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INVERSE LIMITS OF SPACES WITH THE WEAK
B-PROPERTY

ZHAO BIN

ABSTRACT. In this paper we show the following facts. Let X be the
inverse limit space of an inverse system {X,,75,A}, where A is a di-
rected set and |A| = k > w. Suppose that each projection 74 : X — Xo
is pseudo-open and X is k-paracompact. If each X, has the weak B-
property, then X has the weak B-property. We also show that the
analogous result holds for hereditarily weak B-property.

Recently, on the studies of products of normality or other covering prop-

erties, a series of papers related to the following question proposed (see
1, 2, 3,9, 10]).

Question. For an inverse system {Xa,wg,A} with |A| = k > w, suppose
that the inverse limit space X of {Xa,wg,A} 1S k-paracompact and each
projection w, : X — X, 1s pseudo-open. If each X, satisfies property P,
then what property P can be preserved by the inverse limit space X ?

On the above question, the major work is by Chiba who shows that many
covering properties and some separation properties are preserved by the
inverse limit space (see [1, 2, 3, 10]). The aim of this paper is to show that
the above also holds under the weak B-property. About the property B, the
similar results are announced in [1].

The weak B-property as a generalization of the property B was first intro-
duced by Yasui [7] who gave results relating to the property B and countable
paracompactness. Subsequently many authors studied this property (see [6])
and in 1985 Rudin [11] renamed this property D. However, in this paper we
shall continue to use the term ”weak B-property”.

Throughout this paper, we assume that all spaces are topological spaces
without any separation axiom and all maps are continuous.

Let X be a space and A C G C X, then A, intA denote the closure,
interior of A in X respectively and ZG, intg(A) denote the closure, interior
of A in G respectively. w denotes the first infinite cardinal and [X]<“ denotes
the collection of all non-empty finite subsets of non-empty set X.
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A map f from X onto Y is called pseudo-open if y € intf(U) holds for
each y € Y and each open set U in X with f~!(y) c U.

It is easy to see that both open onto maps and closed onto maps are
pseudo-open.

Definition 1. Let x be an arbitrary infinite cardinal. Then the space X is
called k-paracompact if every open cover U of X with |U| < k has a locally
finite open refinement.

The following lemmas are necessary to prove our theorems.

Lemma 1 ([9], Lemma 1.3). A space X is k-paracompact if, and only if,
for every open cover U = {U,|a € A} of X with |A| = k, there is a locally
finite open cover ¥V = {V,|a € A} of X such that V, C Uy for each o € A.

Lemma 2 ([2], Lemma 2). Let X be a k-paracompact space, A a directed
set with |A| = k andU = {U,|o € A} an open cover of X such that U, C Ug
for each a, B € A with o < 3. Then there is an open cover V = {V,|a € A}
of X such that (i) Vo C U, for each o € A and (i) V, C Vg if a < B.

Let X be a k-paracompact space and U = {U,|a € A} be an open cover
of X satisfying the conditions of Lemma 2. Then ¢/ has an open refinement
V = {V,|a € A} such that V, C U, (o € A). By Lemma 1, V has a locally
finite open refinement {W,|o € A} such that W, C V,, (a € A). Therefore
we have the following Lemma.

Lemma 3 . Let X be a k-paracompact space, A a directed set with |A| = k
and U = {Uq|a € A} an open cover of X such that U, C Ug for each o, €
A with o < 3. Then there is a locally finite open cover V = {V4|a € A} of
X such that V, C Uy, for each o € A.

Definition 2. [10] Let x be an arbitrary infinite cardinal. A space X has
the property B*(k) if for any decreasing collection {F,|a < k} of closed
subsets in X with N{F,|a < k} = 0, there exists a collection {G,|a < K} of
open subsets of X such that F, C G, for each a < k and N{G,|a < k} = 0.

A space X has the weak B-property if X has the property B*(x) for every
infinite cardinal .

It is easy to see that:

Proposition 1. For a space X, the following are equivalent:
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(1) X has the property B*(k).
(2) [5] Every increasing open cover {Uala < k} of X has an open cover
{Vala < K} of X such that Vo, C Uy for each o < k.

Theorem 1. Let {Xa,ﬁg,A} be an inverse system and X be its inverse
limit space @{XQ,WE,A}. Suppose that each projection o : X — X, is a
psuedo-open map and X is a Kk-paracompact space, where |A| = k. If each
X has the weak B-property, then X also has the weak B-property.

Proof. Let 7 be an arbitrary infinite cardinal and G = {G¢[|{ < T} be
an increasing open cover of X. For each o € A and £ < 7, we put Uy ¢ =
U{U|Uopen in X,, 7, (U) C G¢} and U, = U{U,¢|€ < 7}, then the
collection {7, 1(U,)|a € A} satisfies:

(1) UW{r, Y (U)|a € A} = X.

(2) 7,1 (U,) C ng(Ug) if a <.

Since X is k-paracompact, by Lemma 2, there is an open cover {W,|a €
A}, such that

(3) W, C n;Y(Uy,) for each a € A.

(4) If o < B, then W, C Wp.

Now, for each a € A, we define the closed subset T,, = X, \intm, (X \ Wy)
of X,. Since each projection 7, : X — X, is a psuedo-open map, we have

(5) T, C U, for each o € A.

Put C, = intr, 1 (T,) for each o € A, then

(6) {Cqlar € A} is an open cover of X.

Because, for each x € X, some W, contains x. Hence there are § € A
and an open subset V' in Xg such that x € wﬁ_l(V) C Wy,. Then there is
v € A with o, 8 <7, and x € ngl(V) C n; ' (Ty). Hence z € C,.

Since X is k-paracompact, by Lemma 1, there is a locally finite open cover
{Ou]a € A} of X such that O, C C, for each a € A. For each oo € A and
§ <1, weput U, = Use U(Xa\Ta), then {U] (€ < 7} is an increasing
open cover of X, since {U,¢|¢ < 7} is an increasing open cover of U,. Thus
we have

(7) {Xa \ Ul ¢l§ < 7} is a decreasing collection of closed subsets of X,
satisfying that N{Xo \ U, (| <7} = 0.

Since X, has the weak B-property, there exists an open collection {V,, ¢|¢ <
7} of X, such that

(8) Xa \ U, ¢ C Ve for each £ < 7.

9) N{Vael¢ <1} =0.
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To show that X has the weak B-property, by Proposition 1, it is sufficient
to construct an open cover {A¢|§ < 7} of X satisfying A—g C G¢ for each
€ < 7. Let Ag = U{m; ' (Xa \ Vae) N Onla € A} for each € < 7. Then

(10) {A¢|¢ < 7} is an open cover of X.

In the fact, for each x € X, z € O,, for some o € A. Since 7y, (x) € Xq,
and ﬂ{mE <7} =0, we have x4, € Xoy \ Vag,g, for some & < 7. Hence
T € Ty, (Xao \Vao &) N Oy C Agy.

Last we show that Ag C G¢ for each £ < 7. In the fact, for each { < 7,
observe that the collection {m; (X \ Vae) N Oqla € A} is locally finite in
X. Therefore for each £ < T,

A_gzu{wgl(X \ Vae) N O |aeA}CU{7r§1(X \Vag)ﬂO_a|aeA}
= U{r; 1 (Xq \Vag)ﬂO o € A} C U{m (U], ¢) N Ogla € A}
C U{m, ' (Use) Ny (To)|a € A}

= U{m; (Uag U (Xa \ Ta)) N To) | € A}

= U{m, N (Une NTo)| € A} C U{m (Une)l € A} C G

The proof of Theorem 1 is completed.

We describe inverse limit spaces of the hereditarily weak B-properties

A space X has the hereditarily weak B-property if every subspace of X
has the weak B-property.

It is not difficult to show the following lemma.

Proposition 2. A space X has the hereditarily weak B-property i, and only
if, every open subspace of X has the weak B-property.

Theorem 2. Let {X,, urs A} be an inverse system and X = lim{X,, T3, A}.
Suppose that G is a k—paracompact open subspace of X. If each X, has the
hereditarily weak B-property, then G has the weak B-property.

Proof. Let T be an arbitrary infinite cardinal and G = {G¢|{ < 7} be an
increasing open cover of G. For each @ € A and § < 7, we put Uy ¢ =
U{U|Uopen in X,, 7, (U) C G¢} and U, = U{U,¢|€ < 7}, then similar to
the case of Theorem 1, the collection {7, (U,)|a € A} satisfies

(1) UW{n 1 (Us)|la € A} = G and

(2) 751 (Ua) C 75" (Up) if a < .

Since G is a k-paracompact open subspace of X and {7, (U,)la € A}
satisfies the condition of Lemma 3, there is a locally finite open refinement
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{04l € A} of {7;1(Uy)|a € A} in G such that 0.7 ¢ 7,1 (U,) for each
a€e .

Note that the collection U, = {Uq¢|§ < 7} is an increasing open cover of
U, because G is an increasing open cover of G. Therefore {U, \ Un¢lé < T}
is a decreasing closed collection of U, satisfying that N{U, \Un¢|§ < 7} = 0.
Since U, has the weak B-property, there exists an open collection {V, ¢|¢ <
7} in U, such that

(3) Ua \ Upe C Vi e for each £ < 7 and

4) N{Vag e <7} =10,

To show that G has the weak B-property, by Proposition 1, it is sufficient
to construct an open cover {A¢|{ < 7} of G satisfying A_gG C G¢ for each
E<T.

Now, for each £ < 7, we put 4¢ = U{n (U, \@Ua) N Ol a € A}.
Then similar to the proof of Theorem 1, {A¢|¢ < 7} is an open cover of G.
Moreover we have

(5) A_gG C G¢ for each £ <7

Indeed, for each § < 7, since the collection {W(;l(Ua\mUa)ﬂOa| a €A}
is locally finite in G, we have

A_gG — u{ﬁgl(Ua \@Ua) N Oau‘ o€ A}

U ERIGA Vae) N0 ac A}

C U{wgl(Ua \ Vae) NG N (Uy)| o € A}

CU{m ' (Ua \ Vae NUL) NG| a € A}
= U{m N (Ua \ Vae) NGl a € A} C U{m H(Uag) NG| a € A} C G

The proof of Theorem 2 is completed.

By Proposition 2 and Theorem 2, we obtain the following usual statement
of inverse limits of the spaces with the hereditarily weak B-property.

Corollary 1. Let {X,, T3, A} be an inverse system and X = lim{X,, T3, A}.
Suppose that X is a hereditarily k-paracompact space, where |A| = k. If each
Xo has the hereditarily weak B-property, then X also has the hereditarily
weak B-property.

Finally, we study properties of the product of spaces with the weak B-
properties.
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Let k be an infinite cardinal number, { X, |a € ¥} be a collection of spaces
with [X| = k and X = [[, 5 Xo. We define the relation ” <7 of [¥]<“ as
A< Bifand only if A C B for A, B € [¥]<“ and define the finite subprod-
uct Z4 = [[pea Xa of X for every A € [X]<¥. Then [X]<“ is a directed set
with the relation ” < ”. For A < B (A,B € [X]<%), let 7% : Zp — Z4
be the natural projecion. Then Wf is an open bonding map from Zp onto
Z 4 and hence we obtain the inverse system {Z A, TR, [E]<“’} induced by the
collection {X,|a € ¥}, and by Lemma 1 of [2], every projection 74 of this
inverse system {Z4,7%,[¥]<“} is also an open map from the inverse limit

space Z = liLn{ZA,ny [X]<“} onto Za.

Lemma 4. [8] Suppose that {X,|a € ¥} is a collection of spaces, X =
[Toes Xa and Z = lim{Z4, n5,[S]<“}, where |S| > w. Then X and Z are
homeomorphic .

Theorem 3. Suppose that {X,|a € ¥} is a collection of Hausdorff spaces
and its product space X = [] cs, Xao is k-paracompact, where || = k > w.
Then X has the weak B-property if, and only if, for each A € [X]<¥ the
finite subproduct Za = [],c 4 Xa has the weak B-property.

Proof. The ”only if” part follows from Lemma 4 and Theorem 1. For the
7if” part, assume that X has the weak B-property. Then for each A € [X]<¥,
we choose a fixed point z,, € X, for every a € ¥\ A. Since Z4 is homeo-
morphic to the closed subspace [[,c4 Xa X [[oesa{®a} of X, Z4 has the
weak B-property.

The proof of Theorem 3 is completed.

Acknowledgments. The paper was written while the author is studying
in Chiba University as a foreign researcher. The author is most grateful
to professor Iwao Yoshioka for his many valuable comments and sugges-
tions. The author is also most grateful to professor Masami Yasuda for his
encouragement and kind help.

REFERENCES

[1] K. Chiba, Covering properties of inverse limits, Q & A in General Topology, Vol. 20
(2002), 101-114

[2] K. Chiba, Normality of inverse limits, Math. Japonica 35, No. 5 (1990), 959-970.

[3] K. Chiba and Y. Yajima, Covering properties of inverse limits,II, Topology Proceed-
ings, 27 (2003), 79-100

[4] K. Chiba, On the weak B-property, Math. Japonica 29, No. 4 (1984), 551-567.



INVERSE LIMITS OF SPACES WITH THE WEAK B-PROPERTY 133

[5] Y. Yasui, On the characterization of the B-property by the normality of product spaces,
Top. Appl. 15(1983), 323-326.

[6] Y. Yasui, Generalized paracompactness, in: K. Morita and J. Nagata, Ed. Topics in
General Topology, North-Holland (1989), 161-202.

[7] Y. Yasui, On the gaps between the refinements of the increasing open coverings, Proc.
Japan Acad. 48(1972), 86-90.

[8] R. Engelking, General Topology, Revised and completed edition, Heldermann Verlag,
Berlin, 1989.

[9] Y. Aoki, Orthocompactness of inverse limits and products, Tsukuba J. Math., vol. 4
(1980), 241-255.

[10] K. Chiba, Strong Paracompactness and W-66-Refinability of Inverse Limits, Proc.
Amer. Math. Soc. Vol. 134, No. 4 (2005), 1213-1221.

[11] M. E. Rudin, x-Dowker spaces, in London Math. Soc. Lecture Note Series 93(1985)
175-195.

ZHAO BIN
DEPARTMENT OF MATHEMATICS
KASHGAR TEACHERS COLLEGE

KASHGAR, 844-007 CHINA

e-mail address: zhaob310@163.com

(Received December 21, 2006)



