,i,_pi}, 11 <ig <
- < i._gp, and © = ij, then the right-hand vertical arrow is the
. . log . vlog log
morphism induced by Pirptyj * X(PNH) — X(r—Iﬁ)'

Proof. This follows from Proposition 3.2; Remark following Lemma 4.2, to-

gether with the fact that the restriction of D}ii — D?;g_ 1yt B0 the generic

point of DE)}?I is strict. O
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Lemma 4.4.

(i) Let r > 2 be an integer, and I = {i,i+ 1}, where i = 1, 2. Then the
following diagram is cartesian:

. log
via pr.y;

log log
Hoyr  — Hgjuy
via 118 via v}
(mI (2){1 2}
Hlog

— llx.
(T_l) . log
VAP -1 (i)

(ii) Let r > 3 be an integer. Then the following diagram is cartesian:

. log
V12 Pr ) 1,2}

1 1
Hog I1°8

(r){1,2,3} (2){1,2}
via 1/( ){123}l lvw‘ V(2){1 2}
log log log
H(T 2) XGx I —>pr1 H(T_Q) — ITx .
via pI'( 2){1}
Proof. This follows from Lemma 4.3 by induction on r. [

Definition 7.

(i) Let r > 2 be an integer, and I = {i,i + 1}, where i = 1, 2. Then we
shall write

G def 11log log
Weyr = Wy X Wi 0,2y

where the morphism implicit in the fiber product Hlog oy Iy (re-
spectively, Hl)cég {1 9y IIx) is the morphism induced by pr( !
(respectively, v X o, 2}) On the other hand, by Lemma 4.4, (i), the

morphism Hl)?g Y Hl)??

r—1

: induced by Vlog) and the morphism

log log . . .
IT Xyl IT X (1.2} induced by pr X(r) ; induce an isomorphism

g ™~ T7o8
W1 Wy

We shall denote this isomorphism by al)?i) I

(ii) Let » > 3 be an integer. Then we shall write

df
e Hl"g G ITE ey I8
(r

119
X(T){17273} —2) X X(Q){lvz} ’

where the morphism implicit in the fiber product Hlog oy IIx (re-

spectively, Hl)cgi) (12} IIx) is the morphism induced by pr ~ )1}
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(respectively, 1/§—)i) (1.21)- On the other hand, by Lemma 4.4, (i), the

log

log Hlog X G H]IP(’);% induced by VX( y{1,2,3}

morphism HX(T){L?,?)} — X

. log log . log
and the morphism HX(T){L?,S} — HX(z){1,2} induced by Prx o {1,2}

induce an isomorphism

~ lo
9 AN .
X({1,2,3} X({1,2,3}

We shall denote this isomorphism by al)?f {123}

5. PARTIAL RECONSTRUCTION OF THE FUNDAMENTAL GROUPS OF
HIGHER DIMENSIONAL LOG CONFIGURATION SCHEMES

We continue with the notation of the preceding Section; in particular, we
assume that the set of prime numbers ¥ is innocuous in K. In this Section,
we show that the fundamental group of the configuration space can be par-
tially reconstructed from a collection of data concerning the fundamental
groups of the configuration spaces of lower dimension.

Definition 8. Let » > 3 be an integer. Then we shall denote by H()J(( : the
profinite group obtained as the free profinite product of

log . log X log
HX(T){1,2} ’ HX(T){2,3} ) HX(T){1,2,3} '

We shall denote by
. 119 log
Pxgy 1 My, — T,
log
X1
the morphism determined by the morphisms D;?(g 1 i Xé:‘;g where I =

{1,2}, {2,3}, and {1,2,3}. Note that it follows from Theorem 4.1 that fx,
is surjective. Let I = {1,2}, {2,3}, or {1,2,3}. Then by the definition of
Hg((r), we have a natural morphism

log g
11 — 11 .
Xyl X(r)

We shall denote this morphism by ¢ )g(( Ne
Next, we define the collection of data used in the partial reconstruction of

the log fundamental groups of higher dimensional log configuration schemes
performed in Theorem 5.2 below.

Definition 9. Let r > 2 be an integer.

(i) We shall denote by Dx(X), or Dx,, (%), the collection of data con-
sisting of
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(i-1) the profinite groups

log log log .
My HX(2>{1,2}’ Ix, G, T

(i-2) the morphisms

(0] .
HXi) — HX (Z = 1, 2) 5

and the morphisms induced by the respective structure mor-
phisms

. Trlos .
x — Gk ; . — Gk

(i-3) the morphism

(ii) We shall denote by Dx,,,(X) the collection of data consisting of
(ii-1) the profinite groups

log log log |
My (L<k<r+1), IE o, Gr, T

(ii-2) the morphisms

1 via pl)?fkfni 1
H??%k) - H)?i_l) 2<k<r+1, 1<i<k),

. log
log via VX(Q){l,Z}
X(2){1,2} 5 X
and the morphisms induced by the respective structure mor-

phisms
IIx — Gk ; H]§§—>GK;

(ii-3) the composites

log

aX(T+1)I via 5l§g I
g ~ log (r+1) log
Xr+1)d Xr+1)d Xr+1)

where I = {1,2}, {2,3}, and {1, 2, 3}.
(iii) We shall denote by D%(T) (3) the collection of data consisting of

in (ii-1) by 1Y

(iii-1) the data obtained by replacing Hl)?i X1

+1)
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. . log .
(iii-2) the data obtained by replacing HX<T+1) — X (1<i<
. log
Ix Via px’

e e g (r+1) 1ylog (r) log .
r+1) in (ii-2) by HX(TH) — HX(TH) — HX(T) (1<i<
r+1);

(iii-3) the data obtained by replacing Hl)?% o (respectively,

7 log "\ s ss g 1 “vi g ?
via 5X(r+1)1 ) in (ii-3) by %0 (respectively, “via 5X(T+1)I ).

In the following, let Y be a smooth, proper, geometrically connected curve
of genus > 2 over a field L, and ¥y a non-empty set of prime numbers which
is innocuous in L. We shall fix a separable closure L*P of L and denote by
G, the absolute Galois group Gal(L*P/L) of L.

Definition 10. Let » > 2 be an integer.

(i)

(iii)

We shall refer to isomorphisms

log
HX(k)

~ log . X log ~ log .
- HY(k) (k=1,2) ; HX(Q){LQ} — HY(Q){L2} :

~

Gk — G, ; H]II?;% —>H]1I?Lg
which are compatible with the morphisms given in the definitions of
Dx(X) and Dy (Xy) as an isomorphism of Dx (3) with Dy (Xy).
We shall refer to isomorphisms

log
Hx (k)

~ log
HY

S (l<k<r+l); 1108 ™, 108

X2){1,2} Yio){1,2} 7

~

Gx — G ; H};}% —>H]11§3§
which are compatible with the morphisms given in the definitions of
Dx,,,(¥) and Dy, (Zy) as an isomorphism of Dx (%) with
DY(T) (ZY)'
We shall refer to isomorphisms

g ~. 179 . 1rio8 ™. 1ylos .
iy Wi+ Mgy My, Asksr);
log ~ log X ~ . log ~ log

Uy — v ny s Gr — G Uy — Iy,

which are compatible with the morphisms given in the definitions of
D)g((r) (X) and D%r)(Zy) as an isomorphism of D)g((r)(E) with
Let (b(gr) : Dg((r) () = Dlg/( Y (3y) be an isomorphism of D)g((r)N(E)gWith
r41) - HY(T+1)
in gb(gT), we obtain an isomorphism of Dx,_, (¥) with Dy, (Zy).

Dlg/(r) (Xy). Then by forgetting the isomorphism Hg((
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We shall denote this isomorphism by F_1(¢%)). Note that it is im-
mediate that the correspondence

Hoy = Fa(4)
is functorial.

Remark. If there exists an isomorphism of Dx(X) (respectively, Dx ,, (¥);
respectively, D%(T)(E)) with Dy (Xy) (respectively, Dy, (Xy); respectively,
Dg,( : (Xy)), then ¥ = ¥y Indeed, this follows from the fact that the abelian-

ization of the kernel of IIx — G (respectively, Ily — Gp) is a non-trivial
module which is free over Z() (respectively, Z(EY)).

Proposition 5.1. Let r > 2 be an integer, 3 a set of prime numbers that
is innocuous in K and L, and ¢(gr) : Dgf( )(Z) = D}g/( )(Z) an isomorphism.
~ 119
r+1) - Yv(r-i—l)

of the kernel of the morphism fx_,, H%( o Hl)(;f o with the kernel of

Then if the isomorphism Hg(( m (ﬁ(gr) nduces an 1somorphism

the morphism fy(rﬂ) : H%Hl)

F((ﬁ(gr)) : Dx,,,(¥) = Dy,,,(X). Moreover, the correspondence

¢(gr) = F((/)(gr))

— H!;(gﬂ), then there exists an isomorphism

s functorial.

: : . 179 log : :

Proof. Since the morphism fX(r—i—l) : HX(T+1) — HX@»H) (respectively, fY(rH) :
)g/( y lﬁ(gﬂ)) is surjective (cf. Theorem 4.1), by the assumption,

. . . . log ~ ]og . . _

we obtain an isomorphism ¢ : HX(T+1) — HY(r+1) induced by the isomor
phism Hi( o H% . in gb(gr). Therefore, by replacing the isomorphism
gf( . = Hg,( o in qb(gr) by ¢, we obtain an isomorphism F(gb(gr)) of the
desired type. O

Theorem 5.2. Let r > 2 be an integer, X a set of prime numbers which
is innocuous in K and L, and ¢ _1) @ Dx,_,, (%) = Dy, _,,(X) an iso-
morphism. Then there exists an isomorphism Fi1(¢p—1)) : Dg((r)(E) =
D%T)(E) such that

Fy(Fia(dp—1)) = ¢r—1) -
Moreover, the correspondence

Pr—1) = Fr1(dp-1))

s functorial.
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Proof. First, we define an isomorphism ¢g{1,2} (respectively, qbg{“’}; re-

spectively, ¢9(1.2:3}) of Hg((rﬂ) (12} (respectively, Hg((rH) (23} respectively,
g : g : g . :
HX(T+1){1,2,3}) with HY(T+1){1,2}7 (respectively, HY(T+1>{2,3}’ respectively,
g .
HY(T+1){1,2,3}) as follows:
: : : g{l,g} . 119 ~ g
(i) We define an isomorphism ¢ : HX<T+1){172} — HY(T+1){1»2} as the
isomorphism induced by the isomorphisms Hl)?i) = Hlyoi),
log ~ rrlog ~ .
.. . . Gra3y . TI9 ~ G
(ii) We define an isomorphism ¢ : HX(T+1){2,3} — HY(T+1){2,3} as the
isomorphism induced by the isomorphisms Hl)?“f : 5 I}S(g),

log ~ rrlog
— 11
X@){1,2} Yoy {1,2}°

. : g{l,g’g} . g g
(iii) We define an isomorphism ¢ : HX(T+1){1»2,3} — HY(T+1){1,2,3}

as the isomorphism induced by the isomorphisms H%P?i = H%P?Lg,

and IIx = IIy in ¢g_y).

~

log ~ rlog log ~ rlog N L

- 1 — I - and Iy —
HX(T.‘—l) H)Qr-l)’ X(Q){I,Z} Y(Q){172}, GK GL; X
Iy in ¢¢_y).

Then these isomorphisms qﬁg{l’?}, qﬁg{“}, and ¢g{1,2,3} induce an isomorphism
of the profinite group Hi( o obtained as the free profinite product of

g . 119 . 179
HX(T+1){1a2} ’ HX(T+1){2a3}’ HX(T+1){17273}
(cf. Definitions 7; 8) with the profinite group H% o obtained as the free
profinite product of

g . T1Y . 1719
H)/(T+1){172} ! H}/(T+1){273} ! H}/'(T+1){1,273} ’

Now we denote this isomorphism by ¢Y.
On the other hand, for an integer 1 < ¢ < r + 1, we define a projection

R N (Y log .
4Xii My, — ) as follows:
] ) — ] {LZ} . g _
(i) If ¢ = 1 or 2, then we define a morphism qX(T)i : HX(TH){LQ} =
log log log .. .
HX(T) XTIy HX(Q){LQ} — HX(T) as the first projection. If ¢ > 3, then

{12} | 6

. log .
e a morphism 11 — II as the composite
we defin p qX(r)l X+ {1,2} X p

via pl)?f _I)FZXid log
g X@){12} o

II
X(r+1){172} X(T){1’2}
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log via 508

aX(T){l’Q} log X(ry{1,2} log
X(’V‘){]‘72} X(r) )
(ii) We define a morphism ¢'>>% : 19 — II'%  as the mor-
X1 Xr41){2,3} X(r) 1
. . . g . og
phism obtained by replacing HX(TH) (1.2} (respectively, pX(r—l)i_2)

g . log . . « 11,2}
by HX(T+1){273} (respectively, pX(r—l)l) in the definition of X0 for

. » . . {2,3} . g _
0 12 37. Ifq —12 or 3, then vxlfe define a morphism ax i HX(T+1){2,3} =
H;i) Xy H;;i){l,?} — H;i) as the first projection. If ¢ > 4, then

we define a morphism qé?(’f)]; : Hg((TH) (23 Hl)?i) as the morphism

obtained by replacing Hi( in the definition of

13 {172} f . 29
. for¢ > 37.
qX(r)’L —

r+1) {172} by HX(r-l-l) {2:3}

cee . 3 {17253} B g
(iii) If i = 1, 2, or 3, then we define a morphism Ixoi HX(T+1){1,2,3} —

Hl)?f s the composite

r

log via 6108
Pras X(r){1,2} o X2k o
Hg ’ Hg I1'°8 g
Xer+1)11,2,3} Xm{1,2} Xmi1,2} X(r)

{1,2,3} | 16 log

If ¢ > 4, then we define a morphism qX(’f)i : HX( {123} HX(T)

as the composite

.. log .
via id X - o xid
Pl;‘ég pX(T_Q)sz log

g X(Q){I,Q} g
HX(T+1){1,2,3} - X(ry{1,2,3}
lo . lo
axi“){l’2’3} log Ve 5Xi"){1’2’3} Hlog
- X(r){17273} - X(,,.) :
Moreover, by a similar procedure to the procedure that we applied to define
the morphism q;l(’f)]; (respectively, qi?(i}z, respectively, q;l(f)f }), we define a
morphism qyjl} (respectively, qi{?f’l} ; respectively, qgr’?f}).
Then these morphisms q}l(’i];, qﬁ?(’g)}i, and qé(l(z)f } (respectively, qgi} , qi{/?‘;} ,
1,2,3}, . . | .
and qi{,(r) ; }) induce a morphism H%er) — H;i) (respectively, H%TH)

Hl;(g)). We denote this morphism by gx,,; (respectively, gy;,,i)-
Then by Lemma 4.4, together with constructions, for any 1 < i < r+1, the

‘fX(r+1)
H
+1)
. log
Iy, via py
(r+1) qlog (r) log
— 11 — II :
r+1) Yv(r—i—l) Y('r))’

morphism 4X (i (respectively, C_IY(T)z') factors as the composite Hg((r

via plog )
log X

log . g
Xirg1) HX(T) (respectively, Hy(
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moreover, the diagram

[}
g ~ g
X(r+1) X(r+1)
qX(T)iJ/ lqy(r)i
log ~ log

commutes, where the bottom horizontal arrow is the isomorphism in ¢, _1).

Therefore, by equipping ¢(,_1) with the isomorphism ¢9, we obtain an iso-
morphism Fy1(¢(—1)) of D)g((r) (3X) with ng (X) of the desired type. O

ACKNOWLEDGEMENT

I would like to thank Professor Shinichi Mochizuki for suggesting the
topics, helpful discussions, warm encouragements, and valuable advices. I
would also like to thank the referee for useful suggestions and comments.

1]
2]

3]
[4]

[5]

REFERENCES

M. P. Anderson, Exactness properties of profinite completion functors, Topology 13
(1974), 229-239.

E. Freitag and R. Kiehl, Etale cohomology and the Weil conjecture, Springer-Verlag
(1988).

Y. Hoshi, The exactness of the log homotopy sequence, RIMS Preprint 1558 (2006).
Y. Hoshi, Absolute anabelian cuspidalizations of configuration spaces over finite fields,
RIMS Preprint 1592 (2007).

F. Kato, Log smooth deformation and moduli of log smooth curves, Internat. J. Math.
11 (2000), 215-232.

K. Kato, Toric singularities, Amer. J. Math. 116 (1994), 1073-1099.

F. F. Knudsen, The projectivity of the moduli space of stable curves II, Math. Scand.
52 (1983), 161-199.

M. Matsumoto, Galois representations on profinite braid groups on curves, J. Reine.
Angew. Math. 474 (1996), 169-219.

S. Mochizuki, Extending families of curves over log regular schemes, J. Reine. Angew.
Math. 511 (1999), 43-71.

S. Mochizuki, Topics surrounding the anabelian geometry of hyperbolic curves, Galois
Groups and Fundamental Groups, Math. Sci. Res. Inst. Publ. 41 (2003), 119-165.

S. Mochizuki, Absolute anabelian cuspidalizations of proper hyperbolic curves, J.
Math. Kyoto Univ. 47 (2007), no. 3, 451-539.

J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields,
Grundlehren der Mathematischen Wissenschaften 323, Springer-Verlag (2000).

J. Stix, A general Seifert-Van Kampen theorem for algebraic fundamental groups,
Publ. Res. Inst. Math. Sci. 42 (2006), no. 3, 763-786.



26 YUICHIRO HOSHI

Y UICHIRO HOSHI
RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KyoTo UNIVERSITY
Kyoro 606-8502
JAPAN

e-mail address: yuichiro@kurims.kyoto-u.ac.jp

(Received June 21, 2007)
(Revised April 25, 2008)



