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SOME RESULTS ON (o, 7)-LIE IDEALS

EvrRIM GUVEN, KaziMm KAYA AND MUHARREM SOYTURK

ABSTRACT. In this note we give some basic results on one sided (o, 7)—Lie
ideals of prime rings with characteristic not 2.

1. INTRODUCTION

Let R be a ring and o, 7 be two mappings from R into itself. We write
[z,y] = vy — yx, and [z,y],r = x0(y) — 7(y)z for x,y € R. For subsets
A,B C R, let [A, B| be the additive subgroup generated by all [a,b], and
[A, B],+ be the additive subgroup generated by all [a,b], . for a € A and
b € B. We recall that a Lie ideal L is an additive subgroup of R such that
[R, L] C L. We first introduce the generalized Lie ideal in [3] as follows. Let
U be an additive subgroup of R. (i) U is called a (o, 7)—right Lie ideal of R
if [U,R]s+ C U, (ii) U is called a (o, 7)—left Lie ideal if [R,U],, C U. (iii)
U is called a (o,7)—Lie ideal if U is both a (o, 7)—right and a (o, 7)—left
Lie ideal. An additive mapping d : R — R is called a (o, 7)—derivation
if d(zy) = d(z)o(y) + 7(x)d(y) for all z,y € R. We write Cpr = {c € R |
co(r) = 7(r)c for r € R}, and will make extensive use of the following basic
commutator identities:

(29, Foir = 2y, 2o + [0, 7(2)y = aly 0 ()] + [, Forry

[xa yz]a,r = T(y)[ZC, Z]O’,T + [.CC, y]U,TU(z)

Throughout the present paper, R will represent a prime ring (of charR #
2, exclude Lemmas 1 and 2) and o,7,a, 3, A and p will be automorphisms
of R. In this note, we give the following proporties on prime rings and some
results on one sided (o, 7)—Lie ideals. Let I be a nonzero ideal of R. (1) If
1110]o,7blas = 0 for a,b € R, then [r(a), 8(b)] = 0. (2) It [[a, I} blays = 0
for a,b € R, then b € Z or [a,77'8(b)]sr = 0. (3) If [b,[a, R]s,r]as = O
for a,b € R, then b € Chp , a € Cpr or a+ 70 (a) € Cyr. On the
other hand, in [4] Park and Jung proved that if d : R — R is a nonzero
(0, 7)—derivation and a € R such that d[R,a,, = 0, then o(a) + 7(a) € Z.
We prove that if d : R — R is a nonzero (o, 7)—derivation and a € R such
that dla, Rlas =0, then a € Cy g or a + Ba~'(a) € Cy p.

2. RESULTS

The following Lemmas 1 and 2 are generalizations of [1, Lemma 1.5].
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Lemma 1. Let I be a nonzero ideal of R and a,b € R. If [[I,als+,blas =0,
then [t(a), 3(b)] = 0.
Proof. Let [[I,a]s7,bla,3 = 0. Then we have , 0 = [[7(a)y,alsr,blag =

[(a)ly, alor + [7(a), 7(a)]y, b, = T(a)[ly, alor; blas +I7(a), BO)][y; alor
for all y € I.This gives that

(2.1) [T(a), B(b)][y,alor =0 for all y € I.

Replacing yr,r € R by y in (2.1), we get 0 = [r(a),B(b)|y[r,o(a)] +
[7(a), B(b)][y, a]srr and so

(2.2) [7(a), B(b)]y[r,o(a)] =0 for all yel,re€ R.

Since R is prime, we get

(2.3) [T(a),B(b)] =0o0rac Z

Thus, [7(a),3(b)] = 0 is obtained for two cases in (2.3) O
Corollary 1. (1) If I is a nonzero ideal of R and a € R such that [I,a]q 3 C
Chp, then a € Z.

(2) Let U be a nonzero (o,7)—right(left) Lie ideal of R and I a nonzero

ideal of R. If [[1,1]47,U)ag =0 then U C Z.
(3) If a € R such that [[I,1]+,a]lap =0 then a € Z.

Proof. (1) [1,ala,s C C), implies that [[I,a], g, R]x, = 0. By Lemma 1
we obtain that [3(a), u(R)] = 0. Since p is onto, we have 3(a) € Z and so
a€ Z.

(2) By Lemma 1 we have [7(I),3(U)] =0 and so U C Z.

(3) [[I,1]s,r,ala,p = 0 implies that [7(]),B(a)] = 0 by Lemma 1 and so
a€ Z. 0J

Lemma 2. Let I be a nonzero ideal of R. If a,b € R and [[a,I|s+,bla s =0,
then b € Z or [a,7713(b)]sr = 0.

Proof. For any x,y € I we have
0= Ha,in]o,r, b]a,ﬂ
= [1(2)[a, ylo,r + [a, T]6,r0(y), Dlap
= 7(@)[[a, ylo,r, o + [T(2), B(0)][a, Ylor + [a, )6 r[0(y), a(D)]
+ [[av x]U,T; b]a,ﬁa(y)
and so
@4)  [r(2), B0)][a, Yo + 0, 2]or [o(y), a(b)] = 0 for all 2,y € 1.



SOME RESULTS ON (o, 7)-LIE IDEALS 61

Replacing x by rz,r € R in (2.4) we get

0 = [7(rz), B(b)]la, Ylor + [a, 72]or[0(y), a(b)]
= 7(r)[r(x), BO)[a; ylor + [7(r), B0)]7(2)a, ylor + 7(r)la, z]or[o(y), (b))
+la,r]oro(2)[o(y), a(b)].

That is
(2.5)
[7(r), B(b)|T(x)[a, Y]o.r + [a,7]or0(x)[0(y), a(b)] =0 for all x,y € I,r € R.

If we take 7713(b) instead of r in (2.5) then we have
(2.6) [a, 771 B(b)]oro(D]o(1), ab)] = 0.

Since o(I) # 0 an ideal of R and R is prime we get
(2.7) [a, 77 B(b)]s.r = 0 or [o0(I), a(b)] = 0.

Since R is prime, [0(1), «(b)] = 0 implies that b € Z. Thus [a, 71 3(b)],.r =
0 or b € Z is obtained. U

Lemma 3. Let U be a nonzero (o,7)—right Lie ideal of R and a € R. If
U,ala3 =0, thena € Z or U C Cyr.

Proof. Since [[U, Rs.7,ala,g C [U,alqs = 0 then we have

a€ Zor Ut p(a),r =0
by Lemma 2. If [U,7716(a)],r = 0 then a € Z or U C Cy; by [6, Lemma
2]. O

Theorem 1. Let U be a nonzero (o,7)—right Lie ideal of R and I # 0 an
ideal of R.

(1) Ifa € R and [[U,I]og,alr, =0, thena€ Z or U C Cy 7.

(2) If [U,Ilo3 C Chxu, then U C Cy; or R is commutative.

Proof. (1) [[U,1]a,s,a]r, = 0 implies that a € Z or [U, 3~ u(a)la,s = 0, by
Lemma 2. If [U, 3~ p(a)]as =0 then a € Z or U C C,» by Lemma 3.

(2) Let [U,I]ag C Cy, then we have [[U,I]yg,R]x, = 0. If we use (1)
we get RC Z or U C Uy r and so U C Cy or R is commutative. ]

Theorem 2. Let d be a nonzero (o,7)—derivation on R and a € R. If
dla,Rla3 =0, thena € Cyg ora+ Ba"t(a) € Cqyp.

Proof. For any x,y € R we have

0= d[aa xy]a,ﬂ = d(ﬁ(x)[av y]a,ﬂ + [a7 x]aﬁa(y))
= dB(z)o]a, y]a,ﬁ + 7la, x]a,ﬁda(y)
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Replacing = by 87 1[a, 2], in the last relation we get
[a, 3 a, 2] lapdaly) =0 for all y, 2 € R
and so
(2.8) [a, 3 a, 2]aglap =0 for all z € R
by [5,Lemma 3]. Taking zy for z in (2.8) we get
0= [a, 37 @, 2y)a,8las = [0, 871 (B(2)[a, Ylas + [0, 2a,p(Y))as

= [a, 207" [a,Y]a,s + B '[a, 2la,sB ™ a(y)]a,s

= [a,z]aﬁgozﬁ_l[a,y]a,g + [a,z]aﬁ[a,ﬁ_la(y)]a’g
which leads to

29) [0 a8 a,ylas + [0, 57 a(W)]as) = 0 for all 2,y € R
Replacing z by zt in (2.9), we get
(2.10)

[a,2]as =0,Y 2 € Ror aB  [a,ylas + [a, 87 a(y)]as = 0 for all y € R.

Hence a € Cyop or 0 = af a,ylap + aaBta(y) — a(y)a for all y €
R. If we apply a~! and 3 to the last relation we have aa(y) — B(y)a +
Ba"ta)a(y) — By)Bat(a) = 0 for all y € R. This implies that (a +
BaY(a))a(y) — B(y)(a + Ba~t(a)) = 0 and so a + Ba"(a) € C, g for all
y € R. Thus we obtain a € C, 5 or a + Ba~1(a) € C, 5 by (2.10). O

Corollary 2. If [b,[a,R]sr]ag = 0, then a € Cpr orb € Cop or a+
o 1 (a) € Cy 1.

Proof. d(z) = [b,x]qp is a (o, 3)—derivation on R. Furthermore d|a, R], =
0. This implies that a € Cy; , b € Cyp or a+ 70 (a) € Cy, by Theorem
2. O

Theorem 3. Let U be a nonzero (o, 7)—right Lie ideal of R andd : R — R
a nonzero (X, p)—derivation.

(1) If d(U) = 0, then v + 10~ (v) € Cpr for all v € U.

(2) If d[lU,R] = 0, then U C Z.

Proof. (1) Suppose that d(U) = 0. Then d[U, R], = 0. This implies that
UCCyyrorv+T10 H(v) € Cyy for all v € U by Theorem 2.
(2) Taking a = =1 in Theorem 2, we have U C Z. O

Theorem 4. Let U be a nonzero (o,7)—left Lie ideal of R and d: R — R
a nonzero (a, f)— derivation.

(1) If d(U) = 0, then o(v) + 7(v) € Z for all v € U.

(2) Ifa € R and [U,a] =0, then a € Z or o(v) +7(v) € Z for allv € U.
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(3) If a € R and [U,alqp = 0, then a € Z or o(v) + 7(v) € Z for all
vel
(4) If [[R,Ulap,alr, =0 then a € Z or o(v) + 1(v) € Z for all v € U.

Proof. (1) Suppose that d(U) = 0. Then d[R,v],, = 0 for all v € U. This

implies that o(v) + 7(v) € Z for all v € U by [4, Corollary 5] for all v € U .
(2) Let d(z) = [z,a] for all x € R. Then d is a derivation and furthermore

d(U) = 0. Thus we have a € Z or o(v) + 7(v) € Z for all v € U by (1).

(3) Since [[R,Ulsr,alas C [U,alas = 0 we have [7(U),B(a)] = 0 by
Lemma 1. That is [U, 77 !3(a)] = 0. This implies that a € Z or o(v)+7(v) €
Z for all v € U by (2).

(4) By Lemma 1 and hypothesis, we have [3(U),u(a)] = 0. That is
[U, 3~ 'u(a)] = 0. This implies that a € Z or o(v) + 7(v) € Z for all v € U
by (2). O

Remark 1. Let U be a nonzero (o, 7)—left Lie ideal of R such that [U,U) s 8 =
0. Then we have o(v) + 7(v) € Z for all v € U.

Proof. By Theorem 4(3) we have o(v) + 7(v) € Z for all v € U. O

Theorem 5. Let U be a nonzero (o,7)—left Lie ideal of R and a € R.
(1) If [a,Ulap =0, then a € Co g or o(v) +7(v) € Z for all v € U.
(2) If [a, [R,U]aglau =0, thena € Cy , or a(v)+B(v) € Z for allv € U.
(3) If [R,Ulap C Cyp, then R is commutative or o(v) = 7(v) for all
vel
(4) If U C Cy ,, then o(v) = 7(v) for allv € U or R is commutative.

Proof. (1) Let d(x) = [a,x]q for all x € R. Then d is («, §)—derivation of
R. Since [a,[R,Ulsrlap C [a,Ulap = 0 then we have d[R, U], = 0. This
implies that a € C, g or o(v) + 7(v) € Z for all v € U by [4,Corollary 5.
(2) Considering as in the proof (1) we obtain the result.
(3) Suppose that [R,U],3 C Cy,. Then we have [[R,Ul,g, R]x, = 0.
This gives [B(U), u(R)] = 0 by Lemma 1 and so U C Z. Thus [R,U],, C
U C Z is obtained. For any r,s € R,v € U we have 0 = [[r,v]5+,5] =

[ro(v) =7 (v)r, s] = [r(a(v) =7(v)),s] = rlo(v) =7(v), s] +[r, 5] (o(v) =7(v))
which leads to
(2.11) [r,s](o(v) — T(v)) =0 for all r,s € R,v € U.

Since R is prime and o(v) — 7(v) € Z we get,
(2.12) [r,s] =0 forall r,s € R or o(v) = 7(v) for all v € U.

and so R is commutative or o(v) = 7(v) for all v € U.
(4) IfU C Cy , then [R, U], C C) . This implies that R is commutative
or o(v) = 7(v) for all v € U by (3). O
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