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INVERSE LIMITS OF SPACES WITH THE WEAK

B-PROPERTY

Zhao BIN

Abstract. In this paper we show the following facts. Let X be the
inverse limit space of an inverse system {Xα, πα

β , Λ}, where Λ is a di-
rected set and |Λ| = κ > ω. Suppose that each projection πα : X → Xα

is pseudo-open and X is κ-paracompact. If each Xα has the weak B-
property, then X has the weak B-property. We also show that the
analogous result holds for hereditarily weak B-property.

Recently, on the studies of products of normality or other covering prop-
erties, a series of papers related to the following question proposed (see
[1, 2, 3, 9, 10]).

Question. For an inverse system {Xα, πα
β ,Λ} with |Λ| = κ > ω, suppose

that the inverse limit space X of {Xα, πα
β ,Λ} is κ-paracompact and each

projection πα : X → Xα is pseudo-open. If each Xα satisfies property P,
then what property P can be preserved by the inverse limit space X?

On the above question, the major work is by Chiba who shows that many
covering properties and some separation properties are preserved by the
inverse limit space (see [1, 2, 3, 10]). The aim of this paper is to show that
the above also holds under the weak B-property. About the property B, the
similar results are announced in [1].

The weak B-property as a generalization of the property B was first intro-
duced by Yasui [7] who gave results relating to the property B and countable
paracompactness. Subsequently many authors studied this property (see [6])
and in 1985 Rudin [11] renamed this property D. However, in this paper we
shall continue to use the term ”weak B-property”.

Throughout this paper, we assume that all spaces are topological spaces
without any separation axiom and all maps are continuous.

Let X be a space and A ⊂ G ⊂ X, then A, intA denote the closure,

interior of A in X respectively and A
G
, intG(A) denote the closure, interior

of A in G respectively. ω denotes the first infinite cardinal and [Σ]<ω denotes
the collection of all non-empty finite subsets of non-empty set Σ.
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A map f from X onto Y is called pseudo-open if y ∈ intf(U) holds for
each y ∈ Y and each open set U in X with f−1(y) ⊂ U .

It is easy to see that both open onto maps and closed onto maps are
pseudo-open.

Definition 1. Let κ be an arbitrary infinite cardinal. Then the space X is
called κ-paracompact if every open cover U of X with |U| 6 κ has a locally
finite open refinement.

The following lemmas are necessary to prove our theorems.

Lemma 1 ([9], Lemma 1.3). A space X is κ-paracompact if, and only if,
for every open cover U = {Uα|α ∈ Λ} of X with |Λ| = κ, there is a locally
finite open cover V = {Vα|α ∈ Λ} of X such that Vα ⊂ Uα for each α ∈ Λ.

Lemma 2 ([2], Lemma 2). Let X be a κ-paracompact space, Λ a directed
set with |Λ| = κ and U = {Uα|α ∈ Λ} an open cover of X such that Uα ⊂ Uβ

for each α, β ∈ Λ with α 6 β. Then there is an open cover V = {Vα|α ∈ Λ}
of X such that (i) Vα ⊂ Uα for each α ∈ Λ and (ii) Vα ⊂ Vβ if α 6 β.

Let X be a κ-paracompact space and U = {Uα|α ∈ Λ} be an open cover
of X satisfying the conditions of Lemma 2. Then U has an open refinement
V = {Vα|α ∈ Λ} such that Vα ⊂ Uα (α ∈ Λ). By Lemma 1, V has a locally
finite open refinement {Wα|α ∈ Λ} such that Wα ⊂ Vα (α ∈ Λ). Therefore
we have the following Lemma.

Lemma 3 . Let X be a κ-paracompact space, Λ a directed set with |Λ| = κ

and U = {Uα|α ∈ Λ} an open cover of X such that Uα ⊂ Uβ for each α, β ∈
Λ with α 6 β. Then there is a locally finite open cover V = {Vα|α ∈ Λ} of
X such that Vα ⊂ Uα for each α ∈ Λ.

Definition 2. [10] Let κ be an arbitrary infinite cardinal. A space X has
the property B∗(κ) if for any decreasing collection {Fα|α < κ} of closed
subsets in X with ∩{Fα|α < κ} = ∅, there exists a collection {Gα|α < κ} of
open subsets of X such that Fα ⊂ Gα for each α < κ and ∩{Gα|α < κ} = ∅.

A space X has the weak B-property if X has the property B∗(κ) for every
infinite cardinal κ.

It is easy to see that:

Proposition 1. For a space X, the following are equivalent:



INVERSE LIMITS OF SPACES WITH THE WEAK B-PROPERTY 129

(1) X has the property B∗(κ).
(2) [5] Every increasing open cover {Uα|α < κ} of X has an open cover

{Vα|α < κ} of X such that Vα ⊂ Uα for each α < κ.

Theorem 1. Let {Xα, πα
β ,Λ} be an inverse system and X be its inverse

limit space lim←−{Xα, πα
β ,Λ}. Suppose that each projection πα : X → Xα is a

psuedo-open map and X is a κ-paracompact space, where |Λ| = κ. If each
Xα has the weak B-property, then X also has the weak B-property.

Proof. Let τ be an arbitrary infinite cardinal and G = {Gξ |ξ < τ} be
an increasing open cover of X. For each α ∈ Λ and ξ < τ , we put Uα,ξ =
∪{U |Uopen in Xα, π−1

α (U) ⊂ Gξ} and Uα = ∪{Uα,ξ|ξ < τ}, then the
collection {π−1

α (Uα)|α ∈ Λ} satisfies:
(1) ∪{π−1

α (Uα)|α ∈ Λ} = X.
(2) π−1

α (Uα) ⊂ π−1

β (Uβ) if α 6 β.

Since X is κ-paracompact, by Lemma 2, there is an open cover {Wα|α ∈
Λ}, such that

(3) Wα ⊂ π−1
α (Uα) for each α ∈ Λ.

(4) If α 6 β, then Wα ⊂Wβ.

Now, for each α ∈ Λ, we define the closed subset Tα = Xα\intπα(X \Wα)
of Xα. Since each projection πα : X → Xα is a psuedo-open map, we have

(5) Tα ⊂ Uα for each α ∈ Λ.
Put Cα = intπ−1

α (Tα) for each α ∈ Λ, then
(6) {Cα|α ∈ Λ} is an open cover of X.
Because, for each x ∈ X, some Wα contains x. Hence there are β ∈ Λ

and an open subset V in Xβ such that x ∈ π−1

β (V ) ⊂ Wα. Then there is

γ ∈ Λ with α, β 6 γ, and x ∈ π−1

β (V ) ⊂ π−1
γ (Tγ). Hence x ∈ Cγ .

Since X is κ-paracompact, by Lemma 1, there is a locally finite open cover
{Oα|α ∈ Λ} of X such that Oα ⊂ Cα for each α ∈ Λ. For each α ∈ Λ and
ξ < τ , we put U ′

α,ξ = Uα,ξ ∪ (Xα \ Tα), then {U ′
α,ξ|ξ < τ} is an increasing

open cover of Xα since {Uα,ξ |ξ < τ} is an increasing open cover of Uα. Thus
we have

(7) {Xα \ U ′
α,ξ|ξ < τ} is a decreasing collection of closed subsets of Xα

satisfying that ∩{Xα \ U ′
α,ξ|ξ < τ} = ∅.

Since Xα has the weak B-property, there exists an open collection {Vα,ξ|ξ <

τ} of Xα such that
(8) Xα \ U ′

α,ξ ⊂ Vα,ξ for each ξ < τ .

(9) ∩{Vα,ξ|ξ < τ} = ∅.
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To show that X has the weak B-property, by Proposition 1, it is sufficient
to construct an open cover {Aξ |ξ < τ} of X satisfying Aξ ⊂ Gξ for each

ξ < τ . Let Aξ = ∪{π−1
α (Xα \ Vα,ξ) ∩Oα|α ∈ Λ} for each ξ < τ . Then

(10) {Aξ|ξ < τ} is an open cover of X.
In the fact, for each x ∈ X, x ∈ Oα0

for some α0 ∈ Λ. Since πα0
(x) ∈ Xα0

and ∩{Vα0,ξ|ξ < τ} = ∅, we have xα0
∈ Xα0

\ Vα0,ξ0 for some ξ0 < τ . Hence

x ∈ π−1
α0

(Xα0
\ Vα0,ξ0) ∩Oα0

⊂ Aξ0 .

Last, we show that Aξ ⊂ Gξ for each ξ < τ . In the fact, for each ξ < τ ,

observe that the collection {π−1
α (Xα \ Vα,ξ) ∩ Oα|α ∈ Λ} is locally finite in

X. Therefore for each ξ < τ ,

Aξ = ∪
{

π−1
α (Xα \ Vα,ξ) ∩Oα|α ∈ Λ

}

⊂ ∪
{

π−1
α (Xα \ Vα,ξ) ∩Oα|α ∈ Λ

}

= ∪{π−1
α (Xα \ Vα,ξ) ∩Oα|α ∈ Λ} ⊂ ∪{π−1

α (U ′
α,ξ) ∩Oα|α ∈ Λ}

⊂ ∪{π−1
α (U ′

α,ξ) ∩ π−1
α (Tα)|α ∈ Λ}

= ∪{π−1
α

(

(Uα,ξ ∪ (Xα \ Tα)) ∩ Tα

)

|α ∈ Λ}

= ∪{π−1
α (Uα,ξ ∩ Tα)|α ∈ Λ} ⊂ ∪{π−1

α (Uα,ξ)|α ∈ Λ} ⊂ Gξ

The proof of Theorem 1 is completed.

We describe inverse limit spaces of the hereditarily weak B-properties
A space X has the hereditarily weak B-property if every subspace of X

has the weak B-property.
It is not difficult to show the following lemma.

Proposition 2. A space X has the hereditarily weak B-property i, and only
if, every open subspace of X has the weak B-property.

Theorem 2. Let {Xα, πα
β ,Λ} be an inverse system and X = lim←−{Xα, πα

β ,Λ}.

Suppose that G is a κ−paracompact open subspace of X. If each Xα has the
hereditarily weak B-property, then G has the weak B-property.

Proof. Let τ be an arbitrary infinite cardinal and G = {Gξ |ξ < τ} be an
increasing open cover of G. For each α ∈ Λ and ξ < τ , we put Uα,ξ =
∪{U |Uopen in Xα, π−1

α (U) ⊂ Gξ} and Uα = ∪{Uα,ξ|ξ < τ}, then similar to
the case of Theorem 1, the collection {π−1

α (Uα)|α ∈ Λ} satisfies
(1) ∪{π−1

α (Uα)|α ∈ Λ} = G and
(2) π−1

α (Uα) ⊂ π−1

β (Uβ) if α 6 β.

Since G is a κ-paracompact open subspace of X and {π−1
α (Uα)|α ∈ Λ}

satisfies the condition of Lemma 3, there is a locally finite open refinement
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{Oα|α ∈ Λ} of {π−1
α (Uα)|α ∈ Λ} in G such that Oα

G
⊂ π−1

α (Uα) for each
α ∈ Λ.

Note that the collection Uα = {Uα,ξ|ξ < τ} is an increasing open cover of
Uα because G is an increasing open cover of G. Therefore {Uα \Uα,ξ|ξ < τ}
is a decreasing closed collection of Uα satisfying that ∩{Uα\Uα,ξ|ξ < τ} = ∅.
Since Uα has the weak B-property, there exists an open collection {Vα,ξ|ξ <

τ} in Uα such that
(3) Uα \ Uα,ξ ⊂ Vα,ξ for each ξ < τ and

(4) ∩
{

Vα,ξ
Uα |ξ < τ

}

= ∅.
To show that G has the weak B-property, by Proposition 1, it is sufficient

to construct an open cover {Aξ|ξ < τ} of G satisfying Aξ
G
⊂ Gξ for each

ξ < τ .

Now, for each ξ < τ , we put Aξ = ∪
{

π−1
α (Uα \ Vα,ξ

Uα
) ∩ Oα| α ∈ Λ

}

.
Then similar to the proof of Theorem 1, {Aξ|ξ < τ} is an open cover of G.
Moreover we have

(5) Aξ
G
⊂ Gξ for each ξ < τ

Indeed, for each ξ < τ , since the collection
{

π−1
α (Uα\Vα,ξ

Uα
)∩Oα| α ∈ Λ

}

is locally finite in G, we have

Aξ
G

= ∪

{

π−1
α (Uα \ Vα,ξ

Uα
) ∩Oα

G∣

∣

∣
α ∈ Λ

}

⊂ ∪
{

π−1
α (Uα \ Vα,ξ)

G
∩Oα

G∣

∣ α ∈ Λ
}

⊂ ∪
{

π−1
α (Uα \ Vα,ξ) ∩G ∩ π−1

α (Uα)| α ∈ Λ
}

⊂ ∪
{

π−1
α (Uα \ Vα,ξ ∩ Uα) ∩G| α ∈ Λ

}

= ∪{π−1
α (Uα \ Vα,ξ) ∩G| α ∈ Λ} ⊂ ∪{π−1

α (Uα,ξ) ∩G| α ∈ Λ} ⊂ Gξ

The proof of Theorem 2 is completed.

By Proposition 2 and Theorem 2, we obtain the following usual statement
of inverse limits of the spaces with the hereditarily weak B-property.

Corollary 1. Let {Xα, πα
β ,Λ} be an inverse system and X = lim←−{Xα, πα

β ,Λ}.

Suppose that X is a hereditarily κ-paracompact space, where |Λ| = κ. If each
Xα has the hereditarily weak B-property, then X also has the hereditarily
weak B-property.

Finally, we study properties of the product of spaces with the weak B-
properties.
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Let κ be an infinite cardinal number, {Xα|α ∈ Σ} be a collection of spaces
with |Σ| = κ and X =

∏

α∈Σ
Xα. We define the relation ” 6 ” of [Σ]<ω as

A 6 B if and only if A ⊂ B for A,B ∈ [Σ]<ω and define the finite subprod-
uct ZA =

∏

α∈A Xα of X for every A ∈ [Σ]<ω. Then [Σ]<ω is a directed set

with the relation ” 6 ”. For A 6 B (A,B ∈ [Σ]<ω), let πB
A : ZB −→ ZA

be the natural projecion. Then πB
A is an open bonding map from ZB onto

ZA and hence we obtain the inverse system
{

ZA, πB
A , [Σ]<ω

}

induced by the
collection {Xα|α ∈ Σ}, and by Lemma 1 of [2], every projection πA of this
inverse system

{

ZA, πB
A , [Σ]<ω

}

is also an open map from the inverse limit

space Z = lim←−

{

ZA, πB
A , [Σ]<ω

}

onto ZA.

Lemma 4. [8] Suppose that {Xα|α ∈ Σ} is a collection of spaces, X =
∏

α∈Σ
Xα and Z = lim←−

{

ZA, πB
A , [Σ]<ω

}

, where |Σ| > ω. Then X and Z are

homeomorphic .

Theorem 3. Suppose that {Xα|α ∈ Σ} is a collection of Hausdorff spaces
and its product space X =

∏

α∈Σ
Xα is κ-paracompact, where |Σ| = κ > ω.

Then X has the weak B-property if, and only if, for each A ∈ [Σ]<ω the
finite subproduct ZA =

∏

α∈A Xα has the weak B-property.

Proof. The ”only if” part follows from Lemma 4 and Theorem 1. For the
”if” part, assume that X has the weak B-property. Then for each A ∈ [Σ]<ω,
we choose a fixed point xα ∈ Xα for every α ∈ Σ \ A. Since ZA is homeo-
morphic to the closed subspace

∏

α∈A Xα ×
∏

α∈Σ\A{xα} of X, ZA has the

weak B-property.

The proof of Theorem 3 is completed.
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