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BOTT’S THEOREM ON SAMELSON PRODUCTS
KEr SUGATA

1. INTRODUCTION

Let GG be a topological group. For z,y € G, if x or y is the unit element, so
is the commutator zyz'y~'. Hence the correspondence (x,y) — zyz 'y~
induces a map ¢ : GAG — G. For a € 7,(G) and f € my(G), the
composition

grtm —gnpgm M G AG - G
determines an element of 7,4, (G), called the Samelson product, and de-
noted by («, ). Note that the Samelson product is bilinear and satisfies a
kind of “anti-commutativity”, (o, ) = (=1)"*1(3, ).

Recall from [1] some results on homotopy groups of the unitary group:

7T2¢+1(U(t)) = Z for 0 <i<t,
WQi(U(t)) =0 for 0 <i<t,
mu(U(t)) = Z/t,

where the first and the second are in the stable range, and the third is in
the beginning of the unstable range.

To begin with, let us recall a theorem due to R. Bott concerning the
Samelson product:

Theorem ([2]). If o € mar11(U(t)), B € mast1(U(1)), v € mou(U(t)) with
t =71+ s+ 1 are suitable generators, then

(a, B) = rlsly.
This element does not vanish unless v = 0, that is, unless r = s = 0.
Consider the homomorphisms induced by the standard embeddings:
= (Ut —2)) = (Ut — 1)) — mor(U(E)).

Our purpose is to pull back the Bott’s result to mo(U(t — 1)). Recall from
Kervaire [3] that

7,/12{w} if t=3,
(1.1) mu(U(t —1)) =2 S Z/tH{v} @ Z/2{6} if t:o0dd, t>5,
Z/(t!)2){e} it t:even, t >4,

where w, 7, § and € are generators.

Let o € mor1(U(t — 1)) and 8 € mosy1(U(t — 1)) with ¢t = r+ s+ 1
be generators in the stable range. Then we may set 1 < r < s, since
(a, B) = (B, a). For the standard embedding i : U(t — 1) — U(t), it is easily
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seen that i o a and i o 3 are also generators of mo,11(U(t)) and masy1(U(t))
respectively. Then applying Bott’s theorem, we have (i o a,i 0 3) = rlsly,
where «y is a suitable generator of mo;(U(t)). Further it is easily seen that
the Samelson product enjoys the naturality with respect to the standard
embedding 4, that is, 1o (a, 3) = (toa,i0f3). Therefore, from the homotopy
exact sequence of the fibering U(t — 1) — U(t) — S%~!, we can obtain
the order of (a, 5) € m:(U(t — 1)). However, the knowledge of the order of
(o, B) is not sufficient to see whether or not (o, 3) is divisible by 2, since
7ot (U(t — 1)) has Z/2-component when ¢ is odd and ¢ > 5. Our main result
is the following which we show by extending the method of the proof of
Bott’s theorem:

Theorem 1. Ifa € mo,11(U(t—1)) and f € mos41(U(t—1)) witht = r+s+1
are generators in the stable range, then

w if t=3,

risly@®é  if t=25,
(8 = {500

rlsly if t:odd, t>7,

(rls!/2)e if t: even, t >4,
where w, v, § and € are suitable generators as seen in (1.1).

Most of the cases in this theorem are verified without difficulties from
homotopy exact sequences of fiberings. In §2, we prove easy part of Theo-
rem 1. In §3, we prove difficult part of Theorem 1 which is a generalization
of Theorem II of [6], and the proof is parallel to that given in [6].

Acknowledgements. The author wishes to thank Professor M. Mimura
for his useful advice, reading the manuscript of the paper.

2. PROOF OF EASY PART OF THEOREM 1

2.1. The case t =3 (r = s = 1). As in the proof of Lemma 1.6 of [3], we
have a short exact sequence

0 — 77(5%) — 76 (U(2)) = m6(U(3)) — 0,
which is expressed as
0—Z/2 — Z/12 — Z]6 — 0.

For the generators «, 5 € m3(U(2)), the elements i.a,i,.5 € m3(U(3)) are
also generators. By Bott’s theorem, i.(a, 3) = (i.,i.0) € m6(U(3)) is a
generator, and so is («a, 3).
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2.2. The case t is even. As in the proof of Lemma 1.6 of [3], we have a
short exact sequence

0 — mor(U(t — 1)) 5wy (U#)) — mau(S%1) — 0,
which is expressed as
0—-2Z/(t)2) - Z/t! - Z/2 — 0.

For the generators a € mo,41(U(t—1)) and § € mas41(U(t—1)), the elements
isa € mor11(U(t)) and i € mas41(U(t)) are also generators. By Bott’s
theorem, i.(c, ) = (ix,i.0) is of order t!/rls!, and so is (a, ). Hence

(a, B) =7ls!/2 € Z/(t!)2).

2.3. The case t is odd and r > 1. Since r > 1, we have r < s <t — 2.
Hence there exist generators in the stable range & € mo,4+1(U(t — 2)) and
3 € mos1(U(t — 2)) such that i,& = a and 7,3 = £.

Consider the homomorphisms induced by the standard embeddings:

/

o (U= 2) 5 (U (= 1) 5 ma(U (1)),

where we recall from Matsunaga [4] that
T (U(t —2)) 2 Z/(t1(24,t + 1)/24).
To investigate the map i,, we consider the homotopy exact sequence of the
fibering U(t —2) — U(t — 1) — S?73:
= o1 (S8 = (U (= 2)) 5 mau(U(t = 1)) = man (S5 = -+

where it is known that m,44(S™) = 0 for n > 6 and m,43(S™) = Z/24 for
n > 5 (see [7]), so the sequence is expressed as

0— Z/(t(24,t +1)/24) 5 2/t & Z)2 — 7,/24.

For the generator 1 € Z/(t!(24,t41)/24), we have i, (1) = 24/(24,t+1)®1 €
Z/t' ® Z/2, since T9,(S%3) is cyclic.

By Bott’s theorem, i’i, (&, 3) = (iLiya, i’i,/3) is of order t!/rls!. It follows
that (&, 3) is also of order t!/rls!, since i.i, does not reduce the order of
(&,3). This implies (&, §) = r!s!(24,t +1)/24 € Z/(t!(24,t + 1)/24), so we
have

I U N XN | if r=s=2(t=5),
(@,8) = (it 1) = (& B) = {r!s! @0 if t:o0dd, t>T7andr > 1.

The other case “t is odd, t > 5 and r = 17 is verified in a similar way to
the proof of Bott’s theorem.
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3. THE CASE “t 1S ODD, t > 5 AND r =17

3.1. Method.
The Samelson product is compatible with the embedding SU(n) — U(n):

T(SU(n)) © m(SUn)) =L e (SU ()

l |

me(U(n) @ m(U(n)) —— ma(U(n)),

where it is clear that the vertical homomorphisms are isomorphic if £ > 2
and [ > 2. Therefore we may consider the homotopy groups of the special
unitary groups instead of those of the unitary groups.

When n < m, there are two embeddings of SU(n) in SU(m); we denote
by im,n and jp, , the embeddings which identify SU(n) with the following
two subgroups of SU(m) respectively:

() (st

Consider the composite of the following maps:

SU@)ASU(t—1) 2222 SU@ — 1) ASU(t— 1) -5 SU(t — 1),
where c¢ is the commutator map defined in Introduction.

The image group ji—1+—3(SU(t—3)) commutes with ;1 2(SU(2)) elemen-
twisely in SU(t —1). Hence if we write W;_; o for SU(t —1)/ji—1,-3(SU (t —
3)) and denote by p the natural projection, the composition above induces
amap A : S?W;_12 — SU(t — 1) which makes the following diagram com-
mutative:
co(i¢—1,2A1)

SU2)ANSU(t—1)
1/\pj /
S3Wi_1 2
According to Bott [2], the map A is suspendable, that is, there is a map
N SYWy 19— SU(t+1)/SU(t — 1)

with the commutative diagram

SU(t —1).

Tor+1(SWi—12) Tor(S3Wi—1.2)

lAE* lx*

o1 (SU(t+1)/SU(t — 1)) —== o (SU(t — 1)),
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where A is the boundary homomorphism in the homotopy exact sequence

of the fibering SU(t — 1) 20 SU(t + 1) — SU(t +1)/SU(t — 1).
Although Bott constructed the map A* in [2], we will reconstruct, for
our purpose, a map of S4W;_1 5 to SU(t +1)/SU(t — 1) which also makes
the above diagram commutative, and so we denote by X the reconstructed
map.
Consider the following commutative diagram:

73(SU(2)) ® moy_s(SU(t — 1)) —2

|

7o (SU(2) ASU(t — 1))

l(CO(it_IM

ot (SU(t — 1))

73(5%) @ mor—3(Wi—1,2)

|

(1AD)«
2 mot(S3Wi—12),

where h is the obvious homomorphism which sends f ® g to f A g. For
the generator o € w3(SU(t — 1)), there exists a generator o/ € w3(SU(2))
such that 4,12, (') = a. Then the Samelson product (a, ) is expressed as
follows:

(a, B) = co(anp)
= (co (it-12A1))s 0 h(d ® B)
—hoho(Lep)(o @)
:AOS\*oSoho(l*@Jp*)(O/@ﬁ).

In this expression, we have the following:

(3.1)

Proposition 3.2.
(i) h and S are isomorphisms.
(ii) A is an epimorphism.

Proof. As for (i), we consider the following commutative diagram:

mor—3(Wi—1,2)

73(S?) @ mar—3(Wi—1.2) s mot(S3Wi_122),

where n is the natural isomorphism. Since W;_1 9 = 525 % §2t=3 g (2t—6)-
connected, S? is an isomorphism by the suspension theorem (cf. [8]). Hence
h is an isomorphism. Moreover S in (3.1) is an isomorphism again by using
the suspension theorem.
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As for (ii), we consider the homotopy exact sequence of the fibering
SU(t—1)—SU(t+1)— SU(t+1)/SU(t—1):

- o1 (SU(t+ 1)/SU(t — 1)) -2 1oy (SU(t — 1))
— o (SU(t+1)) — -+,
where we have 7o (SU(t + 1)) = 0; so A is an epimorphism. O

Consequently the factorization in (3.1) is expressed as follows:

27X 10 (2Ze1/2) - 107)2

5. 7202/2 2% 2072/2 22/ @ L/2.

However, for the generator 5 € mo;_3(SU(t—1)), we have by [5] the following:

601 if r=1,s=3(t=5),
p*(ﬁ): . . .
st@0 if t:odd, t>7and r =1,

in mo;_3(Wi—12) = Z @ Z/2. Therefore, in order to complete the proof of
Theorem 1, it is sufficient to prove the following:

Proposition 3.3. /N\* 18 an isomorphism.
Now we will construct the map A
3.2. Construction of \.

As was defined before, A is the map induced by co (i;—12 A 1):

CO(’it_liz/\l)

SU(2) A SU(t — 1)

w|

S3Wi—12

SU(t —1).

Let X = S3Wt_172. For the sake of our convenience we represent SX as the
quotient X x [0,7/2]/(X x {0} UX x {n/2}). For each 6 € [0,7/2] and for
1 <i < j<n, we define an element 7T,,(6;,7) € SU(n) as follows:

cosfe; +sinfe; if k=1,
Tn(0;i,5)er, = ¢ —sinfe; +cosfe; if k=j,
e otherwise,

where e, (1 < k < n) is the n-tuple with k-th coordinate 1 and all others 0.
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We also define a map 7y : SU(t + 1) — SU(t + 1) as follows:

Tt+1(30;2,t) if 0 < 0 < %,
Tgp = T141(30 — 5;1,2) 0 Ty1(5; 2, 1) if §<60<3,
Tiy1(30 — ;2,6 +1) 0 Ty1(531,2) o Tyya (55 2,t) if § <0< 3,

where P denotes the inner automorphism induced by P € SU(n):
P(A) = PAP™! for Ae SU(n).

Then the two groups iz412(SU(2)) and T j90441,.-1(SU(t—1)) commute
elementwisely. Further, 7gpoi¢y14-1(9) = it4+1.+—1(g) for any 6 € [0, 7/2] and
any g € ji—14-3(SU(t — 3)), since the elements in i;41 -1 0 ji—12(SU(2))
commute with Ty11(6;2,t), Ty+1(6;1,2) and T341(6;2,¢t + 1). Hence the
two groups i;41,2(SU(2)) and Ty 0 ir1,4-1 © Je—1,4—3(SU(t — 3)) commute
elementwisely. Thus the map

0: SUR)ANSU(t—1) x [0,7/2] — SU(t+ 1)
defined by

sp(f’gv 9) =cCo (it-‘rl,? A (% o it—i—l,t—l))(fvg)
for f € SU(2), g € SU(t —1) and 0 € [0,7/2] induces a map

P:CX =X x[0,7/2]/X x{rm/2} — SU(t +1).

Since 7y is the identity map, @ restricted to X x {0} is precisely i1 ¢—10A.
Hence, for the bundle projection 7 : SU(t+1) — SU(t+1)/it414—1(SU(t —
1)), the composite 70 maps X x {0} to the base point. Thus we may take
the map induced by 7 o % for the required map

A:SX — SU(t+1)/SU(t —1).
By these constructions, we have the following consequence:

Proposition 3.4. The map A makes the following diagram commutative:

Tor+1(SWi—12) Tor(S3Wi_1.2)
lx* iA*
Tor 11 (SU(t+ 1) /SU(t = 1)) === mau(SU(t — 1)),

where A is the boundary homomorphism in the homotopy exact sequence of
the fibering SU(t — 1) — SU(t+1) — SU(t+1)/SU(t —1).
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Proof. Consider the following diagram:
T2t4-1 (CXv X)

0
\M\

mot+1(SX) 7ot (X)

[ li* i/\*

a1 (SU( + 1) /SU(t — 1)) —=> my (SU(t — 1)),

Tx
/ 02

7r2t+1(SU(t + 1), SU(t — 1))

where 0; (i = 1,2) are the boundary homomorphisms in the homotopy exact
sequence of the pair. It follows from the constructions that the left-hand
side and the outside quadrilaterals are commutative, and it is clear that the
triangles are also commutative. Since 0 is clearly isomorphic, the rectangle
is also commutative. g

3.3. Proof of Proposition 3.3.

Consider the following two fiberings
SU(t—2)/SU(t —3) A, SU(t—1)/SU(t —3) 25 SU(t —1)/SU(t — 2),
SU(t)/SU(t — 1) =25 SU(t+1)/SU(t — 1) % SU(t +1)/SU(t)
induced respectively by the embeddings
SU(t—3) 22272 Ut — 2) 2222 §U( — 1),
SU®t—1) 275 SU@t) 25 SU(t +1).

Now we consider the following diagram:

T (S(S7 A §2-5)) o (ST (8)/SU(E — 1))

l(s4i1)* liQ*

(3.5) o1 (STWi_12) — = o1 (SU(t + 1) /SU(t — 1))

l(54p1)* ip2*
E

o (S(S3 A S2-3)) X0 o (SU(t 4+ 1)/SU (1)),

where the vertical sequences are clearly exact, and A\F is the map defined by
Bott in [2]. When A” is a map between spheres of the same dimension, \*
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is of degree one by Proposition 2.2 of [2]. Hence it is sufficient to prove that
the above diagram is commutative.

(i) As for the commutativity of the first square of the diagram (3.5), it is
sufficient to prove that the following diagram is homotopy commutative:

(C(S3 A S275), 83 A §2-5) — 2 (SU(t), SU(t — 1))

(3.6) lC(l/\il) \LiH—l,t
(C(S3Wi_1.2), S3Wy_1.2) —— (SU(t + 1), SU(t — 1)),

where 5 is the map constructed from a map
s: SUR2)ANSU(t—2) x [0,7/2] — SU(t)
defined in [2] by

s(f,9,0) = co (ig2 A (T1(0;2,t) 0 igy—10 ji14-2)) ([, 9)

for f € SU(2), g € SU(t —2) and 6 € [0,7/2]. Then observe that the map
S induces \”.
From the definitions, it follows immediately that

itt105(f,9,30) if 0<0<m/6,

LA jio14—2 x 1)(f,9,0) =
o (LA ji-1e-2 % 1)(f,9,0) {basepoint if 7/6 <60 <m/2.

Here we have that ¢ o (1 A ji—1,4—2 % 1) is homotopic, as a map of pairs, to
it4+1,¢ © s by an obvious homotopy, and we can easily see that this homotopy
induces a homotopy which makes the diagram (3.6) commutative.

(ii) As for the commutativity of the second square of the diagram (3.5), it
is sufficient to prove that the following diagram is homotopy commutative:

(C(S*Wii12), S*Wi_12) —— (SU(t + 1), SU(t — 1))
(3.7) lompl) \Ll
(C(S3 A S23), 83 A §2-3) — == (SU(t + 1), SU(1)),

where S is the map constructed from a map
s:SU2)ANSU(t—1) x [0,7/2] — SU(t+1)
defined in [2] by
s(f,9,0) = co (igr12 A (Te1(0;2, 8 + 1) 0 dgy1p 0 jre—1)) (f, 9),
for f € SU(2), g€ SU(t—1) and 0 € [0, 7/2].
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By the definition of ¢, the image ¢(f, g,6) is included in 4,41 +(SU(t)) if
0 <0 < /3. Hence we can deform ¢ along 0 < § < /3, that is, there is a
homotopy starting with ¢:

Fi(f,9.0) = co (ity12 A (Tpoiry10-1))(f,9)  kel0,1],

where p = (1 — k)0 + k((6 + 7)/3). Denote by ¢’ the final map of this
homotopy, then ¢’ is a map defined by

©'(f,9,0) = co (itr12 N (Te41(0;2,t + 1) 0 Tyy1(7/2;1,2)
o Tyi1(m/2;2,t) 0 igy14-1)) ([, 9)-

Thus ¢ is homotopic to ¢’ as a map of pairs into (SU(t + 1), SU(t)).
Next, we consider a composite map

p="T-1(7/2;2,3) o Ty_1(7/2;3,4) 0 - - -0 Ty_1(7/2;t — 2,1 — 1),

which is homotopic to the identity, since each T),(7/2;1,7) : SU(n) — SU(n)
is clearly homotopic to the identity. Then it follows by an easy calculation
that

Tip1(m/251,2) 0 Tyq1(m/252,) 0 Ggq1,0—1 0 P = 41,6 © Jtjt—1-
Therefore we have
o=~ o(1Apx1)=s

as a map of pairs, and we can easily see that the homotopy between ¢ and
s induces a homotopy which makes the diagram (3.7) commutative.

REFERENCES

[1] R. BotT, The space of loops on a Lie group, Michigan Math. J., 5(1958), 35-61.

[2] R. BotT, A note on the Samelson product in the classical groups, Comment. Math.
Helv., 34(1960), 249-256.

[3] M. A. KERVAIRE, Some nonstable homotopy groups of Lie groups, Ill. J. Math.,
4(1960), 161-169.

[4] H. MATSUNACGA, The homotopy groups man+i(U(n)) fori =3, 4 and 5, Mem. Fac. Sci.
Kyushu Univ., 15(1961), 72-81.

[5] Y. NOMURA AND Y. FURUKAWA, Some homotopy groups of complex Stiefel manifolds
Wh,2 and Wy 3, Sci. Rep. College Gen. Ed. Osaka Univ., 25(1976), 1-17.

[6] K. SUGATA, On the group [X,SU(4)] where X is an S*-bundle over ST, Math. J.
Okayama Univ., 45(2003), 99-110.

[7] H. Topa, Composition methods in homotopy groups of spheres, Ann. Math. Studies,
49(1962).

[8] G. W. WHITEHEAD Elements of Homotopy Theory, Springer, New York, 1978.



BOTT’S THEOREM ON SAMELSON PRODUCTS

KEI SUGATA
THE GRADUATE SCHOOL OF NATURAL SCIENCE AND TECHNOLOGY
OKAYAMA UNIVERSITY
OKAYAMA 700-8530, JAPAN

(Received October 25, 2005)

123



